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CONFORMAL PATTERSON-WALKER METRICS*

MATTHIAS HAMMERL', KATJA SAGERSCHNIG!, JOSEF SILHANS,
ARMAN TAGHAVI-CHABERTY, AND VOJTECH ZADNIKI

Abstract. The classical Patterson-Walker construction of a split-signature (pseudo-)Rieman-
nian structure from a given torsion-free affine connection is generalized to a construction of a split-
signature conformal structure from a given projective class of connections. A characterization of
the induced structures is obtained. We achieve a complete description of Einstein metrics in the
conformal class formed by the Patterson-Walker metric. Finally, we describe all symmetries of the
conformal Patterson—Walker metric. In both cases we obtain descriptions in terms of geometric data
on the original structure.
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1. Introduction. Given a torsion-free affine connection D on a smooth n-
dimensional manifold M, the classical Patterson-Walker construction [30] yields a
split-signature (n,n) pseudo-Riemannian metric g on the total space of the cotangent
bundle T*M. The metric g is determined by the natural pairing of the vertical distri-
bution V' of T*M and the horizontal distribution H =2 TM on T*M. In particular,
V and H (as determined by D) are totally isotropic with respect to g. Such metrics
are endowed with a parallel pure spinor and a homothety, and satisfy an integra-
bility condition on the Riemann curvature tensor. We shall show in section 2 that
Patterson-Walker metrics are locally characterized by these data.

When n = 2, this construction is generalised in [12] where a conformal class
of Patterson-Walker metrics is assigned to a projective class of volume-preserving
torsion-free affine connections. As we shall see, this extends to any dimension. In
order to accommodate projective invariance in this construction, we must replace
T*M by the density-valued cotangent bundle T*M(2). Recall that the projective
class p containing D is formed by all torsion-free affine connections which share the
same geodesics (as unparametrized curves) as D. We shall suppose in addition that D
preserves a volume form on M, and as such will be referred to as special. Then special
connections D, D € p give rise to Patterson-Walker metrics g,§ on T*M(2) which
are conformally related, i.e. § = e*fg for some smooth function f on M. In other
words, the projective structure (M, p) induces a split-signature conformal structure
(T*M(2),c), see section 3 for details.

__ Notice that certain geometrical data are to be expected on the conformal manifold
(M, ¢) induced from a projective class (M, p). Firstly, there is a distinguished vector
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field k corresponding to the Euler vector field on T*M(2). Secondly, there is an n-
dimensional integrable distribution V' on M corresponding to the vertical subbundle
of T*M(2). In fact, this distribution can be conveniently defined via a distinguished
pure spinor field x annihilating V. Here purity of x corresponds to V' = ker y being
maximally isotropic. Further, one expects an integrability condition imposed on the
curvature of metrics in ¢ and this we shall formulate in terms of the (conformally
invariant) Weyl tensor Wade of c¢. Our characterization result, proved in section 4, is
then

THEOREM 1. A conformal spin structure ¢ of split signature (n,n) on a man-
ifold M is locally induced by an n-dimensional projective structure as a conformal
Patterson—Walker metric if and only if the following properties are satisfied:

(a) (M,c) admits a pure spinor x with (mazximally isotropic, n-dimensional) in-

tegrable kernel ker x satisfying the twistor spinor equation

- 1
DoX+ —aDx =0, 1
x+2nvl?x (1)

where P = 7050 1s the Dirac operator and v denotes the Clifford multiplica-
tion.

(b) (M,c) admits a (light-like) conformal Killing field k with k € ker x.

(¢) The Lie derivative of x with respect to the conformal Killing field k is

Lix=—5(n+ 1. 2)

(d) The following integrability condition is satisfied for all v",w* € ker y:

Wabcdvawd =0. (3)

In section 5, we achieve a complete description of Einstein metrics within the
induced conformal class in terms of the underlying geometric objects. In what follows,
Rp 45 is the curvature tensor of a torsion-free affine connection D4 and Wp, 4“5 is
the (projectively invariant) totally trace-free part of R, 5. That is, we use abstract
indices £ = TM on M and £4 = TM on M , and we shall not distinguish between
bundles and spaces of sections notationally. Let us emphasize that the theorems
below involve certain projectively invariant differential operators, and to formulate
the invariance precisely will require the use of density-valued tensor fields. Leaving
these details aside for the time being, the results can be stated as follows:

THEOREM 2.

(a) If the affine connection D is Ricci-flat, then the induced Patterson—Walker
metric g is Ricci-flat.

(b) If the affine connection D admits an Euler-type vector field & satisfying the
projectively invariant equation

1
Dot = 553DP§P (4)
and the integrability condition EPWp, ,€5 = 0, then the induced Patterson—

Walker metric g is conformal to a Ricci-flat metric 05_2g off the zero-set of
a rescaling function o¢.
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In fact, any Einstein metric in the conformal class ¢ can be uniquely decomposed
into two Einstein metrics of such types.

Part (a) is a well-known fact for Patterson-Walker metrics that was already ob-
served in [30, 9], and which we recover. To our knowledge, the construction of Ricci-
flat Einstein metrics of part (b) is new, as is the decomposition result for general
Einstein metrics. The decomposition of general Einstein metrics in ¢ can be under-
stood explicitly: if the Patterson—Walker metric g is conformal to an Einstein metric
0 2g, then there is a canonical decomposition

oc=04y+0_

such that both g = 0129 and g_ = 0_2g are Ricci-flat off the respective zero-sets
of o4. Further, there is a Ricci-flat affine connection D_ projectively related to D,
which induces the Ricci-flat Patterson—Walker metric g_, and an Euler-type vector
field ¢ for D satisfying (4) and the integrability condition éPW, ,©5 = 0 such that
g+ =0’y

Finally, in section 6 we study the Riemannian and conformal symmetries of the
induced Patterson—Walker metric and present their complete description in terms of
affine and projective properties of D and of p, respectively. Since the construction of
the conformal structure ¢ on M = T*M (2) is natural, symmetries of the projective
structure p give rise to conformal symmetries (i.e. conformal Killing fields) of c. In
fact, we can completely and explicitly understand the space of conformal Killing fields
of ¢ in terms of solutions to projectively invariant equations:

THEOREM 3.

(a) Any infinitesimal symmetry v of the projective structure p induces a con-
formal Killing field v of c.

(b) Any skew-symmetric bivector w
tion

AB satisfying the projectively invariant equa-

2
DC’U}AB = —m 654DP’LUB]P (5)

and the integrability condition wB(AWB(C D)E) = 0 induces a conformal

Killing field 0% of c.
(c) Any Killing 1-form, i.e. a 1-form aa satisfying Daapy = 0, induces a con-
formal Killing field v* of c.
In fact, any conformal Killing field of ¢ can be uniquely decomposed as a direct sum
04 4+ 0§ + 0% + ck® of components which correspond to solutions to the respective
projective equations and a constant multiple of k.

Likewise, the construction of the Patterson—Walker metric g from a torsion-free
affine connection D is natural, hence any symmetry of D gives a symmetry of g, i.e.
a Killing field. In fact, we obtain a complete description of the space of Killing fields
of ¢ in terms of affine data:

THEOREM 4.

(a) Any infinitesimal symmetry v of the affine connection D induces a Killing
field v of g.

(b) Any parallel bivector wAP for the affine connection D, Dow?B = 0, which

satisfies the integrability condition wB(ARB(CD)

v} of g.

B = 0 induces a Killing field
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(c) Any Killing 1-form aa, Daapy = 0, induces a Killing field v* of g.
In fact, any Killing field of g can be uniquely decomposed as a direct sum v +vg +v%
of components which correspond to solutions to the respective affine equations.

The approach of the present paper is based on an extension of the two-spinor
calculus of [32] to higher dimensions, already used in [24], and developed more fully
in [34, 35]. We shall set up this spinor calculus in section 3 and employ it to di-
rectly derive relationships between the original projective geometry and the induced
conformal structure. A major step, which is particularly tailored for this approach,
is our parallelizability result for pure twistor spinors with integrable distributions,
Proposition 4.2, upon which Theorem 1 hinges.

Projective and conformal geometries are instances of Cartan geometries, or more
specifically, parabolic geometries. The geometric relationship studied in this article
fits into the larger framework of so-called Fefferman-type constructions. These were
originally put forward by the authors of [17] and [20] in their investigation of CR
structures. In the present context, the recent article [23] takes the same perspective,
and includes a characterisation result closely related to Theorem 1. The relation
with the treatment set forth herein is briefly described in section 7.4. The spinor-
theoretic approach allows a succinct treatment, gives a shorter statement for the
characterization of the induced structures than the one presented in [23], and allows
us to give explicit descriptions of the Einstein metrics in the induced conformal class
of metrics.
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2. Patterson—Walker metrics. Riemann extensions of affine connected spaces
were first described in [30]. They are pseudo-Riemannian metrics on the total space
of the cotangent bundle 7 : T*M — M associated to torsion-free affine connections
on M as follows: An affine connection D determines a horizontal distribution H C
T(T*M) complementary to the vertical distribution V' of the bundle projection 7.
Via the tangent map of 7, the bundle H is isomorphic to 7'M, whilst V' is canonically
isomorphic to T* M.

DEFINITION 2.1. The Riemann extension or the Patterson—Walker metric asso-
ciated to a torsion-free affine connection D on M is the split-signature metric g on
M :=T*M fully determined by the following conditions:

(a) both V and H are isotropic with respect to g,

(b) the value of g with one entry from V and another entry from H is given by

the natural pairing between V =T*M and H = TM.
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It follows that V' is parallel with respect to the Levi-Civita connection of the con-
structed metric. Hence Riemann extensions are special cases of pseudo-Riemannian
manifolds admitting a parallel isotropic distribution known as Walker manifolds or
Walker metrics.

We can give local coordinate expression for these Riemann extensions. Let us
introduce local coordinates {z'} on M and fibre coordinates {p4} so that § = p4 dz*
is the tautological 1-form on M. Here, indices run from 1 to n, but we shall view
them as abstract indices. Let further T',¢ 5 = F( AC B) be the Christoffel symbols of a
torsion-free affine connection D4 on M. The horizontal distribution H associated to
the affine connection D 4 is spanned by

0 0
Mﬁ*'FACBPC%- (6)

Defining o ©® 8 := %(a@ﬁ + B ®a) for any l-forms « and (B, we can write the
Patterson-Walker metric explicitly as

g=2dz* ©dpy — 27,5 pc da? © dz? (7)

from which it is clear that both V' = <ap%> and H spanned by (6) are indeed isotropic

with respect to (7).

