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NEW IRREDUCIBLE TENSOR PRODUCT MODULES FOR THE
VIRASORO ALGEBRA*

XIANGQIAN GUOT, XUEWEN LIU%, AND JING WANG?

Abstract. In this paper, we obtain a class of Virasoro modules by taking tensor products of the
irreducible Virasoro modules Q(\, a, h) defined in [CG1], with irreducible highest weight modules
V (0, h) or with irreducible Virasoro modules Indy(N) defined in [MZ2]. We obtain the necessary and
sufficient conditions for such tensor product modules to be irreducible, and determine the necessary
and sufficient conditions for two of them to be isomorphic. These modules are not isomorphic to any
other known irreducible Virasoro modules.
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1. Introduction. Let C,Z,Z, and N be the sets of all complexes, all integers,
all non-negative integers and all positive integers respectively. The Virasoro algebra
Vir is an infinite dimensional Lie algebra over the complex numbers C, with the basis
{d;,c | i € Z} and defining relations

-3 _ .
[di,d;] = (§ —i)diyj + 5iﬁj%ca 1, € 2L,

[C, dl] =0, 1€Z.

The algebra Vir is one of the most important Lie algebras both in mathematics and in
mathematical physics, see for example [KR, IK] and references therein. The represen-
tation theory of the Virasoro algebra has been widely used in many physics areas and
other mathematical branches, for example, quantum physics [GO], conformal field
theory [FMS], vertex operator algebras [LL], and so on.

The theory of weight Virasoro modules with finite-dimensional weight spaces
(called Harish-Chandra modules) is fairly well developed (see [KR, FF] and ref-
erences therein). In particular, a classification of weight Virasoro modules with
finite-dimensional weight spaces was given by Mathieu [M], and a classification of
irreducible weight Virasoro modules with at least one finite dimensional nonzero
weight space was given in [MZ1]. Later, many authors constructed several classes of
simple non-Harish-Chandra modules, including simple weight modules with infinite-
dimensional weight spaces (see [CGZ, CM, LLZ, LZ2]) and simple non-weight modules
(see [BM, LGZ, LLZ, LZ1, MW, MZ1, TZ1, TZ2)).

In particular, taking tensor products of known irreducible modules is an efficient
way to construct new irreducible modules and can help us understand the structures
of the original modules. For example, the tensor products of irreducible highest
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weight modules and intermediate series modules were considered first by [Zh] and the
irreducibility of these tensor modules are completely determined by [CGZ] and [R].
Recently, another class of tensor products between certain Omega modules defined
and studied in [GLZ, LZ1] and some modules locally finite over a positive part defined
in [MZ2] were studied in [TZ1, TZ2]. The irreducibilities and isomorphism classes of
these modules are determined.

The purpose of the present paper is to construct new irreducible non-weight Vi-
rasoro modules by taking tensor products of irreducible Virasoro modules defined in
[CG1] and [MZ2]. When considering modules for the W algebra W(2,2) which are
free of rank-1 when restricted to the 0 part of the algebra, the authors constructed a
class of new irreducible W (2, 2)-modules Q(A, a, h) in [CG2]. Since the Virasoro alge-
bra is a natural subalgebra of W (2,2), one can regard Q(\, a, h) as Virasoro modules.
The explicit structures of these Virasoro modules are investigated in [CG1], and it is
interesting that many of them remains irreducible as Virasoro modules.

The Vir-modules Q(\, o, h) are quite different to and have more complicated
structures than the previous modules Q(u,b) define in [GLZ, LZ1], although we use
similar notations for them. For example, the modules Q(u, b) are only parameterized
by two complexes p and b, while the modules (A, a, h) are parameterized by two
complexes A, and an additional polynomial h(t) € C[t]; the modules Q(u,b) are
free of rank just 1 over the Cartan subalgebra, while the modules Q(\, o, h) are
free of infinite rank; the modules Q(u,b) are irreducible if and only if b # 0, while
the modules Q(\, a, h) are irreducible if and only if deg(h) = 1 and « # 0; the
reducible module (u,0) has a unique submodule which has codimensional 1, while
the submodule structures of the module Q(\, v, h) are much more complicated when
they are reducible; the isomorphisms and automorphisms among the modules Q(u, b)
are almost trivial, while the isomorphisms and automorphisms among the modules
Q(A, o, h) are of various type (see Lemma 3.3 and Theorem 3.4).

