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Abstract. We determine all connected homogeneous Kobayashi-hyperbolic manifolds of dimen-
sion n > 2 whose holomorphic automorphism group has dimension n? — 2. This result complements
an existing classification for automorphism group dimension n2 — 1 and greater obtained without the
homogeneity assumption.
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1. Introduction. Let M be a paracompact connected complex manifold of di-
mension n > 2. It is called Kobayashi-hyperbolic if the Kobayashi pseudodistance K s
on M is in fact a distance, i.e., for p,q € M the identity Ky/(p,q) = 0 implies p = q.
For example, any bounded domain in complex space C™ is Kobayashi-hyperbolic. Such
manifolds are of substantial interest in complex analysis and geometry as they possess
many attractive properties (see monographs [K1|, [K2| for details). In particular, if
M is Kobayashi-hyperbolic, the group Aut(M) of its holomorphic automorphisms is
a (real) Lie group in the compact-open topology (see [K1, Chapter V, Theorem 2.1]).
One way to prove this is by observing that the action of Aut(M) on M is proper,
which implies that Aut(M) is locally compact hence a Lie transformation group (see
[I5] for details).

Let d(M) := dim Aut(M). It is a classical fact that d(M) < n? + 2n and the
equality holds if and only if M is biholomorphic to the unit ball B™ C C™ (see [K1,
Chapter V, Theorem 2.6]). In papers [I1], [12], [I4], [IK] we classified all Kobayashi-
hyperbolic manifolds with n? — 1 < d(M) < n* + 2n (see also [13], [I5] for alternative
expositions of these results). In particular, it turned out that no manifolds satisfy
n? +3 < d(M) < n® + 2n, ie., that the possible values of d(M) contain a lacuna
located between n?+2 and the maximal dimension n2+2n. We note that the lacunary
behavior of d(M) is analogous to that of the dimension of the isometry group of a
Riemannian manifold (see, e.g., [I5] for a brief survey).

Our classification has turned out to be rather useful in applications (see, e.g.,
[GIL], [V]), and it would be desirable to extend it beyond the case d(M) = n? — 1.
However, the value n? — 2 is critical in the sense that one cannot hope to obtain a
full explicit description of Kobayashi-hyperbolic manifolds for d(M) = n? — 2 and all
n > 2. Indeed, a generic Reinhardt domain in C? has a 2-dimensional automorphism
group, so no reasonable classification exists for n = 2 (see [I3, pp. 6-7] for a precise
argument). Furthermore, an explicit classification for n > 3 appears to be out of
reach as well since the amount of work required to deal even with the easier case
d(M) = n? — 1 is already rather substantial (see [I1], [I4]).

At the same time, some hope remains in the situation when M is homogeneous,
i.e., when the action of Aut(M) on M is transitive. Such manifolds are of general

*Received February 1, 2018; accepted for publication March 23, 2018.
fMathematical Sciences Institute, Australian National University, Canberra, Acton, ACT 2601,
Australia (alexander.isaev@anu.edu.au).

585



586 A. ISAEV

interest in geometry, and we focus on them in this paper. Specifically, in the follow-
ing theorem we obtain a description of homogeneous Kobayashi-hyperbolic manifolds
satisfying d(M) = n? — 2. It is remarkably easy to state (although not so easy to
prove):

THEOREM 1.1. Let M be a homogeneous Kobayashi-hyperbolic manifold with
d(M) =n?—2. Then M is biholomorphic either to B?> x B! x B! (here n = 4) or to
B3 x B? (here n =5).

Combined with the classical fact for d(M) = n? + 2n mentioned above and [I3,
Theorem 2.2], this result yields:

THEOREM 1.2. Let M be a homogeneous Kobayashi-hyperbolic manifold satisfying
n? —2 < d(M) <n?+2n. Then M is biholomorphic either to a suitable product of
balls or to a suitable symmetric bounded domain of type (IV). Specifically, the following
products of balls are possible:

(i) B™ (here d(M) = n? + 2n),

(ii) B"! x B! (here d(M) = n? +2),

(iii) B x B! x B! (here n =3, d(M) =9 = n?),

(iv) B? x B? (here n =4, d(M) = 16 = n?),
(v) B% x B x B! (heren =4, d(M) = 14 = n? — 2),

(vi) B3 x B% (here n =5, d(M) =23 =n? —2),
and the following symmetric bounded domains of type (IV) (written in tube form) are

possible:
(vii) the domain of type (IV3)

Ts:={(21,22,23) € C*: (Im21)* — (Im 22)* — (Im 23)> > 0, Im 21 >0}  (1.1)
(here n =3, d(M) = 10 = n% + 1),
(viil) the domain of type (IV4)
Ty :={(21,22,23,71) € C*: (Imz)? — (Im 22)%—

1.2
(Im z3)*> — (Im 24)* > 0, Imz; > 0} (12)

(here n =4, d(M) =15 =n? —1).

The proof of Theorem 1.1 is given in Section 3 and is based on reduction to the
case of the so-called Siegel domains of the second kind introduced by I. Pyatetskii-
Shapiro at the end of the 1950s in relation to problems in the theory of automorphic
functions (see Section 2 for the definition and some properties of such domains). In-
deed, in the seminal work [VGP-S] it was shown that every homogeneous bounded
domain in C™ is biholomorphic to an affinely homogeneous Siegel domain of the sec-
ond kind. Furthermore, in [N] this result was extended to arbitrary homogeneous
Kobayashi-hyperbolic manifolds, which solved a problem posed in [K1] (see Problem
8 on p. 127 therein). The proof of Theorem 1.1 then follows by analyzing the (graded)
Lie algebra of the automorphism group of a Siegel domain of the second kind, which
was described in [KMO], [S, Chapter V, §1-2]. The analysis of this Lie algebra also
yields additional facts (included in the appendix) that can be utilized for extending
the classifications in Theorems 1.1, 1.2 beyond the critical automorphism group di-
mension n? — 2. Our arguments show that the formulas for the graded components of
the algebra provided in [KMO], [S] can be quite useful in applications despite the fact
that explicit calculations involving these formulas are rarely seen in the literature.
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2. Preliminaries on convex cones and Siegel domains of the second
kind. In this section we define Siegel domains of the second kind and collect their
properties as required for our proof of Theorem 1.1 in the next section.

First of all, an open subset Q C R* is called an open convex cone if it is closed
with respect to taking linear combinations of its elements with positive coefficients.
Such a cone € is called (linearly) homogeneous if the group

G(Q) :={A € GLi(R) : AQ =Q}

of linear automorphisms of 2 acts transitively on it. Clearly, G(Q) is a closed subgroup
of GLk(R), and we denote by g(€2) C gl,(R) its Lie algebra.

We will be interested in open convex cones not containing entire lines. For such
cones the dimension of g(€2) admits a useful estimate.

LEMMA 2.1. Let Q C R¥ be an open conver cone not containing a line. Then

kK k
dim g(Q2) < 2 "3 + 1 (2.1)

Proof. Fix a point x € Q and consider its isotropy subgroup Gx(€2) C G().
This subgroup is compact since it leaves invariant the bounded open set QN (x — Q).
Therefore, changing variables in R* if necessary, we can assume that Gy (€2) lies in the
orthogonal group O(R). The group Ox(R) acts transitively on the sphere of radius
||x|| in R¥, and the isotropy subgroup I of x under the O (R)-action is isomorphic
to Og—1(R). Since Gx(Q?) C Ik, we have

k? 3k

which implies inequality (2.1). 0

We note that estimate (2.1) is sharp as the right-hand side is the dimension of the
group of linear automorphisms of the cone {z € R¥ : 23 — 22 —--. —22 >0, 21 > 0}.

