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A CLASS OF SINGULARITY OF ARBITRARY PAIRS AND LOG
CANONICALIZATIONS*

KENTA HASHIZUMET

Abstract. We define a class of singularity on arbitrary pairs of a normal variety and an effective
R-divisor on it, which we call pseudo-lc in this paper. This is a generalization of the usual lc singularity
of pairs and log canonical singularity of normal varieties introduced by de Fernex and Hacon. By
giving examples of pseudo-lc pairs which are not lc or log canonical in the sense of de Fernex—Hacon’s
paper, we show that pseudo-lc singularity is a strictly extended notion of those singularities. We
prove that pseudo-lc pairs admit a small 1Ic modification. We also discuss a criterion of log canonicity.

Key words. Singularity of pairs, log canonicalization, log canonical criterion.

Mathematics Subject Classification. 14J17, 14E30.

1. Introduction. Throughout this paper we will work over the complex number
field.

In the birational geometry, we often deal with not only algebraic varieties but
also pairs of an algebraic variety and a divisor. Pairs of a variety and a divisor
naturally appear, for example, a curve and marked points, or an open variety and the
boundary of its compactification. Even when we study geometric properties of higher-
dimensional algebraic varieties, pairs can be a very powerful tool to work induction
on dimension of varieties. When we deal with pairs (X, A), we usually assume that
the log canonical divisor Kx + A is R-Cartier. Using this property, we often compare
log canonical divisors of two pairs which are birationally equivalent in a sense. For
example, when we are given pairs (X, A) and (X', A’) with a birational map X --» X',
we take a common resolution f: Y — X and f: Y — X’ of X --» X’ and compare
f*(Kx +A) and f*(Kx + A’). Some classes of pairs with R-Cartier log canonical
divisors and mild singularities, such as lc pairs, klt pairs, and so on (see [KM]), are
in particular important to study higher-dimensional algebraic varieties. In fact, a lot
of important results in the birational geometry were proved in the framework of lc or
klt pairs (for example, [BCHM], [F2], [F3], [B1], [HX], [HMX2], [B2]).

It is difficult to carry out similar arguments on pairs whose log canonical divisors
are not R-Cartier. In [dFH], de Fernex and Hacon defined the pullback of arbitrary Q-
divisors. Using it, they defined relative log canonical divisors, multiplier ideal sheaves
and classes of singularities on pairs (X, a;Z;) of a normal quasi-projective variety
X and a formal R>q-linear combination > a;Z; of subschemes Z; C X. They proved
that multiplier ideal sheaves, log canonical pairs and log terminal pairs in the sense of
[dFH] have various properties similar to those on the usual pairs. For instance, they
proved vanishing theorem of multiplier ideal sheaves and that log terminal singularities
have only rational singularities.

In this paper, we study an extension of lc singularity. The purpose of this paper is
to generalize lc singularity to a class of singularity of pairs whose log canonical divisor
is not necessarily R-Cartier and to investigate relations between the new singularity
and lc singularity or log canonical singularity introduced by [dFH].
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We deal with arbitrary pairs of a normal variety X and an effective R-divisor A on
it, which we denote (X, A) to distinguish them from pairs whose log canonical divisor
is R-Cartier. For any prime divisor P over X, we define discrepancy of P with respect
to (X, A), denoted by a(P, X, A) in this paper (Definition 4.1), and define pseudo-lc
singularity by using it (Definition 4.2). We show that «(-, X, A) is a generalization
of the usual discrepancy (Lemma 4.3), and that the b-divisor defined with a(-, X, A)
is a logarithmic analog of the relative canonical b-divisor as in [BAFF] (Theorem 4.9).
In particular, the class of pseudo-lc pairs contains the usual lc pairs and potentially lc
pairs (see [K, Definition 17]) as special cases. Also, we prove that pseudo-lc pairs are
closely related to log canonical singularity in the sense of [dFH] (Proposition 4.6) and
they appear in generalized lc pairs introduced in [BZ] (Proposition 4.12). By giving
an example of pseudo-lc pairs which are not lc or log canonical in the sense of [dFH]
(Example 4.11), we show that pseudo-lc singularity is a strictly extended notion of
those singularities. Furthermore, for any pair with a boundary R-divisor, we construct
a log canonicalization which only extracts bad divisors measured by discrepancy. The
following theorem is the main result of this paper.

THEOREM 1.1 (=Theorem 4.14). Let (X, A) be a pair such that A is a boundary
R-divisor. Then, there is a projective birational morphism h: W — X from a normal
variety W such that

e any h-exceptional prime divisor Ey, satisfies a(Ey, X, A) < —1,

o the reduced h-exceptional divisor Eieq 18 Q-Cartier, and

o if we put Ay = h7'A + Eieq, then Ky + Aw is R-Cartier and the pair
(W, Aw) is lc.

In the case of pseudo-lc pairs, we have the following theorem:

THEOREM 1.2 (see Theorem 4.17). Let (X, A) be a pseudo-lc pair. Then, there
is an lc modification h: (W, Aw) — X such that h is small.

For definition of lc modification, see Definition 2.3 (see also [K, Definition 18]).
In fact, we prove a stronger result than Theorem 1.2, and with the result we discuss
a sufficient condition of log canonicity for arbitrary pairs. The key ingredient of the
proof of Theorem 1.1 and Theorem 1.2 is the following theorem, a special kind of the
relative log MMP.

THEOREM 1.3 (= Theorem 3.5). Let m: X — Z be a projective morphism of
normal quasi-projective varieties, and let (X, A) be an le pair. Suppose that
o —(Kx + A) is pseudo-effective over Z, and
e for any lc center S of (X,A) and its normalization S — S, the pullback of
—(Kx + A) to SY is pseudo-effective over Z.
Then, (X,A) has a good minimal model or a Mori fiber space over Z.

The proof of Theorem 1.3 is in Section 3, and the proof of the main result is in
Section 4. To prove the main result for a given pair (X, A), we take a log resolution
Y — X of (X, A), then we run a relative log MMP for an lc pair (Y, Ay) and apply
Theorem 1.3 to construct a log canonical model of (Y, Ay) over X. In our situation,
known results (for example, results in [B1], [HX] and [H2]) are insufficient for the
termination of the log MMP because lc centers of (Y, Ay ) have only weak property.
Therefore, we need to establish a new relative log MMP in more general setting.
Theorem 1.3 is suitable for our situation, and it plays a crucial role in the proof of
the main result.
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We note that the notions of pseudo-lc pairs and lc pairs coincide in the case
of surfaces (Corollary 4.16), and pseudo-lc pairs in Example 4.10 or Example 4.11
include threefolds. So a gap between pseudo-lc singularity and lc singularity or log
canonical singularity in the sense of [dFH]| arises when the dimension of the variety is
greater than 2.

By Theorem 1.2, we obtain two important theorem on pseudo-lc pairs.

THEOREM 1.4 (=Theorem 4.19). Let (X,A) be a pseudo-lc pair such that A
is a Q-divisor. Then, the graded sheaf of Ox-algebra @,,~, Ox(Lm(Kx + A)J) is
finitely generated. If X is projective and the minimal model theory holds, then the log
canonical ring @,,~, H*(X, Ox(tm(Kx + A)J)) is a finitely generated C-algebra.

THEOREM 1.5 (=Theorem 4.20, Kodaira type vanishing theorem). Letm: X — Z
be a projective morphism of normal varieties and (X, A) be a pseudo-lc pair. Let D
be a Weil divisor on X such that D — (Kx + A) is m-ample.

Then, Rim.Ox (D) =0 for any i > 0.

In Section 5, we study gaps between pseudo-lc and lc singularities in detail. As
an application of Theorem 4.17, which is a strong version of Theorem 1.2, we prove
the following theorem:

THEOREM 1.6 (=Theorem 5.1). Let X be a normal quasi-projective variety, and
let A be a boundary R-divisor.
(1) There is D1 a finite set of prime divisors over X such that if

sup{a(P, X, A+ G)|G > 0, Kx + A + G is R-Cartier} > —1

for all P € ©q, then (X, A) has a small lc modification. In particular, when
A is a Q-divisor, the graded sheaf of Ox-algebra @, ~, Ox (Lm(Kx + A)J)
is finitely generated.

(2) Suppose that (X, A) has a small lc modification. Let © € X be a closed point.
Then, there is Do a finite set of prime divisors over X such that Kx + A is
R-Cartier and (X, A) is lc in a neighborhood of x if and only if the following
relation holds for any P € ®s.

sup{a(P, X,A +G)|G > 0, Kx + A + G is R-Cartier}
=inf{a(P,X,A - G")|G' > 0,Kx + A — G’ is R-Cartier}.

Theorem 1.6 gives a way to check local log canonicity in two steps by using the
usual discrepancies of finitely many prime divisors.

As a corollary of Theorem 1.6, we obtain a necessary and sufficient condition of
log canonicity for pseudo-lc pairs.

THEOREM 1.7 (=Corollary 5.2). Let (X,A) be a pair such that X is quasi-
projective. Then, Kx + A is R-Cartier and (X,A) is lc if and only if (X,A) is
pseudo-lc and the following equation holds for any prime divisor P over X.

sup{a(P, X, A+ G)|G > 0, Kx + A + G is R-Cartier}
=inf{a(P,X,A - G")|G' > 0,Kx + A — G’ is R-Cartier}.

We also give the proof of Theorem 1.7 using the notion of numerically Cartier
divisors (see [BAFFU, Definition 5.2]). As we will see, Theorem 1.7 can be regarded
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as an lc analog of [BAFFU, Corollary 5.17]. We would like to remark that the proof
is also an application of Theorem 1.3 (or Lemma 3.4). For details, see Section 5.

The contents of this paper are as follows: In Section 2, we collect definitions and
some results on the log MMP. In Section 3, we show a special kind of the relative
log MMP, which is a generalization of [H2, Theorem 1.1]. In Section 4, which is the
main part of this paper, we define pseudo-lc singularity and prove basic properties of
pseudo-lc pairs, the main theorem and other results. In Section 5, we prove Theorem
1.6 and Theorem 1.7.
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Professor Yuji Odaka. The author would like to thank him for answering questions,
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version of Theorem 1.6 and Theorem 1.7. The author thanks Professor Janos Kollar
for comments.

2. Preliminaries. In this section, we collect definitions and some important
theorems.

2.1. Definitions. We collect some definitions.

Divisors. Let m: X — Z be a projective morphism of normal varieties. We use
the standard definition of 7w-nef R-divisor, m-ample R-divisor, m-semi-ample R-divisor,
m-big R-divisor and m-pseudo-effective R-divisor.

SINGULARITIES OF PAIRS. In this paper, we deal with two kinds of pairs.

We recall definition of the usual pairs. A sub-pair (X, A) consists of a normal
variety X and an R-divisor A such that Ky + A is R-Cartier. When A is effective,
we call (X, A) a pair. When coefficients of A belong to [0, 1], the divisor A is called a
boundary divisor. When we write (X, SuppA), we pay attention to X and the support
of A. Therefore, (X, SuppA) simply denotes a pair of a variety and a subscheme of
pure codimension one.

Let (X,A) be a sub-pair and let P be a prime divisor over X, that is, a prime
divisor on a normal variety Y with a projective birational morphism Y — X. Then,
a(P, X, A) denotes the discrepancy of P with respect to (X, A). When (X, A) is a pair,
we use definitions of Kawamata log terminal (klt, for short) pair, log canonical (I, for
short) pair and divisorially log terminal (dlt, for short) pair as in [KM]. An lc center
of (X, A) is the image on X of a prime divisor P over X satisfying a(P, X, A) = —1.

We also deal with arbitrary pairs of a normal variety X and an effective R-divisor
A on it. When we do not assume that Kx + A is R-Cartier, we denote the pair of X
and A by (X, A) to distinguish from the usual pairs.

MoODELS. We use the definition of weak lc model, log minimal model, good
minimal model and Mori fiber space as in [B1, Section 2]. We freely use the result of
dlt blow-up for usual pairs (see, for example, [F4, Theorem 4.4.21])

REMARK 2.1. Let (X, A) be an lc pair and (X', A’) be a log minimal model of
(X,A). Let (X", A”) be a Q-factorial dlt pair such that Kx» + A’ is nef, X" and
X’ are isomorphic in codimension one, and A’ is the birational transform of A’ on
X". Then, (X"”,A"”) is also a log minimal model of (X, A). Moreover, if (X', A’) is
a good minimal model of (X, A), then (X", A”) is a good minimal model of (X, A).
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DEFINITION 2.2 (Log canonical model). Let X — Z be a projective morphism
from a normal variety to a variety, and let (X, A) be an lc pair. A weak log canonical
model (X', A’) of (X, A) over Z is a log canonical model if Kx/+ A’ is ample over Z.

DEFINITION 2.3 (Lc modification, [K, Definition 18]). Let (X, A) be a pair such
that A is a boundary R-divisor. Let f: Y — X be a projective birational morphism
from a normal variety Y, and let T’ be the sum of f'A and all f-exceptional prime
divisors with coefficients 1. Then the pair (Y,T') is an lc modification of (X, A) if
Ky + T is an f-ample R-Cartier divisor and the pair (Y,T") is le. An lc modification
(Y,T') of (X,A) is smallif f: Y — X is small.

