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THE VANISHING OF THE ;- INVARIANT FOR SPLIT PRIME
Zp-EXTENSIONS OVER IMAGINARY QUADRATIC FIELDS*

VLAD CRISANT AND KATHARINA MULLER?

Abstract. Let K be an imaginary quadratic field, p a rational prime which splits in K into
two distinct primes p and p, and Koo the unique Zy-extension of K unramified outside of p. For a
finite abelian extension L of K, we define Loo = LK, and let X (Lso) be the Galois group of the
maximal abelian p-extension of Lo which is unramified outside the primes of Lo lying above p.
We use the Euler system of elliptic units and a suitable generalisation of Sinnott’s method to give
a rather elementary and completely self-contained proof that X (Loo) is always a finitely generated
Zp-module. This is the analogue for this split prime Z,-extension of the Ferrero-Washington theorem
for the cyclotomic Zp-extension. Our proof simplifies and clarifies earlier work by Schneps, Gillard,
and Oukhaba-Viguié.
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1. Introduction. Let K be an imaginary quadratic field and p a rational prime
which splits in K into two distinct primes p and p, respectively. By global class field
theory, there exists a unique Zy-extension K., /K that is unramified outside p. Let L
be a finite abelian extension of K. We call L, := IL- K the split prime Z,-extension
of L corresponding to p. It is an abelian extension of K. We shall fix the prime p once
and for all and omit explicit reference to it whenever it is clear from the context. We
regard all our number fields as subfields of an algebraic closure Q of Q; we also fix an
embedding of Q into C and an embedding of Q into C, which induces the prime p,
respectively.

Let M, be the maximal p-abelian extension of L., that is unramified outside the
primes in L, lying above p. By a standard maximality argument, M, /K is a Galois
extension. Hence, if we denote I' := Gal(L /L), then X(Ly) := Gal(Mu/Loo)
becomes a Z,[[I']]-module in the natural way, and hence a module over Z,[[T]] (the
power series ring over Z, with indeterminate T'), under an isomorphism Z,[[[']] =
Z,[[T]] obtained via a fixed topological generator for I'. For every n > 0, we let L,
denote the unique extension of IL of degree p™ with LL,, C Lo,. Then LL,, is an abelian
extension of the imaginary quadratic field K, so, by the Baker-Brumer theorem, the
p-adic Leopoldt conjecture holds for the intermediate fields L,,. It follows that X (L)
is a Zp[[T]]-torsion module and hence it has a well-defined (up to units in Z,[[T7]])
characteristic polynomial of the form p* - f(T) for some non-negative integer p (called
the p-invariant of X (L)) and some distinguished polynomial f € Z,[[T]].

In this article we shall prove the following result, which is equivalent to the as-
sertion that the p-invariant of X (L) is zero.

THEOREM 1. The Zy[[T]]-module X (L) is a finitely generated Z,-module.

Theorem 1 was previously proved by Schneps ([Sch, Theorem III]) for L. = K,
K of class number 1, p > 5 and by Gillard ([Gil 2, Theorem 1.2]) for any L abelian

*Received April 23, 2019; accepted for publication May 24, 2019.

TMathematisches Institut, Georg-August-Universitit Gottingen, BunsenstraBe 3-5, D-37073
Gottingen, Germany (vlad.crisan@mathematik.uni-goettingen.de).

fMathematisches Institut, Georg-August-Universitit Gottingen, Bunsenstrafie 3-5, D-37073
Gottingen, Germany (katharina.mueller@mathematik.uni-goettingen.de).

267



268 V. CRISAN AND K. MULLER

over K, p > 5. Recently, Choi, Kezuka, Li ([C-K-L]) and Oukhaba, Viguié ([O-V])
have independently worked towards completing the proof of the theorem for the cases
p=2and p = 3. In [C-K-L], the result is proved for p = 2, K= Q(y/—¢) with ¢ =7
(mod 8) and L=Hilbert class field of K, while in [O-V] the result is proved for p = 2,3
and any L, extending the methods in [Gil 2]. The purpose of this article is to give
a comprehensive and rather elementary proof for all fields L abelian over K and all
primes p.

Before we discuss our approach for proving Theorem 1 and the structure of the
paper, we give a useful reduction step. For an integral ideal a of K, we let K(a)
denote the ray class field modulo a and we let w, be the number of roots of unity in
K which are 1 modulo a. We claim that it suffices to prove Theorem 1 when L is of
the form L = K(fp) (respectively L = K(fp?) for p = 2), where § = (f) is a principal
integral ideal of Ok coprime to p with w; = 1 (the last condition holds for any f # (1)
upon replacing f by ™ for a sufficiently large m). Indeed, first note that if J/L is
an arbitrary abelian extension and Joo = J - Lo, then M(Ly) - Joo € M(Joo). In
particular, if X(Jo.) is a finitely generated Z,-module, so is X (L,). This allows us
to assume that L = K(fp") where f is as above and n is a positive integer. By class
field theory and Chinese remainder theorem, for every n > 1 one has

Gal (K(fp")/K(f)) = (Z/p"Z)" .

The following simple application of Nakayama’s lemma serves two purposes: firstly,
it allows one to further reduce the exponent n of p in the definition of L; secondly,
it shows that one can prove Theorem 1 for p-solvable extensions of L, which are not
necessarily abelian over K.

LEMMA 1. Let J/L be a finite Galois extension of order p and let Joo/J and
Lo /L be the split prime Z,-extensions of J and L, respectively, so that Joo = LooJ.
If X(Ly) is a finitely generated Z,-module, then X (J) is also a finitely generated
Z,-module.

Proof. Let o denote a generator of the Galois group & := Gal(Joo/Lso). Then
X(J) is a Zy[®]-module under the natural action. Let F be the maximal abelian
extension of Lo, contained in M(J). Then

R:=Gal(F/Js) 2 X(Joo)/(0 — 1) X (Joo)-
By Nakayama’s lemma, it suffices to prove that R is finitely generated. Define the set
S = {primes in L, coprime to p and ramified in Joo /Lo }.

We know a priori that S is finite. If S = ), we obtain M(L.,) = F; in this case, R is
finitely generated over Z, since X (L) is.

If S is not empty, consider for every prime q € S its inertia group /4 in Gal(F/Ly).
Since F/J is unramified at each q € S it follows that I; N R = {0}. Thus, I is
cyclic of order p. Let I be the group generated by all the I’s and let F' = F’. Then
[F: ] < pl¥l. The field F’ is contained in M(LLy,). Tt follows that Gal(F’/L.,) is
finitely generated and hence so is R. O

Combining Lemma 1 with our previous observations, it follows that for any prime
p, it suffices to consider fields L of the form L = K(fp) (resp. L = K(fp?) when p = 2),
with f = (f) as above.
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We let F := K(f), and for any n > 0, we define

Fn=K(#"), Foo=|]JFn.
n>0

Having reduced the problem to the case L = K(fp) (resp. L = K(fp?) when p = 2),
one then has L., = F, and we shall subsequently work with F.,. We let ¢ > 0 be
such that
K: = H(K) N K.
We also define the groups
G = Gal(F/K), H=Gal(Fx/Ky), §=Gal(F/F)=Z;.

The diagram of fields and corresponding Galois groups is given below.

M(LLoo )
X (Loo)
Koo a L. =F.
I
Fl
K, H(K) F L
/
K

We shall now summarize our strategy for proving Theorem 1. Firstly, notice that
M(F)/K is a Galois extension. Secondly, since Gal(Ky/K) = Z,, it follows that
there exists an isomorphism

Gal(Foo /K) =2 H x ', where I"= Gal(K,/K).

We fix once and for all such an isomorphism, which allows us to identify T with a
subgroup of Gal(F,/K). By abusing notation, we shall also call this subgroup I''. For
each character x of H one can consider the largest quotient of Gal(M(F)/F) on
which H acts through x. We denote this quotient by Gal(M(F«,)/Fs ). The Main
Conjecture for X (F,), formulated by Coates and Wiles in [Co-Wi 3] predicts that for
all characters x of H, the characteristic ideal of Gal(M(F)/Fs), can be generated
by the power series corresponding to a p-adic L-function. Some cases of the Main
Conjecture were proven by Rubin in [Ru]. In our general setting, even though we
do not have the Main Conjecture, one can establish a correspondence between the -
invariants of certain p-adic L-functions and the p-invariant of X (F,). More precisely,
our method of proof will be to construct for every x a p-adic L-function Ly ;(s, x) and
show that the p-invariant of each Ly 5(s, x) is zero; we will then show that the sum
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of all p-invariants p (Ly 5(s, x)) is the same as the p-invariant of X (F.,), which will
establish Theorem 1. While some of the results that we prove have a correspondent (or
even generalizations) in the aforementioned articles, our approach for constructing the
p-adic L-functions uses only properties of certain rational functions on elliptic curves,
which makes the exposition more elementary.

The construction of the p-adic L-functions Ly (s, x) is the first main building
block of our article and is carried out in detail in Section 2. In [Co-Go], building on
techniques previously developed in [Co-Wi 2] and [Co-Wi 3], Coates and Goldstein
presented a recipe for constructing the p-adic L-functions, provided one has an elliptic
curve defined over a number field F containing K, which has complex multiplication
by the ring of integers of K and for which F(E,,,s)/K is an abelian extension. We
shall follow closely this approach for constructing the p-adic L-functions, extending it
to our general setting. The first step will thus be to prove that when F = K(f) with §
as above, one can construct a suitable elliptic curve E/F.