In the present paper, we continue to study the Virasoro modules Q(\, o, h). Our
main tasks are to show that the irreducible ones of the modules Q(\, a, h) are new
Virasoro modules and to consider the tensor products of the modules Q(A, a, h) and
the modules with locally finite action of the positive part defined in [MZ2]. The
organization of this paper is as follows. In section 2, we recall the definitions of the
modules Q(\, «, h), V(6,h) and Indy(N) and some known results from [CG1] and
[MZ2]. In section 3, we obtain the irreducibility of the tensor products Q(\, a, h) @V,
where V =V (0,h) or V =Indyg(N). Then we determine the necessary and sufficient
conditions for two irreducible tensor modules to be isomorphic. In section 4, we
compare the tensor products modules with all other known non-weight irreducible
modules and prove that they are new irreducible Virasoro modules (in particular, the
irreducible ones of Q(\, «, h) are new). At last in Section 5, we reformulate these
modules as modules induced from irreducible modules over some subalgebras of Vir.

In our subsequent paper [LGW], the main results in this paper are generalized to
tensor products of several Omega modules (maybe different types) with the module
Indy(N).

2. Preliminaries. Let us first recall the definition of the Virasoro modules
QA h, ), V(0,h) and Indg(N) and some basic properties of them. Denote by CJt, s]
the polynomial ring in two variables ¢ and s.

DEFINITION 2.1.
Fix any A € C* = C\ {0}, o € C and h(t) € C[t]. Let Q(\, h,a) = Clt,s] as a
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vector space and we define the Vir-module action as follows:

h(t) = h(e)

dn (f(t)s") = )\m(s—m)i((s—i—mh(t)—m(m—l)a P

f(O)=m(t=ma)f'(t)),
) )

c(f(t)s') =0, V me€Z,i€Ly,

where f € C[t] and f’(¢) is the derivative of f with respect to ¢.

For convenience, we define the following operators

=————fWO =11, GUf)=hla)f+tF(f), vV feC].  (2.1)
then the module action on Q(\, h, @) can be rewritten as

i (F(£)S") = A" (5 — m)’ (sf +mG(f) — mQaF(f)), Vmezicly, feCl. (2.2)

THEOREM 2.2 ([CGl]). The Virasoro module Q(X, o, h) is simple if and only if
deg(h) =1 and o # 0.

Let U := U(Vir) be the universal enveloping algebra of the Virasoro algebra Vir.
For any 0,h € C, let I(6,h) be the left ideal of U generated by the set

{dili > 0} J{do—h-1,c—0-1}.

The Verma module with highest weight (6, k) for Vir is defined as the quotient module

V(0,h) :=U/I(6,h). It is a highest weight module of Vir and has a basis consisting
of all vectors of the form

ko1 ok ko,
d—lld—22 o 'd—n Uh, k—hk—?a e ak—n € Z+7n eN,

where v, = 14 I(6,h). Any nonzero scalar multiple of vy, is called a highest weight
vector of the Verma module. Then we have the irreducible highest weight module
V(0,h) = V(0,h)/J, where J is the unique maximal proper submodule of V' (6, h).
For the structure of V (6, h), please refer to [FF] or [A].

Denote by Viry the Lie subalgebra of Vir spanned by all d; with i > 0. Forn € Z,
denote by Virff) the Lie subalgebra of Vir generated by all d; for ¢ > n. For any Vir
module N and ¢ € C, consider the induced module Ind(N) := U(Vir) @ yi+) N,
and denote by Indy(N) the module Ind(N)/(c — 6)Ind(N). These modules are used
to give a characterization of the irreducible Vir-modules such that the action of dj
are locally finite for sufficiently large k.

THEOREM 2.3 ([MZ2]). Assume that N is an irreducible Viry-module such that
there exists k € N satisfying the following two conditions:

(a) dy acts injectively on N;

(b) d;iN =0 for all i > k.
Then for any 6 € C the Vir module Indg(N) is simple.

THEOREM 2.4 ([MZ2]). Let V be an irreducible Vir module. Then the following
conditions are equivalent:
(1) There exists k € N such that V is a locally finite Virf)—module;
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(2) There exists n € N such that V' is a locally nilpotent Virf)-module;
(3) Fither V' is a highest weight module or V = Indg(N) for some 6 € C, k € N
and an irreducible Viry-module N satisfying the conditions (a) and (b) in
Theorem 2.3.

In the rest of the paper, we will always fix some Vir-module Q(\, o, h) with
A € C*,a € C and h € CJt], and an irreducible Vir-module V' such that each dj,
is locally finite (equivalently, locally nilpotent) on V' for any positive integer k large
enough. From Theorem 2.4, we know that either V' = V (0, h) for some 6,h € C or
V 2 Indg(N) as described in Theorem 2.3.

3. Irreducibility of the module Q()\, a, h) ® V. In this section we will inves-
tigate the structure of the Virasoro module Q(X, o, h) ® V', where V is the Virasoro
module as stated at the end of Section 2. In particular, we will determine its irre-
ducibility. The following technique lemma is similar to Proposition 3.2 of [CG1].

