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QUENCHED WEIGHTED MOMENTS OF A SUPERCRITICAL
BRANCHING PROCESS IN A RANDOM ENVIRONMENT*

YUEJIAO WANG', YINGQIU LI¥, QUANSHENG LIU%, AND ZAIMING LIUY

Abstract. We consider a supercritical branching process (Z,) in an independent and identically
distributed random environment £ = (£,). Let W be the limit of the natural martingale W,, =
Zn B¢ Zn,n > 0, where E¢ denotes the conditional expectation given the environment . We find a
necessary and sufficient condition for the existence of quenched weighted moments of W of the form
EWl(W), where a > 1 and [ is a positive function slowly varying at co. The same conclusion is
also proved for the maximum of the martingale W* = sup,,~; W, instead of the limit variable W.
In the proof we first show an extended version of Doob’s inequality about weighted moments for
nonnegative submartingales, which is of independent interest.

Key words. Branching process, random environment, weighted moments, Doob’s inequality,
slowly varying function.
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1. Introduction and main result. The Galton - Watson process is a famous
population process where the particles behave independently; each particle gives birth
to new particles of the next generation according to a fixed offspring distribution. A
branching process in a random environment is a natural and important extension of
the Galton-Watson process, where the offspring distributions vary from generation to
generation according to a random environment. This model was first introduced by
Wilkinson and Smith [29] in 1969. Basic limit theorems were established by Athreya
and Karlin [4, 5] in 1971. Since then this model has attracted the attention of many
authors, see for example the recent works by Bansaye and Berestycki [7], Boinghoft,
Dyakonova, Kersting and Vatutin [14], Huang and Liu [20], Bansaye and Vatutin [8],
and the references therein.

We are interested in asymptotic properties of a supercritical branching process in
a random environment. For a Galton-Watson process (Z,,) with one initial particle
(Zp = 1) and m = EZ; > 1, the moments of the limit variable W = lim,,, oo % has
been studied by many authors, see for example [1, 6, 12, 18, 21]. Of particular interest
is the existence of the weighted moments of W of the form EW (W), where a > 1
and [ is a positive function slowly varying at co. Bingham and Doney [12] showed that
when « > 1 is not an integer, EW*(W) < oo if and only if EZ{{(Z;) < co. Alsmeyer
and Rosler [1] proved that the same result remains true for all non-dyadic integer
a > 1 (not of the form 2% for some integer k > 0). Liang and Liu [27] proved that the
result holds true for all & > 1. In [28], this result was further extended to a branching
process in a random environment for the annealed weighted moments EW{(W). In
this paper, we consider the extension to the quenched moments E.W (W) (when
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the environment ¢ is given), for which we will show that the existence condition is
quite different to the annealed case. Meanwhile, we also consider the same problem
for the maximum variable W* instead of the limit variable W. We mention that the
techniques of this paper can be used to study moments of more general models, such
as Mandelbrot’s cascades and branching random walks. In such models, the study of
moments is an important topic, and is closely related to multifractal analysis, see for
example Kahane and Peyriere [22], Barral and Mandelbrot [9], Barral and Jin [10],
and Falconer [16].

Let us now describe precisely the model. Let & = (&,)n>0 be a sequence of
independent and identically distribution random variables taking values in some space
O, whose realization corresponds to a sequence of probability distribution on N =

{0,1,2,--- }:

(&) = {pi(&n);i > 0}, where p;(¢,) >0 and Y pi(6,) = 1.

i=1
A branching process (Z,,),>0 in the random environment £ can be defined as follows:

Zn
Zo=1 and Z,41 = an for n >0,
=1

where given the environment &, X,,; (n > 0,4 > 1) is a sequence of (conditionally)
independent random variables each X, ; has distribution p(&,).

The total probability space on which all the random variables &, and X, ; (conse-
quently all the Z,,) are defined will be denoted by (2, F,P); the conditional probability
given the environment § will be denoted by P¢. Therefore, by definition, for each re-
alization of the environment sequence ¢, the random variables X,,; (n > 0,7 > 1)
are independent of each other and independent of Z,, under P¢. The probability P
is usually called annealed law, while P¢ is called quenched law. The expectation with
respect to P and P¢ will be denoted respectively by E and Ee.

