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THE Q,-RESTRICTION PROBLEM*

Z. WANGT, J. XIAO*, AND Y. ZHOU®

Abstract. Let a € [0,1) and © be an open connected subset of R"22. This paper shows
that the Qq-restriction problem Qal|o = Z24(Q2) is solvable if and only if Q is an Ahlfors n-regular
domain; i.e., vol(B(z,7) N Q) 2 r™ for any Euclidean ball B(z,r) with center x € Q and radius
re (O, diam(ﬂ))7 thereby not only yielding an exponential Q-integrability as a proper adjustment
of the John-Nirenberg type inequality for Q. conjectured in [3, Problem 8.1, (8.2)] but also resolving
the quasiconformal extension problem for Qo posed in [3, Problem 8.5].

Key words. Q space, restriction, Ahlfors regular domain, Uniform domain, Minkowski type
dimension.
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1. Introduction. The conformal Poincaré inequality says that

]f (@) — iy po| d < / V()| do
B(CE(),T(]) B(Io,’r’o)

holds for any ball B(zg,70) (with centre z¢ and radius o) of the Euclidean space
R"Z2 and a given u in W™ = W17 (R") which is the conformal Sobolev space of all
functions with their weak derivatives being n-integrable over R"; i.e.,

(IVul|p» = </ [Vu(z)™ d:r) " <
Rn,

1
n

Here and henceforth,

Vg rg = 7[ v(x)dr = vol(B(mo,ro))_l/ v(x) da
B(xo,r0)

B(zo,70)

is the integral mean of a function v over B(zg, ro); vol(-) expresses the n-dimensional
Lebesgue measure; A < B or B 2 A means that A < ¢B for a constant ¢ > 0;
moreover A = B is equivalent to both A < B and B < A. Upon writing BMO =
BMO(R™) as the John-Nirenberg class of functions u with bounded mean oscillation:

[U]BMO = Ssup ][ |U(l‘) - awoﬂ‘o' dr < o0,
B(zo,ro) v B(zo,r0)

we get that 1" embeds into BMO; i.e. (cf. [17, p.34]),
Whn < BMO with [u]lpyo < ||Vullzn.
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Surprisingly but naturally, this embedding can be split into (cf. [20, Theorem 4.1]):
WLTL — Q0§a<1 < BMO with [U]BMO 5 [U]Qoga<1 S, ”VUHL“v

where for a € (—o00,00), as a conformally invariant space, Q, = Q. (R"™), comprises
all functions u on R™ obeying

=

2aa—n
[ug. = sup <V01(B(J»‘oﬂ‘o)) =/ / |u(a:>—u<y>|2|m—y|<"+2“>dxdy>
B(zo,m0) Y B(zo,r0)

B(zo,70)
< 00,

but as a Banach space, Q_coca<o = BMO and Qi<a<oo = {0} (cf. [3, 19, 1, 2, 21,
22]).

Upon restricting Qqejo,1) to an open connected subset (a subdomain) of R™, we
discover

THEOREM 1.1. Let o € [0,1) and Q C R™. Then the following three statements

are equivalent:

(i) Q is an Ahlfors n-reqular domain; i.c., there exists a constant C' > 0 such
that for any cube I centred in Q with its edge length £(I) < 2diam 2 one has
vol(I N Q) > Cwol(I).

(i) Q is a 24-extension domain; i.e., Qula = {u =v|lg : v € Qu} = Za(Q)
with equivalence:

[ull@ale = mf{[v]q. : vlo=u & v e Qa} = |ull 2. @)

(iil) Q is a 24-embedding domain; i.e., there are constants Cy and Cy depending
on o and n such that if 0 < ||lul| o, () < oo then

inf sup vol(I)*l/ exp (Clm(x)_d> dx < Cs.
nQ

cER JRn ||UHQQ(Q)

In the above and below, 2,() is the collection of all functions u on  with

2

2aa—n
lull 2. ) = sup (VO](I) n / / lu(z) — u(y)\2|x — y\_("+2a) dx dy> < 00,
ICRn» 1nQ JInQ

and sup;-p. is taken over all cubes I with edges parallel to the coordinate axes.
Meanwhile, if I C R™ and I N§2 above are replaced by I C Q (with its edges parallel
to the coordinate axes), then the corresponding space and its semi-norm are written
as Qa(2) and || - |, (o) respectively, and hence it is easy to check the following two
facts:

° Qa = Qa(Rn) C QQ(Q) - Qa(Q)7

* Qa(22) = Qulo = Qa(2) = 2a(Q) & 24(2) = Qula-

As the direct consequence of Theorem 1.1, we get

THEOREM 1.2. Let 0 < a < 1. There exists a constant C' > 0 depending on «
and n such that if 0 < [u]g, < oo then

(u)g, = sup ][ exp <C,|U($)—Uxoro> dr < o0
B(QE(J,T()) B(.’L'D,T‘o) [U]Qa



THE Qo-RESTRICTION PROBLEM 839

and hence

vol({z € B(zo,70) : |w(®) — Ugg,re| > t})
vol(B(xo,70))

o
[ulq.,

<(u)g, exp (— ) v o t>0.

This embedding property may be viewed as not only a proper adjustment of the
John-Nirenberg type inequality for @, conjectured in (8.2) (cf. [24, Theorems 1 &
2]) of

[3, Problem 8.1] — Let o € (0,1). Give a John-Nirenberg type inequality for
Qa(R™).

but also a connection between the Moser-Trudinger inequality and the John-Nirenberg

inequality below:
e Moser-Trudinger’s inequality (cf. [15, 18]) - if u is a C*(R™) function sup-
ported in Q with vol(€2) < co and g = [, u(z) dx then there is a constant

C > 0 such that
lu(z) — ual)
exp | C—=—— | dz < 0.
7[9 ( [Vl L

e John-Nirenberg’s inequality (cf. [10]) - if w € BMO enjoys [u]gpmo > 0 then
there is a constant C' > 0 such that

sup 7[ exp (CW(J;)—M) dr < oc.
B(zo,r0) J B(wo,0) [u] Baro

As the indirect consequence of Theorem 1.1, we obtain

THEOREM 1.3. Let aw € [0,1) and Q@ C R™.
(i) If Q is a uniform domain; i.e., there exists a constant C' such that for every
pair of points x,y € Q one can find a curve v C Q joining x,y and obeying

) < Clo—yl & d(z,szc)zclw v zeq

with I(7) being the Euclidean length of v, and if

{ 2a 4 dim 99 when 9 is bounded, (1.1)

2a 4 dimg 99 when 9 is unbounded,

then Qula = Qa(2). Moreover, (1.1) is sharp under o € (0,1) in the sense
that there exists a uniform domain Q. such that

- { 2a + dim 99, when 90, is bounded; (1.2)

2a + dimgy 09, when 0L, is unbounded,

but Qsla, # Qp(Qa) V 5 € (o, 1), and especially, if o € (0, %] and n = 2 then
the domain Q. can be chosen as a simply connected domain in R2.

(i) If Qala = Qa(Y) under the hypothesis that Q is a simply-connected domain
in R? or quasiconformally equivalent to a uniform domain in R™"Z3, then
is a uniform domain.
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As a matter of fact, Theorem 1.3 may be regarded as a resolution to Essén-Janson-
Peng-Xiao’s quasiconformal extension problem posed in:

[3, Problem 8.5] — Let a € (0,1). Find a geometric property of 02 such that
Qa(Q) - Qa(Rz)b'

Here it is perhaps appropriate to point out that A = {(z,y) € R?: 0 <z <
1,0 <y < 1—z} is a uniform domain with Q3(R?)|» # Qg(A) V B € [4,1), and thus
Theorem 1.3 is completely different from the known settings for W™ and BMO as
seen below:

e The quasiconformal extension problem for W™ - if W1 () is the conformal
Sobolev space of all locally-integrable functions u with

1
lullwino) = </Q Vu(x)”d:v) < 0,

then it is proved in Jones [12] and Gol’dstein-Latfullink-Vodop’janov [6] that
Wh2(Q) = WH2(R?)|q when and only when Q C R? is a uniform domain
(i.e., O is a quasicircle). But, this is no longer valid for R"Z? - in other
words - each uniform domain © C R"Z3 is a conformal Sobolev extension
domain (W1 () = W|q; cf. [12]) but not conversely - an easy example is
provided by a ball from which a countable number of suitably chosen points
are excluded; and an uneasy one under some strongest possible topological
conditions is presented in [23]. Moreover, a higher dimension analogy can be
found in [4].

e The quasiconformal extension problem for BMO - if BMO(2) stands for the
class of all functions u € L} _ () with

lull Brro) = sup ]/ [u(x) — Uy ,ro | dx < 00,
B(x0,m0)C2 J B(zo,70)

then according to Jones’ [11, Theorem 1], every u € BMO(S) is the restric-

tion to Q of some function @ € BMOj i.e., BMO(Q) = BMO(R?)|q, if and

only if there two distance functions d, d2 on the set Whitney cubes E = {Q;}

such that di(Q;, Qr) < d2(Qj, Qk) holds for all Q;, 9, € E; in particular,
under ) being the interior or exterior domain complementary to a Jordan
curve I' C R?, BMO(Q) = BMO(R?)|q if and only if Q C R? is a uniform
domain; i.e., I' is a quasicircle - however - this does not hold for R?Z% - more
precisely - it is basically proved in Riemann [16] that if 9 is a quasisphere
(i.e., the image of the unit sphere S"~! under a globally quasiconformal self-
homeomorphism of R"Z?) then BMO(Q) = BMO|q, but not conversely as
shown in [11, Theorem 3].

In §2 we prove Theorem 1.1 via utilizing the extension constructed in [12, 9, 26]
and the fractional Sobolev inequality established in [26], and then verify Theorem 1.2
through specializing Theorem 1.1. In §3 we turn to determine some natural relation-
ships between 2-spaces and @Q-spaces associated with (1.1) and (1.2) in Theorem 1.3
(cf. Theorems 3.1-3.2-3.3). In §4 we validate Theorem 1.3(i) via employing Theorem
1.1 plus Theorems 3.1-3.2-3.3, and then check Theorem 1.3(ii) through Theorem 4.1
(saying that if Qo<a<ilo = Qo<a<1(2) then Qisll.c.) and the so-called Q,-capacity.