PROPOSITION 3.1. Let W be a subspace of Q(\, a,h) @ V' which is stable under
the action of any d,, for m sufficiently large. Take any w =3 a;(t)s’' @ v; € W for

i=0

some a;(t) € C[t] and v; € V, then for any 0 < j <r+ 2 we have

1:;2 ((]) ais It — (j B 1) G(ay)s' 7t — (j - 2) aF(ai)si_HQ) ®@uv, €W, (3.1)

where the operators F, G are defined in (2.1) and we make the convention that (8) =1
and (;) =0 whenever j > i or j < 0. In particular,

(1) when j =0, we have sw € W;

(2) when j =r+1, we have G(a,) @ vy + aF (ar_1) ® v,_1 € W;

(3) when j =r+ 2, we have aF (a,) @ v, € W.

Proof. The element in (3.1) is just the coefficient of m/ if one expands d,,w as a
polynomial in m. Then (3.1) follows by using the Vandermonde’s determinant. O

THEOREM 3.2. The module Q(X\, o, h) @ V' is irreducible if and only if Q(X\, o, h)
is irreducible, or more precisely, if and only if deg(h) =1 and « # 0.

Proof. We only need to prove the “if part”. Suppose that Q(\, a, h) is irreducible,
then by Theorem 2.2, we have deg(h) = 1 and « # 0. Set h(t) = &t-+n for convenience.

Let W be a nonzero submodule of Q(\,a,h) @ V. Tt is enough to show W =
Q(\, a,h)®@V. Take any nonzero element w = !, a;s'®@v; € W with a; € C[t],v; €
V such that r € Z, is minimal. By Proposition 3.1, we have aF'(a,) ® v, € W. Since
F(a,) = £a, — al. # 0, by the minimality of r, we have r = 0 and hence ag ® vg € W.
Fix this vy and we denote

X ={aeC[ts] | a®vg € W}

By Proposition 3.1 (3.1) and (3.1), we see that f € X N C[t] implies that F(f) =
Ef—f,G(f)=h(a)f +&f —tf € X NCJt], or, equivalently, f',¢f € X. Using this,
we can easily deduce that C[t] C X from 0 # ayp € X N CJ[t]. Now Proposition 3.1
(3.1) indicates that X is stable under the multiplication by s. Hence X = Cl[t, s] =
Q(\, a,h). Now let

Y={veV |Q\ah) @veW}
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Again Y is nonzero and the module action
difa®@v)=dia®@v+a®@dv, YaeClts,veY

implies that Y is a submodule of V. Hence Y = V and W = Q(\, o, h) ® V, as
desired. O

Then we can determine the necessary and sufficient conditions for two such irre-
ducible modules to be isomorphic. Before doing this, we first construct some isomor-
phisms.

Given any A, ag, g € C*, hy = &1t 411, ha = Eat+mp € Clt] with &y = aaés # 0,
we have the irreducible modules Q(A, a1, hy) and Q(A, ag, ha). We define the following
sequences {b;,i € Z} of complex numbers inductively by

by = 1, by = 0, and bi+1 =1ib; + 2(772 — 7]1)1)2'_1, VieN.

Then we have the following sequences of polynomials in the variable x:

n

gn(z) =Y <TZ> bp_iz’, V1 € Z,. (3.2)

i=0

The following identities can be easily calculated:

(@) = ngn-1(x), (3:3)

(n+1(2) = 2gn(2)) = 1(gn(@) = 2gn-1(2)) = (N2 = M)NGn-1(2).  (3.4)
Now we can define a linear map via

¢ : Q()\7a17 hl) — Q()‘7 a2, h2)7 ¢(Slh?) = Sign(h2)> v ’I’L7i € Z+' (35)

LEMMA 3.3. Let notations as above, then ¢ is an isomorphism of Vir-modules.

Proof. Denote the operators in (2.1) as F; and G;,i = 1,2 for corresponding
modules, then it is easy to see that, for alln € Z,,i = 1,2,

Fy(h}) = &hi —n&h ™", and Gi(h}') = hiFh + (ai& — n)h' + npeh? ™' (3.6)

CLA 1. G(a1 (WD) = aaFa(g(h2)) and G(G1(hE)) = Galga(ha)) for al
n e Z+.