From definition, an lc modification is unique up to isomorhpism if it exists.

2.2. Results related to the log MMP. In this subsection, we collect three
results on the log MMP.
In this paper, we use the following two results without any mention.

THEOREM 2.4 ([Bl, Theorem 4.1]). Let (X,A) be a Q-factorial lc pair such
that (X,0) is klt. Let m: X — Z be a projective morphism of normal quasi-projective
varieties.

If there is a log minimal model of (X, A) over Z, any (Kx + A)-MMP over Z
with scaling of an ample divisor terminates.

LEMMA 2.5 ([H2, Lemma 2.15]). Let 7: X — Z be a projective morphism of
normal quasi-projective varieties, and let (X,A) be an lc pair. Let (Y,T') be an lc
pair such that there is a projective birational morphism f:Y — X and we can write
Ky +T = f*(Kx + A) + E with an f-exceptional divisor E > 0.

Then, (X,A) has a weak lc model (resp. a log minimal model, a good minimal
model) over Z if and only if (Y,T') has a weak lc model (resp. a log minimal model, a
good minimal model) over Z.

We close this section with the following lemma. It plays an important role in the
proof of Theorem 1.1.

LEMMA 2.6. Let m: X — Z be a projective morphism of normal varieties, which
are not necessarily quasi-projective. Let (X,A) be a Q-factorial lc pair such that
(X,0) is klt, and let D be an R-divisor on X such that (X, A+ D) is lc. Suppose that
(X, A +tD) has the log canonical model over Z for any 0 <t < 1.

Then, there is a birational contraction ¢: X --+ Y over Z and a positive real
number to such that for any 0 < t < tg, the pair (Y, Ay + tDy) is the log canonical
model of (X, A +tD) over Z, where Ay and Dy are the birational transforms of A
and D on'Y, respectively. In particular, Dy is R-Cartier.

Proof. Note that the divisor Kx + A is big over Z by Definition 2.2.

First, we prove the lemma in the case when Z is quasi-projective. Since the
log canonical model is in particular a weak lc model with semi-ample log canonical
divisor, (X,A + ¢D) has a good minimal model over Z for any 0 < ¢t < 1. Let
(X,A) --» (X', A) be a sequence of steps of the (Kx + A)-MMP over Z to a good
minimal model, and X’ — Y|, be the contraction over Z induced by Kx: + A’, where
A’ is the birational transform of A on X’'. Let D’ (resp. Ay,) be the birational
transform of D (resp. A) on X’ (resp. Yy). By construction, Ky, + Ay, is ample over
Z. We can find 0 < ¢, < 1 such that the birational map X --» X’ is a sequence of
steps of the (Kx + A +t'D)-MMP for any 0 < ' <. Since (X, A +tD) has a good
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minimal model over Z for any 0 < ¢t < 1, we can run the (Kx/ + A’ + ¢;D')-MMP
over Z and get a good minimal model (X', A’ 4+ ¢,D") --» (X", A" +t,D"). By
the argument of the length of extremal rays and replacing ¢, if necessary, we may
assume that in each step of the (Kx/ + A’ 4+ t{D")-MMP, the birational transform of
Ky + A’ is trivial over the exremal contraction. Since Ky, + A’ is the pullback of
Ky, + Ay,, which is ample over Z, we see that the (Kx + A’ + ¢{,D')-MMP is the
(Kx/ + A"+ t,D")-MMP over Yj. So we have the following diagram.

Since the divisor Kx» + A" 4+ t{ D" is semi-ample over Z, it is semi-ample over Yj.
Let X” — Y be the contraction over Yy induced by Kx» +A" 4+t,D". Let g: Y — Yy
be the natural morphism, and Ay and Dy be the birational transforms of A and
D on Y, respectively. Then, we have Ky + Ay = ¢g*(Ky, + Ay,), and the divisor
Ky + Ay + t{Dy is ample over Yj. Since Ky, + Ay, is ample over Z, we can find ¢y
such that 0 < tg < ¢}, and for any 0 < t < tg, the divisor

t
Ky + Ay +tDy = -

AP
- (Ky + Ay +t,Dy) + (1 - t,) 9" (Ky, + Ay,)
0

0

is ample over Z. By construction, for any 0 < t < tg, the birational map X --» X" is
a sequence of steps of the (Kx +A+tD)-MMP over Z. Since Kx» + A" +tD" is the
pullback of Ky 4+ Ay + tDy, we see that the pair (Y, Ay +tDy) is the log canonical
model of (X, A +tD) over Z for any 0 < t < tg. Therefore, the lemma holds true
when Z is quasi-projective.

From now on, we prove the general case. We cover Z by a finitely many affine
open subset {U;};, and we put V; = 7~ 1(U;). By the quasi-projective case of the
lemma, for each 7, there is t; > 0 and a birational contraction V; --» Y; over U;
such that for any 0 < ¢t < ¢;, the pair (Y;, Ay, 4+ tDy,) is the log canonical model of
(Vi, Aly, + tD|y,) over U;. Set ¢ = min{¢;}; and construct Y by gluing all Y;. By
construction, for any 0 < t < t”, the pair (Y, Ay + tDy) is the log canonical model
of (X,A +tD) over Z. Therefore, the birational map X --» Y over Z is the desired
one. O

3. A spacial kind of relative log MMP. In this section, we show a special
kind of the relative log MMP (Theorem 3.5), which plays a crucial role in the proof
of Theorem 1.1.

DEFINITION 3.1. Let X be a normal projective variety, and let D be an R-Cartier
R-divisor D on X.

First, we define the invariant Ilitaka dimension of D, denoted by k, (X, D), as
follows (see also [F4, Definition 2.5.5]): If there is an R-divisor E > 0 such that
D ~p E, set k,(X,D) = k(X,FE). Here, the right hand side is the usual Iitaka
dimension of E. Otherwise, we set x,(X, D) = —oo. We can check that x,(X, D) is
well-defined, i.e., when there is E > 0 such that D ~g E, k,(X, D) does not depend
on the choice of E. By definition, we have ,(X, D) > 0 if and only if D is R-linearly
equivalent to an effective R-divisor.
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Next, we define the numerical dimension of D, denoted by x,(X, D), as follows
(see also [N, V, 2.5 Definition]): For any Cartier divisor A on X, we set

lim sup
m— o0

o(D; A) = max {k € Z>o

dimH°(X, Ox (cmD+ A)) _ 0}

mk

if dimH°(X,Ox(LmDJ+ A)) > 0 for infinitely many m > 0, and otherwise we set
o(D; A) := —oo. Then, we define

ko (X, D) := max{c(D; A) | A is a Cartier divisor on X }.

Let X — Z be a projective morphism from a normal variety to a variety, and
let D be an R-Cartier R-divisor on X. Then, the relative numerical dimension of D
over Z is defined by k. (F, D|p), where F is a sufficiently general fiber of the Stein
factorization of X — Z (see [H2, 2.2]).

REMARK 3.2. We write down basic properties of the invariant Iitaka dimension
and the numerical dimension.
(1) Let Dy and Dy be R-Cartier R-divisors on a normal projective variety X.
e Suppose that Dy ~g Dy. Then, we have ,(X,D;) = ,(X, D3) and
Ifg(X, Dl) = ,‘QU()(7 D2>
e Suppose that we have Dy ~g Ny and Dy ~r N5 for R-divisors N > 0
and Ny > 0 respectively such that Supp/N; = SuppNs. Then, we have
K (X, D1) = k,(X, D2) and k. (X, D1) = ko (X, D2).
(2) Let f: Y — X be a surjective morphism of normal projective varieties and
D an R-Cartier R-divisor on X.
e We have k,(X,D) =k, (Y, f*D) and k,(X, D) = k,(Y, f*D).
e Suppose that f is birational. Let D’ be an R-Cartier R-divisor on Y such
that D’ = f*D + E for some effective f-exceptional divisor E. Then,
we have k,(X, D) =k, (Y, D’) and £,(X, D) = k,(Y, D").

DEFINITION 3.3 (Relatively abundant and relatively log abundant divisor). Let
m: X — Z be a projective morphism from a normal variety to a variety, and let D
be an R-Cartier R-divisor on X. We say D is m-abundant or abundant over Z if the
equality k,(F, D|r) = ko (F, D|r) holds, where F is a sufficiently general fiber of the
Stein factorization of .

Let m: X — Z and D be as above, and let (X, A) be an lc pair. We say D is
m-log abundant with respect to (X, A) when D is m-abundant and the pullback of D
to the normalization of any lc center of (X, A) is abundant over Z.

The following lemma is the R-divisor version of [FG1, Theorem 4.12].

LemMMA 3.4. Let m: X — Z be a morphism of normal projective varieties, and
let (X, A) be an lc pair such that A is an R-divisor. Suppose that Kx + A is w-nef
and m-log abundant with respect to (X, A).

Then, Kx + A is w-semi-ample.

Proof. We prove the lemma when (X, A) is not klt because the klt case of the
lemma can be proved with a very similar idea to non-klt case and a simpler argument
than the proof of non-klt case. By adding the pullback of a sufficiently ample divisor
on Z, we may assume that the divisor Kx + A is globally nef and log abundant with
respect to (X, A). We show that Kx + A is semi-ample by induction on dim X. So
we may assume that Z is a point.
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By taking a dlt blow-up, we may assume that (X,A) is Q-factorial dlt. Since
Kx + A is abundant, there is N > 0 such that Kx + A ~g N. Let £ C WDivg(X)
be the set of boundary R-divisors A’ such that (X,A’) is l¢, SuppA’ = SuppA and
LA’y =LAl By an argument of convex geometry, we see that the set

o (X, A)isdlt,
A € L] e Kx + A’isnef, and
e Kx + A’ ~g N’ for an N’ > 0 such that Supp/N’ = SuppN.

contains a rational polytope 7(x) C £ in which A is contained. By shrinking 7 x), we
can assume that Ic centers of (X, A’) coincide with those of (X, A) for any A" € T(x).
By Remark 3.2 (1), Kx + A’ is abundant for any A’ € Tx.

We fix an lc center S of (X, A). Note that S is also an lc center of (X, A’) for any
A" € T(x). By construction, any divisor A" € £ can be written as LAL+ > d; Dy,
where 0 < d} < 1 and D, are prime divisors which are components of A — LA
Then SuppD; 2 S. Since X is Q-factorial, for any component D; of A — LA, the
restriction D;|s is well-defined as an effective Q-Cartier Q-divisor on S. We also see
that the divisor (Kx +LAL)|s is a Q-Cartier Q-divisor on S. We define an R-divisor
Ag by adjunction K¢ + Ag = (Kx + A)|s. Then, Kgs + Ag is semi-ample by the
induction hypothesis. Therefore, if we write A = LAL+ Y d;D; with real numbers
0 <d; <1, we have Kg + Ag = (Kx + LAL)|s + >, di(Di|s) and it can be written
as an Rsg-linear combination of finitely many (not necessarily effective) semi-ample
Q-divisors {A;};. We can write (Kx + A’)|s = (Kx +LAL)|s + >, di(D;|s) for any
A" € L. From these facts and an argument of convex geometry, the set

{A" € Tixy| (Kx +A')[s =3, a;4;, where a; € Ryo }

contains a rational polytope 7(s) > A.
We consider

T= (] T

S: lc center
of (X,A)

which is a rational polytope containing A. We pick positive real numbers ry, - -+, 7y,
and Q-divisors AM ... A(™ € T such that 7" 7, = 1 and o, rsAR) = A,
By construction of T, for any A’ € T, the divisor Kx + A’ is nef and log abundant
with respect to (X, A’). By [FG1, Theorem 4.12], Kx + A®) are semi-ample. Since
Kx+A=>7" r(Kx+ A(k)), we see that Ky + A is semi-ample. So we complete
the proof. O

THEOREM 3.5. Let m: X — Z be a projective morphism of normal quasi-
projective varieties and (X, A) be an lc pair. Suppose that
o —(Kx + A) is pseudo-effective over Z, and
o for any lc center S of (X,A) and its normalization S — S, the pullback of
—(Kx + A) to 8" is pseudo-effective over Z.
Then, (X,A) has a good minimal model or a Mori fiber space over Z.

Proof. 'We may assume that (X,A) is not klt because otherwise the theorem
follows from [H2, Theorem 1.2]. We prove Theorem 3.5 by induction on the dimension
of X. The basic strategy is the same as [H2, Proof of Theorem 1.2]. We can assume
that 7 is a contraction and Ky + A is pseudo-effective over Z.
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STEP 1. In this step, we show that we may assume X and Z are projective.

