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ON STATIONARY SOLUTIONS TO THE VACUUM EINSTEIN
FIELD EQUATIONS*

BING-LONG CHENfT

Abstract. We prove that any 4-dimensional geodesically complete spacetime with a timelike
Killing field satisfying the vacuum Einstein field equation Ric(gps) = Agps with nonnegative cosmo-
logical constant A > 0 is flat. When dim > 5, if the spacetime is assumed to be static additionally,
we prove that its universal cover splits isometrically as a product of a Ricci flat Riemannian manifold
and a real line R.
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1. Introduction. A Lorentzian manifold (M,gys) or a spacetime is a dif-
ferentiable manifold M equipped with a Lorentzian metric gps of signature
(=1,+1,--- ,41). In general relativity, the gravity is described by a spacetime 4-
manifold (M, gar), the Lorentzian metric g satisfies the Einstein field equation:

) 1
Ric(gn) — §RgM + Agy = KT (1.1)

where 7' is the energy-momentum tensor due to the presence of matter or fields, x
and A are constants.

In this paper, we are interested in the solutions to (1.1) with timelike Killing
fields. These solutions are called stationary solutions. Stationary solutions are used
to model the possible time-independent limit states of a cosmological system. For
instance, Kerr metrics are stationary and vacuum solutions (7" = 0, A = 0) to (1.1),
while Schwarzschild metrics are static and vacuum solutions (7" = 0,A = 0). Here,
static means that the spacetime has a timelike Killing field whose orthogonal comple-
ment is an integrable distribution, i.e., the timelike Killing field is locally orthogonal
to spacelike hypersurfaces. These stationary solutions, including Schwarzchild, Kerr,
Reissner-Nordstrom (electrovac static), Kerr-Newmann metrics (electrovac station-
ary), have been central to the study of the black hole spacetimes, see [7] [16].

If the spacetime (M, gps) admits an isometric R-action such that the R-orbits are
timelike curves, the infinitesimal generator of the R-action is a timelike Killing field.
In many literatures, the terminology ” stationary” was also used to referring to the
existence of such global R-action. Here, our usage of "stationary” is in a broader
sense, it only refers to the existence of a timelike Killing field.

Recall that a Lorentzian manifold (M, ga) is said to be chronological if it con-
tains no closed timelike curves. In [1], M. T. Anderson proved that if the spacetime
(M*, gar) is geodesically complete, chronological and admits an isometric timelike R-
action such that gy satisfies the vacuum Einstein field equation Ric(gps) = 0, then
(M*, gar) must be flat. Here, (M*, gpr) is said to be geodesically complete if the affine
parameters of any gas-geodesic on M can be extended to the whole real line R . When
the R-orbit space M /R is an asymptotically flat 3-manifold, the result was due to A.
Lichnerowicz [14] in 1955. See [9] for the previous work of A. Einstein and W. Pauli.

*Received January 21, 2017; accepted for publication May 3, 2018.
fDepartment of Mathematics, Sun Yat-sen University, Guangzhou, P. R. China, 510275 (mcs
cbl@mail.sysu.edu.cn).

609



610 B.-L. CHEN

The chronological condition in [1] and [14] was used to ensure that the R-orbit
space M/R (denoted by N) is a paracompact Hausdorff and smooth manifold, see
[11]. Actually, in this case, the manifold M is diffeomorphic to R x N, and the metric
gnr has the following global form (see [1],[11], [13])

gu = —uP(dt + 770) + gy, (1.2)

on M ~ R x N, where u, 6 are some function and 1—form on N, gy is a Riemannian
metric on N, w : M — N is the projection map from M to the space of R-orbits V.
The argument in [1] used the collapsing theory(cf.[3]) for a sequence of 3-Riemannian
manifolds which are the orbit spaces of the isometric R—actions. When the orbit
spaces N are noncompact and have dimension equal to 3, M. T. Anderson [1] argued
that the collapsing can be unwrapped by considering their universal covers. Recently,
J. Cortier and V. Minerbe [6] gave a new proof of M. T. Anderson’s theorem [1] under
an extra assumption on the norm of the timelike Killing field %.

In [1] (81 second paragraph), M.T. Anderson asked whether the chronological
condition can be removed in his theorem. We remark that without chronological con-
dition, the orbit space could be very "bad”. A simple compact example is Minkowski
flat torus T2 (see [11]), here we take the constant vector field with irrational slope
as a timelike Killing field. In this case, any Killing orbit is dense in T2, so the quo-
tient topology just consists of two elements: the empty set and the whole space. For
noncompact examples, one can take a product of such a torus with a real line.

One of the main results of this paper gives an affirmative answer to M. T. An-
derson’s question:

THEOREM 1.1. Let (M, gar) be a geodesically complete spacetime of dimension 4
with a timelike Killing field X such that gy satisfies the Einstein equation Ric(gar) =
Agnr, where X > 0. Then (M, gar) is flat.

The Einstein equation satisfied by the spacetime in Theorem 1.1 is equivalent to
T =0and A > 0in (1.1). We remark that when A < 0, the result of Theorem 1.1
is not true. The simplest counterexamples are anti-De Sitter spacetimes, which are
static, geodesically complete, and satisfy Ric(gas) = Aga for A < 0.

Direct generalization of Theorem 1.1 to higher dimensions is not true, because we
have to allow non-flat examples which are product of a Ricci flat Riemannian manifold
with a real line. So when dimension > 5, the best we can hope is a splitting result.
Actually, if the spacetimes are assumed to be static, we can prove that it is really the
case:

THEOREM 1.2. Let (M, gn) be a geodesically complete spacetime of dimension
n+1 with a timelike Killing field whose orthogonal complement is integrable. Suppose
the metric gy satisfies the Einstein equation Ric(gnr) = Mgy, where X > 0. Then
A = 0 and the universal cover of (M, gpr) is isometric to Rx N equipped with a product
metric —dt*> 4+ gn, where (N, gn) is a complete Ricci flat Riemannian manifold of
dimenston n.

As we mentioned before, the result in Theorem 1.2 is not true for A < 0.

It should be noted that recently M. Reiris [15] has shown Theorem 1.2 under
the chronological condition. More precisely, M. Reiris [15] has obtained the same
result for static solutions to Einstein-scalar equation under the assumption that the
spacetime splits topologically as M ~ R x N and the metric has global form (1.2)
with 6 = 0.
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Theorems 1.1 and 1.2 are derived by proving a local curvature estimate or a local
gradient estimate of the norm of the Killing field X. To state the result, we need
to introduce a Riemannian metric which is naturally associated to the stationary
spacetime (M, gar, X).

