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AN EXPLICIT RICCI POTENTIAL FOR THE UNIVERSAL MODULI
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Abstract. In this paper we modify our coordinate construction in [5] on the universal moduli
space of pair consisting of a Riemann surfaces and a stable holomorphic bundles on the Riemann
surface, so as to produce a new set of coordinates, which are in fact Kéahler coordinates on this
universal moduli space. Using our Kahler coordinates, we are able to give a functional determinant
formula for the Ricci potential of the universal moduli space. As a corollary we compute the first
Chern-class of the universal moduli space.
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1. Introduction. In this paper we modify the coordinates construction from [5]
for M’; the smooth part of the universal moduli space of pairs of a Riemann surface
and a rank n and degree k holomorphic vector bundle on the Riemann surface. Our
coordinates in [5] are not Kéhler coordinates. To construct Kahler coordinates in a
neighborhood of any (X, E) € M’, we follow the method presented in [5], which in
turn is a generalisation of the pioneering coordinate constructions of Takhtajan and
Zograf [11, 12, 13, 14], namely we seek a smooth family of principal bundle maps

X*® 1 H x GL(n,C) — H x GL(n,C)

parametrised by p @ v in a small neigborhood of 0 in H*(X,TX) ® H'(X,EndE).
For each p @ v we then get a corresponding point in M’ given by the formula

(P ) (7) = (X*® 0 ) (pw, p) (1) (X" ®¥) L (1)

As a smooth manifolds, we recall that
M =T x M,

by the Narasimhan-Seshadri theorem (see [9]), where T is Teichmiiller space and
M’ is the moduli space of flat irreducible U (n)-connections with holonomy e27*%/™ Id
around a marked point on the surface and say (pm, pg) correspond to (X, E) under
this identification. Hence, we see that there is a natural symplectic structure on M’,
namely

WM = prwT + AW,

where w7 is the Weil-Petersson symplectic form on 7, wy is the Narasimhan-Atiyah-
Bott-Goldman symplectic form on M’, py is the projection onto T and py is the
projection onto M’.
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In this paper we prove the following theorem, which gives us local coordinates
around any pair (pm, pg) € T x M.

THEOREM 1.1. For all sufficiently small p & v € HY (X, TX) ® H' (X, EndE)
there exist a unique bundle map x*® such that
1. The bundle map x*® solves

3 L v v
Ix"® = (u— g5t @ v)  Oux"® + dgLn.o) X' v (2)

2

where v is considered a left-invariant vector field on GL(n,C) at each point
in H and gx is the hyperbolic metric of X.
2. The base map extends to the boundary of H and fizes 0,1 and oc.
3. The pair of representations (ph?”, ph®) defined by equation (1) represents a
point in T x M.
4. parin,c)(X"®" (20, €)) has determinant 1 and is positive definite.
We remark that the conditions in this theorem are identical to the ones in Theorem
1.1 in [5], except for the term —%Q;{ltw ® v in equation (2). We establish that even
though we add this term, we still get complex coordinates in a neigborhood of (pm, pg),
and a further calculation show that these are indeed Kéahler coordinates as opposed
to the coordinates introduced in [5]'. We summarice this in the following theorem.

THEOREM 1.2. For all pairs (pu, pg) € T X M’, the coordinates

(1, v) = (P ),

for (m,v) runing in a certain open neighbourhood of zero in HY(X,TX) @
HY(X,EndE) are local Kihler coordinates on (M’ wpq).

REMARK 1.3. If we consider our coordinates based at a point where det E = O
then restricting the construction of coordiantes to HY(X,TX) @ H'(X,AdE) will
give coordinates on the moduli space of pairs consisting of Riemann surfaces and
holomorphic vector bundles with trivial determinant, M¢,.

Let us denote the Kéhler metric on (M’;war) by gar. The Ricei (1, 1)-form
of this metric is denote by Ric''. Further we let Ag denote the Laplacian acting
on 1-forms on X and let Aaqr be the Laplacian acting on 1-forms twisted by the
bundle AdF with the flat connection induced from pgr. We now consider the function

F € C>(M'’) given by
1
F(pm, pE) = §logdetAAdEdetAo. (3)

The second main result of this paper is that F' is a Ricci potential of (M, gy, )-

THEOREM 1.4. The function F is a Ricci potential for the metric gy on M),
e.g. it fulfils the following equation

n2

= n
2i00F = Ric"' — —wyy — —wr
20 M T 12T
In particular, the cohomology class of the Ricci form, e.g. the first Chern class of the
2
universal moduli space is s=wpr + 5-WT-
In our paper [6] we will use of this formula to compute the curvature of the Hitchin
connection.