For the vanishing of u for the p-adic L-functions Ly (s, x), we will extend the
argument given by Schneps in [Sch], where she uses the elliptic analogue of Sinnott’s
beautiful proof of p = 0 for the cyclotomic Z,-extension of abelian number fields
(earlier proved by Ferrero and Washington in [Fe-Wal).

2. Construction of the p-adic L-function.

2.1. Existence of a suitable elliptic curve. As before, we let f = (f) be an
integral ideal of K coprime to p and for which w; = 1. As above, we let F = K(f) and
we let G = Gal(F/K). For a number field M, we let Iy denote the group of ideles of
M. We begin by proving the following.

LEMMA 2. There exists an elliptic curve E/F which satisfies the following prop-
erties.

a) E has CM by the ring of integers Ok of K;

b) F (Eiors) s an abelian extension of K;

c) E has good reduction at primes in F lying above p.

Proof. Let H = K(1) be the Hilbert class field of K. Every elliptic curve A/H
has an associated j-invariant j4 and a Grossencharacter ¢,y : Iy — K*, where
K* denotes the multiplicative group of K. The invariant ju lies in a finite set J of
possible candidates with |J| = h (the class number of K) and 14 /i is a continuous
homomorphism whose restriction to H* C Iy is the norm map. Gross proved in [Gr,
Theorem 9.1.3] that given a pair (j,¢) with j € J and ¢ : Iy — K* a continuous
homomorphism whose restriction to H* is the norm, there exists an elliptic curve
Ey defined over H, having complex multiplication by Ok, with j(Ep) = j and whose
Grossencharacter 1 g, /i is precisely . Consider thus an element j € J and an elliptic
curve Ey defined over H with complex multiplication by Ox with j(Ey) = j. Since
H C F, we can regard our curve E; as defined over F. We shall modify this elliptic
curve Ey/F to satisfy all the required conditions. We begin by constructing an elliptic
curve satisfying a) and b).

Let ¢, /r be the associated Gréssencharacter to Eo/F. Shimura proved in [Shi,
Theorem 7.44] that the existence of an elliptic curve E/F satisfying b) is equivalent
to the existence of a Grossencharacter ¢ of K of infinity type (1,0), for which

YE/F = ¢ o Np/k.

Let ¢ be a Grossencharacter of K of infinity type (1,0) and conductor f (recall that

wy = 1). Let ¢ = ¢ o Ng/g. Then x := #/F : Ir — K* has the property that
0
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X(F*) = 1. Therefore, under the reciprocity map of class field theory, we can regard
X as a homomorphism y : Gal(F*®/F) — K*. Since the Galois group Gal(F®/F) is
compact, it follows that the image of y must lie in the finite multiplicative group
Op. In particular, x is a character of finite order. Furthermore, O C Isom(Ep),
where Isom(Ep) denotes the group of Q-automorphisms of Ey. Thus, we can view
the character y as a map x : Gal(F*/F) — Isom(Ep). A moment’s thought shows
that y is a 1-cocycle, hence it defines an isomorphism class of elliptic curves defined
over F which has the same j-invariant as Ey (see [Gr, Section 3.3]). It follows that
the twist Ej is an elliptic curve defined over F, with the same j-invariant as Ey and
by [Gr, Lemma 9.2.5],! one has that

YEx/F =X YEo/F = ¢ © Np/k-

It follows that if we set E = Ej, the curve E satisfies the properties a) and b).

Finally, once we have an elliptic curve satisfying conditions a) and b), part c)
follows from the fact that f is coprime to p and the primes of bad reduction are
precisely the primes dividing the conductor of ¢ g /p. O

We now fix a Grossencharacter ¢ of K of conductor § and infinity type (1,0)
and let F/F be an elliptic curve satisfying the conditions in Lemma 2 for which its
Grossencharacter ¢p/p satisfies

YE/F = ¢ o Ny/k-

Since E has good reduction at the primes in F lying above p, there exists a generalized
Weierstrass model for E of the form

y? + arzy + agy = 2° + asx? + aux + ag, (1)

for which the discriminant A(FE) is coprime to any prime in F above p. We also
take the model (1) to be minimal at all primes lying above p. The Neron differential
attached to the above model is

dx
w=-—.
20+ ar1x + a3

We fix once and for all such a generalized model and differential w for E. We also let
L denote the period lattice determined by the pair (E,w).

For an element a € Ok, we identify a with the endomorphism of E whose differ-
ential is a and let F, denote the kernel of this endomorphism; for an ideal a of K, we
let E, denote

Eq = () Ea.

aca

With these notations, it is proved in [Co-Go, Lemma 3] that for any n > 0, one
has F (Eyn) =T,.

For any o € Gal(F/K), we will write E (resp. w”) for the curve (resp. the
differential) obtained by applying o to the equation (1) of E (resp. to w). Since
F(Eiors)/K is an abelian extension of K, it follows that for any o € Gal(F/K),

LGross only proves this when § = 1, but the result is true in general-see for example [Sil 2,
Exercise I1.2.25].
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one has Yo /5 = Yp/r. Moreover, as the F-isogeny class of E/F is determined by
the Grossencharacter of E/F, it follows that all the Galois conjugates of E are F-
isogeneous. Let a be any ideal in Ok coprime to f and let o, denote its Artin symbol
in Gal(F/K). For an element o € Gal(F/K), we let £, be the lattice associated with
E°. The Weierstrass isomorphism M(z, L,,) : C/L,, — E?*(C) is given by

1 ag g,
25 (920 = by (s () = 6 (02, () = ) =) ).
702y 470
where o, is the Weierstrass p-function of £, and b, = @1)17;42.

By the main theorem of complex multiplication, for any such a and any o €
Gal(F/K) there exists a unique isogeny 7, (a) : E7 — E??* defined over F, of degree
N(a), which satisfies

ga(u) = 15 (a)(u),

for any u € E?[g], where (g,a) = 1. The kernel of this isogeny is precisely EJ (see
[Co-Go, proof of Lemma 4] ). From now on, we shall write n(p) and n4(p) for the
isogenies n.(p) : E — E% and n,, (p) : E°* — E?=7» respectively. As explained in
[Co-Go, p. 341], there exists a unique A(a) € F* such that

w? on(a) = Aa)w, (2)
which can also be written as
n(a) o M(z, L) = M (A(a)z, L,,) . (3)

Note that A satisfies the cocycle condition
A(ab) = A(a)”®A(b). (4)

It follows that we can extend the definition of A to the set of all fractional ideals
coprime to f so that (4) remains valid. Moreover, when a is integral with o, = 1,
we obtain further that A(a) = ¢(a) (see [dS, p. 42] for details). The choice of the
embedding of F in C gives a non-zero complex number Q.. € C (which is well-defined
up to multiplication by a root of unity in K) such that £ = Q. Ok (see the discussion
before relation (13) in [Co-Go]). Furthermore, it is proved in [Co-Go, p. 342], that
for any integral ideal a coprime to § one has the relation

Aa)Quea™ = L, (5)

Let v be the prime in F lying above p which is induced by our fixed embedding of
Q into C, and let m,, denote the maximal ideal of O(F,). Let Z, be the ring of integers
in the completion of the maximal unramified extension of F,. Let 7w be a generator of
the prime ideal of Z,. Then Z,/nZ, has characteristic p and is algebraically closed.
Lubin showed in [Lu, Corollary 4.3.3] that if the reduction at = of a formal group
has height one, then it is isomorphic to the formal multiplicative group over Z,. We
recall that F has good reduction at every v above p. For each o € G, let E7v denote
the formal group giving the kernel of reduction modulo v on the elliptic curve E° /F
(see [Sil 1, Proposition V.2.2]). Note that E9v is a relative Lubin-Tate formal group



THE SPLIT PRIME ;-CONJECTURE 273

in the sense of de Shalit ([dS, Chapter I] and [dS, Lemma I1.1.10]). Since we chose a
p-minimal model for F, a parameter for the formal group F°v is given by

to = —To /Yo

When o is the identity, we shall simply write Ev , t, etc. Since p splits in K and p is
a prime of good reduction, the reduction of E modulo v is injective on the set Ej.
It follows that the reduction of F modulo v has to contain p-torsion points, which
implies that the reduction of F modulo v has height 1 (see [Sil 1, Theorem V.3.1].)
We obtain the following result.

LEMMA 3. There exists an isomorphism Y between the formal multiplicative
group Gm and the formal group E“ which can be written as a power series t =

8°(w) € Zp[[w]] -

As noted in [Co-Go], the isomorphism in Lemma 3 is unique up to compomtlon
with an automorphism of Gm over Z, and the group of automorphism of Gm over
7, can be identified with Z;. We fix once and for all an isomorphism 3%(w) and
we let €, denote the coefficient of w in fY(w). In particular, it follows that €, is
a unit in Z,. For an integral ideal a of K coprime to f, the isogeny 7n(a) induces a
homomorphism

which is defined over O(F,). When a is coprime to fp, it becomes an 1som0rphlsm
It follows that one can construct an isomorphism B3 = ( ) o 5Y between Gm and

Eoav. We also let Qq., be the coefficient of w in BY(w). As proven for example in
[Co-Go, Lemma 6], the relation between Q, and Qg4 is given by

Qoo = A0) 2. (6)

We also let é denote the formal additive group. One has the following com-
mutative diagram of formal groups, in which we denoted by Log the isomorphism
between Gm and G

G, BY B n(a) Foon

Log M Ma

R UNINCY

2.2. The basic rational functions. We will now introduce the basic rational
functions for the elliptic curve E/F, as given in [Co]. To motivate the choice of the
rational functions we will introduce, we need some additional notations.

