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LAPLACIAN COFLOW ON THE 7-DIMENSIONAL HEISENBERG
GROUP*

LEONARDO BAGAGLINIT, MARISA FERNANDEZ!, AND ANNA FINO$

Abstract. We study the Laplacian coflow and the modified Laplacian coflow of Ga-structures
on the 7-dimensional Heisenberg group. For the Laplacian coflow we show that the solution is always
ancient, that is it is defined in some interval (—oo,T'), with 0 < T' < +o00. However, for the modified
Laplacian coflow, we prove that in some cases the solution is defined only on a finite interval while
in other cases the solution is ancient or eternal, that is it is defined on (—o0, 00).
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1. Introduction. A 7-dimensional manifold M carries a Ga-structure if M ad-
mits a globally defined 3-form ¢, which is called Gg form, that can be described locally
as

@ = €127 4 34T | (BOT | (135 _ 146 _ ;236 _ 245
with respect to some local basis {e!,...,e7} of the 1-forms on M. Here, 27 stands
for e Ae? Ae”, and so on. Such a 3-form ¢ determines a Riemannian metric g, and
an orientation on M. If V denotes the Levi-Civita connection of g, one can view Vi
as the torsion of the Ga-structure . Thus, if Vi = 0, which is equivalent to dep =0
and d+, ¢ = 0, where x,, is the Hodge star operator with respect to g, one says that
the Ga-structure is torsion-free.

The different classses of Go-structures can be described in terms of the exterior
derivatives dy and d *, ¢ [2, 5]. If dp = 0, then the Go-structure is called closed (or
calibrated in the sense of Harvey and Lawson [8]) and if ¢ is coclosed, that is if x,¢
is closed, then the Ga-structure is called coclosed (or cocalibrated [8]).

Since Hamilton introduced the Ricci flow in 1982 [7], geometric flows have been
an important tool in studying geometric structures on manifolds. The Laplacian flow
for closed Gg-structures on a 7-manifold M has been introduced by Bryant in [2], and
it is given by

where (t) is a closed Go form on M, A; = dd* +d*d is the Hodge Laplacian operator
associated with the metric g, () induced by the 3-form o(t), and ¢ is the initial closed
Go-structure. A short-time existence and uniqueness for this flow, in the case of
compact manifolds, has been proved in [3]. Regarding the long-time behavior of the
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Laplacian flow on compact manifolds M, Lotay and Wei in [15] have proved recently
that if the initial closed Gg form ¢ is such that its torsion is sufficiently small (in a
suitable sense), then the Laplacian flow of ¢ will exist for all time and converge to a
torsion-free Go-structure. Non-compact examples where the flow converges to a flat
Go-structure have been given in [4].

Shi-type derivative estimates for the Riemann curvature tensor and torsion tensor
along the Laplacian flow have been determined in [14], and in [16] it is proved that
for each fixed positive time ¢ € (0,7, (M, @(t), gy(+)) is real analytic. Consequently,
any Laplacian soliton is real analytic. Moreover, solitons of the Laplacian flow of
Go-structures in the homogeneous case have been studied recently by Lauret in [13]
using the bracket flow and the algebraic soliton approach.

Some work has also been done on other related flows of Go-structures - such as the
Laplacian coflow, or flow, for coclosed Ga-structures. This coflow has been originally
proposed by Karigiannis, McKay and Tsui in [10] and, for an initial coclosed Go form
¢ with 1 = x,¢, it is given by

D gty = —2e(0), dwlt) = 0, ¥(0) =, 1)

where 1(t) is the Hodge dual 4-form of a Ga-structure ¢(t), that is ¢ (t) = *p(t), Ay
is the Hodge Laplacian operator with respect to the Remannian metric g, ;). This
flow preserves the condition of the Ga-structure being coclosed, that is ¥ (t) is closed
for any ¢, and it was studied in [10] for two explicit examples of coclosed Ga-structures
with symmetry, namely for warped products of an interval, or a circle, with a compact
6-manifold N which is taken to be either a nearly Kéhler manifold or a Calabi-Yau
manifold. Nevertheless, in [6] it was shown that the coflow (1) is not even a weakly
parabolic flow, and that the symbol of the operator A;, acting on 4—forms, has a
mixed signature. But no general result is known about the short time existence of the
coflow (1).
A modified Laplacian coflow was introduced by Grigorian in [6]

0 0(t) = Ai(r) +20( (A= TG )e(0)), d(e) = 0, w(O) =¥, (2)

where Try(7(t)) is the trace of the full torsion tensor 7(¢) of the Ga-structure defined
by ¢(t), and A is a fixed positive constant (see Section 3 for the details). Moreover, in
[6] it is proved that the coflow (2) is weakly parabolic in the direction of closed forms
¥ (t) up to diffeomorphisms and, on compact manifolds, it has a unique solution ¥ (t)
for the short time period t € [0, €), for some € > 0.

In [1], it is given a classification of 2-step nilpotent Lie groups admitting left
invariant coclosed Go-structures. In this paper, we study the coflows (1) and (2) in
the case of the 7-dimensional Heisenberg group H.

As we mentioned before, there is not known any general result on the short time
existence of solution for the coflow (1). Nevertheless, in Theorem 4, we show that
the solution of the coflow (1) for any coclosed Ga-structure on the Heisenberg group
is always ancient, that is it is defined on a time interval of the form (—oo,T'), where
T > 0is areal number. To our knowledge, these are the first examples of non-compact
manifolds having a coclosed Go-structure for which the time interval of existence of
the solution for (1) is not finite. However, we prove that the solution of the coflow
(2) for some coclosed Go forms on H is defined only on a finite interval (Theorem 9)
and, for other coclosed Go forms, the solution of (2) is ancient (Theorem 7, part i),
and Theorem 8) or eternal, that is it is defined for all ¢ € R (Theorem 7, part ii)).
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Moreover, considering the coflows (1) and (2) on the associated Lie algebra as a
bracket flow on R7, in a similar way as Lauret did in [11] for the Ricci flow, we show
that the underlying metrics g(¢) of the solution in Corollary 5 and Theorem 8 converge
smoothly, up to pull-back by time-dependent diffeomorphisms, to a flat metric, as ¢
goes to infinity. Indeed, by [11, Proposition 2.8] the convergence of the metrics in C*
uniformly on compact sets in R is equivalent to the convergence of the nilpotent Lie
brackets 4(t) in the algebraic subset of nilpotent Lie brackets ' C (A’R7)* @ R” with
the usual vector space topology.