REMARK 1.1. Below are several more fundamental conventions.
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e [or a set E C R™ and every r > 0, denote by Neoy(r, E) the minimal number
of cubes with edge length r required to cover E. Then (cf. [14])
o The local self-similar Minkowski dimension of E is defined as

dim logy Neov(r, EN B
dimy E = liminflimsup sup —o2 (r, ENB)

N—=oo  r0 NESE logy (rp/r)

where the supremum is taken over all balls B = B(xp, rg) C R™ with
centre xp € R™ and radius rg € [Nr,1].
o The global self-similar Minkowski dimension of E is defined as

— logy Neov (T, EN B
dimg F = liminfsup sup 082 (r )
N=voo r>0 mcan logy(rp/T)
rg=>Nr

where the first supremum is taken over all r € (0, 00) and the second
is over all balls B = B(xp, rg) C R™ with centre x5 € R™ and radius
rp € [Nr, 00).
0(I) and I° stand for the edge length and the interior of a cube I C R™,
respectively.
denote by I(x, ) the cube centered at x with side length £; for § > 0 let §1(x, £)
be the cube I(x,00); set I = I(xr, (1)) and 61 = I(xy,8¢(I)) whenever con-
venient.
e For § > 0 and B(x,r) - the ball centered at x with radius r, let B(z,r) =
B(zx, dr).
o (' represents a positive constant which is independent of the main parameters,
but may vary from line to line.
For any locally integrable function f and measurable set E, denote by fEf
the average of f on E with respect to the volume element dx, namely, fEf =
(vol(E))fl I fda.
For a subset E of R"™ and a point € R™, define d(x, E) = inf.cp |z —z| and
diam E' = sup, .cp |y — |-

2. Demonstration of Theorems 1.1-1.2.

2.1. Proof of Theorem 1.1. This consists of three implications: (i)=(ii);
(il)=(iii); (ii))=(i).

Proof of (i)==(ii). Suppose (2 is Ahlfors n-regular. Then vol(Q2\ Q) = 0 (cf. [9,
26]). Let o =Rrn \ Q. Then " is an open set and admits a Whitney decomposition.

LEMMA 2.1. There exists a collection W = {I;};en of countably many (closed)
cubes with x; being the center of I; and ¢; = ((1;) being the side length of I; such that:
Q= U,y I and (1)° 0 (I;)° = 0 for all i,j € T with i # j;
a/mt; < dist (I, Q) = d(I;, Q) < 16/l
4711 < (1) < 44; whenever I; N I; # 0;
for each i € N, there exists ;* € Q such that d(x;*, ;) < 17/nl;;

e for a given I;, the cardinality #{j : I; N 1; # 0} is at most 12".

For the decomposition in Lemma 2.1, there exists a family of smooth functions
{¢i} such that
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e supp ¢; C 2I(z;,¢;) V ieN;
o V| <67t Vo ieN;
i Zz Pi = Xqt-
For each 2 € Q°, let A, be the collection of all i € N such that = € 21;. Applying
Lemma 2.1, we have

I, <1 YV zeQ’ (2.1)
For each u € 2,(1), define
u(x) as x € ()
Eu(r)=¢ 0 as x €Q \ Q; (2.2)

Yien, ¢i(@) ch(ggi*ygi)mu(z) dz as ze,

where 27 and ¢; are as in Lemma 2.1.
Obviously, Eu = u on {). We are about to show

Bu € 2,(R")

) S () (2.3)

By the definition of || Eul| o, ), this is reduced to showing that for every cube I C R™
one has

son [ [ |Bu(@) = Buly)? :
ety [ [ dndy <l o (2.4)

So, we are required to handle the two cases: diam 2 = oo and diam ) < occ.

Case: diam ) = co.
We consider three subcases: 1N Q # 0, INQ = 0 but d(I,Q) < 100y/nl(I) and
INQ =0 but d(I,Q) > 100/nl(I).

Subcase 1: I NQ # (. Write

E 2
‘ we) = BuW) )y v o, +
ks *yI””a

where

me me |sz)y\:$é)a‘ dx dy,
fI\Q Jina % dy d,
Ha= g oy S0 a1y
It suffices to prove
H; Svol(1) 20|y, ) ¥V i=1,2,3.

Obviously, H; satisfies the above inequality.
To estimate Hy, for v € I\ Qand y € INQ, by >,y pi(z) =1 we write

Bu(z) — u(y) < [Z pito) | o ) dz] ~ u(y)

1€EN,

=3 v [ JRPRCLE u<y>]

€A,

=S e@f e -

€A,
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thereby getting

Bu@) e < e f ) -l 25)

i€N,

Moreover, we claim
Bulo) - uly) S f uz)  u(w)] . (26)
I(z,20y/nd(z,Q))NQ

To see this, for x € T ﬁ§c7 since d(z, Q) < /nl(I), we obtain

I(z,20v/nd(z,)) C I(xr, 21nl(1)). (2.7)

For each i € A,, by Lemma 2.1 we have
d(1;, Q) + 2vnt; < 18v/nl; > d(z,Q) = d(1;, Q) — 2v/nl; = 2¢/nl;,
thereby getting
= d(I;, Q) = d(z, Q). (2.8)

Moreover, we have

xf — x| <d(zf, ;) + 2v/nl; < 19v/nl;,

whence reaching

I(x,6) C I(x,20y/nd(z, Q). (2.9)

On the other hand, for z € QF and I(z, Ad(z, Q)) with A > 8, by the Ahlfors n-regular
condition, we have

vol(I(z, Ad(z, Q))NQ) > vol(I(Z, (27X — 2)d(z, Q))) = vol(I(z, Md(x, Q))), (2.10)
where z €  and d(z, T) = 2d(z, Q).
Combining (2.5), (2.8), (2.9) and (2.10), we arrive at (2.6).
Fory € INQ and z € I(xz, 20y/nd(z, Q))NQ, we have |z —y| > d(x, Q) and then
|z =yl < |z =2+ ]z —y| < 20vnd(z, Q) + |z -y S |z -yl

For 0 < o < 1, by (2.7), we obtain

|Bu(r) — u(y)| lu(2) — u(y)|
e S 72 dz
|z — y[n/2+e I(x, 20 /md(z, Q))nQ |2 — y|"/2 T
lu(z) — u(y)|
T o 7oaa XI(xr,21ne Q(Z) dz
][ (2,20 /d(z, )0 |z — y|n/2te I(xr,21nl(1))N
[u(2) —u(y)|
< 7 7 d
<f Bo,2ome 0 |7 — y[/Ere MiCen 2ine(n)na(z) d2

SM <||u( )yn/Q(Jﬂ)]' X1(ar, 2ine(n)ne (- )) (2).
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In the above and below, M denotes the Hardy-Littlewood maximal operator:

Mig)(a) = sup ( RG] dz) — M(lgl) (o).

Applying the L2-boundedness of M, we get

—u(y)| ?
Hy S /I\Q /mQ [ ( —y[rrete X1(z1, 21n0(1))n0 (- )) (1‘)] dydzx

2
—u(y)|
/1 Q/ { ( TYEE XI(ar, 21ne(1))ne (- )> (ﬂf)} dx dy
A n
2
/1 Q/ y|n+2a| XI(zI,anZ(I))ﬁQ(x) dx dy
A n

2
. lue) —
0@ 1@, 2ine(ryyne T =yl

_ 2
o [ oy,
I(xr,21n(1)NQ JI(z1, 21n0(1))NQ |z —yl
whence
Hy < vol(I)' 2™ ull%, (-
For each x € I\ Q, we split I \ Q into two parts:
Xi(z)={y eI\ Q:|z—y| >2" "max{d(z, Q), d(y, D)} };
Xo(x)={yeI\Q: |z —y| <27 'max{d(z, Q), d(y, V)}},
and write
Hs = H31 + Hs2;
— | Bu(z)—Eu(y)|® .
H3,1 = fI\Q fxl(r) ETxaiy‘;lgg . dyd:&
Hso = fj\sz fxg(x) | Ti@y_‘nf;i’)l dy dz.
For x € I\ Q and y € X4 (x), we have

d i@ =1="Y ¢ily)

i€EA, €A,
whence
|Eu(x) y)| = Z Z wi(x |:][ u(z)dz — ][ u(w) dw:|
1€ENg JEAy I(z}, ;)N Iz}, £5)NQ
<Y Y e { fu(=) — u(w)| dwdz
ieny johy Iy, e)ne I3, 6)ne

Applying (2.8), (2.9) and (2.10) to both = and y, we have
|Eu(z) — Eu(y)|

S wila)esw)

ien, jen, 7[ I(2,20y/nd(z, 2)NQ 7[ I(y, 20y/md(y, 2))NQ

< ]/ ]/ lu(z) — u(w)| dwdz.
I(z,20y/nd(z, Q)N J I(y,20y/nd(y, 2))N2
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Note that z € I\ Q and y € X;(x) imply
|z —y| > 27 max{d(z, Q), d(z, Q)}.
So, for
z € I(x, 20¢/nd(z, Q) NQ and w € I(y, 20v/nd(y, Q) NQ,
we have
|z —w| < |z —y| + 20v/nd(z, Q) +20v/nd(y, Q) < |z - yl.
This, together with 0 < o < 1 and (2.10), leads to

|Eu(z) — Eu(y)]
|z — y|n/2Fe
< 7/ ][ \“(Lw dwd>
Iz, 20v/md(@, N2 ] 1(y, 20y/md(y,0)nQ |7 — w|™/ 2T

[ [ [u(2) — u(w)|
< L S e
< xa(z)xa(w) dw dz.
(o, 20y /md(z,) J Iz, 20ymd(z,0) |2 — w|"/2Fe

Set

|u(z) — u(w)]
G(w, 2) = m)ﬁ(x,,21\/EZ(I))OQ(w)XI(;cI,21ﬁ£(1))ﬂ§2(Z)'

Applying (2.7), we further have

|Bu(z) — Eu(y)|
|z — y|n/2Fe

< f ]/ G(z.w) dw dz < (M x M)(G)(z, y).
I(z,20y/nd(z,2) J I(z,20y/nd(z,Q)

where (M x M)(G)(z, y) denotes the iterated Hardy-Littlewood maximal function

of G - for given z, taking maximal function of G(w, z) with respect to the variable w

and evaluating at x, we have M(G(-, z))(z); for given z, taking maximal function of

M(G(-, 2))(z) with respect to z and evaluating at y, we obtain (M x M)(G)(z, y).
By the L2-boundedness of the Hardy-Littlewood operator, we obtain

o S [ (M M@)o )P dudy

< / G, y)? de dy
n R’n

_ 2
</ / o) v
[(wr,21ne(0)NQ J I(zr, 21me()ne [T — y[" 2

S vol(1)' 2™l (-

To estimate Hj o, note that x € I\ Q and y € X5(x) ensure

> lpila) =i =Y wilx) = > @i(y) =0.