Next, let
H:C"xC™— CF

be a Hermitian form on C™ with values in C*, where we assume that H(w,w’) is
linear in w’ and anti-linear in w. For an open convex cone  C RF, the form H is
called Q-Hermitian if H(w,w) € Q\ {0} for all non-zero w € C™. Observe that if
Q contains no lines and H is Q2-Hermitian, then there exists a positive-definite linear
combination of the components of H.

Now, a Siegel domain of the second kind in C" is an unbounded domain of the
form

S H) = {(2,w) e C¥ x C"* : Imz — H(w,w) € Q}

for some 1 < k < n, some open convex cone ) C R* not containing a line, and some
Q-Hermitian form H on C"*. For k = n we have H = 0, so in this case S(Q2, H) is
the tube domain

{zeC":Imz € Q}.
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Such tube domains are often called Siegel domains of the first kind. At the other
extreme, when k = 1, the domain S(2, H) is linearly equivalent to

{(z,w) eCxC" " :Im=z — ||w||* > 0},

which is an unbounded realization of the unit ball B™ (see [R, p. 31]). In fact, any
Siegel domain of the second kind is biholomorphic to a bounded domain (see [P-S,
pp. 23-24]), hence is Kobayashi-hyperbolic.

Next, the holomorphic affine automorphisms of Siegel domains of the second kind
are described as follows (see [P-S, pp. 25-26]):

THEOREM 2.2. Any holomorphic affine automorphism of S(, H) has the form
z = Az+a+2iH(b, Bw)+ iH(b,b),
w +— Bw+b,
with a € R*, b€ C"%, A € G(Q), B € GL,,_¢(C), where
AH (w,w") = H(Bw, Bw') (2.2)
for all w,w' € C"F.

A domain S(Q, H) is called affinely homogeneous if the group Aff(S(Q, H)) of its
holomorphic affine automorphisms acts on S(2, H) transitively. Denote by G(2, H)
the subgroup of G(2) that consists of all transformations A € G(£2) as in Theorem
2.2, namely, of all elements A € G(£2) for which there exists B € GL,,—;(C) such that
(2.2) holds. By [D, Lemma 1.1], the subgroup G(2, H) is closed in G(2). It is easy
to deduce from Theorem 2.2 that if S(2, H) is affinely homogeneous, the action of
G(Q, H) (hence that of its identity component G(Q2, H)®) is transitive on Q) (see, e.g.,
[KMO, proof of Theorem 8]), so the cone Q2 is homogeneous. Conversely, if G(£2, H)
acts on € transitively, the domain S(£2, H) is affinely homogeneous.

As shown in [VGP-S], [N], every homogeneous Kobayashi-hyperbolic manifold is
biholomorphic to an affinely homogeneous Siegel domain of the second kind. Such a
realization is unique up to affine transformations; in general, if two Siegel domains of
the second kind are biholomorphic to each other, they are also equivalent by means
of a linear transformation of special form (see [KMO, Theorem 11]). The result of
[VGP-S], [N] is the basis of our proof of Theorem 1.1 in the next section.

In addition, our proof relies on a description of the Lie algebra of the group
Aut(S(Q, H)) of an arbitrary Siegel domain of the second kind S(Q, H). This alge-
bra is isomorphic to the (real) Lie algebra of complete holomorphic vector fields on
S(€, H), which we denote by g(S(€2, H)) or, when there is no fear of confusion, simply
by g. The latter algebra has been extensively studied. In particular, we have (see
[KMO, Theorems 4 and 5]):

THEOREM 2.3. The algebra g = g(S(Q2, H)) admits a grading

9=09-1D9g-1/2D g0 D g1/2 @ 01,
0

1
with g, being the eigenspace with eigenvalue v of ad 0, where 0 ==z — + —w - —.
" Jz 2 Ow
ere

g_lz{a-g:aeRk}, dimg_; =k,
P

0 0
9-1/2 = {2iH(b, w) - 2. b- v be (Cn_k} , dimg_y/9 =2(n—k),
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and go consists of all vector fields of the form

(A2) - a% + (Buw) - %, (2.3)

with A € g(), B € gl,_,(C) and
AH(w,w") = H(Bw,w") + H(w, Bw") (2.4)
for all w,w' € C*~*. Furthermore, one has

dim g,/ < 2(n — k), dimg; < k. (2.5)

It is clear that the matrices A that appear in (2.3) form the Lie algebra of G(§2, H)
and that g1 © g_1/2 @ go is isomorphic to the Lie algebra of the group Aff(S(2, H))
(compare conditions (2.2) and (2.4)).

Following [S], for a pair of matrices A, B satisfying (2.4) we say that B is associated
to A (with respect to H). Let £ be the (real) subspace of gl,,_;.(C) of all matrices
associated to the zero matrix in g(2), i.e., matrices skew-Hermitian with respect to
each component of H. Set s := dim £. Then we have

dimgo = s +dim G(Q, H) < s + dim g(©). (2.6)
By Theorem 2.3 and the inequality in (2.6) one obtains
d(S(Q,H)) < k+2(n—k)+ s+ dimg(Q) + dim g, /» + dim g1, (2.7)
which, combined with (2.5), leads to
d(S(Q, H)) < 2k + 4(n — k) + s + dim g(Q). (2.8)

Further, since there exists a positive-definite linear combination H of the components
of the Hermitian form H, the subspace L lies in the Lie algebra of matrices skew-
Hermitian with respect to H, thus

s < (n—k)> (2.9)
By (2.9), inequality (2.8) yields
d(S(Q, H)) < 2k+4(n — k) + (n — k)* + dim g(). (2.10)
Combining (2.10) with (2.1), we deduce the following useful upper bound:

2
d(S(Q,H)) < % — (2n—|— g) k+n*+4n + 1. (2.11)

Next, by [S, Chapter V, Proposition 2.1] the component g,/ of the Lie algebra
g = g(S(9Q, H)) is described as follows:

THEOREM 2.4. The subspace g1/2 consists of all vector fields of the form

L (@(2) + cww)

UH(D(),w) 2 o

0z
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where ® : C* — C"F is a C-linear map such that for every w € C*~* one has
Dy = [z Im H(w, ®(2)), © € R*] € g(Q), (2.12)

and ¢ : C"F x C"=k — C"=* is a symmetric C-bilinear form on C"~* with values in
C"=F satisfying the condition

H(w, c(w',w')) = 2iH(®(H(w',w)),w") (2.13)

for all w,w' € C*~F,

Further, by [S, Chapter V, Proposition 2.2], the component g; of g = g(S(Q2, H))
admits the following description:

THEOREM 2.5. The subspace g1 consists of all vector fields of the form

a(z, z) - 92 +b(z,w) -

0z ow’

where a : RF x R¥ — R* is a symmetric R-bilinear form on RF with values in R¥
(which we extend to a symmetric C-bilinear form on CF with values in C*) such that
for every x € R* one has

Ay = [z a(x,7), z € R¥] € g(Q), (2.14)

and b: CF x C"=% — C"* is a C-bilinear map such that, if for x € R* one sets
1 n—=k
By := |w ib(x, w), weC , (2.15)

the following conditions are satisfied:
(i) Bx is associated to Ax and Imtr Bx =0 for all x € R*,

(ii) for every pair w,w’ € C"~* one has
Buw = [z ImH(W, b(z,w)), z € R"] € g(Q),

(iil) H (w,b(H(w',w"),w")) = H(b(H(w",w),w"),w") for all w,w',w" € C*~k.