2. Coclosed Ga-structures on the Heisenberg group. A 7-dimensional
manifold M is said to admit a Ga-structure if there is a reduction of the structure
group of its frame bundle from GL(7,R) to the exceptional Lie group Gs, which can
actually be viewed naturally as a subgroup of SO(7). Thus, a Ga-structure deter-
mines a Riemannian metric and an orientation on M. In fact, one can prove that the
presence of a Go-structure is equivalent to the existence of a differential 3-form ¢ (the
Gg form) on M, which induces the Riemannian metric g, given by

1
9o(X,Y ) vol = GXP Ao N, (3)

for any vector fields X,Y on M, where vol is the volume form on M, and ¢x denotes
the contraction by X. Let %, be the Hodge star operator determined by g, and the
orientation induced by ¢. We will always write ¢ to denote the dual 4-form of a
Go-structure ¢, that is

P = *pp.
A manifold M has a coclosed (or cocalibrated) Ga-structure if there is a Ga-structure
on M such that the Gy form ¢ is coclosed, that is dip = 0.

Now, let G be a 7-dimensional simply connected nilpotent Lie group with Lie
algebra g. Then, a Go-structure on G is left invariant if and only if the corresponding
3-form ¢ is left invariant. Thus, a left invariant Gs-structure on G corresponds to an
element ¢ of A%(g*) that can be written as

_ 6127 + e347 + e567 + 6135 _ 8146 _ 236 245 (4)

¥ € —€ )

with respect to some orthonormal coframe {e!,...,e”} of the dual space g*, where
e?” stands for e! A e? Ae”, and so on. So the dual form 1) = *,¢ has the following
expression

1/} — e1234 4 61256 4 e136’7 4 e145’7 4 62357 _ e246’7 4 63456. (5)

Note that in order to recover the left invariant Gy form ¢ from the 4-form x,¢
we need to fix an orientation of g. In fact, the stabilizer of x,¢ in GL(7,R) is Ga x Zo
since the matrix —Id preserves the form *,¢, and so the latter fails to determine the
overall orientation.

Recall that the seven dimensional Heisenberg group H is the simply connected
nilpotent Lie group whose Lie algebra b is defined by

h = <o, 0,0,0,0,0, ?(e12 +e3t 4 e5ﬁ)> . (6)

This notation means that the dual space h* is spanned by {e!,...,e7} satisfying

. 6
de* =0, 1<i<6, de7:%_(1/\e2+e?’/\e4+e5/\eﬁ).
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3. On the coflows of cococlosed Gs-structures. Here we show the expression
of each one of the coflows (1) and (2) in terms of the intrinsic torsion forms of a coclosed
Go-structure [2, 6].

Let M be a 7-dimensional manifold with a Ga-structure defined by a 3-form .
Denote by 1) the 4-form ¢ = %, where x, is the Hodge star operator of the metric
g, induced by ¢. Let (2*(M),d) be the de Rham complex of differential forms on
M. Then, Bryant in [2] proved that the forms dy and diy are such that
dp =19+ 371 AN+ *x,T3, (1)

dy =41 N — * T2,

where 79 € Q°(M), 71 € QY(M), 75 € Q3,(M) and 73 € Q3,(M). Here Q3,(M) and
Q3. (M) are the spaces

(M) = {a € Q2(M) | ahp =~y 0,

Q3, (M) ={BeQ(M) | BAp=0=FAxp}.

The differential forms 7; (¢ = 0,1,2,3) that appear in (7), are called the intrinsic
torsion forms of . According to Grigorian [6] the full torsion tensor T of ¢ is the
tensor field on M given by

1 1. 1
T= ZTO Jo =¥ — g]sa(T?») + 5727
where 2., denotes the contraction by 71 using the metric g, induced by ¢ (that is, if
U is the vector field on M such that 71 = 1pyg, then 1, ¢ = 1y¢) and j, : Q3(M) —
S2(M) is the map defined by

JeE,Y) = %o ((1x) A (v) A7),

where v € Q3(M), and X,Y are vector fields on M [2]. In particular, by [2] j, is an
isomorphism between the space Q3,(M) and the space S3(M) of trace-free symmetric
2-tensors on M.

Recall that ¢ defines a coclosed Ga-structure on M if ¢ is closed, that is dip = 0.
In this case, (7) implies that the forms 71 and 7 vanish, and so the full torsion tensor
7 has the following expression

1

T=-T0G9p —

1.
4 7-]90(7'3)'

3
Since 73 € Q3,(M), the trace of j,(73) vanishes. Therefore, Tr(7) of 7 is given by
1 7
Tr(r) = 770 Tr(gy) = 170 (8)

LEMMA 1. Let M be a 7-dimensional manifold with a coclosed Go form . Denote
by 70 and T3 the torsion forms of ¢. Then, the torsion forms Ty and T3 of —p satisfy

T0 = —To, T3 =Ts. 9)
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Proof. Using (7), we see that 7o = —71p and 73 = 73 since _, = —*,. O

PROPOSITION 2. Let M be a T-dimensional manifold with a coclosed Go form .
Then, the coflow (1) for ¢ has the following expression

(©) S0(t) = —d(m() Ap(t) (1) (1) — olt) 0 75(1) — (),

dip(t) =0,  ¢(0) = ¢,

and the modified coflow (2) is expressed as

(G) % (t) = 70(t) (2A - gm(ﬂ) P(t) + (2A - gm(ﬂ) %y T (t) + dr3(2)

+ Zo(t) A dno(t),
aw(t) =0, #(0) =,

where 1o(t) and T3(t) are the torsion forms of ¢(t) (according with (7)), % is the
Hodge star operator with respect to the Riemannian metric g, induced by ¢(t) and
A is a fized positive constant.

Proof. Since the solution t(t) to the coflow (1), if it exists, remains closed and
(2) preserves the closedness of 1(t) = *p0(t), by (7) and the vanishing of the torsion
forms 7 (t) and 72(t) of ¢(t),

de(t) = 7o) (t) + +73(t)-

Hence,

Ap(t) = dd"b(t) = dxe dip(t) = dxe (ro(O)(E) +x7a(t))
=d(1o(t)) A o(t) + To(t)*(t) + 10 (t) % T3(t) + dr3(t),

and

2a( (4= T ) o)) =24 (4~ {m(0)e(0)
=~ Ja() A plt) + (24 T8} ({000 + werc)

Thus,

At + 24((4 = TH(r(0)) (1)) =~ 3dlm(0) A l0) + 7(e) (24 - Sa(0)) )

+ <2A — ;To(t)> *¢ T3(t) + dTg(f),

and the Proposition follows. O

REMARK 1. Note that (9) and Proposition 2 imply that the solution of the coflow
(G) for ¢ (if such a solution exists) changes when the initial coclosed Go form is —¢
instead of ¢ (see Theorem 7 and Theorem 8). However, the study of the coflow (C)
is independent of whether the initial condition is ¢ or —¢.
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%A holds for the time of existence, we have the following inequality for the volume
7 3/7 2
A/ — 7o(t) vol > / —(— To(t)> vol.
M4 Y

4. Explicit solutions for the Laplacian coflow. In this section we study the
Laplacian coflow on the seven dimensional Heisenberg Lie group H with structure
equations (6).

