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STABILITY INEQUALITIES FOR LAWSON CONES*

ZHENHUA LIUT

Dedicated to Xunjing Wei

Abstract. In [1], Guido De Philippis and Francesco Maggi proved global quadratic stability
inequalities and derived explicit lower bounds for the first eigenvalues of the stability operators for
all area-minimizing Lawson cones My, except for those with

(k,h), (h,k) € S={(3,5),(2,7),(2,8),(2,9), (2,10), (2, 11) }.

We proved the corresponding inequalities and lower bounds for these Lawson cones My with
(k,h), (h,k) € S by using different sub-calibrations from theirs, thus extending their results to all
area-minimizing Lawson cones.
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1. Introduction. Suppose h, k > 2 are positive integers. The Lawson cone Mgy,
is the level set

Mkh{z(x7y)€RkXRh‘ el _ Wyl }

VE—1 Vh-1
It is known to be area-minimizing (see [2], [3], [4], and [5]) provided
h+k =9, or (hk)=(3,5),(4,4),(5,3). (1)

In their paper [1], G. De. Philippis and F. Maggi proved global quadratic stability
inequalities and derived explicit lower bounds for the first eigenvalues of the stability
operators for all area-minimizing Lawson cones My, except for

(h, k), (k,h) € S={(3,5),(2,7),(2,8),(2,9),(2,10), (2,11)}.

They achieved this by exploiting sub-calibrations for Lawson cones. Unfortunately,
the sub-calibrations that they used did not work for the cones My, with (h, k), (k,h) €
S. Our main results, Theorem 1 and Theorem 2 in Section 1.1, extend these inequal-
ities to the cones My, with (h, k), (k,h) € S. We achieve this by carefully choosing
sub-calibrations for these Lawson cones in Lemma 2 of Section 2.1. However, our
sub-calibrations do not work for other cases in general.

We first review their results and explain their methods, which we mostly follow.
Consider a variation with compact support of the Lawson cone My;. Suppose the
variation can be realized as the boundary of a set F' of finite perimeter. Roughly
speaking, their first result controls the volume bounded between the Lawson cone
and the variation OF by the difference between the area of the variation OF and
that of the cone My, up to scaling. Their second result provides lower bounds for
the first eigenvalues of the stability operators. For a more detailed discussion of the
significance of these results, please refer to Section 1 of [1].
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The Lawson cone My, can be realized as the boundary 9Ky, of the region

Kkh{(:c y)GRkXRh \/ﬂ \/&}

Let £™ denote the m-dimensional Lebesgue measure, w,, denote the volume of unit
n-ball, and P(A; B) denote the perimeter of A in B. Their results are as follows.

REsULT 1 (Theorem 5 in [1]). If R > 0,m = h + k,(h,k) & S satisfy all the

conditions in (1), then

(ﬁmUQmAFj)QS(jPU%H%)—}KKMUHR)

Rm Rmfl ’

whenever F is a set of locally finite perimeter with symmetric difference K, AF CC
Hp = BY% x BL. Possible values of C' are

\/wkwh
_1U“/ _lk_13ﬂ,gz<k<h(km¢«4®

Interchange k.hif2<h<k.
C =128wy, if (k,h) = (4,4).

REsuLT 2 (Theorem 2 in [1]). If R,m, h,k are as in Result 1, and

e A e |
Mpp

02 =1,sptp CC B}g},
Myn

then

Ch.h
Aen(R) > N7

Possible values of ¢y p, are

1 (k=1\"*(m—2)'
29\ h -1 (h —1)1/4”
Interchange k,h if 2 < h < k.

Ck,h if 2 <k <h, (]{i,h) =+ (4,4).

Ck,h :\1/765, Zf (k7h) = (4,4)

As illustrated in Figure 1, their method is based on sub-calibrating the Lawson
cones with a unit-length vector field g. In other words, the vector field g restricts to
the unit normal on My, and the divergence div g does not change sign in Ky, and
K ,Eh, respectively.