Let Z — Z¢ be an open immersion to a normal projective variety Z¢. Thanks
to [H2, Corollary 1.3], there is an lc closure (X¢, A°) of (X, A), that is, a projective
lc pair (X¢, A¢) such that X is an open subset of X¢ and (X¢|x,A%x) = (X, A),
and there is a projective morphism 7¢: X¢ — Z°¢. By construction of lc closures, we
have 7¢|x = m and 7¢'(Z) = X. Furthermore, we can construct (X¢, A°) so that
any lc center S¢ of (X°, A°) intersects X (see [H2, Corollary 1.3]). Then, the divisor
—(Kxe + A°) is pseudo-effective over Z¢ and for any lc center S¢ of (X¢ A°), the
pullback of — (K x4+ A¢) to the normalization of S€ is pseudo-effective over Z¢ because
relative numerical dimension of any R-Cartier R-divisor is determined on a sufficiently
general fiber of the given morphism. Hence, we see that the morphism (X¢ A¢) — Z°¢
satisfies the hypothesis of Theorem 3.5. If (X, A€) has a good minimal model over
Z°¢, by restricting it over Z, we obtain a good minimal model of (X, A) over Z.

In this way, by replacing (X,A) and Z with (X¢ A€) and Z¢, we may assume
that X and Z are projective.

STEP 2. From this step to Step 6, we prove that (X, A) has a log minimal model
over Z. In this step, we construct a dlt blow-up with good properties. The strategy
is the same as in [H2, Step 3 in the proof of Theorem 1.2].

By the hypothesis, the relative numerical dimension of Kx + A over Z is 0. So
there is £ > 0 on X such that Kx + A ~g z E. Since Z is projective, by adding the
pullback of an ample divisor to E, we may assume that SuppFE contains any lc center
of (X, A) which is vertical over Z.

We take a log resolution f: X — X of (X, Supp(A+ E)) and a log smooth model
(X,A) of (X,A) (see [H1, Definition 2.9] for definition of log smooth model). As
n [H1, Proof of Lemma 2.10], by replacmg (X,A) with a hlgher model, we may
assume that we can write A = A + A with A’ >0 and N > 0 such that N
is reduced and vertical over Z, and all lc centers of (X ,A ) dominate Z. We can
decompose f*E = G+ H with G > 0 and H > 0 such that G and H have no common
components, SuppG C SuppLA_ and no component of H is a component of LA_.
Since (X, Supp(A + H)) is log smooth, for any ¢ > 0, if A+ tH is a boundary divisor
then (X, A + tH) is dlt. Since support of E contains any lc center of (X, A) vertical
over Z, we have Suppz// C SuppG . Moreover, since all Ic centers of (X, Z/) dominate
Z, all lc centers of (X, A — tG) dominate Z for any t > 0.

We construct a dlt blow-up (Xo,Ag) — (X, A) by running the (K + A)-MMP
over X. Let Gy and Hy be the birational transforms of G and H on Xy, respectively.
By arguments of the log MMP, we can find ¢y > 0 such that for any 0 < ¢t < #¢, the
pair (Xo, Ag + tHp) is dlt and all lc centers of (Xg, Ag — tGy) dominate Z.

In this way, by replacing (X, A), we can assume that (X, A) is Q-factorial dlt and
Kx + A ~g 7z G+ H such that G and H satisfy

e G>0,H >0, and G and H have no common components,

e SuppG C SupprLA_,

e any lc center of (X, A — ¢G) dominates Z for any 0 < ¢, and

e there is tgp > 0 such that for any 0 < ¢ < g, the pair (X, A+ tH) is dlt.

STEP 3. Pick 0 < € < tg so that A —eG > 0, where t is as in the fourth condition
in Step 2. In this step, we construct a strictly decreasing infinite sequence {e;};>1 of
real numbers and a sequence of birational maps over Z

X -3 X1 == Xg =2 oon == X; == -
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such that if we put A; and H; as the birational transforms of A and H on X; respec-
tively, then
(1) 0 < e; <eand lim;_,o0e; =0,
(2) X --» X is a sequence of steps of the (Kx + A + e; H)-MMP over Z to a
good minimal model,
(3) the sequence X7 --» -+ --» X; --» -+ is a sequence of finitely many steps
of the (Kx, + A1)-MMP over Z with scaling of e; Hy, and
(4) for any i, the pair (X;, A;+e;H;) is a good minimal model of (X1, Ay +e;Hy)
over Z and it is also a good minimal model of (X, A + ¢;H) over Z.
By (4), if we set \; = inf{p € R>o | Kx, + A; + pH, is nef over Z}, then A; <e;.
Pick a strictly decreasing infinite sequence {e;};>1 of positive real numbers such
that e; < € for any ¢ > 1 and lim; ,e; = 0. By conditions of Step 2, the pairs

(X,A+¢;H) and (X, A — $£--G) are dlt, and we have

Kx+A+eH vz (1+e)(Kx+A-7—G).

Moreover, all lc centers of (X, A — 7-G) dominate Z and the relative numerical

dimension of Kx + A — 1_?@ G over Z is 0 for any ¢. By [H2, Proposition 3.3], the pair

(X,A — {£-G) has a good minimal model over Z, hence (X, A + ¢;H) has a good
minimal model over Z for any i¢. By running the (Kx + A + ¢, H)-MMP over Z, we
obtain a good minimal model (X, A+e;H) --» (X;, A; +e;H;) over Z. Then, the log
MMP only occurs in Supp(G + H), which does not depend on i. By replacing {e; }i>1
with a subsequence, we may assume that all birational maps X --+ X contract the
same divisors, which implies that all X; are isomorphic in codimension one.

For any 0 < t < ey, the pair (X1,A; + tH;) has a good minimal model over Z.

Indeed, we have Kx, + A1 +tHy ~p z (1 +t)(Kx, + A1 — %HGl) and the relative
_t

1+tG1 over Z is 0, where Gy is the birational
transform of G on X;. Moreover, all lc centers of (X7, A; — %HGl) dominate Z. To
check this, pick any prime divisor P over X7 such that a(P, X1,A; — %_HGl) =—1.
Since (X1,Aq) is le, we have a(P, X7,A; — =2-G;) = —1. Since the birational

14e

map X --+ X7 is also a sequence of steps of the (Kx + A — 1i161 )-MMP, we have

a(P, X, A — 1-7—161 ) = —1. By the third condition in Step 2, P dominates Z. Thus,

all lc centers of (X1,A; — %_HGl) dominate Z. By [H2, Proposition 3.3], the pair

(X1,A1 — %_HGl) has a good minimal model over Z, and so does (X1, Ay + tHy).
Put X| = X; (resp. A} = Ay, H{ = H;). By [H2, Lemma 2.14], we get a

sequence of steps of the (Kx; + A})-MMP over Z with scaling of e; Hj

numerical dimension of Kx, + Ay —

(X, AL) =5 oo (XJA)) =5 -

such that if we set A} = inf{u € Rxo| Kx: + Al + pHj is nef over Z}, where H is
the birational transform of Hj on X7, then the (Kx; + A})-MMP terminates after
finitely many steps or we have limj_mo/\; = 0 when it does not terminate.

For any i > 1, pick the minimum &; such that Kx; + A} +e;Hj_ is nef over Z.
Such k; exists since limj_mo/\;. = 0, and we have k; = 1. By construction, the pair
(X4, , Ay, +eiHy ) is a good minimal model of (X1, A} +e;Hy) over Z. We check that
(X4,, AL, +eiH} ) is a good minimal model of (X, A + e;H) over Z. Recall that for
any i, the pair (X;, A; +e;H;) is a good minimal model of (X, A+e; H) over Z, which
was constructed at the start of this step, and all X; are isomorphic in codimension
one. Since we put X; = X1, X] and X; are isomorphic in codimension one for any
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1. Since lim;_,,.e; = 0, the divisor Kx; + A is the limit of movable divisors over Z.
Then, the (Kx; +A7)-MMP contains only flips, and hence X, and X; are isomorphic
in codimension one. By Remark 2.1, the pair (X} , A} +e;H} ) is a good minimal
model of (X, A+ ¢;H) over Z.

By abuse of notations, we put X; = X; (resp. A; = A}, H; = H; ) for any i.
Note that after putting them, for any 7 > 2, the birational map X --+ X; may not be
a sequence of steps of the (Kx + A + ¢;H)-MMP. By construction, {e;};>1 and

X**‘)Xl **‘)XQ 77.)...77.)Xi —— e

satisfy (1), (2), (3) and (4) stated at the start of this step. Indeed, (1) and (2) follow
from the argument in the second paragraph. The conditions (3) and (4) follow from
the arguments in the fourth paragraph and the fifth paragraph, respectively.

STEP 4. Suppose that the above (Kx, + A1)-MMP over Z with scaling of e; Hy
terminates. Then X; ~ X;y; ~ --- for some [, and hence, for any ¢ > [, the pair
(X1, A; + ¢;H)) is a good minimal model of (X, A + ¢;H) over Z by (4) in Step 3.
Then, we have a(P, X, A+ e;H) < a(P, X;, A; + e;H;) for any prime divisor P over
X. By considering the limit i — oo, we have a(P, X, A) < a(P, X;,4;). So the pair
(X1, 4;) is a weak lc model of (X, A) over Z, and thus, we see that (X, A) has a log
minimal model over Z.

Therefore, to show the existence of log minimal model of (X, A) over Z, we only
have to prove the termination of the (Kx, + Ap)-MMP.

STEP 5. Since we have I(X1 + Al + 61H1 ~R,Z (1 + 61)(KX1 + Al — 1_?_161 Gl)
and SuppG; C SupprAjl, the (Kx, + A1)-MMP only occurs in SuppLAj L (see, for
example, [H1, Step 2 in the proof of Proposition 5.4]).

Suppose that the (Kx, + A1)-MMP does not terminate. We get a contradiction
by the argument of the special termination ([F1]). We note that (X1, A + e; Hy) is
Q-factorial dlt and any lc center of the pair is an lc center of (X7, Ay). Therefore, for
any 7, the pair (X;,4A;) is Q-factorial dlt and any lc center of it is normal. There is
m > 0 such that for any lc center Sy, of (X,,,A,,) and any i > m, the indeterminacy
locus of the birational map X,, --+ X; does not contain S,, and the restriction of
the map to Sy, induces a birational map. For any lc center S, of (X, Ap), let S;
be the lc center of (X, A;) birational to S,,, and we define Ag, on S; by adjunction
Ks, + Ag, = (Kx, + Aj)|s;. In this step and the next step, we prove that for any
Sm, there is ig > m such that the induced birational map (S;, Ag,) -+ (Sit1,As,,,)
is an isomorphism for any i > ip. If we can prove this, the (Kx, + A1)-MMP must
terminate (see [F1]), and we get a contradiction.

We prove the assertion by induction on the dimension of S,,. Let Y,, C S,
be an lc center of (X,,,Ay,). As in [F1], by replacing m, we may assume that for
any ¢ > m, if T,,, C Sy, then the map (Y,,, Ay, ) --» (T;, Ay,) is an isomorphism.
Moreover, as in [F1], by replacing m again, we may assume that if T, = S, then
the map Y, --» Y, is small and the birational transform of Ay _ on T, is Ay,. Let
(T, ¥on) = (S, Ag,,) be a dlt blow-up. We set Hr, as the pullback of H,,|s,, to

m

T,n. By the argument as in [F1] (see also [B1, Remark 2.10]), we obtain a diagram

(T W) = = =0 = = = (T, W) = = =

| i

(S, Ag, )= == —>(S;,Ag,) — — >
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such that

o (T;,9,;) = (S;,Ag,) is a dlt blow-up, and

e the upper horizontal sequence of birational maps is a sequence of steps of the

(Kr, + ¥U,,)-MMP over Z with scaling of e,, Hr,, .

We prove that the (Kr,, + ¥,,)-MMP over Z must terminate. If we can prove this,
then we can find 79 > m such that the induced map (S;, Ag,) -+ (Si+1,Ag,,,) is an
isomorphism for any ¢ > ig. By [B1, Theorem 4.1 (iii)], to prove the termination of
the (K1, +¥,,)-MMP, it is sufficient to prove that (T}, ¥,,) has a log minimal model
over Z. Since the morphism (T, ¥,,) — (Sm,Ag,,) is a dlt blow-up, it is sufficient
to prove that (S,,,Ag,, ) has a log minimal model over Z.

STEP 6. We prove that (S,,,Ag, ) has a log minimal model over Z by using the
induction hypothesis of Theorem 3.5. Since (X, A,,) is Q-factorial dlt, S,, and all lc
centers of (Sp,, Ag, ) are lc centers of (X,,, A,,) contained in S,. Since the divisors
Ks, + Ag, +e¢;H;|g, are nef over Z and since the map S,, --» S; is small, by recalling
lim; ,~ce; = 0, we see that Kg  + Ag, is pseudo-effective over Z. From these facts,
it is sufficient to check that —(Kx,, + Ay, )|y, is pseudo-effective over Z for any lc
center Y, C Sy, of (X, Ary).