This can be verified straightforward. For example, the second formula follows
from (3.3), (3.4) and the following calculations:

B(G1(hY)) = (AT + (aréy — n)hY + napy ™)
=9n+1(h2) + (a282 — n)gn(h2) + nn1gn-1(h2)
and

G2(gn(h2)) =hagn(h2) + a2&agn(h2) — hagl, (ha) + 129, (h2)
=hagn(h2) + a2éagn(h2) — nhagn_1(h2) + nn2gn—1(ha).
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Now we see that

¢(dpn (s'h7)) =¢(A"(s — m)' (shi +mGi(h}) — m* a1 Fi(hY)))
=A"(s —m)'s(p(h}) + mp(G1(hT)) = m*dp(ar Fi(hT)))
=A"(s —m)"(sgn(h2) + mGa(gn(h2)) — m*asFs(gn(h2)))
:dm(sign (h2)) = dm(d’(sih?))-

That is, ¢ is a nonzero homomorphism between the irreducible modules Q(\, a1, hq)
and Q(\, @z, he) and hence an isomorphism. O

THEOREM 3.4. Let A\; € C*, deg(h;) =1 and o; # 0, where i = 1,2. Let V1, Vs
be two irreducible modules over Vir such that the action of dy, is locally finite on both
of them for sufficiently large k € Z. Then Q(A1,a1,h1) @ Vi and Q(A2, az, he) @ Va
are isomorphic as Vir modules if and only if A1 = Ao, 1§17 = a2és and Vi = Vs as
Vir modules. Moreover, any such isomorphism is of the form:

PRT: Q()\l,al,hl)®V1 —>Q<)\1aa27h2>®‘/2a
feuv=o(f)er), V feClt,s],vel,

where ¢ is defined as in (3.5) and T is an isomorphism between Vi and Vs.

Proof. The sufficiency of the theorem follows from Lemma 3.3. We need only to
prove the necessity. Let ¢ be a Vir-module isomorphism from Q(\,a1,h1) ® Vi to
Q(Aa, o, ho) @ V,. Take a nonzero element v € V;. Suppose

p(1®v) = Zaisi ® w;,
i=0

where a; € C[t], w; € V5 with a,, # 0,w, # 0.
CLAIM 1. n = O, A1 = A and a1§1 = 04252.

There is a positive integer K such that d,,(v) = dp,(w;) = 0 for all m > K and
0 <i < n. Taking any m > K, we have

A" g1 = A ") (1@ 0) = (I (1) = 2m&ron) (1@ v).

Replacing m with another [ > K and making the difference of them, we get

((Al_l_ldl—i,-l o )\;ldl) o ()\;m_ldm+1 — A;mdm))(l X ’U) = Q(m - l)gloél(]. X 'U).
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Then applying ¢, we obtain,

2(m — D& an Z a;st @ w;

i=0

(()\;l_ldl-‘rl - /\1_ldl) (/\_ —1dm+1 ) Zals Q@ w;

i )\2/)\1 H_l -1 - 1)1 (SCLZ‘ + (l + 1)G2(ai) — (l + 1)2042F2(a¢)) ® w;
=0

— Z()\g/)\l)l(s — l)z (S(li -+ ng(al) — l20¢2F2(a1-)) (024] wW;
i=0
— Z(Ag/)\l)mH(S -—m — 1)i(8ai + (m+ 1)Gs(a;) — (m+ 1)2012F2(Cli)) ® w;

i=0

+ Z(/\z/)\l)m(s — m)i(sai + mGsy(a;) — mQagFg(ai)) ® wj.

Comparing the coefficients of s"*! ® w,, in the above equation, we can deduce that
((A2/A) = (A2 /A)™) A2/ — Da, =0, ¥V m,l > K,

forcing Ay = A3. Then the previous equation can be simplified as

2(m — )& aq Z ais' @ w;

=0

= zn:(s — l — 1)i(8a7; + (l + ].)GQ(G%) — (l + 1)2a2F2(ai)) ® w;

_ Z(s — l)l(sal =+ lGQ(aZ) — 12042F2(0Ji)) X w;
1=0

— Z(s —m — 1)i(sai + (m+1)Ga(a;) — (m + 1)2042F2(ai)) ® w;
+ Z (s — sal +mGa(a;) — mQO[QFQ(ai)) ® w;.

Regard it as a polynomial in m,l > K with coefficients in Qs(Ae, g, ha). If n > 1,
considering the coefficients of I"*! gives aaF(a,) = as(&a, — al,) = 0, contradicting
the fact a,, # 0. So n = 0. Hence we have

2(m — Dar&iag @ wo = 2(m — D agFa(ag) @ we, ¥ m,l > K,

that is, a1&1a0 = aaéaag — azay. Therefore we obtain that a1&; = aeés and ag € C.
Without loss of generality, we assume that ag = 1. Denote wyg = w and \; = Ao = A
in what follows.

CLAM 2. There exist polynomials g;(hg) in hy such that ¢(hl ® v) = g;(ha) ®
w, V] S Z+.
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The claim is clear true for j = 0 with gg(hs) = 1. Now suppose the claim holds
for non-negative integers no larger than some j € Z,, then for m > K, we have

ga(dm(h{ ®v)) :<p()\m (shj1 + mGl(h{) — m2a1F1(h{)) ® v)
=dip(h] @ v) = din(g;(h2) ® w)
=\"(5g;(h2) + mGa(g;(h2)) — m* a2 Fs(gj(he))) © w.