For n > 0, write

[e) n—1
My, = Zz’pi(gn), IIp=1 and II,= H m; if n>1.
i=0 =0

Then m, = E¢X,; and II, = E¢Z,. We consider the supercritical case where
Elogmg > 0. It is well known that the normalized population size W,, = ﬁ” , n>0,
is a nonnegative martingale under IP¢ with respect to the filtration

FSZ{Q,Q} and ngU{g,XkJZk<n,7::1,2,"'} for TLZl,

so that the limit W = lim,,_,o W,, exists almost surely (a.s.) with EcW < 1 by
Fatou’s Lemma. It is also known that W is non-degenerate (which is also equivalent
to the convergence in L' of (W,,)) if and only if

1 +
E(Zlong> < 00 (1.1)

mo

(see Athreya and Karlin [5] for the sufficiency and Tanny [30] for the necessity) and
that E¢I/ =1 a.s. when the condition is satisfied, where log™ x denotes the positive
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part of logz: log™ x = logz if > 1, and log™ 2 = 0 if 2 € [0,1]. It can be checked
that under the supercritical condition Elogmg > 0, the hypothesis (1.1) is equivalent
to EW; log™ W, < co. We will consider the existence of weighted moments of W of
the form E.WI(IW) with a > 1 and [ a positive function slowly varying at oo, and
the same problem for the maximum variable

W* = sup W,.

n>1

Recall that a positive and measurable function [ is defined on [0, 00) is called
slowly varying at oo if lim, % = 1 for all A > 0. (Throughout this paper,
the term ”positive” is used in the wide sense.) By the representation theorem (see

[11],Theorem 1.3.1), any function [ slowly varying at oo is of the form

l(x) = c(x)exp </G: e(tt)dt>, x> ag, (1.2)

where ag > 0, ¢(-) and £(-) are measurable with ¢(z) — ¢ for some constant ¢ € (0, c0)
and e(x) — 0 as x — oo. Moreover, it is known that any slowly varying function {
posses a smoothed version [; in the sense that I(z) ~ [;(x) as @ — oo, with [; of the

form
li(x) = c exp (/: El(t)dt>, x> ap, (1.3)

o ¢

with &7 infinitely differentiable on (ag,o0) and lim,_, . e1(x) = 0 (see [11], Theorem
1.3.3). The value of ag and those of I(z) on [0, ag] will not be important. For conve-
nience, we often take ag = 1. Notice also that the function ¢(-) in the representation
of I(-) has no influence on the finiteness of moments of W of the form E.W*I(W), so
that we can suppose without loss of generality that ¢(x) = 1. Moreover, by choosing a
smoothed version if necessary, we can suppose that the function € in the representation
form (1.2) is infinitely differentiable.
We can now formulate our main result.

THEOREM 1.1. Let I be a function slowly varying at co and ¢(x) = x®l(x) with
a>1. Assume (1.1) and Elogmg < co. Then the following assertions are equivalent:

(i) Elogt Ecp(W1) < oo; (ii) Ecp(W) < 00 a.s.; (iii) BEep(W*) < o0 a.s..

REMARK 1.1. For the equivalence between (ii) and (iii), we do not need the
condition Elogmgy < oo. Actually, this equivalence is a general result for martin-
gales; we will prove it by establishing an extended version of Doob’s inequality about
weighted moments for nonnegative submartingales, which is of independent interest:
see Theorem 2.1 below.

When [ is a constant, the equivalence between (i) and (ii) has been established
in [19]. The general case where [ is not necessarily a constant makes the proof much
more delicate. Similar sufficient conditions were given in [25], where a completely
different method was used.

The rest of the paper is organized as follows. In Section 2, we prove an extension
of Doob’s inequality about the ¢-moments of the limit variable and the maximum of
a non-negative submartimgale. In Section 3 we establish a key inequality, with which
we will prove the main result in Section 4.
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2. Extended Doob’s inequality for ¢-moments on submartingales. For a
convergent nonnegative submartingale sequence {(fn,Gn) : n > 0} with Gy = {0, Q},
defined on some probability space (2,G,P), we set

f=lim f, and [f*=supf,.
n—oo ’I’LZO
In this subsection, we will prove a relation between the weighted moments for the limit
variable f and the maximum variable f*, which implies that they are finite or infinite

simultaneously. It can be considered as an extended version of Doob’s inequality on
submartingales.

THEOREM 2.1. Let (fn,Gn) be a nonnegative submartingale convergent a.s. and
in L*. Define f and f* as above. Let ¢(x) = z*l(x), where a > 1, 1 is a positive
function slowly varying at oo and locally bounded on [0,00). Then there exist two
constants Cy > 0 and Cy > 0 depending only on ¢, such that

E¢(f*) < Co + CLES(f).