After cleverly choosing g, they proved that

. dist(z, M,
divg(z) > (|) )

where dist is the Euclidean distance. Then they exploit inequality (2) to deduce the
desired results. For a beautiful discussion of sub-calibrations (also called quantitative
calibrations), please refer to their paper [1].

Unfortunately, the sub-calibrations they used did not work for (h, k), (k,h) € S.
The main results of this paper extend their stability inequalities to include those
(k,h). We achieve this by using sub-calibrations inspired by [5].
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Fia. 1. A sub-calibration g of the Lawson cone My and a variation.

1.1. Stability Inequalities Extended to (h,k),(k,h) € S.
THEOREM 1. If R > 0,m =h+k,(h,k),(k,h) €S, then

L (EwAF)\* _ P(F;Hp) = P(Ku: Hp)
Rm - Rm—1 ’

whenever F' is a set of locally finite perimeter with K, AF CC Bﬁ X B%. A possible
value of C' is T2 x 122 x 10%9.

THEOREM 2. If R,m,h,k are as in Theorem 1, and

Men(R) = inf {/ |VMin o2 Ty, |Pp2dH™ T / 02 =1,sptp CC ng},
My

Mpp
then
Ck,h
Aen(R) > T2
Possible values of cy,p, are
V3
C = C = —F
3,5 53 = 513
B V11
Ck,2 = C2hp = F’

for k,h =7,8,9,10,11.

2. Proof of the Theorems. We now prove, in order, Theorem 2 and Theorem
1. By the symmetry of Lawson cones, it suffices to prove the cases with (h, k) € S.
The following lemma, is the basic tool to extract information from the sub-calibrations
g.
LemMMA 3. If m > 2, E is of locally finite perimeter in R™, and g €
I/Vli),c1 (Rm’ Rm)’
lg| <1 on R™,
divg >0, a.e. on E°,
divg <0, a.e. on E,

g=vg, H" ! —a.e on 01)2F,
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then E is a local minimizer of the perimeter in R™, with

P(F;A)— P(E; A) = / | div g +/ 1—(g-vp)dH™ (3)
EAF ANO, o F

Here H™~! is the m — 1-dimensional Hausdorff measure, vg is the out-pointing
unit normal. If |E| denote the £™-volume of a set E, then

ENB 1
lim | m (x7r)|

O1)2E ={z eR™: =5h

r—0+ wWpr™
is defined as the set of points of density 1/2 in E. For proof of Lemma 1 and details
about 0/, F, please refer to the proof of Proposition 4.1 in [1] and the relevant
discussions on page 416 in [1]. Roughly speaking, Lemma 1 can be proved by breaking
down the integration definition of perimeter and then using the divergence theorem.

The left hand-side of (3) can be seen as variation of area, so it can provide
information for second variation by Taylor expansion and choosing suitable variation
F'. The key to using this information is to find vector fields g that satisfy inequality
(1) in Section 1.

2.1. Sub-calibrations for My, with (h,k) € S.

LEMMA 1. For E = Ky, the vector field

v

v

satisfies all the hypothesis in Lemma 1. The function f for (h,k) = (3,5) is

(h = Dlz[* = (k= Dyl

(h= D], if 2 € Ky,
T = 4
F@B =9 (= a2 = (k= 1)lyl?

1 (k= Dly>?, if = € K,

and the functions f for (h,k) = (2,k) with k =7,8,9,10,11 are

(h—1)]z]? — (k —1)|y]? (h=Dl|z|)?, if 2z € Kpn,

f(‘ray): — Z‘2£ B g
(h—1)lz| 4(k ly| (k=D)y)?, if z € KE,.

Moreover, g also satisfy

| dlv.g‘ > %dISt(zv Mkh)7

with values of ¢ the same as in Theorem 2.