For any lattice L we define

1
so(L) = hm E w2 |w|™*¥,  A(L) = —Area(C/L),
T
wEL\{O}
and

n(z, L) = A(L) "'z + sy(L)z.
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With these notations, we define the 8-function for the lattice L by
0(2,L) = A(L) exp(—6n(z, L)2)o (2, L)"?,

where o(z, L) is the Weierstrass o-function of L.
For every non-trivial ideal m of K and any o € Gal(K(m)/K), the Robert’s in-

variant is defined by ¢pm (o) = 6(1,mc™1)™, where m is the least positive integer in
mNZand o = (M). As proved for example in [dS, Chapter IT Section 2.4], one

c
has the identity
(K o(1, m)N@\ "
DN @—(Fee) _ (AL M) 7
‘Pm( ) 0(1,0_1111) ( )

For an integral ideal m of K and a character y, we define the L-series of y with

modulus m by

La(x,s) = > _ x(a)N(a)~*,

where the sum is over all integral ideals a coprime to m. The following theorem proved
in [Sie, Theorem 9] (see also [dS, Chapter II, Theorem 5.1]) gives a useful relation
between global L-functions and logarithms of Robert-invariants.

THEOREM 2. Let m be an non-trivial integral ideal of K and let x be a character
of finite order of conductor m. Let Log m(x,$) = (2m)°T'(s)Lm(x,$). Then

-1
Loo,m(Xa 0) = Z X(G) 10g|<:0m(0)|27
12mewm o€ Gal(K(m)/K)

where m is the smallest positive integer in mNZ and log denotes the standard logarithm
function on R.

In the same way in which in the class number formula the product [] L(x, 1) can

X
be expressed in terms of the class number, the discriminant and the regulator of the
field, it turns out that the product

1
H Z x(o)logpm(o) (p-adic logarithm here)

12mewm oeGal(K(m)/K)

can also be expressed in terms of the p-part of the class number, the p-adic regulator
and the p-adic discriminant of the field. On the other hand, Coates and Wiles proved
in [Co-Wi 1, Theorem 11] a relation between the p-invariant of the Galois group
GalM(Fy)/Fs) and these p-adic quantities (see Corollary 1 in Section 4 for the
precise statement). In view of these facts, our aim is to prove a p-adic analogue of
Theorem 2. Since we construct our p-adic L-function using rational functions on the
elliptic curve, we will need these rational functions to have a form closely related to
the Robert’s invariant.

We recall that G = Gal(F/K). For o € G, we let P, denote a generic point on
E° and let z(P) denote its z-coordinate in the model (1). By abuse of notation, if
denotes a rational function on E7, we shall write u(z) for uo M(z, L,).
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For any a € Ok that is non-zero, coprime to 6 and not a unit, we define the
rational function &, ,(P,) on E? by

a0 (Pr) = co(a) H (2(Ps) — x(5)),

SeVa,o

where V,, ,, is any set of representatives of the non-zero a-division points on £? modulo
{#1} and ¢, () is a canonical 12th root F of the quotient A(a™'L,)/A(Ly)Ne/e(@)
(here A stands for the Ramanujan’s A-function)-see [Co, Appendix, Proposition 1]
and [Co, Appendix, Theorem 8§].

The following identity, which is proved for example in [Go-Sch, Theorem 1.9],
shows the connection between our rational function and the Theta function (compare
with (7)):

0 (z,oflﬁg)

ao’zl2: .
beel2) 0 (z,L,)"

(8)

An important result about our rational functions is that their logarithmic deriva-
tives can be related to special values of Hecke L-functions attached to ¢*. To state
this result, we will need some additional definitions.

Let @ be the point on E given by the image of p := Q. /f under the Weierstrass
isomorphism. Then ) becomes a primitive f-torsion point on E. Let o € Gal(F/K)
be arbitrary and let a be an integral ideal coprime to af such that o, = 0. We define

a,0.0(2) = €a,0(z+ Ala)p),

and denote the corresponding rational function on E? by &, ».o(P,). Note that while
A(a) does depend on the choice of the ideal a, the definition of £, o (2) depends only
on the Artin symbol o, and not on the choice of a. It is proved in [Co, Theorem 4]
that for any integral ideal b coprime to af one has the identity

§a,000 (s (b)(Py)) = H ga,a(PU ®U), (9)

UeEs

where @ denotes the usual addition operation on the elliptic curve.
It follows that

g%aUluQ (na(b)(Po)) = H §a,0,Q (Pa ® U) . (10)
UeEg

For every n > 0, we fix once and for all a primitive p™th root of unity (,» such
that C§n+1 = (pn. For a fixed n > 0, we can regard G,,, as defined over Z,[(,n]. Then
(pn — 1 becomes a p"-torsion point on G,, and for an integral ideal a coprime to afp,

B¢ maps (pn» — 1 to a p”-torsion point on Eoav. Let Zn be a corresponding p"-torsion
point for the lattice £, . We define w,, similarly by starting with the map 3 instead.
In particular, by (3), it follows that z, = A(a)w,, (mod L, ). Since wy, is a p"-torsion
point for £ and p is an f-torsion point for £, it follows that w, + p is a p™§-torsion
point for £. In particular, we can write

Q;ol (wn + P) = qn/pnfv

for some integral ideal q,, in Ok coprime to pf.
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For an arbitrary abelian extension M/K, if ¢ : Ix — C is a Grossencharacter
whose conductor divides the conductor of M/K, we let ¢ also denote the associated
function on the group of ideals of K coprime to the conductor of M/K. Then for an
ideal ¢ of K, the partial Hecke L-function is defined by

Lo (7F) 2) = Setwiar

where <M) denotes the Artin symbol of ¢ in Gal(M/K) and the sum ranges over

all integral ideals a of K that are coprime to the conductor of M/K and satisfy
() (25).

a C

We can now prove the promised connection between our rational functions and
special values of L-functions. To simplify notations, for a character o defined on ideals

of K, we will simply write o(«v) for o((«)), whenever @ € K. From now on, we will
also view all Grossencharacters ¢ as functions on the ideals of K.

PROPOSITION 1. Let ¢ denote the Grissencharacter of K for which g/ =
¢ o Np/x. Let n >0 be an integer and let q, and z, be constructed as above. Let o be
an arbitrary element in Gal(F,,/K) and let a be an integral ideal of K prime to f such

that (%) =o. Then for any a coprime to fp and any positive integer k one has

(&) tog o, = (220 1
(e (7 (5 ) ) =0 (& () )

REMARK 1. We note that the definition of &4 ».q(2) depends only on the restric-
tion of o to Gal(F/K), but that the point z,, does depend on the element o € Gal(F,,/K)
we choose. Also, the above relation implies directly that the right hand side is inde-
pendent of the choice of the ideal a, since the left hand side is.

Proof. When n = 0, this is [Co-Go, Theorem 5]. For the general case, we will
follow a similar approach. Our main reference for the following definitions is [Go-Sch,
Section 1]. For every positive integer k and every lattice L we define the function

(z+w)

|Z + w|2$’

Hy(z,s,L) = Z

welL

for any Re(s) > k/2 4+ 1. As noted in [Go-Sch], this function has an analytic con-
tinuation over the whole s-plane. We also let Ej(z, L) be the value of Hy(z,s,L) at
s=k.

We define

0(z, L) = exp(—s2(L)2%/2)o(z, L),

where o(z, L) is the Weierstrass o-function of L.
Using (8), it follows that

2 (Z)* c (a)a(zvail‘ca) ’
ST bz, L) N @) )
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It is also proved in [Go-Sch, Corollary 1.7] that for any zp € C\ L one has
d. ~ - -
alogﬂ(z—i—zo, L) =ZA(L 1—}—]; V=L EY (20, L)2F 1. (11)
If we let z = Z + z,, then one has

d\" d\"
() tortanoGls, = () 1GnrtatA@OL,. 02
Combining (11) and (12), it follows that

d k
(d2> 10g ga,o(z + Zn + A(u)p)|§:0

_ <j2>k1 i 2 B (20 + Aa)p, a1 L,)

k—1 [e’e)
; <jz) > (=2 7IN(a)E; (zn + Aa)p, Lo)

J=1 =0

— (k= D=1 (B} (20 + Al)p, L) - N(@) = a* Ef (a0 + A(@)p), £o)) -

The final ingredient that we need is the relation between Hy/(z, s, L) and the partial
Hecke L-function. One can easily show (see for example [Go-Sch, Proposition 5.5] or
[dS, Chapter II, Proposition 3.5]) that

Ei(A(a)(wn + p), Lo) = (W>kL <¢k7 <Fn/K) >k‘) ; (13)

(wy, + p)A(a) agn

and similarly

B (aA(@)(wn + p), L) = (ﬁ%)ﬂ (3 (205 ) ).

Using (13) and (14), and noting that ¢*(q,,)(w, + p) =% = ¢*(p™)(fQLHF, our result
follows. O
We now define the following sets of integral ideals of K that we will use throughout

the rest of this article. For every n > 0, we let €, be a set of integral ideals a of Ok
coprime to fp with the property that as a ranges over &, the set of Artin symbols

(M) covers each element in Gal(F,,/K) exactly once.
For each 0 € G, we let a € €y be such that (F/K) = ¢ and define
ga,a,Q(Pa)p

ga,aUP,Q(TIJ (p)(PU)) 7

and we let Y, «(z) stand for the corresponding elliptic function for the lattice £,,.
Using (9), it follows that

Ya,a(Pa) =

I Yeu(PoeR)=1. (15)

REES’
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By a slight abuse of notation, we will also write Y, 4(t,,) for the ¢, -expansion of
Y. a(%). The following lemma is the key step in constructing a measure on Gal(Fo, /K)
using our rational functions.