P€ENLUA, €N, JEA,
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So, by Lemma 2.1 and (2.1) we arrive at

|[Eu(z) — Eu(y)| 211)
-| ¥ -l { u(z) dz
PEALZUA, I(z}, €)NQ
=1 Y lpi@) —eiw)] []/ w(z) dz — f w(w) dw
i€EALUA, I(x},€:)NQ I(z,20y/nd(x,2))NQ |
= Z [pi(x) — ‘Pi(y)]f ]/ [u(z) — uw(w)] dwdz
i€EALUA,, I(zy, )N S I(x,20y/nd(z,2))NQ
S Z |m—y|][ ][ u(z) — u(w)| dwdz
eion, b aenene ) 1@ 20 maEa)ne

We choose 7 € Q so that |y — 7| = d(y, Q). Since y € Xo(z), we have
|z —y| < 27 max{d(z, Q), d(y,Q)}. (2.12)
Consequently,
d(z, < o =yl + [y -7
<27 d(x, Q) + 27 d(y, Q) +d(y, Q)
=2"1d(z, Q) +27"3d(y, ),
which implies d(z, ) < 3d(y, ). Similarly, we have d(y, Q) < 3d(z, §2). whence
37 d(y, Q) < d(z,9Q) < 3d(y, Q). (2.13)
This in turns derives
Iy, 20v/md(y, Q) € I(, 80v/d(x, ),
and by (2.10),
vol(I(y, 20v/nd(y,Q)) N Q) ~ vol(I(x, 80v/nd(x,Q)) N Q).
For each y € Xy(z) and all ¢ € A, U A, we have ¢; ~ d(z,Q). For such i, we use
4~ d(T;, Q) ~ d(z,Q)
to achieve
vol(I(z}, £;) N Q) = vol(I(y, 20v/nd(y, ) N Q) ~ vol(I(z, 80y/nd(z,)) N Q).
Applying (2.1)), we know fA, + A, S 1. Then by the Hélder inequality, we get
|Eu(z) — Bu(y)|
< [z —y| ][ ][
d(z, Q) J 1z, 80y/md(z.0)n0 ) I(z,20/md(z, Q)N

|u(z) — w(w)| dwdz

2

< il lu(z) — u(w)]? dw] dz

™ d(x, Q) ][I(x,soﬁd(x,ﬂ))m [fl(x,ZOﬁd(x,Q))nQ

B IR
< |2 ?i|_ ][ / u(z) U(JrU;)| dwl  ds
d(z, D' J 1(a, s0vmdz.0)n0 |12, 20 md@0)ne |z — w2
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Since

I(z, 80v/nd(x,Q)) C I(zr, 81nl(I)),

we have

[Eu(z) = Eu(y)]

< M][
~d(z, D) ) a, 80vmd(e,9)

lu(z) — u(w)]? 2
) s AW Xi(ay, s1ne(r)na(2) dz
[‘A(iz,Slnf(I))mQ |z — w|nt2e I(zr, 81ne(I))N

|z —yl ju(-) —u(w)]?  |°
: d(%Q)l*aM I(ar,81ne(n)ne | - —w["+2e ) Xin sinemnal) | (@)

This, together with (2.12) and (2.13), implies

Eu(z) — Eu 2
Hgg—/ / | n+2€1 )| dydl‘
I\Q J Xo(z) |z -yl

_ 2—n—2«
§/ / i 32 W
N\Q \JXy(z) d(x, §2)
2

ui-) —ulw 2 :
x | M / %dw Xi(ar,81ne(ne() | ()] dz.
I(zr, 81nl(I))NQ |- —wl

Since (2.13) implies Xo(x) C B(z, 15d(x, 2)), we have

‘LL‘ _ |2 n—2a |£L’ _ |2 n—2a
22« dy S 2_2a dy SJ 1.
Xo() A7, Q) B(z15d(z, ) AT, Q)

This, together with the L?(R")-boundedness of M, yields
u(+) — u(w)|? ?
Hs 5 < / M / % dw| Xi(er,sineyne() | (2)| dz
n I(xr,81nl(I))NQ |- —w]

B 2
</ / o) ~u(wl*
[(or, 81ne(1)NQ J I(z1, 81ne(1))n [T — w2

20— 2
Svol(H) P [, o)-
Combining the estimates for Hs3; and Hj o, we arrive at

Hg = H371 + H3’2 Sj VOI(I)(

).
Subcase 2: 1N Q=0 but d(I,Q) < 100/nl(I). This subcase reduces to Subcase
1 if we consider a large cube I= 2001, for which InQ # () and

_ Eu(z) — Eu(y)]? |Eu(x) — Eu(y)|?
512‘*"/ | dedy < ¢ 2@"/ dzx dy.
) 1Jr o —yn e v ) 7Ji |r—ynt2e Y
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Subcase 3: TNQ =0 but d(I1,2) > 100y/nl(I). For z € I and y € I, we know

> lei@) —eiy)] = 0.

i€ALUA,

Applying Lemma 2.1 and the argument for (2.11), we obtain

] ][ ][ |u(z) — u(w)| dw dz.
4 Izt 6)nQ2 ) I(x,20y/md(z, 2))NQ

Bu(z) - Bu(y)l$ 3

i€ALUA,

Observe that
11
d(I, Q) < d(x, Q),d(y, Q) <d(I, Q)+ nl(I) < E\/ﬁd(ﬁ Q)

ensures

d(z, Q) = d(y, Q) = d(I, Q);
I(z,20y/nd(z, Q)) C I(zr, 30nd(I, Q));
I(y,20y/nd(y, Q)) C I(xr, 30nd(I, Q)).

So, for i € A, we have x € I(x;,2¢;), whence d(z, Q) =~ d(I;, Q). Applying Lemma
2.1, we obtain

b~ d(x, Q) = d(I, Q).
Using (2.10), we arrive at
vol(I(z}, £;) N Q) =~ vol(I(z,20v/nd(z, Q) N Q) ~ vol(I(zx,30nd(I, 2)) N Q).
Therefore,

|Eu(z) — Eu(y)]

~d(I, Q) J @, s0nd(r,0)n0 12y, 30nd(1, Q)00

|u(z) — u(w)| dwdz

Nl

5 |$—y|

(1, Q)

][ ][ lu(z) — u(w)|?* dw dz
I(x7,30nd(I1,Q)NQ Y I(xzr,30nd(I,2))N2

1
_ _ 2 2
< |z 17y|+ - / / |u(2) U(fz})l dw ds
d(L, Q=2 Jr(ar, sond(1, )00 J1(er, 30nd(1, @)ne |2 — w[rH2e

[z —y|
<

Consquently,

[Bu(a) = Bu(y)P
o=y

H=/(I)*" /

1J1I1

dx dy

< ” H2 Z(I)2a7n |x7y|27n72a dx d
~ Hl2a@ rJrood, Q)? e
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[y2a=n / / dzdy / / dxdy
‘I— |n+2a 2 B(y,f@([)) |$— |n+2o¢ 2

< uryzr / (U(1)> > dy
I
<01y,

~

Since

we use (I) < d(1,) to obtain

(I N e )
HS (d(I, Q)) lull%, @) S llull%, @

as desired.

Case: diam ) < co.

Without loss of generality, we may assume that diamQ = 1 and Q C 1(0, 1), then
vol(2) ~ 1. Two situations are handled below.

The first is £(I) < 1000y/n.

o If INQ # ), then the same argument as in checking the subcase I N # @) of
Case: diam Q) = oo gives (2.4).

o But, if 7N Q = (), then two more subcases are taken into account: when
d(I,Q) < 1004/nfl(I), considering the cube 2007 and by 2001 N Q # 0, we
have (2.4) as well; when d(I,Q) > 1004/nf(I), a similar argument for the
subcase of d(I,€) > 100y/nl(I) of Case: diam Q = oo derives (2.4).

The second is £(I) > 1000+/n.

o If £(I) > 1000y/n and d(I,2) > 1004/n, then for x € I and i € A, (ensuring

x € 2I;), we claim

Eu(x):][ﬂu(z)dz vV zel

Obviously, the claim gives the desired result. To validate the claim, for every
x €1 and i € A, by Lemma 2.1, we obtain

d(2L;, Q) < d(1;, Q) + 2y/nl; < 18y/nl;;
d(1, Q) < d(z, Q) < d(21;, Q) + 2y/nl; < 20y/nl;,

whence 100/n < 20y/nl;; ie., ¢; > 5. By zj € Q and diamQ = 1, we get
I(x;*,0;) N Q= Q. So, for i € A, we use (2.2) to achieve

x) = Z (pl(a:)][ z)dz = Z vil(z ][ z)dz = ][Qu(z) dz,

i€, I(mi*vei)ﬁﬂ i€A,

thereby verifying the above claim.
o If ¢(I) > 1000\/5 and I NQ # 0, then

|Eu(x u(y)|?
) et
FE —F 2
:/ / | Bu(z) +u2(y)| d dy
I\I(0,100vm) J1\1(0,100ym) 1T —y|" T2

4o / / ot / /
I\I(0,200+/n) JI(0,100y/n) 1(0,200+/n) JI(0,200/n)

= Hyq + Hyp + Hy 3.
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From vol(1(0, 2004/n)) & 1 and the treatment of £(I) < 1000/n and TN #
it follows that

Hup S llull%, @) S vol)" 2™ ul% (q).