The proof of Lemma 2 is left to Section 3. The sub-calibrations we choose work
well for (h,k) € S, but do not work for some other Lawson cones. In some sense,
these are specifically chosen to cover the cases (h, k) € S.
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2.2. Proof of Theorem 2. By Lemma 1, we have

P(F;HR)—P(Kkh;HR)Z/ |dng|
KpnAf

dist(z, M,
ZCk,h/ LSHE, Mkn) (2’2 kh)dz (4)
KinAF |2|

Ck,h

> dist(z, Mgp)dz.

2

Now, suppose ¢ € C'(Mgy), with 0 & spto CC B For ¢y > 0 small enough, there
exists an open set F' C R™ with F — {0} a C! hypersurface and K;,AF CC Hg,
such that

OF — {0} = {z+ to(2)vk,, (2) : 2 € Mg, —{0}}.
By second variation and Taylor expansion, we have

2 )
P(F;Hg) — P(Ky,; Hr) = 5/ (VM2 Ty, [202dH™ 1 + O(t).
My,

Calculating the integral directly by pulling back the volume form on R™, we have

et
/ dist(z, Myp)dz = (L+ O(1) [ dH™ ' (2) / sds
KpnAF 0
t2 2 m—1 3
=0 paurtr o),
Mpp

Myp

(5)

For details, please refer to Lemma 3.1 in [1]. Combining (4) and (5), and letting
t — 0, we deduce that

[t g Pt > [ e ©)
My, Myn

To extend (6) to all ¢ € C*(Myy,), let ¢; be a sequence of cut-off functions so that
spty; C B;"/j and 9¥; = 1 on B{’}j with |Dy;| < C.,j everywhere, where C,, is a
positive constant depending only on m. We know that H™ (M, N B™) < c(m)rm=1
for some constant ¢(m) depending only on m and |, | < % for some constant C
depending only on k, h. Combining these estimates, we can see that the integrand on
the left hand side of (6) is dominated by O(#), and thus the integral on the left

hand side converges as j — oo. Let j — oo and use dominated convergence. We
deduce that (6) is true for all ¢ € C*(Myy). O

2.3. Proof of Theorem 1. Define

p(2) = ol |
VE—1 Vh-1
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By Lemma 1 and Lemma 2, we have

|KkhAF| < ‘(KkhAF) n {p > €}| + \HRH {p < 6}‘

R2
g/ Pz) Tpdz + [Hr N {p < €}
(Kyn AF)N{p>e} € |2|
IR? dist(z, M,
_ Gt M) g 4 Vg 0 (p < 6}
€ (KkhAF)ﬁ{p>e} ‘Z|
IR? .
< |div gldz + [Hr N {p < e}
Ck,h€ J(Kpn AF)N{p>e}
IR?
SCkhe P(F;HR)—P(Kkh;HR) —|—|HRﬂ{p<€}|,

where [ = ,/ﬁ + ﬁ by elementary geometry. Now, we need to get a suitable
upper bound for |[Hr N {p < €}|. We have

ot (e o< < o

k k
- k_lk/2/ ( ly| +) _< lyl _> o,
sl L A=t -1 ).

We can break down the estimate into two parts, namely

/ ( 1y +6)’“_< 1y _€>kdy

evh—1

k
L, (e
Bh h—1
evh—1
§2k6h+kwh(h _ 1)]{}/27

and

+

1y > ( 1y 6)’“@
h—1

#\BL =t Vh
1 \/ evh—1\"
Sim/ ‘y|k - —— dy
(h—1) Bp\B! ;o | |yl
- wﬁy
“(h=1)k2 Jgn\pn lyl

eVh=T
2ke r k—1qym—1;gh—1
S(h—l)(k—l)/Q /Emr H™TH(S) T )dr
2k hepe
Sh-1)EDe / A
- 2k hewpe
== D& 02 (m 1)

m—1
R™ 7,
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where we use (1 +t)¥ — (1 —t)¥ < 2kt for t € (0,1), k € N. Combining the two parts,
we have

hRm—l
k _ 1\k/2 _1\h/2 m—1
|Hr N {p < e} <2%wpwn(k —1)"2(h = 1) 6<€ + (h— 1)m=1/2(p — 1))'