Next, let us recall the well-known classification, up to linear equivalence, of ho-
mogeneous convex cones in dimensions k = 2, 3,4 not containing lines (see, e.g., [KT,
pp. 38-41]), which will be also required for our proof of Theorem 1.1:

k=2: 0 = {(xl,xg) eR?:2z1 >0, 9 > O}, where the algebra g(€;) con-
sists of all diagonal matrices, hence dim g(2;) = 2,

k=3 (i) Qo = {(21,22,23) €R3: 21 >0, 22 >0, 23 >0}, where the algebra
9(92) consists of all diagonal matrices, hence dim g(Qs) = 3,
(i) Q3 = {(z1,22,23) €R*: 2} —23 — 23 >0, 21 > 0}, where one has
9(23) = c(gl3(R)) @ 01,2, hence dim g(€23) = 4; here for any Lie algebra
b we denote by c¢(h) its center,

kE=4: (1) Q = {($1,$2,$3,I4) ER*: 21 >0, 29 >0, 23 >0, x4 > O}, where
the algebra g(€4) consists of all diagonal matrices, hence we have
dim g(Q4) = 4,
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(ii)) Q5 := {(:101,:102,:63,:64) ERY:2? —22 — 23>0, 21 >0, x4 > O}, where
the algebra g(Qs) = (c(gl3(R)) @ 01,2) @ R consists of block-diagonal
matrices with blocks of sizes 3 x 3 and 1 x 1 corresponding to the two
summands, hence dim g(5) = 5,

(iii) Q6 = {(z1,22,23,24) € R : 2 — a3 — 23 — 23>0, 21 >0}, where
9(Q2%) = c(gl4(R)) @ 01,3, hence dimg(Q) = 7.

In [C], E. Cartan found all homogeneous bounded domains in C2? and C3. We
conclude this section with a short proof of Cartan’s theorem (extended to the case of

Kobayashi-hyperbolic manifolds) based on Siegel domains of the second kind.

THEOREM 2.6.
(1) Every homogeneous Kobayashi-hyperbolic manifold of dimension 2 is biholo-
morphic to one of
(i) B?,
(ii) B x B
(2) Every homogeneous Kobayashi-hyperbolic manifold of dimension 3 is biholo-
morphic to one of
(i) B®,
(i) B? x B!,
(iii) B! x B! x B?,
(iv) the tube domain Ts defined in (1.1).

Proof. Let M be a homogeneous Kobayashi-hyperbolic manifold of dimension n.
By [VGP-S], [N], the manifold M is biholomorphic to a Siegel domain of the second
kind S(2, H). If £ = 1, then S(Q, H) is biholomorphic to B™, so we assume that
k> 2.

If n = 2, then k = 2, hence after a linear change of variables S(Q2, H) becomes
{z eC?:Imz e Ql}

and therefore is biholomorphic to B x B!. This establishes Part (1).

Assume that n = 3 and suppose first that £k = 3. Then after a linear change of
variables S(Q, H) turns into one of the domains

{ZGCB:Imzeﬁg},
{ZGCB:Imzeﬂg}

and therefore is biholomorphic to either B! x B! x B! or the tube domain T5.
Let now k = 2. In this case, after a linear change of variables S(€2, H) becomes

D:={(z,w) €C*xC:Imz —vjw|* € Y },

where v = (v1,v2) is a non-zero vector in R? with non-negative components. Let us
compute the group G(21, v|w|?). Tt consists of all matrices

)\1 0 0 M1
0 )\2 ’ 125 0
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such that Ay > 0, Ao > 0, \jv1 = pv1, Aovs = pvy and 1 > 0, pue > 0, pi1ve = Nuy,
Lov1 = nuy for some p,n > 0. Hence if v1 # 0, vy # 0 we have

0 n—
G(Qy,v|w]?) = ( g 2 ) , nv_2 (7)}2 with p, n >0 3, (2.16)
U1

and it follows that the action of G(Q1, v|w|?) is not transitive on ;. This contradic-
tion implies that exactly one of vy, vy is non-zero, hence D is linearly equivalent to
the domain

{(z,w) eC* x C:Imz — |[w]* >0, Im 2 > 0},

which is biholomorphic to B? x B!. This proves Part (2). O

3. Proof of Theorem 1.1. By [VGP-S], [N], the manifold M is biholomorphic
to a Siegel domain of the second kind S(92, H). Since for each domain listed in
Theorem 2.6 the dimension of its automorphism group is greater than n? — 2, it
follows that n > 4. Also, as M is not biholomorphic to B™, we have k > 2.

Next, the following lemma rules out a large number of the remaining possibilities.

LEMMA 3.1. Forn > 5 one cannot have k > 3.

Proof. We will show that for n > 5, k > 3 the right-hand side of inequality (2.11)
is strictly less than n? — 2, i.e., that for such n, k the following holds:
k2
S 2n+§ k+4n+3 < 0.
2 2
In order to see this, let us study the quadratic function

312

5)
o(t) : 5 = (2n+§>t+4n+3

on the segment [3,n]. Its discriminant is

47
D:=4n® — 14n — —,
4
which is easily seen to be positive for n > 5. Then the zeroes of ¢ are
2n + % —VD
fpi=——2 =
3
2n+5+vD
tQ = 73 .

To prove the lemma, it suffices to show that t; < 3 and to > n for n > 5. The
former inequality means that

13
2n — ? <V D,
or, equivalently, that

n> -,
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which clearly holds if n > 5. Further, the inequality ¢ > n means that
5
n — 5 < \/5,
or, equivalently, that
n?—3n—6>0,

which is straightforward to verify for n > 5 as well. O

By Lemma 3.1, in order to prove the theorem, we need to consider the following
three cases: (1) k=2, n>4,(2)k=3,n=4,(3) k=4,n=4.

Case (1). Suppose that k =2, n > 4. Here H = (H;, H2) is a pair of Hermitian
forms on C"~2. After a linear change of z-variables, we may assume that H; is
positive-definite. In this situation, by applying a linear change of w-variables, we can
simultaneously diagonalize Hy, Hs as

n—2
Hy (w,w) = |[w][*, Ha(w,w) = Ajlw;]*
j=1

If all the eigenvalues of Hy are equal, S(€, H) is linearly equivalent either to
Dy :={(z,w) € C*xC"?:Im 2 — ||w|[* >0, Im2, > 0},
or to
Dy :={(2,w) e C*x C"?:Im 21 — |Jw|[* > 0, Im 2 — |Jw||* > 0}.

The domain D; is biholomorphic to B"~1 x B!, hence d(D;) = n?+2 > n? —2, which
shows that S(Q, H) cannot be equivalent to D;. To deal with D5, let us compute the
group G(Q1, (||w]|?, ||w]|?)). Tt is straightforward to see that

Gl (ol Py ={ (5 1) (5 &) withpo>of.

(cf. (2.16)), and it follows that the action of G(Q1, (||w||?,]]w||?)) is not transitive on
Q4. This proves that S(2, H) cannot be equivalent to Dy either. Therefore, Hs has
at least one pair of distinct eigenvalues.