Being oriented, the cotangent bundle 7% M equipped with the Patterson—Walker
metric has structure group SO(n,n). Further, following [21, 25], since T'(T*M) =
TM & T*M, the manifold T*M is endowed with a spin structure. Since V and H
are totally isotropic and dual to each other via the metric, we can associate to them
a pair of pure spinors defined up to scale. These spinors will allow us to construct
projections from T'M to V and H. With a slight abuse of notation to be clarified
subsequently, it will be convenient to employ abstract index notation on spinor fields
(see [31]): sections of the irreducible spinor bundles S and S_ will be adorned with
primed and unprimed upper-case Roman indices, i.e. ot e §+ and g4 € g_, and
similarly for dual spinor bundles, K4/ € S’V_’; and As € S*. In particular, the Clifford

algebra of (TM ,g) is generated by the y-matrices 'yaB/ 4 and v, B ,,, which satisfy
W(aA/c%)CB/ = —gabgg‘: ) V(aAC/ %)C/B = —gabgff )
where gg: and gg are the identity elements on §+ and S_ respectively.
Let XA/ € §+ be a spinor field annihilating V', and define a linear map
Xe =, X" TM — S

is pure. Similarly, let 14/ € gj_ be a spinor field annihi-
A/

Then V = ker y2 since x*
lating H so that XA/ and 774/ are dual, and chosen such that 774 x* = —%. Defining
NaA 1= ﬁB’VaBA :TM — §i,

we then have H = ker1j,4 since 74+ is pure.

Therefore, we can identify H with the image of 72, and V with the image of 7j, .
In this situation the upper case Roman index refers to an n-dimensional representa-
tion. Viewed as projections, the spinors satisfy [34]

xax*? =0, N47as =0, xang = 0%, (8)
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where 6% is the identity on im Y2, In sum, we have a splitting
TM =V & H ~im NaA D 1Im ng = ker)(gx @ ker 1ga

where H =2 V* and for any v® € V,w® € H, we can write

’ﬁa:&AxaA for some ay € im g4,
BAnA , for some BA € im x4
There is the freedom in rescaling both x4 and 7/ such that x4 = —1, which

will be fixed by the following consideration. If the torsion-free affine connection D
preserves in addition a volume form on M, then the connection D is said to be
special, and all our affine connections will have this property. This means that we
can always choose our coordinates {4} such that the preserved volume form is given
by dz' A...Adz", up to constant multiple, and thus, the Christoffel symbols satisfy
I',“. = 0. Henceforth, we denote by D, the Levi-Civita connection of the Patterson—
Walker metric (7) on M induced by a special torsion-free affine connection D4 on M.

Since V = <ﬁ> and H is spanned by (6), we can choose XA/ and 14+ such that

~ 0 = 0 0
aA ~a c
D = s D - + F 9 9
X" Do =5 Mala =53+ e 5 (9)
and the non-trivial commutation relations
[XaAﬁav ﬁbBﬁb] = I1BACXCOﬁC ) [ﬁg&f)am ﬁbBEb] = RABCDPCXCDf)C ’
are satisﬁed Here we use the convention R, ¢ pvP = 2 DiaDpjv v® for the curvature

tensor Ry 4 of D4. We can immediately see that H is integrable if and only if D4
is flat. We then obtain the Christoffel symbols r .5 of the connection D

A C A C
1_‘abc = 2Xa n[bBXc] FABC + Xa XbBXc RBCDApD .

In particular, using (8) and the fact T’ ABC is trace-free, we immediately see that the
spinor x4 determined by (9) is parallel. Writing 7 = 9444 + a4 x4, we have

~ 0 0

Da'vb)va B _ r.c r,B.a°,

( v ) NaXp pA Tha pPc g~ o7+ Ty

5"“1) ~a > _ a FC a ~ _FC"’ —NCR D

V" ) NATB = 783:A+ A DPCTPD ap A BQC —V Ligp APD,
5 b Lad 9
(DaU>X WbB:T@B’

PA

(Dv)x Xb— aNB.

dpa
In particular, if 92 = v (x) and ap = ap(z) do not depend on p4, then
D" = (Dav”) x2iih + (Daas —v"Rep” app) xiX"". (10)

Next, the Riemann tensor can be computed to be

Rypeq =2 (Xa Xy U[chd] +xixd MaC Xp] ) Ry5%p (11)

+2X{axti XS Xd DaRep” ppe
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from which we deduce that

Rapeqv®w® =0 for all v*, w®* € V. (12)

We have a distinguished vector field k£ and a 2-form u, defined by

0
k.= QPA@, (13)
po=2dpa Adz?. (14)

Here, we follow the convention oo A 8 = % (a® B —B®a) for any 1-forms « and .
As a 1-form, k, is twice the tautological one-form 6, on T*M. As a skew-symmetric
endomorphism, p%, acts as the identity on H and as minus the identity on V:

pyig = 1 , ppx"? = —x*P (15)
It is then straightforward to check that & satisfies the conformal Killing field equation
Bakb — tab — gab = 0, (16)

and in particular, k% is a light-like vertical homothety, Lrg = 2 g.
Now, Patterson—Walker metrics can be locally characterized as follows:

PROPOSITION 2.2. Let (M, g) be a spin structure of split signature (n,n) admit-
ting a parallel pure spinor x with integrable associated distribution V', and a homothety
k tangent to V' such that (16) holds. Suppose further that the Riemann tensor satisfies
(12).

Then, in a neighborhood of any point of M, there exist coordinates {x?,pa} such
that the metric g takes the form (7) where I' ,© 5 are the Christoffel symbols for a
special torsion-free affine connection D on the leaf space of V. In particular, (M, 9)
is the Riemannian extension associated to D.

Proof. In a neighborhood of any point of M , there exist coordinates {z%,pa}
such that the metric takes the form [4, 206]

g=2dps©dz? —20,5d2® ©dz?, (17)

where the distribution V' is spanned by the vector fields 8% and {z4} are coordinates
on the leaf space M, and the functions © ,p = O 4 B)(x,p) satisfy the differential
conditions

0
—0Opz,=0. 18
apB BA ( )

Since k is a homothety tangent to V, we can write

)
k=ks—o k,—) = kadz?
AapA7 g(a ) Adr

for some functions k4. The exterior derivative of this 1-form is given by

0 0
W= &C—Ak‘g dz? A da® + apikg dpa AdzP .
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This gives

Since y is parallel, differentiating k%x2 = 0 yields
pavy"X +YaX = 0,

according to (16). This means that p, as an endomorphism of ™ , acts by minus
the identity on V. Hence %6}%‘1@ = (52, i.e. kp = 2pp + ¢p for some functions ¢p
of 4. We can perform a change of the coordinates p to eliminate the functions ¢z
in kp while preserving the form of the metric. At this stage, we have the following
local coordinate forms for the homothety k¢, its associated 1-form k,, and its exterior
derivative fiqp:

0
k:2pA@, g(k,—) =2pada?

w=2dpa Adz?.

Now, k is a homothety satisfying Lrgq.p = 2 gap, and the equivalent condition on © 4
is

0
pc apc O4ap = O4B ( 9)

This says that © 45 is homogeneous of degree 1 in ps. On the other hand, the
curvature condition (12) is equivalent to

82

———— 0,4~ =0, 20
8pBapD AC ( )

which tells us that © 4, is linear in py.
Putting things together we see that, given the metric (17), the conditions (18),
(19) and (20) are satisfied if and only if © 45 takes the form

Oup = FACB pc, (21)

for some I' ,“ 5 = F(ACB)(.’L'), which is moreover trace-free by virtue of (18).

The condition (12) is the obstruction for the Levi-Civita connection to descend
to an affine connection on M, cf. [1, 9]. We have therefore recovered the Patterson—
Walker metric (7), and I' ;¢ 5 can be identified with the Christoffel symbols of a special
affine connection D on the leaf space of V. O

3. Conformal Patterson—Walker metrics. We now deal with a projective-
to-conformal analog of the construction from the previous section.

3.1. Calculus for projective geometry. As before, we shall use upper case
Roman abstract indices as in [31] for tensors on M. For instance, ay € €4 denotes a
1-form on M, vA8 € E4B] denotes a bivector on M. This convention should not be
confused with unprimed spinor indices. By and large, we follow the treatment given
in [15, 14, 2].
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Two torsion-free affine connections D 4 and D 4 are in a given projective class p
if and only if for any &4 € £4,

Dg® = Dat® + Q"¢ Qap” =264 ), (22)

for some 1-form Y 4. Similar formulae can be obtained on 1-forms and tensors by
means of the Leibniz rule.
We shall assume M to be oriented. Let us fix a volume form €4, .4, € &4,..4,]

Then, by (22), for any two affine connections D4 and D A in p, we have
Daep,..B, = Dacp,..5, — (n+1)Tacp,. B, , (23)

for some 1-form Y4. We can always choose e41-An ¢ glMA1-Anl guch that
EAI-HAngBl...Bn = n!éﬁlll ,,.65::]. In general, D4 does not preserve €4, . 4, so that if
we set

1
Tai= (D P in 24
A (n+1)!( AEB,..B,) € ; (24)

the connection D4 given by (22) or (23) preserves €4,..4,. Thus, we can always
find a special connection, i.e. a connection that preserves a given volume form, in the
projective class p, and such a connection can be shown to be unique, cf. [6] and [13].

With no loss of generality, we shall henceforth restrict ourselves to special torsion-
free affine connections. These enjoy nice properties. In particular, if R,z is
the curvature tensor of a special torsion-free affine connection D with Ricci tensor
Ricap := Rp P, then the Schouten tensor

1
PAB = 7R1CAB,
n—1

is symmetric. Hence P vanishes if and only if D is Ricci-flat. The projective Weyl
curvature and the Cotton tensor are defined respectively by

Wasp = Rup“p +Papd§ —PrpdS, Yoar =2DPpc. (25)

The connection D is called projectively flat if it is projectively equivalent to a flat
affine connection. For manifolds of dimension n = 2, the Weyl curvature vanishes
identically and the only obstruction to projective flatness is the Cotton tensor Y. For
n > 3 projective flatness is equivalent to the vanishing of the Weyl curvature W.

By (23), any two volume forms ¢ and £ related by & = e(®+1%¢ correspond to two
special torsion-free affine connections D and D differing by the 1-form T 4 = Da¢.
We note that under such a projective change, the Rho tensor transforms according to

Pap=Pap+YaTp—DaYp, (26)

so that the Schouten P B associated to D A remains symmetric.