Two lemmas will be used for the proof of Theorem 2.1. The first is an extension of
Doob’s inequality on a submartingale, while the second is about a smoothed version
of a regularly varying function.

LEMMA 2.1 ([2], Proposition 1.1). Let ¢ : [0,00) — [0,00) be an unbounded,

nondecreasing convex function, with ¢(0) =0,

x¢' () .o x¢' ()
0<z<oo P(x) > 1 and p = offfoo o(x)

Py = < 00,
where ¢’ (x) denotes the right derivative of ¢ at x. Then for each n > 0, the mazimum
variable f; = supg<p<, [ satisfies

. ps 7
E6(f7) < (qu o) Boln)

As usual, we write f(z) ~ g(z) if lim, % =1.

LEMMA 2.2. ([28],Lemma 3.1) Let ¢(x) = x*l(x), with a > 1 and l a positive
function slowly varying at co. Then, for each § € (1,2] with § < «, there is a function
®1 > 0 such that
(i) ¢1(z) ~ o(x), asw— oo;

(i) x> ¢1(z) and z — ¢1(x/?) are convez on [0, 00);

(i) ¢1(z) = 2%y (x), where Iy is slowly varying at oo and Iy (z) > 0 for all x > 0.

(iv) Ifl has the representation form (1.2) with c(x) = ¢ for a constant ¢ € (0, 00)
and e(x) continuous for x > ag, then the function ¢1 satisfying (i), (ii) and

(iii) can be taken as

o1(x) = oz/och u*(u)du for x € [0, 00).

We mention that Part (iv) does not appear explicitely in Lemma 3.1 of [28], but
is shown in its proof.
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Proof of Theorem 2.1. By choosing a smoothed version (see (1.3)) if necessary,
we can suppose that { has the representation form (1.2) with ¢(z) = ¢ and ¢ infinitely
differentiable. Let ¢1 be defined as in Lemma 2.2(iv) and o = ag + b where b > 0 and
ag > 1. Let 6 > 0 be small enough such that o — ¢ > ag and a1 be large enough such

that @ = § < 554 < a4 6 for all & > ay.

We set ¢o(z) = ¢1(z) if © > ay; ¢2(z) = 2%9a8ly(ay) if x € [0,a1). Then ¢y is
convex on [0,a1) and (a1,00). At ay, the right derivative ¢4 (a;+) and left derivative
@h(ay—) satisfy

Py (a1+) _ #(ar) _ a1¢)(ar) _ ad(ar) - a—296 -
Ph(a1—)  abli(a)apaf® ™t appi(ar)  apdi(ar) Qo ’

where the last equality holds by Lemma 2.2(iv). Therefore ¢ is convex on [0, c0).
Since

/ ap b
inf 202@) _ g coraihlen) ooy
0<z<a; ¢2(1') 0<z<ai xaﬂalll(al)
and
/ /
inf TPy () —  inf z ()
a1 <z<oo (bg(x) a1 <zr<oo ¢1($)
a—1
_ g PO g 0@ s
a1 <z<oo (;51(1;) a1 <z<oco qﬁl(l')
we have pg, > 1. Similarly,
xgh(x) apr®0ably(ar)

sup = sup ————> =qg < 00
0<z<ay ¢2($) 0<z<ay xaoal{ll(ad) ’

T wol@) | seat i)
a1 <z <oo ¢2($) a1 <z<oo (bl (Z‘) a1 <zr<oo ¢1 (J?)
= sup g(x) <a+d < oo,

a1 <z<oo (bl ((,C)

so that pj < oo. Then, by Lemma 2.1, we have

Eou(f7) < ("B () (2.1)

where f = supy<p<, fr- Since (fm) converges a.s. and in L', we know that for all n
E(f1Gn) 2 fn.
Therefore, by Jensen’s inequality and the monotonicity of ¢5, we get
E(62()IGn) = 62(E(f10) ) = d2(fn)- (22)
Taking expectation at both sides of (2.2), we have

Epa(f) > Eda(fn)- (2.3)
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Passing to the limit in (2.1) as n — oo, using the monotone convergence theorem for
the left side and the bound (2.3) for the right side, we obtain

Eoa(f") < (227" Eaa(f) (24)

Because ¢o(z) ~ ¢(x) as © — oo, for a > 0 large enough, we have

%(;5(3:) < ¢o(x) < 2¢(x) for all = > a.