'We would like to thank Peter Zograf for asking us if the coordinates in [5] are Kéhler or not.
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2. Kahler Coordinates for the universal moduli space. In order to con-
struct coordinates we will map a small neighbourhood of zero of the tangent space
onto an open subset of the moduli space M’ of pairs of a Riemann structure on X
and a rank n degree k stable vector bundle over this Riemann surface. We will in
fact consider marked Riemann surfaces and thus this moduli space is diffeomorphic
to the product of the Teichmiiller space of ¥, T, with the moduli space of irreducible
flat connections on ¥ — p with holonomy around p given by eI , M'. By the
Narasimhan-Seshadri theorem, the space M’ can be given a complex structure Jix;
by identifying it with the space of stable holomorphic bundles of rank n and degree
k, M, 1 (X) for any [X] € T. This gives an almost complex structure which is in fact
integrable [4]. As we established in [5], we have that these two complex structure are
the same.

PROPOSITION 2.1. The almost complex structure J is in fact the complex analytic
structure this space gets from the Narasimhan-Seshadri diffeomorphism

U (TxM,J)— M
e.g. this map is complex analytic.

For the details of the proof see [5]. The idea of the proof is to construct a
holomorphic family of Riemann surfaces, all with a bundle given by the same U(n)-
representation pgp. To do so, consider Teichmiiller space cartesian product with H x C"™
and take the fiberwise sheaf theoretic quotient with respect to the action of pg x
pg for pg running through a component of hom(m;, PSL(2,R)) which corresponds
to Teichmiller space. After division by the conjugation action of PSL(2,R), this
family let us split the tangent space at each point in the moduli space of pairs and
identify the holomorphic tangent space of the moduli space of pairs with H'(X, TX)®
HY(X,EndE) at (X, E) € M. In what follows we will always identify these spaces
with harmonic (0, 1)-forms.

We recall that we have chosen the representation py giving the Riemann surface
X and we can think of the representation pg as an irreducible U(n)-representation of
7$"(X,,), where the elliptic element is mapped to e~ "% I and where X, is the orbifold
cover of X completely ramified over a single point with ramification index n. We
consider H as the cover of X, and pick zg as a point in H covering our ramified point in
X,,. We will now proceed to construct the maps x*®" : Hx GL(n, C) — Hx GL(n, C)
for each p & v in a small neighborhood of 0 in H*(X,TX) & H'(X,EndE). We then
define a new point in M by (1).

Compared to [5] we have introduced the additional term _71 f];(ltl"l/ ® v, in the
equation for y*®¥, where gy will be used both as the metric tensor and in integrals
as the metric density.

We construct the maps x*®” as follows.

Proof of Theorem 1.1. These equations split in two equations, namely one for
49 . H — H and one for x4%” : H x GL(n,C) — GL(n, C) as follows

a v 1__ v

O™ = (u— §gxltrV®V) Ot (4)
o 1 ) y

Ouxs™ = (n— SIx @) O™ + daLnoyxs ™" - v. (5)

Since p — % g;(ltru ® v is an analytic family of Beltrami differential, Bers has shown
we can solve the first equation and that the suitably normalised solution depends
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analytic on the family of Beltrami differentials. The second equation is solved by first
finding the antiholomorphic solution to

O =X .