Let ¢g be a left invariant coclosed Ga-structure on H. Denote by go the underling
metric and by ¥y = *gyo its Hodge dual.

Let n = |e7||o'e”. Clearly ||nflo = 1 and dn € A?Ker(n)* is a non-degenerate
two-form on Ker(n). Moreover, Ker(n)* = Span{e!,...,e% and the 1-forms e/, j =
1,...,6, are all closed. If we identify h with Ker(n) @ 3, being 3 = [h, h] = Span(er)
the commutator of b, then every four-form 1) € A*h* has a unique decomposition as

REMARK 2. By [6], since Tr(7(t)) = Z7y(t), as long as the condition 0 < Zry(t) <

=W + 4@ A, (10)

where 1) € A'Ker(n)*, i = 3,4, are closed forms.

Denote by o and o the Hodge operators on h and Ker(n), respectively. Note
that the Ga-structure g defines an SU(3)-structure (wq, pp) on Ker(n). Using this
fact, the four-form vy = xppo on b can be written as

1 —~
¢0=§wg+ﬂo/\77,

where py = Jopo, and Jy is the almost complex structure induced by (wo, po). Indeed,
if g € b is the vector defined by

9o(z0,y) = n(y),

for every y € b, then

Ker(n)) = {y € b|go(wo,y) = 0} = Span(zo)™*,

and we can apply Proposition 4.5 in [17] to define the SU(3)-structure (wo, po).
For a general SU(3)-structure on a real vector space we have the following result.

LEMMA 3. Let (w,p) be a linear SU(3)—structure on RS, and let o € A?(R®)*.
Then the following inequalities hold

L flaf® + ]300 Aal? = la A w|? < 4]le]f;
2. [[@®]* < 6]|al®,
where || - || is the norm induced by the scalar product defined by the SU(3)-structure
(@, p)-
Proof. Let us fix an orthonormal basis {e!,...,e®} of (R)* so that w = e'? +

e 4+ €55, and write o = Y 1<hek<t anipe™. Then,

6

lal>=">"  ah. (11)

1<h<h<6
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On the other hand,

wAa = e? A (ass€3* + az5e® + azee®® + asse®® + agge’® + azee°)
+e34 A (a19€2 + ar5e® + a16e® + agse?® + agee?® + a56656)
+e%6 A a12612 + a13613 + a14el4 + a23e23 + a24624 + a34e34) .

Thus,
1 2
IwAMF—HM2+wH+aM+amV—HM2+HfﬁAa (12)
Moreover,
1 2 ° 2 2 2 2 2
|57 el =1 @) A0l = @lo)? < JulPal? = 3l

This equality together with (11) and (12) imply the first part of the Lemma.

To prove 2. note that the spectral theorem guarantees the existence of an or-
thonormal basis of 1-forms {f*,..., f®} such that a = A\ f'2 + \of3* + A3 /56, for
some real numbers \; with ¢ = 1,2,3. Indeed, any real skew-symmetric matrix can
be diagonalized by a unitary matrix. Since the eigenvalues of a real skew-symmetric
matrix are imaginary, it is possible to transform it to a block diagonal form by an
orthogonal transformation. Therefore,

laf* = AT + 23 + A3,
and
O[3 _ 6A1)\2)\3f123456.
Thus,
lo®]|* = 36ATAZA3,
and 2. follows. O

THEOREM 4. Let H be the seven dimensional Heisenberg group whose Lie algebra
is defined by (6). Then, for any left invariant coclosed Go form g, the solution ¢¢ of
the Laplacian coflow (1) with initial condition 1y = *opo is given by

0(t) = 5wt + 5t A = 1,

where 67 = xo(w(t)?), and w(t) and p(t) are forms on Ker(n), given respectively by

w(t) = A(t) 12 + A2 (t) 2 + As(t) £,

) = VA2 (D)A3 (1) (=21 4 f120 4 f19° 4 f259)

with respect to some go-orthonormal frame {f1,..., f¢} of Ker(n), and the functions
Ai(t), i=1,2,3, satisfy
0 xa(B)As(t)FnansAi(t)
M) = =N 0@ xa®?
A (WAz(B)+nins\Z(t)
/\/Q(t) - I)\I(t)32)\2(t)21>\:(t§2 ) (13)
A (WA () Fninadi(t)
X(t) = = S Hr e
A1(0) = w(0)(f1, f2), A2(0) = w(0)(fs3, fa), A3(0) = w(0)(fs, fe),
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with n; € {1,—=1}. In particular, the solution is ancient with singular time 0 < T <
4

$/611dnl12”

Proof. We are going to show that the system (1) turns out to be equivalent to the
system of ODEs given by (13). But first let us observe that the initial 1y = %oyp is
H-invariant and the system (1) is invariant by diffeomorphisms, whence H-invariant
too, and therefore the system (1) reduces to a system of ODEs on A*h*. This ensures
the existence of a unique H-invariant solution ; of (1) for short times. Now let &,
be the norm ||n||; of n with respect to the metric induced by v (t). We can write

vlt) = 50 + 50 A L

where the pair (w(t), p(t)) defines an SU(3)—structure on Ker(n) and p(t) = Jip(t).
In fact, if x; € b is the vector defined by g¢(xi,y) = n(y), for any y € b, then
Ker(n) ={y € bh|g(z,y) =0} is the orthogonal complement of the span of z; with
respect to g;. Thus we can apply Proposition 4.5 in [17].

With respect to the decomposition (10) we have

Y(t) = oW (0) + P (1) A,

S0,
() = Jwlt, v =

Moreover, the forms w(t) € A%Ker(n)* and p(t) € A*Ker(n)* are closed. Since 4 (t)
is exact, the cohomology class of 1 (t) is fixed by the flow, and hence

d d d

—(t) = W () + Bt A%h* C A*Ker(n)*.

Lty = LoD @) + SuB) Ay e A € AKer(y)
Therefore, 413 (t) = 0 and

p(t) = ™ (0) = 1.

Consequently, the almost complex structure J; defined by p(t) does not change along
the flow, i.e. J; = Jy, where Jj is the almost complex structure defined by pg. Thus
p(t) = —Jop(t) = e1po and

Swlt)® = 70(0) A plE) = F %0 (1), (14)

where in the first equality we used the fact that (w(t), p(t)) defines an SU(3)-structure
on Ker(n).
Now let us compute the Laplacian of ¢ (t) with respect to the metric g;:

dx¢ d*¢ )(t) dxy dr (3w(t)? + plt) Aey'n)
d*¢ d(w(t) Aey 'ty + p(t))

d % (g7 'w(t) A dn)

d (272 % (w(t) A dn) A )

g7 2% (w(t) Adn) A dn.
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On the other hand we have

We observe that, being di(t) =

0 = cudip(t) = d (stéw@)? T alt) A n) — (t) A,

Since p is the imaginary part of a (3, 0)-form, n must be of type (1, 1) and hence it is
Jo-invariant, i.e. Jo(dn) = dn.