LEMMA 4. For an integral ideal a of Ok coprime to f, let o4 denote the Artin
symbol of a in Gal(F/K). Then the series Yo a(ts,) lies in 1+my[[ts,]] and the series
ha,a(ts,) == %log(Ya,a(t%)) has coefficients in O(F,).

Proof. The following proof is a straightforward extension of similar results proved
in the literature (see for example [Co-Go, Lemma 9] or [Co-Wi 2, Lemma 23]). Let

—

Moo (P) : E7a® — E7a% be the formal power series induced by 75, (p). As p splits
completely in K, we have N(p) = p, hence

—

Moo (P)(to,) = 15, (mod m,).

Let ma,o, (ts,) be the development of the rational function &, ., o(Ps,) as a power
series in ¢, . Given

Ma,oq (ton) = Z CntTaLua

n>0

it follows that

Magaoy (Tou (P)(ts,)) = D chth? =mh;, (mod m,).
n>0

Since Mg o, (to,) is a unit (see for example the proof of [Co-Wi 2, Lemma 23]), it
follows that Y, q(t,) =1 (mod m,), which completes our proof. O

2.3. The p-adic L-function. We will now show how the results we obtained
in the previous section can be used for constructing a measure on Gal(F,/K) with
respect to which we define our p-adic L-function. We begin by recalling some basic
definitions and properties of measures.

For any prime p, the group Z has a decomposition

Zy =V xU,

where V is the group consisting of the (p —1)th roots of unity in Z,, (resp. {£1} when
p=2)and U = 1+ pZ, (vesp. 1+ 4Zy when p = 2). For an element o € Z, we
denote by («) its projection onto the second factor. If we fix a topological generator
u of U, then the map x — u” gives an isomorphism of topological groups between Z,
and U.

Let & be a profinite group and let A be the ring of integers of a complete subfield
of the completion of the algebraic closure of Q,. We let A4(®) denote the ring of
A-valued measures defined on &, where the product is given by the usual convolution

~

of measures. If & is finite, there is an isomorphism A4 (&) = A[&] given by
v — Z v({o})o,
oced®

while for an infinite profinite group there is an isomorphism A4(®) = A[[&]] under
the usual inverse limits taken over the normal subgroups of finite index:

Aa(®) = lim A (6/H) = lim A[6/H] = A[[®]]
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For a general profinite abelian group &, following de Shalit, we define a pseudo-
measure on & to be any element in the localization of A4(®) with respect to the
set of non-zero divisors (see [dS, Section 1.3.1]). Given a measure v on & and any
compact subset O of &, we can define the measure v|, on & by restricting v to O
and extending it by 0. Our main interests will be in the cases when & = Gal(F./K)
and & = Z,, respectively.

When & = Z,, there is an isomorphism A 4(Z,) = A[[w]] due to Mahler, given by
associating to a measure v the element

/(1 +w)*dv.

Zp

By our previous observation, for O C Z, compact open, there is an inclusion A 4(O) —
Aa(Zy). For the particular case when O = Z), if F'(w) is the power series associated
with v, we know by [Si, Lemma 1.1] that the power series associated with V|Z§ is

V]gx = F(w —7ZF (14 w)—1). (16)
P&z

Throughout this article, we shall use v* to denote the measure V|Z§.

For a measure v € A4(Z,) and a € Z,; we define the measure voa by voa(O) =
v(aO) for any O C Z, compact open. It then follows that

voaly = vl,ooa. (a7)

Moreover, if F(w) is the power series associated with v, then the power series associ-
ated with voa is

voa— F((1+w) *—1). (18)

We can now proceed to the construction of our measure. For every a € &, we
define By q(w) = ha,a (BY(w)). By Lemma 4, the series B, qo(w) lies in Z,[[w]], so
it corresponds to a measure vo,q € Az,(Zp). The identity (15) combined with the
aforementioned lemma from [Si] implies that the measure v, 4 is actually supported
on Zy.

Let Wy, : G — Z; be the isomorphism giving the action of G on the p-power
division points of E. Under this isomorphism, the measure v, q can be regarded as
an element of Az, (G). Notice that for any k£ > 0, one has

\I/];dya,a = DkBa,a(w) ‘w:O»
Gal(Foo /F)

where D = (1 + w) . If we let exp denote the isomorphism G — Gm, the substi-
tution w = exp(z) — 1 yields further

Uy (2) dva,a = (%)kl?a,a(exp(z) —1)|.=0

Gal(Foo /F)

d\Fk
= 0% () Baa(exp(2/Qa.) = 1loo.
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More generally, if we are interested in evaluating D* B, o(w)| we can make

the substitution wy = exp(z1/€Q4q,,) — 1, and noting that

w=wi’

Ba (exp(z/Qav) — 1) = M (A(a)2, Lo, ),

it follows that

k
D" By a(w)],_, = % A(a) (j) %bgya,a(/w (A@)z Lo )._., - (19)

z

For every a € €y, we constructed a measure v,,q € Az, (G). For every such a, we
let v4,q 0 0q denote the pushforward measure on o, 1G induced by o4, and we extend
Va,a © 0q t0 a measure on Gal(F/K) by 0. Consider now

= g Ve,a © Og.

aely

Then v, becomes an Z,-valued measure on Gal(Foo /K).
Weil showed in [We] that, under our fixed embedding Q < C,, the character ¢
can be extended continuously to a character

¢ : Gal(Fo /K) — C,

which satisfies the property that ¢ ((F‘X’a/ K)) = ¢(a), for any ideal a in K coprime

to fp. Furthermore, for any o € G one has ¢(0) = ¥,(0) (see [Co-Go, p. 352] for
details). By a slight abuse of notation, we will simply write ¢ for ¢, since it will
always be clear from the context what ¢ stands for.

The rest of the work we do in this section follows closely the exposition in [dS,
Chapter II, Section 4].

LEMMA 5. a) Let x be a character of Gal(F/K). Then for every k > 0 one has
X ®)) d\"
/X¢k dve = ( ) Q ) () IOgga,aa,Q(z)‘z:O'
p dz
Gal(Fos /K) a€do

b) Let n > 1 be a positive integer and assume X is a character of Gal(F,, /K) with
the property that p™ is the exact power of p dividing its conductor. We define the
Gauss sum

T(X)Zin S x(e" .

P™ e, /m)
Then for every k > 0 one has

x#* dvg
Gal(Fee /K)

PNEA
X) Z ng,vXQﬁk(Ua 1) <CZZ) log gayﬂn»Q(Z)|ZZM71065(<;)"71) !

acd,
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Proof. This result is the analogue of [dS, Chapter II, Theorem 4.7] and [dS,
Chapter II, Theorem 4.8]. For part a), using the fact that ¢ and ¥, coincide on
Gal(F, /T), it follows that

Prdvy oot

Gal(Fo /TF)

0k a\" B e i 1
= o,a X -
&Y\ dz ’ P Qa

z=0

It follows that

X¢deo¢
Gal(F oo /K)

d k
= 3 0t (1) (10860 0) — 1 0860, 0 (A0)2))

acly

zZ=0

Reordering the sum

d\" 1
S = Z ng’vx(bk(o—;l) <d2> Elog ga,aao'p,Q (A(P)U“E))

acly

zZ=0

according to a’ = ap and using the fact that QF, , = Q% (A(p)7e )¥ (see (6)), it follows
that

k d\"
g X" (p) Z QQ,,X(bk(Uch) (dz) 10g €a.00.0(2),—g -

p acly

This completes the proof of part a).
For part b), we use a similar strategy. For b € €,, we let o denote the Artin
symbol of b in Gal(F,,/K) and we define

Ba,p(w) = hap (B (w)) -

We will perform similar computations as above. For a character x of Gal(F,,/K) for
which n is the exact power of p dividing its conductor we have

x¢Fdve = > x¢*(oy ) / g ooy
Gal(Foo /K) bed, Gal(Foo /F,,)

Again, using the fact that ¢ and ¥, act in the same way on Gal(F.,/F), it follows
that

¢kdua o Jh_l = \I/];dya o O'b_l.