Let X* be the 1-form on M obtained from X by lowering indices. We define

2

—— X" X"+ , 1.3
gM(X,X) gm ( )

g=
which is a Riemannian metric on M. It can be shown that the vector field X is
still a Killing field for the metric §g. In other words, one can associate a stationary
Riemannian metric § to a stationary Lorentzian metric gy with the same Killing field.
See [4] and [5] for similar ideas in treating the injectivity radius estimate and local
optimal regularity of Einstein spacetimes.
Our local curvature or gradient estimates are the followings:

THEOREM 1.3. Let (M, gar) be a spacetime of dimension 4 with a timelike Killing
field X and gy satisfies the Einstein equation Ric(gnr) = Agn. Let B(zo,a) be a
g—metric ball centered at xg of radius a > 0 with compact closure in M. Then there
is a universal constant C > 0 such that

sup | Rm(gnr) [3< Cla™? + max{—)\,0}).
wEB(LEO,%)

(1.4)

THEOREM 1.4. Let (M, gn) be a spacetime of dimension n + 1 with a timelike
Killing field X whose orthogonal complement is integrable, and gy satisfies Einstein
equation Ric(gar) = Agar. Let B(xo,a) be a g—metric ball centered at xo of radius
a > 0 with compact closure in M. Then there is a universal constant C' > 0 such that

sup | Viog(—gam (X, X)) [3< C(vna™' + /max{—X,0}). (1.5)

z€B(20,2)

Note that max{—X\,0} = 0 if A > 0 in Theorems 1.3 and 1.4. The central idea of
the proof of Theorem 1.3 is a harmonic map estimate as in [1] in a slightly different
setting. The map involved in the proof is called Ernst potential, which was favored
previously to be treated as a 3-d object as a reduction of the Einstein field equation.
In our paper, treating the Ernst potential map as defined locally on 4-d Riemannnian
manifold (M, §) is crucial in the proof of Theorem 1.3.

When dimension equals to 4, we can actually show that a local curvature estimate
holds on more general spacetimes which are not necessarily vacuum (see Theorems
5.3, 5.4). The result roughly says that if the energy momentum tensor is controlled,
then the full curvature tensor of the spacetime can also be controlled in a quantitative
manner.

The paper is organized as follows. In section 2, we prepare some preliminary for-
mulas that will be used throughout the paper. Sections 2.1, 2.2 and 2.3 involve many
straight forward computations on the connections and curvatures, and the formulas
work for stationary Lorentzian and Riemannian manifolds. In section 3, we prove
that the gps-geodesic completeness implies the g-geodesic completeness. In section 4,
we prove Theorems 1.4 and 1.2. In section 5, we prove Theorems 1.3 and 1.1.
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2. Stationary spacetime and its associated Riemannian metric. Suppose
(M, g, X) is a stationary spacetime of dimension n + 1, where gp; is a smooth
Lorentzian metric on M and X is a timelike Killing field. Denote the set of integral
curves of X by N, m: M — N the projection map.

2.1. A local coordinate system. Fix a point P € M, we will construct a
natural coordinate system {z*} around P in the followings so that the metric has the
form (1.2) locally.

Let W, be the (local) diffeomorphisms generated by X such that ¥y = id, and
V. U, =V, ., wherever they are defined. Now we fix a codimensional one spacelike
submanifold ¥ C M passing through P such that ¥ is compact. Considering the affine
parameters of all integral curves of X starting from ¥, we obtain a function ¢ defined
on an open neighborhood of ¥ in M such that ¢ = 0 on ¥. Given a local coordinate
system (x!,---,2") on ¥ around P. We can construct a local coordinate system
(2,2, ,2™) on M around P , where 2° = t. Actually, for any point Q € X lying
in the coordinate chart in ¥, we require z°(V,(Q)) = 2°(Q) for i = 1,2--- ,n, and
2°(¥4(Q)) = t. Throughout the paper, we use Greek letters a, 3, - - to indicate the
indices varying from 0 to n and Latin letters ¢, j, k,--- varying from 1 to n. The
coordinate system {z®} depends on the choice of spacelike submanifold ¥ and the
coordinate system {x'} on 3.

Let X* be the 1-form obtained by lowering indices of X. The induced Riemannian
metric on the horizontal distribution # = X is given by g3 = gas — mX* ®RX*.
It is clear that the horizontal metric g3 and 1-form 6 = —u=2(X* + u?dt) satisfy
Lxgu =0, Lx0 =0, where u? = —gp (X, X), Lx is the Lie derivative of the vector
field X.

It we choose a different spacelike submanifold, say ', and denote the correspond-
ing time function and one-form by ¢’ and 6, we have 0 — 0’ = di), where ¢ =t/ — ¢
is a locally defined smooth function. Note that the integrability of the horizontal
distribution H is equivalent to dX* = 0 mod X* (Frobenius condition), or df = 0.

The metric gp; now has the following form
gnr = —u?(dt + 0)% + g, (2.1)

on a neighborhood of P. In the above local coordinate system {x®}, we have

0 0 0
gH(axO’ 8:60‘) N 9(8960)
o o 0,
590 = E@' =5t = 0,

=0,
(2.2)

where g;; = gﬂ(%, %), 0; = 9(821’)' Roughly speaking, the equations in (2.2) say

that u, 8, g;; are essentially quantities on the space N of X-integral curves. Actually,
if we identify 3 with 7(X) using the projection map = : M — N and equip n(X) C N
the Riemannian structure from (3, gs). The equations in (2.2) are equivalent to
u=m*u, § =7*0), 7*g=g.
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2.2. Connection and curvature matrices. Now we will do some straight-
forward calculations for metrics of the form g = w(dt + 0)? + g, where w, 6, g are
t—independent. The metric is Lorentzian if w < 0, and Riemannian if w > 0.

Since goo = w, goi = wh;, gij = gij + wb;0;, one can calculate the inverse matrix
(§°7) of (Jap):

g0 = w16, g" = —0',g7 = g7, (23)

where 6" = ¢"6; and |0|* = ¢"/6,0;. It is useful to choose a good frame to calculate
the connection coefficients. Let eg = %, e; = axw — 0; gt It can be shown that
[60, 6]'] = O, [ei, 6]'] = —Aijeo and <€0, 6i> == O, <61, €J> = Gij, where Aij == Vﬁ] - Vj@i,
V0, is the covariate derivative of the tensor 6 w.r.t. the horizontal metric g.

The dual frame of {e, } is {w?®}, w" = dt+0,w’ = dx',i =1,2,--- ,n. They satisfy
(W W% = w™t (W w') = 0, (ww!) = g¥. Denote the Levi-Civita connection
matrix w.r.t. the basis e, by @?, De, = 0f ® eg. Recall Cartan’s equations,

dw® = wP A wg
— B o8
d{w®, WPy = —05 (w7, w”) — ol{w?, w*) (2.4)
Qg = dwf, — @] AL
The 1st equation in (2.4) says that the connection is torsion free, the 2nd says it
is compatible with the metric g. The 3rd equation in (2.4) is the definition of the

curvature matrix {Q2}. The connection matrix {@?} is completely determined by the
first two equations in (2.4). Actually, the 2nd equation (2.4) takes the following form

dgij _ _(Dlicgkj _ @igki
0=—wig" —oiw™? (2.5)
dw™t = —2wJwt.

The 1st equation in (2.4) is

df = duw® = wF A + W0 A

. . . 2.6
0=dw' =w" A&} +w’ A&, (26)
Combining (2.5) and (2.6), we have
i i Lo 0
Wi =w; + SWg Ajjw
@i__lwilA k_lilv 0
0= 7wy AW 59 Viww
1 1 (2.7)
(D? = §Ailwl + iw_lviwwo
1
@y = Fw dw,

where {w!} is the connection matrix of the horizontal metric g = g3 w.r.t. the natural
frame {%} Now one can calculate the curvature matrix by using (2.7) and the 3rd
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equation in (2.4):
Q=+ L (A Ay + A A WP A w?
T R 49 Jpiilq Jlipg )W AW

1 . 1 . 1 : ,
+ [ig”Ajldw + —wg' VA WP + Z(Aﬂwlvzw — V,whApg"wP)] Aw’

2
i il W 1 1 (2.8)
Qy=g9 [—ZVlqu — g(prlq — wglyp) — ZV;wqu]wp A w?
i, 1 Lo w? m 0
+g (—ivplw + el V,owViw + ZquAlmgq JwP A w?.
Using the formula De, = @? ® es, (2.7) may be paraphrased as follows:
_ 1k 1A
Deiej = I’ijek — 5 ij €0
1 1
De,ei = De,eg = §wAikgklel + §VZ- log |wleg (2.9)

1 ..
Deoeo = —Eg”viwej.