Regarding the expressions in the above equation as polynomials in m and comparing
the coefficients of m? and m, we deduce by (3.6) that

plarFi(h]) ®v) = 04190((51% —jah @ v)

(3.7)
=3 F5(g;(h)) © w = a(&29;(ha) — &29)(he)) @ w

and
(Gr(h]) @ v) = (W + (s = DAL+ jmb] ™) @)

(3.8)
=G> (gj(h2)) @ w = (h2gj(h2) + @9&2g;(ha) — hagj(ha) + 7729}(h2)) ® w,

where g; is the derivative of the polynomial g;. Then we see that (p(h{“ ®v) =
gj+1(h2) @ w for a suitable polynomial g;+1. The claim follows by induction.

CLAM 3. @(s'h] @ v) = s'gj(he) @ w, Y i,j € Z,, where g; are defined as in
(3.2).
From the equations (3.7) and (3.8) and noticing a1&; = asés, we deduce

gi(ha) = jgj—1(ha), (3.9)

and

gj+1(h2) = jgj(ha) +nijgj—1(h2) = hagj(ha) — jhagj—1(h2) +n2jg;—1(h2). (3.10)

There exists a unique sequence of polynomials g;(z) in z, j € Z, satisfying (3.9),
(3.10) and go(z) = 1, which are just those defined in (3.2), thanks to (3.3) and (3.4).
Now suppose the claim holds for some ¢, j € Z. For m > K, we consider

go(dm(sih{ ®v)) =p ()\m(s — m)i(sh{ + mGl(h{) — m2a1F1(h{)) ® v)
=dm(p(s'h] @ v)) = dyn(s'g; (h2) © w)
=" (s —m)"(sg(h2) +mGa(g;(ha)) — m*a2Fa(g;(ha))) © w.
Regard the expressions in the above equation as polynomials in m and comparing the

constant terms, we deduce p(s"'h] @ v) = s"+1g;(hy) ® w. The assertion follows by
induction.

CLAIM 4. There exists a Vir-module isomorphism 7 : V; — V5 such that ¢(f ®
v) = ¢(f) @ T(v) for all f € C[t,s],v € V1, where ¢ : Q(\, a1, h1) = QA a9, ha) is
the Vir-module isomorphism defined by (3.5).
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Set 7(v) = w as in the previous arguments. It is obvious that 7 is a bijective
linear map and we have ¢(f ® v) = ¢(f) @ 7(v) for all f € C[t,s],v € V;. Applying
dy, we have

@ (dn(f ©0)) =o((dmf) @ v+ f & (dmv))
=¢(dn f) ® 7(v) + ¢(f) @ T(dv)
= dmp(f @ v) =dpm ((f) @ 7(v))
=(dmo(f)) @ 7(v) + ¢(f) ® (dm7(v)).

Since ¢ and ¢ are both Vir-module homomorphisms, we have 7(d,,v) = d,,,7(v), that
is, 7 is a Vir-module isomorphism. 0O

Note that the proof of Theorem 3.4 is also valid if V' is a 1-dimensional trivial
module. So we obtain a similar result for the module Q(\, o, h) as a corollary.

COROLLARY 3.5. Let A\; € C*, deg(h;) =1 and o; # 0. Then Q(A1,a1,h1) and
Q(Aa, o, ha) are isomorphic if and only if \y = Ao, 1&1 = aés and the isomorphism
are just nonzero multiples of ¢ defined in (3.5).

4. The irreducible tensor modules are new. In this section we will compare
the irreducible tensor modules with all other known non-weight irreducible Virasoro
modules in [LZ1, LLZ, MZ2, MW] and [TZ1, TZ2]. Note that modules in [MW] and
[TZ1] are special cases of modules in [TZ2] respectively.

For any r € Z,l,m € Z, we recall from [LLZ] the operators

r

S =2 (Z) (—1)" " di—m—idmi € U(Vix).

=0

LEMMA 4.1. Let Q(\, o, h) and V be the irreducible Vir-modules as before. Then

(1) For any integer m, the action of d, on QA a,h) or QA a,h) @ V is not
locally finite.

(2) Suppose h(t) =&t +n,& #0. For any f(t,s) € Q(\, «, h), we have

wl(,ZZL(f(t7S)) =0, Vim,reZr>4,

2
Wi (f(t,5)) = 24\a? (€% — 25% + %)f(t, s—1)#0, VI,meZ.

(3) For any integer r > 4, there exists v € V and m,l € Z such that

W (f®v)#0, ¥ f € Cls, ]\ {0}.