This can be done, since H is simply connected and v is a harmonic (0, 1)-form and
so the equation (5) can be thought of as the equation for a trivialization for a flat
connection, where y"' P is the gauge transformation relating this connection to the
trivial one on H. Then we define the representation

T (y) = XM (v2)p(v) (M (2))

Since E is stable, we conclude for p @ v small that r#® define a stable bundle on
X,ov(=H/pf; 69”) This means we can find a holomorphic gauge transformation, x*’ o
on X,y so as to make the representation 7" admissible. Now using the defining
differential equations we find that X“QBV o XW® € ker(Fy — (u — 155 trv?)0). Also
since it is independent of GL(n, C) we see that (x//™" o x}/“")x"®" solve (5). And we
have that

X P XD (pr ()2, €)pe (1) Y 0 XEPVXP (2,€)) 7
= XA O (o () OGP ) 7L2), )Y ()Y (2,€)) T = PR (),

since the conjugation by the gauge transformation does not depend on which base
point we chose, and so we choose (Y*®”)~!(z) in the second to last equality instead
of z.

So we get an admissible representation, finally we can normalise the choises by
requireing that x; fix 0,1, 00 and y2(29) is a positive definite matrix of determinant

1 at Zo.D

By the implicit function theorem it follow that

THEOREM 2.2. The assignment p ® v+ (ol ph?”) gives complex analytic
coordinates for M’ in a small neighboorhood of ([X],[E]) € M.

Alternatively this can be seen from the calculation of the Kodaira-Spencer maps
in the next section, which shows the coordinates are in fact holomorphic coordinates.

2.1. The Kodaira-Spencer map. Let us now consider the Kodaira-Spencer
map at any point of our coordinates.

LEMMA 2.3. The Kodaira-Spencer map in our coordinates is given by
Wi — g);l triv
KSuew(n ©11) = Prx <(X’f®”)* 1#) o
Penap ((X‘feay) " Adxg P (Vl + (11 = G, VNG " oy X%BV))
when we identify HY(X,TX) ® HY(X,EndE), with the harmonic (0,1)-forms. Here

Prx s the projection on the harmonic Beltrami differentials on X and Pgnag is the
projection on harmonic (0, 1)-forms with values in EndE.
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Proof. The Kodaira-Spencer class as a harmonic Beltrami differential for the first
factor is given by the harmonic projection of

= d
g L e(p1®v1)+pdr nevy—1
H de e=0 ! ’ (Xl )
d 1% v v v
= | (@EPETE o () )
€le=0

(OG0 () o0 )

Now we rewrite this using the differential equation

v 1 v
X" = (u = ox " tr(v))oxy™”.

This equation also imply that

v 1 _— v v
) == (- §gxlt1“l/2))0(x‘f69 )TrOOEE)
which let us conclude that
d 124 v vy —
a]H da i(m@ 1)+ud o (X;fea ) 1
E=
d e(p1®v1)+pudr I 4 o ndv ndv
= E | (—(3x1 (= 59x trr7)) o (™)™ LAt

1 _ 1% v vy — 7’/
+ (u+8u1 = 95"t e T o () T

Now all terms contain € and so it is clear that the derivativ is
- d

O e

€ e=0
= (Ml 9x tr(Vyl) 8X#®V> o #@V)fl

b o) 1
1 |/1'| 6le v

e(p1®v1)+pdr Hory—1
o(x1")

For the second part, we have that the Kodiara-Spencer class is the harmonic
representative of (for details see Lemma 3.1. of [5])

d 124 1% 1% 1%
O lemxs T () T o ()

T emoAd(OE™) 0 (™) (GO o ()
a(x;’“@””*“@” o () )).
We use the differential equations for x4 and x}®" to see that

a d v v vy—1 v
a(@szox;“l@ DG o ()

= _|5 o(Ad((x “®”)((X§(m®m)+#@y)_l

2
(epr — eg; Mtrvy — 3tw1 )OX5 Sl @) +udy

TR () cp)) o (WP THOOETY) L.
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Now again all terms contain a factor of € and so the derivativ is

d

O L5 T (=) T 0 ()

X1
= () A (0 + (G )G B ).
a

2.2. Properties of y*®” and derivatives of families of operators. To un-
derstand the metric and to find a Ricci potential, we differentiate our coordinate
functions. We have the following formulae

LEMMA 2.4. The following equations hold

d e(WBVI\T . e(udr)\ _
d€|a:0 ((X2 )" Xa ) =0,

_|6 0(9 e(pdv) _ _T

Proof. To show the first equality, we first observe that by definition we have that

pdv pev

PP (y) = (E® 0 pu(1) T pe(NxE® = X8 0 pu(y) = pe(MXES 0 (1)

thus we get that
(OGN TR 0 pri(y) = AdpP® (7) () T e,

We observe that (Xz(“®u))TX;(”®V) is a section of EHdEps(ueau) over Xy. Next we
E

calculate

v v d v T d v v T
A0—|s 0()(2(#EB ))TXE(“69 ) =Ay (£|5_0X5_(#EB " E'E_ Xi(#ea ) Xi(w )

1% 174 d 174
7|E oS o (S d€|s:0Xi(u® >) .