Recall that for any ¢ > m and any lc center Y,,, C S, of (X, A,,), the induced
map Y,, --» T, is in particular small and the birational transform of Ay on T,
is Ay, We put Hy, = H;|r,. Then Hy, > 0 and the birational transform of H~
on Y; is Hy,. By construction of the map (X,A + e;H) --» (X;,A; + e;H;) (see
(2) and (3) in Step 3), there is an lc center T of (X,A) such that the birational
map X --» X; induces a birational map Y --» T;,. We put Hy = H|y, and we
define Ay on YT by adjunction Ky + Ay = (Kx + A)|y. Then Hy > 0. By (2)
and (3) in Step 3, for any ¢ > m, there is a common log resolution ¥; — X and
Y; = X; of X --» X, and a subvariety Ty, C Y; birational to T and Y, such that
the induced morphisms Yy, — T and Ty, — T; form a common resolution of the
map T --» ;. Using (4) in Step 3 and the negativity lemma, by taking pullbacks of
Kx +A+eH and Kx, + A; +e;H; to Ty, and comparing coefficients, we see that
a(Q, T, Ay +e;Hy) < a(Q,Y;, Ay, + ¢;Hy,) for any prime divisor @) over Y.

Since (X, Apy,) is Q-factorial dlt, the pair (T, Ay, ) is dlt. So there is a small
Q-factorialization Y/ — T,,,. Then, Y’ and T; are isomorphic in codimension one for
any ¢ > m because Y, and Y; are isomorphic in codimension one. We denote the
pullback of Ky, +Ary,, to Y’ by Ky +Ays. We take a common resolution ¢: T — T
and ¢': T — Y’ of the birational map Y --» Y’. For any i > m, we take a common
resolution 7: ¥; — T and 7;: X; — Y, of the birational map Y --» T;. We have the
following diagram.

T T,
b
¥ T/ Ti
|
’r,,>’rm77>...77>.'ri77>...

Since we have a(Q, Y, Ay + e;Hy) < a(Q,Y;, Ay, + e;Hy,) for any prime divisor @
over Y, we have

T*(p*(K'r =+ AT + GiHT) — Ti*(KT,- =+ ATi =+ GiH'ri) > 0.
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Therefore,
77 (Ky, + Avy,) + e;7" 0" Hy > —7%¢" (Ky + Ay) + e;77 Hr,.

By the hypothesis of Theorem 3.5, —(Ky + Ay) is pseudo-effective over Z. Thus,
the divisor —7;"(K~, + Ax,) + e;7%¢*Hy is pseudo-effective over Z since Hy, >
0. We have ¢/ 7.7 (Kvy, + Ay,) = Ky + Ay since Y/ and Y, are isomorphic in
codimension one. By taking the birational transform on Y’, we see that the divisor
—(Ky 4+ Avy/r) + ;9. 0" Hy is pseudo-effective over Z for any i. Note that Y’ is Q-
factorial. Since lim;_,..e; = 0, the divisor — (K~ + Avy/) is pseudo-effective over Z.
So we see that —(K'y,, + Ary,,) is pseudo-effective over Z.

In this way, the restriction —(Kx,, + An)|r,, is pseudo-effective over Z for any
le center Y,, C Sy, of (X, A,). By the induction hypothesis of Theorem 3.5,
(Sm,As,,) has a log minimal model over Z. Therefore, we can find ig > m such
that the induced birational map (S;, Ag,) --+ (Si4+1,As,,,) is an isomorphism for
any ¢ > ig (see Step 5). Then, by the argument of the special termination ([F1]), the
(Kx, + A1)-MMP over Z must terminate.

In this way, we see that (X, A) has a log minimal model (see Step 4).

STEP 7. By running the (Kx + A)-MMP over Z, we can obtain a log minimal
model (X, A) ==+ (Xmin, Amin) over Z. Then, the numerical dimension of Kx, _, -+
Amin over Z is 0, and for any lc center S” of (Xmin, Amin), the numerical dimension
of (Kx,,, + Amin)|s’ over Z is 0. Since X and Z are both projective, we can apply
Lemma 3.4. Therefore, the divisor Kx, ,, + Amin is semi-ample, and (Xmin, Amin) 18
a good minimal model over Z.

min

So we are done. O
The following result is not used in this paper, but it is interesting on its own.

COROLLARY 3.6. Let m: X — Z be a projective morphism of normal quasi-
projective varieties, and let (X, A) be an le pair. Suppose that there is an R-divisor
B >0 on X such that

e —(Kx + A+ B) is nef over Z, and
o (X,A+e€B) is lc for a real number ¢ > 0.
Then, (X, A) has a good minimal model or a Mori fiber space over Z.

Proof. We can check that the morphism (X, A) — Z satisfies the hypothesis of
Theorem 3.5. Therefore, the corollary follows from Theorem 3.5. O

4. Pseudo-lc pairs. In this section, a pair (X, A) simply denotes a pair of a
normal variety X and an R-divisor A > 0 on it. In particular, we do not assume
Kx + A to be R-Cartier. When Kx + A is R-Cartier, we denote the pair of X and
A by (X, A) as usual.

DEFINITION 4.1. Let (X, A) be a pair and let P be a prime divisor over X, that
is, a prime divisor on a higher birational model Y — X. We define the discrepancy
a(P, X, A) of P with respect to (X, A) as follows:

We fix Kx as a Weil divisor. We denote the image of P on X by cx(P). Let
f:Y — X be a projective birational morphism from a normal variety Y such that
P is a prime divisor on Y. We fix Ky so that f,Ky = Kx as Weil divisors. The
divisor Ky depends on the choice of Kx. For any affine open subset U C X such
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that U N Cx(P) #+ (Z), we put Ky = I()(‘U7 V = f_l(U), fv = f|V and Ky = Ky|v.
For any R-divisor By > 0 on U such that Ky + A|y + By is R-Cartier, we define

ax,ay(P,U, By) = coeffp|, (Kv — fi(Ku + Aly + By)).

By the standard argument, o (x ay(P,U, By) does not depend on the choice of Kx
and f: Y — X. We define

a(P, X, A) = 51}13p {ax,ay(P,U, By)},

where U runs over all affine open subsets of X such that UNcx (P) # 0, and By runs
over all effective R-divisors on U such that Ky + A|y + By is R-Cartier.

DEFINITION 4.2. Let (X, A) be a pair. We say the pair (X, A) is pseudo-lc if the
inequality a(P, X, A) > —1 holds for any prime divisor P over X.

We show three basic properties of discrepancy defined above.

LEMMA 4.3. Let (X, A) be a pair and P be a prime divisor over X .
(i) If Kx + A is R-Cartier, then a(P, X,A) = a(P, X, A), where the right hand
side is the usual discrepancy.
(ii) If P is a divisor on X, then a(P, X, A) = —coeff p(A).
(iii) Let 0 < A" <A be an R-divisor. Then a(P, X,A) < a(P, X, A’).
In particular, if (X, A) is pseudo-lc and Kx + A is R-Cartier, then (X, A) is lc.

Proof. These are proved by the standard arguments.

Firstly, we prove (i). The inequality (P, X, A) > a(P, X, A) follows from the
definition of a(P, X,A). So we prove the inverse inequality. Let f: Y — X be
a projective birational morphism such that P is a prime divisor on Y. Let U be
an affine open subset of X such that U Nex(P) # 0. We set V = f~1(U) and
fv = flv. For any R-Cartier R-divisor By > 0 on U, a(P, X, A) — ayx Ay (P, U, By)
is the coefficient of P|y in

(Kv — fy(Kv + Aly)) — (Kv — fy(Ky + Aly + By)) > 0.

Hence, we have a(P, X,A) > a(x a)(P,U, By) for any U and By. By taking the
supremum, we have a(P, X, A) > a(P, X, A). So the equality holds.

Secondly, we show (ii). For any affine open subset U C X with PNU # ()
and any R-divisor By > 0 on U such that Ky + A|y 4+ By is R-Cartier, we have
ax,ay(P,U,By) < —coeffp(A). Then a(P,X,A) < —coeffp(A) by Definition 4.1.
We pick an affine open subset U such that P NU # @ and U is contained in the
smooth locus of X. Such U exists since X is normal. Then, the divisor Ky + A|y
is R-Cartier, and we have a(x ay(P,U,0) = —coeffp(A). By Definition 4.1, we have
a(P, X,A) > —coeff p(A). Thus, the equality of (ii) holds.

Finally, we show (iii). Put G = A — A’ > 0, and pick any prime divisor P over
X. For any affine open subset U C X with U Nex (P) # () and any R-divisor By > 0
on U such that Ky + A|y + By is R-Cartier, we have

a(X,A}(Pa Uv BU) = a(X,A’)(Pv UaG|U +BU) < a(Pva A/)

by Definition 4.1. By taking the supremum, we have a(P, X, A) < «(P, X, A’). So
we are done. 0
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By Lemma 4.3, we see that the usual lc pairs and potentially lc pairs are pseudo-lc
pairs (for definition of potentially lc pairs, see [K, Definition 17]). We will see later
that the notion of pseudo-lc singularity is closely related to log canonical singularity
introduced in [dFH] and generalized lc pairs introduced in [BZ] (Proposition 4.6 and
Proposition 4.12).

Before showing results on pseudo-lc pairs, we recall notations and definitions
in [dFH]. In [dFH], de Fernex and Hacon defined log canonical and log terminal
singularities for pairs (X, > a;Z;) of a normal quasi-projective variety X and a formal
R>o-linear combination ) a;Z; of subschemes Z; C X. In this paper, we deal with
the case when the subscheme part is zero. We note that the definition of log canonical
singularity in the sense of [dFH] (Definition 4.5) is only used for comparison to pseudo-
lc singularity.

NOTATION 4.4. For any prime divisor P over X, we denote by vp: C(X) — Z
the corresponding divisorial valuation on the field of rational functions C(X).
Firstly, for any Weil divisor D on X, we define

. ¢ € Ox(—D)(U),U C X is open,
vL(D) = mm{vp(d))‘ UQC;(P) " } (1)

([dFH, Definition 2.1 and Definition 2.2]).
Secondly, for any birational morphism f: Y — X from a normal variety Y, we
define

iD= Y oR(DE (2)
E: prime divisor
onY
([dFH, Definition 2.6]).
Thirdly, for any Q-divisor D, we can define vp(D) by

(kD " (kD ® (kD
op(D) = jaf P = e 20 = g DD

(3)

([dFH, Lemma 2.8 and Definition 2.9]). When D is Q-Cartier, vp(D) coincides with
the usual valuation along P.

Fourthly, we fix a birational morphism f: Y — X from a normal variety Y and
WEeil divisors Ky and Ky such that f,Ky = Kx. For any m > 1, we put

1
Ky x =Ky — th(mKX) (4)

([dFH, Definition 3.1]). Note that K, y,x does not depend on the choice of Kx and
Ky.
Finally, for any Q-divisor D on X and any birational morphism f: Y — X from
a normal variety Y, the pullback of D is defined by

[*D:= > w(D)E, (5)
E: prime divisor
onY

where vg(D) is as in Notation 4.4 (3). If D is Q-Cartier, f*D coincides with the
usual pullback.
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DEFINITION 4.5 ([dFH, Definition 7.1]). Let X be a normal variety. We say the
pair (X,0) is log canonical in the sense of [dFH] if X is quasi-projective and there is
m > 1 such that for any projective birational morphism f: Y — X and any prime
divisor P on Y, coefficient of P in K,, y,x is not less than —1.

By [dFH, Proposition 7.2], (X, 0) is log canonical in the sense of [dFH] if and only
if there is a boundary Q-divisor A such that Kx + A is Q-Cartier and (X, A) is lc.
Therefore, by Lemma 4.3 (i) and (iii), if X is log canonical in the sense of [dFH] then
(X, 0) is pseudo-lc.

Moreover, we also have the following statement:

PROPOSITION 4.6. Let (X, A =>"d;A;) be a pair, where A; are (not necessarily
prime or effective) Weil divisors. If there is m > 1 such that

coeff p(Kp, v/ x) Zd ’UP >—1

for any projective birational morphism f:Y — X and any prime divisor P on Y,
then (X, A) is pseudo-le.

Proof. We pick any P over X and fix f: Y — X such that P is a prime divisor
on Y. By Notation 4.4 (1), there is an open subset Uy C X and a rational function ¢g
such that UpNex (P) # 0, ¢g € Ox(—mKx)(Up) and vp(¢g) = ’UE;,(me). Similarly,
for any i, we can find U; and ¢; such that U; Nex(P) # 0, ¢; € Ox(—A;)(U;) and
vp(¢;) = v?D(AZ-). By shrinking Uy and U;, we may assume that Uy = U; for any i
and Uy is affine. We put U = Uy. We define divisors By and B; on U by

BO = %(le((j)O) — mKU) and Bl = le((,ZZ) — A1|U

By construction of ¢g and ¢;, we have By > 0 and B; > 0. Set By = By + >_d;B;.
Then, the divisor Ky + Ay + By is R-Cartier because

Ky + Aly + By = (Kvu + Bo) + Zdi(Ai|U + B;)
= %div((ﬁo) + ) di - div(ey).
Moreover, if we set V = f~1(U) and fy = f|v, we have
a(x.a)(P.U, By) =coeft p|,, (Kv — fy:(Ku + Aly + Bu))
—coeffpy, (Ky — <if;<div (60) + 3 di i (div(60))))
=coeft p(Ky) — *UP (¢0) Zd vp(¢s).