For Hy 1, an application of the argument for the setting ¢(1) > 1000y/n and
d(I,€Q) > 100+/n derives

Eu(z) = ][ w(z)dz ¥V x€I\I1(0,200/n).
Q
So, the above claim gives
Hyy S vol" 20 )3, o).

For Hy 5, we notice that if 2 € I\ I(0, 200y/n) and y € I1(0, 100y/n), then

{|x —y| >27Yz| & Eu(z) = fqu(z)dz;
[Eu(z) — Bu(y)]® $ folu(z) — Eu(y)|*dz = [, [u(z) — Eu(y)| dz,

and hence

JR
10, 100y/m) T —y[nt2e

Shaf o [ ) - Bu)P ddy
1(0,100y/n) JQ

< ‘x|fn72a/ / |EU(Z) 7 Eu(y)|2
~ 10, 100v/m) J1(0, 100vm) 1Y — 2|2
S \$|_"_2a|\u||3@a(n)-

dz dy

Here the last inequality follows from the result in the case ¢(I) < 1000y/n
and I NQ # (. Thus, we obtain

2 —n—2« 2 n—2a)/n 2
Hiz < llull%. @ / 272 da S lull o) S V(D)2 ul% o
I\1(0, 200/7)

Putting together estimates for Hy 1, Ha o and Hy 3 derives (2.4).
o If ¢(I) > 1000y/n and d(I,€) < 100/n, then a consideration of the cube
2y/nI and by 24/nI NQ # 0, yields (2.4) as well.
A combination of the previous cases completes the proof of (i)=(ii).

Proof of (ii)=(iii). We need the John-Nirenberg inequality (cf. [7, pp.524-527]
for (i)) and the imbedding of @, into BMO (cf. [3] for (ii)):
LEMMA 2.2. Let « € [0,1).

(i) For every u € BMO and any cube I C R™ with edge parallel to the coordinate
azes, one has

n A
vol({z € I : |u—wuys| > A}) < e Cvol(I) ex (—)
(r e T ju—ur] > 2) < " ol exp (g

(ii) For every u € 2,(R™) there exists a constant C5 > 1 such that ||u||ppo <
Csllull 2, &)
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Now, if (ii) of Theorem 1.1 is valid; i.e., Q is a 2,-extension domain, then for
every function u € 2,(£2) we can find a function @ = Fu € 2,(R") such that

Eu(z) =u(z) ¥V 2€Q & |Bullg,® < Cillulla, @),

where (Y is a constant independent of u. Using Lemma 2.2 and the layer-cake formula,
we can choose a positive constant Cy < 1/(2"¢) to enjoy

C — _
inf exp ( ! u(:c)c) dr < inf exp (Cl W) dx
c€R J1ng C3Cy |lull 2,0 c€R Jinq el Baro

< /exp (Clw_uﬂ) dx
I ]l Baro

§/ vol ({x GI:C’lM >t}) de’
0

il Baro

< wvol(I) /0C>O exp (—t(znicl — 1)) dt

< vol(I),

as desired.

Proof of (iii)==(i). Suppose that (iii) of Theorem 1.1 is valid. A slight modifica-
tion of the argument for [20, Theorem 4.1] shows that

lull 2. < llullwrn@)-
So, there are constants C7,Cy > 0 such that

|u(z) — |

inf sup VOI(I)_l/ exp <C’1 ) dx < Cs.
n$

ceR ICRr [ullwrn (o)

According to [8, Theorem 1(b)] (with p = n), we see that 2 enjoys the Ahlfors n-
regular property; i.e., (i) of Theorem 1.1 holds.

2.2. Proof of Theorem 1.2. It follows from taking {2 = R™ in Theorem 1.1,
the argument for Lemma 2.2, and the following inequality

/ exp (Cu(x) — uﬂCo,To|) dr
B(xo,70) [U]Qa

> vol({z € B(wo,70) : |u(x) — Uy ,re| > t}) exp (Ct

[ulq.
3. Relationships between both 2-spaces and Q-spaces.
3.1. 2,(92) = Qu(2) under (1.1). Working on this equality, we gain

)veso

THEOREM 3.1. Let a € [0,1) and Q C R™ be a uniform domain. If

20 + dim 99 when 0) is bounded,
2a 4 dimg 99 when 0L is unbounded,

then 2,(2) = Q. ().
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In order to verify this theorem, we recall that any uniform domain  admits a
Whitney decomposition (which may be treated as a dyadic version of Lemma 2.1 with
a different constant) as described below.

LEMMA 3.1. There exists a collection Wq = {S;}jen of countably many dyadic
(closed) cubes such that
(i) Q=UjenS; and (S;)°N(S;)° =0 for all j, i € N with j # i;
(i) 27y/nl(S;) < d(S;, 992) < 2°y/nl(S;);
(iii) 471(S;) < £(S;) < 40(S;) whenever S; N S; # (.

For disjoint Whitney cubes S; and S;, a family of Whitney cubes {S; },_; is
called a Whitney chain joining S; and S; if S;; = S;, S;, = S;, and S;, N S;_
consists of an (n — 1)-dimensional (closed) cube for all s =1, --- | ¢ — 1. The constant
t is called the length of the chain. The following result was established in [11, 5].

LEMMA 3.2. For every pair of disjoint Whitney cubes S; and Sj, there exists a
Whitney chain F(S;,S;) = {S:,}.—, joining S; and S; with its length

0(S,) a(S;, Sj) n 2)

t < C'|log, e(sﬁ) m

+ C'log, <

where C'is a constant independent of S; and S;.

Moreover, for every cube I with edges parallel to the coordinate axes and every
k € Z, set

(D) ={S; € Wa: S;NIT#0,0(S;)=2""}={Sk.i}i. (3.1)

Then we have the following lemma.

LEMMA 3.3. Let Q C R™ be a uniform domain and € > 0 be a small number such
that

n— % — ¢ dim 299 when 0Q is bounded;
dimg 09 when 0N is unbounded.

(i) If diam ) < oo, then there exists a constant C' such that for every cube I with
27 €Q, 0I) <2 and INQC #£ 0 one has

87(1) =0 if k< —logy¢(I)+T7;
8.5 (1) < C[2k0(I))dmzd2te 4f | > _log, (1) 4 1.

(ii) If diam Q) = oo, then there ezists a constant C such that for every cube I with
zr €Q and INQC + 0 one has

8.5(I) < C[2Fe(1))dime 02t

Proof. The proof of (ii) is similar to but easier than (i). So, we only prove (i) and
leave the proof of (ii) to the reader.
To prove (i), up to dividing I into 2™ subcubes we may assume that ¢(I) < 1. If

S;NI#0 & INnQb#0,
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then
d(S;,00) < diam I < v/nl(I),

which together with (ii) of Lemma 3.1 yields that £(S;) < 277¢(I). Consequently, if
k < —logy (I) + 7, then (1) = 0.

When k > —log, (I)+7, for every 6 > 0, denote by Aoy (5, OQNJ) the collection
of cubes of edge length § required to cover 92 N J. Then

b Mo (8, DN J) = Neoy (8, QN J).

For Si; € S (I), we have 2'1\/nSy; N 9Q # 0, whence 2'1\/nSy; intersects some
cube R € Neoy(27%, 902N J), which implies Si; C 2'3nR. Notice also that for each
cube R € ooy (27%,000N0 J), the cube 23nR can only contain a uniformly bounded
number of Sy ; € 7% (J). So, we conclude that if

k> —logy ((I) +7
then
8.554(J) S Neov (275,000 ).

Let 0 < € < n—2a — dim 052 be small enough. It suffices to prove that for every
cube I with ¢(J) <1 and k > —log, ¢(J) one has

Neow(27%,00 1 7) < [200 ()] Timer 02, (3.2)

for sufficiently small

Indeed, by the definition of dimdQ and k > —log, £(J),
> kq for all cube J with

€ there exist constants N7 > 8 and k; € N such that &
¢(J) € [27 %N 1], we obtain

logy Neow (27F, 002N J)

< dim ¢
Tog, (£(7)/2—F) < dim 0 + €,

which implies
Noow (27F, 0011 ) < [2F0(J))dime00te, (3.3)

Therefore, given a cube I with £(J) < 1 and k > —log, 4(J), if k > k; and k >
—logy ¢(J) + Ny, then (3.2) holds. If —log, 4(J) < k < ki or —log, (J) < k <
—log, £(J) + Ny, then 2¥4(.J) < 1 and hence

Ncov(27k769 NI < [2’%(1)]” < [2k€(1)]ﬁgaﬂ+e.

COROLLARY 3.1. Let Q C R™ be a uniform domain.

(i) If diam§ < oo, then there exists a constant C > 0 such that for every
Whitney cube S; with £(S;) <1, m > —log, S; and 1 < 6 < —log, S; +4
one has

£.50n(205;) S [2 (S, )] e 0,
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(ii) If diamQ = oo, then there exists a constant C > 0 such that for every
Whitney cube Sj, m > —log, S; and 6 > 1, one has

ﬂfﬂm(25s ) [2m+6£(5 )]d1mgagz+€

Proof of Theorem 3.1. Since 2,(Q) C Qa (), it suffices to prove that Q.(Q2) C
2,(2). We need to consider three cases:

diam 92 < oo & diam 2 < oo;
diam 092 < oo & diam 2 = oo;
diam 0f) = oo.

