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RICCI-MEAN CURVATURE FLOWS IN GRADIENT SHRINKING
RICCI SOLITONS*

HIKARU YAMAMOTOT

Abstract. It was proved by Huisken that a mean curvature flow converges to a self-shrinker in
the Euclidean space after scaling when it develops a singularity of type I. In this paper, we study a
coupled flow with a mean curvature flow and a Ricci flow, and generalize his result for this Ricci-mean
curvature flow. Then, as a parabolic rescaling limit, we get a self-shrinker in a gradient shrinking
Ricci soliton in the sense of Lott under some assumptions.
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1. Introduction. Let M™ and N™ be manifolds with m < n, g = (g5t €
[0,71)) be a smooth 1-parameter family of Riemannian metrics on N and F: M x
[0,75) — N be a smooth 1-parameter family of immersions. Namely, F;: M — N
defined by Fy(-) := F(-,t) is an immersion. We assume that Tp < T;. We say that
the pair of ¢ and F' is a solution of the Ricci-mean curvature flow if it satisfies the
following coupled equation of the Ricci flow and the mean curvature flow:

o .

% = —2Ric(gy) (1a)
oF,

a5 H(F), (1b)

where H(F;) denotes the mean curvature vector field of Fy: M — N computed by
the ambient Riemannian metric ¢g; at the time ¢t. Note that this coupling is partial in
the sense that the Ricci flow equation (1a) does not depend on F.

1.1. Mean curvature flows in R". Before stating our main results, we review
the definition of self-similar solutions in R™ and the results due to Huisken [10]. On
R", we can naturally identify a point = (x!,...,2") € R" with a tangent vector
Z € T,R" by o := 2'(9/dz") + - -- + 2"(8/dz™). For an immersion F: M — R™,
we can define a section F ¢ (M, F*(TR™)) by ?(p) = F@ for all p € M. Then,
F: M — R" is called a self-similar solution if it satisfies

HE) = )7 2

for some constant A € R, where | denotes the projection onto the normal bundle of
M. A self-similar solution is called a self-expander or self-shrinker when A > 0 or
A < 0, respectively.

Assume that M is compact and F': M x [0,T) — R™ be a mean curvature flow
with the maximal time T < co. Here, a maximal time is that we can not extend the
flow beyond the time. We always denote the second fundamental form of F; by A(F}).
We impose the following two conditions (Al) and (B1) on F.
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(A1) limsup, (VT — tmaxy |A(F})|) < oo. (Type I condition)
(B1) There exists a point po in M such that Fi(pg) = O e R" ast — T.

For each t € (—o00,T), let ®,: R — R™ be a diffeomorphism of R" defined
by ®(x) := 2/\/T —t. Define the rescaled flow F: M x [—logT,c0) — R" by
F, := ®, o F, with relation s = — log(T — t). Then, it satisfies the normalized mean
curvature flow equation:

OF,
Js

= H(F,) + - F,.

Huisken proved the following (cf. Proposition 3.4 and Theorem 3.5 in [10]).

THEOREM 1.1. Under the assumptions (A1) and (B1), for each sequence s; —
oo, there exists a subsequence sj;, such that the sequence of immersed submanifolds

M

sy, = stk (M) converges smoothly to an immersed nonempty limiting submanifold
My, CR™, and My, is a self-shrinker with X\ = —1 in (2).

1.2. Singularities of Ricci flows. On the other hand, there is also the notion
of type I singularity for a Ricci flow g = (g¢; ¢ € [0,7)) on N. Assume that T < oo
is the maximal time. We say that ¢ forms a singularity of type I if

lim sup (T — ) sup | Rm(g,)[) < oo,
t—T N

where Rm(g;) denotes the Riemannian curvature tensor of g;. In the Ricci flow case,
a gradient shrinking Ricci soliton appears as a scaling limit of a singularity of type I
(cf. [5, 19, 20]). Conversely, from a gradient shrinking Ricci soliton, we can construct
a Ricci flow which develops a singularity of type I as follows. Let (N, g, f) be an
n-dimensional complete gradient shrinking Ricci soliton with

Ric(j) + Hess f — =g = 0. (3)

N | =

As Hamilton’s proof of Theorem 20.1 in [8], one can easily see that R(g) + |V f|> — f
is a constant, where R(g) denotes the scalar curvature of §. Hence, by adding some
constant to f if necessary, we may assume that the potential function f satisfies

R(G+|VfP-f=0. (4)

Fix a positive time 0 < 7" < oo. Let {®;: N — N}ie(—oo,1) be the 1-parameter
family of diffeomorphisms with ®; = idy generated by the time-dependent vector
field V; := 7=V f. For t € (—o0,T), define

g = (T —t)®;§ and f,:= P} . (5)

Then, g, satisfies the Ricci flow equation (1a).

1.3. Main Theorem. For an immersion F': M — N, we get a section (V f)oF €
I'(M,F*(TN)), and we usually omit the symbol oF, for short.

DEFINITION 1.2. If an immersion F': M — N satisfies

H(F) = AV (6)
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for some constant A € R, we call it a self-similar solution. A self-similar solution is
called a self-expander or self-shrinker when A > 0 or A < 0, respectively.

DEFINITION 1.3. If a l-parameter family of immersions F: M x [0,S) — N
satisfies

IF.

= H(F) + V],

we call it a normalized mean curvature flow.