Next, as dim g(2) = 2, inequality (2.8) yields

s >n? —4n. (3.1)
On the other hand, by (2.9), we have
s<n?—4n+4.
More precisely, s is calculated as
s=n?—4n+4—2m, (3.2)
where m > 1 is the number of pairs of distinct eigenvalues of Hs. Indeed, if

B = (Byj), Bij=—-Bji, i,j=1,...,n—2,
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is skew-symmetric with respect to Hy, the condition of skew-symmetricity with respect
to Hy is written as

BZJ)\l = _Eji/\j; ’L,j = 1,...,7’L—2,

which leads to Bj; = 0 if A\; # ;.

By (3.1), (3.2) it follows that 1 < m < 2, thus we have either n =4 and A1 # Ao
(here m = 1, s = 2), or n = 5 and, upon permutation of w-variables, A\; # Ao = A3
(here m =2, s = 5). We will now consider these two situations separately.

Case (1a). Suppose that n =4, \; # \y. Here, after a linear change of variables
the domain S(€2, H) takes the form

Ds :={(z,w) € C* x C? : Im 21 — (a|w1|* 4 Blwz|?) > 0,
Im 25 — (w1 [* + 8Jws[?) > 0},

det<3‘ g);éo.

We may also assume that a > 0. If § = v = 0, the domain D3 is biholomorphic to
B? x B2. Since d(B? x B%) =16 > 14 = n? — 2, we in fact have 3+~ > 0.

LEMMA 3.2. If B+~ >0, for g = g(D3) one has g;/2 = 0.

(3.3)

where a, 3,7,0 > 0 and

Proof. We will apply Theorem 2.4 to the cone €2; and the ;-Hermitian form
H(w,w') = (aww)| + Bwawl, Y w)| + SWaws). (3.4)
Let ® : C2 — C? be a C-linear map:
D(21,22) = (121 + P22, P21 + ¥522),
where goé- € C. Fixing w € C2, for x € R? we compute
H(w, ®(2)) = (aWi(piz1 + pda2) + SWa(plar + piz2),
YW1(pia1 + pyaa) + 0Wa(piar + pir2)) =
(W11 + BWapi)z1 + (aW1ph + fWap3 )22,
(YW1l + 0Wapd)z1 + (YW1 + 0Waipd)22) -
Then from formula (2.12) we see

D (2) = ((aIm(W1p]) + SIm(Wapi))z1 + (@ Im(Wiph) + FIm(Wap3))z2,
(vIm(Wipf) + 6 Im(Wapf) )1 + (v Im(W1p3) + 0 Im(Wa3))2) -
The condition that this map lies in g(£2;) for every w € C? means
alm(wipd) + BIm(Wapl) = 0,
v Im(Wipp) + 6 Im(Wap?) = 0,

which leads to the relations

03 =0, B3 =0, yp1 =0, 57 =0 (3.5)
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(recall that a > 0). If each of 3, v, 0 is non-zero, we see from (3.5) that ® = 0, which
by formula (2.13) implies g,/ = 0 as required.
Suppose now that 8 = 0, hence each of ~, ¢ is non-zero. Then (3.5) yields

Thus, ®(21, 22) = (0, p322), and for w,w’ € C? we compute
2iH(®(H(w',w)), w') = (0, 2iydp3w 1 wiwh + 2i6*P3wa(wh)?) . (3.6)
Further, let ¢ be a symmetric C-bilinear form on C? with values in C%:
c(w,w) = (chw% + 2¢1ywi Wy + Caowi, i wi + 23wy wy + cggwg) ,
where ¢f; € C. Then for w,w’ € C? we have
H(w, c(w',w')) = (a1 (ciy (wh)? + 2eipwiwh + 3y (wh)?),
YW (eiy (wh)? + 2ciwiwh + cgp(wh)?)+ (3.7)
0wy (et (wy)® + 2ctywiwh + 3y (wh)?)) -
Comparing the right-hand sides of (3.6) and (3.7) for arbitrary w,w’ as required by
condition (2.13), we see that ¢j; = 0 for all i,j hence 93 = 0 and therefore ® = 0,
¢ = 0. Thus for 8 = 0 we again have g; /o = 0 as claimed.

The cases v = 0 and § = 0 are obtained from the case § = 0 by permutation of
variables. 00

By estimate (2.7), the second inequality in (2.5), and Lemma 3.2, we see
d(D3) <12 < 14 =n? —2 (3.8)

(recall that s = 2). This shows that S(£, H) cannot in fact be equivalent to Ds,
so Case (la) contributes nothing to the classification of homogeneous Kobayashi-
hyperbolic n-dimensional manifolds with automorphism group dimension n? — 2.

REMARK 3.3. In Proposition A.1 in the appendix we prove that for S+~ > 0 the
component gy of the algebra g = g(Ds3) is also zero, which improves estimate (3.8) to
d(Ds) < 10.

REMARK 3.4. One can also rule out the domain D3 for 8 + v > 0 by showing
that in this case for the Hermitian form H defined in (3.4) the action of the group
G(1,H) on 2y is not transitive.

Case (1b). Suppose that n = 5 and A1 # Ay = A3. Here, after a linear change
of variables the domain S(£2, H) takes the form

Dy = {(z,w) € C* x C?: Im 21 — (a|w1[* 4 Blwz|* + Blws|?) > 0,

3.9
Im 2y — (y|wy |? + S|we|? + d|ws|?) >0}, (39)

where «, 3,7,0 > 0 and

det(?; ?)7&0
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As before, we may also assume that o > 0. Then, if § = v = 0, the domain Dy, is
biholomorphic to B? x B2. In this case d(Dy) = 23 = n? — 2 as desired. Assume now
that 5+~ > 0.

LEMMA 3.5. If B+~ >0, for g = g(Dy4) one has g1/2 = 0.
Proof. We will use Theorem 2.4 for the cone 2; and the ;-Hermitian form
H(w,w') = (qwiw] + fwaw) + fwswy, yww) + dwawh + dwawsy). (3.10)
Let ® : C2 — C? be a C-linear map:
D(21,22) = (p121 + paz2, pl21 + o220, PT21 + 3 20),
where gaé € C. Fixing w € C?, for x € R? we compute
H(w, 8(2)) = (aWi(piz1 + phaz) + fWa(pier + pia2) + BWs(piz + piwa),
YW1 (p1a1 + pha2) + 0Wa(piar + p3a2) + 0Ws(plar + pia)) =
(w1} + BWapt + Bwspf)zr + (aWiph + BWap3 + Bwspd)as,
(YW1} + SWaip] + dWaph)z1 + (YW1 + SWap3 + GWapd)as)
Then from formula (2.12) we obtain
Dy () = ((aIm(F1p7) + SIm(Wap?) + B Im(Wsp?))a1+
(aIm(W1ip3) + B Im(Wap3) + BIm(Wsp3)) 22,

(7 Im(W191) + 0 Im(Wapt) + 0 Im(Wae) o1+
(yIm(Wipd) + 6 Im(Wap3) + 5Im(W3gpg))x2) )
The requirement that this map lies in g() for every w € C3 is equivalent to
alm(Wip3) + A1m(Wap3) + 5 Im(Wapd) =0,
YIm(Wip1) + 0 Im(Wap?) + 6 Im(W3pf) = 0,
which leads to the relations

e3 =0, Be3=0, Bgs=0,

(3.11)
Yo1 =0, dpi =0, &pf=0.