Using Qf = %ngoﬂ A w® and R(eq,ep, ey, e5) = <ea,eE>th§, (2.8) can be
rewritten as

_ w w

R(ei, ej,ex,er) = Rijii + Z(AilAjk — AiAjy) — EAijAkl

_ 1 1

R(ei, €j, €k, 60) = _i(kaAij + kaAij) + Z(ViwAjk — VjWAik) (2.10)
P 1 Lo w? ki

R(ei, €0, €5, 60) = —§Vij’w + Zw Viwvjw + IAikAjlg .

Here, our convention for the sign of the curvature tensor is that we require R;;;; > 0
on spheres. (2.10) can also be obtained alternatively by using (2.9) and the following
formula:

R(eaaeﬁue'yue6) = _<(D€aD€5 - DegDea - D[ea,eg])e'yaeé>-

Since we have computed all connection coefficients (see (2.9)), it is not difficult
to compute the Hessian and the Laplacian of any time-independent function f:

—_

?2]0(60, 60) = —(Vw, Vf>

[\]

_ 1
V2 f(eo, e5) = —§w9kl/\jkfz (211)
V2 f(ei,ej) = Vi f

and

Af = Af+ 5(Vioglul, V) (2.12)

The formulas (2.11) and (2.12) are important in the calculations of sections 4 (see
(4.4)) and 5.
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2.3. Ricci curvature. By taking traces on (2.10), we get the Ricci curvature
formula:

—. Aw Ywl?  w?

RZC(607 60) = _T | 4w| + T|A|2

= 3

Ric(eo, e5) = %g’”(vaﬂ + 5AVilogw) (2.13)

VZ'VJ‘ w VZ’LUVJ’LU w
+ I
2w 4w? 2

where R;; is the Ricci curvature of the horizontal metric g;;.
Let w = —u? < 0 in (2.1) and (2.13), we have

Ric(ei, 6]‘) = Rij — gklAikAjlu

Au = _%3 | A 1> +u~"Ric(eo, eo)
g (VA + 30,V logu) = —2u~2Ric(e, e;) (2.14)
Rij =u"'V;Vju— %29“1\1'1@1\;'1 + Ric(ei, ).

Let

§g=— X* @ X* 4 gu (2.15)

gM(X,X)

be the Riemannian metric defined in (1.3) on M. Combining (2.14) and (2.13), we
get

4
Ric(ep, e0) = %|A|2 — Ric(eq, €o)

Ric(eo,ej) = _RiC(eo,ej) (216)

Ric(ei, ej) = —uzngAikAjl + Ric(ei, ej),
where Ric and Ric are Ricci curvatures of metrics g and g.

It is helpful to introduce a new metric g conformal to g on horizontal distribution.
This metric will play an important role in a priori estimates(see Section 5.3). Let

g= = g be a conformal change of the horizontal metic g. The Christoffel symbols
of g can be given by (see Chapter 5 in [17])

- 1
It =18+ ——(Vilog ud¥ 4+ V;logus) — g™V, logugs;). (2.17)

This implies
WAL = AL + (Vlogu, VL) = AL (2.18)

for any t-independent smooth function L on M.
The Ricci curvature of § can be computed by the following formula (see Chapter
5 in [17]):

~ 1 Au
Rij = Rij — ng 10gu—|— n— 2(10gu)z(logu)J — o 27/“ Gij
u? u? n—1uu;
:7/\21—*“[\1[\ iy .
4(n—2)| "9 g 9 Dk Jl+n—2 u? (2.19)
u 2 Ric(X, X)

+ Ric(ei, ej) — B Gijs
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where we have used (2.14). By direct computations, we also have

~ 2 —

uz Alogu = L | A > +u2Ric(X, X)
4

i (2.20)

g (Vi + (3 + m)Ajle logu) = —2u"?Ric(eg, €;).

COROLLARY 2.1. Let (M, gy, X) be a static Finstein spacetime of dimension

n + 1 satisfying Ric(gn) = Agnm- Then (M, §) is a Riemannian Einstein manifold
with the same cosmological constant as g, i.e., Ric(g) = \g.

Proof. This follows from (2.16) by noting that df = 0 on static spacetimes. O

COROLLARY 2.2. Let (M,gn,X) be a geodesically complete stationary and
chronological spacetime of dimension n + 1 with a timelike Killing field X such that
the X —orbit space N is a compact smooth manifold. Then the followings hold

i) If Ricy (X, X) < 0 holds everywhere, then (M, gar, X) is static, | X |2 == const.
and there is a closed 1-form 6 on N such that (M,gn) is isometric to a metric
—(dT+0)?> + gy on R x N.

it) If gn is Finstein and static, Ric(gay) = Agam, we have X = 0, the conclusion
of i) holds, and (N, gn) is Ricci flat.

Proof. First of all, by [11] (c.f.[1],[13]), M is diffeomorphic to R x N, and the
metric gy now has the global form (1.2). From the first equation of (2.14), we know
Ricy (X, X) = ulu + “74|A|2. For i), since Au < 0, by strong maximum principle,
we have Ricp(X,X) =0 and df = A = 0 and u = const.. This shows i).

If we assume Ric(gar) = Agar, then Ricy (X, X) = —Au?. By i), we know A < 0.
The first equation of (2.14) implies Au = —Au. Since u > 0, we know A = 0 and
u = const. by strong maximum principle. The conclusion of ii) holds. O

REMARK 2.1. Under the assumptions of Corollary 2.2 and i), (M, gnr) is iso-
metric to a product —dt*> + gy on R x N if HY(M,R) = 0.

3. Completeness. Before the discussion of completeness, we need to do some
preliminary work on projecting curves to horizontal ones. Here, we say a curve is
horizontal if its tangent vectors are horizontal.

LEMMA 3.1. Let (M,gn) be a spacetime with a timelike Killing field X. Let
5y I — M be a smooth curve on M, where I C R is an interval. Fiz sg € I,
po = V. (7(80)), there is a unique maximal smooth horizontal curve o : I' — M such
that I' C I, 7(s0) = 10, Yr(5)((s)) = o(s) for any s € I', where 7 : I' — R is a
smooth function, V.. is the local flow generated by X. Moreover, I' = I provided that
the vector field X is complete.

Here o is maximal means that any such horizontal projection curve of 4 passing
po is only a part of o. The vector field X is said to be complete if any integral curves
of X can be defined, for their affine parameters, on the whole real line R.