Proof. (1). It is clear that d%(f),k € Z. are linearly independent in C[t, s] for
any n € Z and f € CJt, s]. So the assertion follows easily.
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(2). For any f(t) € C[t] and j € Z+, by (2.2), we have

(1) "' di—m—idmri (57 f)

=0
((s —ltm+i)(sf+ (1 —m—D)G(f) — (I —m—i)*aF(f))
+ (m+1)(sG(f) + (1 —m —9)G*(f) — (I — m — i)’aFG(f))
— (m+i)a(sF(f) + (1 —m —)GF(f) — (I —m — i)QaFQ(f))).

Using the following identity

Z(—l)“i <:)15 =0, VjreZy withj<r, (4.1)

i=0
we can easily deduce that w(T) (sjf(t)) = 0 provided r > 4 and

4

Wi (5f) Z<4> )TN (s — 1o F(f)

=0

=24X\!(s — )7 (E2f — 261" + f").

The result of (2) follows from linearity.

(3). Fix any r > 4. Take v to be a highest weight vector in V' if V' is a highest weight
module, otherwise v can be any nonzero vector in V. From [FF] and [MZ2] we know
that the vectors v,d_sv,d_gv,--- ,d_,._ov are linearly independent in V and there
exists K € N such that these vectors are annihilated by d,, for all m > K. For any

[ > K and m = r + 2, we have wl(t)m(f) =0 for any 0 # f € C[s, t] by (2) and

T

Wz(r_) (f®w) :Z (2)(—1)T_idl+midm+z‘(f ®v)

i=0
Z( ) ) i i(f) © d—pni(0)
=0
which is nonzero since d_,,,+;v,2 =0,1,--- ,r are linearly independent. O

THEOREM 4.2. The Vir-modules Q(\, o, h) or Q(\, o, h) ® V' is not isomorphic
to any irreducible module defined in [MZ2, LZ1, LLZ] or in [TZ2].

Proof. For any irreducible modules in [MZ2], there exists a positive integer n such
that d,, acts locally finitely. So neither our module Q(\, o, h) nor Q(\, «, h) @ V is
isomorphic to any irreducible modules constructed in [MZ2] by Lemma 4.1 (1).
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Then we consider the irreducible non-weight Vir-module A, defined in [LZ1].
From the proof of Theorem 9 in [LLZ] or the argument in the proof of Corollary 4 in
[TZ1], we have

Wit (A) =0, ¥ l,m € Z,r >3, (4.2)

Combining this with Lemma 4.1 (2) and (3), we see easily that Q(\, o, h) ¥ A, and
QN o, h) @V 2 A

Now we recall the irreducible non-weight Virasoro modules defined in [LLZ]. Let
M be an irreducible module over the Lie algebra a; := Vir+/Vir$€), k € N such that
the action of dy := dj + Virf) on M is injective, where Virf) ={d; | i > k} and
Viry = span{d; | i € Z,}. For any B8 € C[t*!]\ C, the Vir-module structure on
N(M,B) = M ® C[t*!] is defined by

m'i+1

dpm - (V@) = (n+ Z?:o Wcﬂ)v @tTm v @ (BT,

c-(v@th) =0, Vm,n¢€Z.
From the computation in (6.7) of [LLZ] we see that

W (N(M,B)) =0, V I,m € Zyr > 2k +2,
(4.3)
W) (w @ ) = (2k + 2)U (1) (d) w) @ £ £ 0, V ,m € Z.

Combining the first equation of (4.3) with Lemma 4.1 (3), we see that N (M, 3) is not
isomorphic to Q(A\, a, h) ® V. Similarly, combining the second equation of (4.3) with

Lemma 4.1 (2), we see that Q(\, a, h) is not isomorphic to N (M, 3) provided k > 2.
(4)
I

If £ = 1, we see that v and Wy m
provided [ # 0, while Wz(?i(l) = 2402¢? in Q(\,a,h) by Lemma 4.1 (2). We see
Q(\, o, h) % N (M, B) in this case.

Finally, we take any irreducible module in [TZ2], say, T = (®f:1 Q( i, bl)) W,
where pq,- -, up € C* are distinct, by,--- , b € C* and W is a Vir-module such that
d,, acts locally finitely for sufficiently large n € N. As vector spaces Q(pu;,b;) = C[s;]
and the Vir-action on Q(u, b;) is given by

(u) are linearly independent for any u € N (M, f3)

A f(53) = 13" (si +mb;) f(s; —m), ¥V m € Z.

Then T is just the tensor product of Q(uyi,b1), -, Q(ug,br) and W. If W is 1-
dimensional and k = 1, then this tensor product module is just (w1, b1), which is
just a special case of some module A, we treated previously. So we assume that k& > 2
or dim(WW) > 2 in the following.