Case: diam 99 < oo & diam 2 < co.
Without loss of generality, we may assume that diam9dQ = 1 and 2 C I(0,1).
We need to show

|u(z) —u(y)]® n—2a
NOWEat /IQ/I ) ‘m_ |n+2a dyde < 0Dl (34)
n n

for all cube I. If I € Q or I C QF, then the estimate is known. In the sequel we
assume that INQ # 0 and I € QF £ (). Up to taking a new cube centered in 1N with
side length 2¢(I) so that it contains I, we may assume that the center of I belongs to
. We may also assume ¢(I) < 1. Indeed, if (1) > 1, then  C I(0,1) C 2I. Then

_ 2
U, (u,1NQ) g/ Mdydmz\l}a(u,l(o,l)ﬂﬁ).
alo |z —y|nt2e

If
U (u, 1(0,1) N Q) < [full), @),
then by ¢(I) > 1 we have
Vo (u, INQ) SUD" 2 ulld, (@)

as desired.
Given a cube I with its center being in €, £(I) < 1 and I N Q% #£ 0. Let
F(I) = {Sk,i}: be as in (3.1). Write

2
vwing=2 Y ¥ Y % /S/ |$_y|n+glddx

k>—logy £(I)+7 i€ (1) m2>k j€F 0 (1)

2 Y Y Y Y /S/ |x_y|n+zi|2dydx

k>~ log, ((D+Ti€ S, (1) m2h _i€Zm (D)

CIED VD DD DR ol B e

k>—log, £(I)+7 i€ S () m>k J€Fm(I)
meSM_@
= H1 + HQ.
Observe that if

m >k, jE&”m(I) & SnijSki?éma
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then

\k—m| <2 & Smj C 45;; CQ,
and hence
m>k JEFm <I)

)|2 dy dx
Shs ‘I— |n+2a
k2 m
meSkﬂé@ !

)|2 n—2a)/n 2

So, by Lemma 3.3 we get
(n—2a)/n
H, < Z Z (vol(Sk;)) [|w ||QQ(Q
k>—log, £(I)+7 i€ (I)

S/ Z (2k£(1))ﬁgaﬂ+62 (n—2a) ”u”Qa(Q)
k>—log, £(1)+7

Since n — 2a — dim 0§ — € > 0, we arrive at
Hy S 00l ) S vol ()2l .
Now we turn to estimate Hs. For
m>k, i€ SI), jeSmI) & SmjN Sk =0,

we compute

)|2d dx
Si S ‘(E— |n+2a

S ((50.5) w0l S l(S) f ) —ul)P dy

By Lemma 3.2, there exists a Whitney chain F'(Sk;, Smj) = {Skii1> -+ » Sk} € Wa
joining Sy; and Syn; with its length

((Simj) S Sins)
- j _ P\PRyPmy)
t S log, £(Ski) o <5(Sm’) +£(Smj) i

£(Smj) d(Ski, Smj)
< log, (5% )JrlogQ( ﬁ(kSmj) +2>

(Skis Smj) + 2£(Smy)
< logz ( £(Ski) > '

Since
Ski N Sm,j = @ = d(Ski; Sm]) > 471£(S7nj) Z 471€(Ski)7

we have

(3.5)

t <3+ log, (d(ski’ Smj))

L(Ski)
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With the aid of F'(Ski, Sij), we obtain
f ] @ —uwP iy
Sk1 m]
S i) - usuPdy+ s, —us, P+ f o)~ us,, Pdy
Ski S
t—1

2
S ][S \u(x) — USy; |2 dy + <Z |uSksis - uSkSJrliHl |> + ][S |u(y) —Uus,,;
ki mj

s=1

2 dy.

By the fractional Poincaré inequality (see [1]), we have

][ |u(a?) - uski
Ski

Since

2
2 | 2
s f f D iy < Jull, o

Sks+1is+1 C 16‘Sksis cQ & VOl(Sk ~ VOI(SkSiS),

s+1is+1)

we also have

|U’Sk TUSk, iy ‘ S |U’Sk — U165, + |u165k —usy

sis sis sis sis s+1%s+1
$4 - uwes | S il
16Sks’is
So by (3.5), we obtain
][ f )\2 dydx < [3+10g (d(Sm,Sm])>r ||u||2
Skz 7n] 2 E(Skl)) QQ(Q)’

and thus

/ / n+zl|2 dy dz
Ski nLJ |x - |

(Skir Smj) \ 17 vOl(Spn;)vol(Sks)
N [3 + log, ( K(Ski))J (Skl,jgm;)"+2a [ullo. -

Notice that for all k& > —log, £(I) + 7 and all Si; € #,(I). So we have I C
2820(1)S;. For each m > k and j € .7, (I) with S,,,; N Sk # 0, there exists exactly
one § =1, k+2+log, £(I) such that S,,; N (2°Sy; \ 2°~1Sk;) # (. For such 6, we
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have d(Ski, Smj) S 20—k Thus

/ / )|2 dy dx
Spi J Sim; |~T—y|"+2a

m>k sm]eymm

-,,Umslm*m
k+2+1log, (1)
< VOl(Ski)HuHZ?a(Q) Z Z Z
m>k Smy €7m (D)
S N(29 5 \20 - 15)5)#0
d(s ivSm' ’ e
« {3 +log, (e(kS))] [A(Skis Smg)] " vOL(Simj)
myj
k+2+log, £(1)
< vol(Sm)”UHg)a(Q) Z Z Z

m>k Spmj € Fm (1)
S N(20 853 \20 1 8,)#0

X [3 4 0 +m — k)? 2(79+RF)2atn)g—mn
k+2+log, £(I)

S vol(Ski) lullg, ) Y Z #H{Smj € Fm(I) : Smj N (27 \ 2°7 ' Si) # 0}

m>k

(14+m—k+6)>
2(2a+n)(m—k+6)—2ma’

Applying Corollary 3.1, for m > k and 6 = 1,--- , k + 2 + log, £(I) we also have
8{Sm; € Fm(I) : Smj N (20Sks \ 207 Shs) # 0} = 1.5, (20 S) S 2040 (dmz00+)

So by dimg 00 + € < n — 2a, we arrive at

)‘Qd dx
Si J S |(E— |n+2a

k+2+log, £(T) o
< VOl(S}W ||u||Q Q) Z Z 2(m—k+6)(d1m289+e)

m>k
% [(1 +m— k‘) + 52] 2(—2a—n)(m—k+5)220¢m.

m>k smjeymu)

’"LJ N28p;=0

Since dim ¢ 02 + € < n — 2a, we obtain
m>k sm]eymu)

/ / )|2 dy dx
s I Sm; ‘CL‘ _ |n+2a
me2SM_(2)

g VOI(Skz)”uHQQ(Q) Z 2(m—k)(dimgaﬂ+e) [1 +m— k]2 2(—2a—n)(m—l~c)22am
m>k

S vol(Ski)l[ully, @) 2%
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Therefore, by dimgdQ + € < n — 2« and ¢(I) < 1, we have
Hy S llulld,@ > [Sul2**
k>—log, £(I)+7 i€ (1)

Sluld, o Y. [RFen)Tme ey (20
k>—log, £(1)+7
< gln2a-dimae 09 log, K1) )dimar O+ ) 2

~ E(I)n_Qa”UH?QQ(Q)y

Qa(R)

as desired.

Case: diam 02 < oo & diam ) = co.

In this case, we need to estimate ¥, (u, I N Q) as in (3.4) for all I, and hence for
all I with its center in Q and I N QC # (). Without loss of generality we may assume
that 9Q C B(0,1). If £(I) < 8, by an argument similar as above, we have the desired
estimate for W, (u, I N Q). If £(I) > 8, then we may assume that 2%0 — 1 < ¢(I) < 2ko
for some kg > 4. Then I C I(0,2%*1), and hence we may further assume that
I = 1(0,2%*1) for some ko > 4. Write

2
(u, INQ) / / ‘x y|n+2)| dydr = ¥, (u,1(0,8) N Q) + Hz + Hy + Hs,
InQ JINQ -

(e}
where

_ u(@)—u(y)|’ .
Hjz = f1(0,4)m fz\z(o,s) ‘\ijy|n£y221 dy d;

ulr)—u 2
Hy = f1\1(o,4) fz(o,z)m ‘\if)ngll dy d;

_ [u(z)—u(y)|?
Hs = f1\1(0,4) fz\[(o,z) W dydzx.
Because we already have
Vo (u, 1(0,8) NQ) S lulld, @ S D™ [lully, o)

it suffices to control Hs; Hy; Hs. Regarding Hj, we find a Whitney cube J C 1(0,7)\
1(0,5). Since 279/y/nf(J) < 1, one has

N A Y A 2
1(0,4)nQ2 JI\1(0,8) |I* | 1(0,4)nQ JI\1(0,8) |z — y

2
< w(z) — u 2dz+/ wd
“n= /1(04) fulw) = ul nI©g) |y[nt Y
= Hs3 1+ H3p.
Obviously,
Hsq S / /|u —u(y)|? dy dx
1(0,4)NQ
<UD, (u, 1(0,4) N Q)
S D) > ullgy,
Sl @)
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Suppose
92" -1 < oI < 22" for some ko > 4.
Then I C I(0,2%*!) and hence
ko+2 2
lus — u(y)|
#asy [ e dy
I(0,2k+1)\1(0,2F) ]

ko+2

sy 2o | T—
k=3 1(0,2F+1)\1(0,2F)
Denote by .7, as the collection of S; such that S; N (I(0,25+1)\ 1(0,2%)) # 0. Then
for each S; € .7, we have 2757 < ¢(S;) < 27%*2 and hence £.7;, < 2¥("=D_ This in
turns implies

ko+2
Hyp <y 2720 3- ]/ g —u(y)[* dy.

k=3 SiEv% !

For each S; € 571; , by Lemma 3.1, there exists a Whitney chain joining J and .S; with
the length less than Ck. Therefore, by the fractional Poincaré inequality we have

][ luy —u(y)? dy < kllulld, o

whence

ko+2

Hsa S ) 27 kulldy, @) S lull, @ S 6D > ullg, @)-
k=3

Since the estimate for Hy is similar to Hs, we hereby omit its demonstration.
Regarding Hs, let J C I(0, 2¥0*4) be a cube with side length 202 and J N
1(0,2%0+3) = (). Then

2
Hs < / / néL dy dz < 0(1)~2 / lu(z) — uy|? da.
I\I(0,2) JI\1(0,2) \x —yl I\I(0,2)

Covering I\ 1(0,2) by 2" many cubes R; with side length 202 and R, NI(0, 2) = 0,
we arrive at

gn
H5< E(I)"‘QO‘Z ]/ lu(z) — us|? de.
j=1" B

Also, for each R; we can find cubes {R;s}*, such that

M < 1;
Rj1 = J;
RjM = Rj;

stij(s+1 #Pfor 1<s< M—1;
2Rj(s41)NI1(0,2) =0 for 1 <s<M—1.
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So, under this situation we have

M
f |u(;v) —uJ|2 dxs M2Z f |u(.%') — U2R;,
s=1

2dr S ullgy, )

whence

Hs < (1" ||ulldy, -

Case: diam 99 = oco.