We therefore have a special subclass of torsion-free affine connections of p,
projectively related by exact 1-forms, and thus parametrized by smooth functions
on M. We can conveniently define the density bundle of projective weight w as
E(w) := (A"TM)~ 1 on M, where dim M = n. We will refer to everywhere pos-
itive sections of £(1) as projective scales. Any projective scale o, say, determines a
special torsion-free affine connection D 4 in p, which extends to an affine connection,
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also denoted D4, on £(w), and for which Do = 0. For any two torsion-free affine
connections in p, we have

Daf=Daf+wYlaf, fe&w), (27)

An oriented projective structure determines a distinguished section €4, 4, €
&14,...4,)(n + 1), which we shall refer to as the projective volume form. Any choice of
prOJectlve scale o corresponds to a special connection D preserving the volume form
e = o ("eg. Since, for any two connections D and Din p, we have De = De by
(27) and (23), we conclude that De = 0 for any connection D in p.

3.2. Calculus for conformal geometry. As before, we shall use lower case
Roman indices for tensors on M, e.g. gay € E(qp) denotes a symmetric 2-tensor on M.
The reader can refer to [2] for more details on conformal geometry and its calculus.

We define the density bundle of conformal weight w as g[w] = (/\%TM)_ﬁ

on M, where dim M = 2n. We will refer to everywhere positive sections of & [1]
as conformal scales. The Levi-Civita connection extends to an affine connection on
E[w]. The conformal structure can be equivalently seen as a density-valued metric

gap € 5(ab 2] = O T*M ® £[2] referred to as the conformal metric on M. Any
conformal scale 7 € E[ | determines a metric gq, = 772g,, in c¢. The associated
Levi-Civita connection ﬁﬂvpreserves Jab, Bab and 7. The co~nf0rmal metric allows us
to identify TM with T*M|2]. Similarly, one can identify Sy with S%[1] when n is
even, and with g}[l] when n is odd, by means of weighted spin bilinear forms.

For a (pseudo-)Riemannian metric g, the Schouten tensor P is given by

~ 1 [ Sc
Puy = a5 Gt |
b T o2 <RIC”’” 2(2n — 1) g“”)

where Ric and Sc are ' the Ricci and scalar curvature of g respectively. Since Pis a
trace modification of Ric, the Schouten tensor vanishes if and only if ¢ is Ricci-flat.
The conformal Weyl curvature and the Cotton tensors of g are defined respectively
by

Wapa = Rapa — 20(,Prja + 29a1aPy)” Yeab = 2D Pyjc-

The metric g is called conformally flat if it can be (locally) rescaled to a flat metric.
For manifolds of dimension 2n > 4 conformal flatness is equivalent to the vanishing
of the Weyl curvature W. The transformation rules for Levi-Civita connections and
Schouten tensors under conformal changes can be given explicitly, see e.g. [2].

3.3. Conformal extensions of projective structures. The Riemann exten-
sion of an affine connected space can be adapted to weighted cotangent bundles
T*M(w) = T*M ® E(w). The only difference in the weighted case is that a choice
of torsion-free affine connection D gives rise to a weighted metric. This means that
the natural pairing between H =2 T'M and V = T* M (w) defines a symmetric bilinear
form on the tangent bundle of T*M (w) with values in 7*&(w), the pull-back of the
line bundle over M with respect to the natural projection m : T*M(w) — M. A spe-
cial connection D yields a trivialization of £(w), and thus the pairing can be regarded
as R-valued. In particular, D defines a Patterson-Walker metric on T* M (w).
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We shall denote by 6 the (weighted) tautological 1-form on T* M (w). This bundle
is trivialized by any choice of projective scales. Let o and ¢ be two such scales related
by 6 = e %0 for some smooth function ¢. Then, 6 := ¢~ and 6 := 60 are
two (tautological) 1-forms related by 6 = ¢»?6. In both cases, there exists canonical
coordinates {x4, psa} and {z?,pa} in which § = p dz? and 0 = psdz?. Thus, a
projective change induces the change of canonical fiber coordinates p4 — pa = e“Ppy.

Let D4y and D € p be the special affine connections in p associated to o and
¢ respectively, so that D4 differs from D4 via (22) by T4 = Da¢. This means that
the Christoffel symbols of D4 and D 4 are related by

L, =T, 5+05 5 +65T4.
A straightforward computation then gives

dpa — T4 e de? = e*? (dpa — T, ppe da®)
+e“? ((w— DpaYp —ppYa)da?,

so that using (7) yields
G=¢e"(g+2(w—2)ppYade? ©dzt),

As a consequence, we immediately conclude:

PROPOSITION 3.1. Let D and D be projectively equivalent special torsion-free
affine connections on M and let g and ¢ be the associated Patterson—Walker metrics
on T*M(w). Then g and § are conformally equivalent if and only if w = 2.

Setting M :=T*M (2) we have thus obtained the notion of the conformal exten-
sion (M, c) of a projective structure (M, p):

DEFINITION 3.2. The conformal extension or the conformal Patterson—Walker
metric associated to an oriented projective structure p on M s the split-signature
conformal structure ¢ on M = T*M(2) represented by the Patterson—Walker metric
of a special torsion-free affine connection D € p.

REMARK 3.3. A slightly different construction, which was first introduced in [12]
when n = 2, involves the so-called Thomas projective parameters. In dimension n,
these are defined by [16, 36]

2

where I' ,¢ are the Christoffel symbols of any affine connection in p with respect
to some coordinate system {z4}. In fact, the II AC 5 do not depend on the choice
of connection in p, and are thus a set of projectively invariant functions. However,
the I1,“ 5 depend on the choice of coordinates {x} in the sense that they do not
transform as Christoffel symbols, let alone as a tensor in general. Consider a general

coordinate transformation 24 +— y4 on M with Jacobian Jg = %, and set ¢ :=
n%rl log (det J3 ). Then, we have [16]

c 0 0¢
0P pdp =T g BJE + 5575 — QJ&@ .

OxA (30)
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where IT’ AC p are the Thomas projective parameters defined by the Christoffel symbols
with respect to {y“}.

The coordinate systems {z} and {y”} define volume forms ¢ := daz' A ... Ada"
and € := dy' A ... A dy", respectively, preserved by special connections D4 and D A
in p respectively. These are projectively related by T4 = Da¢. We therefore have
an induced change of canonical fiber coordinates on T* M (w) given by pa — qa =

e“pp(J~HE. Define two metrics on the open subset of T* M (w) over the overlap of
the charts of {z} and {y*} by

g:=2dz? ©@dpa — 211, pe dz? © dz?, (31)
§i=2dy* ©dga — 210, 5 g0 dy? © dy”

Then, using (30), one can immediately check that

G =ev? (g +2(w — 2)QA£U% dy* © dyB) .

In particular, g and g are conformally equivalent if and only if w = 2. We have
therefore constructed a conformal class of metrics of the form (31) on M = T*M (2)
from the projective class p on M: a metric in the conformal class corresponds to the
Thomas projective parameters representing p in a given coordinate system {xA}, up
to coordinate transformations that preserve the volume form dz' A ... A dz™. Differ-
ent Thomas projective parameters for different coordinate systems yield conformally
related metrics.

Finally, with no loss, we can take 11,5 = I' y“5 in the definition (29), where
T AC g are the Christoffel symbols of the special connection D4 preserving the volume
form e, up to constant multiple, on (M, p). In this case, the metric (31) can be
identified with the Patterson—Walker metric (7). As this identification holds for any
choice of coordinate system, the conformal class of metrics of the form (31) on M is
none other than the conformal Patterson—Walker metric of Definition 3.2.

To deal with the conformal class of Patterson—Walker metrics of Definition 3.2,
rather than a metric, we shall henceforth view the quantities introduced in section 2
as being weighted. In particular, ya - and 'y p have conformal weight 1, M being
endowed with a conformal spin structure, see also [23]. By definition, the conformal
Killing field k* has weight 0, so that the 1-form &, is twice the weighted tautologlcal
1-form 8, on M, i.c. k, = 20, € &][2]. Next, requiring that the spinor x4 remain
parallel with respect to the Levi-Civita connection of any Patterson—Walker metric,
restricts its possible conformal weight. Following the conventions of [31, 34], and for
convenience, XA' will have weight 0, from which it follows that 774, has weight 0.

LEMMA 3.4. Any projective scale o € E(1) lifts to a conformal scale o € g[l],
and thus by extension any section of E(w) lifts to a section of g[w] Conwversely, any
section o of g[w] such that X“A5a5 = 0, with respect to any Patterson—Walker metric
in c, descends to a section of 5( ).

Further, any section O'A Ak € 5 L( w) gives rise to a section of EA f}f [w—
k+{]. For contravariant tensors the lzﬁs depend on the choice of special torsion -free

affine connection on p.

Proof. Proposition 3.1 assigns to a special affine connection on M, i.e. a section
of o € £(1), a Patterson-Walker metric on M, i.e. a section of & € £[1]. This can also
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be verified by noting that the volume form on M induced by gap = 0 2gap takes the
form

g = (EAIMAH dz™ ...d:rAl) A (sBl“'B" dpp, ...den) .

where 4,4, is the volume form determined by o, and gA1-An its inverse. Since
a special projective change induces a change pa = e2?p4 for some function ¢, the
volume form Z transforms to & = e~2"¢5 as expected. The converse statement follows
from the fact that the vectors xy*4 D, for any Patterson-Walker metric in ¢, span the
vertical distribution.

According to our conventions, we obtain weighted projectors and injectors y2 €
gf[l] and 7% € gj[fl]. Now choosing an affine connection D € p, any section
vA € E4(w) can be canonically lifted 7 € %[w]. This means in particular that
as a spinor field, v* = 9%y gives rise to a section of EA[w + 1]. Similarly (but
independently of the choice of D € p), any section ay € £4(w) gives rise to a section
of E4 [w — 1]. This generalizes to tensor fields of higher valence. O

Now let D be a special torsion-free affine connection on M and g its Patterson—
Walker metric on M. We can decompose (11) further so as to express the conformal
Weyl, Schouten and Cotton tensors Wabcd , ﬁab, f’cab of the Patterson—Walker metric
g in terms of the projective Weyl, Schouten respectively Cotton tensors W, 52~ , Pag
and YAgci

Wopea =2 (xfbe Xfilap + XexE X[Caﬁbw) Wapc
+2Xaxs XXt (PaWep "ppe +pcYpag ), (32)
Pub = XeXPPag (33)
?cab = chxz?XbBYCAB . (34)

REMARK 3.5. By direct inspection, we find:

(a) By (32), the induced Patterson-Walker metric is conformally flat if and only
if the original affine connection is projectively flat.