It was shown in Proposition 7 of [TZ2] that there exist {,m € Z and w € W such
that

W (1@ ®low) #0,Vr>4

We remark that this formula holds for » > 2 actually. However, it does not matter
for us in the present argument. In deed, this formula, in whichever version, together
with Lemma (4.1) (2) implies that Q(X,a,h) 2T = (@', Q(ui, bi)) @ W.
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For any nonzero elements Y.\ a;(t)s' ® v; € Q(\, o, h) ® V with v; € V, there
exists K € N such that d;v; =0 for all j > K and ¢ = 0,--- ,n. Then by Lemma 4.1
(2), we have

Wi S ai(t)s' @ v = 24X 0 Y (E2ai(t) — 26ai(t) + af (1)) (s — 1) @ v; £ 0, (4.4)
1=0 =0

foralll —m —4 > K and m > K, and

5
wl(5)Zai(t)si®v¢:0, Vi—-m-5>Km>K. (4.5)

,m
=0

If k = 1, write s = s1 for short. Then for any element Z:io st@w; € Quy,b1)@W

with w; € W, there exists K’ € N such that djw; =0forall j > K" and i =0,--- ,n’.
Since Q(u1,b1) is a special case of Ay, using (4.2) we get

w§225i®wi22w§23i®wi207Vl—m—4>K’,m>K'. (4.6)
i=0 i=0

The formulas (4.4) and (4.6) indicate that Q(A, o, h) @ V' is not isomorphic to
Q(p1,01) @ W.

Now suppose that k& > 2. Given any 0 # w € W, there exists K" € N such that
djw =0 for all j > K. Then for any [ —m > K" + 6 and m > K", we have

5
5 .
wl@ 1el--®leow)= Z (')(_I)S_zdlmidm+i(1®1"‘® 1) @ w.

m
2
=0

The coefficient of 81 ® s R 1---® 1R w is

5
§ (i)(_1)5—1 (,u/llfmfzugﬂrz +[L71ﬂ+l/1127m71>

=0

(4.7)
=(p2 — p1)° (ui‘m‘%" - uTué‘m‘5),

which is nonzero for infinitely many [ and m with [ > 2m+5 and m > K”. Therefore,
wl(z(l ®1---®1®w) # 0 for infinitely many [ and m with [ > 2m + 5,m > K”.
This together with (4.5) shows that Q(\, o, h) @ V¥ T. O

COROLLARY 4.3. Let A\, € C*, h € CJ[t] with deg(h) =1, and V is an irreducible
Vir-module such that any dj. is locally finite on V' for sufficiently large k. Then both
QA o, h) and QA a, h) @ V' are new non-weight irreducible Vir modules.

5. Reformulations of Q(X\,a,h) ® V. In this section, we will reformulate the
tensor modules Q(A, o, h) @ V' as certain induced modules when V' is an irreducible
highest weight module or an irreducible Whittaker module. The idea of this section
is from Section 5 of [TZ1]. We first recall the definition of the Whittaker modules for
Vir.

Fix any n € Z, and a = (a,, - ,a2,) € C. Recall that Virsffl) = span{d; | i >

n}. We define a Virffl)—module structure on C as follows:

di-l=a;, Vn<i<2n, and d;-1=0, Vi>2n.
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Now we have the Vir-module:

Va,o = U(Vir) ®U(Vir<+"*1>) C/(c—0)U(Vir) C.

®U(Vir$‘*1))
In the following, we will still write x - 1 instead of x ® 1 for any x € U(Vir). When
n > 1, Vag is just the Whittaker modules studied in [LGZ] and when n = 0, the
module V,, ¢ is the Verma module with highest weight ag and central charge 6 (See
[KR]).

Fix any A € C*. As in [MW, TZ1], let by 1 = span{dy — \*"d,, | k > n + 1}
be the subalgebra of Vir. For any a € C,h € CJ[t], we can define a by ,,+1-module
structure on C[t] as follows

(d = N7dy) o f = (k= m)NH(G(f) — (k+ m)aF () + (ax — ¥ "a)f. (5.1)

where we make the convention that ax = 0 provided k£ > 2n. Denote this module as
Clt]a.h.a-

PROPOSITION 5.1. The by y+1-module Clt]a,pn,q s irreducible if and only if o # 0
and deg(h) = 1.

Proof. When « = 0, then (5.1) becomes
(de = A*7"dn) o f = (k= )N G(f) + (ar = A" "an) f,

and it is easy to see that t'C[t] is a by ,i1-submodule of C[t],.pa for any i € Z,.
When h € C, then (5.1) becomes

(dp — N7dyp) o f = (k —n)AF (h(a) f —tf + (k +n)af’) + (ar — N "a,) f,

and the subspace of C[t] consisting of all polynomials with degree no larger than 4
is a by pq1-submodule for any ¢ € Z;. When a # 0 and deg(h) > 2, we have that
F(Clt])) ={F(f) | f € C[t]} is a proper by ,+1-submodule of C[t]q n.a (cf. Theorem
3.8 of [CG1)).