Assume that F: M x [0,T) — N is a solution of Ricci-mean curvature flow (1b)
along the Ricci flow g = (g;; t € [0,T)) constructed from (N, g, f) by (5). We will
use the following two conditions (A2) and (B2).

(A2) limsup, (VT — tmaxy |A(F)]) < oo.

(B2) There exists a point po € M such that £g, (), converges to f pointwise
on N x [0,T) as t — T, where f: N x [0,T) — R is defined by (5) and
lio: N x[0,0) = R is the reduced distance based at (x,e).

REMARK 1.4. The condition (A2) corresponds to (A1) and (B2) to (B1). In (B2),
LR, (py),¢ 18 the reduced distance for the Ricci flow g based at (Fi(po),t) introduced by
Perelman. Here, we explain this briefly. Let (N, g¢) be a Ricci flow on [0,T). For any
curve y: [t1,t2] = N with 0 < #; < to < T, we define the L-length of v by

L(y) = /t = t(R(ge) + |7]?)dt,

where |¥] is the norm of 4(t) measured by g;. For a fixed point (p3,t2) in the space-
time N x (0,T), we get the reduced distance £p, 1, : N X [0,t2) — R based at (p2, t2)
defined by

1 .
€P2-,t2 (plvtl) = Nﬁ lI%f L(”Y)a

where the infimum is taken over all curves ~v: [ti,t2] — N with v(t;) = p1 and
v(t2) = pa2. One can easily see that (B1) and (B2) are equivalent when (N, g, f) is
the Gaussian soliton (R", gy, 5|]?).

If (N, g, f) is compact (resp. non-compact), we assume that F' satisfies (A2) (resp.
(A2) and (B2)). As in the Euclidean case, we consider the rescaled flow F': M x
[~ logT,00) — N defined by

Fs = @t [e] Ft Wlth S = — IOg(T - t)u (7)

and we can see that F becomes a normalized mean curvature flow in (N, g, f) (cf.
Proposition 4.4). Then, the main results in this paper are the following.

THEOREM 1.5. Assume that (N, §, f) is compact. Let F: M x [0,T) — N be a
Ricci-mean curvature flow along the Ricci flow (N, g:) defined by (5). Assume that
M is compact and F satisfies (A2). Let F: M x [—logT,00) — N be defined by (7).
Then, for any sequence s1 < sz < -+ < sj < -+ — 00 and points {x;}32, in M, there
exist sub-sequences s;, and x;, such that the family of immersion maps stk : M — N

from pointed manifolds (M, x;, ) converges to an immersion map Foo: Moo — N



80 H. YAMAMOTO

from some pointed manifold (Mo, ¥ ). Furthermore, M is a complete Riemannian
manifold with metric F%g and Fu is a self-shrinker in (N, g, f) with A = —1, that
18, Foo salisfies

H(Fy)=-Vf*.

THEOREM 1.6. Assume that (N, g, f) is non-compact and satisfies the assumption
i Remark 1.7. Under the same setting in Theorem 1.5, assume that M is compact
and F' satisfies (A2) and (B2). Then, for any sequence of times s;, the same statement
as Theorem 1.5 holds, if we fiz x; := po for all j.

REMARK 1.7. For a complete non-compact Riemannian manifold (N, g), we
assume that there is an isometrically embedding ®: N — R’ into some higher di-
mensional Euclidean space with

|VPA(©)| < D, < o0

for some constants f?p > 0 for all p > 0. Under this assumption, one can see that
(N, g) must have the bounded geometry.

The notion of the convergence of immersions from pointed manifolds is defined
as follows. It is the immersion map version of the Cheeger—Gromov convergence.

DEFINITION 1.8. Let (N, g) be a complete n-dimensional Riemannian manifold
satisfying the assumption in Remark 1.7. Assume that for each £k > 1 we have an
m-~dimensional pointed manifold (M}, z)) and an immersion Fj: M — N. Then,
we say that a sequence of immersions {Fy: M), — N}32, converges to an immersion
Fo: My — N from an m-dimensional pointed manifold (M, 2~ ) if there exist

(1) an exhaustion {Ug}32, of My with z € Uy and

(2) a sequence of diffeomorphisms Wy: Uy — Vi, C My, with Ui (xs) = xp such

that the sequence of maps Fy oWy : Uy — N converges in C™ to Fo: My —
N uniformly on compact sets in M.

REMARK 1.9. We see that Theorem 1.6 implies Theorem 1.1 in R". Consider R™
as the Gaussian soliton with potential function f(z) := 1]z|?. Since 7 =2V f(x),
Definition 1.2 coincides with (2) in R™. It is trivial that (R™, g« ) satisfies the assump-
tion in Remark 1.7. We take T' = 1 for simplicity. Then we have ®(x) = «//T — tz,
gt = gst and f(x,t) = |2|?/4(T —t). Since g, is the trivial Ricci flow, the condition
(A1) and (A2) coincides. Furthermore, one can easily see that, in this case, Perelman’s
reduced distance bases at (x, @) is given by £, ¢(x,t) := |z —x|>/4(e—t). Then, one can
see that (B1) and (B2) are equivalent in R™, and Theorem 1.6 implies Theorem 1.1.