(b) By (33), the induced Patterson-Walker metric is Ricci-flat if and only if the
original affine connection is Ricci-flat.

(¢) By (7) and (33), a Patterson—Walker metric is Einstein if and only if it is
already Ricci-flat.

REMARK 3.6. In contrast with the projective-to-conformal construction de-
scribed above, the authors of [11] canonically associate to a projective structure a
split-signature Finstein metric with non-zero scalar curvature.

4. Characterization of conformal Patterson—Walker metrics. We shall
now prove our characterization Theorem 1 which exactly specifies those split-signature
conformal spin structures that are associated to a projective structure via the confor-
mal extension in the sense of definition 3.2. For this purpose we start by collecting
properties of the induced conformal structures:

ProprOSITION 4.1. The conformal extension (1\7, c) associated to an oriented
projective structure (M, p) satisfies all the properties (a)-(d) of Theorem 1.
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Proof. Since x is parallel with respect to ﬁ, it trivially satisfies the twistor spinor
equation (1).

We have already observed in (16) that k € V is a (light-like) conformal Killing
field.

The general formula for the Lie derivative of x with respect to the conformal
Killing field k is

a7 1 ~ a 1~
Lix =K Dax — 5 (Diaky))y x — 11 (PoR")x (35)

Hence it is immediate that Dyx = 0, Daky = ftap+ gap and papx"? = —xB (according
to (15) and (16)) imply (2).
The integrability condition (3) follows immediately from (32). O

For the converse direction we begin with two technical results which will provide
a normal form for structures satisfying the above conformal properties.’

PROPOSITION 4.2. Let x be a pure real twistor spinor on a conformal pseudo-
Riemannian manifold (M,c) of signature (n,n) with associated totally isotropic n-
plane distribution V. Suppose V' is integrable. Then locally, there is a conformal
subclass of metrics in ¢ for which x is parallel, i.e. if g is any such metric with Levi-
Clivita connection D, Dx = 0. Any two such metrics are related by a conformal factor
constant along the leaves of V.

Proof. In abstract index notation for spinors we write x4 and y* := ﬁ(l) )4

The key idea is to use the transformation rule for x? under a conformal change of
metric: For a smooth function ¢ € C>(M) and § = e*?g a rescaled metric, the spinor
x* transforms according to (see e.g. [3, 22])

. . 1 =~
X x4 G(DW)X“A- (36)

7

Thus, to find a conformal scaling for which XA/ is parallel, we must first show that
x? can be expressed as

1 ~
v A aA
= —_y*D,, 37
X=X ¢ (37)

for some smooth function ¢. We assume of course that Y“ is non-vanishing, for
otherwise our spinor was already parallel.
We write the twistor equation on y as D x? = —%){f , and contracting with

x4 this gives

~ ’ 1 ’
XaADaXB _ aA B . (38)

The condition that V' is integrable can be re-expressed as [24, 34]
X““Dax” = a*x", (39)

LAT-C thanks Andree Lischewski for pointing out an unnecessary curvature condition in the
statement of Proposition 4.2, which appeared in an earlier version of [34] (preprint arXiv:1212.3595).
See also his analogous result in [27].
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for some spinor o, which necessarily lies in the image of x?4. The equations (38)
and (39) together imply

1 aA - B’ A B’
-— =« .
\/iX Xa X

It is shown in [34], that since y is pure, the last formula implies that
ot = V24, (40)
In particular, this implies that y* also lies in the image of x4 and thus
XS = -2 (41)
By differentiating (37) one obtains the integrability conditions
A4 DB = alAy ) (42)

for the existence of ¢ (see e.g. [24, 34]). By (40), the right-hand-side of (42) vanishes.
On the other hand, the prolongation of the twistor equation Ea)‘(A = fﬁﬁabxw
leads to the vanishing of the left-hand-side of (42). Hence both sides of (42) are zero,
and the integrability conditions are therefore satisfied and we can find a local solution
¢ of (37).

Finally, by (36), adding to ¢ a smooth function constant along V' yields a metric
in ¢ conformal related to g, for which y is also parallel. This produces the required
conformal subclass of ¢. O

REMARK 4.3.

(a) The relation between pure twistor spinors and the integrability of their asso-
ciated distributions is already given in [34]. Similar results are obtained in
odd dimensions in [35].

(b) A similar argument is employed in [10] in the four-dimensional case to show
the existence of a suitable parallelizing scale.

(c) Formula (41) is in fact equivalent to Y = ﬁ(l) x)# being pure with asso-

ciated n-plane distribution intersecting that of x*' maximally in an (n — 1)-
dimensional distribution [34].

LEMMA 4.4. Let x be a parallel pure spinor with associated distribution V and
k® a conformal Killing field tangent to V' such that Lix = —%(n—l— 1)x. Then k® is a
homothety satisfying (16).

Proof. We write the conformal Killing field equation as Eakb — tab + gapp = 0
with piap = Digky) and ¢ = f%Dpkp. Since  is parallel, differentiating k%2 = 0
yields

LabY'X — PYax =0 (43)
so that
fabY* "X + 2nepx = 0. (44)

On the other hand, Lyx = f%(n + 1)x now reads as

1 1 1
—Zuaw“v”x +5wx =5+ 1)x, (45)
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where we have used (35) and the fact that y is parallel. Combining (44) and (45)
yields ¢ = —1, hence (16) follows. O

PROPOSITION 4.5. Let (M,c) be a conformal spin structure of split signature
(n,n) satisfying the properties (a)—(d) of Theorem 1. Then the local leaf space of
the integrable distribution associated to the pure twistor spinor admits a projective
structure p such that (M, c) is the conformal extension associated to p.

Proof. From Proposition 4.2 we know that, locally, we can find metrics g and
g in c such that the twistor spinor x is parallel with respect to the corresponding

Levi-Civita connections D and l~), and § = e*?g for some smooth function ¢ on
M which is constant on the leaves of V. From Lemma 4.4 we know that k% is a
homothety satisfying (16). Since x is parallel with respect to D, the Schouten tensor

Pup is annihilated by V', and thus the integrability condition (3) is equivalent to the
condition (12) on the Riemann tensor Eabcd. The same argument applies also to D
and the corresponding Riemann tensor. We can therefore apply Proposition 2.2 to
each of the metrics g and g with respective special torsion-free affine connections D
and D on M. R

We Ehall show that D and D are projectively related. The Levi-Civita connections

D and D are related by
Da® = D + Tl + T, — €77,

where T, = IND,,,QZ). Since ¢ is constant along the leaves of V', the corresponding 1-form
T, is strictly horizontal. Hence we consider both ¢ and YT, as the pull-back of a
smooth function ¢ and a 1-form Y4 on the leaf space M, respectively. Therefore, for
€% being a projectable vector field on M and &4 denoting its projection to M, the
two underlying affine connections differ by

DAE? = DAeP + T aeP + Y08,
That is why D and D are projectively equivalent, cf. (22).
Finally, from Proposition 3.1 it follows that M is locally identified with T*M (2).0

Combining propositions 4.1 and 4.5 we immediately obtain our characterization
Theorem 1.

The conformal Patterson—Walker metric constructed above is also equipped with
another distinguished spinor as explained below.

PROPOSITION 4.6. The conformal extension (M, ¢) admits a spinor field na €
Ea[l], which, for any choice of Patterson—Walker metric, takes the form

1
na = —=k"ipa . (46)

2V2
This spinor is pure off the zero-set of k and satisfies
NallaB = —21B747 (47)

where 1%, = nB’y“A,B, i.e. the totally isotropic n-plane distribution U = Ker7jgas
intersects the horizontal distribution H maximally and intersects the vertical distri-
bution V in the line distribution spanned by k®. In particular, k® = 2v/2nax*A.
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Further, na satisfies the conformally invariant equation

1 a1 .
Dgna — ﬁ’yaB AlB = gk‘deabc(WbV )P ans - (48)

In particular, na is a twistor spinor if and only if (]Tj, c) is conformally flat, i.e.
(M, p) is projectively flat.

Proof. That na is pure follows from the fact that it lies in the image of 7,4
since 74/ is a pure spinor. That it satisfies (47) follows from a direct computation and
commuting y-matrices. Since k* and 7j, 4 have conformal weights 0 and 1 respectively,
14 has conformal weight 1 by (46).

We now check that (46) is independent of the choice of connection in p. Consider
any two projectively related special connections D4 and Dy in p corresponding to
horizontal distributions H and H on M annihilated by pure spinors 74, and ﬁ o
respectively. Note that with a choice of trivialization, (13) allows us to make the
identification

1

na = EPA , (49)

and similarly for ;7: 4. Since the 1-forms annihilating H and H are related as in
(28) with w = 2, we can then readily check that 7,, and 74/ are related by 7, =
Nar — %Tanf}l, where T, = T 4\, or equivalently, by

Tlaa = Tlaa + V20aTp —npTa)xZ . (50)

Since k% annihilates XA/, the result follows immediately.
The final part of the proposition follows from a direct, albeit lengthy, computa-
tion. O

The identification (49) will prove to be very convenient in explicit computations,
and will be used ubiquitously in sections 5 and 6.

REMARK 4.7. We can investigate the geometric properties of the distributions
V = kerx?, U = kerijoar and V NU = (k%) viewed as G-structures on M with
structure group taken to be the stabilizer of (x*'), (na) or (k) in Spin(n,n) at a
point. These can be expressed in terms of differential conditions on the fields x4,
na or k% defined up to scale, and are related to the notion of intrinsic torsion of the
G-structure. For pure spinor fields, this is the topic of the articles [34, 35], to which
we refer for details.

(a) For x parallel, the intrinsic torsion is trivial. This implies in particular

X“Af)abe) xS =0, i.e. V, as any integrable totally isotropic n-plane dis-
tribution on (M, c), is totally geodetic [24, 33, 34].

(b) From (48), we deduce (nj,ﬁan%,) Mo = dedabcT}fﬁ/ﬂ%/Uéu which by the
Bianchi identity implies that (n&,ﬁanﬁ’g,) mc) = 0. The distribution U is
integrable, i.e. (nj/ﬁan%,) o = 0, if and only if (M, c) is conformally flat.