Now, note that w; < 6 for all 2 < j < 11, so by substituting the explicit values for
Ck,h, We have

5 2
K AF) §2X 11°v/11R
€

(P(F;HR) —P(Kkh;HR)>

3
+ 211621011/223/26(6m_1 + 6Rm—1) (7)

<7 x 10" (R:(P(F; HR) — P(Kpp; HR)) +e(e™ ' + Rm—l)). (8)

Let
L LT(KmAF)
— o ’
5= P(F; Hr) — P(Kyn; Hr)
- Rmfl )

Note that « < R™™L™(Hp) = wpwy, < 62. If § > 62, then a < wiwy, < 6v/9. Thus we
assume ¢ < 62. Inequality (8) implies

€

R
<7x 101 =§
a< (X (e +R

(/R)™ ) + 1)). ©)

If e < ¥/35R, then inequality (9) implies

€

R
<7x10"(=6+36=).
a<T7x (e + R)

Note that

R

L5436~ > 12v0

€ R
with equality if and only if € = R,/%. Since 35—6 <1, wecan let ¢ = R 35—6, and
deduce that

a < 7x12 x 1010/5.

3. Proof of Lemma 2.

3.1. Calculating divg on Kj,. To make calculations simpler, let u = (h —
1)|z|?,v = (k — 1)|y|?. First, consider the function
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‘We have
Oz, f _h z;((d + Du? — dvu™1),

02,0u, f :%@j ((d+ Dut — dou®1) + (h — 1)%2;2;((d + 1)du®" — d(d — 1)vu?™?
Oy, f=— %yiud

0y, 0y f = — %%ud,

0y, 0n, f = — d(h — 1)(k — D)u'z;y;.

This gives
A R
Af :(h —21)k ((d+ 1)ud . dvud_l) B (k —21)]7, 4
+ (h — 1)“((d+ 1)dud_1 —d(d— 1)vud_2),
(0r, f)(Or, )(Oz, Ou, ) :(h ;3 1)2u((d + Dut — dvud71)3

(h—1)

u?((d+ Du? — dvudil)2

+ 4
x ((d+1)du®" —d(d — 1)vu?"?),
Gk Vil

(Oy: £)(By, F)(0y, 0y, ) =
(O, )(By,; £) (0, 0y, f) =

8 ,

—(h — 1)4(k i) duZdv((d +1)ud — dvudil).

Thus, we have

v

IV/]

=|VIPAS = (82,f) (e, ) (00,02, ) — (By, £)(By, F)(Dy, 0y, f)
= 202, )(9y, £) (02,04, f)

:Wu?’d”(u ) <(1 +d)?(—1+d(—1+ h))u?

V£ divg =|Vf?div

+d(—2+d(1+2d —2(1 + d)h) + k)uv + d*(—1 + h)#).

3.2. Calculating divg on K,Eh. Now, define

which can be obtained by interchanging u, v and h, k and adding an additional minus
sign to f in the previous subsection. Thus, by symmetry or by direct computations,
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we must have

h—1 E—1
|V |2 :Tuvz‘l + Tv(duvd_l — (d+ 1)vh)?,
. . Vf
V13 divg =|Vf|?div
IVfI?divg =|Vf]| N
(h—1)(k—1)

3 (u — v)v3d=2 <d3(k — 1u?

+d(—2+d+2d* +h—2d(1 + d)k)uv

+(d+1)*(=1+dk - 1))1}2).

Note that if we set g = %, then g is clearly continuous, and smooth except on
My, Calculations can show that the derivative of g is of order O(|z|~!) near origin,
S0 g € Wli"cl(IR{m,]R{m).