ExXAaMPLE 1.10. Here, we consider nontrivial compact examples of self-similar
solutions embedded in a compact gradient shrinking Ricci soliton, where nontrivial
means that the dimension and codimension of the submanifold are greater than 0.
A class of examples are given in a compact gradient shrinking Kdhler-Ricci soliton
(N, g, f) Let M C N be a compact complex submanifold such that the gradient Vf
is tangent to M. Then, M is a compact self-similar solution for any A, since H =0
and Vf* =0 on M. Cao [2] and Koiso [12] (for notations and assumptions, see [13])
constructed examples of compact gradient shrinking Kahler Ricci solitons, denoted by
NI'. By their construction, N/ is the total space of some complex P!-fibration and the
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gradient of the potential function is tangent to every P'-fiber. Hence, each P'-fiber
is a compact self-similar solution with real dimension 2. Furthermore, it is known by
[26] that a lens space L(k;1)(r) with radius r is embedded in N}' as a nontrivial and
non-minimal compact example of self-similar solutions.

Finally, we give some comments for Lagrangian self-similar solutions. For a La-
grangian immersion F': L — N in a Kahler manifold N with a Kahler form w, a
1-form wy on L defined by wy(X) = w(H(F), F.X) is called the mean curvature
form. In Theorem 2.3.5 in [21], Smoczyk proved that there exists no compact La-
grangian self-similar solution with exact mean curvature form in C™. In his proof, it
is proved that a compact Lagrangian self-similar solution with exact mean curvature
form is a minimal submanifold in C". However, there exists no compact minimal
submanifold in C™. Hence, the assertion holds. As an analog of this theorem, we have
the following theorem and its proof is given at the end of Section 4.

THEOREM 1.11. Let (N, g, f) be a gradient shrinking Kdhler Ricci soliton and
F: L — N be a compact Lagrangian self-similar solution with exact mean curvature
form. Then, F': L — N is a minimal Lagrangian immersion.

Much more properties of Lagrangian self-similar solutions in gradient shrinking
Kaéhler Ricci solitons are found in [27].

1.4. Relation to previous literature. Recently, there has been some studies
in Ricci-mean curvature flows. One of main streams of the study is to generalize results
established for mean curvature flows in a fixed Riemannian manifolds to Ricci-mean
curvature flows. For example, some results for Lagrangian mean curvature flows can
be generalized (cf. [9, 14]). The result that the Gauss map of a mean curvature flow
in R™ is a harmonic map heat flow is also generalized for Ricci-mean curvature flow
by [11].

Another main stream of the study is to generalize Huisken’s monotonicity for-
mula in R™ to Ricci-mean curvature flows. In this direction, Lott considered a mean
curvature flow in a gradient Ricci soliton in Section 5 in [15], and a certain kind
of monotonicity formula is obtained in gradient steady soliton case. He also gave
a definition of a self-similar solution for hypersurfaces in a gradient Ricci soliton.
Our definition of a self-similar solution (Definition 1.2) coincides with Lott’s one for
hypersurfaces. In Remark 5 in [15], he pointed out the existence of an analog of a
monotonicity formula in gradient shrinking soliton case. Actually, a monotonicity
formula for a mean curvature flow moving in a gradient shrinking Ricci soliton was
also given by Magni, Mantegazza and Tsatis [16, Proposition 3.1] more directly. In
this paper, we reintroduce their monotonicity formula in Section 4.

In this paper, a self-similar solution appears as a local model of singularities of a
Ricci-mean curvature flow and it can be considered as a weighted minimal submanifold
by Proposition 4.2. The study of weighted minimal submanifolds in Riemannian
manifolds with potential is widely spread. For example, self-similar solutions are
defined in Riemannian cone manifolds in [6]. This work is generalized and developed
in, for example, [1, 7, 23, 24].

1.5. Organization of this paper. The rest of this paper is organized as follows.
In Section 2, we prove Theorem 1.5 and 1.6, after reviewing the proof of Theorem 1.1.
In this proof, we use lemmas and propositions proved in the following sections. In
Section 3, we introduce some general formulas for the first variation of a certain kind
of weighted volume functional. In Section 4, we study some properties of Ricci-mean
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curvature flows along Ricci flows constructed from gradient shrinking Ricci solitons,
and introduce the monotonicity formula. Furthermore, we give an analog of Stone’s
estimate.

Acknowledgements. 1 would like to thank my supervisor, A. Futaki for many
useful discussions and constant encouragement.

2. Proofs of main theorems. In this section, we give proofs of Theorem 1.5
and 1.6. First, we review the proof of Theorem 1.1. The key results to prove Theo-
rem 1.1 are the following (i), (ii) and (iii).

(i) The monotonicity formula for the weighted volume functional (cf. Theo-

rem 3.1 and Corollary 3.2 in [10]).
The weighted volume functional is defined by [ i elel?/ Ydu 7 for a submanifold M
in R”. This result corresponds to Proposition 4.5 and 4.6. For a submanifold M (or
immersion F: M — N ) in a gradient shrinking Ricci soliton (N, g, f), we consider
the weighted volume functional | M et du(ﬁ *3). The monotonicity formula decides
the profile of the limiting submanifold M if it exists.

(ii) Uniform estimates for all derivatives of the second fundamental form of ]\;[Sj

(cf. Proposition 2.3 in [10]).
This result corresponds to Proposition 4.9. It is proved by the parabolic maxi-
mum principle for the evolution equation of [V*A,[2. This result implies the sub-
convergence of Msj to some limiting submanifold M,
(iii) A uniform estimate for the second derivative of the weighted volume func-
tional. The core of its proof is Stone’s estimate (cf. Lemma 2.9 in [22]).
In this paper, we prepare an analog of Stone’s estimate in Lemma 4.7, and by com-
bining Proposition 4.9 we prove Proposition 4.10, an analog of the result (iii).