(c¢) Being light-like and conformal Killing, k® generates a shear-free congruence

of null geodesics tangent to U NV, i.e. (kcf)ck[a) kY = 0 and Lpga =
J Gab + t(aky) for some function f and 1-form ¢,.
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(d) Moreover, this congruence is also twisting, i.e. k[aﬁbkc] does not vanish. Since
k. annihilates the rank-(2n — 1) distribution U + V, this means that U + V
is not integrable.

REMARK 4.8. In four dimensions, i.e. n = 2, we can identify TM with §+ ®
§_, and use the two-spinor calculus of [31]. We can choose a spin invariant skew-
symmetric bilinear form €45 on §_, with inverse e48, to be preserved by the Levi-
Civita connection l~)a of a Patterson—Walker metric in ¢, and identify €45 as the
volume form on M preserved by the corresponding special connection D4 € p. It can
be shown [5, 10] that the function © 45 can be expressed in terms of a single function
© =0O(z,p), i.e. Oyp = 5,4@@3[;%@. Then equations (19) and (20) tell us that
the function ® must be a polynomial of degree 3 in the coordinates p4, i.e. where
[ ,B are the Christoffel symbols for an affine connection on the projective surface
M.

The Weyl tensor can be expressed as

Waved = VYarpcrpeapecp + Yapepearpecp

where U arprcrpr and , apcp are the self-dual and anti-self-dual parts of the Weyl
tensor. Writing v* = x4 v4 and w® = x4 w? for two arbitrary elements of V for
some spinors v and w?, we see that (3) is equivalent to

A/ C/~ A C~
X X Vo grorpropwp + v w \I/ABC’DXB’XD’:O.

The integrability condition Wabcdvcvdx = 0 for the existence of a twistor spinor XA/
is Upporpx? =0, ie. the self-dual Weyl tensor is of Petrov type N. Combined
with (3), we immediately conclude W 4pcp = 0, i.e. the Weyl tensor is self-dual.

5. Einstein metrics. We say that a non-trivial density & € £[1] is an almost
FEinstein scale if the metric gq, = 7 2g,; is Einstein off the zero-set of &, i.e. f{Eab =
A gap for some constant A. One can show that this is equivalent to o satisfying the
conformally invariant equation

(Do Dy + Pap) @ = 0. (51)

We now show that any Einstein scale on (M ,C) gives rise to solutions to overdeter-
mined projectively invariant differential equations.

One of these is a projective analogue of equation (51), to be precise, a solution
o€ (1) to

(D(ADB)—I—PAB)O':O. (52)

Away from their singularity sets, solutions to this equation determine Ricci-flat affine
connections D 4 in p. Thus, they are sometimes referred to as almost Ricci-flat scales.

We shall also consider a generalization of FEuler vector fields to weighted vector
fields: i.e. a solution ¢4 € £4(—1) satisfying

Dag® — %55(17050) =0, (53)
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Equation (53) implies

DuDp)¢€ + 68, PypP =0, (54)
Wappe” =0. (55)

With reference to Lemma 3.4 and the fact that 74 has conformal weight 1 we
prove:

LEMMA 5.1. Let o € £(1) and ¢4 € E4(—1). Then
o_:=7"0, Gy =V26%, (56)

are sections of S~[1] Here, 7 is the projection from M to M, and &4 is viewed as a
section of 4.

Before we proceed, we note that for any k% € £%, o € E[w] and 0@ € E%w], we
have

L46 = kDus — 5Dk, L4579 = kP Dpd® — °Dyk® — 5 Dykb .
2n 2n
Choosing a Patterson—Walker metric, these simplify to
L5 = kD5 — w5, L15% = k" Dya® — 5%," — (w4 1)5%,  (57)

where we have made use of (16). Similar formulae for the Lie derivative on weighted
forms can be obtained using the Leibniz rule or the fact that k¢ is a conformal Killing
field.

LEMMA 5.2. The lifts satisfy Lror = to4.

Proof. By (13), we have k“ﬁa5+ =20, and kD, = 0. Applying (57) with
w = 1 completes the proof. O

PROPOSITION 5.3.

(a) Suppose o € E(1) satisfies (52). Then its lift c_ given by (56) is an almost
FEinstein scale, i.e. a solution to (51).

(b) Suppose ¢4 € £4(—1) satisfies (53) together with the integrability condition

EPWp,% =0. (58)

Then its lift o1 given by (56) is an almost Einstein scale.
In both cases, the rescaled metrics they define are Ricci-flat off the singular sets of

O4.

Proof.

(a) Let o be a Ricci-flat scale with associated torsion-free affine connection D 4
in p on M that is Ricci-flat, i.e. P4g = 0. Then D 4 is special and determines
a Patterson—Walker metric g with corresponding conformal scale o_ as given
by (56). Reading off (33), we see that Py, = 0, i.e. g is Ricci-flat.

(b) Let us rewrite (56) as 64 = 3 (£174) kq. Then, using the Leibniz rule, (10),
with v4 = ¢4 and a4 = 0, (15) and (16), we obtain

Do+ = (Da&”®) poxit + €%ias - (59)
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Similarly,

DDy = (DaDp€® — €PRpp% 1) xxPpe + 2 (Dag?) Xézﬁb)B . (60)

Finally, using (11), (25) and (33), we find

o 1 )
(D(an)U+ + Pab0+>0 =2 (DASB - n5§Dc§C> Xéznb)B
+ (DaDpE” + 09 Pppt® — EPWp %5 ) pexaxt . (61)
That 7 is an almost Einstein scale follows immediately from (53), (54) and

(58) To show that the rescaled metric is Ricci-flat, we compute the trace

P of the Rho tensor of the rescaled metrlc via the transformatlon rule P =
P—DY,+(1— n)T*Y,, where p:=p" cand Yy = -0 'D4oy. Using (59),
(60) and the fact P =0 fora Pattersoanalker metric, one easily verifies
P=0as required.

|

LEMMA 5.4. Let & € E[1] with £1,6 = r& for some real constant r. Then & is
Eomogeneous of degree Tgl in pa. In particular, o4 is homogeneous of degree 1 and
o_ of degree 0.

Proof. This follows from (57) with w =1 and (13). O

PROPOSITION 5.5. Let & € E[1] be an almost Einstein scale. Then
o=04+0_

where Lo+ = +04. Further, for any choice of Patterson—Walker metric, o+ can be
expressed as the lifts (56), where

(a) o =0_(z) is an almost Ricci-flat scale on (M, p).

(b) €4 = x*AD,54 satisfies (53) together with the integrability condition (58).

Proof. We use a Patterson—Walker metric throughout. Using (57) with w = 1,
together with the Leibniz rule and the fact that ;ﬂbkb = —k“, we compute

L35 = kK" DoDy5 + 5 .

Since 7 is an almost Einstein scale, k*k? (5(a5b) + 5ab)0 o= k“kbﬁaﬁbZi = 0, where

we have used the fact that, for a Patterson-Walker metric, ﬁabkb = 0 by (33). Hence
L35 =37,ie. (Lr—1)(Lr+1)o = 0. This equation is the characteristic polynomial for
L, viewed as a linear operator acting on the finite-dimensional space of Einstein scales,
and the decomposition of this space follows immediately. Details and generalizations
are given in [19].

Next, assume that o4 are almost Einstein scales with Lpo4+ = £o04, so that
X*AxbE ﬁaﬁbﬁi = 0. In coordinates, this condition reads

82
o
OpapB
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This means that o4 are polynomials of degree 1 in p4 with coeflicients depending on
24 only, i.e. G4+ = &4pa + o, where €4 = ¢4(x) and 0 = o(z). Now, using (57) with
w =1, L,04 = £0 can be recast as

k°D,5, =25, , kD5 =0.

Using (13), these conditions tell us that o is homogeneous of degree 1 in p4 and _
homogeneous of degree 0 in p4. Since they are also polynomials in p4, we conclude
that o4 take the form (56).

For the last part of the proposition, we assume o+ are almost Einstein scales with

Lo+ = +04 so that o+ are given by (56). We proceed as follows.

(a) The almost Einstein scale o_ defines a conformally related Patterson—Walker
metric E:QQGb with Isab = 0. By (33), we conclude immediately P45 = 0, i.e.
the corresponding affine connection on M is Ricci-flat.

(b) Equation (51) with & = o implies that the left-hand side of (61) vanishes,
and in particular, each term of the right-hand side must vanish separately,
i.e. ¢4 satisfies (53) and

DaDp)&% +604Pp)pe” — EPWp 4%y = 0. (62)

But with reference to (55) and (54), together with the Bianchi identity, equa-
tion (62) implies (58), i.e. EPWp, %5 = 0.
0

Combining Proposition 5.3 and Proposition 5.5 now gives Theorem 2.

6. Symmetries. We now show that any conformal Killing vector v* on (M, c),
i.e. a solution of

Eaﬁb = (Eab - /(Zgab7 (63)

where qzab = ﬁ[aﬂb] and zz = —%gabf)a%, gives rise to solutions of overdetermined
projectively invariant differential equations on (M, p) as claimed by Theorem 3.
Before we proceed, we recall the prolongation equations for (63):

5&; = Pabgb - Ba ; (64)
Eagbc =-2 ga[bﬁc] -2 /Isa[b;bic] + 5deabc 3 (65)
DBy =P, 6t — ¥ Pap — 7%¥apa - (66)

Here, f3, is defined by (64).

6.1. Projectively invariant equations. An infinitesimal projective symmetry
is a vector field v# that preserves the projective structure, i.e. for any D4 in p and
vector field X4,

L,DsXB -~ DAL, XP =Q,.2X7, where Q5% =264 p), (67)

for some 1-form Y 4.

It can be shown that v# is an infinitesimal projective symmetry if and only
if it satisfies the following projectively invariant overdetermined system of partial
differential equations [15]

(DaD5yve +Pape® + v W) )0 ~0. (68)
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Define

1 1
¢85 = DsvP — Z68Dcv” = —DcoC,
n n

1 - . (69)
= — DaD —P .
Ba nr1oA BV ABY
Then, under a projective transformation, using (22), the fields transform as
- 1
o4 =, Of = 08 — ~Tv oh + Tpvt,
- n+1 - (70)
Y=1+ Ycv®, Ba=pBa—Tpods —Tath—TaTpv".

n
Equation (68) can be written in prolonged form as
Dav® — ¢ — 65y =0,

+1
nn (Ba+Papv®) =0,

Dayp +

1
D(A¢g) + PABUC+ ’UDWD(ACB) — 55& (PB)DUD— (n—l)ﬁg)) :0, (71)

DaBp —Papth —Pacdh — v Yapc =0.