Since there is no restriction on the side length of I or § in Lemma 3.2 (ii) and
Corollary 3.1 (ii), applying the argument similar to Case: diam 9 < co & diam Q) <
oo, we can get the desired estimates. O

3.2. 23(Q.) # Qs(Q,) under (1.2). Working on this inequality, we have the
forthcoming Theorems 3.2-3.3.

THEOREM 3.2. For each o € (0,1) there is a uniform domain Q, C R™ such that

i 20 + dim 99, when 99, is bounded;
) 2a + dimg 99, when 0, is unbounded,

but Qs(R")|o, # Qs(Q) ¥V B € [a,1).

Proof. Step 1. Construction of the set Q.

Let Iy be unit cube [0,1]" and a € (0,1). Denote by E, the Cantor dust with
parameter a obtained as follows. Set Ly = [0,1]. Let L;, i = 1,2, be the two closed
intervals obtained by removing the middle open interval of length a from Ly = [0, 1]
ordered from left to right; when m > 2, the subintervals L;,..; , im = 1,2, are
the two closed intervals obtained by removing the middle open intervals of length
a[(1 —a)/2]™~! from L;,...;,, , ordered from left to right. Notice that

ULy ..q,)=[1—=a)/2]™ ¥V m>1.
So, for each m > 1 set

L = U Liji, & EM=(L™"=L"x---x L™

a a a
i, im €{1,2}

For each m > 1, we order all cubes consisting E" with side length (177“)’” by I j,

Jj=1,---,2"" and write the center of I, ; as 2, for all possible m and j. For
Iy = Lfj, write its center as z7,. Define the Cantor dust as
o0
E,= () E}
m=1
Set

We have the following lemma whose proof is postponed after proving Theorem
3.2

LEMMA 3.4. Let a € (0,1). Then
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(l) nga = ﬁgga == m.
(ii) Both R™\ E, and R™\ &, are uniform domains.

In particular, choosing a = 1 — 272%/("=29) " we have a € (0,1) (due to 0 < 2o <
2 < n) and take Q, = R"\ E,. Then dim¢0d, = n — 2a. We will show below that
Q. is exactly the critical domain 2, with bounded boundary required by Theorem
3.2.

The critical domain 2, with unbounded boundary required by Theorem 3.2 will
be given by R™ \ &,. The proof is similar to the bounded case; and hence will be
omitted.

Step 2. Construction of function u.
To each cube I = I,,,; we assign a function u;, which is supported in gI and
ur=1on I, 0<u; <1onR"and |Vus| < ¢(I)~". Define

gmmn

=Y Y,

m=1 j=1

Step 3. u ¢ 25(Q2) when 1 > > . For I = Iy, we have

(v)*
d dy > 7d d
/Imﬂ/[mﬂ |='17_ |2+2ﬁ v= ZZ/ 7717/ Inj |z — y|n+28 v

m=1 j=1
%) 2’777472 2
lut,,; (x) — ur,,; (y)]
> / / d o dx dy
D20 B U P

omn
Z ]- - a —(n+28)m (]- - a)an
2

a%

Mg ﬁMz

2 n(l — a)(n—2,8)m.
2

Vv

1

3
I

Since a = 1 — 2722/(n=20) ' e have

1 ;a _ 272a/(n72a)71 _ 27n/(n72a)’

thereby getting

a< 5 — 2mn(1iTa)(n72ﬂ)m _ 2mn27mn(n725)/(n72o¢) — 22mn(ﬂfa)/(n72a) > 1

and

o0 1 o

Z 2mn( . a)(n—Zﬂ)m = 0.
This in turn implies

—u(y)?
U dx dy = oo
| ”’% fa) = /mQ /msz |3j ‘2+2ﬁ Y

Setp 4. u € Qp(Q) when 0 < g < 1.
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To treat this situation, we observe that for each I C €),, there exists at most one
L, for some m > 1 and j =1, ---, 2" such that I N §1,,,; # 0. Then

[ullQu(@0) = 0 llQa@ny S Nur,; lwingny S 1.
O

Proof of Lemma 3.4. (i) The proof is similar to validating [14, Lemma 2.3], and
hence omitted.

(ii) We only verify the result with n = 2 since the argument under n > 3 is
analogous. For every pair of points z,y € R?\ E,, we need to find a curve v € R?\ E,
joining y, x such that I(y) < |z — y| and

o). B\ Bx) 2 OO0 e o,

If 2,y € R?\ Iy, then it is easy to find such a v since R? \ I is uniform and

d(z,R*\ Ip) > d(z,R*\ E,) V z € R?\ I,.
Now we assume that y € Iy \ E,. It suffices to find the curve required v joining y and
x where:

1 1
+_3510\10; velb\E, & z¢ 1+_3j

S I().
Before finding the curve 7, we observe that there exists a minimal m, > 1 such that
y € In\ E;", denote by I, the building-up cube of Epv! (letting EY = Ip) that
contains y. For 0 < k < m, — 1 there exist cubes Igsk), the building-up cubes of
EM T such that I =1, c IV ¢ - c 1Y = 1.

Moreover, for each cube I and m > 1, denote by E}"; as image of E;" under map
T, where T is linear map from [0, 1]? onto I. Then we have the following observations.

Observation 1. %I\E;J is a uniform domain for some constant C (a) independent
of I.

Observation 2. For each x € %I\E(;P there exists a curve v C %I\E(;I joining
x and the centre of I such that

1) < Cala)(D) & (3(0), 0

—a

INE; ) > vt € [0,1(v)]-

o
CQ(CL)

Observation 3. For I and any building-up cube J of E}L 1, there exists a curve v C
I\ Eil joining the centers of I and .J such that

I(y) < Cs(a)l(]) & d(y(t), I\ EZ ;) >

Now we are going to find the curve v joining y and z.

Case: x € T34\ EL. Let k, be the minimal 0 < k < m,,—1 such that z € 3¢ Izsk).
Ifxe 11“:3; y, then the desired curve is given by the curve in Observation 1. Assume

that = ¢ %Iy. Obviously, m, > 1, otherwise, E = Iy and x € %Iy.
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Note that |x —y| =~ (35%)™v*=. So, by Observation 2 we can find a curve v, C
1ida IZSO \Iy joining y and the center of Iél) since it appears in %IZSO) such that

t
Cs(a)

1+ 3a

I<0> I
T \I{V) >

() S27™ & d(n(t), R*\E,) > d(n(t),

vt € [0,1(y)]-

By Observation 3, for 2 < j < k, — 1, we can find v; € I \ E, joining the center of
1571 and centre of 1§ such that

1—a

1(7;) < C(a)( )™ & d(y(0),R?\ Ea) = Cs(a) 27 vt € [0, 1))

Let 7, be the union of v, - -+ ,7,. Then

k
~1- s 1—a _

100) S Y (5™ S (g TR e,
Jj=1

and if
)+ ly) St <Um)+-+1y+1) ¥V §=0,-+ k=1,
then
1—(1 . n n
tr (—5=)™ 0 & odyy (), R\ Ea) 2 d(yjaa (8 = [[ya) + - +103)]) R\ B
1—a .
> (2" %ymy—i >

143a

Moreover, there is a curve vy, 11 C F=

]ékm) \ B! [0k joining = and the center of
a,ly
I?Sk*) such that

1—a

™ & (e (), R\ Ba) 2

[V, +1) < Cs(a)( Vot e[0,l(ve,+1)]

Cs(a)
Let « be the union of v, and 7, ., where

Vi +1(E) = Voo 41 (Ve 1) — 1)
It is easy to see that « is the required curve to joining y, z. Indeed,

1) S Uvy) + Uk, +1) = |z = yl;
and if 0 <t <lI(v,) for j =0,--- ,k; — 1, then

A (0), R Ba) > dloy (0, R\ E,) 2 (5 )™ 2 8

and if I(y,) <t <I(y), then
d(y(t), R"\ Eq) > d(Vy,, 11 (t = 1(y)), R"\ Ea) = d(ve,+1(1(y) = t, R"\ Ea) 2 1(y) — ¢

Case: © € Iy \ E,. There exists a minimal m,, > 1 such that x € Iy \ E=. Without
loss of generality, we may assume that m, < m,; otherwise we change the role of z,y.
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If I, = I, then by Observation 1, we have the desired curve.

If 1, € I,, then upon letting k, be the minimal integer k£ such that Ig(,k)
)

C I

and viewing Ijgk_l as Iy, we get the desired curve in a way similar to the case x €

143a 1

ﬁ[@ \ Ea.

If I, N1, = 0, then there exists a minimal mg, < min{m,, m,} such that

1—a
2

I, I, C I, with £(I,)=(

)"

Therefore,

1—a
—)" =~ Zwu| +ly — Za:ylv

=yl =~ (5

where 2z, is the center of I,,. Repeating the argument in the case z € %IO \ B},
we can find a curve v, joining y and z,,, and v, joining x and z,, such that

I(7y) < Ca(a)(15%)™v < | —yl;

Ay (), R*\ Ea) > oyt ¥V t € [0,1());
1) S o —yl;

d(v:(t), R*\ Ey) > oyt ¥ € [0,1(72)]-

Letting v = v, U7, (where 7,(t) = v2(l(yz) — t) for t € [0, [(75)) gives the desired
curve.

Case: x ¢ R*\ H32;. Then |z —y| 2 1. In this case, by an argument similar to the

case T € %IO \ B}, there exists a curve vy joining y and 2y € %IO such that

) S1 & d(y(t),R*\E) 2t YV te[0,i(m))
Moreover we can find a curve «, joining zy and x such that
l(’)/z) 5 L & d(’Ym(t)’RQ\IO) Z t+1 V te [Oal(’yac)]

The union of v, and 7, gives the desired curve joining y and z, and then completes
the argument. O

THEOREM 3.3. For each « € (0, %} there is a simply connected uniform domain
Q. C R? such that

) 2a + dim 09, when 09, is bounded;
) 2a + dimy8Q., when 9K, is unbounded,

but Qp(R?) |, # Qs(Qa) V BE [a,1).

i c oy 1 1
Proof. We consider two cases: a = 5 and a € (0, 3).