Hence
%Ecb(f)f{fza} S Edo(f)(5>ay < 2EO(f)(f>a}-

As Eda(f) I 5<ay < ¢2(a), it follows that

5 (Bo(f) — 6(a)) < Eon(f) <2 (6(a) +Eo(f))

Similarily, the same result holds with f replaced by f*. Therefore the desired conclu-
sion follows from (2.4).

3. A key inequality. In this section, we show an inequality (see Lemma 3.1
below) which will play a key role in the proof of the main result.
For n > 0 and ¢ > 1, write

_ X,
Xpi=—""—1
My
For simplicity, set X, = ~n71 which has the same distribution as Xm under P, for

each ¢ > 1. For n > 1, write

Zn_1

1 -
Dy =W, -W,_1 = Xn—1,i |-
1 DL 1)

Then W, =14 Dy + -+ Dy, so that W* = sup,,~; W, can be written as W* =
L+sup,>; (D1 + -+ Dy), so that [W* — 1] <sup,,5q [Dy + -+ + Dy|. Define

Fo={0,2} and F,=o0{&, X, k<n,l<n,i=12,---} forn>1

Then, as observed in Liang and Liu [28], (W,,, F,)n > 0 also forms a non negative
martingale under P¢ since

Ee(WalFa-1) = Ee (Be (Wal Fi_1) 1 Fa-1) ) = Be(Wo-1|Fn-1) = Wa1.

Following [28], for technical reasons we will use the martingale (W, F,,) rather than
the more frequently used one (W,,, F2).

LEMMA 3.1.  Let ¢ : [0,00) — [0,00) be a convex and increasing function with
#(0) = 0 and ¢p(2z) < cp(x) for some constant ¢ € (0,00) and all x > 0. Let 5 € (1,2].
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If the function x — ¢(x'/P) is conver, then writing A =3 o0 1/1'[5:} which is a.s.
finite, we have

Eeo(W* —1)) <C )
n=1

1 .
IE§< o(aow/ (E5|Xn—1|ﬁ)1/6>>

-1
Al
|Xn—1| 1/8
+E¢¢ (W Wl s

where C' > 0 is a constant depending only ¢ and (.

For the proof of Lemma 3.1, we will use the Burkholder - Davis- Gundy (BDG)
inequality that we are going to state in the following lemma. For a martingale sequence
{(fn,Gn) : n > 1} defined on some probability space (2, G,P), set fo =0, Gy = {0,Q},
dp = fn— fno1 formn > 1,

[ =sup|fn] and d* =sup|d,]|
n>1 n>1

LEMMA 3.2 ([15], Theorem 2). Let ® : [0,00) — [0,00) be an increasing and
continuous function with ®(0) = 0 and ®(2X) < c®(X) for some ¢ € (0,00) and all
A>0.

(i) For every B € (1,2], there exists a constant B = B,z € (0,00) depending

only on ¢ and § such that for any martingale {(fn,Gn) : n > 1}, we have
/B

E®(f*) < BE®(s(8)) + BE®(d*) with s(8) = (Z]E(|dn|ﬁ|gn1)>(3.1)
and

E®(f*) < BED(s(8)) + B> _ Ed(|dn]). (32)

n=1

(ii) If @ is convex on [0,00), then there exist constants A = A, € (0,00) and B =
B. € (0,00), depending only on ¢, such that for any martingale {(fn,Gn) :
n > 1}, we have

o 1/2
AED(S) <E®(f*) < BE®(S), where S = <Zdi> ;
n=1

moreover, for any 5 € (0,2],

o 1/B
Mwws%ﬂam,Mmsm<Zwm>.

If, additionally, for some 3 € (0,2] the function ®;,5(z) = ®(x/?) is subad-
ditive on [0,00), then

E®(f*) < B Ed(d.).

n=1
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Proof of Lemma 3.1. By the law of large numbers, lim,, . (1/I1,)"/" =
e~ Flogmo < 1 a5, so that A < co. By (3.2), we have

e 1/p o)
Eeo(IW™ — 1) < B<Es¢<<ZEs(IDnIB|fn1)> ) + ZE5¢(IDnI)>, (3.3)

n=1

where B > 0 is a constant depending only on ¢ and S.