Gal(Foo /F) Gal(Foo /F,)
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Using the fact that the indicator function of 1 + p"Z, is % Z 7. it follows
that -

pt—1
Uhdv, ooy = Dk G
Va ooy Boo(W)]y—ci, 1 G-
p
Gal(F oo /F,,)

To simplify the writing, we define

Ra,b(w) :=log fa,ab |FQ(6E(w))

We recall that the measure associated with B, p(w) is obtained by restricting
the measure associated with R, p(w) to Z). In particular, if we restrict the measure
associated with B, s(w) to the subgroup 1+ p"Z, of Z,, we obtain the restriction to
1+p"Z, of the measure associated with R, p(w). Hence the quantity we are interested
in computing is given by

which can be rewritten as
. 1 .
kR - k -
on Z D a b U) C;n_l ' Cpﬁj + ﬁ Z D Ra’b(w)|w:<£n—1 ’ C‘:p"]'
J:pti Jpli

A simple check using the definitions shows that

Dk Ra,b(w)|w:<;‘n’—1 = \IIP(’Y)ika Ra,bj (w)|

w=Cpn —1"

where v € Gal(F /F) is such that ({n) = g‘gn (i.e. ¥p(y) =7 (mod p™)) and b; is
the unique ideal in K with the property that (%) = (%) ~. It follows that

1 .
_ ZDk ab w Cinfl-cn — \I/ -k = Z‘Dk b |w:<pn_1cpnj,

Jipti J:pti
Moreover, when we consider the expression

> xd* oy ZD Roo(w)],y—g, -1 " G

bee, pli

notice that if ¢ € €, is such that o, fixes K(fp"~!) (i.e. o, defines an element in
Gal(Fo /K(fp™~1)), then

D" Ry ac(w)| = Up(0)" D" Raa(w)lco

w=¢, ;1 -1

Furthermore, since n is the exact power of p dividing the conductor of y, it follows

that
>, x(o)=0.

oc€Gal(F, /Fp_1)
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If we partition the elements in €, according to cosets modulo the group
Gal(Fo /K(fp™ 1)), we get

> xét oy ZDk a6 (W)= Cinfl'cz;j

bee, plj
71 1 1
= Z Xk (o Z DF Ry ()] R G
bed, g
77, 1 —1
- Y Dt X D Rl G
ey 1 :
O'DEGazl(]Foo/]anl)
=0.
Finally,
Z X" (o ! ZDk b, w Con—1 g;;]‘l’p(’Y)fk
bee, Jpti
1 _ PR
= Z Dk Rayb/(w”w:@mflﬁ Z X¢k(0b 1)\1133(7) k(pn »0)
b'ee, b'=by
-
= 3 D Raw @)l 0 o) Y X))
b'ec, ~eGal(F,, /F)
_ kr _—1 Dk R
=700 Y X603 )D* Rap(w)ly_c -
bee,

with 7(x) defined as in the statement. Using (19), part b) follows. O

Let n > 0 be an integer and let y be a character whose conductor divides fp™
and with the property that n is the exact power of p in its conductor. Consider the
character € = y¢* and the set

5= {1 € Gal R F™)/K) sl = (FELE

We define the sum G(¢) as

y€ES

We note that G(g) is well-defined, since (,n € K(fp"p™). We also know (see for

example [Go-Sch, Lemma 4.9]) that G(e) lies in a CM field and that G(e)G(e) =
n(k—1)
P .

THEOREM 3. Let x, € and G(g) be defined as above. Then there exists a p-adic
unit u,, depending on x such that for all k > 1 one has

k
cdva = i (b= =146 (1= 22 ) (V(a) = (@) - e

0o p
Gal(Foo /K)
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Proof. When n = 0, by Proposition 1 and Lemma 5 a), it follows that

oty = S (-0t (12 KB
/ p

Qf,
Gal(Foo /K)

>~ x04(071)¢" (@) (N(@)L(G,00, k) = 6" (@) L(3", 0ua). b))

acdy

The sum in the right hand side can be further rewritten as

> 0" (02 ) @V (@) = x6 (@)L (¢ 0, k)

aely
—k
= (N(@) = (@)L (6'x 7" k).
When n > 1, using Proposition 1 and Lemma 5 b), it follows in a similar manner that
x¢"dvg
Gal(Foo /K)

k
= <_g§2;‘f) (k — 1)'¢k(pn)7(x)x(q”)(]\/'(a) _ 5(04))Lf($kx71, k)

Let g}, be a prime in K with the property that
F(p”)/K) ) (F(p”)/K)
a0 pr
With this choice of q,, it is proved in [dS, p. 75] that x(q/,)¢" (p™)7(x) = G(e). If we

set uy, = x(qn)/x(d},), then wu, is clearly a p-adic unit and since G(¢) = 1 for n = 0,
the result follows. O

N(q),)=1 (mod p") and (

We now have all the ingredients for proving the main theorem in the construction
of the p-adic L-functions. We recall that H = Gal(Fs/K). Let m = |H| and let
D, =TI, (ttm), the ring obtained by adjoining the mth roots of unity to Z,.

THEOREM 4. There exists a unique measure v on Gal(F /K) taking values in
D, such that for any e = ¢¥x, with k > 1 and x a character of conductor dividing
fp™ for some n > 0, one has

Q" /5du = O (1) (k — 1) fFu, G(e) (1 - 523)) Li (g, k),
Gal(Fo /K)

with uy as defined in the proof of Theorem 3.

Proof. The following proof is exactly the same argument as the one given in [dS,
Chapter II, Theorem 4.12], but we redo it here for the convenience of the reader. We
first note that for ay and ay coprime to pf, it follows from Theorem 3 that

Ve, (N(Oég) — 0(a2)) = Vo, (N(oq) — U(a1)> (equality as measures), (20)

where for an integral ideal a of K coprime to fp, o, stands for the Artin symbol of a
in Gal(Fo/K). Indeed, by Theorem 3 we know that the integrals of the two measures
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against any character of the form ¢ = ¢x with x a character of finite order are the
same. Since the set of such characters ¢ separates measures, it follows that the two
measures are equal, as claimed.

We recall that we have a decomposition

Gal(Foo/K) = H x I,
with H = Gal(Fso/Ka) and I” & Gal(K, /K). One then has an isomorphism
D[[Gal(Fs/K)]] = D[[I"]][H] = D[[X]][H].
Moreover, there exists an isomorphism
Q® D[[Gal(Fs /K)]] = Q @ D[[I"])™,

given by sending element 1 ® A € Q@ D[[Gal(Foo /K)]] to 1® (61(A), ... 0m(N)), where
01,...,0,, are the characters of H.
For any character € of H and o € Og non-unit and coprime to 6fp, one has

9(0’((1) — N(Oé)) = (9 (O'(Q)‘H) . U(a) T —N(a).

Notice also that for any such «, the element ()|, is non-trivial and that 6 (U(a) ‘ H)

r
is a root of unity. In particular, one has that (O’(a) — N(a)) is a non-zero divisor in
D[[Gal(Foo /K)]]-

In view of (20), in order to prove that v,/(N(a) — 0(4)) is an integral measure,
it suffices to prove that as we range over the elements a € Ok such that « is non-unit
and coprime to 6fp, one has that the gcd of the polynomials (o (o) — N(a)) € Dy[[X]]
is 1. To this end, we let m > 0 be the exact power of p dividing f, so that (pm € Fu,
but (,m+1 & Foo. Then, for any element 7' x g € IV x H fixing (,m, any u € 14 p™Z,
and any n > m, one can find a,, € Ok such that

{U(an)|ﬂrn = (v xg) F,

N(a,) =u  (mod p").
It follows that the sequence 0(o(q,,) — N(a,)) approximate 6(g)(1+ X)* —u, for some
a € p™Z,. It is now easy to see that as we range a and u, the series 6(g)(1+ X)* —u
cannot have a common divisor, which shows that 6(o(q)—N()) | 6(va). In particular,
there exists vy € Dy[[I'']] such that
0 (0(a) = N(a)) - vp = O(va),

for any o € Ok non-unit and coprime to fp.
Let eg = = Y 6(g)g~" and consider
geH

Vv = E Vpep.

Then mv is a measure satisfying

v (0@ — N(a)) = va.
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To finish, we argue that v is itself a measure as follows. Assume by contradiction
that this was not the case. Let Dy be the maximal ideal in Dy. Choose an element
p € Dyl[Gal(Fo /K)]] such that p & Dy[[Gal(Fe /K)]] and

p=cv, but u(N(a)—o0w))) €D;.
We decompose u as
= g9, ig € Dp[I"]].
geH

Since p ¢ Dy[[Gal(F/K)]], we can assume without loss of generality that u; &
D;[[Gal(Fy /K)]]. Then

(0(a) = N(@) - 1= (1hgo(a)

geH

o N(a)/’(‘(]) 9,

where h = (0(a) ‘H)_l. It follows that

L) (mod DY[[Gal(Fo /K)]), forall g€ H.

Lhg = pgN () (U(a)
If d is the order of h, it follows that

1 (1 - (N(a) (0(a) F/)‘l)d> =0 (mod DS[[Gal(F.o/K)]]).

Since 1 ¢ Dy [[Gal(Foo /K)]], it follows that

N(@)? = (0(w|p)" (mod DE[[Gal(Fua /K)]),

which is a contradiction. The conclusion follows. O

So far, we constructed a measure v on Gal(F /K) with values in Dy,. There is an
implicit dependence of v on §, since Fo, = K(fp>). For later purposes, we will need
to be able to define measures (or pseudo-measures) for integral ideals g | §. For such
an ideal g, we define the pseudo-measure v(g) on Gal(K(gp>)/K) by

@) = Dy [ (1- (m|K(g,,m>)1)_17 (21)

L

Hg
where ()| Gaix(gpe)/x) 1S the measure on Gal(K(gp>)/K) induced from v(f). We
note that whenever g is such that wy = 1, the v(g) we defined above is the same as
the measure we would have obtained by constructing v(g) directly, using the same
methods we used for constructing v(f) (compare also with the comments from [dS,
Theorem I1.4.12]). It follows that whenever g # (1), v(g) is a measure, while for
g = 1 we have that v(1) is a pseudo-measure, but for any topological generator «y of
IV, (1 —v)r(1) is also a measure.

DEFINITION 1. For any integral ideal g | f and any character x of the group
Gal(K(gp>)/K), we define the p-adic L-function by

X 'dv(g) ifg# (1) orx #1

_ ) Gal(K(gp>)/K)
Frabd) = L= 7((1)  ifa=(1) andx =1,

Gal(K(gp>)/K)
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where 7y is a topological generator of T".