Fixing a frame (21,..., ) of Ker(n) and using xw(t) = sw(t)? we get
wldnAw(t) = Yicicj<s *t((dn)wx T Aw(t))
= — Zl§i<j§6(d77) Tk w(t)
= 1§i<j§6(d77)1 ZJIJJQW(t>2
_Zlgiqgﬁ(dn) i2((zjw(t)) Aw(t)).
Moreover
zia((zjw(®) Aw(t) = wt)(z;, zi)w(t) = (zjw(t) A (ziw(t))
= —w(t)iw(t) + (ziow(t)) A (z;0w(t)).
Now, taking into account the fundamental relation w(t)(x,y) = gi(x,Joy) =

—[(Jo)*(z29)](y), we have

xiow(t <Z Gim (t ) . wjow(t (Z gin(t ) .
Therefore,

#(dnAw(t)) = Z1gi<j<6(d77)” [w(t)ij w(t) — ziaw(t) A xjaw(t)]
= Ticicyeoldn) [wig(Owt) = X5, oy gim (J52™) A gy (Jia™)]

= Zl<z<]<6(dn)uwl (t)w(t) — Z?n,n:1(d77)mn‘]0x N Jga"
= (dn,w(t))rw(t) — Jg (dn)
= (dn,w(t))ew(t) —dn,

where (-, -); denotes the scalar product induced by g and J is the contraction.
Therefore we can reformulate (15) as

& (56002) = =< ) w(v) iy~ an ] (16)

with w(t) € A?Ker(n)*. Define on Ker(n) the following bilinear form

h(z,y) = dn(z, Joy), x,y € Ker(n).
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Since Jo(dn) = dn, we have that h is symmetric. If we consider Ker(n) as complex
vector space through Jy, then both go and h define on Ker(n) sesquilinear forms g°
and A€, respectively. Clearly g¢ is positive definite while h¢ is non-degenerate with
mixed signature. By the spectral theorem there exists a complex g°—orthonormal
basis {k1, k2, k3} of the complex vector space Ker(n) such that

hc(ki,kj) = 5@'%, n; € {1,—1}, l; > 0.
Therefore, if {k',k? k3} is the dual basis of {ki, ks, ks}, putting f* = /I; k%, for
1=1,2,3, we get

3 3
dy = "nif' NJof', wo=Y_Lif NJof'.

i=1 i=1
In order to find w(t), let us suppose that it is given by

3
w(t) =Y _ N AJof', (17)
i=1
where A1 (t), A2(t) and A3(t) are positive functions such that A;(0) = I;. Then w(t) is
a non-degenerate 2-form of type (1, 1) with respect to Jy, and

4 (3000?) = S (0N )+ MOX O} AT 8P

Using (14) and (17) we have

€2 = % £0 () = A (A2 (£)As (1),

Now, from the equation (16) and h°(f;, f;) = di;n; we get

Z {0 + NN O} FATof A AT f =
i<j
_ L m na n3 s s o | fi N j
= ; le(t) Swoks A3(t)> (i () + i Ai(1)) — 2nang | fEATof AT A o
This is the system of ordinary differential equations given by (13). This system does
indeed have a unique solution, which, in turn, defines a non-degenerate 2-form com-

patible with Jy by (17). Such a form has to satisfy (16) by construction. Therefore,
we find out that the solution of (1) is given by

1

0(t) = 50 + 50 A 2

where p(t) = e:p(0) and w(t) as in (17), with the functions X;(¢), i = 1,2, 3, solving
(13).

Let (7,T) be the maximal interval of existence of 1 (), where —7,T € [—00, +00].
We want to prove that T' < +oc and 7 = —oco. Computing the derivative of 6¢? =
xo(w(t)3) we get

1268, = 3 %0 (%w(t) A w(t)Q) .
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Then,
€t — 1% *o [x¢ (w(t) Adn) Aw(t) Adn)]
= =53 o (lw(t) Adnll? * (1))
= gk o (Je(t) Adnl2eF =0 (1))
=~ llwt) Adnllf.

This implies that ¢, < 0 and also the existence of lim;_,7&; = er > 0. Note that
e; ' is the unit vector orthogonal to Ker(n) such that %, (1) = *;(1) A (5;117), thus

1

*t(l) = *¢ (—’I]) s (18)
€t

where x; is the Hodge star operator with respect to the metric induced by (t).

Moreover, the volume form xo(1) is proportional to the 6-form dn®, since both are

non-zero 6-forms on Ker(n). Therefore, we can write

1
‘(1) = g ()’ (19)
where
1
do = 6|\(d77)3||0-

Thus, using (18), (19) and #;(1) = tw(t)® = &7 %o (1), we obtain

*t (177> =x(1) =€l %0 (1) = %Z—t(dn)g,

0

that is

* (e7'n) = G 50 dn

Taking the square norm of the previous expression gives

2
_ le
1=l () 12 = e
whence
52
ldn*|I? = 36 —3-
€t
Now by Lemma 3 we have
3628 — Jar?)2 < ollanl?
524 - nile = Mt

and

lleo(t) A dnll > lldnll?.
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Therefore, we can estimate &} as follows

1
, 1 9 1 ) 1 /1 512\ ® /662 c
= ———|w®) Adn|} < ——|ldn|? < —— ( =|I(d =- =—
ci = = o) Al <~ o anlf < o (@) poog S d
t

3 2
with C' = X 250 . As a consequence, if t € (0,7T), we get

t , t 1 t t 1 1 — &
g —1= ggds < =C ﬁds:>t: ds < 14ds§ ,
0 0 gits 0 0 gt ¢

where we have used that e, < 1 if s € (0,¢). So

T§1_6T241_8T_ 4 '
¢ 3662 — /662
It remains to show that 7 = —oo. Firstly, we prove that it is true if & is positive or

negative definite. Note that in this case n;n; = 1, for every 4,5 = 1,2, 3. So A(t) < 0,
for any ¢ = 1,2, 3. Define

F(t) = A (t) + A2 (t) + Az(2).

Then it is clear that the solution exists as long as f(t) < 400 and, consequently,
f(1) = 400. Now observe that by (13)

2
PO = =g (Sane 5552
- dt a,b,c )\%)\g)\g
L RN 2T AN RE )
- a,b,c ATAINL ’

where (a,b,¢) and (i,75,k) € {(1,2,3),(2,3,1),(3,1,2)}. But, from (13), for any
(a,b,c), it follows

2XA AN — 200 A AAZ)AL = 0,
and

MAAININZ — 20N A2 N A = MAIAIAZ (A — 2).) > 0,
MAAZAINT — 20N N2AD) N A = ALAININZ (N, — 2)) > 0.

Therefore f”(t) <0, for t € (7,T). But, for ¢t € (7,0),

0 0
£(0) — f(t) = / f(s)ds > / £(0)ds = —t'(0).