For fixed n > 1, let X(j) = X,,_1; for j > 1. By the fact that E¢X (i) = 0 and
that {X (i)} are independent of each other under P¢, we know that under Pe(:|F,),
{X(i),i=1,2,---,Zn_1} is a sequence of martingale differences with respect to the
natural filtration

-/;:.k ::U{é'laXh,iaX(j): 0§l<n7170§h’<n7137’2171§]Sk}v kzl

For this martingale difference sequence, using Lemma 3.2 (ii) and the subadditivity
of z +— zP/2 we get
B
fn—l)

Z _ ~
Tt X1
Ee(|Dnl"|Fu-1) = Ee (('Z_nll>
B/2
Xn i
SBE5<< Z | X1, ) ﬁ”)
= |Xn—1,i|

Z’r Wn 1
B n— 1|B EEan 1|B (3.4)
Hn 1 ,
Since ¢;,5(z) := ¢(x'/?) is increasing and convex, and > o7 | Anlﬁ r =1, from (3.4)

n—1

we get

o0 1/8 %)
E£¢<<ZE£(|Dn|B|fn1)> > < E¢oiy/p <Z —— 1 ABW,, 1B | X, 1|ﬂ>

n=1 —1

Z ¢1/5(A3Wn VEe| X1 )

<C’Z]E§

(Al/ﬁwl/ﬁ (Ee| Xn_1]?)" 5) (3.5)

where C' > 0 is a constant depending only on B and c. The last inequality holds since
for any constant ¢; > 0, we have ¢(c1z) < ca¢p(z) for ca = ™ and any x > 0, where
ni is an integer such that ¢; < 2™; the last inequality follows from the condition
that ¢(2z) < cp(x) for all z > 0 and that ¢(x) is increasing, which imply that
d(c1z) < p(2"Max) < ™ p(x). This gives the desired bound for the first part of (3.3).
For the second part of (3.3), by Lemma 3.2 (ii) and the convexity of ¢, /5(x) = P(z/P),
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we obtain

Zn— 1/p
n—1 B Xn y ﬂ
Beo(IDa) = B <¢< T DECEE )) <BE5¢><< Sl ) )
n- i n—1

|Xn 1 z = IXTL 1 i|ﬁ
= BEf(bl/B( Z = BEﬁ(bl/B Z 1Zn—1 HB
i=1 - i=1 " n—1
< BEg Z

|Xn1,i|ﬂ>
¢1/ﬁ< Hi_l

= Bqus(X”lwl/ﬁ). (3.6)

(B=1)/8

The conclusion of Lemma 3.1 then follows from (3.3), (3.5) and (3.6).

4. Proof of main result. For the proof of our main result Theorem 1.1, we will
use the following Lemmas.

LEMMA 4.1 ([19], Theorem 1.1). Let (Z,) be a branching process in an i.i.d.
random environment with 0 < Elogmg < co. Then for each fizedp > 1, 0 < E.WP <
00 a.s. if and only if Elog™ E¢WT < oo.

LEMMA 4.2. Let X be a non negative random variable, | be a function slowly
varying at co and ¢(x) = x*l(x) with o > 1. The following assertions are equivalent:

(i) Elog" E¢(X) < o0 ;

(ii) Elog" E¢p(|X — c|) < oo, where ¢ > 0 is a constant.

Proof. Recall that we can take [ as the form (1.2) with ap = 1 and ¢(z) = 1 for
all x > 1. Consequently, we have for x > ¢+ 1,

l(;;(;)c) = exp (— /:C E(tt)dt>7

where ¢ > 0 is a constant. Because e(z) — 0 as  — oo, so for § > 0, there exists
xo > ¢+ 1 such that —0 < e(z) < ¢ for all © > (. Therefore for x > xg,

Toe(t
_510gi</ O gt < 5108 2,
Tr—c o_c U Tr—c

so that limg e ff_c @dt = 0. Therefore

.z —2¢)
A )

=1 (4.1)

The conclusion of the lemma then follows easily from (4.1) together with the following
elementary inequalities: for all a,b > 0,

(a4 b)* <2971 (a® 4 b*) (4.2)
and

logT(a+b) <1+log™a+log™b. (4.3)
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(To see the last inequality (4.3), it suffices to notice that if a > 1 and b > 1, then
a+b<2ab;ifa<landb<1,thena+b<2;ifa<1andb>1,then a+b<2b;if
a>1and b <1, then a4+ b < 2a.)