THEOREM 5. Let m be a non-trivial integral ideal of K of the form m = hp™,
for some b | § and a positive integer n with the property that for any prime ideal |
K(P’;)/K

dividing f, the Artin symbol ( ) is non-trivial. Let x be a character of finite

order whose conductor divides m with the property that p™ is the exact power of n
dividing the conductor of x. We define

Lpm(x) = Lpp(x),
with Ly () as defined in Definition 1. Then one has

L) Y x(0)loggml(o),

Lym(X) = ——57—wu
p,m 12hwy X o€ Gal(K(m) /K)

where uy, and G(x) are as in Theorem 3, h is the smallest positive integer in h N Z,
and wy denotes the number of roots of unity in K which are 1 modulo b.

Proof. The case when m = fp” is an easy computation using Lemma 5, Theorem 4
and (7). For the general case, for an integral ideal g of K and a character ¢ of
Gal(K(g)/K), we define

Ty(0) = ——

B 12gwy

G Z V(o) logpg(o).

oceGal(K(g)/K)
It is proved in [Ku-La, Chapter 11, Theorem 2.1] that for two ideals g | ¢/, and ¢ a
character of Gal(K(g)/K), one has

Ty (9) = [T (1 = x(1) Ty(9): (22)

itg

The general case follows from our definition of Ly, the relation (22) and the fact
that the character x acts non-trivially on each prime dividing §. O

We can now define the p-adic L-function associated with a character x of H.
DEFINITION 2. We recall that we fized a decomposition
Gal(Fo /K) =T" x H,

where I = Gal(Koo /K) and H = Gal(Fo /Koo). We also fix a topological generator
~ of I and an isomorphism

k: "= 14 qZ,,

where ¢ = p if p is odd and q = 4 otherwise. Let x be a character of H and let g, be
the prime to p-part of its conductor. We define the p-adic L-function of the character

X as
Ly(s,x) = / X RS dv(gy) if x # 1

Gal(K(gxp>)/K)

Ly(s,x) = / XS d (L= () ifx=1.
Gal(K(p=)/K)



288 V. CRISAN AND K. MULLER

3. Vanishing of the p-invariant of the p-adic L-function. We recall that
our strategy for proving that the Iwasawa’s p-invariant of X (Fu.) is zero is to asso-
ciate to each p-adic L-function L, (s, x) a certain invariant (called the p-invariant of
L,(s, X)), prove that this invariant is zero for each x, and then show that the sum
over all p1(Ly(s,x)) coincides with p (X (Fso)).

We will now define the p-invariant of Ly (s, x). Let F'(w) be an element in D, [[w]].
By Weierstrass preparation theorem, F(w) can be written as F'(w) = U(w)7m"™g(w),
where 7’ is a uniformizer of Dy, U(w) is a unit in Dy[[w]], g(w) is a distinguished
polynomial and m is a non-negative integer. Then one defines pu(F) = m.

Fix now a character x of H. It is well-known that L, (s, x) is an Iwasawa function,
i.e. there exists G(w, x) € Dy[[w]] such that

Gu® = 1,x) = Lyp(s,x),

where u = k(y), with £ and v as in Definition 2. We define

i (Lp(s.x)) = 1 (Glw )

The main theorem of this section is the following.

THEOREM 6. For every prime p, and for every character x of H we have
1t (Ly (s, x)) = 0.

For our approach, it will be more convenient to work with the p-invariant associ-
ated with the function

Ly (s, x) = / X tkdv.
Gal(F o /K)

We first notice that if Gj(w, x) is the power series associated with Ly (s, x), then
1(Gs(w, x)) = 0 implies (G (w, x)) = 0. To show that u (Gj(w,x)) = 0 it will be in
turn easier to use Theorem 3. To this end, we also fix some a € Ok non-unit and
coprime to 6pf and let G(w, x) € Dy[[w]] be defined as

Gu® —1,x) = / X RS du,,.
Gal(Foo /K)
We note that by Theorem 4, there exists a power series h, (w) € D,[[w]] such that

Therefore, in order to prove Theorem 6, it suffices to show that u (G(w,x)) = 0.
We recall that t > 0 was chosen such that

H(K) N Ky = Ky,
where H(K) denotes the Hilbert class field of K. We define the following sets

R1 = {coset representatives of Gal(Lo/F) in Gal(L /K¢)};
Ro = {coset representatives of Gal(L/K;) in Gal(L/K)}.
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Notice that we can choose the elements in R; to lie in H and the elements in Ry
to lie in the subgroup I' of Gal(L.,/K). We fix such a choice for both R; and Ra.
Then the set
R = {0’10’2 101 € Rl, o9 € Rg}

is a complete set of coset representatives for Gal(L,/F) in Gal(L./K). We also let
w denote the Teichmiiller character of Z, and let i > 0 be such that X! acts on
Gal(LL/F) like w®. Then one has

Gu®—1,x) = Z X RS (o / 'kidvg oo

geER G
= g X 1 (01) g ns(ag)/wlnsdya oo.
01€ER, 02€R2 g

We will now introduce the notion of a I'-transform. Let p be a prime and let p
be a measure on Z taking values in Dy. For 0 <i <p—2 (i = 0,1 when p = 2), we
define the ith I'-transform of the measure p by

r(s) = [ w'(o)la)*dn
Zy
Let G (w, 1) € Dy[[w]] be the Twasawa function corresponding to I‘Ef).

Using the isomorphism G = Z and that Gal(Fw /F) = Gal(Koo /K)P', it follows
by the above computations that one has

G —1,0) = Y #(e2) Y x o), (0's).

02ER2 o1€ER1

Since the quantities y~!(o1) are independent of s, we obtain further

G =1, = > w0 | i er (0'5) (23)

02E€R o1 ERY

To be able to make further progress, we will need some further properties of I'-
transforms. For a Dy-valued measure p with corresponding power series F),(w) €
T, [[w]], we denote by Dy the measure corresponding to DF),(w), where we recall that
D = (14 w)%. Then one has the following result.

LEMMA 6. For any prime p and any i as above, one has
i i—1
I (s) =T, (s = 1),
where the quantity i — 1 should be read modulo p — 1 (resp. modulo p for p = 2).

Proof. The result is well-known for p odd. For p = 2, the proof is similar and we
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provide it below. For integers s = 1 (mod 2), one has

Jrdu= [ staan

Ly Ly
= / Sdy — / x*dpu
1+4Zo —1+47Z>
= [ waon - [ e o
1+4Zo — 14475
z/xs_lw(x)d(Dﬂ)
Zy

— [ @) ).
ZQ

The cases when s = 0 (mod 2) and ¢ # 0 are proved in a similar way. Since Z is dense
in Zs, the result follows by a simple continuity argument. O

By Lemma 6 and (23), it follows that

G —1,x) = Z /18(02)1"%_1)2 (01 vao0 (p's—1). (24)

09ERS c1ERY

Note that {r°(02) : 02 € Ra} corresponds to the set of power series {(1 +w) : j =
0...,p" —1}. Using this, from (24), it follows that

t

p"—1
G(w,x) = Z(1+w)jg(z>1) ((1+w 1D Z X 1 (o1 uaoa>. (25)
j=0 01ER

We will now explain how, in order to prove that u(G(w,x)) = 0, it suffices to show
that the p-invariant of any summand in the right hand side of (25) is zero. For this,
we will use the following general lemma, which is also proved in [Gil 1, Lemma 2.10.2],
but we redo the proof here for the convenience of the reader.

LEMMA 7. For every j =0,...,p" — 1, let f;(w) € Dy[[w]] be a power series and
consider the series

flw) =37 (L w) (1 +w)” = 1),
Then one has p(f(w)) < p(f;((1+ w)P' — 1)), for any j=0,...,p" —1.

Proof. For every j =0,...,p" — 1, we let 7; denote the measure associated with
f; and we also denote by o the measure associated with f. We first notice that

/(1 +w) TP (x) = (1+w) f((1+w)” —1).

Zp
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On the other hand, there exists a bijection between Z, and j + p'Z,, and under this
bijection, the measure ; corresponds to a measure 7; on j + p'Z,. One then has the
equality

/ (14 w) "% dp, (2) = / (1 + w)*dp, ().

Zp J+ptZp

In particular, this shows that for every j, the series (14w)? f;((1+w)?" —1) corresponds
to a measure supported on j + p'Z,.

Moreover, we note that if 7’ divides the power series associated to the measure
7, it must divide the power series associated to restriction of o to j + p'Z, for any j,
which by above is exactly 7;. This completes our proof. O

By taking

H(1+w) —1) = Gi=Y ((1 DY xHew) “)

01€ER

it follows from Lemma 7 and (25) that if for o5 = 1 one has

'u<G(i1) <(1+w1 D Z x (o1 ,/aog>> =0, (26)

01€ER

then p (G(w,x)) = 0.

To prove (26) for oo = 1, we will need the following important result, which
is essentially [Sch, Theorem I]. We recall that 5¥(w) € Z,[[w]] is the isomorphism
£y G — Ev defined in Lemma 3.

THEOREM 7. Let A : Z,, — Dy be a measure whose associated power series is of
the form R(BY(w)), for some rational function R on E with coefficients in a finite
extension of O(F,). Let W be the group of roots of unity contained in K. Then

u (1) = (Z W ()A" o <v>> ,

veW
where \* denotes the measure |, x .
D

The work done by Schneps in [Sch] has a great degree of generality, which makes
the arguments easy to adapt to our situation. For convenience of the reader, we will
redo the main arguments from her proof (following the same notations as in [Sch] as
much as possible) and also discuss the cases p = 2,3 that are left out from her work,
but can be easily included. Given that up to these minor modifications our proof is
exactly the same as the one done in [Sch, Theorem I], we provide the details in the
Appendix and we now proceed with the proof of Theorem 6.