Since the first and last term are harmonic, Ag annihilate them. For the two middle
terms we use that

1 ~ v v
(0~ (en— §gxtr(w)2)5)xi(“69 o xi® ) =0

and so we have that

e(uBVINT . e(udr) aa. 0(pdv) 0( @u)T
Do Ia oINS = —pddx T o x

— @S o X JHE) = g,
since x| Qo) _ 1,

Hence we get that 2|._g (GHENTAEEEY) mugt be a multiple of the identity

though of as a section of the bundle EndEquBu From the determinant criterium we
E
find that

|E o det (( a(MEDV))TX;(HGBV)) E(N@V))TX;(M@V)'

= tr£| (
= de e=0\X2
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Thus the above multiple of the identity is zero. This show the first statement in the
lemma. To obtain the second equation, we compute that

a d Dr (12 d Dr d a Dr
0— 3£|a:0(>(;(# ))Txg(# ) _ Ekzo(axz(# ))T + £|azoaxz(“ )

and then the second claim follows from
d
de

a v d 1 ~— v
|e—0dx5 ) = %E:O(@#l - igxltr(€V1)2)3X§(“® ' enxg

(ndv) _ .
On the space of all families of operators
peney) . LQ(XE(“®”), EndEs#®v) & Q; (XE(#GBV)))
— LX) End E°0) @ Q, (X))

we define the connection L, ., as follows

d V)\— v v v — v
L F = o Jemo(Adya ™) 71 (G0 &) plin ) (G0 E)) Ay o)

where (x;“*®")), refers to pull back of forms. We also write Ly, ¢, when we differ-

entiate along anti-holomorphic vector fields, e.g. when we replace € by & derivatives
above.

LEMMA 2.5. We have the following formula for the derivative of the d operator
acting on sections of EndE and for 0* acting on EndE valued (0,1)-forms

Lm@ylg = advy — 0, Lul@ylé =0,
Lpd@ylg* = O, L#l@”lg* = — *adyl * —8*,&1.

Proof. We show the first identity as follows
d y . B o )
£|E:O(Adxg(#® ))—I(Xi(MGB 1))*68(111691/1)()(?(#169 1))* 1Adxg(#@ ) _
d e . B S )
ElEZO(AdX;(#GB )) I(X?(MGB 1))*6(X(1J(#1€9 1))>~< lAdXZ(#EB )

d v — v a v — v
o lemo (ARG ) A )OO T ARG,

From [13][Equation (2.6)] we know that the variation d%|5:0()(§(”1®y1))*
g(xi(m@”l));l = —pud, since the computation is the same just using the Beltrami
differential 1 — £gx,trvf and

d 1.

£|a:0<€ﬂ1 - ngotf(€V1)2 = 1.

For the second term we find, using in the second equality of the defining differential
equation for ys, that

d V)\—149 v d 3 V)\—149a v
£|5:0(Adxg(#® )) 18Adx§(”® ) _ £|5:03— (adxz(‘@ )) 18X§(u® )

d B o }
= £|s:0ad ((6#1 - gxltr(5V1)2)(X§(“® )) 18X§(u® ) + 5u1> — ady.

Putting these two equations together shows the first equality, the rest is shown simi-
larly. O
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3. Derivatives of the metric. We now want to study the metric in our local
coordinates. Pick a base point ([X],[E]) € M and choose a basis of H'(X,TX) @
H'(X,EndE) which is orthonormal. The metric is given by the following expression
at some p® v € HY(X,TX)® H'(X,EndE) small enough by

Guew (1 ® V1, pe ® v2)

~_1 ~ 1
) M =gy, triy _ M2 — gy, trvar )
ZZ/ Prx ((XT®”)*I$> ((x‘f@”)*l$ TX 0
b

1—|pf? 1—|pf?