REMARK 2.1. The uniform estimate noted in (iii) is necessary. In general, if we
know L 7(s) < 0 for some smooth non-negative function F: [0,00) — [0, 00), we can
say that F is monotone decreasing and converges to some value as s — co. However,
we can not say that < 7(s;) — 0 for any sequence s; < sy < -+ — oco. If we further

know that |jT2s]:(s)| < C uniformly, then we can say that. In our situation, F(s) is

the weighted volume of M,. This argument is pointed out right before Lemma 3.2.7
n [17].

Proof of Theorem 1.5. First, we prove the existence of a smooth manifold M
and a smooth map Fa: My, — N. Next, we show that this F., is a self-shrinker by
using the monotonicity formula (16) in Proposition 4.6.

By Proposition 4.9, for all £k = 0,1,2, ..., there exist constants Cj, > 0 such that

IVFA(F,)| < Cp on M x [—logT, o).

Since N is compact, by a standard argument as the Arzela—Ascoli theorem (see [25]
for detail) we get a sub-sequence ji, a pointed manifold (M, Zo) and an immersion
map Fo: M — N with a complete Riemannian metric F3,g on My such that
stk (M xj,) — N converges to Fiy : (Moo, o) — N in the sense of Definition 1.8 as
k — 0o. We denote F by Fj, for short. Then, there exist an exhaustion {Uy}32, of
M with x4 € Uy and a sequence of diffeomorphisms Wy, : Uk = Vi =0 (Ug) C M
with Uy, (24,) = xj, such that Ui (F}§) converges in C* to F% g uniformly on compact
sets in M., and furthermore the sequence of maps Fk oW: Uy — N converges in
C* to Fs: My — N uniformly on compact sets in My,
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Let K C MOONbe any compact set. Then, there exists kg such that K C Uy for
all k > kg. Since Fj, o Wy : Uy — N converges to Fi: My — N in C*° uniformly on
K for k > ko, we have

- - 2 L ~
/ ’H(Fk o W) + V frwowe | e /ooy ((Fy o @1)"g)
)

o (8)
—>/ ‘H +VfLFoo‘ée‘f°F°°du(F* )

as k — oo, where L denotes the normal projection with respect to F.. Since
Up:Up -V CMisa d1ffeomorphlsm it is clear that

2 ~ o~ ~
e PR 4y (B, 0 Wy)*g)

g

/}H Fi o y) + VF rrow

FoFs qu(Fy g)

:/ |H(Fo) + VA Ce
T, (K) g
~ - 2 ;o= ~
g/ | () + VF-5| e TFeau(Frg)
M g
d —FoF g,(F* s
e 1(F*g),
S:Sjk M

ds
where we used the monotonicity formula (16) in the last equality. Then, letting
k — oo, the most right hand side of (9) converges to 0 by Proposition 4.10 with
Remark 2.1. Then, combining (8) completes the proof. O

Next, we give the proof of the non-compact version of the above theorem.

Proof of Theorem 1.6. We will prove that I:"Sj (po) is a bounded sequence in (N, g).
For any t1, to with 0 <t; <ty < T, we can consider {F;(po)}ie[t,,t,) as a curve in N
joining Fy, (po) and Fy,(pp). Hence, we have
|2
! ) dt

1 f2 o)
F; 1) <————— Vit —t —_
éth(Po);tz( t1 (po)v 1) —2m/ 2 (R(gt) + ‘ ot

/ Vi EH(R(gr) + [H(E)[)dr.

2\/t2 t1

By the assumption (A2), (T —t)|H (F;)|? is bounded, and it is clear that (T —t)R(g;) =
R(go) and it is also bounded by the assumption in Remark 1.7. Hence, we have
R(g:) + [H(F)|? < 725 for some C > 0 and

C 2ty — oVT
me (po),t2 (Ftl (pO) tl) = 2m ] T2_ dt m
1

By the assumption (B2) with to — T, we have f(Fy, (po),t1) < C. Since

F(Fi(po),t) = fi(Fi(po)) = f(Fs(po)),

this bound means that f(Fs(po)) < C for all s € [—logT,o0). In [3, Theorem 1.1],
Cao and Zhou proved that there exist positive constants C; and Cy such that

1 _

L= C)? <<+ G

e~ =
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on N, where r(q) = dj(qo,q) is the distance function from some fixed point g in N.
Hence, we have

dg(qo, Fs(po)) < 2VC + Cn,

that is, F, (po) moves in a bounded region in N. Hence, we can use again a similar
argument as the Arzela—Ascoli theorem (see [25] for detail). Then, the remainder of
the proof is completely same as the proof of the case that IV is compact. O

3. Monotonicity formulas. In this section, we introduce some general formulas
which are useful in the following sections. Let M™ and N™ be manifolds, and assume
that m < n and M is compact. We denote the space of all immersion maps from
M to N by Jmm(M, N) and the space of all Riemannian metrics on N by Diet(N).
Consider the following functional:

F:C®(M) x Jmm(M,N) x C°(N)so x Met(N) - R
F(u, F,p,g) = /MuF*pdu(F*g%
where u is a smooth function on M and p is a positive smooth function on N. We

denote diffeomorphism groups of M and N by Diff(M) and Diff(N), respectively.
Then, F has some elementary symmetric properties.