If each of 3, 7, § is non-zero, it follows from (3.11) that ® = 0, which by formula
(2.13) implies g /o = 0 as required.
Assume now that 8 = 0, hence each of v, J is non-zero. Then (3.11) yields

p1 =0, 93 =0, 9] =0, ¢} =0.
Hence, ®(21,22) = (0, 322, p322), and for w,w’ € C3 we compute

2iH(®(H(w',w)), w') = (0, 2iyd@3wwiwh + 2i6*p3wa (wh)*+

3.12

2062 P3wswhwh + 2iydPsw wiwh + 2i6*P3wawhwh + 2i6%paws (wh)?) . (8.12)
Further, let ¢ be a symmetric C-bilinear form on C? with values in C3:
c(w,w) = (cjywi + 2clywiws + 2cigwiws + chywi + 2ci3waws + cigwd,

A w? 4 23 wiws + 2¢i5w1ws + 3owi + 2c3wows + Eaws, (3.13)

3 2 3 3 3 .2 3 3 2
1wy + 2cirwiws + 2¢i3wiws + Chows + 2¢53wow3 + ngwg) ,
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where cfj € C. Then for w,w’ € C* we have

H(w, c(w',w')) = (a1 (et (w))® + 2eiywiwh + 2cigwiwh + ez (wh)?+
2c53whw} + ez (wh)?), YW1 (efy (wh)? + 2eipwiwh + 2cq3wiwh+
c30(wh)? + 2eq3whws + e35(wh)?) + 0wa(cy (w)? + 2eiwiwh+ (3.14)
2cf3wiwy + 3y (wh)? + 2e3whwh + c35(w)?) + dws (et (wh)?+
2ctywiwh + 2ciqwiwh + oy (wh)? + 2e3gwhwh + e (w5)?)) -
Comparing the right-hand sides of (3.12) and (3.14) for arbitrary w,w’ as required
by (2.13), we see that c}j = 0 for all i,j hence ¢3 = 0, ¢3 = 0 and therefore ® = 0,

¢ = 0. Thus for 8 = 0 we again have g; /o = 0 as claimed.
Suppose next that v = 0, hence each of 3,  is non-zero. In this case (3.11) yields

Therefore, ®(21,22) = (¢121,0,0), and for w,w’ € C3 we find

2iH(®(H(w',w)),w') = (2ic®piw: (w))? + 2iafpiwow] wh+

3.15
2iafpiwswiws, 0) . (3.15)

Further, for a symmetric C-bilinear form on C?® with values in C? as in (3.13) we see

H(w, c(w',w')) = (a1 (cfy (wh)? + 2efpwiwh + 2eigwiws + cgo(wh)?+
2c33wyw} + ez (wh)?) + BWa(cty (w))? + 2ciwiwy + 2wl wh+

¢ (w5)? + 2¢35whws + e (wh)?) + Bws(ct (w))® + 2cf,wiwh+
2ci3wiws + 3y (wh)? + 2e3zwhwh + cds(wh)?), 0wz (et (wh)*+ (3.16)

2ciwiwy + 2¢tswiwh + c3y(wh)? + 2c33whws + 5 (wh)?)+

dws (et (w)? + 2cwiwh 4 2¢f3wi wh + 3y (wh)?+
2c3zwhwy + cia(ws)?)) -

Comparing the right-hand sides of (3.15) and (3.16) for arbitrary w,w’, we observe
that cfj =0, c?j = 0 for all 4,5 hence p1 = 0, and therefore ® = 0, ¢ = 0. Thus for

v = 0 we see that g;,2 = 0 as well.
The case § = 0 is obtained from the case 5 = 0 by permutation of variables. 0

By estimate (2.7), the second inequality in (2.5), and Lemma 3.5, for §+~v > 0
we see

d(Dy) <17 <23 =n* -2 (3.17)

(recall that here s = 5). This shows that S(Q, H) cannot be equivalent to D4 unless
B =~ =0, so Case (1b) only contributes the product B3 x B? to the classification
of homogeneous Kobayashi-hyperbolic n-dimensional manifolds with automorphism
group dimension n? — 2.

REMARK 3.6. In Proposition A.2 in the appendix we prove that for S+~ > 0 the
component g; of the algebra g = g(D4) is also zero, which improves estimate (3.17)
to d(D4) S 15.
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REMARK 3.7. One can also rule out the domain D, for 5+~ > 0 by showing
that in this case for the Hermitian form H defined in (3.10) the action of the group
G(Q1,H) on Oy is not transitive.

Case (2). Suppose that k = 3, n = 4. Here S(Q, H) is linearly equivalent either
to

Ds ;:{(z,w)e ><(C3><(C:Imz—v|w|2692}, (3.18)
where v = (v1, v2,v3) is a non-zero vector in R? with non-negative entries, or to
Dg ;:{(z,w)e ><(C3><(C:Imz—v|w|2€f23}, (3.19)

where v = (v1,v2,v3) is a vector in R? satisfying v > v3 + v3, vy > 0. We will
consider these two cases separately.

Case (2a). Assume that S(Q, H) is equivalent to the domain Dj defined in
(3.18). If only one entry of v is non-zero, D5 is biholomorphic to B? x B x B!.
Notice that d(B? x B! x B!) =14 = n? — 2 as desired.

Suppose now that at least two entries of v are non-zero and consider the identity
component G(Qa,vw|?)° of the group G(Qa,v|w|?). As G(Q2,v|w|?)° lies in the
identity component G(Q2)° of G(£2), every element of G(Q2,v|w|?)° is a diagonal
matrix

M0 0
0 X 0 |, A>0 =123, (3.20)
0 0 X

for which v is an eigenvector. Therefore, if all entries of v are non-zero, then
G(Q2,v|w|?)° consists of scalar matrices, and if exactly two entries of v, say v; and v;,
are non-zero, then G(Qs,v|w|?)° consists of matrices of the form (3.20) with A; = A;.
In either situation, the action of G(§a, v|w|?)° on € is not transitive. This shows that
S(€, H) cannot be equivalent to D5 unless exactly one entry of v is non-zero, so Case
(2a) only contributes the product B? x B! x B! to the classification of homogeneous
Kobayashi-hyperbolic n-dimensional manifolds with automorphism group dimension
n? — 2.

Case (2b). Assume now that S(£2, H) is equivalent to the domain Dg defined
in (3.19). Suppose first that v > v + v3, i.e., that v € Q3. As the vector v is an
eigenvector of every element of G(£3,v|w|?), it then follows that G(Q23,v|w|?) does
not act transitively on Q3. This shows that in fact we have vy = \/v3 + 02 # 0, i.e.,
v € 003 \ {O}

LeEMMA 3.8. If v € 903\ {0}, for g = g(D¢) one has g1/2 = 0.

Proof. As the group G(£23)° = Ry x SO7 , acts transitively on 9§23 \ {0}, we
suppose that v = (1,1,0). We will apply Theorem 2.4 to the cone €23 and the Q-
Hermitian form

H(w,w') = (ww',ww’,0). (3.21)
Let ® : C? — C be a C-linear map:

D (21, 22, 23) = P121 + P2z2 + P323,



MANIFOLDS WITH HIGH-DIMENSIONAL AUTOMORPHISM GROUP 599

where ¢; € C. Fixing w € C, for z € R® we compute
H(w, ®(z)) = (W(p121 + 22 + p373), W(p121 + P2t2 + 373),0) .
Then from formula (2.12) we see
Dy (2) = (Im(Wer)z1 + Im(Weps )z + Im(Wes)zs,
Im(wWei )z + Im(Wes)ze + Im(Wes)as, 0).
Now, recall that g(£23) = ¢(gl3(R)) @ 01,2 consists of all matrices of the form

Apogq
p A 1 |, \pgqreR (3.22)
qg -r A

Therefore, the condition that the map ®, lies in g(Q3) for every w € C immediately
yields

Im(Wep1) =0, Im(Wps2) =0, Im(Wps) =0,
which implies ® = 0. Hence, by formula (2.13) we have gy 2 = 0 as required. 0
By estimate (2.7), the second inequality in (2.5), and Lemma 3.8, we see
d(Dg) <13 < 14 =n? -2 (3.23)

(notice that here s = 1). This shows that S(§2, H) cannot in fact be equivalent to
Dg, so Case (2b) contributes nothing to the classification of homogeneous Kobayashi-
hyperbolic n-dimensional manifolds with automorphism group dimension n? — 2.