Proof. Consider the curve U, (). Note that the map ¥,, might not be defined
on whole ¥, so the parameters of the curve ¥, () lie in a connected subinterval of I.
Let U, (¥(s)) be parameterized by (z°(s),z!(s), -+ ,2"(s)) on a chronological chart
{z*} around pg used in §2.1. Let T'= ) T“e, be the tangent vector of ¥, (¥(s)),

where T% = 22 and 70 = ddi: +>T;.
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Consider another curve

a(s) = (y(s),a' (s), -+ a"(s)) (3.1)

on the coordinate system {z®}, where we require “Ly(s) + .70, = 0, o(sg) =
U, (3(s0)). Tt is clear d‘zl(ss) =Y T’ ie., o(s) is horizontal. Note that the func-
tion y(s) is determined uniquely by these requirements. So 4 has a unique horizontal
projection W, () (5(s)) on this chart, where 7(s) = 79+y(s) —2°(s) is clearly a smooth
function. Because the manifold may be covered by chronological coordinate charts
used in §2.1, one can extend the horizontal projection curve of 4 to a maximal one. 00

REMARK 3.1. It is clear that in Lemma 3.1, we have
|013(s) < |¥a(s), sel’, (3.2)

which implies that if 74 is not horizontal, then the g-length of the horizontal projection
curve o will become strictly smaller.

LEMMA 3.2. Let (M, gpr) be a time-geodesically complete spacetime with a time-
like Killing field X. Then X is complete.

Proof. We only need to show that any integral curve ¢ : [a,b) — M of X can be
extended over b. When ¢ > a is close to a, there is a timelike geodesic v : [0,d] — M
such that v(0) = ((a) and v(d) = ((¢). By time-completeness assumption, v can be
extended to be defined on all affine parameters. ¥;,_.. is clearly defined near {(a) and
Uy_c(C(a)) = ¢(b— (c—a)), where ¥, are the local diffeomorphisms generated by X.
To prove the lemma, it suffices to show that the maps ¥,, for 7 € [0,b — ¢] can be
defined on whole 7.

Suppose this is not true, there will be a smooth family of X —integral curves con-
necting y(s) and o(s) = ¥_.(7(s)) for s lying in a maximal interval I = [0,b") C [0, d].
The integral curve n of X starting at y(b') can only be defined on a maximal interval
[0,c") where ¢ < b— ¢. Considering the timelike geodesic £(s) = W (v(s)) defined
on [0,b'), it can be extended to all affine parameters by time-geodesic completeness
assumption. Near the point £(b'), by considering the integral curves of —X start-
ing at £(s) for s € (' — ¢,b], we find that n can actually be extended over ¢/, and
n(c’) = &(b'). This is a contradiction. O

In general, the horizontal projection curve of a geodesic is no longer a geodesic,
but it still satisfies a ‘good” ODE. Indeed, in a coordinate system {z“} in §2.1, by
using (2.9) and direct computations, we have

- d(T°
VTT = w_l (d w)eo
ar’ ’ 1 (3:3)
+ [g + leTle + i(TOw)2ij_lgij + TOwAlmTlgmi]ei,
where :Y(S) = (xO(S), :171(5), e 7xn(5))7 T= :Y = Za Taea-
This implies that 4 is a geodesic on (M, g) if and only if the curve v = 7(¥),
v(s) = (2%(s), -+ ,2"(s)), satisfies

Tw = (T, X) = const. 2 ¢
2 (3.4)
Vi = =5 Vur! = cisd)f,
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where i5df is the 1-form obtained from the contraction of 2-form A = df with the

i 0
tangent vector ¥ = > T" 5.

The first equation of (3.4) can be derived alternatively by

T{T,X) = (T,V7X)=0
since X is Killing and V7T = 0.

THEOREM 3.3. Let (M, gar) be a geodesically complete spacetime with a timelike
Killing field X. Then (M, g) is a complete Riemannian manifold, where § is defined

Proof. Fix p € M, we will show that the exponential map exp; of g can be defined
on the whole tangent space 1, M at p. Let 7 be the supremum of all 7 > 0 such that the
exponential map exp; can be defined on a ball of radius 7 centered at 0 in T;, M. We
have to show 7 = co. We argue by contradiction. Suppose 7 < co. Let 5 : [0,7) — M
be a normal g-geodesic parameterized by arclength, ¥(0) = p, |7(0)|; = 1, and 7 can
not be extended over time 7 (as a g-geodesic). From the definition of 7, for any r < 7,
we know B(p,r) = exp,(B(0,7)) and B(p,r) = exp,(B(0,r)), where B(p,r) = {q €
M :dy(q,p) <}, B(p,r) ={q € M :ds(q,p) <1}, BO,r) ={v e T,M: |v] <r},
and B(0,7) = {v € T,M : |v| < r}. Therefore, B(p,r) = {q € M : ds(¢q,p) < r}is
compact provided r < 7.

We assume that 7 is not horizontal, otherwise 4 can be extended to whole real
line R, because a horizontal g-geodesic is also a horizontal gps-geodesic (see (3.4)). By
Lemmas 3.1, 3.2, one can construct a smooth horizontal projection curve o : [0,7) —
M such that 0(0) = v(0) = p, 7(0) = 0, o(s) = ¥, (57(s), where 7 : [0,7) — R is
a smooth function. Since % is not horizontal, the g-length of o is less than that of
v (see (3.2)), i.e., L & L(0) < L(vy) = 7. By (3.2), for any 0 < a < b < 7, we have
dy(o(a),o(b)) < b—a. For any sequence ry < 7, 1, — 7, {o(ry)} is a Cauchy sequence
in a compact subset B(p,L). So iL}IIlF o(s) must exist. Denote the limit by q.

Choose a local coordinate system {z®} as in §2.1 around ¢. Since 7(a(s)) £ ~(s),
s < T, satisfies the 2nd equation of the ODE (3.4) near ¢, we know o(s) can be
extended smoothly over 7, i.e., o is now defined on [0,7 + €] for some ¢ > 0, and
T(0) |jr—e,rte satisfies (3.4) on the coordinate system {z®}. By solving the z°-
coordinate function from the 1st equation of ODE (3.4) for s € [F —¢,7 + €], we get a
g-geodesic 7 : [F — €, T + €] lying in the coordinate system whose horizontal projection
curve is o |[f,€f+5]. Since X is complete (see Lemma 3.2), one can choose a suitable
to € R, such that Wy (%) coincides with v on [F — €,7). Now v U W4 (§ [[rr4eq) will
be a smooth g- geodesic which is an extension of 4. This is a contradiction with the
definition of 7. The proof is complete. O

THEOREM 3.4. Let (M, g ) be a geodesically complete static Einstein spacetime
of dimension n+ 1, i.e. Ric(gnr) = Agar. Then A < 0.

Proof. Suppose A > 0. We know Ric(§) = Ag by (2.16). On the other hand,
(M, ) is complete by Theorem 3.3. This implies that M is compact by Bonnet-Myers
theorem. From (2.12) and (2.14), we have Alogu = —A on M. At the minimum
point of log u, we find —A > 0, which is a contradiction with A > 0. O

4. Static solutions. In this section, we will handle static spacetimes. We will
first derive a local gradient estimate on the norm of the Killing field. The idea comes
from Yau’s gradient estimate of harmonic functions on Riemannian manifolds (see
[18] or §1.3 in [17]).
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4.1. Static vacuum solutions. In the following Theorem 4.1, we assume
(M, g, X) is a static Einstein spacetime of dimension n 4+ 1 with a timelike Killing
field X whose orthogonal complement is integrable, and Ric(gar) = Agar-

Let g be the Riemannian metric defined by (1.3). Note that u = [—gar (X, X)]
is a time-independent function, we have [Vlogul? = [Vlogul? by (2.3).