REMARK 3.1. For ¢ € Diff(M) and v € Diff (N), we have
Flg u, 9~ o Fop,4d*p,y*g) = F(u, F, p,g),
and for a positive constant A > 0 we have
FA"u, F,N""p, N2g) = F(u, F, p, g).
Let p := (u, F, p, g) be a point in C°°(M) x Jmm(M, N) x C°°(N)so x Met(N) and
v := (w,V,k,h) be a tangent vector of C°°(M) x Jmm(M, N) x C°°(N)sq x Met(N)

at p. Namely, w € C®°(M), V € T(M,F*(TN)), k € C®(N) and h € Sym?(N).
Then, we calculate §,F(p), the first variation of F at p in the direction v.

ProrosIiTION 3.2. We have

5,F(p) = - /M wg(V + V2 H(F) + V7) Fpdu(F*g)

1
+/ uF*(Agp+k+2ptrh)du(F*g)
. (10)
—|—/ (w—AF*gu—g(V,F*Vu)
M

1
+ utrtr (Hess f — ih)) Fpdu(F*g),

where we define f by p = (4n7)~"2 e~/ for a positive function T = 7(t) (which depends
only on t).

REMARK 3.3. Even though there is an ambiguity of the choice of a function 7,
the gradient and Hessian of f do not depend on the choice of 7.
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NotaTION 3.4. By Lp, we denote the normal projection with respect to the
orthogonal decomposition F*(TN) = F,(TM)® T+ M defined by the immersion F,
and by tr-# we denote the normal trace, that is, for a 2-tensor 7 on N and a point
p € M, (tr+F n)(p) is defined by

(tr ) (p) = > n(F(P)(v),v)),
j=1
where {v;}_" is an orthonormal basis of T, M.

Proof. Let {Fs: M — N} c(—ce) be a smooth 1-parameter family of immersions
with Fy = F and (0Fs/08)|s=0 = V. Let us := u+ sw, ps := p+ sk and g5 := g+ sh.
Then, p(s) := (us, Fs, ps, gs) is a curve in C°° (M) x Jmm(M, N)x C°(N)so x Met(N)
with p(0) = p and p(0) = v. Then, the first variation of F at p in the direction v is
calculated as

/ us Fips du(Fy gs),
s=0J M
and we have

d
A sF*sd F*s
7 S_O/Mu ps du(Fgs)

— [ wFbdu(Fg)+ [ wgV.Vp)du(E*g) + [ uFkdu(Erg) (1)
M M M

d d
Fol = Fr Fol =
+/Mu p<d8 Szodu( sg)) +/Mu p(ds

It is well-known that the first variation of the induced measure du(F7g) is given by

(F9.).

s=0

du(F7g) = {divp-g F, ' (V7)) — g(H(F), V) }du(F*g).
s=0

d
ds
On the right hand side, we decompose V as V =V Tr + VLr ¢ F(TM)® T+ M,
and we take the divergence of F._'(V "#) on a Riemannian manifold (M, F*g).

On the other hand, F*gs is a time-dependent metric on M. Since g5 = g + sh,
we have F*g, = F*g + sF*h. Thus, the derivation of F*g, is F*h at s = 0. In

such a situation, it is also well-known that the first variation of the induced measure
du(F*gs) of a time-dependent metric on M is given by

d

* _ 1 * *
75| u(FTgs) = S tr(FTh)du(F"g),

s=0

where the trace is taken with respect to a metric F*g on M. By the divergence
formula on (M, F*g), we have

/ uFpdive-, F7H (VI F)du(F*g)
M

= [ VR Fpdu(F o) = [ ug(V.Ve) du(g)
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Since Vp = —pV f, we have

* * d
/ug(V,Vp)du(F g)+/ qu(d
M M S1s=0

- / o(V, F.Vu) Fpdu(F*g) / wg(V, H(F) + V*F) Fpdu(F*g).
M M

(o) )

By the trivial identity tr(F*h) = F*(tr h) — tr* h, we have

d
/uF*kdu(F*g)—l—/ uF’;)(—
M M ds | ,—g

1 1
:/ uF™ (k—|— ptrh>du(F*g) —/ —u Fp(trt7 h)du(F*g).
M 2 M2

n(rg.))

Furthermore, one can easily see that

F*(Agp) = Ap+y(Fp) — g(H(F),Vp) + tr** (Hess p)
= Apeg(F) + Fpg(V 7 H(F) + V7)) — Fptrt# (Hess f).

Hence, we have

d
/uF*kd,LL(F*g)+/ uF’b(
M M ds | s—o

:/ uF™* (qu—i—k—l-lptrh)du(F*g)—/ luF*p(trJ‘F h)du(F*g)
M - 2 M 2

n(Fg0)

—/ uF" (Agp)dp(F*g)
M
:/ uF* (Agp+ k+ 1ptrh>du(F*9)
y 2
- /M ug(V e, H(F) + V7)) Fpdu(F*g)

1
—I—/ (—Ap*gu + utrF (Hess f — 2h)) Fpdu(F*g),
M
where we used
/ Ul peg(Fp)dp(F*g) = / (Ap=gu) Fpdu(F*g).
M M

Finally, by combining equations (11)-(12), we get the formula (10). O
By (10), we get a monotonicity formula for Ricci-mean curvature flows.