LEMMA 4.3 ([19], Lemma 3.1). Let (o, Bn)n>0 be a stationary and ergodic
sequence of non-negative random variables. If Elogag < 0 and Elog™ By < oo, then

(o]
Zao---an_lﬁn <00 a.s.. (4.4)

Conversely, when (a,, Bn)n>0 are i.i.d. and Elogagy € (—o00,0), then (4.4) implies
that Elog™ By < co.

See also [17] and [24] for a discussion about the convergence of the series (4.4).
We are now ready to give the proof of Theorem 1.1.

Proof of Theorem 1.1. Let 5 € (1,2] and 8 < a. Write ¢(z) = z*l(x), by
Lemma 2.2, we can assume that the functions ¢ and z — ¢(x'/?) are convex on [0, 00),
and I(z) > 0 for all > 0. Moreover, by choosing a smoothed version if necessary, we
can suppose that [ is differentiable.

The equivalence between (ii) and (iii) follows from Theorem 2.1. The rest of the
proof is composed of the following two parts.

Part 1: prove that (i) implies (iii). Suppose that Elogt Ec¢(W;) < oo. By
Lemma 3.1, we get

Eeo(IW™ — 1) < Z n) + Iy(n)), (4.5)
where
_ 1/Byy/1/8 v B\1/8
) = B o (4 WA (K )7) )
Xn
hn) - qus(';/'ﬁw,i/‘i)-
Hn—l

Hence, in order to prove E:¢(|[W* — 1|) < oo a.s., we only need to prove that
S Ii(n) <ocoand Y7 Ir(n) < oo as..
We first prove that Y-, I;(n) < oo a.s.. Since [ is bounded away from 0 and
oo on any compact subset of [0,00), by Potter’s theorem (see [11]), for § > 0, there
exists C = C(l,0) > 1 such that I(x) < Cmax(2z?,27%) < O(2° + 279) for all z > 0.
Hence
_ _ ~ a/B - 1/8
Iy(n) = L5 A%/0 1K, (W;j/f (Be(1%na17)) 142w, (Bel K al) )>
< C(I) (n) + Iy (n)),
where
+ _ 1—5 (a+3)/B—1 (a+3)/8 & B\ (a+8)/B
IF(n)=1"%4 EW TP (B X, 417 ,
I7 (n) = 1 ﬁA(a 8)/B— IE W( 6)//3(E£|Xn_1|5)(a75)/ﬁ'
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Choose 6; > 0 and d2 > 0 small enough such that a« — 6 > 5, f —1—256, > 0,
and let 0 = min{dy,d2}. Then « — 6 > f and f —1— 25 > 0. Writing
ZT(LQ_JTS)/ﬁ = XY with X = ZT(LOLJE&*’BJFI)/B, Y = Zy(f:ll)/ﬂ, and using Holder’s inequal-
ity Be(XY) < (EeXA)VB(EYP )/ with 5 + 5= = 1, together with the fact that
XP = 7007 < 7979 (since a+6—B+1 < a—08) and B¢ (YF') = B¢ Z, 4 = 11,1,
we obtain (see also (4.3) of [2§]

),
a-+d « —1-06 a—
Ee 2,507 < 0T 0P mwe )P,
which also reads
a-+d —1-26 a—
EcW 177 < S 0 P e )P (4.6)
By Jensen’s inequality, we have
Ee| X1 = Be| Xa] @555 < (Bl Xmn|* %) 5. (4.7)
By (4.6) and (4.7), we obtain
a2 B ~
I (n) < T, 770 0 ALt W) P (B | X )
—((B=1)2 — — % a—d) (o a—
<L ACHD BT E W) P (B | Xy |*70) /70 (4)
By Potter’s theorem, for § > 0, there exists C' = C(I,8) > 0 such that [(z) > Cz ™%
for all 2 > 1, so that 2*7° <1+ La*l(z) = 1+ £¢(a) for all z > 0. Therefore
_ 1
EWP ™ <1+ SEco(Wil). (4.9)

Together with the elementary inequalities 10g+(1 +ay) <1+ log™ (zy) <1+ log"™ z+
log™ y, this implies

1
Elogt EcW~° < Elog* <1 + CEgd)(Wl))
1
<1+log® ot Elogt E.W(W;) < oo.
Since Elog™ IEng‘*‘S < oo and Elogmy < oo, by Lemma 4.1 we see that EgW”‘_‘S <