[N

THEOREM 4.1. Let B(zg,a) be a §-geodesic ball centered at xo of radius a > 0
with compact closure in M. Then there is a universal constant C' such that

sup | Viogu |3< C(v/na™t + v/max{—X,0}). (4.1)
xeé(zo,%) ’

Proof. By (2.11), we know

V2logu(eq, eg) = |Vul?
V2logu(eg, e;) =0 (4.2)
V2logu(ei, ej) = V;V; logu,

on a local coordinate system {z%} in §2.1, where e = %, € = por — 91-%, 1=
1,2,--- ,n. This implies Alogu = -\
According to the Corollary 2.1, we know ¢ is also an Einstein metric and Ric = Ag.
By Bochner formula, we have

AlVlogul? = 2|V logul? + 2X|VIogul®. (4.3)
From (4.2), we get
V2 logul? = |V logul? + |V logul?, (4.4)
and
A|Vlogul* = 2|V logul? + 2|V logu|* + 2|V log ul?. (4.5)

Let p be the g-distance function centered at zy. Let ¢ : Ry — R be a smooth
nonnegative decreasing cutoff function such that ) = 1 on [0, ], ¥ = 0 outside [0, 1],

"2
and ||+ &L < 0V,
We con51der the nonnegative function f = (2 )|V10g ul? on B(xg,a). Suppose

f achieves its maximum at some smooth point z; € B(zg,a) of p. Then we have
Af(x1) <0and Vf(xz1) =0. Hence

0> Af(z1) > 20|V logul? + 24|V 1og ul* + 22|V log ul?

1, )2 . (4.6)
— E(WJ | + ZM)|V10gu|2 +a 'Apy |Viegul?.

We first consider A > 0 case. In this case, we have the Laplacian comparison theorem
Ap < . Hence a='Apyp’ > 2na=2y’. Multiplying both sides of (4.6) by 1, we get

2f(x1)2 — Cna=2f(x1) <0, which implies f(z1) < Cna~2. In particular, we have
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sup  |Vlogul; < Cvna™t. (4.7)

z€B(20,%)

If 21 lies in the cut locus of xg, by applying a standard support function technique
(see [18], or Theorem 3.1 in [17]), (4.6) and (4.7) still hold.

Now we assume A\ < 0. In this case, Laplacian comparison theorem tells us Ap <
2 (14 %p) (see Corollary 1.2 in [17]). This gives a *Apyp’ > (2na=2+a=/[\n)y’.

Multiplying both sides of (4.6) by v, we get f(x1) < C(|\| +na=2), where C is a
universal constant (independent of n). The proof is complete. O

Proof of Theorem 1.2. Tf (M, gnr) is geodesically complete, we know (M, g) is
complete from Lemma 3.3. If A > 0, letting a — oo in Theorem 4.1, one can prove
u = const.. Now the 1-form X* dual to X becomes closed. On the universal cover,
X* = df must hold for some function f, the level set {f = const.} is a global
integrable submanifold of the horizontal distribution. It is easy to see that {f =
const.} is complete and Ricci flat. The universal cover of (M, gpr) will be isometric
to R x {f = const.}.

The argument of Theorem 4.1 essentially provides a proof of the following:

COROLLARY 4.2. Let (M™, g) be a Einstein Riemannian manifold with a nowhere
vanishing Killing field X such that the orthogonal complement of X is integrable and
Ric = Ag. Then for any metric ball B(xo,a) with compact closure in M™, we have

sup |Vlog|X|| < C(vna™" + /max{—A\,0}), (4.8)

B(Io,%)

where C' is a universal constant. Moreover, if X > 0 and (M™,g) is complete, then
| X | = const. and the universal cover of (M™,g) is isometric to R x N, where N is a
complete Ricci flat Riemannian manifold.

COROLLARY 4.3. Let (N", g) be a Riemannian manifold, u a smooth positive
function on N satisfying Ri; = u='Vju+ Agij, Au = —Xu. Then for any metric ball
B(xg,a) with compact closure in N, we have

sup |Vlogu| < C(vna™! + /max{—),0}), (4.9)
B(mo,%) '

where C is a universal constant. Moreover, u = const. and (N"™,g) is Ricci flat if
A >0 and (N™,g) is complete.

Proof. Let M =R x N™ be a manifold equipped with a static Riemannian metric
g =u?dt? +g. Now X £ % is a Killing field. One can show that Ric(§) = Ag (see
(2.13)). The same argument as in Theorem 4.1 will give (4.9). Because the projection
from M to N™ of any g-Cauchy sequence on M is also a g-Cauchy sequence on N™,
the completeness of N™ will imply the completeness of M. The last assertion of the

corollary holds. O
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5. 4-d stationary vacuum spacetimes.

5.1. Preliminaries. In this section, we focus on the usual dimension of space-
time, i.e., dim M = 4. Now fix a point xg € M, let {*} be a coordinate system used
in §2.1, which covers some open neighborhood M’ € M of xy. Let # : M — N be
the projection from M to the X — orbit space N. Equip N’ = w(M’) the horizontal
Riemannian metric g;;. Since X* = —u?(dt + ), the Hodge dual of X* A dX* (on
(M, g)) is £u3*df, where *df is the Hodge dual of df (on (N’, g)). Denote w = u?*df.
Note that |w]? = u%]df]? = %|A|2, where the norm for a 2-form is taken by requiring
le! A e?|? = 1if e!, e? are orthonormal. Now d?6 = 0 is equivalent to d(u =3 * w) = 0,
or g9 V,w; = 3(dlogu,w).

It should be noted that w ® w is globally defined on M no matter whether M is
orientable or not.

Now we can rewrite equations (2.14) and (2.16) as follows:

1 _
Rij =u 'V,;V,u+ §u_4(wiwj — |wl?gi;) + Ric(e;, e;)
1 _
Au = —§u_3|W|2 +u ' Rie(X, X) (5.1)
g"'Viw = 3g"w, Vi logu
(*dw); = +2uRic(X, e;),
and
Rie(X, X) = v ?|w|*> — Rie(X, X)
Ric(X,ej) = —Ric(X, ej) (5.2)
Ric(es, e) = —u~4(|w|?gij — wiw;) + Ric(e;, e;).
Recall that § £ u%g in Section 2.3, and we have (see (2.19) (2.20) (5.1)):

~ 1 UiUj

Rij = §u_4wiw‘j +2 2 + Ric(es,e;) —u 2 Ric(X, X)gij

- 1 _
u?Alogu = —§u_4|w|2 +u %Ric(X, X)
gkl@kwl = 4§klwkvl logu

(*gdw)(%) = +2Ric(X, e;).

By taking trace on the first equation of (5.3), we find that the scalar curvature R of
g satisfies

- 1 5 >
WR = Ju l® + 207 |Vul’ + R - 20 Rie(X, X), (54)

where R is the scalar curvature of (M, g).

5.2. Ernst potential map ®. Throughout this subsection, we assume the fol-
lowing condition holds:

Ric(X,Y) =0 whenever g(X,Y) =0, (5.5)

where X is the timelike Killing field. In general, condition (5.5) does not hold, while
it holds when (M, g) is Einstein, i.e., Ric(g) = cg.
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When condition (5.5) holds, from the last equation of (5.1), we know w = di
holds locally for some function 1 by Poincare lemma. In this case, we have
Avp = 4(Vip, Vlogu)g,

. (5.6)
DY =4V, Viogu);.

Let g_1 = y~2(dz? + dy?) be the hyperbolic metric (sectional curvature = —1)
on Poincare upper half plane H = {(z,y) : * € R,y > 0}. We define the Ernst
potential map ® : M’ — H by ® = (v, u?) = (x,y), see [1] [10]. Because 1 and u are
time-independent, ® is also a map from N’ =7(M’) to H.