PROPOSITION 3.5. Assume that the pair g = (gi;t € [0,T1)) and F: M x
[0,T%) = N is a solution of Ricci-mean curvature flow with To < Ty. Further assume
that p: N x[0,T1) = R and u: M x[0,T2) — R>o on M satisfy the following coupled
equations:

0
% = —Ay,pt + R(gt)pt (13a)
% = Aprg,us — Uug trhFe (Ric(gt) + Hess f;), (13b)

ot
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where we define f by p = (4n7)"3e~/ for a positive function T = 7(t). Then, for all
te (O, Tg),

2
wlH(F) + V£ Fpdp(Frg) <0. (14)

gt

d
E]:(utuFtuptagt) - _/M

Proof. Since g is a solution of the Ricci flow (1a), h = —2Ric(g;) in (10). Fur-
thermore, in this case, g(V, Fi.Vu;) = 0 since V. = H(F}) is normal and Fp.Vu, is
tangential. Then, (14) is clear by Proposition 3.2. 0

REMARK 3.6. The equation (13a) is called the conjugate heat equation for the
Ricci flow, and the equation (13b) is a linear heat equation with time-dependent
potential tr# (Ric(g;) + Hess f;) on M.

By a straightforward computation, we can prove the following.

PROPOSITION 3.7. Assume that 7(t) = T—t. Letu: M x[0,T) — R be a solution
for (13b). Define v: M x [0,T) — R by u = (4n7)“ =2 v. Then, v satisfies

ov o 1p . g /
prie Ap+gv —vtr— (Ric 4 Hess f 27’), (13b7)

and the converse is also true.

ExampLE 3.8. If the ambient space is a Euclidean space, that is, (N,g) =
(R™, gst), we can reduce Huisken’s monotonicity formula from (14).

4. Mean curvature flows in gradient shrinking Ricci solitons. In this
section, we recall some definitions and properties of gradient shrinking Ricci solitons
and self-similar solutions (cf. Definition 1.2), and prove the monotonicity formula for
a Ricci-mean curvature flow along a Ricci flow constructed from a gradient shrinking
Ricci soliton and also prove an analog of Stone’s estimate.

Recall that if an n-dimensional Riemannian manifold (N,§) and a function f
on N satisfies the equation (3), it is called a gradient shrinking Ricci soliton. In this
paper, we assume that (N, g) is a complete Riemannian manifold. Then, by the result
due to Zhang [28], it follows that V f is a complete vector field on N. As Theorem 20.1
in Hamilton’s paper [8], one can easily see that R(§) + |V f|2 — f is a constant. Hence,
by adding some constant to f if necessary, we can assume that the potential function
f satisfying (3) also satisfy the equation (4). As a special case of a more general
result for complete ancient solutions by Chen [4] (cf. Corollary 2.5), we can see that
(N, g, f) must have the nonnegative scalar curvature R(g) > 0. Hence, we have

0< VP <f and 0<R(G) <f.

Fix a positive time 7' > 0 arbitrary. Let {®;: N — N}ic(—oo,r) be the 1-
parameter family of diffeomorphisms with ®¢ = idy generated by the time dependent
vector field V(t) := ==V f. For t € (—o0,T), define

g = (T —)®;g, fr:=;f, pr=n(T—1t) e

Then, by the standard calculation, one can prove the following (cf. [18]).
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PROPOSITION 4.1. The metrics g is the solution of the Ricci flow on the time
interval (—oo,T) with go = T'g, and p and f satisfy the following equations:

0
5? =—Agp+ R(g)p
. g -
RlC(g) —+ Hess f — m = O
e f _
R() + VS~ =1 =0,

Recall that an immersion map F: M — N is called a self-similar solution if it
satisfies the equation (6), and it is called shrinking when A < 0, steady when A\ = 0 and
expanding when A > 0. A self-similar solution corresponds to a minimal submanifold
in a conformal rescaled ambient space. It easily follows from the formula telling
that the mean curvature vector field in the conformal rescaling (IV, €2#g) is given by
e 2¢(H(F) — mVet). Thus, we have the following.

PROPOSITION 4.2. Let F': M™ — N™ be an immersion map in a gradient shrink-
ing Ricci soliton (N, g, f). Then, the following two conditions are equivalent.
(1) F is a self-similar solution with coefficient X.

20 f/m

(2) F is a minimal immersion with respect to a metric e g on N.

From a self-shrinker, we can construct a solution of Ricci-mean curvature flow.

PROPOSITION 4.3. Let F: M — N be a self-shrinker with A = —1. For a
fized time T > 0, let ®; and g; be defined as above, and define ¥, := <I)t_1. Then,

F: M x[0,T) — N defined by F(p,t) := U, (F(p)) satisfies

(%—f)L — H(R),

in the Ricci flow (N, g:) defined on t € [0,T), that is, F becomes a solution of the
Ricci-mean curvature flow in (N, g¢) up to a time-dependent re-parametrization of M.

Proof. By differentiating the identity ®; o U; = idy, we have

oV, 1
o ‘Wt*(mvf)'

Since H(F) = —Vf+, more precisely H(F) = —V f#.3 (note that the notion of the
normal projection depends on an immersion map and an ambient metric), we have

(%_f)L = (o (5 f))L S )

where H(F) is the mean curvature vector field with respect to the metric g and H (F})
is the one with respect to the metric g;. O

There exists a one to one correspondence between Ricci-mean curvature flows
in (N, g:) and normalized mean curvature flows (cf. Definition 1.3) in (N, g). The
following is clear.