+ z/ tr (PEndE (Ad (™) ™) (V1 + (m — é}ieutrvw)xé‘@”@mxé‘@”))
>

APgndE (Ad ((x‘f@”):lx’z‘@”) (Vz + (p2 — §§i@uthwx‘2‘@”8mx5®”))> .
By using that the harmonic projections are projections we find that

Guav(pn O Vi, p2 ® v2)

~—1 ~_1
) LM —0gx VtI‘I/1V L1 M2 = 0gx VtI‘VQI/~
ZZ/PTX O ) — | () X,
> 1—|pl 1 — |y

— T
+i / tr<(Ad(xg@”) Adx’;@”> (AdxE®) 1A
b

Penae ((Xﬁ@y)llAdXé‘@V (Vl + (- §§i@utrV1V)X5®”3HX§L®V))

Ave + (2 = Gxp, trr2v)X5 " O "

LEMMA 3.1. The first derivatives of the metric in the local coordinates vanishes,
e.g. the coordinates are Kdhler coordinates.

Proof. We will now show that

d
%|5:095(M@u) (,Ml b v, U2 b VQ) =0.

We obsgrve tlgat the L,g,-derivaties of the projections Pgnqr are given by
P(L,5,0)A; ' 0* and therefore they annihilate harmonic forms. Also we have that

d e(udv r e(udv
£|€:0 Ad(Xz ) Adx, )] =0

from Lemma 2.4. Since trvqv(xh™")~1ox4®"” vanish to second order at 0, it does not

contribute. And so we have that the only contribution is

d . -1 .
PR (1 ®vi,pe ®ra) =i E(—QXH@UUVW)MQX#@V

—T
—I—i/ tr(vy A pe™ ) = 0.
)

The &-derivative is calculated similarly. O
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THEOREM 3.2. We have the following formula for the second order derivatives
of the metric

d2

derdzs c(uaw) (U3 © V3, fa © 1g)

e= O

tr((—p10 + advy) Ay (0" iz — *advox)vs A D}

I
|
~.
4

tr(adAy* ((—%)adve x vy — %(Op173 ) — *(Ofiarr))vs A7} )

| |

—1 ,ulﬂg tTVg A DI
tr(advy + p10) A, 0% uay Aoy

t’l“/Lg(aA ( [*’Ulyz] — *(6/1415;) — *(éﬂzyl)) A\ ﬂz

~.

triiapizvs ATz

— z/ trOA; (= % advy % —0* p2)vs A figy
b3

— T
— Z/ trvg A\ /L4((9Aal(*[*’l)2y1] — *(6/14217?) — *(6/7,1V2))
>

. -7 .
—l/ trvg A 41 flao —l/ truzvy A vz
) o)
. _ 1._ o _
- Z/(M1N2 + (Ao + 5) 1(u1uzgxi@u))gxu@u
oY

—i / (110" (Aoc) ™ Ofizp3) 14 GX e, - (6)
>

This formula follows from [5], since these new coordinates are related to our
coordinates in [5] modulo a quadratic holomorphic coordinate change, up to second
order. Alternatively the same computations can be done using the properties of 2.2.

We can now conclude that the Ricci form is given by

THEOREM 3.3. We have that
Rictt (m @ w1, fia © 7y ) = —itr(—(p fio + pndAG 19" fi2) Prx)
- itrE((adA(I}E(*[*yl, v)) — adulAg)}E * advox) Pendg)
— itrE((adA&{E(ﬁ*ﬂlﬂzT) + ulaA&}; *x advox) Pendg)
— itrE((adAgl(é*ﬂgul) + adulA&};a*ﬂg)PEndE)
— itrg(p1 Penap 2 Pende),
where Pgnag is the projection on harmonic (1,0)-forms with values in EndFE.

Proof. We denote the martix that represent the metric in our local coordi-
nates by G. Since we have Kéhler coordinates we know that G|ogo = I and that
4| _0Ge(uav) = 0 and so

Rict! = —iddlog det G
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and so we need to calculate:

d? L &2

——|e=ologdet G = trG™ " ——|.=0G.
dedz o0 los de O
Here only the diagonal terms contribute (vs = v4 and py = p2), which are the first
three terms in (6) and the last two terms. To illustrate how this work we look at the
first integral.