REMARK 3.9. In Proposition A.3 in the appendix we prove that for v € 9Q3\ {0}
the component g; of the algebra g = g(Dg) is 1-dimensional, which improves estimate
(3.23) to d(Dg) < 11. In fact, it is not hard to see that for the form # introduced in
(3.21) one has dim G(Q3,H) = 3, and therefore dim gg = 4. It then follows that

d(Dg) = dimg_y +dimg_;/, + dim go + dim g; = 10.

REMARK 3.10. We note that for v € 9Q3\{0} the domain Dg is linearly equivalent
to the famous example of a bounded non-symmetric homogeneous domain in C* given
by I. Pyatetskii-Shapiro in 1959 (see [P-S, pp. 26-28]). The 3-dimensional group
G(Q3,H) for H defined in (3.21) is found in [P-S, p. 26].

Case (3). Suppose that k& = 4, n = 4. In this case, after a linear change of
variables S(€2, H) turns into one of the domains

{ZEC4:Imz€Q4},
{ZEC4:Imz€Q5},

{26C4:Imz696}

and therefore is biholomorphic either to B! x B! x B! x B!, or to B! x T3, or to T},
where T3 and Ty are the tube domains defined in (1.1), (1.2). The dimensions of the
automorphism groups of these domains are 12, 13, 15, respectively. As none of the
numbers is equal to 14 = n? — 2, Case (3) contributes nothing to the classification
of homogeneous Kobayashi-hyperbolic n-dimensional manifolds with automorphism
group dimension n? — 2.

The proof of Theorem 1.1 is now complete. O
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Appendix. Here we show that for the domains D3, D4 introduced in (3.3),
(3.9), respectively, we have g = 0 if 8+~ > 0. In addition, we prove that for the
domain Dg defined in (3.19) one has dimgy = 1 if v € 9Q3 \ {0}. These facts can
be utilized for extending our classifications in Theorems 1.1, 1.2 to automorphism
group dimensions less than the critical dimension n? — 2. The proofs below are also
independently interesting as they contain explicit computations with the fairly bulky
formulas supplied by Theorem 2.5, which is rarely seen in the literature.

We start with the domain Ds.

PROPOSITION A.1. If B+~ >0, for g = g(D3) one has g1 = 0.

Proof. We will utilize Theorem 2.5 for the cone {2; and the ;-Hermitian form H
given by (3.4). Consider a symmetric R-bilinear form on R? with values in R2:

a(z,z) = (a},27 + 2a{,2122 + a3y23, a}, 27 + 23,2122 + a3,23) (A1)
where afj € R. Then for a fixed x € R? from (2.14) we compute
Ax(z) = (a%lxlxl + a%2X1x2 + abexl + a%2xQx2,

2 2 2 2 _
ai1X1T1 + a79X1T2 + ajoX2x1 + a22X2x2) =

((a11%1 + afaX2)z1 + (af9X1 + ageX2)T2, (a,X1 + afoXa)x1 + (afaX1 + a3eX2)22)

where € R?. The condition that this map lies in g(€1) for every x € R? is equivalent
to

1 1 _
a1yX1 + azeXo =0,

a?x1 + alyxe =0,
which implies
aj, =0, a3y, =0, a}, =0, aj,=0. (A.2)
Therefore,
Ay () = (alx121, a39Xo1s). (A.3)
Next, let b: C? x C2 — C? be a C-bilinear map:

b(z,w) = (bl z1w1 4 biyz1wa + by 20wy + biyzows,

2 2 2 2
b3 21wy + biyziws + b3 20w + b3yz0ws) |

where b}, € C. Then for a fixed x € R? from (2.15) we find

By(w) = 5 ((byx1 + byyx2)wr + (bipX1 + bagXa)ws,
(bx1 + b3y x2)wn + (biyx1 + b3yxa)ws) .
The condition that Imtr Bx = 0 for all x € R? in (i) in Theorem 2.5 means
Im((b1y + bip)x1 + (bay + b35)x2) = 0,

which leads, in particular, to

Im(b3; + b3,) = 0. (A.4)
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Further, for every fixed pair w, w’ € C? we compute

H(W',b(z, w)) = (aW} (bl w1z1 + blywomy + by wizs + blywazo)+
LW (b2, wiz1 + b2owazy + b3, WiTo + b3 WaTa),
Wi (bl wizy + blywazy + bl wizs + blywams)+
SWhH (b3, wimy + biywory + b3, wias + b3,wazs)) =
(W} (bfy Wi + blawa) + fWy(b] w1 + biywa))z1+
(aW) (b3 W1 + b3y W2) + BW5 (b3, Wi + b3, W)z,
(YW (b1, W1 + biowa) + 0W5(bF w1 + by W)z +

(YW1 (D31 w1 + by wa) + 0W5 (b3, W1 + b3y w2))a2) -
Then from (ii) of Theorem 2.5 we obtain

By w () = (Im(aW} (b}, w1 + b1ow2) + W (0], w1 + b wa))z1 4
Im(aw (by; w1 + bjowa) + SWh (b3, W1 + b3ywa))z2,
I (YW (b, W1 + blyWa) 4 0W5 (b7, W1 + b w2))z1+

Im(yW} (b3, w1 + b3y wa) + W5 (b3, w1 + b3,w2))z2) .
The condition that this map lies in g(£) for all w,w’ € C? means

Im(aW) (b3 W1 + b3y W2) + SWy (b3, w1 + b3,w2)) =0,
0

Im (W) (bhwl + b%2W2) + 5W/2(b%1“’1 + b%2w2)) =Y
which yields

b, =0, by=0, B3 =0, Bb, =0,

A5
b1, =0, by, =0, b7, =0, &b, =0. (A.5)

If each of 8, 7, § is non-zero, it follows from (A.5) that b = 0, therefore By = 0 for all
x € R?, and the requirement that By is associated to A, with respect to H for every
x € R? (see condition (i) in Theorem 2.5) implies a = 0. Thus, g; = 0 as claimed.
Assume now that 8 = 0, hence each of v, § is non-zero, so by (A.5) we have
b%l - O, b}Q == O, b%l - 0, b%Q - O, b%l == 0, b%Q - 0,
and (A.4) yields
Imb3, = 0. (A.6)

Thus,
L2 2
By (w) = 5(0, b5y X2w1 + b35Xaw3). (A.7)

We will now use the requirement that By is associated to Ax with respect to H
for every x € R? as in (i) in Theorem 2.5. On the one hand, from (A.3) we have

AH(w,w') = (al;x10001w], 392 (YW1 W] + FWawh)). (A.8)
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On the other hand, from (A.7) one obtains

1 — —
H(Bx(w), w') + H(w, Bx(w')) = B} (07 5(b§1X2W1 + b§2X2W2)wlg+ (A9)
5@2(()31)(211)/1 + b%2X2w/2)) .
Comparing (A.8) and (A.9), we deduce
aj, =0, a3y =0, b3, =0, Reb3, = 0. (A.10)

By (A.6) and (A.10) we see that a = 0, b = 0, which shows that g; = 0 as claimed.