We recall that vp(¢o) = UEJ(mKX) and vp(¢;) = v?D(Ai). With the above equation,
we obtain

1
ax,a) (P, U, By) =coeffp(Ky) — —vp(¢o) = di-vp(en)

1
=coeff p(Ky) — — K gdl
=coeff p(Ky) mva x) UP
>—1.
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By Definition 4.1, we have «(P, X, A) > —1 for any prime divisor P over X. In this
way, we see that (X, A) is pseudo-lc. O

We discuss other formulations of discrepancy in Definition 4.1 (Proposition 4.7,
Theorem 4.8 and Theorem 4.9). In Proposition 4.7 below, we give a very simple
description of discrepancy with Notation 4.4 (5).

PROPOSITION 4.7. Let (X,A) be a pair such that A is a Q-divisor, and let
P be a prime divisor over X. Let f:Y — X be a projective birational morphism

from a normal variety Y such that P is a divisor on Y. Fiz Kx and Ky such that
f*Ky = Kx. Then,

(P, X,A) = coeffp (Ky — f*(Kx + A)) = coeff p(Ky) —vp(Kx + A).

Proof. The second equality is obvious from the definition of f*(Kx + A). We
prove the equality a(P, X, A) = coeff p(Ky) — vp(Kx + A). Pick any m such that
m = k! for some integer k > 0 and mA is a Weil divisor. By Notation 4.4 (1), we can
find an open subset U C X and a rational function ¢ € Ox(—m(Kx + A))(U) such
that U Nex (P) # 0 and vp(¢) = vgj(m(KX + A)). By shrinking U, we may assume
that U is affine. We set By = %(div(@ —m(Ky 4+ Aly)). Then By > 0 and the
divisor Kyy + Aly + By is Q-Cartier. If we put V = f~Y(U) and fy = f|v, then

a(P, X, A) > aix,ay (P, U, By) =coeffp,, (Kv — fi-(Ku + Al + By))
1
=coeffp(Ky) — —
coeffp(Ky) — —vp(d)

=coeffp(Ky) Lim(Kx + A)).

- —v
m
By Notation 4.4 (3), we have vp(Kx + A) = limkﬁmw. Therefore, con-

sidering the limit k& — oo, we obtain a(P, X, A) > coeffp(Ky) — vp(Kx + A).

On the other hand, pick an affine open subset U’ C X and an R-divisor Cyr > 0
on U’ such that U' Nex(P) # 0 and Ky + Alyr + Cyr is R-Cartier. Then, there
are positive real numbers r1,--- ,r, and effective Q-divisors C1,---,C, on U’ such
that Z?=1 r; =1, Z;L=1 r;C; = Cyr and Kyr + Ay + C; are Q-Cartier. By defini-
tion of o x ay(P,U’,Cyr), we have ax ) (P, U’,Cyr) = Z;’:l i ax ) (P U, Cy).
Therefore, we have a(x a)(P,U’,Cyr) < aix,a)(P,U’,Cj) for some index j'. Pick
a sufficiently large and divisible integer m > 0 such that mA and mCj are both
Weil divisors and m(Ky + Ay + Cj/) is Cartier. By shrinking U’, we may write
m(Ky: + Alyr + Cjr) = div(e) with a rational function ¢. Since Cj; > 0, we have
o € Ox(—m(Kx + A))(U’), and therefore we obtain vp(o) > vgg(m(KX + A)) by
Notation 4.4 (1). With Notation 4.4 (3), we have

%vp(a) > %vgg(m(KX +A)) >vp(Kx + A).

We put V' = f~Y(U’) and fy» = f|y+. From the above facts, for any U’ and Cy, we
have

a(X,A) (P7 U/7CU’) §a<X,A> (P> UI>Cj’)
:coeffp‘v, (Kvl — f\j'(KU’ —|— A|U’ —|— Cj/))
1
= Tr(Kyv) — —
coe P( y) m’Up(O’)
<coeffp(Ky) —vp(Kx + A).
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By taking the supremum, we have a(P, X, A) < coeffp(Ky) — vp(Kx + A). So we
obtain the desired equality. O

Next, we prove that for any pair (X,A) such that X is quasi-projective, the
discrepancy af( -, X, A) of (X, A) can be approximated by the usual discrepancy of
pairs (X, A + G) with G > 0.

THEOREM 4.8. Let (X, A) be a pair such that X is quasi-projective. Then, for
any projective birational morphism f:Y — X from a normal quasi-projective variety
Y and any real number € > 0, there is an effective R-divisor G on X such that

e A and G have no common components, and
o Kx+A+G isR-Cartier and a(P, X, A) —a(P, X, A+ G) < ¢ for any prime
divisor P on'Y, where a(P, X, A + Q) is the usual discrepancy.
In particular, for any prime divisor P over X, we have

a(P, X,A) =sup{a(P,X,A+ G)|G > 0 such that Kx + A + G is R-Cartier}.

Proof. The second assertion immediately follows from the first assertion. So we
only prove the first assertion. Pick f: Y — X and € > 0 as in Theorem 4.8. By
replacing Y by a higher smooth model, we may assume that Y is smooth. Fix Weil
divisors Kx and Ky such that f,Ky = Kx. We prove Theorem 4.8 in two steps.

STEP 1. First we prove Theorem 4.8 when A is a Q-divisor. We borrow the idea
of [dFH, Proof of Theorem 5.4].

Let {F;}; be the set of all f-exceptional prime divisors on Y. Since the set {E;};
is a finite set, by Notation 4.4 (3), there is a sufficiently large and divisible integer
m > 0 such that mA is a Weil divisor and %th (m(Kx +A)) <ovg,(Kx +A)+e€
for all F;. We pick m > 0 such that % < e and m satisfies the above condition. By
Proposition 4.7, we have

a(E;, X, A) =coeft g, (Ky ) — vg, (Kx + A)
1
<coeffg, (Ky) — EUE@ (m(Kx +A)) +e.

Pick a Weil divisor D > 0 on X such that m(Kx + A) — D is Cartier, and take an
ample Cartier divisor A such that the sheaf Ox (A — D) is globally generated. We
can find such D and A since X is quasi-projective. By construction of Ox (A — D),
we have

min{vp()| ¥ € HO(X,Ox(A — D))} = v} (D — A)

for any prime divisor P on Y, where v%(-) is as in Notation 4.4 (1). We define a
linear system

A= D| = {4 € |A] | A" = D > 0} = {div(s}) + A| € H(X,Ox (A — D))}
and consider its pullback f*|A — D| := {f*A’| A’ € |A — D|}. Then, the fixed part
Fix(f*|A — D)) is

Fix(f*|A— D|) = (min{coeffp(f*A') | A" € |A = D|}) P
P
= Z (min{vp(¥)|y) € H*(X,Ox (A — D))} + coeff p(f*A)) P
P
=f*A+> vh(D—A)- P = f"A+ f{(D - A)

P
:tha
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where the final equality follows from [dFH, Lemma 2.4]. Therefore, we can find a
movable Cartier divisor M such that M + f9D ~ f*A. Then, f.M + D is Cartier.
Thus, the divisor m(Kx +A) + fuM = m(Kx + A) — D+ (D + f.M) is Cartier and
we have M + f'D = f*(f.M + D). We pick M > 0 so that M is reduced and it
contains no f-exceptional divisors or components of f'A in its support. Then

Ky =M~ f{(m(Kx + A))
=Ky — Lo lth(77~L(I(X+A) —~D+D)
m m

1 1 1
=Ky — —M — —f'D — —f*(m(Kx + A) — D)
m m m

Ky = [ (LM + D) = — [ (m(Kx + &) = D)
=Ky — f"(Kx + A+ %f*M%

where the second equality follows from [dFH, Lemma 2.4] and that the divisor m(K x+
A) — D is Cartier. We recall that m satisfies % < ¢, and also recall that we have
a(E;, X,A) < coeffp, (Ky) — %U%i (m(Kx + A)) + e for any f-exceptional prime
divisor E; on Y. Pick any prime divisor P on Y. Since M contains no f-exceptional
divisors, if P is f-exceptional, we have

1 1 1
a(P, X, A+ — f,M) =coeff p (Ky — —M — Ef“(m(KX +A)))

1
=coeff p(Ky) — Evgj(m(KX + A))
>a(P, X,A) —e.

If P is a divisor on X, we have

a(P,X,A) — a(P, X, A+ L M) == - coeffp(fuM) < - < e,
m

L L
m m
where the first equality follows from Lemma 4.3 (ii) and the second inequality follows
from that M is reduced. So % f+M satisfies the conditions of Theorem 4.8.

STEP 2. From now on, we prove Theorem 4.8 when A is an R-divisor.

Let {E;}; be the set of all f-exceptional prime divisors on Y. By Definition 4.1,
there are affine open subsets U; C X with cx(E;) NU; # @ and R-divisors B; > 0 on
U; such that Ky, + Aly, + B; are R-Cartier and a(E;, X, A) — § < ayx a)(Ei, U, B;)
for all i. Let £ C WDivg(X) be the set of effective R-divisors on X whose support is
contained in SuppA. For any 4, let B; C WDivg(U;) be the set of effective R-divisors
on U; whose support is contained in SuppB;. We identify & (resp. B;) with a subset
of the R-vector space whose basis is given by all components of A (resp. the R-vector
space whose basis is given by all components of B;). Consider the set

{(A/, (Bz/)l) €& x HBZ

Ky, + A'|y, + B is R-Cartier for any z}

which contains (A, (Bz-)i). By an argument of convex geometry, we see that the set
contains a rational polytope in £ x [], B; containing (A, (Bz)z) Therefore, we can



226 K. HASHIZUME

find positive real numbers rq,--- ,ry, effective Q-divisors AM ... A on X and
effective Q-divisors Bi(l), e ,Bi(n) on U; such that 37 r = 1, 10, AL = A,
Sy rlel) = B; and Ky, + AW|y, + Bi(l) is Q-Cartier for any i. By choosing
those Q-divisors sufficiently close to A and B;, we may assume that the inequality

apxony (B Ui, By) — § < agx.amy (Bi, Uy, B") holds for any i and I. Then

(B, X, AD) >ax Ay (Ei, Ui,Bi(l)) > ax )y (B, Us, By) — %
2
——¢
3 )
where the first inequality follows from Definition 4.1. Furthermore, we can assume

that SuppA = SuppA® and all coefficients of A — A® belong to [—%e, %e] for any
1 <1< n. Then, by Lemma 4.3 (ii) and the above inequality, we obtain

a(P,X,A) —a(P,X,AV) < ge

ZQ(EZ‘,X, A)

for any prime divisor P on Y. By the case of Q-divisors of Theorem 4.8, we can find
effective R-divisors GV, --- G on X such that
e AW and G® have no common components, and
o Kx+AW +GW is R-Cartier and (P, X, AD) —a(P, X, AW + GW) <
any prime divisor P on Y
forany 1 <[ <n. We set G = Z?Zl r GO, By construction, we have

€
5 for

Kx+A+G= ZTI(KX + A0 4 g0y,
=1

and so Kx + A + G is R-Cartier. Since SuppA = SuppA® for any 1 < 1 < n
and since A® and G® have no common components, we see that A and G have no

common components. We pick any prime divisor P on Y. By construction, we have
a(P,X,A+G) =37 a(P,X,AD + GU). Recalling >}, 7 = 1, we obtain

a(P,X,A)—a(P, X, A+ G)

ri(a(P, X, A) — a(P, X, AV + g1))

FH1

N
I
-

ri(a(P, X, A) — a(P, X, AD) + a(P, X,AD) —a(P, X, AV + GV))

2,1
r | e+ e =e
1l3 3

In this way, G satisfies the conditions of Theorem 4.8.

-

N
Il
-

-

—~

So we are done. 0

We also see that the b-divisor defined with discrepancies is a logarithmic analog
of the relative log canonical b-divisor in [BAFF, Definition 3.1].

THEOREM 4.9. Let (X, A) be a pair, and let f: Y — X be a projective birational
morphism from a normal variety Y. Put D =), a(P, X, A), where P runs over all
prime divisors on Y .
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Then, we have D = Ky + (Envx(—(Kx + A)))y, where (Envx (—(Kx + A)))y
is the trace of the nef envelope Envyx(—(Kx + A)) on'Y (for the definition of nef
envelope, see [BAFF, Definition 2.3]).