LEMMA 5.1. The map ® satisfies
i) ®*g 1 = u tw @ w+4dlogu @ dlogu;
i) A® = u2Ad = 2Ric(X, X)a%, where A® ( or A®) is the harmonic map Laplacian
between two Riemannian manifolds (M', g)(or (N',g)) and (H,g_1).

Proof. We can calculate the Christoffel symbols I'f, of g_; as follows:

Fh 121%2 :5%2 :20 B (5.7)
—Tp=-Ty=I =y .
From the definition of the Hessian of a map from (M, §) to (H, g—1), we have
(Vap®)® = Vap® + T§ V0V 50¢. (5.8)
Combining with (5.7), it follows

(Vap®)' = Vgt — v (logu?)s — vp(logu?)a

. . (5.9)
(Vap®)? = 2u*V,plogu + u a15.
Taking traces on (5.9) with respect to g, we get
A®) = Ay — 4(Vip, Viogu), =0
( ) () (Vo gU)g (5.10)

(A®)? = 2u*Alogu + u~?|w|? = 2Ric(X, X),

where we have used (5.6) (5.1) and (2.12)). O

COROLLARY 5.2. When (M, g) is Ricci flat, the map ® = (z,y) = (¥,u?) is a
harmonic map from (M',§) (or (N,g)) to (H,g—1).
Now we can apply the standard Bochner formula (see [8]):
Ae(®) =2(V®, VAD) + 2|V 58| + 2(Ric, ®*g_1), (5.11)
— 2Rca® B4 0L '

where
e(®) :ga'@(q)*g—l)a,@ =u Y w]? + 4|V logul?

L T (5.12)
=2u"R — 2(R — 2u™ “Ric(X, X)).

Here we have used (5.4).
Now we compute the term [; = (@@, @A(@ first.
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By Lemma 5.1 and (5.7), we have

. B oP°
QW AD = AdY) +T¢ Adb
v P dao
d " ) oD
85170‘ (Aq) ) —2u” RZC( X)@,
which implies
VaA®T = —2072Rie(X, X)gwa,

ou?
Oxe’

<l

WAD 3aa (2Ric(X, X)) — 2u™?Ric(X, X ) ~—
X
Hence,

I =(V®, VA®) = —2u"2Ric(X, X)(u"*w|? + 4|V log u|?)

A _ ) (5.13)
+uHV(2Ric(X, X)), Vu).
The 3rd term on the right hand side of (5.11) can be computed as follows:
P B —dy, i 2 i ¥ ik jl z“J
(Ric,®*g_1)5 = [u™*(w'w! — |w|*9Y) + Ric(ex, e1)g™ g/ [u™*wiw; + 4 3 ]
= —du S (Jw]?|Vu|? — (w, Vu)?) (5.14)

- Uil |
+ g* gt (u™twiw; ;2J )Ric(ek, e;).

Since g_; has constant sectional curvature K = —1, we have
— Rabca @ @[5 015°7 5%

= [(2*9-1)ar(®"g-1)5 — (®"g-1)as(®"9-1)5,1977 5" (5.15)
= 8u~ S (Jw|?|Vul* — (w, Vu)?).

Now we compute the term |V,s®|? at a given point (Z,t,). By definition,
[Vag®]? = u™(|(Vag®)'[7 + [(Vap®)?[3)-
Let {z'} be a normal coordinate system around the fixed point £ € N. Let

Ey=u""! gt, E;, = axw ngt, then {F,} is an orthonormal basis of § at (Z, t), hence

(Vag®)"2 =D [(Vap®)']. (5.16)

a,B
From (2.11), we have

(V2 logu)(Eo, Eo) = u?|Vu?

. 1 -3
(V2 logu)(Eo, E;) = _EAilukgkl = iuT # (w A du); (5.17)
- g 0
2 2
(V¥ logu)(E;, Ej) = (Vi 1ogu)(y 5,5 5)-

On the other hand, we have

(dy @ dvp)(Eo, Eo) = (dp @ dy)(Eo, E;) =0

(dy ® dv)(E;, Ej) = i)y (5.18)
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From (5.9), we get
u(Vap®)?[2 = 4|VIogul* + 2lu?w A dlogul? + [2V;logu + u ™ *wiw;[*. (5.19)
To compute the term

[(Vas®)'|2 = (V) (Eo, E))? +2 Z<¢2w<Eo, E;))?

+ > [V2(E;, Bj) — 2¢i(logu); — 24 (log u)i]?,
i

we need (see (2.11))

V2¢(Ey, Eo) = (Vlogu, Vi)

—2
V2(Eo, Ei) = —%UAilglkvkﬂ) = iuT *(WwAw); =0 (5.20)
. o 0
2 (B B — (T2 9
\4 w(ElaEJ)_(V ¢)(6xi’8xj)’

hence
u™*(Vap®)! |2 (dlogu,u?w)? + u™*|Vw; — wi(logu?); — wj(logu?);[*. (5.21)

Combining (5.21) (5.19) (5.15)(5.14)(5.13), we have

Alge(®)) = A(Je(®)) + (Viogu, V(3e(®)

= 4|V logu|* + (dlogu, u™?w)? + |2V, log u + v *ww; |* (5.22)
+u™ | Vw; — 2w;(logu); — 2w;i(logu)i|* + 6|u™2w A dlog u|?
+ I2 + 137

1
—e(®) = 511_4|w|2 + 2|V log u|?
I = [Ric(er, e;) — 2u2Ric(X, X)gr]g™ ¢/ fu™wiw; + 4 Zu]
u?

I3 = 4u~*(V(Ric(X, X)), Vlogu).

] (5.23)

5.3. A priori estimates. The main result of this section is the following:

THEOREM 5.3. Let (M, gar) be a spacetime of dimension 4 with a timelike Killing
field X. Denote g = —mX* ® X* 4+ gum the Riemannian metric associated to

X. Let B(xo, a) be a g-metric ball centered at xo of radius a > 0 with compact closure
i M, and assume

sup |Ric(gm)ly <a”

B(zo.a) (5.24)
Then there is a universal constant C' such that
sup  |Vilegul* + utw|? < ¢
sup g S (5.25)

z€B(x0,%)
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where u? = —gp (X, X). Moreover, for any p > 1, there is a constant C, > 0
depending only on p such that

1

C
T (B aY) Rm Pdvoly)r < 2.
(”Ol.@(B(ZCo, 3)) /B(mo,;)| (ga1)[gdvolg)” < a2 (5.26)

Proof. By scaling invariance of the estimates, we may assume a = 1. The argu-
ment is divided into two cases:

Case 1: B(z0,a) # ¢;

Case 2: dB(x0,a) = ¢.

We treat Case 1 first. Let h(z) = 2|Vlogul*(z) + ju~?|w|*(z), and f(z) =
h(:c)d?](x,(?l%(xo,l)). Since f is a nonnegative function on B(zg,1), vanishes on
dB(x0,1), there is a point z € B(xo,1) such that f(z) = SUD,, ¢ 3(z01) / (®)- TO
prove the theorem, it suffices to prove that there is a universal constant C' > 0 such
that f(z) < C. We will argue by contradiction. Suppose there are a sequence of
spacetimes (M, gar,) and g —Dballs B(azl,l) C M, with compact closure satisfying
(5.24) with a = 1, but f(z;) — o0 as | — oo, where

N 1
f(@) = sup hl(x)dgl (x,0B(x1,1)), h(z) = 2|V10gul|2 + §uf4|wl|2.
z€B(z,1)

Now we will work on a fixed space (M;, §;). For simplicity, we drop the subscript I.