The first two equations immediately follow from (69), the third one from (68), and
the last one from the divergence of the latter equation.
Next, we shall consider the following projectively invariant equation

2

where wAB € ABI(—2). Defining

1
A CA
= D 73
v — cw® (73)

one can easily verify the transformation rules under a projective change
WAB — yAB A =4 — By, (74)
Differentiating (73), one can show that equation (72) is equivalent to the system

Dew?B — 2628 =0,
1 (75)

CD B
_~_uCPw, ~0.
sy Wepa =0

DavP? +Pacw®? +

Finally, we shall consider a weighted 1-form a4 € £4(2) that satisfies the Killing
equation

D(AaB) =0. (76)
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6.2. Projectively invariant lifts. Let v € £4, w8 € £1Bl(—2) and a4 €
Ea(2), and ¢, 1, and v are given by (69) and (73). At this stage, we do not assume
that v4, wAP and ay satisfy (68), (72) and (76) respectively.

LEMMA 6.1. Choosing a special torsion-free affine connection D € p, we define
the vector fields

~q A-a A aB n—1 a

= — V2 —— )k
7 = i = V20Emax®? 4 gkt (77)
~a ~a 1 a
v = QwABnAnB — —\/i(VBnB)k , (78)
¢ = aAXaA , (79)

on M. Then the forms of these vectors are independent of the choice of D € p.

Proof. We first check the conformal weight of each expression using Lemma 3.4.
For instance, we view w4 and v4 as sections of £4P and £4[1] respectively. Since
n4 and 7% have weight 1 and —1 respectively, we see that the both terms in (78), and
thus v9, have weight 0 as required.

Next, under a projective change of affine connections in p, 74, 7 and k% are
invariant. In particular, v® is invariant. The invariance of v§ and v can be verified
by observing that the change of horizontal distribution as given (50) induced by a
projective change, and using (49), counterbalances the transformation rules (70) and
(74). O

LEMMA 6.2. The vector fields in Lemma 6.1 satisfy the following properties:

(a) Lxv% = £20% and L0§ = 0;

(b) v% and ¥ are tangent to U = kernga and V. = ker x4 respectively, i.e.
0near =0 and 04 x4 = 0;

(¢c) vg is not tangent to U +V = kerk,, i.e. U3k, is not identically zero.

Proof.
(a) First observe that [QpAa%, ap%] = 7281% which, using (9) is equivalent to
the first relation in the display

[k°Da, X" Dy = =2X" Dy, [k*Da,i4Dy] =0, Lypa =2pa. (80)

The second relation follows similarly using (9) and the last one is obvious.
Further, £;v4 = 0 and similarly for all sections depending only on z*. Using
(49), these relations and the Leibniz rule, it is a straightforward computation
to verify part (a).

(b) Here 7% x4 = 0 follows from (8). Further recall n% 7,5 = —2np1a from
(47). Since w”P is skew-symmetric, the first summand of ¢ inserts trivially
into 744/. The second summand inserts trivially using (46) since k is null.

(c) It follows from (49), and the properties of k% and x2 that v§k, = 2v4pa
which is zero if and only if v4 is zero. But if v4 is zero then ¢% and 1 are
zero since they are defined by (69).

o

PROPOSITION 6.3.
(a) Suppose vA € £ is an infinitesimal projective symmetry, i.e. satisfies (68).
Then its lift v§ given by (77) is a conformal Killing field.
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(b) Suppose wAB € EABI(-2) satisfies (T2) together with the integrability condi-
tion

D
wPAW, 7y =0. (81)

Then its lift v given by (78) is a conformal Killing field.
(c) Suppose apq € E4(2) satisfies the Killing equation (76). Then its lift v given
by (79) is a (conformal) Killing field.

Proof. In the following we work with a choice of Patterson-Walker metric g € c.
(a) Suppose v satisfies (68), so that ¢%, 1 and B4 are given by (69), and lift
v to 9% := U as given by (77). Then, using (10),

~ 1 . 1/1 n—1
Dqvpy = <DA’UB - ﬁDch(SE - éﬁ) Xé{ﬂb)B"‘i (nDcUC + ] 1/)) Jab
— (DA¢§ + Papv® +vPWp,
1
- 553 (Pepv” — (n — 1)BB)>pCXéX5 . (82)

Since (68) is equivalent to (71), it is clear that the first and third terms of
(82) vanish, and so (82) is proportional to the metric, i.e ¥ is a conformal
Killing field.

(b) Suppose w? satisfies (72), and lift wP to 7° := % as given by (78). Then,
using (10),

5@%) = (DAwBC - 25Efyc]) Xéf]b)gpc — (“pe)gap
- X?axl?) ((DAVC + PAEwEC) 6F —wF Wy, P ) pcpp . (83)

Since (72) is equivalent to (75), and we assume in addition (81), we immedi-
ately conclude 5(«1%) = —(v“pc)gap, i-e. ¢ is conformal Killing.

(c) Suppose a4 is a solution to (76), and lift ca to v* := 0% as given by (79).
Then, using (10),

Doy = (Daos) X{axt) - (84)

By (76), we now conclude that v* is a (conformal) Killing field.
O

6.3. Decomposition of conformal Killing fields. Before we proceed, we
record the following technical lemma.

LEMMA 6.4. Let 3% € £ be a vector field on M. Choose a Patterson-Walker
metric so that v* = 0% + aax® for some v and aa. Then Li0* = 270 for
some real constant v if and only if v* and &4 are homogeneous of degree r and r + 1
in pa respectively. In particular,

(a) Lx® = 0 if and only if v* and &, are homogeneous of degree 0 and 1 in py

respectively.

(b) L0 = 29 if and only if v* and & a are homogeneous of degree 1 and 2 in

pa respectively;

(c) Ly0* = —27% if and only if v and &4 are homogeneous of degree —1 and 0

in pa respectively;
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Proof. This follows from (57), or (80), and (13). O

PROPOSITION 6.5. A conformal Killing field v* € £ can be uniquely decomposed
as

v =09 + 05 + 0% + ck® (85)

where L£;04 = £20%, L£,08 =0, ¢ is some constant, and p®, D0y — LD 0§ = 0 with

Mab = Digky), with respect to any Patterson—Walker metric. Further, vg, 0§ and v®
can be expressed as the lifts (77), (78) and (79) respectively, where

(a) v4 = %XGAZN?G (kbﬂg) is an infinitesimal projective symmetry, i.e. satisfies
(68).

(b) wAB = LyaAyBD 5 satisfies (72) together with the integrability condition
(81) 2 b Tav+

(¢) aa = 1qa0% salisfies the Killing equation (76).

Proof. We work with a Patterson—Walker metric g, and the relation (49) through-
out. Following the argument given in the proof of Proposition 5.5, we first show that
for any conformal Killing field v*,

Ly (ﬁk — 2) (['k + 2) " =0. (86)
Differentiating (63) once and substituting (65) and (64) yield
Eaﬁbﬁc = _ga[bgc] - 2Pa[b5c] + gd,Wdabc - gbcpad’ﬁd - gbcga . (87)
Now, using (57) with w = 0 gives

L0, = kbﬁbﬁa + :[)/b/’(‘ab — Vg -

We note that Lju,” = 0 and using (87), kakbﬁaf)bﬁc = 0, where we have made use
of the fact that k*Wapeqk® = 0, and, for a Patterson-Walker metric, Pgpk? = 0 — see
(32) and (33). Then we compute

L35, =2 (kdf)dﬁc) 1, — 2T, + 2T L3, = A L4T,

which is equivalent to (86). The result follows immediately.
Next, we write 9% = 0444 + aax®?. Then contracting (87) with three vertical
fields yields

O= =~ 0% . ~
X“AXbBXCCDanvC = ¢ = 0, ie. 74 = wABpB + 1/}’4 ,
OpapB
where w8 and ¥* only depend on z#. Similarly,
A bB cCxd 7y 7.7 = o ~
XXX NP DaDyDevg = oo dp =0,
PAPBPC

iLe. ayq= ¢§CPBPC + ‘;OEPB +aa,

where B¢ = ;BC), ©B and a4 only depend on x*.

Now, applying Lemma 6.4 gives the following conditions:
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(a) if Lx0* = 0, then 74 = ¢4 and a4 = ¢5pp = —dhps + %pr where
qbg =0and ¢ = #“j)wg with factors chosen for later convenience;
(b) if Lz = 27, then 4 = wPpp and aa = VEpppc;
(c) if £, = —27%, then 74 = 0 and a4 = a4(2);
In case (a), we immediately conclude that v takes the form (77), while in (c) that
v® takes the form (79). For case (b), we return to the conformal Killing equation and
equation (87), and find

% (AXbB)D o :w(AB):07 e wAB: [AB}
X" ANPB)E, Dy Dy, = AP = —205' Bux™®, i _ 5B

for some v4, from which it follows that v takes the form (78). At this stage, we do
not know that v*, w4? and a4 satisfy (68), (72) and (76) respectively, nor that v,
¢% and ¢ are related by (69), and w4 and v by (73).

Next, we note that by Lemma 6.2, v¢ and 1% are tangent to the distributions U
and V annihilated of n4 and XA/ respectively. Since £ is tangent to both then v
could potentially be of the form f k% for some smooth function f. So suppose that
v¢ = fk% Then Lz04 = £27% tells us that f must be non-constant. But since
k* is a conformal Killing field, f must necessarily be constant. Hence, v¢ cannot be
proportional to k®.

Finally, suppose v = ck® for some constant c. Then £,v§ = 0. But computing
/ﬂbﬁaﬁg — %ﬁd'ﬁg = —2c¢(n + 1) leads to a contradiction. Hence, 1§ cannot be
proportional to k%.

To conclude the proof, We 5how that v4, ¢§ and 1 are related by (69), and wAB
and v4 by (73), and that v B and ay satlsfy (68), (72) and (76) respectively.

(a) Suppose Lkv =0 and uabD Up — 7Dpv = 0 so that v* = v§ given by (77).

Computing D, gives (82) again. Taking the trace-free part of (82) yields
o8 = DaoP — %5ED0’UC and (71). Now, substituting ¢ into (71) precisely
yields (68). Finally,

! (Dc’UC - mp) .