Thus,
f(#) < f(0) +££'(0),
which means 7 = —oc.
In order to prove that 7 = —oo if h is indefinite, we proceed by contradiction as

follows. Suppose by contradiction that 7 > —oco and that A1 (¢), A2(¢) and A3(¢) are all
bounded near 7. Then, we can find a sequence t,, — 7 for which all \;(¢,,) converge.
If the limits of X;(¢,) are non-zero we can restart the flow past 7, contradicting the
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maximality of the solution. Therefore, if 7 > —o0, at least one of the \;(¢,) has to go
to zero for t,, — 7. Since A1 (t)A2(t)A3(t) = 1/6 %o (w}) = 2 decreases, we get also a
contradiction. Indeed,

0=X(1T)\a(T)As3(1) = tlg el > et > 0.

Therefore, if 7 > —oo, there is at least one \;(¢) (¢ = 1,2,3) which is unbounded.
Suppose now that Az(t) is unbounded. Then, choosing a sequence of negative times
{tn} converging to 7 and such that A2(t,) — A2(t,—1) diverges, it follows that

tn A1(8)A3(s)—Aa(s
Naltn) = Maltn) = =7, SRR ds

tn

1
ts (A1<s>xa<s>x2<s>2 - A1<s>2xs<s>2) ds
_ 1 1
= \"z=eonm T meonay ) (tn — te-1) = +o0,

where t,, € (tn,tn—1). Hence \1(£,)A3(£,) — 0. Indeed &(,)*X2(%,,) stays away from
zero. But for n large we get a contradiction

A2(tn) = A2(tn-1) )\1( n)A3(tn) — A3(tn)
O T T (AN ()

Thus A2(¢) must be bounded. The same argument shows that A3(¢) must be bounded
as well. So, the only possibility is that A\;(¢) is unbounded whereas both As(t) and
A3(t) are bounded. As done previously choose {t,} so that ¢, — 7 and

bn A2 () A (s
M) = At = _/t 1 )\1((8))2?;\(2() >+2A3<(s>) ds = oe.

Then there exists ¢, € (5, tn—1) such that A2(¢,)A3(¢,) — 0. We can certainly assume
that Ao (%,)A3(t,) decreases in n by choosing a suitable subsequence which we will still
denote by t,. Then,

> 0.

0> Aa(tu)As(tn) — Aa(tn1As)(tn_1) = (i(&&)) (50)(tn — ),

for some s, € (tn,tn—1). On the other hand, by (13), it turns out that

d A1)+ A3()?) = Aa(®)As(t) (A2 (1) + As(D))
a P2WAa) == NOSHOLWOL =
Since
A2(tn) A3 (tn) (A2 (tn) + As(tn))

A (tn) = o0, — 0,

3(t
A5 (tn) + A3(tn)

we obtain that d 7 (A2A3) (sn) < 0, for n large. Then we get the following contradiction:

0> /\2/\3(tn) — )\2/\3(tn_ ) (i/\g)\g) ( )(tn — tn—l) > 0.

Thus also A;(t) must be bounded. But we have already proved that, assuming 7 >
—00, at least one A must be unbounded. To avoid any contradiction it must be
7 = —o0o. This completes the proof. O
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We now solve the coflow (1) on the 7-dimensional Heisenberg group when the
initial coclosed Gz form is equal to ¢; (i = 1,2), where @1 and @2 are defined by

o1 = Q127 4 34T 4 (567 | 135 _ 146 _ 236 _ 245 (20)
and
0o = Q127 _ 34T _ 567 | (135 _ 146 4 236 | 62457 (21)

respectively. Note that ¢; and ¢2 induce the same metric and orientation, namely
they are SO(7)-equivalent via the special orthogonal transformation

R =diag(1,1,1,—-1,-1,—1,1).

Moreover, their dual 4-forms are given respectively by the closed forms

*p1 = 61234 + e1256 + e3456 _ 62467 + e1367 + e1457 + 62357

and

*pg = —61234 _ 61256 4 63456 _ e246'7 _ e1367 _ 61457 4 62357.

‘We will show in the next section that the behavour of the solution for the modified
coflow is different.

COROLLARY 5. The solution of the Laplacian coflow (1) on H with the initial
coclosed Ga form @1, defined by (20), is given by

o(t) = ﬁ (€127 4 17 4 ¢357T) Ly (1) (€195 — M6 _ o236 _ 28y 4 ¢ (—oo, %) . (22)
where y = y(t) is the positive function
b)
y(t) = {/1— 3t (23)

The underlying metrics g; of this solution converge smoothly, up to pull-back by time-
dependent diffeomorphisms, to a flat metric, uniformly on compact sets in H as t goes
to —o0.

Proof. For each t € (—o0,2), we consider the basis {f!(t),..., f7(t)} of left
invariant 1-forms on H defined by

fr=rw=

=10 -
where the function y = y(t) is given by (23). Then, f(0) = ¢, fori € {1,---,7}, and
the structure equations of H, with respect to the basis {f1(t),..., f(t)}, are

dff =0, 1<i<6, df = %6 y(O) (2 ). (25)

(t) e, 1<i<6,
(24)

Now, for any ¢, the 3-form ¢(t) defined by (22) has the following expression

(p(t) _ f127 + f347 + f567 + f135 _ f146 _ f236 _ f245- (26)



LAPLACIAN COFLOW ON THE HEISENBERG GROUP 345

Note that ¢(0) = 3 and, for any ¢, the 3-form ¢(¢) on H induces the metric g; such
that the coframe {f*(t),..., f7(t)} of h* is orthonormal. Denote by %; the Hodge star
operator determined by g¢. Using (4), (5) and (25), we have d x; ¢(t) = 0, where the
4-form

ki p(t) = 1234 4 F1256 | £1367 | g1457 | 2357  ¢2467 3456
So, in terms of the coframe {e!,... €7} of h*, %; (t) has the following expression
s () = y(t)3(1234 4 1296 | (B456) | (1367 | (1457 | (2357 _ 2467

Thus,

9 (repl) = 4yl 5/ (1) (2% + €10 1 ¥, (21)

Moreover, using (25) and (26), we have

“Auwplt) = —dwedi(t) = —y(t) " dxy (F2 4 F120 4 990
— _gy(t)—lo (f1234 + f1256 + f3456),

or, equivalently,
—A¢xpt) = _%y(t)—ﬁ (61234 4 1256 63456) '

The last equality and (27) prove that (22) is the solution of the coflow (1) when the
function y = y(t) is given by (23).