00, which implies that

sup E¢ W) < oc. (4.10)
n>1

- - - - -1)? v - a+d)/(a—6
< Sup(ngg_lé)l/ﬂA(a-ﬁ-&)/B 1 ZHnE(iﬁ 1) +26)/ﬂ(E§‘Xn,1|a 6)( +8)/( )

n2l n=1

By notation, Xo = W; — 1. So by Lemma 4.2, Elog™ E§|X0\a_5 < oo if and only if
Elog™ ]Eng‘75 < 00. Therefore, since Elog1/mo < 0 and Elog™ Eng‘ﬂs < 00, by
Lemma 4.3 we get

ilf(n) <00 a.s.. (4.11)
n=1
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We now use a similar argument to estimate I; (n). By Jensen’s inequality and (4.7),
we have

— — a— a— > a—9§
I (n) < TIL75 ATV EWa=0) 18 (Be| X, | ) 07
I, AL BEW ) PR X,y |70
It follows that

Y oIr(n) <Y I AT BB PR X,y [0

n=1

A(a 6)/Bsup(E£Wa 0 l/ﬂZHI BEE‘XW, 1|o¢ 6

n=1

Therefore, as in the preceding, since Elogmg > 0, Elog™ Eng‘_é < oo and Xg =
W1 — 1, using Lemmas 4.2 and 4.3 we get

le ) < oo a.s. (4.12)

By (4.11) and (4.12), we obtain

o0

Zfl(n) <00 a.s.. (4.13)
n=1
We next prove that Y2 | Ir(n) < co. By Potter’s theorem, for § > 0, there exists

C = C(,0) > 0 such that l(xy) < Cl(x)max{y’,y~ %} < Cl( )(° + y~°) for all
x > 0,y > 0. Using this and the independence between W, _; and X,,_; under P,
we obtain

—a(B-1)/8 Oé/ﬁ Wh1 Ve
Iy(n) =11, E&( fhen 1|al(<ng—1> |Xn1|>)

n—1
< O(IF (n) + I (n)),
where C'= C(l, 6, 3) is a constant depending only on I, § and 3,

If (n) = 11, OV PR W T PR g (1 X, ),
_ — (=46 —1 a—90 >
Iy (n) =10, VPR W e PR (| X)),

n

In order to prove that Y -, I>(n) < oo, we only need to prove > ., I (n) < co and
Yoo 15 (n) < co. We now COHSldeI‘ En: IS (n). By (4.6),

Zﬁ < sup (BeWe=0) /231, gm0 1%, ),

n>1 n—1

Since Elog™ Eep(W1) < oo, from Lemma 4.2 and the fact that Xo =Wy — 1, we see
that Elog® E¢¢(|Xo|) < oo. Using this together with the condition Elogmg > 0, by
lemma 4.3 and the above display we get

ZI"’ <00 a.s.. (4.14)
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We now consider >~ | I, (n). By Jensen’s inequality, we get
_ —(a—8)(B—1 -5 S
15 (n) < IV P Bewi ) PR (| X ).

Since Elog™ E¢W{™° < 0o, by Lemma 4.1 we get sup,,~,(E¢W2)/? < oo; by
Lemma 4.2 and the condition Elogt E¢(Wy) < oo, we get Elog™ Ecp(|Xo|) < oo.
Using this and the condition Elogmg > 0, by lemma 4.3 and the above inequality on
I5 (n) we obtain

ZI ) < sup WO UBZH (2=8)(8 71)/ﬁEg¢(|)~(n,1|) <oo a.s. (4.15)

n=1

By (4.14) and (4.15), we finally get
Zlg(n) <00 ... (4.16)

Combining (4.5), (4.13) and (4.16), we obtain E¢¢(]W* — 1|) < oo a.s., which is
equivalent to E¢p(WW*) < oo a.s. by Lemma 4.2. Thus we have proved that (i)
implies (iii).

Part 2: prove that (iii) implies (i). Assume that Ec¢(W*) < oo a.s. We only
need to prove that ElogE¢¢(|Xo|) < oo (recall that Xg = W) — 1). We divide the
proof into two cases, according to o > 2 and 1 < a < 2.