~ 1~ _
MabDan - gDcvc =

Since, by assumption the left-hand side vanishes, we have ) = %Dcvc.
(b) Suppose L0 = 20* so that v* = v given by (78). Computing D,v; gives
(83) again. The trace-free part of (83) vanishes, which is equivalent to

1 1
DawB® — —DpwPPsq — 6507 + 186§ =0, (88)
n n
C E(C D) E C
(Pear® + Peasw™ @) 63 = w Wy, V) =0, (59

The symmetric part of (88) yields v = ﬁDCwCA and the skew-symmetric

AB

part reduces to (72). In particular, w”” satisfies (72). This in turn implies

(75), which, substituted into (89), yields

1 wEF ( D) E(C D)
(2(n — 2) Wer (A) 53) +tw WE(A B) — =0.

Taking the trace shows that both terms vanish separately, as required.
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(¢) Suppose L0 = —27” so that 0" = v given by (79). Computing D, gives
(84) again, from which we immediately conclude that a4 is Killing.
]

We end the section with a geometric interpretation of a light-like conformal Killing
field v* with Lv* = 0.

PROPOSITION 6.6. Let v be a conformal Killing field on M such that Liv* =0
with associated infinitesimal projective symmetry v as in Proposition 6.5. Then 7®
is light-like if and only if

2
B A Cy, A
D = D 90
v” Dpv 1( v v, (90)

for any affine connection D, in the projective class on M. In particular, if v* is
light-like then v* is geodetic.

Proof. We compute the norm of the lift v* = vf as defined in Lemma 6.1:

-1
V0, = 2 (n 1wvA gbng) DA,

n -+

where we have used (49) as before. So, 79, = 0 if and only if ¢pAv? = Z—;%z/w"‘.
Since v is an infinitesimal projective symmetry, we know that ¢% and v are given by
(69) so that 2 is light-like if and only if v4 satisfies (90). This condition in particular
implies that v is geodetic with respect to D 4, and thus with respect to the projective

structure. 0

6.4. Decomposition of Killing fields of Patterson—Walker metrics. We
now consider the Patterson—-Walker metric g induced by a given affine connection D
on M. Let v be an infinitesimal symmetry of g, i.e. Lyg = 0, which is well-known to
be equivalent to the overdetermined equation

D,y =0. (91)

Such a field is also known as a Killing field. We want to understand how v decomposes
in terms of objects on the affine structure (M, D) in analogy to Proposition 6.5 and
Theorem 3.

Before we proceed, we recall the definition of an infinitesimal affine symmetry as
a vector field v that preserves the affine structure, i.e. it satisfies (67) with T4 = 0.
Following [37, 15], one can check that such a vector field satisfies the overdetermined
second order equation

DaDpv® +vPRp,“5 =0. (92)
One can show that (92) is equivalent to the system
Dav? —¢3 — 030 =0, Dadp+vRpy“p=0,  Da=0,  (93)
where we have set ¢§ := Dv® — L Dov®65 aniw = 1D,
Let us define the following vector fields on M:
g = v~ VEfmax“? - okt (94)
vy = \/iwABnAﬁ% ) (95)

~a

7 = s, (96)
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where v4, (;5]37 ¥, wAB and a4 are tensor fields on M, with w?? = wl4B] and (;Sg =0.
One then easily checks that an infinitesimal affine symmetry v*, a parallel bivector

B and a Killing 1-form a4 give rise to Killing fields via the lifts (94), (95) and (96)
respectively.

REMARK 6.7. Had we lifted an infinitesimal affine symmetry v by means of
(77), we would have discovered that ¥ is a homothety with ﬁ,ﬁg = %w. Since k*
is a homothety, we can modify (77) by adding the term — %7 k® to it and thus obtain
the Killing field (94).

PROPOSITION 6.8. A Killing field v* € £ can be uniquely decomposed as
v =75 + 0% +0¢, (97)

where Ly04 = £20¢, Lv§ = 0. Further, v§, v5 and v® can be expressed as the lifts
(94), (95) and (96) respectively, where
(a) v4 = %x‘“‘ﬁa (kbﬁg) is an infinitesimal affine symmetry, i.e. satisfies (92).
(b) wAB 1X ﬁ '17+ is parallel, i.e. DcwP =0, and satisfies the integra-
bality condmon wB(ARB(C )E) 0.
(¢) aaq = 1aa0% satisfies the Killing equation (76).

Proof. Since every Killing field of g is in particular a conformal Killing field with
respect to the conformal Patterson—Walker metric [g] = ¢, we can recycle the proof of
Proposition 6.5. In particular, we obtain the decomposition (97). Note that unlike in
decomposition (85), the homothety k£ does not occur in (97) since k® is not a Killing
field. Next, following the same reasoning, we deduce that v§, v} and v take the
forms (94), (95) and (96). The only difference here is the choice of factors in (94).

Finally, we compute D,y = 0. When v = v§, we find

~ 1 1/1
Dvpy = (DAUB - EDCUCM ¢A> aﬂb)B + 5 <nDch - Lb) Jab
—~ (Dm% +0PRp,“p + 5§DAw)pcxéxb'3 , (98)

which tells us that v# is an infinitesimal affine symmetry, as can be checked directly
from the defining equations (91) and (92). When 9° = 9%, (83) with v = 0 implies
that wP is parallel. When 9% = 7%, (84) gives us that a4 is Killing. O

Taken together, we thus obtain Theorem 4.

REMARK 6.9. The fact that k£ does not occur in (97) allows us to dispense with
the additional requirement p bDan fDCqu = 0 given in Proposition 6.5. In fact, if
vg is given by (94), then bDavo - EDCES = 2n.

REMARK 6.10. For a vector field v4 € £4, one may consider its Hamiltonian lift
to T* M, which is just the vector field corresponding to the 1-form d(vApA) via the
symplectic structure p, see (14), i.e

L0 ovB 9
ozA ~ PB aanpA
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The authors of [11] showed that if v is an infinitesimal affine symmetry of (M, V)
then its Hamiltonian lift is a Killing field of (M ,g). As expected from Theorem 4,
this lift corresponds to the lift ¥ given by (94). This is confirmed by re-expressing
0§ in coordinates using (9), (13),(49) and (93).

Finally, we give the analogue of Proposition 6.6.

PrOPOSITION 6.11. Let v* be a Killing field on M such that L0 = 0 with
associated infinitesimal affine symmetry v as in Proposition 6.8. Then ©® is light-
like if and only if vBDpv? =0, i.e. v is tangent to affinely parametrised geodesics
on M.

Proof. The proof is completely analogous to that of Proposition 6.6: for a Killing
field v* given by (94), we find v*v, = —2 (1/) v+ ¢§v3) pa. The result follows from
the definitions of ¢& and v, see (93). O

7. Special cases and further remarks.

7.1. Case n = 2. In the special case n = 2, the projective volume form e 5 €
Eap)(3) on (M,p), with inverse 4P € EMBI(—3), allows us to identify £4(—1)
with £4(2), and £ABI(—2) with £(1). In particular, it is straightforward to check
that ¢4 € £4(—1) is a solution of the Euler-type equation (53) if and only if a4 :=
EPepa € £4(2) satisfies the Killing equation (76). Similarly, w?? € £MA4Bl(-2) is a
solution of (72) if and only if o := Jw?Pesp € £(1) is a Ricciflat scale, i.e. if it
satisfies (52).

This is also reflected at the level of (M ,¢): any conformal Killing vector field
v with £,04 = £204 gives rise to an almost Einstein scale 6+ with L6+ = Fo .
Conversely, any such Einstein scale arises in this way.

REMARK 7.1. Let us assume that M is a two-dimensional surface equipped with
Riemannian metric g4 and Levi-Civita covariant derivative D 4, and endowed with
a Killing field . Then Djap = X eap for some A € C>®°(M). Then &4 := (xa)? =
ape?P satisfies Da¢B = A8 and therefore constitutes a (non-trivial) Euler-type
field on the projective surface M with projective class p spanned by D. Clearly, ¢4
and a® are orthogonal to each other. This remark applies in particular to any surface

of revolution in R?® in which case o represents the infinitesimal generator of the
rotation.
7.2. Case n = 3. In the special case n = 3, the projective volume form

eapc € Eanc)(4) on (M, p), with inverse e8¢ € EMBCI(—4), allows us to identify
EAB(—2) with £4(2). One can then easily check that w4? € £4P](-2) is a solution
of (72) satisfying the integrability condition (81) if and only if as := JwP%epca €
E4(2) satisfies the Killing equation (76), together with the integrability condition
aFeFB(AWB(C D)E) =0.

Correspondingly, any conformal Killing vector v4 with £v¢ = 2v¢ gives rise to
a conformal Killing vector v with £ = —29%. The explicit form of this relation is
as follows. Assume Ei is a conformal Killing field. Since Daepcp = 0, for any affine

connection D € p, then it is clear that the pullback ,p. := XfXEXcC eapc satisfies

l~)a€bcd = 0 with respect to any Patterson—Walker metric. A short computation then

shows that v := %g‘lbcf)bﬁi is indeed a conformal Killing field.



732 M. HAMMERL ET AL.

7.3. Contact projective structures in odd dimensions. There is a specific
class of (odd-dimensional) projective structures on M allowing a compatible contact
structure. According to [18], these are the projective structures subordinate to the
so-called contact projective structures. It follows that under a curvature condition
imposed on the contact projective structure (known as the vanishing of the contact
torsion) one obtains a projective structure p on M admitting a Killing 1-form a4. In
particular, every projective structure (M, p) determined by a contact projective struc-
ture with vanishing contact torsion gives rise to an infinitesimal conformal symmetry

of (M, c).

7.4. Relation to Cartan geometry and tractor calculus. The original ori-
ented projective structure (M, p) can be equivalently described as a Cartan geometry
of type (SL(n + 1), P) with P a parabolic subgroup of SL(n + 1), and the conformal

spin structure (M, c) can be equivalently described as a Cartan geometry of type
(Spin(n + 1,n + 1), P), with P a parabolic subgroup, see [8]. This viewpoint was
used in [23] to relate the respective geometries (see also [29, 28] for similar Cartan
geometric approaches). The formulation in [23] follows the so-called Fefferman-type
construction, which is based on a group inclusion SL(n+1) < Spin(n+1,n+1) of the
underlying (Cartan) structure groups. Note that the conformal structure constructed
in this way lives on the total space of the weighted cotangent bundle with the zero
section removed T* M (2) \ {0} rather than on T* M (2) as in the present article.