We study the behavior of the underlying metric g; of the solution (¢) in the limit
for t -+ —oo. The limit can be computed fixing the Go-structure and changing the
Lie bracket as in [12]. If we evolve the Lie brackets p(t) instead of the 3-form defining
the Go-structure, the corresponding bracket flow has a solution for every t. Indeed, if
we fix on R7 the 3-form f127 4 f347 4 #5674 £185 _ p146 _ 236 _ 4245 thon the basis
(f1(t), ..., f7(t)) defines, for every t < 3/5, a nilpotent Lie algebra with bracket ju(t)
such that p(0) is the Lie bracket of . Moreover, the solution converges to the null
bracket corresponding to the abelian Lie algebra. For this, let {f1(¢),..., f7(t)} be
the basis dual to {f1(t),..., f7(t)} (defined by (24)). Then, the equations (25) imply
that all the Lie brackets [f;(t), f;(¢)] (1 <i < j <7) vanish excepting

V6

[f1(2), F2(0)] = [£3(0), fa(0)] = [fs(2), fo(t)] = =~ y(t) " f2(1).

Thus, all the Lie brackets [f;(t), f;(¢)] tend to zero as ¢t goes to —oco. O
In a similar way we can prove the following

COROLLARY 6. The solution of the Laplacian coflow (1) on H with initial coclosed
Ga form @2, defined by (21), is ancient and it is given by

t 1 1
o(t) = y(t) el27 3T & 567 +y(t)z(t)2 (6135 _el46 4 o236 6245) . (28)

()2 y(t) y(t)

where the functions y = y(t) and z = z(t) satisfy

d y(t) +z(t)* d 1 z(8)%—y#)?
w9t = —hYirsae #20 = H5amtr
y(0) =1, 2(0) =

—_
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5. Explicit solutions for the modified Laplacian coflow. We study the
modified Laplacian coflow (2) for each of the coclosed Go forms ¢;, i = 1,2, defined
respectively by (20) and (21), on the 7-dimensional Heisenberg group. In particular,
we prove that the solution of (2) for ¢; is ancient only if the positive constant A,
that appears in (2), take values in a certain open interval, while the solution of (2)
for —py is ancient for any A. However, we prove that the solution of (2) for s is
never ancient.

THEOREM 7. The solution of the modified Laplacian coflow (2) for the coclosed
Go form @1, defined by (20), is given by

1
o(t) = Wt) (6127 14T 4 6567) +yt)? (6135 _ o146 _ 236 _ 6245) : (30)

where the function y = y(t) satisfies

d 246 y(t)° —1
y(0) = 1.
Moreover,
) if0 <A<z thent € (—00,T), with T = —ﬁ(%/é/l—klog(l -

2 \/EA)) > 0. Therefore, in this case, the solution (30) is ancient;
i) if A> ﬁ, then t € (—o0, +00), that is, the solution (30) is eternal.

Proof. By the Picard-Lindel6f Theorem, there exists a maximal open interval I,
containing 0, and a smooth function y : I — (0, +00), which is the unique solution of
(31).

To prove that (30) is the solution to the coflow (2) for ¢1, we proceed as follows.
As in the proof of Theorem 5 , for each t € I, we consider the basis {f1(¢),..., f7(t)}
of left invariant 1-forms on H defined by

where the function y = y(t) now satisfies (31). Then, f*(0) = €’, for i € {1,---,7},
and the structure equations of H, with respect to the basis {f*(t),..., f7(t)}, are

dfi =0, 1<i<6, dff = %gy’5(t)(f12+f34+f56)- (32)

Moreover, for any ¢ € I, the 3-form ¢(t) defined by (30) has the following expression
o(t) = 127 4 347 | p56T | p135 _ g146 _ p236 _ g245 (33)

So, ¢(0) = o1 and, for any t € I, the 3-form ¢(¢) on H induces the metric g, such
that the coframe {f1(t),..., f7(t)} of h* is orthonormal. Denote by %; the Hodge star
operator determined by g¢;. Using (4), (5) and (32), we have d *, ¢(t) = 0, where
*1p(t) is given by

*t‘p(t) — f1234 4 f1256 4 f1367 4 f1457 4 f2357 _ f2467 4 f3456-
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Thus, in terms of the coframe {e',...,e”} of h*, the 4-form x;(t) has the following
expression

*t%ﬁ(t) — y(t)4(61234 4 61256 4 e3456) 4 61367 4 e145'7 4 e2357 _ 62467.

This implies

d
i * p(t) = 4y(t)3 y’(t)(61234 4 1256 4 63456)7
that is
d 2AV6y(t)° — 1, 1534 | 1956 , 3456
— ty= —2~ 2 34
ar (1) = 3y(t)5 (e +e TP e, (34)

since the function y = y(t) satisfies (31).

On the other hand, by (7) we know that the torsion forms 7;(¢) (i = 0,1,2,3) of
©(t) are such that 71(t) = 0 = m2(t) since d(*;(t)) = 0. Then, from (32), (33) and
(7), we have

di(t) = 3;(25 (F12 4 10 4 f190) = () (8) + wima(t), (35)
where
ma(t) = 7;/(6) (=130 4 145 4 290 4 f205) 1 2{% (F127 4 17 4 1),
wma(t) = 7y(\/g5(—f1367—f1457—f2357+f2467)+ Qf(f) (F1284 4 1206 . o0,
and
To(t) = 7;(?)5.

So, according with the first equality of (35),

Apxpt) +2d((A=Tro)plt)) = dx d(e(t)) +2(A— Tro)de(t)
2A\3/;z1t( )0 -1 (f1234 4 1256 4 f3456)
that is
Aoxp(t) +24((A = Tr)p(t)) = PRGEHFTE (1204 4 €120 4 (100)

The last equality, together with (8) and (34), show that (30) solves the modified
Laplacian coflow (2) for ;.

In order to show that the solution ¢(t), given by (30), is ancient, we analyse the
behaviour of the function y = y(t) according with the values of the positive constant
A Tt A= ﬁ, then y(t) = 1 solves (31) for all ¢ € (—o0, +00). Assume A # ﬁg

and observe that the constant function y(t) = (2\/614)_1/5 satisfies the differential
equation that appears in (31), which is autonomous. Consequently any solution y(t)
having y'(tp) = 0 at some time ¢ satisfies y(to) = y(to), giving y = y. Hence, the



348 L. BAGAGLINI, M. FERNANDEZ AND A. FINO

solution y = y(t) of the system (31) is monotone and it must satisfy either y(t) > 5(¢)
or y(t) < y(t) for any t € I, according to the value of A. In other words, if 2v/6 A < 1
then y(0) < 7(0), so y(t) < y(t), and similarly y(t) > y(t) if 2v/6 A > 1.

Now, we rewrite the differential equation that appears in (31) as

\/6 4 \/6 y(t)4 / .
(Ay(t) + A 2o Ay(tF 1 1) y'(t) = 1.

Integrating this equation from 0 to ¢, we have

V6 1

1 —2V6Ay(t)°
_ Vv 5
=1 (y(t)> —1) + 1042 log .