The cases v = 0 and § = 0 are obtained from the case 8 = 0 by permutation of
variables. O

Next, we will deduce an analogous fact for the domain Dy.
PROPOSITION A.2. If B+~ >0, for g = g(D4) one has g1 = 0.

Proof. We will apply Theorem 2.5 to the cone 7 and ;-Hermitian form (3.10).
Consider a symmetric R-bilinear form on R? with values in R? (see (A.1)). The proof
of Proposition A.1 shows that the coefficients of this form satisfy (A.2). Hence, for
every fixed x € R? the map Ay defined in (2.14) is given by formula (A.3).

Next, let b: C? x C> = C3 be a C-bilinear map:
b(z,w) = (blyz1w1 + biyz1wa + blgz1ws + bl zows + blyzows + bgzows,
b%lzlwl + b%2z1w2 + b%3z1w3 + b%lz'le + b%2z2w2 + b%32'2w3,

3 3 3 3 3 3
bllzlwl + buzlwg + b1321w3 + 52122’11}1 + b2222w2 + 52322’(1}3) ,

where bfj € C. Then for a fixed x € R? from (2.15) we compute

By(w) = 5 ((b11%1 + byyx2)wy + (bioX1 + bggxa)ws + (bigxy + bygxa)ws,

(b2,x1 + b3y x2)wy + (b35x1 + b3oxa)wa + (b23x1 + b3sx2)ws,

(b31%1 + b3y x2)wi + (box1 + b3ox2)ws + (bi3x1 + b3zx2)ws) -
The condition that Imtr By = 0 for all x € R? in (i) in Theorem 2.5 means
Im((byy + by + big)x1 + (byy + by + b33)x2) = 0,
which leads, in particular, to

Im(by; + b3, + bY5) = 0. (A.11)
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Further, for every fixed pair w, w’ € C? we find

H(w', b(x,w)) = (aW’l (bt wimy + blowary + biswixy + by wixg + bl woxa+
biswsxs) + BWh(b3,wWiz1 + bIoWazy + bIsWamy + b3y wixs + blywoxa+
b3 w3za) + BWs (b3, wWiz1 + b3yWaxy + b3 wamy + b Wixg + bigWoza+
b3aw3wa), YW, (bl wiz1 + blgwazy + blswszy + bl wizs + blywaza+
bisW3xa) + 6WhH (b3, wizy + biawozy + bIgwszy + b3 wizs + b3, Wozo+
b3, wW3ma) + W (b3, wixy + b3owaxy + b3 waxy + b3y Wiz + b3 wozo+
b33ws2)) = (W (b1y W1 + biaWa + bizws) + SW5 (0T wi + biwat
bsw3) + BWh (b w1 + biywa + bisws))a1 + (aW) (by; Wi + bgawat
b3sWs) + BW5 (b3 W1 + b3, wa + b33ws) + SW5 (b3 w1 + b3 wa+
b3sws))za, (YW (b1, w1 + biowa + blsws) + W5 (b3, w1 + b3y wa+
bisws) + 0W5 (b, wi + biawa + bisws))z1 + (YW (b Wi + bgawat
b33W3) + W5 (b3 W1 + b3 wo + b33W3) + 6W5 (b3, W1 + by wa+
b3sw3))x2) .

Then from (ii) of Theorem 2.5 we see

Bww (z) = (Im(aW’l (bl w1 + blywa + bigws) + SWh(bF w1 + bIawa + bigws)+
BW5(b w1 + b wa + bisws))z1 + Im(aW) (byy Wi + b3y Wa + bizws)+
Wy (b3, W1 + b3owa + b3sws) + SW5(b3, W1 + b3y W + bisws))za,
Im (YW} (b1, w1 + blowa + bisws) + dWhH (b3, w1 + b3ywa + bIsws)+
W5 (b3, w1 + biawa + b3sws))xq + Im(ywW) (b3, wi + blowa + blaws)+

SWhH (b3, W1 + b3, W + bdsws) + dW5 (b3, w1 + b3, wa + b3gws))ao) .
The condition that this map lies in g(£2;) for all w,w’ € C? is equivalent to

Im(aw (b3 w1 + b3y W2 + bgsws) + BWh (b5, W1 + b3y w2 + b3sws )+
AW (b3, W1 + b3 wa + b3sws)) = 0,

Im(yW’l (bhwl + b%2w2 + b%3W3) + 5WI2(Z)%1W1 + b%QWQ + b%3W3)+
oW (b w1 + by wa + bisws)) =0,

which yields
b, =0, bl,=0, bly=0, pb3 =0, Bb3, =0, Bb3;=0,
Bb3, =0, Bbiy, =0, Bb3;=0, ~vbl, =0, ~bl, =0, ~bl;=0, (A.12)
5K, =0, 0b2, —0, 8% —0, b} =0, bl —0, &bl —0.
If each of 3, 7, ¢ is non-zero, it follows from (A.12) that b = 0, therefore Bx = 0 for all
x € R?, and the requirement that By is associated to Ay with respect to H for every
x € R? (see condition (i) in Theorem 2.5) implies a = 0. Thus, g1 = 0 as required.
Assume now that 8 = 0, hence each of 7, § is non-zero, and by (A.12) we have
bl =0, bl, =0, bly =0, b}, =0, bl, =0, bl; =0,
b%l = 07 b%Q = 07 b%S = Oa b%l = 07 b?Q = Oa bi)3 =0.
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Thus,

b(z, w) = (0,3 20w1 + b3yz0w2 + b3320ws3, (A.13)
b3, 20w + b3y z0ws + b3gz0w3) '
and

By« (w) (0 b21wa1 + b22x2w2 + b23wa3,

l\D\*—‘

(A.14)
b21x2w1 + ngXQUJQ + bgg)(ng) .

We will now utilize the requirement that By is associated to Ax with respect to
H for every x € R? as in (i) in Theorem 2.5. On the one hand, from (A.3) we have

AH(w,w') = (a];x10W1w), a3eX2 (YW1W) + dWawh + SW3ws)). (A.15)

On the other hand, from (A.14) one obtains

H(Bx(w), w") + H(w, Bx(w'")) = % (0, 5oy XoT1 + Doy XoTa+
b Xo W3 )W) + 0 (bay Xo 1 + bggXaT + bagXaTs)wh + 0o (b x0w,+  (A.16)
b3yxawh + b3sxowh) 4 0ws (b3 x0w] + b3yxawh + bisxow})) .
Comparing (A.15) and (A.16), we deduce
ai; =0, a3, =0, b3, =0, b3, =0, (A.17)

in particular, a = 0.
By (A.17), formula (A.13) simplifies as

b(z,w) = (0, 3922w + biszows, by zows + b 20w3),
and we will now use condition (iii) in Theorem 2.5. We have
b(H(w', w”),w") = (0, (v w! + dwhwy + swhw ) (b3,wh + bizwy),
(ywywy + dwhwy + swiwy) (biawy + b3zws))
therefore