Now suppose that a # 0 and h = &t + 1 for some &, € C with £ #£ 0. Let W
be a nonzero submodule of C[t]y p,a. Take any nonzero f € W, by (5.1), we have
G(f) — (k+n)aF(f) € W for all kK > n + 1. By the Vandermonde’s determinant,
we obtain that F(f) = &f — f/ € W and G(f) = h(a)f + t(f — ') € W, which
implies f* € W and t(f — f') € W. Then we can deduce that 1 € W by downward
induction on the degree of f and C[t] C W by upward induction. Hence C[t]4 5.a is
an irreducible by ,,41-module. O

Now fix any a # 0 and h = £t + 7 for some &, € C with £ # 0. We can form the

induced Vir-module as

Indg A(Cltla,n.a) = U(VIr) @u (e, 1i1) Cltlana/ (¢ = O)UVir) @u(o, ,11) Cltlan.a-
Then we have the following:
THEOREM 5.2. Let notation as above, then Q(X\, a, h) ® Va9 = Indg A(Clt]a.h.a)-
Proof. From the PBW Theorem, we see that the module Indg x(C[t*!], 5.a) has

a basis

A={dPdy - dEr @t |k, k€ 2yl € Z,0 < myi € Ty ),
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and the module Q(\, a, h) ® V(a, f) has a basis

B={t'sk @ (d'dy - din 1) [ koo ke €2yl €0 <n— 1€ Zy )

Now we can define the following linear map:

¢: Indgr(Cltlana) — QN a,h)@V(a,b)
dit-di @ttt e d e dE (P 1),

CramM 1. ¢ is a Vir-module homomorphism.
We first have the following observation by (5.1):
(dj = N7"d,)t'@1) = ((dj — N "dy) ot ) ®1, Vj>n. (5.2)

kll.

Then for any =z = dkld -dFn 1 <n,i € Z, and j > n, we have

P(xd; @ t') = (N "ad, @ t' 4+ x(d; — N 7"d,) @ 1)
=N "2d, @t' + 2@ (dj — N "d,) o t")
=N ""2d,(t" @ 1) +2((dj — N "d,) ot ®1)
=ad;(t' ®1).

Then for any j € Z, by the PBW Theorem, we can write d;x as

p q
djz = Zcrxr + Zbryrdjr, ¢, b, €C

r=1 r=1

such that z, ® t',y, @ t* € A and j,, > n. Then we deduce

Z Gy @+ Z bryrd;, @ tl)

xr(ti Y 1) + Z bryrdjr,»(ti Y 1)

1 r=1
ot © 1) = digla o ).

d(djz @ t")

Mvﬁ

I
o0

CLAIM 2. ¢ is a Vir-module isomorphism.

It is clear that t*® 1 € Im(¢) for all i € Z,. Then from d’(t'®1) € Im(¢) we can
deduce that t's’ ®1 € Im(¢) for all j € Z, inductively. Then applying elements of the

form dj’ dffll coodfnoon QA a, h) ® 1, we can deduce that Q(\, a, h) ® Va e € Im(e)
and ¢ is surjective.

To obtain the injectivity of ¢, we first define a total order on B as follows
thnershn @ (dyt - dnn 1) < thrnsh g (d 2 dnn 101

if and only if there exists < n+ 1 such that k; = k] for all i < r and k, < k., where
we have made the convenience that k; = 0 for ¢ < [ and &} = 0 for ¢ < m. By simple
computations we can obtain that

dhvedE i (@ 1)

n—1

= t's" @ (d)t - dn" 5+ 1)+ lower terms , YV ky, -+ ki € Zy.
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Since B is a basis of the module Q(A\, a, h) @ V, so is the set
G(A) = {df - dyytd (@ 1) [ Ky, i € Zg 1 <

Therefore, ¢ is injective, as desired. O

COROLLARY 5.3. Suppose that n € N. The module Indg »(C[t]a,n,a) is irreducible
if and only if deg(h) = 1,a # 0 and a3, | + a3, # 0.

Proof. By the Theorem 5.2, we know that the module Indg x(C[t]a.p.a) s irre-
ducible if and only if Q(X, a, h) @V, g is irreducible, if and only if the module Q(A, «, h)
and Vj, ¢ are both irreducible. From Theorem 2.2 we know that Q(\, a, h) is simple if
and only if deg(h) =1 and a # 0. And V, ¢ is an irreducible if and only if ag,—1 # 0
or ag, # 0 by the Theorem 7 in [LGZ]. So we complete the proof. O
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