For any fixed 0 < € < 1, and any = € B(z, 1) with

dy(w,7) < ef (2)2h™% () = edy(z, 0B(x0,1)),

we have

h(z) <

h(z). (5.27)

Note that the function f(z) is invariant under the scaling of the metric. The
metric § = —u?(dt+0)?+g is invariant under normalizations u — u(Z) " tu, t — u(Z)t,
0 — ()0, w — u(Z) " 2w. Therefore, the equation (5.1) remains invariant under such
normalizations. So without loss of generality, by scaling v and the metric g by suitable
positive constants, we may assume u(Z) = 1 and h(Z) = 1. Now (5.27) becomes

h(z) < on B(Z,ef(z)?). (5.28)
(1-¢)?
From (5.28), we know [Vlogu| < J5(1 —¢)~" on B(z,ef(z)2).
Take e = ?( % where D > 1 is a fixed constant independent of [, we have
—A(l— D )71 A(l— D )71 .
e V2 @0 <wulr) <eV? f@ on B(z, D). (5.29)

By (5.3) and (5.29), it can be shown that the sectional curvature of § on B(z, D)
satisfies

10D(1——2—)~1!
e ( '\/f(i))

~Kopa < K(2) < (1-Df(@) %) 2 Kipas.  (5.30)
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Let E = Hz C Tz M be the orthogonal complement of X at T equipped with the
Euclidean metric induced from g or §. Let expp : E — M be the restriction of the
exponential map of the conformal metric u?(g) (or u?(g), see (3.4)). Clearly, expy, is
a smooth map.

Claim 1: There is a universal constant d; > 0 such the exponential map expp
is an immersion from B(0,8,) C E to B(#,1). Moreover, the pull back (0, 2)-tensor
ﬁeld expl; § is strictly positive definite everywhere on B(0,d1), where § = u?[g —

T - X X” ]

Let v1 € E, 0 # vy € T, E = E, we will show (expg)sw, (v2) # 0 when |v] is
small. Let v(s) = expg(sv1), s € [0,1] be a horizontal geodesic w.r.t. u?(g) such
that v(0) = Z, v(1) = expg(v1). The variation € — ~.(s) = expg(s(v1 + ev2)) of
horizontal geodesics gives a nontrivial Jacobi field U = s(expg)ssv, (v2) on 7 such
that U(0) = 0,U(1) = (expg ), (v2).

Note that one can always construct an open contractible 3-dimensional smooth
spacelike immersed submanifold o : ¥ — M so that there is a smooth map 7 :
[0,1] — X satisfying v = 0 0 4. Actually, extend ~ a little so that it is defined on
[—€',1 + €] for some small € > 0, let {Ei(s), Ea(s), E53(s)}, where E3(s) = A(s),
be a parallel and horizontal orthogonal u?g-frame along «y, and define ¥ = (¢/,1 +
€) x {|w1|* + |we|? < €?} C R®, then the map o : ¥ — M, where o(s, w1, ws) =

expf;zf) (w1 E1(8) + weEs(s)), will be an immersion when ¢’ is sufficiently small. Here

expi?f) is the exponential map w.r.t. the metric u2g at ~(s). By considering the
integral curves of X passing through o(X) and setting the affine parameters ¢t = 0 on
Y, there is a small positive number ¢ > 0 such that the map F : ¥ x (=4,§) - M
where F(z,t) = U;(o(x)), is also an immersion. Let 7 : 3 X (=6,0) = X, 7(z,t) =z
be the natural projection map. Now we pull back the metric g by F to X x (—6,4), and
equip ¥ the horizontal metric(still denoted by u?g) induced from the metric F*(u?g).

Note that we can lift the family of horizontal geodesics € — . on M to a family of
horizontal geodesics € — 7, on ¥x (=6, ) such that F(5.) = 7.. Denote the variational
vector field on 4 by U. Now 7(3.) is a variation of geodesics on (X, u?g)(see (3.4)),
7.U is the variational Jacobi field such that 7,0 (0) = 0. m,U is nontrivial since its
derivative at 4(0) with respect to 5(0) is m.(v2) # 0. By (5. 30) the conjugate radius

1

of the exponential map of (2, u%g) at 7(0) is greater than meax So if |v1] < TKm2e,
we must have m,U(1) # 0 and hence (expj; §)u, (v2) # 0. This finishes the proof of
Claim 1.

Claim 2: The identity map from F to itself is the exponential map at point 0 of
(B(0,61), exp}, §).

The Claim 2 is clear by our construction. We denote the metric exp¥; g still by g.
The point is that the injectivity radius of § at 0 is at least §;. One can also pull back
the functions u, the 1-form w by the exponential map expy to B(0,01). Since B(0,d1)
is contractible, the function v satisfying di) = w can be globally defined on B(0, d;).
We denote these pulled back quantities still by the same notations u, v, w. From the
first equation of (5.3) and our assumption, it is important to know that the curvature
of g is bounded on B(0, 7). By [12], one can construct a harmonic coordinate system
{2%} of radius 265 > 0 around 0 such that for any 0 < a < 1, p = o™}, there is a
constant C,, > 0 so that the estimate

1 . . N
20i = gij < 2035, Gijlcra + Gijlwzr < Ca (5.31)
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holds on {|z| < 2d,}. By the second and third equations of (5.3), we know Au and
dw and dw are uniformly bounded by our assumption. By elliptic regularity, |u|c1.a
and |w|ce are uniformally bounded on a smaller ball for any fixed 0 < a < 1. By
Arzela-Ascoli theorem, one can take a C*® and WP convergent subsequence for §
and u, and C®, WP convergent subsequence of w. We denote the limit by §°°, u®™,
w®. Since h only involves Vu, w and g, we know that the C“ norm of h is uniformly

bounded on {|z| < 245} (independent of [). The limit ~h*° is C* and must satisfy
h*(z) < h2(0) = 1 (5.32)

on {|z] < 3482}, see (5.28). Now we attempt to show that the limit (§°,u*,w™) is
actually smooth and satisfies the vacuum Einstein equation.

Recall that in the above harmonic coordinate system {2}, Ricci curvature 2Rij =
_gklazz_%zlgij + Q;(0g, §), where @ is quadratic in 9g, with polynomial coefficients
ing, g .

For each scaled solution g;,u;,w;, in the above harmonic coordinate system {z°},
multiplying the first equation of (5.3) by a function & € W, "*(B(0,d2)), p > 1, and
integrating by parts, we get:

11995 O kla ~ o

/ gkl glj _fl + [6lgkl6kgij + Q(ag,g)ij]fdzld22d23
0zF 0z

B(0,02) (5.33)

Uiy
2

1
= 2/ (Gutwiw; +2 Vedztdz?dz® + 214
B(0,3:) 2 u

where

I, = / (Ric(e;,e;) —u 2Ric(X, X)gij)édz"dz*dz>.
B(0,02)

Since the norm of Ric(e;,e;) — u™2Ric(X, X)gi; is bounded by Ch(z;)~! — 0 by
our scaling, we know I, — 0 as [ — oo. Note that the C*-norms of 97, w, Ou are
uniformly bounded, (5.33) must converge to

0 0
~oo\kl Y oo ¥
Lo T 525
e (5:34)
[ a0 - Qs+ ) e 4 e
B(0,62) (u)
Because Aj; = —0(5°°)F0kgsy — Q(03°°,5°)ij + (u™) " wiw® + 4?;00“;2 e whep,
and coefficients (§)* € W?2P, we know g € W?3P by standard LP—estimate for
elliptic equations of divergence form.