1—2V6A

This equation allows us to understand the behaviour of the solution at its singular
times. Indeed the limits of y(¢) must be singular values of (36); otherwise, through a
trivial compactness argument, we could restart the flow, violating the maximality of

solutions. So, if 2v/6 A < 1 then y = y(t) decreases from (2\/6A)_1/

2AV6+log(1-2V6 A)
- 10A2

—1/5
is an increasing function, goes from (2\/6 A) to +00 as t goes from —oo to +oo.
In particular, we have that the definition interval I of the function y = y(¢) is

t

(36)

5
to 0 as t goes

. Otherwise, if 21/6 A > 1, then y = y(t), which now
1/

from —oo to

2/6 A+log(1-2v6 A . 1
I:(—OO,— 1(%1(42 ))7 1fA< ma

and

I =(-o00,+00), if A7

S

d

REMARK 3. In a similar way as in the proof of Theorem 5, one can check that
the Riemannian curvature R(g:) of the metric g; induced by (30) is such that

23

IR0, = (),

and so, in the case iii) (corresponding to A > ﬁ) lim—, 1 o R(g:) = 0.

In the following theorem we study the modified Laplacian coflow (2) when the
initial coclosed Gg form on the 7-dimensional Heisenberg group is equal to —p7, where
1 is defined by (20).

THEOREM 8. The solution of the modified Laplacian coflow (2) with initial co-
closed Go form —py is ancient and it is given by

1
o(t) = - © (€127 4 €347 4 €57) _ y(1)? (£13° — M0 _ 236 _ 205) - (37)
where t € (—o0,T), with T = 5—‘/5(1 — (24V6) ' log(24V6 + 1)), and the function
y = y(t) satisfies
{y

2AV6y(t)°+1
y(t) = — 12;((15))9 ) (38)

0)=1.

ES

<N

—~
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The underlying metrics g: of this solution converge smoothly, up to pull-back by time-
dependent diffeomorphisms, to a flat metric, uniformly on compact sets in H as t goes
to —oo0.

Proof. By the Picard-Lindel6f Theorem, there exists a maximal open interval I,
containing 0, and a smooth function y : I — (0, 4+00), which is the unique solution of
(38).

To prove that (37) is the solution of the coflow (2) for —¢;, we proceed as follows.
As in the proof of Theorem 7, for each t € I, we consider the basis {f*(¢),..., f7(t)}
of left invariant 1-forms on H defined by

fi=fit)=yt)e', i=1,...,6
Fr=17) =y,

where the function y = y(t) now satisfies (38). Then, fi(0) = €, for i € {1,---,7},
and the structure equations of H, with respect to the basis {f1(¢),..., f7(t)}, are

V6

df' =0, 1<i<6,  dff = -=yt)(f7+ 4 ), (39)
Now, for any ¢ € I, the 3-form ¢(t) defined by (37) has the following expression
Qﬁ(t) _ _(f127 + f347 + f567 + f135 _ f146 _ f236 _ ,f245)- (40)

So, ¢(0) = —p1 and, for any ¢ € I, the metric ¢g; induced by @(¢) is such that the
coframe { f1(t),..., f7(t)} of h* is orthonormal. Denote by *; the Hodge star operator
determined by g,. Using (39), we have d x; ¢(t) = 0, where %, p(t) is given by

*t Sp(t) _ f1234 4 f1256 4 f1367 4 f1457 4 f2357 _ f2467 4 f3456-

Then, in terms of the coframe {e!,... e} of h*, the 4-form *; (t) has the following
expression

s (1) = y(1)4(1234 4 1256 | (3456) | (1367 | 1457 | (2357 _ 2467
Therefore,
Lo p(t) = dy(t)> y/ () (€234 + 1256 4 3496,
that is,
A 5
% *t o(t) = _%(61%4 4 1256 4 (3456, (41)

since the function y = y(t) satisfies (38).

On the other hand, by (7) we know that the torsion forms 7;(¢) (¢ = 0,1,2,3) of
©(t) are such that 71(t) = 0 = 72(t) since d(*+p(t)) = 0. Then, from (39), (40) and
using again (7), we have

V6

dplt) = = 5 Yes (P28 P59 4 £9950) = ) s l0) +5ems(®). (42
where
V6 46
3(t) = 7y(t)5(_f135 4 pl6 4 p236 f245) + 21y(t)5(f127 4T f567)7
T3 (t) = 7y(\/§)5(_f1367 st _ f2357 + f2467) + zfy\(ffﬁ (f1234 4 opl2se f3456)7
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and

V6
0 =7y

Then, according with the first equality of (42),

Avx o) +2d((A= Tro)elt)) = do d(p(t)) +2(A — Tro)dia(t)
= _2A\§Sggﬁ)()‘)+l (f1234 4 f1256 4 f3456)

or, equivalently,

A 5 e1234
Aexeplt) +2d((A— Im)p(t) = —2AEUOML (oo baase s
The last equality, together with (8) and (41), show that (37) solves the modified
Laplacian flow (2) for —¢;.
To show that the solution ¢(t), given by (37), is ancient, we study the behaviour
of the function y = y(t). To this end, we rewrite the differential equation that appears
in (38) as

12y

YN OIS

Integrating this equation from 0 to ¢ we obtain

V6 1 2AV61°(t) +1\
5—A(1_y5(t))+ 10A210g( YW )-t.

(43)

Clearly /() < 0 since the function y = y(t) satisfies the differential equation that
appears in (38). Then, (43) implies that the function y = y(t) decreases from +oo to

0 as t goes from —oo to 5—‘/2(1 — 2A1\/6 log(QA\/g-i- 1))

To study the behaviour of the underlying metric g; of the solution (37) for ¢t —
—00, we proceed in a similar way as in the proof of Theorem 5. O

Concerning the modified Laplacian coflow (2) for the coclosed Go form @2 on the
7-dimensional Heisenberg group H we have the following.

THEOREM 9. The solution of the modified Laplacian coflow (2) with initial co-
closed Go-structure 2 is defined on a bounded interval, and it is given by

(p(f) _ 3((;))2 6127 _ y(t)_l (6347 4 6567) 4 y(t)z(t)2 (6135 _ 6146 4 6236 4 6245) , (44)

where the functions y = y(t) and z = z(t) satisfy

dt 12 y(t)32(t)8 v dt 12y(t)2z(t)7 (45)

d y(t) = 2AVE y(t)z(1)°+22(1)> +y(t)? iz(t) _ _2AV6y(t)=(1) +1
y(0) =1, 2(0) = 1.

Proof. By the Picard—Lindelof Theorem, there exists a maximal open interval I,
containing 0, and two smooth functions y,z : I — (0,+00), which are the unique
solution of (45).