In view of (26), we note that

/A(G(il) <(1+w1 DZ X 1 (01 1/(,00))

01€R

=pu (G(il) (w DZ x Yoy z/aoa)) .
01€ERL
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t
To see this, note that % — 1 is a distinguished polynomial because u = 1

(mod p). Thus, if we let GG (w,DY, cr, X '(01)va00) = T P(w)U(w) for
a distinguished polynomial P(w) and a unit U(w), it follows that the polynomial

P(i(H'w,‘)p/ — 1) is again distinguished and U((lt+)p — 1) is again a unit. Hence the

ur
two p-invariants match.

Using Theorem 7 and the above observation, we are left to prove that
1 <Z WD (0)A* o (’U)) =0, where A=D Z X Ho1)vg 0 01
veW g1ER,

Let ¢’ C €y be such that

{x(0q) :a e} ={x(o1):01 € R1}.
Then, by the definition of v, one has
A= Z X(0q)Dvg q-
acc¢’
We now have all the ingredients required to prove Theorem 6.

Proof of Theorem 6. By construction, DB, , corresponds to the rational function
on E given by

1g 4. _Sao(@)(P S Q)
-1 (fa,anap (n(ap)(P @ Q))) '

Since

booa N@)(PEQ) = [] tacPeQaR),

ReE,

it follows that

1o 4 bno, (PO Q)P >

791)7 _ A B |

P z tog (fa,ongp (n(ap)(P @ Q)) (P)— B(P)
where

! a'(P® Qo R)
A(P) = —, |

(P) 2p P Rén Meg\{o} 2(P®Q&R)—x(M)

and

1 Z(P® QS R)
B(P)=—Q,
(P) 2p REZEW Me;,\{o} r(P®Q®R)—x(M)

We first study the term A(P). The possible poles are at points P satisfying

Pe{MOROQ: M€ E,, R€ E,},
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where for two points S, T on the elliptic curve, we denoted by S&T the point S&(&T),
where ©T denotes the inverse of T with respect to &.
To compute the residues, we note that the t-expansions of x and y are
1 C1 -1 d1 dg
= - - — — O(t 5 = = o - d O(t ’

T=p 2+ 0(t), y t3+t2+t+3+()
for some constants ¢y, ¢z, d1,ds, ds (see [Sil 1, p. 113]). It follows that the residue at
P =6Q 6 R is equal to

3% P (V(@) = 1) (2) = =0, (N(e) ~1).

When p | N(«) — 1, which for example always happens for p = 2 due to the condition
(o, 6) = 1, this residue vanishes when reduced modulo n’. However, when M # O,
the Laurent expansion of % around M © @ © R has leading coefficient
1. Using the symmetry of the x-function, it follows that the residue at a point of the
form M & Q 6 R with M # O is Q,, and €, is coprime to p, so this residue never
vanishes modulo 7.

We now turn our attention to B(P). We claim that this term does not have poles.
To see this, note that B(P) is obtained from a Dy-valued measure supported on ¢Z,.
Since all its possible poles have integral residues and every point in F, reduces to O,
the restriction of these residues modulo 7" vanishes, and the claim follows.

Let us now go back to the sum

Z WD () <Z X(aa)Dya,a> o (v).

veEW acc’

We established that the set of poles of Dy, 4 always contains the set
Po={MSQSR: MecE,\{O}, R<c E,}.

The key property that we will use is that the reduction modulo p is injective on P,
for every a, and thus also on the set

P .= U Pa.
acc’

Since W consists of the roots of unity in K, a simple check shows that for any distinct
v1,v9 € W one has

{vy-P: PeP}n{ve-P: PeP}=0.
Indeed, if
1 (Mi©QO Ry) =02 (M8 QS Ry),

for some My, Ms € E,, Ry € Eq,,Rs € E,,, then we can choose non-zero elements
(1 € a1 and B2 € ay such that

BiR1 = Ry = O.

It then follows that viaf15:Q = voaB182Q. Since @ is a primitive f-torsion point
and (af1f2,f) = 1, it follows that v; = vy (mod f). But since wy = 1, we deduce that
V1 = V3.



294 V. CRISAN AND K. MULLER

We conclude that the expression 3. w1 () ( > X(Ua)DVa,a> o (v) has poles
veW ac’
at every point of the form v- P forv e W, P € P. If P is of the form P=Mc Q&R

with M # O and R # O, then the residue at v - P is w'= (v™1)x(04)Qy, for some
a € @, Since the expression w'~1(v1)x(04)$y is non-zero modulo 7, it follows that
our sum

3 W) (Z x(aawua,a) °(v)

veEW acce’

has non-trivial poles when it is reduced modulo 7’ and thus its u-invariant must be
0. This completes the proof of the fact that

H (Lp,f(sa X)) = 07
and hence, of Theorem 6. O

4. Proof of the main theorem. For every n > 2, we let M(F,,) denote the
maximal p-abelian extension of F,, unramified outside the primes in F,, lying above p
and we denote by H(F,,) the p-Hilbert class field of F,,. Since F,, is an abelian extension
of an imaginary quadratic field, Leopoldt’s conjecture holds for the field F,, and thus
M(F,,)/Fo is a finite extension. Since we fixed an isomorphism Gal(F, /K) = H xT",
we can regard Gal(M(F)/Fs) as a module over Z,[[I"]]. We also recall that ¢ > 0
is defined by

H(K) N Ky = Ky,

where H(K) stands for the Hilbert class field of K. Then, if we denote I' :=
Gal(Fo /L), it follows that the image of ' in I under restriction to Ka is I'?". With
these notations, one has the following formula of Iwasawa, valid for all sufficiently
large n:

Ordp ([M(Fn) : IFOC]) = pn+t_e_1/-4 + (77/ -1 6))\ +c, (27)

where p (resp. \) is the p-invariant (resp. A-invariant) of X (Fo,) as a Z,[[I"]]-module,
¢ is a constant independent of n and e is equal to 1 if p = 2 and e = 0 otherwise.

For the purpose of the following result, we will work with some fixed n > 2. For a
prime P in F,, lying above p, we let U,, » denote the group of principal units in F,, p,
the localization of F,, at P. We also let

U, = HUn,Pa o, = H]Fnﬂ’~

Plp Plp

There exists a canonical embedding ¥ : F,, — ®,,. Let E,, denote group of units in
F,, which are 1 modulo every prime P lying above p. Notice that if e € O(F,,)*, then
eNen/o(P)=1 ¢ B so E, has finite index in O(F,) and this index is coprime to p.
Then V(E,,) C U, and we let E,, denote the closure of E,, in U,,.

Since the prime p = 2 plays a special role, we will use the same notations as
before, letting ¢ = p when p is odd and ¢ = 4 when p = 2. With this notation,
we let D,, be the Z,-submodule of U, generated by E,, and (14 q). To compute
ord, ([M(F,) : Foo]), we will need several results from class field theory. Our main
reference for the following exposition is [Co-Wi 1].
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Let C), denote the idéle class group of F,, and
Yn = m N]Fm/]}rn(cm).
m>n
By class field theory, there exists an isomorphism of Z,-modules
(Y, NU,) /E, = Gal (M(F,)/H(F,) - Fs).

Since the extension Fo, /F,, is totally ramified above p, it follows that the field H(F,,)N
Fo = F,, and therefore, in view of the above isomorphism, one obtains that

ord, (M(F,,) : Fs.]) = ord, (h(IFn) : [Yn NU, : E,LD ,
where h(FF,,) denotes the class number of F,,. It is proved in [Co-Wi 1, Lemma 5] that

one has Y,,NU,, = ker (N%/Kp |U ) It is also not difficult to show that Ny, /x, (Un) =

14 gp" 'O(K,) (see [Co-Wi 1, Lemma 6]). It follows that N, /x,(En) = 1. Using
this, it follows that Ng /x,(Dn) = 1+ qp"t41O(K,), where d := ord,, ([F : K]). It
follows that the diagram

_ N,

1 E, D, — % 5 14 gprtilO(K,) —— 1
J( J( N<I>n/K)J ll

1—Y,NnU, U, 1+ ¢ 'O(Ky) —— 1

has exact rows and the vertical maps are injective. It follows that

[U, : D)

[YnﬂUn:En}: i

Using the same methods as in the proof of [Co-Wi 1, Lemma 9], one can show that

n+d— 1R 1
ord, ([U, : D,]) = ord, qp il H F./Q(P ;

V&l "/K Pl

where w(F,,) denotes the number of roots of unity in F,,, R, (F,,) is the p-adic regulator
of F, and A, (F,,/K) is the p-part of the relative discriminant of the extension F,, /K.

It will be convenient for further purposes to express the p-adic valuation of
(N[FH/Q(P))_l in terms of the one of 1 — m. But this is straightforward, since
for any prime ideal P in I, lying above p one has that Ny /() —1 is coprime to p,
so the two valuations we are interested in are equal.

Putting everything together, we obtain the following result, which is a simple
extension of [Co-Wi 1, Theorem 11].