Proof. The inequality D > Ky + (Envx (—(Kx + A)))y follows from Definition
4.1 and [BAFF, Definition 2.3] (see also [BAFF, Lemma 2.2]), and the equality holds
when A is a Q-divisor (Proposition 4.7 and [BAFF, Remark 2.4]). Furthermore, by
the same argument as in Step 2 in the proof of Theorem 4.8, for any € > 0, we can find
positive real numbers rq, - - - , 7, and Q-divisors A ... A guch that Yo =1,
S mAY = A and (P, X,A) — a(P, X, AW) < ¢ for any [ and any prime divisor
PonY. Then a(P, X,A) = > ma(P, X, AW) < ¢, and therefore

coeff p (Ky + (Envx (—(Kx + A)))y)

> - coeffp (Ky + (Envy (—(Kx + A1)))y) = > na(P,X,AD)
=1 =1
>a(P, X,A) — e = coeff p(D) — e,

where the first inequality follows from [BAFF, Proposition 2.6], and the second equal-
ity follows because AW are Q-divisors. Since e is any positive real number, we have
D < Ky + (Envx(—(Kx + A)))y. So the equality holds. O

We give two examples of pseudo-lc pairs. First one is pseudo-lc pairs (Z, Ay)
which are not lc.

EXAMPLE 4.10. Let (X,A) be a projective Q-factorial klt pair such that the
Picard number p(X) is greater than 1 and —(Kx + A) is nef but not numerically
trivial. We pick a very ample Cartier divisor A on X such that there is no real number
r satisfying rA ~g Kx + A. Note that we only use p(X) > 1 for the existence of A.
Set Y =Px(Ox ® Ox(—A)), and let f: Y — X be the natural morphism. Then

Ky +2S+ f*A+ f*A= f*(Kx + A),

where S is the unique section corresponding to Oy (1). We note that S is Cartier,
S ~ X and the pair (Y,S + f*A) is plt. We construct a cone Z by contracting S.
Let m: Y — Z be the natural morphism. By construction, the image 7(5) is a point.
Moreover, we can write S + f*A ~g 7*H for an ample Q-divisor H on Z. We put
AZ = Ty f*A

We show that (Z, Az) is pseudo-le. For any real number ¢ > 0, pick a general
ample R-divisor A; ~g tA — (Kx + A). Since we have Kx + A + A; ~g tA, we see
that Kz + Ay + m.f*A; is R-Cartier ([F4, Proposition 7.2.8]). Then, by a simple
calculation, we obtain

Ky + At + A+ 14+ 1)S =7 (Kz + Az + 7 f"Ay).

Let P be any prime divisor over Z. By replacing A; if necessary, we may assume
cy (P) ¢ Suppf*A;. Then, we have a(P, Z, Ay + m. f*Ay) = a(P,Y, (1 +t)S + f*A),
where both hand sides are the usual discrepancies. By definition of a(P, Z, Ayz) (see
Definition 4.1), we have a(P, Z,Ayz) > a(P,Z, Ay + m.f*A;) for any ¢t > 0. Thus,
we obtain a(P,Z,Az) > a(P,Y,(1 +t)S + f*A) for any t > 0. By the standard
argument of discrepancies and since the pair (Y, S + f*A) is plt, the function R >
t'— a(P,Y,(1+t)S+ f*A) is continuous and a(P,Y, S+ f*A) > —1. Since we have
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a(P,Z,Az) > a(P,Y,(1+t)S + f*A) for any ¢t > 0, by considering the limit ¢ — 0,
we obtain a(P, Z,Az) > —1. Thus, we see that (Z, Ay) is pseudo-lc.

We show that (Z, Az) is not le. It is sufficient to show that Kz + Ay is not
R-Cartier. Recall that there is no real number r such that rA ~g Kx + A. Then,
Kz + Ay is not R-Cartier by [F4, Proposition 7.2.8]. Thus, (Z, Az) is not lc.

Next example is pseudo-lc pairs which are not log canonical in the sense of [dFH].

EXAMPLE 4.11 (see also [Z, Theorem 1.3]). Let X be a normal projective variety
such that (X,0) is Q-factorial klt, —Kx is nef and there is no effective Q-divisor
A ~g —Kx such that (X,A) is le. Such variety X exists even if X is a smooth
surface ([S, Example 1.1]). As in Example 4.10, we pick a very ample divisor A on
X and set Y = Px(Ox @ Ox(—A)). Note that there is no real number r such that
Kx ~gr rA by the assumption on Kx. Let f: Y — X be the natural morphism and
m:Y — Z be the contraction of the section S corresponding to Oy (1). We have
Ky +25+ f*A= f*Kx and S+ f*A ~g 7" H for an ample H on Z. We also have
S~ X, and 7(S) is a point.

Since —K x is nef, as in the argument in the second paragraph of Example 4.10,
we see that (Z,0) is pseudo-lc. We show that (Z,0) is not log canonical in the sense of
[dFH]. If (Z,0) is log canonical in the sense of [dFH], by [dFH, Proposition 7.2], there
is a Q-divisor B > 0 on Z such that Kz + B is Q-Cartier and (Z, B) is lc. Then, we
can write Ky +aS+m,; 1B = 7*(Kz + B) with an a < 1, and the pair (Y,aS+7;!B)
is sub-lc. If @ < 1, by using S + f*A ~g 7" H, we obtain

Ky +S+n,'B+(1—a)f*A~gm*(Kz+ B+ (1—a)H).

By restricting to S, we obtain Kg ~g —7,; 'B|s — (1 —a)f*Als. We recall S ~ X.
Since W*’lB|5 > 0and 1 —a > 0, we see that —Kx is big. Because —Kx is nef
and (X,0) is Q-factorial kit by the hypothesis, we can find a Q-divisor A ~g —Kx
such that (X, A) is klt. But it contradicts the hypothesis of X. Thus, we see that
a=1. Then Ky + S + 7, !B = n*(Kz + B) and the pair (Y, S + 7, !B) is le. By
restricting to S, we obtain Kg ~g —m, ' Blg, and if we set Ag = m;!B|g, then Ag
is a Q-divisor and the pair (S, Ag) is lc by adjunction. Since S ~ X, there is an
Q-divisor Ay ~g —Kx such that (X, Ax) is lc. But it contradicts the hypothesis of
X. Therefore, (Z,0) is not log canonical in the sense of [dFH].

The following proposition says that pseudo-lc pairs appear in generalized lc pairs.
For definition of generalized lc pairs, see [BZ, Definition 4.1].

PROPOSITION 4.12. Let (X', A"+ M’) be a generalized lc pair which comes with
a data X = X' = Z and M. Then, the pair (X', A"} is pseudo-lc.

Proof. By definition of pseudo-lc pairs, we can shrink X’ and Z. Therefore, we
may assume that Z is affine and there is an ample divisor on X’. We fix a prime
divisor P over X', and we show a(P, X', A’) > —1. We denote X — X' by f. By
replacing X, we may assume that f is a log resolution of (X’ SuppA’) such that P
is a divisor on X. We can write Kx + A+ M = f*(Kx/ + A"+ M'), where (X, A) is
sub-lc. Pick an ample divisor A’ on X' and write f*A’ ~g H + G, where H is ample
and G > 0. For any t > 0, we pick a general member H; ~g tH + M such that H; > 0
and SuppH; 2 P. Then, we have Kx' + A’ + f.(H; +tG) ~r Kx: + A"+ M’ + tA’
and so Kx/ + A’ + f.(H; + tG) is R-Cartier. We also have f,(H; +tG) > 0 and

Kx +A+H, +tG = f"(Kx + A"+ f.(H + tQ))
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for any ¢t > 0. Since (X, A) is sub-le, by definition of a(P, X', A’), we have
a(P, X', A") > coeff p(—A —tG) > —1 — t - coeff p(G)

for any t > 0. So a(P, X', A’) > —1, and we see that (X', A’) is pseudo-lc. O

REMARK 4.13. We give two remarks on Example 4.11.

(1) Example 4.11 shows that there is a generalized lc¢ pair with zero boundary
part (Z, Mz) such that there is no divisor B with which the pair (Z, B) is lc.
Indeed, with notation as in Example 4.11, put N = —f*Kx + n*H, which is
nef by construction of X. Then we have Ky + S+ N ~g 0. Since (Y, .5) is plt,
(Z,Mz := 7.N) is a generalized lc pair which comes with the data 7: Y — Z
and V. But, as we have seen in Example 4.11, there is no boundary divisor
B such that the pair (Z, B) is lc ([dFH, Proposition 7.2]).

(2) Example 4.11 gives a negative answer to question (b) in [BAFF, Section 0].
Indeed, with notation as in Example 4.11, take X as a smooth surface as in
[S, Example 1.1]. Then Z has only one isolated singular point zy = 7(S5).
Since (Z,0) is pseudo-lc and by Theorem 4.9, we see that the log discrepancy
b-divisor as in [BAFF, Definition 3.4] is effective. Therefore, if Vol(Z, zp) is
the volume defined in [BAFF, Definition 4.18], then we have Vol(Z, zy) = 0
by [BAFF, Proposition 4.19]. But there is no boundary divisor B such that
the pair (Z, B) is lc. For argument using notions of volumes, see [Z].

From now on, we prove the main result of this paper.

THEOREM 4.14. Let (X, A) be a pair such that A is a boundary R-divisor. Then,
there is a projective birational morphism h: W — X from a normal variety W such
that

e any h-exceptional prime divisor E, satisfies a(Ep, X, A) < —1,

e the reduced h-exceptional divisor Fieq is Q-Cartier, and

o if we put Ay = h;'A + E.oq, then Ky + Ay is R-Cartier and the pair
(W, Aw) is lc.

Proof. We prove it in several steps.

STEP 1. In this step, we construct a special log resolution of (X, SuppA) used in
this proof.

Let f: Y — X be a log resolution of (X,SuppA), and let I' be the sum of
f'A and the reduced f-exceptional divisor. Let G be the reduced divisor on Y
which is the sum of all f-exceptional prime divisors whose discrepancy «( -, X, A) is
less than —1. By construction, we have I' — G > 0 and «(D,X,A) > —1 for any
component D of I' — G (see Lemma 4.3 (ii)). Suppose that there is an lc center
Sp of (Y,I' — G) such that for any prime divisor Py over Y with ¢y (Py) = Sy and
a(Py,Y,I' — G) = —1, we have a(FPy, X, A) < —1. We take the blow-up f1: Y1 = Y
along Sy and we set 'y = ff*lF + Fy and G = ff*lG + FEq, where F; is the unique
f1-exceptional divisor. Note that «(E7, X, A) < —1 since we have ¢y (E;) = Sy and
a(E1,Y, T —G) = —1. We also see that (1 is the sum of all (f o f;)-exceptional prime
divisors on Y7 whose discrepancy «(-,X,A) is less than —1. Suppose that there
is an lc center 57 of (Y7,I'1 — G1) such that for any prime divisor P; over Y; with
¢y, (Py) = 81 and a(Py,Y7,T1 — Gy) = —1, we have a(Py, X, A) < —1. We take the
blow-up fao: Yo — Y7 along S; and we set 'y = f2_*1F1 + E5 and Gy = fz_*lGl + FEo,
where Fj is the unique fs-exceptional divisor. Then «(FEs, X,A) < —1, and Gy is
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the sum of all exceptional prime divisors over X whose discrepancy a( -, X, A) is less
than —1. By the standard argument, this process eventually stops.
In this way, we obtain a log resolution f:Y — X of (X, SuppA), an effective

R-divisor I' and an effective f-exceptional divisor G on Y such that

o I is the sum of f7!A and the reduced f-exceptional divisor,

e G =0 or it is a reduced divisor,

e for any f-exceptional prime divisor £y on Y, E is a component of G if and
only if a(Ey, X, A) < —1, and
for any lc center S of (Y,T' — @), there is a prime divisor @ over X such that
ey (@Q)=S,a(Q,Y,T—G)=—1and o(Q, X,A) > —1.

STEP 2. From this step to Step 4, we prove that for any 0 < ¢t < 1, there
is the log canonical model (Wy, 'y, — tGw,) of (Y,I' — tG) over X such that any
exceptional prime divisor P of the morphism W; — X satisfies a(P, X, A) < —1. We
fix 0 < ¢t < 1. Note that the conditions of I' and G stated in Step 1 hold even if we
restrict f: Y — X over an affine open subset of X. Since the log canonical model can
be constructed locally, from this step to Step 4, we assume that X is affine.

We run the (Ky +I' — tG)-MMP over X with scaling of an ample divisor. After
finitely many steps, we obtain a model f': (Y, IV —tG’) — X such that Ky +1"—tG’
is the limit of movable divisors over X, where IV and G’ are the birational transforms
of T and G on Y’ respectively. Then, for any f’-exceptional prime divisor E’ on Y,
we have a(E’, X,A) < —1. Indeed, if a(E’, X,A) > —1 for an f’-exceptional prime
divisor E’, by Theorem 4.8, there is an R-divisor B > 0 on X such that Kx + A+ B
is R-Cartier and a(E’, X, A+ B) > —1. Then,

Ky +T' —tG' =f*(Kx + A+ B)+ M' — f/7'B —tG’,

where M’ is an f’-exceptional divisor on Y’. Since a(E’, X,A + B) > —1 and I"
contains the reduced f’-exceptional divisor, the effective part of M’ contains E’ in
its support. By construction of G (see the third condition of Step 1 in this proof)
and since a(FE’, X, A) > —1, we see that £’ is not a component of G’. Therefore, the
divisor M’ — f/=' B —tG" has non-zero effective f’-exceptional part. But it contradicts
[B1, Lemma 3.3] because Ky +I" — tG’ is the limit of movable divisors over X. So
we have a(E’, X, A) < —1 for any f’-exceptional prime divisor E’.