Case: o = %

In the sequel, let Q C R? be the triangle domain

Qo ={(z,y) eR*:0<z<1,0<y<1—a}
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Obviously dimgQ = 1. We are going to construct a function u € Qp(2) but
u ¢ 25(2) whenever 8 € [1,1). We can show that the similar result holds for
the unbounded domain

Qo ={(r,y) eR*: 0<y<1—2a}

which has the global Minkowski type dimension 1.

Setp 1. Construction of function u.

By a dyadic cube we mean a cube 277 (kq, ko) + 277[0, 1] for some ki, k2, j € Z.
Observe that when k = 1, there are exactly 1 dyadic cube I; with side length 27!
contained in €; when k = 2, there are exactly 2 dyadic cubes Ij; for i = 1,2 with
side length 272 contained in Q\ I;; generally, when k > 2, there exist exactly 2¢~1

dyadic cubes Iy, -+, Iyp-r+1 (with side length 27%) contained in Q \ Uj_, U2k —1 1.
Obviously,
2k71
0= Uty & L;nLi=07 (kj)+ 00
E>1 j=1

For each possible pair (k,j), let ug ; be a smooth function satisfying

suppug,; C 47 Iy 45
Uk, = 1 on 871]k7j;
|Vug,j| =~ 2% on 4711 ;\ 871 ;.

Then
lukjllQuie) S Vurlirz@) S 1.
Define
oo 2kt
w=Y">up.
k=1 j=1

Setp 2. u ¢ 25(Q) when 1> 3> 1.
For I = [0,1]2, we have

() — u(y)?
/m/m - \W - dy>zz/ / |2+2ﬁ o dy

k=1 j=1

R, — u(y)P?
> / / dx dy
kX:l ]z; sk e\ ‘x - |2+2ﬂ

oo 2k

> Z Z o—4ko(2+28)k

k=1 j=1

> Z 9—k928k
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Setp 3. uw € Qp(Q) for all B €[0,1).
If I C Iy for some k, j, then we already have

- |u(z) — u(y)[?
o1 2/I demw ks 1, gy S 1.

Generally, given an open cube I C €, for each &, there exists at most one I, ;, denoted
by I, such that I NI ; # 0. Thus

u(z) — u(y)?
/1 I |$—y\2+26 e dy

—u(y)?
S dedy + / / dz dy
k 1 0= 1/Ikﬁf /I\gf‘J |§U— ‘2+2B Z I,.NI I\(UI[) |£L'— |2+25

< Hy + Hs + Hs,
where

=2 1f1mz ffml ‘Tf)yﬁﬂﬁ dz dy;
= 3he1 Dok f[km f[m 'Tf)y";i%%,‘ dz dy;
= 1f4 1Nl f[\]k = ;|2)L2[a dz dy.

Denote by k7 the minimal k& such that I N4~'I; # (. Observe that if k; = oo, then
u=0on I. So we may assume k; < co. Then ¢(I) > 2%/ and hence

H1<k2k:/ /1 Ix— \Mﬁ ey
=K1

)
5 Z 27k(272ﬁ ”uk,J”QB @ S < 92— kr(2—28) < é( )2725.
k=kr

Regarding Hs, for ¢ > k, we write

u(y)l®
Hop= / / dz dy
I.nI1 JI,nI |9C - y‘2+2ﬁ

If k,¢ < ky, then Hopy = 0. If £ < k; and ¢ > kj, then by the Poincaré inequality we

get
)3 Lk
Hope = / / dy dx
I, J4=11,NnI |x— |2+2B

k<kr k<kr
dxdy
< woP . [
Alhﬂl kgz;, nanr 1@ =y
dxdy

< fu(y)|? / .
~/4—1[gr‘11 |z—y|>2-¢-1 \95 - y|2+2ﬁ
$2 [ Juty) Py

4’115

20200 [ 9Py
471[[

< 27(2725)6.
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If £ > kr and £ > k, then we write

u(y)l®
Hope = / / dx dy
1,01 JI,nI \95* \QHB

u(y)l® / / [u(z) — u(y)?
dr dy + —————"—dxdy
/ NI /Iml |z — |2+2’8 (I \4—t1)NI JI,nI |z — y|2+25
= Hoper + Hopeo.

Observe that by the Poincaré inequality,

Hop < 24229) / / (u(@)]? + [u(y)?) dz dy
11Nl JI,NI

Sz [ e 2 [ ju)dy
4-11;

I,
< 22[3]6272@
and that
Hoper = / / Julz) = u(y)I* dx dy
(I \4=11,)NI 4*11401 |x—y|2+25
(W) (o
< 9—(2-2B)¢
/1ka/4 NI |35 - |2+26 dyde 52 .
Therefore,
Hy S DY Howe+ Y Y Hop
>k k<kr k>kr 0>k
< Z 27(272,3)[ + Z 2[22[?16272Z + 27(272[3)@] < K(I)272'B.
0>k k>kr 0>k

Concerning Hj3, we have

H; ~ / / dx dy
Z 4=10,n1 JI\Iy |93_ |2+25
Sl [ wp

kk; I

<SRl . vt i

kkI L,

S Z 1|7

k=k;
< vol(I)t=7,

Combining the estimates for H; through Hs, we have

g([)%f?/ dedy <1.
IJI

o — g+
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So u € Qp(Q) follows.
Case: a € (0,3).

For t € (1/4, ) let us recall the construction of von Koch type curve v based on
[0,1] (cf. [13]): if

a1 =0; ag=t; a5 =2""+i(t—1/4)2; ay=1—t; a5 =1,
then the length of each closed line segment aja;q is ¢t for j = 1,2,3,4. Let o; be
similarities such that
ojlaras) = ajaj1 & oj(ar) =a; V j=1,2,34.

For set A, write

2(A4) = 2H(A4) = Ui_,05(A).
For each integer k > 1, set

Y (aras) = 2(ZF " (ayas)).

Let 7; be the limit set of X*(ajas), which is also the unique compact set such that
Y (y¢) = 4. Notice that tv; is a subarc of v; and ~; is a subarc of t~!v;. Recall that
7173 is the von Koch curve. We also set the following arc

Ly = Umsot™ " (7 U (=),

which serves as the self-similar extension of v; to R?.

The bounded domain €); is obtained by doing the same construction for each side
of [0,1] x [-~1,0] outward. The unbounded domain ; is given by the lower half of
R2\ Ty.

LEMMA 3.5. For everyt € (1/4, %), both 0 and T'y = 0, are quasicircles with

log, 4

dim gy = dimgl'y = ——>——.
m 7yt 1MLy 1og2(1/t)
Proof. From [13] it follows that 99, and T'; = 8§~2t are quasicircles. So, the
proof of the Minkowski type dimensions of 7; and I'; can be given by modifying the
argument for [14, Lemma 2.4]. O

Let t = 271/(=9) Then 2 — 20 = légiijt. We are about to show that €, is the
desired bounded domain €, so that Qg(Qa) # 23(Qa) V 5 € [o,1). It is known by
Theorem 3.1 that Qz(Q;) = Z5(Q;) V B € [0, a). For the unbounded case, a similar

proof will validate Q5(€%) # 25(Q) V B € [o, 1).

Setp 1. Construction of function u. For the curve +; based on [0, 1], for every m > 1
there are 4™ triangles, each of which has two sides belonging to v; and are of length
t™. We denote by these triangles as A, ; for j =1,---,4™ and m > 1. Inside each
Ay, 4, there is the largest cube I, ; and its radius is comparable to t"*. Set u, ; be
a smooth function satisfying

~1 .

SUPD Uy, C 47 Iy 5
1 .

Up,; =1 on 87 1, ;;

|Vum,j| ~t~"™ on 471]m,j \ 871]—7”’]'.
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Then
[tm jllQu() S IVtmll2@) S 1.
Define
oo 4™
W=D tmg
m=1j=1
Setp 2. u ¢ 25(Q) when 1> > a.
Let I =[-1,2] x [-2,1]. Then
92— 9% = % = 44(2720) > y42-2a _ 4. 92(logy 1)/ logy(1/1) _
2
Consequently,
u(y)[*
d dy > / / dz dy
/mQ, /mQ, |z — y|2+25 ; JZ; Iy J I |~T - y|2+25
SRR
k=1j=1"7 515 /T \47 I |a:— 2427
oo 4F
> Zzt4kt7(2+26)k
k=1 j=1
> Z4kt(2726)k
k=1
= OO,

Setp 3. uw € Qp(Q) for all € [0,1). Notice that for each cube I C €, there are at
most three IT, ;S such that I N I,; # (). Moreover, the side lengths of these I,y are
comparable. Now it is easy to achieve [|ul/g, (o,) < 0o and then conclude the entire
argument. [

4. Demonstration of Theorem 1.3.

4.1. Proof of Theorem 1.3(i). It follows easily from Theorem 1.1 and Theo-
rems 3.1-3.2-3.3.

4.2. Proof of Theorem 1.3(ii). Recall that a domain € is linearly locally
connected (l.l.c.) provided that there exists a constant b € (0, 1] such that: for any
point (z,7) € R™ x (0, 00),

e llc.(1) — points in Q N B(z, r) can be joined by a rectifiable curve in © N
B(z, r/b);

e llc.(2) — points in Q\ B(z, r) can be joined by a rectifiable curve in £\
B(z, br).

The concept of 1.1.c.-domains can be employed to characterize a uniform domain
in the following sense (cf. [4]).

LEMMA 4.1. Let Q C R"™ be simply connected under n = 2 or quasiconformally
equivalent to a uniform domain under n > 3. Then  is a uniform domain if and
only if Q is Ll.c..
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With the aid of Lemma 4.1, Theorem 3.1(ii) follows readily from the next result.
THEOREM 4.1. Let a € [0,1). If Qala = Qa(82), then Q is Ll.c..
In order to demonstrate Theorem 4.1, we need two lemmas. The first is related
to capacity. Given a pair of disjoint sets F, F' C 2, define the Q,-capacity as
Capo, (E, F, Q) = inf {||u\|2Qa(Q) . ue A(E, F, Q)},

where A(E, F, Q) denotes the class of all continuous functions u € Q,(92) such that
0<u<lonQ,u=0onFE, and u=1on F. Obviously, if £, ' C R" are disjoint
sets, E C F and F C F, then

Capg, (E, F, Q) < Capg, (E, F, R").