3.3. The Cases (2,k). We use the basic inequalities max{|z|,|y|} < z <
V2max{|z|,|y|} and (a? + b2)'/9 < (a® + b?)'/2 for a,b > 0,q > 2. Also note that
d(z, Myy,) = M

’ Vh+k—2
by elementary geometry.

If u > v, then choosing d = 3/2, we have
(=14 k)u®?(u — v)(25u® + 12(—11 + k)uv + 27v?)

divg = 372
<116u2(25u2 +2(—17 + 2k)uv + 91}2))

Let po(t) = 27t% — 48t + 25. We have ming 1) p2 = p2(8/9) = 11/3.
This gives

u v u? — wo 02
divg >(k — 1)(v/ — o) et Vo250 + 12(—11+ Tuv + 27

Vu o (25u2 + 2(=17 + 2k)uv + 9v2)3/2

w?ps(v/u
>(k —1)(Vu— /) (25u2 + fg’évgg“)w

2 (el/v)
(44u2)3/2
LL21/4v/2)4
Sk Vu—

25311 2
VILi -
=953 o7

>(k - 1)(Via - Vo)

If u < v, choosing d = 1, we have

(k= 1)(u—v)v((k — Du* + (3 — 4k)uv + 4(—2 + k)v?)

(}lv((k —1)(u—2v)2 + uu))3/2

divg =
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Let qa(t) = (k — 1)t + (3 — 4k)t + 4(k — 2). We know that minjg 1] g2 = ¢2(1) = k — 6.
This gives

v2 o(u/v
|d1Vg| >( - 1)|\/17, - f‘ f\%f ((k‘ )114152 {’_ 2}2)3/2

(k—6)(k —1)*(|ly])*

2k = OV = VG T e D
(k = 6)(k — 1)%(|z|/ V&)
Z(k_l)hf_\/a(zl(k )3 (k ) )3/2|z|6
N (k—6)(k—1)3 [Vu — Vvl
TRk =12+ (k- 1232 [
N 6* NG
T112(4 x 103 +102)3/2 [2]2

L Vu— ol

T

where we use v > u if and only if |z| < vk — 1|y| and thus |z| < VEly|
This gives

I [WVu—yo 1 dist(z, May)
2 sy P
3.4. The Case (h,k) = (3,5). Choose d = 3/4. If v > v, we have

Hul/*(u — v)(49u? — T2uv + 27v?)

3/2
(312\/1?(49u2 — 10uw + 91)2)>

div g| >
| div g| 11

divg =

Let
p3(t) = 2762 — T2t + 49.
We know that miny ;) p3 = p3(1) = 4. This yields

U v u?ps(v/u
divg>4\/§(\/ﬂ_ﬁ)\r\ja\f ps3(v/u) 7
(49 x 4]zt + 9 x 16y|4>

42
3/2
(@9x®(ﬂ4+yﬁ0

4 % 4(|z|/v2)*
143]20

>4v2(v/u — /)

>4vV2(v/u — /)
RN
=73 |z|2 ‘

If u < v, we have

L (u — v)/*(27u? — 123uv 4 98v?)

divg = 372
(116@(91@ — 34uv + 4902)>
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Let gs(t) = 27t* — 123t 4 98. We have minyg 1 ¢3(t) = ¢3(1) = 2. This gives

2 2
|divg| >4/ — /o] LTV R A —
v
(9 x 4lz|* + 49 x 16y|4>

202
Z4|\/ai \/E| 3/2
(49 x 16(|a]* + |y4)>
2 x 42|y|*
>4[v/u — \/E|W
2 x 42(]2|/v3)*
Z4|\F—\/5|283—|Z|6

2 [Vu—l

=3B 2

where we use u < v < 2Jy|? > |z| and thus |2|? < 3|y|?. This yields

|d1Vg| > L |f7 \/6| _ @diSt(zaM&B).
3273 |z]2 213 |z|2
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