PROPOSITION 4.4. For a fized time T > 0, let ®; and g, be defined as above.
If F: M x [0,T) — N is a Ricci-mean curvature flow along the Ricci flow (N, g;),



RICCI-MCF IN GRADIENT SHRINKING RICCI SOLITONS 89

then the rescaled flow F: M x [—logT,00) — N defined by the equation (7) becomes
a normalized mean curvature flow in (N, g), that is, it satisfies

oF . .
- = H(F)+ V.

Conversely, if F: M x [—logT,00) — N is a normalized mean curvature flow in
(N, g), then the flow F: M x[0,T) — N defined by (7) becomes a Ricci-mean curvature
flow along the Ricci flow (N, gyt).

Here, the monotonicity formula for a Ricci-mean curvature flow moving along the
Ricei flow (N, g¢) is almost clear by Proposition 3.5.

PROPOSITION 4.5. For a fized time T > 0, let g¢, fi, and p; be defined as above,
and define u; ;== (4n(T — 1)) = . If F: M x [0,T) — N is a Ricci-mean curvature
flow along the Ricci flow (N, g:) and M is compact, then we have the monotonicity
formula:

d * *
g | uEpdu(F 9):—/
M M

2
u’H(F) L vfte| Fpdu(Frg) <0 (15)
g
Proof. By Proposition 4.1, we see that p satisfies the conjugate heat equation
(13a). To see that u satisfies the equation (13b), we use the equivalent equation
(13b'). In this case, by Proposition 4.1, the equation (13b’) becomes

ov
— = Ap=gv,

ot

n—m

the standard heat equation on M, where u and v are related by u = (4n (T —t)) = wv.
Then, v = 1 is a trivial solution of (13b'). Hence, u; = (4n(T —t))"2" becomes a
solution of (13b). Thus, by Proposition 3.5, we have the above monotonicity formula
(15). O

By Proposition 4.5, we can deduce the following monotonicity formula of the
weighted volume functional for a normalized mean curvature flow, immediately.

PROPOSITION 4.6. If F: M x [~logT,o0) — N is a normalized mean curvature
flow in (N, g, f) and M is compact, then we have the monotonicity formula:

d ;= - - -2 s = -
— | e du(Frg) = _/ ’H(F)+Vflﬁ eI Fau(Frg) <o. (16)
dS M M g

Proof. In this proof, we follow the notations in Proposition 4.4. It is clear that
fioFy = foFsand Ffg, = (T —t)Frg. Hence, we have

Since H(F,) = (T — t)®4 H(F;) and Vf = (T — t)®.,V f;, we have

(T —t)|H(F,) + Vf; "

2 - S 2
|ty o
gt g
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Thus, by the equality (15), one can easily see that the equality (16) holds. O

To prove the main theorems, we need the following key lemma. Its proof is an
analog of the proof of Stone’s estimate (cf. Lemma 2.9 in [22]). Stone considered

the Weight_e_\/? in the Euclidean case, where f := |z|2/4. However we consider the

weight e’é, since —% is a smooth function and we can apply Proposition 3.2.

LEMMA 4.7. Assume that (N, g) has bounded geometry. IfF: Mx[—1logT,oc0) —
N is a normalized mean curvature flow in (N, g, ) and M is compact, then there exists
a constant C > 0 such that

/ e 5oF qu(Frg) < C.
M
uniformly on [—log T, o0).

Proof. In this proof, we follow the notations in Proposition 4.4. As the proof of
Proposition 4.6, we have

7£o~ F%k ~ m *— *
/ e zor du(F59)=(4W)2/ ut Fype dp(Fy ge),
M M

where

_ 1 S n—
Pt = me 2 and Uy = (47T(T — t)) 2

By Proposition 3.2, we have

d
dt |, " F{py du(FY gt)

:_/Ut
M

o5
+ / uFy (% + Ag,pr — R(gt)pt) dM(Ft*gt)
M

1
H(F;) + ivftlF

Fipy du(F} )

ou 1 .
+/ <6tt Ap*gtut+uttrLFt <2 Hessft+R1c(gt)>) Fipdu(Fl gt) -

By % = |Vf|?, [Vf]>= L — R(g) and Ay f = —R(g) + 37—+ We can compute o
and Agp Then, we can see that

op _ o n f 1 p
00 4 Ago Rig)p = p(4(T—t) s 1) < g -

Since u satisfies 8“* — Aprg,ur + ug tr-"e (Hess f; + Ric(g¢)) = 0, we have

0 1 1
(;it Apygup + uy tr-r (2 Hess f; + Ric(gt)> = _§Ut tr-# Hess ft-
By Hess f; = ﬁgt — Ric(gt), we have

m

1 - 1
_iut trtF Hess ft = us (—h + 5 triFe RiC(gt)) .
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It is clear that tr'7: Ric(g;) < (n — m)[Ric(gi)ly = (n — m)% < %, where
C" := (n —m)maxy |Ric(g)|5 is a bounded constant since (N, §) has bounded geom-
etry. Thus, we have

d e «
— [ u Fipe dpu(Fyg) <

i/, ) /M (Oo — fio Ft)ut Fipe dp(Fy gt),

N
AT —¢
where Cy :=m +4C"” + 1. Since s = —log(T — t), we have

a
ds M

e

Wl

oF [ ~ R d k= *
P au(Fi) = 4m 3T =05 [ Fipdu(Fa.