ProposiTION 2. With the notations as above, one has

n lh
ord, ([M(Fy) : Fso]) = ord, \/W H ( Np, /Q(P)>

Combining Proposition 2 with (27), one immediately deduces the following (see
also [dS, Chapter III, Corollary 2.8]).
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COROLLARY 1. If F € Z,[[I"]] is a characteristic power series for the Galois
group Gal(M(F)/Fuo), then for all sufficiently large n one has

P(E)p T2 N(F)
h(Fn) RP (Fn) / h(anl)RP (anl)

0 (Fn) /By BufK) 0 (Frr) /By Fr1/K)

The rest of this section is dedicated to showing how this formula relates to special
values of our p-adic L-function. Consider the isomorphism D,[[I']] = D,[[w]], and

:1+0rdpl

for p any character of I” of finite order, we write level(p) = m if p ((I")pm) =1,

but p <(F’ )P mil) # 1. We will need the following simple result, which is proved for
example in [dS, Chapter III, Lemma 2.9].

LEMMA 8. For any power series F' € Dy[[w]] and all sufficiently large n, one has

p(F)p" =t (p—1) + \(F) = ord, I ey,
level(p)=t+n

where p(F') means that the action of p is extended to D,[[I']] by linearity and ord, is

the valuation on C,, normalized by taking ord,(p) = 1.

We will also need the following result, proved in [dS, Chapter III, Proposition
2.10].

PROPOSITION 3. For any ramified character ¢ of Gal(F /K), we let g be the

conductor of € and g the least positive integer in gNZ. We define G(e) as in Theorem 3
and we define S,(g) by

1
12gwg

Sp(e) = e o) log q(0).

o€ Gal(K(g)/K)

Let A,, be the collection of all € for which n is the exact power of p dividing their
conductor. Then for all sufficiently large n one has

ord, < 11 G(E)Sp(5)>

e€A,

R{EW) By (F) _j $(Fns) Ry (Fa)

w (Fn) Ap (Fn/K) w (Fn—l) V Ap (Fn—l/K) .

Let now x be a character of H and recall that

= ord, [

Lis)= [ xwdne) it
Gal(K(gxp=)/K)
Lisoo= [ x - itx-t

Gal(K(p>)/K)
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We define F(w, x) € Dy[[w]] to be the corresponding Iwasawa function. Then, using
Theorem 5, for a character p of I'V of sufficiently large finite order, one has

G(xp)Sp(xp) if x # 1;
(P(r0) = 1) G(xp)Sp(xp) it x =1,
where u ~ v denotes the fact that u/v is a p-adic unit. Let

F = H F(w,x).

xeﬁ

p(F(w,x71)) ~ {

It follows that for all sufficiently large n one has

[T e®)~p I c@Ese), (28)
level(p)=t+n levela(;)xitJrn

since in the product on the right hand side we range over all x (including y = 1) and

II (o) —1)=p

level(p)=t+n

Proof of Theorem 1. Using (28), Corollary 1, Lemma 8 and Proposition 3, it
follows that

w(F) = p(Gal(M(Foo ) /Foc)) -
In Theorem 6 we proved that 1 (Ly(s, x)) = 0. It follows that

p(Gal(M(F)/Fo)) = 0,
which completes the proof of the main theorem of this article. O
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5. Appendix: proof of Schneps’ theorem. For the proof of Theorem 7, we
will need two independence results (Theorem II and Theorem IIT in [Sch]). These
two theorems are the ‘hard work’ in adapting Sinnott’s independence result from the
cyclotomic case (see Section 3 from [Si]). To state what these results are, we need in
turn some additional notations.

We begin by noting that if » = |W]|, then r = 2 except for K = Q(i) and
K = Q(iv/3) when we have » = 4 and r = 6, respectively. Note that in the two
exceptional cases we cannot have p = 2 or p = 3 since these primes do not split in
either field.

For the proof, we will distinguish between the cases p = 2 and p > 2. The
following notations are used for p > 2. Let m = (p — 1)/r and a4, ..., a, be a basis
for the Og-module generated by the (p — 1)th roots of unity in Z,. For 1 < j < m we
choose representatives ¢; for the (p — 1)th roots of unity modulo W. It follows that
there exist a;; € Ok such that

g5 = Zaijai, 1 S] S m. (29)
i=1
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Let ,73’;(11)) € F, be the reduction of 8(w) modulo 7 and we let & be the formal

group of E, the reduction of E' modulo 7. We fix an indeterminate 7" and extend
the field of definition of E to the field of fractions of B := F,[[T]]. From now on, we
will also view Bvas the underlying set for @m in characteristic p. With this setup,
it follows that v converges to a value on € whenever the image of w lies in (T), the
maximal ideal of B.

For every a € Z, there exists a unique power series [@](t) such that [a](t) = ot

(mod deg2) and [a](¢) is an endomorphism of E (see Proposition I.1.5 in [dS]). We

will write [](t) for the reduction of [a](t) modulo 7.
With the positive integer n defined as above, we consider

E":=ExEx---xFE
|y —
n times E

and let tq,...,t, be the copies of the parameter ¢ arising from the coordinate projec-
tions E" — E. Let F(E™) be the field of rational functions on this abelian variety,
written as Laurent expansions at t1,...,t,, and define

D :=TF(E") N Dylltr, ... ta]].

Analogously, we let E™ be the product of n copies of E, and we also define D =
We can now state the aforementioned independence results.

PROPOSITION 4. For 1 < j <m, let ®;: E" = E be the map given by
n
Oi(Pr,..., Py) =Y aiP;
i=1
and assume that ry,...,ry are rational functions on E with the property that

er (®;(x)) =0, forall zeE™
j=1

Then each r; is a constant function on K.

PROPOSITION 5. Let © : Bl[t1,...,t,]] — BJ[t]] be the map given by

then r = 0.
We will also need the following auxiliary lemma, which is the content of the
Proposition proved on page 25 in [Sch].

LEMMA 9. If C is any compact-open set in Z,, then for X as in the statement of
Theorem T one has that the power series associated with A| . has the form Re (5% (w)),
where Reo is also a rational function on E.
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Armed with the above results, we can proceed to the proof of Theorem 7.

Proof of Theorem 7. We treat first the case p > 3. For every 0 <i < p — 2 we
define a measure

ri= 3 WHOM 0 Q).
cew

By Lemma 9, \* is associated with a rational function R* (8Y(w)), hence A\* o ({) is
associated with R* ([(7'] (8%(w))). It follows that r; is associated with a rational
function in fY(w) on E. Furthermore, one has

rO(s) = ¥ wi() / (2)°w (2)dA" o (C)

cew i

= 3w [y () ax
Cew 2

= Y GO [ @ar
Cew i

=T{(s).

Since we are in the case p > 3 and r € {2,4,6}, with r # 6 when p = 3, it follows that
i (190()) = 1 (1206s)) -
It therefore suffices to prove that
() = (T0(s))

First notice that if the power series associated with r; is divisible by 7/, then so is the

power series associated with > ' 0 €|, (see (18)), hence F,(.fi)(s) is also divisible by

ecV
.

Conversely, assume that 7’ divides the power series associated with the measure

> e'kioely. By (17), it follows that 7/ divides the power series associated with the

ecV
measure

m

rZej_i Iii|(e;1U) o (ej_l) .
j=1

Let F;(BY(w)) be the power series corresponding to the measure 5j_i Kile-1gy- 1t
J
follows that

m

S E (A (1 +w)” ~1)=0 (mod x'Dy[w])).

j=1

If we let 1?; be the reduction of F; modulo 7', it follows that

if (=51 Bo(w)) =o0.

Jj=1
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We now define the function ®; : E" > FE by

(I)j(tl, e ,tn) = Z [aij](ti),

where a;; € Ok are the quantities defined in (29). Then
Y F ([g—} : Eg(w)) =Y F (@j ([Ef](t), o [E,f](t))) —o.
Jj=1 i=1

m ~
By Proposition 5, it follows that > F; o ®; is identically zero on E", hence, by
j=1
Proposition 4, it follows that

—1
£; /@|(E;1U), S0

Jj=1¢eWw
= > el Fy(¢P)
Cew \j=1

It follows that 7’ divides x;.

We have thus established that the divisibility of x; by 7" is equivalent to the
divisibility of F,(Ji)(s) by 7/, which completes the proof in the case p > 3.

Finally, when p = 2, we saw that we cannot have K = Q(i) or K = Q(iy/3), hence
r = 2. Following the trick from the proof of Theorem 1 in [Si], we note that it suffices
to prove Theorem 7 when A = A\* and w’(—1)A o (—1) = A (for, if A corresponds to a
rational function, then so does 7 := A\* + w’(—1)\* o (—1) and one has the identities
v =" 70 (-1) = wi(=1)y, TV () = 203 (5) and 7" + w'(=1)y" o (=1) = 21" +
wi(—=1)A* o (=1)). We can also assume that ) is not divisible by 7', since replacing A
by LA (when 7’ divides A) decreases both j-invariants in the statement of Theorem 7

by 1. We are then left to prove that u (Fg\i)(s)> =1, i.e. that p(Ly,(w)) =1, where

Loa(u® —1) = / W (@) (z)*dA.
Zy
We use the same strategy as in the case p > 3. Let G(w) be the power series associated

with |y, . Using A = X* and w*(=1)Ao (—1) = A, it follows that

/wi(a:)<x>sd)\ —9 / Wi (@)adA = 2G(uf — 1).

Z;; 1+47Z5
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Assume by contradiction that p(G(w)) > 0. But then p(G o (—=1)) > 0, and since
A = \*, it follows that G o (—1) corresponds to A|_,,,; . Since

A== ANz, T A1z,

it follows that p(\) > 0, contradicting our previous assumption that p(A) = 0. This
completes the proof. 0
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