By the above argument, for any R-divisor C' > 0 on X such that Kx + A+ C'is
R-Cartier, we can write

Ky +1"—tG'= f*(Kx + A+ C)— N

with an N > 0. Then o(P",Y",T' —tG") > a(P’, X, A + C) for any prime divisor P’
over X, where both hand sides are the usual discrepancies. By Theorem 4.8, we have
a(P,Y' T" —tG") > a(P’, X, A) for any prime divisor P’ over X.

STEP 3. We check with Theorem 3.5 that (Y',I" — tG’) has a good minimal
model over X. Note that in this step, we assume that X is affine.

It is clear that —(Ky 4+ I —tG") is pseudo-effective over X. Pick any lc center S’
of (Y',I" —tG"). Then S’ is normal since (Y, I — ¢tG’) is Q-factorial dlt. We prove
that the divisor —(Ky+1"—tG")|s: is pseudo-effective over X. By construction, there
is an lc center S of (Y,I'—tG) such that the indeterminacy locus of the birational map
Y --» Y’ does not contain S and Y --» Y’ induces a birational map S --» S’. Since
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(Y,T) is le, S is also an lc center of (Y, I'—G). By the fourth condition of Step 1 in this
proof, we can find a prime divisor @ over X such that ¢y (Q) = S, a(Q,Y,'-G) = -1
and a(Q, X, A) > —1. Since (Y,T) is lc, we have a(Q,Y, T — tG) = —1. Since the
indeterminacy locus of the map Y --+ Y’ does not contain S, we see that ¢y (Q) = S’
and a(Q,Y’, TV —tG') = —1.

Let f: Y — Y’ be a log resolution of (Y', T —tG’) such that Q is a prime divisor
on Y. We define an R-divisor ¥ on Y by Ky + ¥ = T (Ky +T" —tG). We set
?Q = flg: Q@ — S’ Then, ?Q is surjective and we have

—(Ky +U)|g ~r fo(—(Ey +T/ —tG')|s).

Therefore, to prove the pseudo-effectivity of —( Ky +I"—tG’)|s: over X, it is sufficient
to prove that —(Ky + ¥)|q is pseudo-effective over X.

We recall that a(Q, Y, T" —tG’") > a(Q, X, A) (see the last sentence of Step 2 in
this proof). Thus, we have

-1= G(Q,Y/,F/ - tG/) > O{(Q,X,A) > _]-7

and therefore, we see that a(Q,X,A) = —1. By Theorem 4.8, for any k € Zo,
we can find an R-divisor C, > 0 on X such that Kx + A + C} is R-Cartier and
a(Q, X, A+ Cy) > -1 — 7. Weset B, =1+ a(Q,X,A+Cj). Then — < B, <0
because we have a(Q, X, A + Ci) < a(Q, X, A) = —1 by Definition 4.1.

We recall that for any R-divisor C' > 0 on X such that Ky + A+ C' is R-Cartier,
we can write Ky + IV —tG' = f*(Kx + A+ C) — N with an N > 0. This fact
is stated in the last paragraph of Step 2 in this proof. Therefore, with an effective
R-divisor N on Y’ we can write Ky, + TV —tG' = f*(Kx + A+ C;) — Ni. By a
simple calculation of discrepancies, we have

COGEQ(*?*Nk) = CL(Q,X, A + Ck) - CL(Q, Y/7F/ - tG/) = a’(Qva A + Ck) + 1= /Bk

Therefore, if we put N’L: f*Nk + B,Q, we have Nj, > 0 and —f*Nk = 6@ — Nj.
We also see that SuppN; 2 Q for any k because we have coeffo(—f Ni) = Bp.
Furthermore, since we have Ky + ¥ = 7 (Ky +T" — tG") by construction, we can
write

K+ =F (Ky +T"—tG") = [ f"(Kx + A+ C) — [ N, ~r,x Q@ — Ny
From these facts, we have
—(Kv+ )| + BrQlq ~r.x Nilg > 0.

Since limy_,ocfr = 0, we see that —(Ky + ¥)|q is pseudo-effective over X. By the
argument in the third paragraph of this step, —(Ky + 17 —tG’)|s/ is pseudo-effective
over X. Since S’ is any lc center of (Y, TV — ¢tG’), the morphism (Y', TV —tG’) — X
satisfies the hypothesis of Theorem 3.5. We note again that in this step, X is assumed
to be affine. In this way, we see that (Y', IV —tG’) has a good minimal model over X.

STEP 4. We successively assume that X is affine. We run the (Ky: + 1V — tG’)-
MMP over X, and we get a good minimal model (Y', TV —tG’) --+ (Y",T" —tG") over
X. Let Y — W, be the contraction over X induced by Ky~ +T" —tG". Because the
birational map Y --» Y is a sequence of steps of the (Ky + T — tG)-MMP over X,
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the pair (Wi, I'w, —tGw,) is the log canonical model of (Y,I' —tG) over X, where I'y,
and Gy, are the birational transforms of I' and G on W, respectively. We denote
the morphism Y — X by f”. Now we have the following diagram.

(Y,T —tG) - — = (Y, I" —tG") - — = (Y",T — tG") — (W;,Tw, — tGw,)

We prove that any exceptional prime divisor P of the morphism W; — X satisfies
a(P,X,A) < —1. To prove this, we prove that the morphism Y” — W, contracts
all f”-exceptional prime divisors E” satisfying o(E”, X, A) > —1. By construction,
I'" is the sum of f”~'A and the reduced f”-exceptional divisor. We recall the third
condition on I'" and G stated in Step 1 in this proof. From the condition, E” is not a
component of G, and hence E” is an lc center of (Y”,T" —tG"). We also recall that
the restriction —(Ky +I" — tG")|ss is pseudo-effective over X for any lc center S of
(Y', TV — tG"), which is proved in Step 3. Therefore, by taking a common resolution
of the map Y’ --» Y” and applying [F1, Lemma 4.2.10], we see that the divisor
—(Ky» +T" —tG")|g» on E” is pseudo-effective over X. On the other hand, since
(Y, T" —tG") is a good minimal model over X, the divisor Ky~ +T" —tG" is semi-
ample over X. From these facts, we see that the restriction of (Ky» + T —tG")|gn
to any sufficiently general fiber of the morphism E” — X is numerically trivial.
This implies that the morphism Y” — W, contracts all sufficiently general fibers of
E"” — X. In particular, E” is contracted by Y” — W;. In this way, we see that the
morphism Y” — W, contracts all f”-exceptional prime divisors E” on Y satisfying
alB", X,A) > —1.

STEP 5. In this step, X is not necessarily affine. Let f: (Y,T') — X and G be
as in Step 1. By steps 2, 3 and 4, for any 0 < ¢t < 1, there exists the log canonical
model (W, T'w, —tGw,) of (Y,I'—tG) over X such that any exceptional prime divisor
P of the morphism W; — X satisfies o(P, X, A) < —1. Since Gy, is the birational
transform of G on W4, it is the reduced exceptional divisor of W; — X (see the second
condition of Step 1 in this proof).

Let {e, }n>1 be a strictly decreasing sequence of positive real numbers such that
en < 1 and lim, e, = 0. We apply Lemma 2.6 to (Y,T' — e,G) — X and e,G.
For each n, we can find t,, € (0,e,) and a birational contraction Y --» W, such that
(W, Tw,, —taGw,, ) is the log canonical model of (Y,I" —#,G) over X and Gw,,
is Q-Cartier. By construction, the pair (W, ,I'w, — Gw,, ) islc, lim, ;t, = 0 and
the log canonical threshold let(W;, ,I'w, — Gw,, ;Gw,, ) is not less than 1 —¢,. By
[HMX1, Theorem 1.1], we can find n such that let(W;, ,T'w, — Gw, ;Gw,, ) = 1.
For this n, put W =W, , Aw =T'w, and Gw = Gw, . We denote the morphism
W — X by h.

We check that h: (W, Ay ) — X satisfies all the conditions of Theorem 4.14. The
first condition of Theorem 4.14 follows from construction of h: W — X (see steps 2, 3
and 4, or the third sentence of this step). Recall that Gy is the reduced h-exceptional
divisor (see the last sentence in the first paragraph of this step). We put Fieq = Gw,
which is Q-Cartier. Therefore, F,.q satisfies the second condition of Theorem 4.14.
We have Ay = h;'A + E,.q by construction of I' in Step 1 in this proof. Since
Kw + Aw — Eyeq is R-Cartier and let(W, Ay — Eyeq; Ered) = 1, the third condition
of Theorem 4.14 is satisfied.
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So we complete the proof. O

REMARK 4.15. The proof of Theorem 4.14 shows that for any pair (X, A) such
that A is a boundary R-divisor and any ¢ > 0, we can construct h: W — X as in
Theorem 4.14 such that Ky + Ay — t'Eyeq is h-ample for some t' € (0,¢). Indeed,
when we carry out the argument in Step 5, we pick a strictly decreasing sequence
{en}n>1 so that e; < t. With notations as in Step 5, by construction of h: W — X
the pair (W, Ay —t,, Erea) is the log canonical model of (Y, T —¢,G) over X for some
t, € (0,e,). Since e, < e; < t, putting ¢’ = ¢, the divisor Ky + Ay — t/Fyreq is
h-ample.

COROLLARY 4.16. Let (X, A) be a pair. If X is a surface, then (X, A) is pseudo-
le if and only if Kx + A is R-Cartier and (X, A) is lc.

Note that (W, Ay,) in Theorem 4.14 is not an le modification of (X, A). If there
is an lc modification (X', A’) of (X, A), then the pair (X', A’) satisfies the first and
third conditions of Theorem 4.14.

By the arguments in steps 2, 3 and 4 in the proof of Theorem 4.14, we obtain the
following theorem:

THEOREM 4.17. Let (X, A) be a pair such that A is a boundary R-divisor. Let
f:Y — X be a log resolution of (X, A), and let T be the sum of f7 1A and the reduced
f-exceptional divisor. Suppose that

e for any f-exceptional prime divisor E, we have a(E, X, A) > —1, and
e for any lc center S of (Y,I'), there is a prime divisor Q over X such that
ey (@Q)=S, a(Q,Y,T) = -1 and a(Q, X, A) > —1.
Then, (Y,T') has the log canonical model (W, Ay ) over X such that the natural mor-
phism W — X is small. In particular, if (X,A) is pseudo-lc, then there is an lc
modification h: (W, Aw) — X such that h is small.

Proof. Let (X, A) and f: Y — X be as in the theorem. Then we are in the same
situation as the case where G = 0 in the final paragraph of Step 1 in the proof of
Theorem 4.14. So the arguments in steps 2, 3 and 4 in the proof of Theorem 4.14
work with no changes. O

We would like to remark about lc modifications of (X, A). If A is a Q-divisor and
Kx + A is Q-Cartier, an lc modification of (X, A) exists (J[OX, Theorem 1.1]). But,
as we see in Example 4.18 below, the existence of Ic modifications for non-Q-Cartier
pairs is in general a very difficult problem.

EXAMPLE 4.18 ([FG2, Proof of Lemma 3.2]). Let X be a smooth projective
variety such that Kx is pseudo-effective. Let A, f: Y — X, S and n: Y — Z be
as in Example 4.10. By construction, we have Ky + 25 + f*A ~q z Ky + S. Since
S ~ X, we have x(S5) = k(X), where both hand sides are Kodaira dimensions.

Suppose that the pair (Z,0) has an lc modification (Z’,Az) — Z. Then, Ay
is the reduced exceptional divisor over Z, Kz + Ay is Q-Cartier and ample over Z,
and (Z',Az/) is le. We show that (Y,.S) has a good minimal model over Z. Indeed,
since (Z',Az) is lc, we have a(S,Z',Az/) > —1 = a(S,Y,S). By taking a common
resolution of the birational map Y --+ Z’ and by the negativity lemma, we see that
(Z',Az) is a weak lc model of (Y,S) over X with relatively ample log canonical
divisor. Note that S is the unique exceptional divisor of the map Y --+ Z’ because S
is the unique exceptional divisor of w. By [H2, Remark 2.10], we see that (Y,.S) has
a good minimal model over Z.
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Let (Y,S) --» (Y, S") be a sequence of steps of the (Ky + S)-MMP over Z to
a good minimal model. Then, S is not contracted by the log MMP because Kg is
pseudo-effective. Furthermore, we have (Ky' + 5')|ss = Kg and (S) > (5’) by
construction. Since Kg is semi-ample, we have x(S”) > 0. Then x(X) > 0.

In this way, the existence of an lc modification of (Z,0) implies the non-vanishing
theorem for X.

By using Theorem 4.17, we see that two important theorems for lc pairs hold true
in the setting of pseudo-lc pairs.