(a) We first consider the case o > 2. By Lemma 3.2(ii) and the convexity of
¢1/2(x), we obtain

0 1/2
Eep(IW* —1]) > AE§¢<<Z |Dn2> )

n=1

>AZE5¢ (1Dn[*)M?) AZE@ 1D,]).

n=1 n=1

For the same reason, we obtain

Ee(¢(|Dn))|Fn1) =

n—1 z||]:n 1)

>A]E ¢ Z |Xn 12| l/2|f 71)

N

X’VL 1 Xn—
> (3 o=t n11|)\fn ) = 42, 1B (oGm0,

so that

X, X
Ee¢(|Dnl) 2 AE¢Zy,—1Ee (¢<|H_i|>> = Al E <¢<|H_i|>>

Choose § > 0 small enough such that 1 —a+ 4§ < 0. By Potter’s theorem, there exists
C = CO(1,0) such that I(xy) > Cl(x) min{y®,y—°}, for all z > 0 and y > 0. Hence, we
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have

o> St o)

= Z AHn—lEfﬂgfl |Xn—1|al(|Xn—l |Hn—1)
n=1

> Y ACILZTEe| Xy *U(| Xy |) min (11, _y, 11,2 )

n=1

= AC Y min (T30 T2 ) Eeg (| K1 ).
n=1

By Lemma 4.2, we know that if E;¢p(W*) < oo, then E¢¢(|]W* — 1]) < oo. Since
0 < Elogmg < o0, by the law of large numbers there is a € (0,00) such that a.s.
0,1 > eV for n > n(€) large enough. Therefore the preceding lower bound of
Eeo(|W* —1|) implies that

Zei(nil)a(ailj%s) E§¢(|Xn_1|) < o0 a.s..

n=1

Hence by Lemma 4.3 we obtain Elog™ E¢6(|Xo|) < oo, which implies
Elog* Ee¢p(W1) < 0o by Lemma 4.2.

(b) We next consider the case where 1 < a < 2. Let F =", H -. By Lemma
3.2(ii) and the concavity of ¢1/2(x), we have

- 1/2 .
]EE¢(|W*—1)ZA]EE<¢<<ZD72L> )) _AE§¢1/2<ZFH1_

n=1

an1D§>
1

o0

1
>A]E£Z P ¢1/2(an \D? )
Again by Lemma 3.2(ii) and the concavity of ¢, ,5(z), we have
Ziil anl,i
i o
Zn_1 ~ 1/2
|—X'n71,i|2 |Xn 1,2
>E£¢<<ZFHn1HQ :E§¢1/2 ;an IT

i=1 n—1

Es¢(F1/2H;/31|Dn|).

E§¢<F1/2H71./,21|Dn|) E ¢<F1/2H1/2

Zn—1

1 1| Xp—1.4]?
:]Eg¢1/2< Z 7 71FHn—1—n 11_‘[2n Ld >

i=1 n—1
Zn-1

1
ZIEgzZ_

i=1

Zn 1 |Xn71 |2
HQ

n—1

14251/2 (FHnl ) =E§¢(F1/QW2121|)~(,L,1|).
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By Potter’s theorem, for § > 0, there exists C' = C(l,d) > 1 such that for all z >
0,y >0, l(zy) > C I(y) min{x?, 27°}. Therefore

Eeo(IW™ - 1))
o
1 . a a+d)/2 a— a—48)/2 o
2 A; T (F( e plesizyy el )Es¢(|Xn—1|)
A =1 .
> ZE(U) D i Eed(|Xnoa),
n=1" """

where U = min (F(u+6)/2 inf,s WD/ pla=d)/2ing - W,ﬁ‘j‘”/?). Notice that

when W > 0, then W,, > 0 for all n > ngy with some ny = ng(w) large enough. Since
Zy, = 0 implies Z,, = 0 for all n > k, it follows that inf,>o W,, > 0 a.s. on {W > 0}.
Hence U > 0 a.s. on {W > 0}. Since P:(W > 0) > 0, this implies that EcU > 0.
Therefore E¢p(|WW* — 1|) < oo implies that

o0

Z %Eéd’ﬂj@z—ﬂ) <00 a.s..

n—1 n—1

Since E¢p(W*) < oo, by Lemma 4.2 we have E¢¢(|]W* — 1|) < oco. Hence, from the
condition 0 < Elogmg < oo together with Lemma 4.3 and the above implication, we
get Elog™ E¢p(|Xo|) < oo, which implies that Elog™ E¢p(W;) < 0o again by Lemma
4.2. Thus we have proved that (iii) implies (i).

The proof of Theorem 1.1 is then finished.
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