Hence, we have

d

_fof. Mk ~ 1 foF —LoF, 7% G
s | ¢ 2deu(Fsg)<_/ (Oo—foFs)e 29T du(F7g).
S Jm M

4

Here, we divide M into time-dependent three pieces by M; . = FI'({f < Co}),
Mss = F;71({Co < f <2Cp}) and M3 ¢ == F; 1 ({2Co < f}). On each component,

we have

| (co-FoR)e P auiig <c [ et auFig),
My, s

M, s

ds M

C _fop. Fse ~ _IoF, [k ~
<f</ e?RdMRm—/ ethmwwﬁ.
Ml,s MS,S

On the other hand, by the monotonicity formula (cf. Proposition 4.6), we have
Jur e~ ToFs du(F*g) < €', where C” is the value of the left hand side at the initial
time s = —logT. We further define a region in M by My, == F;'({f < 2Co}) =
My U M,,,. Since e~%

(17)

= e%eff < 6%67]; on M1,57 we have
foF e Co _ foF Pk ~ o
t/ e‘@“ﬁduGgg)éeé)/me ToFe du(Frg) < ez €' =: Cy.
M M
As on M, 5, we have

/ e~ ok du(Frg) < efoC’ =: Cs. (18)
My

.S

Hence, by the inequality (17), we see that for each s € [—logT,00) we must have
either

d o B Fo~ ~
ety <o o [ EPauEg <o
dS M MS,S
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Since M = Ms3, U My, and we have the bound (18), we see that for each s €
[—log T, 00) we must have either

a
ds

oFs du(Frg) < €y + Cs.

M\\n

e~ $oF: du(F*g) <0 or / e
M M
This condition implies that
/ e~ 5oF: 4u(F*5) < max{Cy + Cy, Cs} =: C

M

where C3 is the value of the left hand side at the initial time s = —logT. O

REMARK 4.8. In Section 1, we consider the condition (A2) for a Ricci-mean
curvature flow F': M x [0,T) — N along the Ricci flow g¢. Note that if M is compact
this condition is equivalent to that there exists a constant Cy > 0 such that

Co
<
mj\E}X|A(Ft)|gt = \/ﬁ

on [0,7).

Then, we can prove the following uniform estimates for higher derivatives of the
second fundamental form.

PROPOSITION 4.9. Let (N, g, f) be a gradient shrinking Ricci soliton with bounded
geometry. For a fized time T > 0, let ®; and g; be defined as above, and let F': M X
[0,T) = N be a Ricci-mean curvature flow along the Ricci flow (N, g;). Assume that
M is compact and F satisfies the condition (A2). Let F be the normalized mean
curvature flow defined by (7). Then, for all k = 0,1,2,..., there exist constants
Cy > 0 such that

|[VFA(F)|; < Cp on M x [—log T, c0),

where V is the connection defined by the Levi-Civita connection on (N, g) and the
one on (M, FZg).

The proof is standard by the iteration and parabolic maximum principle. The
computation of (% — A)|A(Fy)|,, is straightforward but tedious. Readers who want
to know its detail can find a rigorous proof in [25]. Combining Lemma 4.7 and
Proposition 4.9, we can deduce the following uniform bound of the second derivative
of the weighted volume. Its proof is also straightforward long computation and is
included in [25].

LEMMA 4.10. Let (N,§, f) be a gradient shrinking Ricci soliton with bounded
geometry. For a fized time T > 0, let ®; and g; be defined as above, and let F': M X
[0,T) — N be a Ricci-mean curvature flow along the Ricci flow (N, g¢). Assume that
M is compact and F satisfies the condition (A2). Let F be the normalized mean
curvature flow defined by (7). Then, there exists a constant C' > 0 such that

2
a / o, ()

ds? ¢
S

- 2 s = -
2 / [H(F) + V4| e TP du(Ezg)

uniformly on [—logT, c0).

Finally, we give the proof of Theorem 1.11.
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Proof of Theorem 1.11. We denote the Kéhler form and the complex structure
on (N,g,f) by w and J respectively. Since F: L — N is a self-similar solution, F’
satisfies

H(F) = \Vf*+

for some constant A € R. Then, by the definition of the mean curvature form wyy, for
a tangent vector X on L, we have

wi(X) =w(H(F),F,X) = \(VfH F.X) = (VS F.X),

where we used the Lagrangian condition in the last equality. Since the mean curvature
form is exact, there exists a smooth function ¢ on L such that wy = df. Let {e;},
be an orthonormal local frame on L with respect to the metric F*¢. Since w and J
are parallel, we have

€

i

A0 =V.,wr(e;) —wp(Ve,e;)
=MV, w(Vf, Fee;) —wu(Ve,€;)
= — AHess f(Fie;, JF. ez) + M(Vf, Vi, Fie)) — Aw(V [, Fi(Ve,e€:))
= — AHess f(Fie;, JFve;) + Mw(Vf, H(F)).

Since the ambient is a gradient shrinking Kéhler Ricci soliton, we have
1
Hess f(Fye;, JF.e;) = —Ric(Fie;, JFye;) + §g(F*ei, JF.e;)=0

Furthermore, we have
W(VI H(F) =w(VfT H(F)) = o(EN(F" ), H(F)) = —(F*g)(V(F" f), V).
Hence, 6 satisfies the following linear elliptic equation:
A+ NF*g)(V(F*f),V0) =

Since L is compact, by the maximum principle, we obtain that 6 is a constant, and
this implies that H(F) = 0.0
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