Now we can apply the same technique to the rest equations of (5.3) to obtain

u

~ 1
(’UJOO)QAIOg’UJOO — _i(uoo)f4|woo|2
(goo)kl@kwloo _ 4(§oo)klwgovl log u® (5.35)
dw®™ =0
where the above equations hold in the sense of integration by parts as in (5.34). Since
w>® € WhP 4> € W2P by applying LP estimates to the first equation of (5.35), we
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know u® € W3P. This implies w™> € W3P by the 2nd and 3rd equations in (5.35).
Hence A;; € WP this gives 95y € W4P, Repeating this arguments, we find that §,
u®™, w™ are actually smooth and satisfy the vacuum Einstein equations on {|z| < d2}.
Since dw®™ = 0, from the calculations in Section 5.2, we know equation (5.22) must
hold for the limit (¢°°,u*°,w>). Moreover, I = 0 and I3 = 0 hold in (5.22) and
(5.23). That is to say, we have

Agoe (B°) + (Viogu™, V(h™))
= 4|V log u™[* + |w™|*|V log u™|? + |2V, log u™ + (u°°)74wf°w;?°|2

+ (™) Viws® — 2w (log u™); — 2w3° (log u™);|? (5.36)
+ 5|(u™) 2w™ A dlog u™|?
>0
on {|z| < d3}.

Now we can apply the strong maximum principle on equation (5.36) since
(5.32) holds. Tt follows that h> = const., and the right hand side of (5.36) van-
ishes everywhere on {|z| < d3}. In particular, this implies |Vlogu™|* = 0 and
12V log u™ + (u™) " *w*ws®|?=0 on {|z| < d3}, which give us u™® = 1,w™ = 0.
Hence h® = 0, which is a contradiction with A°°(0) = 1. This proves Case 1.

For Case 2, the maximum of h(x) can be achieved at some point Z by the com-
pactness of M. The result can be proved by following the same argument of Case 1.
The proof of the theorem is complete. O

From the proof of Theorem 5.3, if we integrate the vector field X for a short time
along the image of the horizontal exponential map, one can obtain a local covering
map which provides a ‘good’ local ‘coordinate system’ (c.f. (5.31)).

THEOREM 5.4. Under the assumptions of Theorem 5.3, there is a smooth non-
degenerate map W : {|zo]* + |21|* + |22|* + |23]* < CJQaQ}.%‘B(xO, a), ¥(0) = zo such
that W* gar = Gapdz®dz? = —u?(d2° + 3 0;d2")? + gi;dz'd2? satisfies

1+ C 0 C
1_’_Co<u< + Co, ||< 0

(1+ Co) '6i5 < gij < (1 + Cp)dy; (5.37)

1
L[ (gl + logras < C,
a J{|z|<ca}

0 2

where w, 6 and g;; are z°— independent, (2%, 22, 23) are harmonic coordinates for
gi;dz'dz?, Cp, p=0,1,---, are a family of universal constants.

THEOREM 5.5. Let (M, gar) be a Finstein spacetime of dimension 4 with a time-
like Killing field X, Ric(gn) = Aga, where X > 0, and let B(xg,a) be a g—metric
ball in M with compact closure. Then we have

sup |Viogul? + u=*|w|? < Ca™2, (5.38)
B(Io,%)

for some universal constant C'.

Proof. When A = 0, one can apply Theorem 5.3 to derive (5.38) since condition
(5.24) holds trivially in this case. We only need to handle A > 0 case. By scaling
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invariance of the estimate, one can assume a = 1. We mimic the proof of Theorem
5.3.

We treat the case dB(xq,1) # ¢ first.

Let h(z) = 2|Vlogul*(z) + u~*w|?(z) + 6), f(z) = h(x)dg(x,aB(xo, 1)), and
I € B(xo,1) such that f(z) = SUD,, ¢ g(4,1) /(). To prove f(z) < C for some
universal constant C', we will argue by contradiction. Suppose there are a sequence
of 4-Lorentzian manifolds (M;, g;) satisfying Ric(g;) = Nigi (A > 0) and a sequence

of g;-balls B(x;,1) C M; with compact closure such that f(Z;) — oo as I — oo, where

f(@)= sup hl(x)dgl(:v,ﬁé(xl,l))

xeé(acl,l) (5 39)

1
hy(z) = 2|V logu|* + iu;4|wl|2 + 6.

Scaling u; and g; by w;(Z;)~! and hi(Z;) respectively, one can assume u;(Z;) = 1,
hi(z;) = 1. We still use the same notations u;, wy, gi, etc., to denote the corresponding
scaled quantities.

Note that the boundedness of h; implies that the sectional curvature of ¢ is
uniformly bounded on By, (Z;,1). As in Theorem 5.3, one can use the horizontal
exponential map (w.r.t. metric u?g) to pull back §;, w; and wu; to horizontal tan-
gent space. Using the harmonic coordinates {z'} on the horizontal tangent space
and a boot strap argument as in Theorem 5.3 , one can show that {u;,w;, g} has
a subsequence converging to a smooth limit (4>, w®,§>). Note that on (5.22),
Iy + I3 = 4)\|Vlogul? + 3 u=*w|? > 0 for each (u;,wy, §i). So Ir + I3 > 0 still holds
for the limit {u®,w, §>°}. By applying the strong maximum principle to equation
(5.22) for the limit as in Theorem 5.3, we find u™ =1, clu"o =0,h*® =1,and \*>® = %.

From the second equation of (5.1), we have Au™ = —gu, which is a contradiction.

If 8B(x0,a) = ¢, M will be compact. The maximum point of h(x) can be
achieved. One can apply the strong maximum principle directly on (5.22) to find a
contradiction with A > 0 as in the preceding argument. O

THEOREM 5.6. Assume (M, g, X) to be a spacetime of dimension 4 with a
timelike Killing field X such that Ric(gar) = Aga. Let B(xo,a) be a g-metric ball
: . 1
with compact closure in M, where 0 < a < (0] Then we have

sup  |[Rm(g)[(x) + [Rm(gar)s(z) + [Rm(g)]g(x) < @7 (5.40)

B a
z€B(z0,%)

and

sup  |VyRm(g)ly(z) + |V}, Rm(gn)|s(z) + [VERM(G)]4(2) <
z€B(z0,%)

where Rm(g) is the Riemann curvature tensor of the horizontal metric g, Ck, k =
0,1,2,---, are constants.

Proof. By scaling invariance of the estimates, we can assume a = 1, A > 0 or
A = —1. From Theorems 5.3 and 5.5, we know |V logu|? +u~*|w|? < C on B(x, 2).
Hence, we know the curvature Rm(g) of the conformal horizontal metric § = u?g is
bounded. Next we may apply the regularity argument as in the proof of Theorem 5.3
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to prove

sup IV¥ulg(2) + [V*Rm(g)|3(x) + |V*wlg(x) < O (5.42)

wEB(iméﬁ‘ﬁ)

Now (5.41) can be easily deduced from (5.42) and (2.10). O
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