The decomposition of conformal Killing fields of (M, c) can also be understood

in this framework: Conformal Killing fields of (M, c) are equivalent to infinitesimal
symmetries of the equivalent Cartan geometry (G,&) and according to [7] those in-
finitesimal symmetries can be described equivalently by sections of the conformal ad-
joint tractor bundle AM associated to the adjoint representation of Spin(n+1,n+1)
on so(n + 1,n + 1), parallel with respect to a certain connection referred to as the
prolongation connection. Likewise, projective infinitesimal symmetries are described
as suitable parallel sections of the projective adjoint tractor bundle AM. Since (M, c)
is (locally) induced in a natural way from the projective structure (M, p), the adjoint
tractor bundle decomposes naturally according to the decomposition of so(n+1,n+1)
into its SL(n + 1)-irreducible components

R@sl(n+ 1) @ AR @ AZ2(R™T)*

Decomposing an infinitesimal symmetry into its constituents with respect to this de-
composition and reinterpreting the resulting sections on the original projective struc-
ture (M, p) gives an alternative (algebraic) approach to derive Theorem 3.

Let us illustrate this formalism within the general approach of the present
article. A choice of metric g in ¢ splits the adjoint tractor bundle as AM =
El2) ® Eap[2] @ E B E,. Similarly, a choice of torsion-free affine connection D in
p splits the projective adjoint tractor bundle, which is associated to sl(n + 1) as
AM =2 4@ (€4 & &) & Ep. A conformal Killing field 7 can then be expressed as
a section ¥ = ('ﬁa7$ab,1z7 Ba)7 where Eﬁam zz and Ba were defined at the beginning
of section 6. The defining equation (63) together with its prolongation (64), (65)
and (66) then can be understood equivalently as ¥ being parallel with respect to the
prolongation connection on AM. Similarly, an infinitesimal projective symmetry v4
can be expressed as a section ¥ = (v, qbg, ¥, B4), where qb’é, 1 and 4 were defined
at the beginning of section 6.1. The defining equation (68) together with its prolon-
gation (71) can be interpreted as ¥ being parallel with respect to the prolongation
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connection on AM. The relation between 3 and X is given in terms of the lift 0§
of Lemma 6.1. An analogous approach can be employed to describe almost Einstein
scales on (M, c¢) in terms of parallel sections of the standard tractor bundle and relate
them to projective data.

This Cartan geometric approach can be employed to relate a wider class of invari-

ant overdetermined equations on the respective projective and conformal structures.

REFERENCES

Z. AFIF1, Riemann extensions of affine connected spaces, Quart. J. Math., Oxford Ser. (2), 5
(1954), pp. 312-320.

T.N. BAIiLEY, M. EAstTwooD, AND A.R. GOVER, Thomas’s structure bundle for conformal,
projective and related structures, Rocky Mountain J. Math., 24:4 (1994), pp. 1191-1217.

T. BRANSON, Conformal structure and spin geometry, in “Dirac operators: yesterday and
today”, pp. 163-191. Int. Press, Somerville, MA, 2005.

R. L. BRYANT, Pseudo-Riemannian metrics with parallel spinor fields and vanishing Ricci
tensor, in “Global analysis and harmonic analysis (Marseille-Luminy, 1999)”, volume 4 of
Sémin. Congr., pp. 53-94. Soc. Math. France, Paris, 2000.

R. L. BRYANT, Recent advances in the theory of holonomy, Astérisque, (266):Exp. No. 861, 5,
pp. 351-374, 2000. Séminaire Bourbaki, Vol. 1998/99.

R. L. BRYANT, M. DUNAJSKI. M. EASTWOOD, Metrisability of two-dimensional projective struc-
tures, J. Differential Geom., 83:3 (2009), pp. 465-499.

A. Cap, Infinitesimal automorphisms and deformations of parabolic geometries, J. Eur. Math.
Soc., 10:2 (2008), pp. 415-437.

A. CaP AND J. SLOVAK, Parabolic Geometries I: Background and General Theory, Mathemat-
ical Surveys and Monographs. American Mathematical Society, Providence, RI, 2009.

A. DERDZINSKI, Noncompactness and mazximum mobility of type III Ricci-flat self-dual neutral
Walker four-manifolds, Quart. J. Math. Oxford Ser. (2), 62:2 (2011), pp. 363-395.

M. DuNAJsKl, Anti-self-dual four-manifolds with a parallel real spinor, R. Soc. Lond. Proc.

Ser. A Math. Phys. Eng. Sci., 458:2021 (2002), pp. 1205-1222.

. DuNAJSKI AND T. METTLER, Gauge theory on projective surfaces and anti-self-dual Einstein
metrics in dimension four, J. Geom. Anal., 28 (2018), pp. 1-32.

M. DuNAJSKI AND P. ToD, Four-dimensional metrics conformal to Kahler, Math. Proc. Cam-

bridge Philos. Soc., 148:3 (2010), pp. 485-503.

DUNAJSKI AND M. EASTWOOD, Metrisability of three-dimensional path geometries, European

Journal of Mathematics, 2:3 (2016), pp. 809-834.

M. EASTWOOD, Notes on conformal differential geometry, in “Proceedings of the 15th Winter
School ‘Geometry and Physics’ (Srni, 1995)”, Circolo Matematico di Palermo, Palermo,
1996. Rend. Circ. Mat. Palermo (2) Suppl. No. 43, pp. 57-76, 1996.

M. EASTWOOD, Notes on projective differential geometry, in “Symmetries and overdetermined
systems of partial differential equations”, volume 144 of IMA Vol. Math. Appl., pp. 41-60.
Springer, New York, 2008.

L. P. EISENHART, Non-Riemannian geometry, American Mathematical Society Colloquium
Publications, 8, Reprint of the 1927 original, American Mathematical Society, Providence,
RI, 1990.

. FEFFERMAN, Monge-Ampére equations, the Bergman kernel, and geometry of pseudoconvex
domains, Ann. Math., 103 (1976), pp. 395-416.

. J. F. Fox, Contact projective structures, Indiana Univ. Math. J., 54:6 (2005), pp. 1547-1598.

. R. GOVER AND J. SILHAN, Commuting linear operators and decompositions; applications to
Einstein manifolds, Acta Appl. Math., 109:2 (2010), pp. 555-589.

. R. GRAHAM, On Sparling’s characterization of Fefferman metrics, Amer. J. Math., 109
(1987), pp. 853-874.

M. GUALTIERI, Generalized complex geometry, Ann. of Math. (2), 174:1 (2011), pp. 75-123.

M. HAMMERL, Natural Prolongations of BGG-operators, Thesis, University of Vienna, 2009.

M. HAMMERL, K. SAGERSCHNIG, J. SILHAN, A. TAGHAVI-CHABERT, AND V. ZADNiK, A
projective-to-conformal Fefferman-type construction, SIGMA 13, 081, 33 pages, 2017.

L. P. HUGHSTON AND L. J. MASON, A generalised Kerr-Robinson theorem, Classical Quantum
Gravity, 5:2 (1988), pp. 275-285.

M. KAROUBI, Algebres de Clifford et K-théorie, Ann. Sci. Ecole Norm. Sup. (4), 1 (1968),
pp. 161-270.

N

=

M.

=

Q »U0O Q



734

[26]

27]
28]
[29]
(30]

(31]

(32]

(33]
(34]
(35]
(36]

(37]

M. HAMMERL ET AL.

I. KATH, Parallel pure spinors on pseudo-Riemannian manifolds, in “Geometry and topology
of submanifolds, X (Beijing/Berlin, 1999), pp. 87-103. World Sci. Publ., River Edge, NJ,
2000.

A. LiscHEWSKI, Towards a Classification of pseudo-Riemannian Geometries Admitting Twistor

Spinors, arXiv:1303.7246, 2013.
. NUROWSKI, Projective versus metric structures, J. Geom. Phys., 62:3 (2012), pp. 657-674.
. Nurowskl AND G. A. SPARLING, Three-dimensional Cauchy-Riemann structures and
second-order ordinary differential equations, Classical Quantum Gravity, 20:23 (2003),
pp. 4995-5016.

E. M. PATTERSON AND A. G. WALKER, Riemann extensions, Quart. J. Math. Oxford Ser. (2),
3:1 (1952), pp. 19-28.

R. PENROSE AND W. RINDLER, Spinors and space-time. Vol. 1, Cambridge Monographs on
Mathematical Physics. Cambridge University Press, Cambridge, 1984. T'wo-spinor calculus
and relativistic fields.

R. PENROSE AND W. RINDLER, Spinors and space-time. Vol. 2, Cambridge Monographs on
Mathematical Physics. Cambridge University Press, Cambridge, 1986. Spinor and twistor
methods in space-time geometry.

A. TAGHAVI-CHABERT, The complex Goldberg-Sachs theorem in higher dimensions, J. Geom.
Phys., 62:5 (2012), pp. 981-1012.

A. TAGHAVI-CHABERT, Pure spinors, intrinsic torsion and curvature in even dimensions, Diff.

A

T

e Ba;

Geom. Appl., 46 (2016), pp. 164-203.
. TAGHAVI-CHABERT, Pure spinors, intrinsic torsion and curvature in odd dimensions, Diff.
Geom. Appl., 51 (2017), pp. 117-152.
. Y. TuoMAs, The differential invariants of generalized spaces, Cambridge University Press,
Cambridge, 1934.
S. Yorozu, Affine and projective vector fields on complete noncompact Riemannian manifolds,
Yokohama Math. J., 31(1-2) (1983), pp. 41-46.




<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.7
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.1000
  /ColorConversionStrategy /CMYK
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType true
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize false
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments true
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages false
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth 8
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /FlateEncode
  /AutoFilterColorImages false
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 100
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages false
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth 8
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /FlateEncode
  /AutoFilterGrayImages false
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 100
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages false
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /FlateEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects true
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<

    /BGR <>
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /CZE <>
    /DAN <>
    /DEU <>
    /ESP <>
    /ETI <>
    /FRA <>
    /GRE <>

    /HRV (Za stvaranje Adobe PDF dokumenata najpogodnijih za visokokvalitetni ispis prije tiskanja koristite ove postavke.  Stvoreni PDF dokumenti mogu se otvoriti Acrobat i Adobe Reader 5.0 i kasnijim verzijama.)
    /HUN <>
    /ITA <>
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /LTH <>
    /LVI <>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /POL <>
    /PTB <>
    /RUM <>
    /RUS <>
    /SKY <>
    /SLV <>
    /SUO <>
    /SVE <>
    /TUR <>
    /UKR <>
    /ENU (Use these settings to create Adobe PDF documents best suited for high-quality prepress printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