LAPLACIAN COFLOW ON THE HEISENBERG GROUP 351

We first prove that (44) is the solution of the coflow (2) for 2. As in the proof
of Theorem 6, for each ¢ € I, we consider the basis {f*(¢),..., f7(t)} of left invariant
1-forms on H defined by

where the functions y = y(t) and 2z = 2(t) satisfy now (45). Then, f(0) = e,
for i € {1,---,7}, and the structure equations of H, with respect to the basis

{fY@),...,f7(t)}, are
df' =0, 1<i<6,
V6

Af7 = 25y O (5O 2 + 2072 4 2072 )

(46)

Moreover, for any ¢ € I, the 3-form ¢(t) defined by (44) has the following expression
o(t) = f127 — p3AT _ 50T | 135 146 p236 4 p245, (47)

So p(0) = p2 and, for any ¢ € I, the 3-form ¢(¢) on H induces the metric g, such
that {f1(¢),..., f7(t)} of b* is an orthonormal basis of h*. Denote by *; the Hodge
operator determined by g;. Using (4), (5) and (46), we have d %, ¢(t) = 0, where
*1p(t) is given by

Kpp(t) = — f1234 _ f1256 _ g1367 _ 1457 | 2357 _ (2467 | 3456

Thus, in terms of the coframe {e',...,e"} of h*, the 4-form x;(t) has the following
expression

*t%ﬁ(t) _ y(t)QZ(t)Q(_eH?A _ 61256) _ 61367 _ 61457 + e2357 _ 62467 + Z(t)463456.

Therefore,

% (ki) = 2(y(O2(0% (1) + Y220 (1) ) (€2 = €125) + 42(0)2/ (1) ¥4,

that is

AVB(y(t)*2(1)* — y(t)=(1)*) -1
3y(t)?z(t)*
2AV6y(t)2(t)* + 1 3456
€ 3

3y(t)%2()*
since the functions y = y(t) and z = z(¢) satisty (45).

On the other hand, let us consider the torsion forms 7;(t) (i = 0,1,2,3) of ¢(t).
By (7), 71(t) = 0 = 1o(t) since d(x1p(t)) = 0. Then, from (46), (47) and using again
(7), we have

dp(t) = \/Téy(t)_lz(t)_2((z(t)_2 _ y(t)_2)(f1234 1256y _ 22(t)_2f3456) o)

= 10(t) *¢ p(t) + *73(t),

1234 | 1256
(e +e ")

d
— % p(t) =
dt (48)
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where
V6 (5y(t)2+2(t) 3y(t)%2—5z2(t)
3(t) = — 2(13 e )f127 S;ﬁ/(t) Pt )(f347 + f567)
V6 (2y(t)* —=(t)
+ 2(1Z(t)'*z(t )(f135 f146+f236_|_f245>,
V6 (5y(t)242(t) V6 (3y(t)? —5z(t)
xaTs(t) = — 2(13(15)32(1:)4 )f3456+ Szi;(t)?z(t )(f1234+f1256)
2 2 2
fg(fzgtisz(t)(z) )(_f1367 _ 5T | pa85T _ p2467)
and
V6 2 2
t)= ———— (2y(t)" — 2(¢

Then, according with the first equality of (49),

Avx o(t) +2d((A= Fro)e(t)) = doe d(p(t)) +2(A — Fro)dia(t)
AVG (y(8)3z(t)2 —y(t)=(t)
_ (y 3y(t)4z(‘7i) ) (f1234+f1256)
_ 24V6y(H)z(t)*+1 3456
3y(t)22(1)8 ’

or, equivalently,
AVE (y(1)°2(0)? —y()2(t)*) -1
Apxi p(t) + 2d((A — %To)go(t)> = (v P (@:)4 ) (1234 4 £1250)

_2AV6y(Hz(t)*+1 3456
3y(t)2z(0)*

The last equality, together with (8) and (48), show that (44) solves the modified
Laplacian flow (2) for ¢s.

To prove that (44) is defined on a bounded interval, we will show that ¢, =
sup(/) < +oo and t_ = inf(I) > —oco. On the one hand, we know that the functions
y = y(t) and z = z(t) are positive. Then, the system (45) implies that z'(¢) < 0 <
y'(t), for any t € I. Therefore, the function z = z(t) is decreasing, and y = y(t) is
increasing. Thus, there exist

limy(t) =y- €[0,1) and lim z(t) = z4 €[0,1).

tt toty
Now, using (45), it is straightforward to verify that the function z = z(t) satisfies

ZI/

W (24A2 (3yt2® — 42219) 4+ 24V/6 (9324 — 4y2%) + 5y? — 422),
for any ¢ € I. Note that in the last equality, the functions (3y*28—12219) = y228(3y%—
22), (9y32* — 4y2%) = y24(9y? — 422) and (5y? — 422) are positive functions in (0, ).
Indeed, their values at ¢ = 0 are positive, and z = z(t) decreases while y = y(t)
increases in (0,t4). Therefore, 2”(t) < 0, for ¢ € (0,t4). Thus, 2/(t) < 2/(0) < 0, for
any t € (0,t4). Now, we choose a sequence {t,,} C I of positive times converging to
ty. Then,

S(tn) — 1= /Otn () dt < /Ot" 2(0) dt < 2'(0) t.
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So, t, < Z(Zt/"(z)) and, consequently, ¢, < z/(o) < +00.
Using again (45), we have

—144y7 210" = 48 A% (2122 — 2'9%1) + 246 (1028y — 11253 — 82%y%)

50
+ 1227 —422y — Tyt (50)

Then, it is possible to show that y”(t) < 0 in some neighbourhood of ¢_. Indeed, the

functions z'?y% — 21%* and

(122* — 422y% — Ty*) = 422(2% — 9?) + (82* — Ty?)

are both positive on (¢_,0), since the functions 22 — y? and 82* — 7y* are both
decreasing. Moreover, the solution is maximal for ¢ going to ¢_. Therefore, the limits
lims ¢ 2(t) = z— and lim;—,;_ y(¢) = y— cannot be both finite and different from zero,
otherwise we can restart the flow. As a consequence, since y'(¢) > 0 and 2/(t) < 0,
for any ¢t € I, we get that either z_ < 400 (and consequently y_ = 0) or z_ = +oo0.

In the first case, the leading term (as polynomial in z) of the right side of (50) is
122*, so it must be positive in a neighbourhood of ¢ _. On the other hand —144y"2'¢

0, so y”(t) < 0 in some neighbourhood of ¢_. In the other case (i.e. when z_ = +00),
hm (102® — 112%2 — 82%y*) = +o0
since z_ = +oo and y is bounded. Therefore y(10z®% — 1125y2 — 82%y*) is positive in

some neighbourhood of ¢_. Hence, in both cases, it follows that y” < 0 for ¢ € (t_, 1),
for some ¢ € (t_,0), i.e. that y'(t) > y/(t), for t € (t_,t). Now, we choose a sequence
of negative times {t,} C (t_,t) converging to ¢_. Then,

) = y(tn) = / () dt > / Y B dt = (1) 9/ (D).

y(t

It follows that ¢, > Yin)=v® 47 go ¢ >v—vl 475 @
y'(t) y'(t)
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