LEMMA 4.2. For o € [0,1) let Q C R™ be a Qq-extension domain.

(i) There exists a positive constant C such that for every pair of disjoint sets
E, FCQ,

Caan (E7 F’ Q) S Caan (E’ F’ Rn) S Oca’an (E7 F7 Q)

(i1) For any 0 > 0 there exists a positive constant C depending only on n and §
such that for every pair of disjoint sets E, F C QN B(xg, r) for somer >0
one has

min{vol(E), vol(F')} > or" = Capg_(E, F, Q) > C.

Proof. (i) follows readily from the definition of a Q,-extension domain. To check
(ii), without loss of generality we may assume that Q@ = R™. Let u € A(E, F,R").
Assume first that up(s,, ») > % Then, by the fractional Poincaré inequality,

I(E
_vollE) ][ [u(z) — wrgag, | da
2vol (I(xo, r)) I(z0,7)

/ / Ju(@) —u@)? o)
I(zo,r) JI(zo,r) ‘x_y|n 2 7

and the desired estimate follows. If up(y,, ) < %, we obtain our estimate by replacing
FE in the above string of inequalities with F. O

The second is about volume.

LEMMA 4.3. Let o € [0,1), K be a closed subset of R™ and Q2 be a Q-extension
domain in R™. Then there exists a positive constant C' such that for every component
Qo of Q\ K and for all x € Qp and 0 < r < min{ dist (z, 0Qp \ ), diamQ} one has

vol(Q N I(z, r)) > Cr™.

Proof. Without loss of generality, we may assume that r < co. Let by = 1 and
b; € (0,1) for j € N be such that

vol(I(z, bjr) N Q) =2 vol(I(z, bj_17) N Q) =27 7vol(I(z, r) N Q). (4.1)
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Define a function u on 2 by setting

1 as y € I(x, bar) N Q,
bir — |y —
u(y) = bir—ly — | as y € (I(x, byr) \ I(z, bar)) N Qo,
blT - bg?"
0 otherwise.

Since I(z, r)NQyN K = 0 and I(x, r) has empty intersection with other components
of 2\ K, we know that v is well defined. Then

1
n

3=

vol(I(z, byr) \ I(z, bar)) N Q) - vol(I(z, r) N Q)
bl’l“ — bg’l“ ~ bl’l“ — bg’f’

llullwin) S

Since Q is a Q,-extension domain, we have

1
vol(I(z, 7) N Q)"
bir — bor ’

lull 2, ) S ullg.@n) S lullga@) S lullwin@)

By Theorem 1.1 and (4.1) we have

—c|(byr —b
inf/ exp | C [u(y) = cl(brr 21) dy S
c€R JI(z, )N VOI(I(Z‘, bir) N Qg) "

Observe that ¢ € R ensures |u — ¢[ > & either on (I(z, r)\ I(z, byr)) N or on
I(x, bar) N Q. By (4.1) we conclude

C(bl’l“ — bQ’I“)

vol(I(x, byr) N Q) exp - | S,
vol(I(z, byr) N Q)™
which implies
by — bar < vol(I(x br)ﬂQ)ilo ot
- Y , n .
! 2= ! 0 &2 vol([(x, bir) N Qo)

Similar inequalities also hold for b;r — b7 with j > 2. This leads to

blr = Z(bj’l“ — bj+1’l“)

jeN

n C(bj_1r)"
$ 2 vol(I(z, b7) 01 0)" logy <VO1<B<(Z,ijr>)m ) )

jeN

. o j Crn
<Y 27/ ol (T )" 1 ?
<y vol(I(x, 1) N Q) ™ log, ( vol(I(x, )N QO))

JEN

1 Cr™
S vol(I(z, 1) M) ™ log, (Vol(l(x )N Qo)) .

If by > 1/10, then observing

tlogyt ' >1=12>1,
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we have
vol(I(x, r) N QO)% z

If by < 1/10, then choosing R = 2r/5 and a point y € I(z, r) N Qg such that |y — x| =
bir + R/2 we obtain

I(z, byr) C By, R) C I(z, r) but B(y, R/2) NI(z, byr) = 0.

Therefore, if

vol(I(y, glR) NQ) =2""vol(I(y, R) N ),
then by

vol(I(z, byr) N Q) > 27 vol(I(y, R) N ),
we have 31 > % Applying the result when b; > 1/10, we conclude

vol(I(y, R)N Qo) = R",

thereby reaching

vol(I(z, 7) N Qo) = r".

Now we are ready to prove Theorem 4.1.

Proof of Theorem 4.1. With the help of Lemmas 4.2-4.3, Theorem 4.1 can be
proved by using the idea from [4, 25]. Here we give the details for the reader’s
convenience.

Case: ll.c.(2). Let x1, xo € Q\ B(xzg, r) for some z¢ € Q and r > 0. Without loss
of generality, we may assume that z1,29 € 9B(xo, r) N Q. Indeed, we can find a
rectifiable curve v C Q joining x1 and xo. Let Z; = 7(¢;) for i = 1, 2 be the points in
0B(xg, r) such that v3 = v([0, t1]) and 2 = ¥([t2, 1]) intersect with dB(xq, r) at z;
and T respectively. If we can find a rectifiable 3 C 2\ B(xg, ¢r) for some ¢ € (0,1)
joining Z1 and Zs, then the rectifiable curve 41 U3 U~y C Q\ B(xo, cr), joins 1, xa.

Assume that x; and 2o are not in the same component of Q \ B(xg, br) but in
the same component of Q\ B(z, br/2) for some b € (0,1). If b > 1/16, then we can
find a curve such that v C Q\ B(zo, /32) joining x1, x2. So we may assume that
b < 1/16. Tt then suffices to prove that b is bounded away from 0 uniformly for any
X1, T2, To, 7. Denote by €; the component of Q\ B(xzg, br) containing x; for i =1, 2.
Then Ql n Qg = @

Let F; = Q; N B(x;, r/2) for i = 1, 2. Obviously, we have

Fl, F2 C B(iE(), 27”);
Fiy N Fy =0
d(x;, 00\ 0Q) >r —br >1r/2;
Fi N B(.Io,T/Z) = @
By Lemma 4.3 we find |F;| 2 r™ for i = 1, 2. Applying Lemma 4.2, we obtain

Capq, (I, I2, Q) 2 1.
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The lower bound of b will follow from the upper bound

1—n

1 n
Capg, (F1, F2, Q) S (log2 2b> , (4.2)
which actually implies (log2 %) el 2> landsob 2> 1.
In order to check (4.2), define

1 as z € Qo \ B(xo, 1/2);

—1
u(z) = (log2 ﬁ) log, \wl;%ol as x € Qo N (B(xg, r/2) \ B(xo, bor));
0 otherwise.

Obviously this function is well defined. Then

-1
1 N
|Vu| = (10g2 2bo> | — 20|~ X (B(wo, r/2)\ B(xo, bor))
and hence u € Q, () with

”’U’HQ(,(Q) < HUHWI,’H,(Q)

1

1\ ! w
< <log2 2b> {/ |zx0|”dz}
0 B(zo,r/2)\B(z0,bor)

1\ =
S <log2 2b0> .

Obviously, u € A(Fy, Fy, ©), and hence (4.2) holds.

Case: ll.c.(1). Let 1, x2 be an pair of points in Q and z1,29 € B(z, ) for some
z € R" and r > 0. Then r > |z; — x2|/2. We are about to show the existence of a
rectifiable curve v C B(z, r/b) joining x; and xo for some constant b < 1.

If |21 — xo] < max{d(z1,Q0), d(z2,QF)}, then the line segment joining zy
and xo gives the desired curve. In the sequel we assume that |z; — xa] >
max{d(x1,QP), d(z2,Q%)}.

Let €; be the connected component of

QN B(xi, |11 — 22]/8) = Q\ Blay, |1 — 22| /8)°
containing x; for ¢ = 1, 2. By Theorem 3.2, we have
vol(£;) 2 o1 — xo|™ for i=1, 2.

Obviously, Q1 N Qs = 0 and Q4, Qs C B(z1, 2|z1 — 72|). Applying Lemma 3.5, we
obtain

Caan(Ql, QQ, Q) Z 1.
Now we claim that there exists a positive constant Ny > 2 independent of

x1, T2, 1 and Q9 such that Q, Q5 are in the same component of QN B(xy, Ny|zy —
x2]).  To see this, assume that €, Qo are not in the same component of N
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B(z1, N|xy—x,]) for some N > 2, say, in components Qy, Qp of QNB(z1, Nz —a5))
respectively. Define a function u on 2 by setting

1 as y € B(x1, |m1—x2|/8)ﬁ§1;
uwy) = o5, wn 1082 N‘lfi;ffl as y € (B(z1, Nlz1 — x2]) \ B(z1, |z1 — 22[/8)) N Q13
0 otherwise.

1-n
[ullg.e) < lullwin) S (logg N) ™

Upon observing

1 on Q;
0 on €,

u =

we have

1—n

Caan (E, F, Q) < (logy N)T

which means N < 1 and hence shows the existence of Ny as claimed.

As a consequence, there exists a rectifiable curve vo C Q N B(x1, Nolzy — 22])
joining €1 and Q5. Let x; € ;N for i = 1, 2. Since x;, ; € ; and 2; is connected,
we can find a rectifiable curve ; C Q; C QNB(x1, No|x1—xz2|) connecting x; and Z; for
i=1,2. Set v = 90U~ U7ya. Then v joins z1 and x5 and v C QN B(z1, Ni|x1 —x2]).
Noticing

B(z1, No|z1—x2|) C B(z, No|x1 —22|+|2—21]) C B(z, (No+1)|z1 —x2|) C B(2,2(No+1)r),

we have v C QN B(z, r/b) with b= 1(Ny + 1), as desired. 0
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