THEOREM 4.19. Let (X, A) be a pseudo-lc pair such that A is a Q-divisor.
Then, the graded sheaf of Ox -algebra @,, <, Ox (Lm(Kx +A)) is finitely generated.
If X is projective and the minimal model theory holds, then the log canonical ring
D,,>0 H' (X, Ox(tm(Kx + A)J)) is a finitely generated C-algebra.

Proof. The first assertion follows from Theorem 4.17 and [KM, Lemma 6.2]. Let
h: (W, Aw) — (X,A) be as in Theorem 4.17. Suppose that X is projective and
the minimal model theory holds. Then, the log canonical ring of (W, Ay, ) is finitely
generated. Since HO(W, Ow (Lm(Kw + Aw)a)) ~ H(X,Ox(Lm(Kx + A)J)), the
second assertion holds. O

THEOREM 4.20 (Kodaira type vanishing theorem). Let w: X — Z be a projective
morphism of normal varieties and (X, A) be a pseudo-lc pair. Let D be a Weil divisor
on X such that D — (Kx + A) is w-ample.

Then Rim.Ox (D) =0 for any i > 0.

Proof. We put A =D — (Kx + A). Let h: (W, Aw) — (X, A) be the lc modifi-
cation as in Theorem 4.17, and take a log resolution g: Y — W of (W, Ay,). We can
write Ky +T' = ¢*(Kw + Aw ) + E, where I' > 0 and E > 0 have no common compo-
nents. We set Dy = h;!D = Ky +Aw +h*A. Then Ky +T'+g*h*A = g* Dy + E.
Since Dy is a Weil divisor, the divisor ¢* Dy + E — L(¢*Dw + E)J is g-exceptional.
If we set B/ = ¢*Dw + E — L(¢* Dw + E)_, the divisor I' — E’ is sub-boundary and
the negative part of I' — E’ is g-exceptional. Therefore, there is a g-exceptional Weil
divisor E” > 0 such that I' — E' + E” is a boundary R-divisor. By construction, we
have

Ky+ (T —E+E"Y+g"hA=_(g*Dw + E)o+ E"
and
(h©9)Oy(L(g"Dw + E)s+ E") = h.Ow (Dw) = Ox (D),

where the second equality follows from that h is small. By [F4, Theorem 5.6.2 (ii)],
we have Rim, R/ (h o ).Oy(.(¢*Dw + E)o+ E"”) = 0 for any i > 0 and j > 0. By
considering the case when j = 0, we have Rim,Ox (D) = 0 for any i > 0. O

5. A criterion of log canonicity. In this section, we discuss about a sufficient
condition of log canonicity.

THEOREM 5.1. Let X be a normal quasi-projective variety, and let A be a bound-
ary R-divisor.
(1) There is D1 a finite set of prime divisors over X such that if

sup{a(P, X, A+ G)|G > 0, Kx + A + G is R-Cartier} > —1
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for all P € ©, then (X, A) has a small lc modification. In particular, when
A is a Q-divisor, the graded sheaf of Ox-algebra @,,~o Ox (Lm(Kx + A)J)
is finitely generated. a

(2) Suppose that (X, A) has a small lc modification. Let x € X be a closed point.
Then, there is Do a finite set of prime divisors over X such that Kx + A is
R-Cartier and (X, A) is lc in a neighborhood of x if and only if the following
relation holds for any P € ©s.

sup{a(P, X, A+ G)|G > 0, Kx + A + G is R-Cartier}
=inf{a(P, X,A - G')|G" >0, Kx + A — G’ is R-Cartier}.

Proof. First, we prove (1). Let f: Y — X be a log resolution of (X, SuppA). Let
{E;}; be the set of all f-exceptional prime divisors. We set I' = f7'A + > F;. For
any lc center S of (Y,TI"), fix a prime divisor EY over X such that the center of E% on
Y is S and a(EG,Y.T) = —1. We set ©, = {E;}, U{FE4}s, where S runs over all lc
centers of (Y,TI"). Then ©; satisfies the condition of Theorem 5.1 (1). Indeed, if

sup{a(P, X, A+ G)|G > 0,Kx + A + G is R-Cartier} > —1

for any P € ®1, by Theorem 4.8, the morphism f: (Y,T') — (X, A) satisfies the
conditions of Theorem 4.17. So, (Y,T') has the log canonical model (W, Ay) over X
such that the induced morphism h: W — X is small. By Definition 2.3, (W, Ay/) is
a small lc modification of (X, A). Thus, we complete the proof of (1).

Next, we prove (2). Let h: (W, Ay ) — (X, A) be a small lc modification. Note
that Ay = h;'A. Let f: Y — X be a log resolution of (X, SuppA) such that f~!(z)
is a simple normal crossing divisor and the induced map g: Y --+ W is a morphism.
Let ®45 be the set of all f-exceptional prime divisors whose centers on X contain x.
We prove that D, satisfies the condition of Theorem 5.1 (2). Since Theorem 5.1 (2) is
a local problem, shrinking X, we may assume that © is the set of all f-exceptional
prime divisors. Suppose that Kx + A is R-Cartier and (X, A) is lc in a neighborhood
of z. By shrinking X again, we can assume (X,A) is le. Then, as in the proof of
Lemma 4.3, for any P € ©,, we obtain

sup{a(P, X, A+ G)|G > 0, Kx + A + G is R-Cartier}
=inf{a(P, X,A — G")|G' > 0,Kx + A — G’ is R-Cartier}
—a(P,X,A) > —1.

Therefore, the first condition implies the second condition.

Conversely, suppose that the equation as in Theorem 5.1 (2) holds for all P € 5.
We check a(P,W,Aw) = a(P,X,A) for any P € D, where a(-,X,A) is as in
Definition 4.1. By Theorem 4.8, we only have to show

sup{a(P, X, A+ G)|G > 0, Kx + A + G is R-Cartier}
<a(P,W,Aw) (%)
<inf{a(P,X,A - G')|G' > 0,Kx + A — G’ is R-Cartier}
for any P € ©5. We only show the first relation because the second relation can be
obtained similarly. Since h is small, for any G > 0 on X such that Kx + A + G is

R-Cartier, we have h*(Kx + A + G) — (Kw + Aw) > 0. By [KM, Lemma 2.27],
we have a(P,X,A 4+ G) < a(P,W,Aw) for any G and P € ©5. Therefore, the first
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relation of (*) holds. Thus, we see that the relation (x) holds. In this way, we have
a(P,W,Aw) = (P, X,A) for any P € D,.

From now on, we prove that Ky + A is R-Cartier and (X, A) is lc near x. Since
(W, Aw) is lc by construction, it is sufficient to prove that the morphism h: W — X
is an isomorphism over x. To prove this, we only have to show that h=!(z) is a
point. Suppose by contradiction that h~!(z) is not a point. Then h~!(x) contains a
curve. We may write Ky + f 1A — EPGQQ a(P,W,Aw)P = g*(Kw + Aw ). Since
a(P,W,Aw) = a(P, X,A), for any integer n > 0, we can find G,, > 0 on X such
that Kx + A + G, is R-Cartier and a(P, W, Aw) — a(P, X,A + G,,) € [0, %] for any
P € ©, (Theorem 4.8). Therefore, if we put 5, p = a(P,W,Aw) — a(P, X, A + G,,)
for any P € ©3, we have 0 < 3, p < % Moreover, we can write

9 (Kw +Aw) = Ky + f,'A = Y (a(P, X, A+ Gn) + Bap)P
Pe®Ds
:f*(KX"‘AJ"Gn) _f*_lGn_ Z ﬁn,PP
PeD,

~rx —fi G — Z Bn,pP.

Pe®,

Now we recall that g~ 1(h=1(z)) = f~!(z) is a simple normal crossing divisor and
h~=1(x) contains a curve. Pick any sufficiently general curve ¢ C f~!(x) such that
g(&) is a curve on W. Then, for any n, we obtain

(9" (Kw+Aw)) - €= =(f'Gn - ) = D Bup(P- & <= Y Bup(P -8

PeD> PeD2

Since 0 < B, p < %, considering the limit n — oo, we have (¢*(Kw + Aw)) - £ <0.
Now recall that (W, Ay) is an lc modification of (X, A). So Ky + Ay is ample over
X. Since g(&) is a curve on W and f(§) = x, we have (¢*(Kw + Aw)) - £ > 0. In
this way, we get a contradiction.

In this way, we see that h~!(x) is a point. So h is an isomorphism over x, and
Kx + A is R-Cartier and (X, A) is lc near 2. Thus we complete the proof. O

COROLLARY 5.2. Let (X,A) be a pair such that X is quasi-projective. Then
Kx + A is R-Cartier and (X,A) is lc if and only if (X,A) is pseudo-lc and the

following equation holds for any prime divisor P over X.

sup{a(P, X,A+ G)|G > 0, Kx + A + G is R-Cartier}
=inf{a(P, X,A - G')|G' >0, Kx + A — G’ is R-Cartier}.

Proof. 1t follows from Theorem 5.1. O

In the rest of this paper, we give an other proof of the Corollary 5.2. We prove
it using the notion of numerically Cartier divisors (see [BAFFU, Definition 5.2]) and
the minimal model theory.

First, we recall the notion of numerically Cartier divisors.

DEFINITION 5.3 ([BAFFU, Definition 5.2], see also [BAFF, Definition 2.26]). Let
X be a normal variety, and let D be an R-divisor on it. Then D is numerically
Cartier if there is a resolution f: Y — X and an R-divisor Dy on Y such that Dy is
numerically trivial over X and f.Dy = D.
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The following lemma connects the notion of numerically Cartier divisors and the
usual discrepancy.

LEMMA 5.4. Let (X, A) be a pair such that X is quasi-projective. Then, Kx + A
is numerically Cartier if and only if for any prime divisor P over X, the following
equality holds:

sup{a(P, X, A+ G)|G > 0, Kx + A + G is R-Cartier}
=inf{a(P, X,A - G")|G' > 0,Kx + A — G’ is R-Cartier}.

Proof. We use notations in [BAFF]. Let Envx(-) be the nef envelope. We set
(P, X,A) =inf{a(P,X,A - G)| G >0,Kx + A - G"is R-Cartier},

and for any log resolution f:Y — X of (X,SuppA), we put Dy = Y pa(P, X,A)
and Dy, =Y, o/(P, X, A), where P runs over all prime divisors on Y. Then, we have
Dy = Ky + (Envx(—(Kx 4+ A)))y by Theorem 4.8 and Theorem 4.9. By the same
arguments, we also obtain D}, = Ky — (Envx (Kx + A))y. Therefore, the equality

sup{a(P, X, A+ G)|G > 0, Kx + A + G is R-Cartier}
=inf{a(P,X,A - G")|G' > 0,Kx + A — G’ is R-Cartier}

is equivalent to Envy(—(Kx + A)) = —Envx(Kx + A) as b-R-divisors. But this
is equivalent to that Kx + A is numerically Cartier. For details, see the proof of
[BAFFU, Proposition 5.9]. Note that the proof of [BAFFU, Proposition 5.9] is carried
out with Q-divisors, but the argument works for R-divisors without any change. O

By Lemma 5.4, Corollary 5.2 is equivalent to the following statement, which is
an lc analog of [BAFFU, Corollary 5.17].

THEOREM 5.5. Let (X, A) be a pair such that X is quasi-projective. Suppose
that Kx + A is numerically Cartier. Suppose in addition that for any log resolution
Y = X of (X,A), the coefficient of any P in Ky + (Envx(—(Kx + A)))y is not
less than —1.

Then, Kx + A is R-Cartier and (X, A) is lc.

Proof. Fix a log resolution f:Y — X of (X, A). Then, we may write
Ky + [T'A+ By — B- = —(Envx (—(Kx + A)))y,

where £y and E_ are effective f-exceptional R-divisors which have no common com-
ponents, and F is a boundary divisor. Since Kx + A is numerically Cartier, we see
that Ky + f-'A+ E, — E_ is numerically trivial over X.

We set I' = f7'A + E;. Then (V,T) is le. We run the (Ky + I')-MMP over
X with scaling of an ample divisor. After finitely many steps, we reach a model
(Y,T) --» (Y',T”) over X such that Ky + I"” is the limit of movable divisors over
X. Let E’ be the birational transform of £_ on Y’. By the contraction theorem
[F4, Theorem 4.5.2 (4)], we see that Ky + IV — E’ is numerically trivial over X.
Then, for any sufficiently general curve ¢ whose image on X is a point, we have
(EL - &) = (Ky +TI") - £>0. Since E’ is effective and exceptional over X, by [B1,
Lemma 3.3], we have E” = 0. Therefore, we see that Ky + I is numerically trivial
over X. By Theorem 3.5, Ky +1I" is semi-ample over X. So there is the log canonical
model (W, Ay ) of (Y',T') over X such that W is isomorphic to X, where Ay is the
birational transform of IV on W. By construction, Ay, is the birational transform of
A on W. So we see that Kx + A is R-Cartier and (X, A) is lc. O
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