H(w, b(H(w',w"),w"”)) = (0, 0wz (ywjw] + dwhwy + dwhw})x
(B + Vo) + Oy + Sy + ) By + ) .
On the other hand
b(H(w”, w),w') = (0, (v wi + sWyws + Swiws)(b3,wh + blzwh),
(Y@ w1 + dWyws + dwyws) (b3aw) + b3zw3))
hence
H(b(H(w" ,w),w),w") = (0, 5(yw{w; + dwiws + dwhws)x
(5;2E2 + b23E3)w2 + 0(yw{W + owyW2 + SwyWws) X (A.19)

(b22m2 + bzsmé)w@ .
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Comparing (A.18) and (A.19) we see that b3, = 0, b3; = 0, b3, = 0, b3; = 0 and
therefore b = 0. This proves that g; = 0 as claimed.
Suppose now that v = 0, hence each of 3,4 is non-zero. By (A.12) we then have

b%l =0, b%z =0, b%s =0, b%1 =0, b%z =0, b%s =0, b§1 =0, b%z =0,
b§3 =0, b:1)’1 =0, b%z =0, b:1)’3 =0, b%l =0, bgz =0, b%3 =0,
and (A.11) implies
Imbi, = 0. (A.20)
Thus,
1

By (w) = 5 (b1 x1w1 4 bioxiwa + bigxiws, 0,0). (A.21)

We will now recall that By is associated to A, with respect to H for every x € R2.
On the one hand, from (A.3) we have

AH(w,w') = (a}yx1 (0wiw] 4+ Bwawh 4+ Bwzws), azeXs(6Wawh + dwswy)). (A.22)

On the other hand, from (A.21) one obtains

1 _ _
H(Bx(w), w') + H(w, Bx(w')) = (a(b}1x1w1 4 ByyX 1 Wa+

i (A.23)

blgxlwg)w’l + awq (bhxlw’l + bbxlwé + b%gxlw’g), 0) .
Comparing (A.22) and (A.23), we see

al; =0, a3y =0, Reb}; =0, bj, =0, bjy = 0. (A.24)

By (A.20), (A.24) it follows that a = 0, b = 0, which shows that g; = 0.
To complete the proof, notice that the case § = 0 is obtained from the case 5 =0
by permutation of variables. O

Finally, we consider the domain Dg.
PROPOSITION A.3. If v € 9Q3 \ {0}, for g = g(Ds) one has dimgy = 1.

Proof. As in the proof of Lemma 3.8, we assume that v = (1,1,0). We will utilize
Theorem 2.5 for the cone Q3 and the Q3-Hermitian form H defined in (3.21).
Let b: C3 x C — C be a C-bilinear map:

b(z,w) = (b1z1 + baza + b3zs)w,
where b; € C. For every fixed pair w,w’ € C we compute
H(W', b(z,w)) = (Ww(bi1z1 + bowa + b3xs), W w(bix1 + bawa + bszs),0),
with z € R3. Then from (ii) of Theorem 2.5 we obtain

Bw,w’ (x) = (Im(blw’w)xl + Im(bQW/W)JJg + Im(bgw/w),fg,

Im(blwlw)xl + Im(bQW/W){EQ + Im(bgw'w)xg, O) .
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By (3.22), the condition that this map lies in g(€23) for all w,w’ € C immediately
yields
Im(byw'w) =0, Im(byww) =0, Im(bsW'w) =0,
hence b = 0.
Next, consider a symmetric R-bilinear form on R? with values in R3:
a(x,x) = (ahx% + 2aiym1 29 + 20137123 + adew3 + 2ad57073 + adq3,
a3 23 + 20352170 + 20351173 + ade73 + 20351003 + adyad,
a3 23 + 2033120 + 20357123 + a3,x3 + 2a33w0w3 + adzad)

where af; € R. Then for a fixed x € R? from (2.14) we compute

Ax(z) = (af;x121 + alyX1@ + alyXow1 + alsX123 + aj3X3T1 + a3oXoTo+
a%3X2:E3 + a%3X3:E2 + a§3X3:103, a%lxlxl + a%2X1x2 + (I%znglfl + af3x1x3—|—
a%3X3:E1 + a%QX2:E2 + a%3X2$3 + aggx;),xg + a§3X3:E3, a?lxlxl + a?2x1x2—|—
a?2x2:171 + a??,xl:z:g + a?3X3:171 + a§2x2:172 + a§3x2:173 + a§3X3:172 + a§3X3:173) =
((af1x1 + ajpX2 + ajzXs)z + (alpX1 + agpXe + a3sXs)za + (ai3X1 + agsXo+
a33X3)xs, (ai; X1 + aiyXe + aisxs)ar + (alyX1 + a3,%2 + adsx3)2e + (afsxi+
a3sX2 + a3sXs)rs, (i, X1 + afyXe + afsxs)T1 + (afyX1 + adyXo + ajxs)vat
(asx1 + a3sxz + ajsxs)as)
where z € R3. By (3.22), the condition that this map lies in g(Q23) for every x € R3
is equivalent to
al;x1 + ajyoxa + alyxs = alyxy + adyxa + adsxz =
afsxi + a3sx2 + aisxs,
atoyxy + adoxo + adsxs = a? xq + adyxs + a?sxs, (A.25)

3 3 3
a11X1 + ai9X2 + a13X3,

1 1 1
a13X1 + azzXz + agzXs
2 2 2 o — 3 3 3
ai3X1 + a55Xa + a33Xs = —(afyX1 + a39X2 + a33X3).
Further, recalling that any map b : C3 x C — C as above is zero, we will utilize

the condition that the zero matrix is associated to Ay for every x € R? as in (i) of
Theorem 2.5. This condition means

1 1 1
—(a11x1 + ajox2 + aj3xs),

aloyXy + adoxa + adsxs (A.26)

2 2 2 — 3 3 3
a13X1 + a23X2 + a33X3 = a11X1 + a12X2 + a13X3.

Combining identities (A.25) and (A.26), we obtain the following relations for the
coeflicients of the form a:

i _.2 .3 1 _ .2 _ .3 1 _ .92 _ 3 1 _ 92 1 _ 2 1 _ 2
ay) = Qyp = Gjy3, g = Ay = Ug3, Aj3 = A3 = (33, A1y = A7y, A9 = A7, A3 = A73,
i .3 .1 _.3 1 _ .3 2 _ .3 o _ .3 o _ .3 1 _ ]
i3 = A7y, Qg3 = A9, 33 = A13, A13 = —Qjg, 33 = —0Aa3, A33 = —0A33, 13 = —ajy,
1
5P)

1 1 _ 1 .2 _ .3 2 _ .3 2 _ 3
—0Qjg, 3 = —ay3, A13 = A1y, Q23 = G792, A33 = A73.

By the above relations, each coefficient of a either is zero or is equal to 4-a}; as follows:

1 _ 1 1 _ 1 _ 1 1 _ 1 _ 1

a1g = —ayy, a13 =0, azy = ayy, azz =0, azg = ayy,
2 _ 1,2 .1 .2 2 _ 1.2
ay; = —aqy, @iy = Gy, a7z =0, a3y = —ayy, a3z = 0,

2 _ 1 .3 _ 3 _ 3 _ 1 .3 _ 3 1 .3 _
agzg = ayy, ay; =0, afy =0, afs = ayy, a3y =0, a3y = —ayy, az3 = 0.
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Therefore
a(z,z) = ayy ((x1 — 22)° + 23, —(x1 — 22)* + 23, 2(71 — 72)73) -

This shows that dim g; = 1 as required. O
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