We have that Pghapr = Zl g(v, v;)v;, since we chose v; to be a orthonormal basis.
And so we have that ), g(F(v),v;) = tr(F Pgaag). This imply that

—i/ tr((—p10 4 advy) Ay 1 (9% fis — xadvax)vs A 7]
by
= tr((—ula + adl/l)Ao_l(—a*ﬂz — *adl/g*)PEndE).

Multiplying out the parethesis we get the last term in the middel three traces in the
theorem and additionally the term tr((—pu;9)Ag*(—0*fia) Penar), which is a compo-
nent in the last trace, since

(11 Penapita = pafisld — (=1 0) Ay (=0*fi2).
Repeating with all the remaining integrals and collection together terms we get the
idendity for the Ricci form. O

4. Ricci potential. Recall that the manifold M’ = T x M’ is equipped with the
Kahler structure, where the symplectic structure is a sum of the pull back of two sym-
plectic forms, namely the Weil-Petersen symplectic form on 7 and the Narasimhan-
Atiyah-Bott-Goldman symplectic form on M’. For each ¢ € T, we know that M’
equipped with the Narasimhan-Atiyah-Bott-Goldman symplectic form and the com-
plex structure induced by o, has Ricci potential logdet Apqg. For Teichmiiller space,
the Ricci potential is logdet Ay where A is the Laplace-operator on function on X
of course depending on o € T.

In the following, when we vary the determinant of the Laplace operator, we will
express it as integrals. For this purpose we use the integral kernel of the Laplace
operator on functions with values in AdE. We consider the kernel as an equivariant
function on the cover G : H x H — AdC"™. To make the integrals converge, the
singularity of G on the diagonal will be cancels by the kernel @ : H x H — cr’-1,
This is the kernel of the Laplace operator on H with values in C™¥~1! and is given by

1 |z — 2|
Qz.2) = =5 log <|Z — Z/|> Idgne .

We will also write our integrals over X. This makes sense, since the kernels are defined
on X, but another interpretation is to integrate over a fundamental domain in H.

LEMMA 4.1. The first order derivativs of logdet Aaqr in the direction v €
HOD (X, AdE) (and its complex conjugate) at (X, E) € M are

O, logdet A gyp = —i/ tradv A (0'(G(z,2") — Q(2,2))) | o=,
)

Oyr logdet A ygp = z/ trado” A (8 (G(z,2") — Q(2,2)))) |omsr
)
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Moreover, for p € HY(X,T), we have that

9, logdet A pqp = —i/ utr(00'(G(z,2") — Q(2,2")))|s=sr -
)

Proof. The first equation follows from [11, Lemma 3], since the coordinates of
[11] and ours agree, when we stay in the fiber over X. The second equation follows
since logdet Apqg is real by the self adjointness of Axgg.

The last equation we can verify by an argument similar to the verification of
[13, Lemma 3], keeping in mind that we need to work with the Selberg zeta function
Z(pu, padE, s) and using our coordinates agree with Bers’ coordinates on 7 x pg. O

Now the second order derivatives can be calculated as follows.
THEOREM 4.2. Second order variation of logdet Aaqr are

5;,;8,,1 logdet Apqp = tr((ad(AOfE * [k, 9] — adylA&}E * advox) Pendr)

2ni

= —wmr (v1, 12),
2T
8,7; Op, logdet Aaqr = tr((ad(Ag)}Ea*mﬂg) + ,uaAO_)lE * advox) Pende),
_ _ B (n? —1)i
05y Oy, logdet Apap = —tr(p Pendefi2 Pendre) — TWT(MLM)-

Proof. The formula for 5172: 0y, logdet Apgp follows from [11, Theorem 2], since
the coordinates agree with the coordinates of [11] up to a second order holomorphic
coordinate change.

For the second equation recall that p9®”

is represented by
b ® PRETEAQUEE™ (u(U55) 1 ugEe)
and so we have from Lemma 4.1 that
z'gf,; Ou, logdet Axgp
= o [ (00 Gle.) = Q)
+/EadPEndEAdxg®8”(u(xo®5y)glaxg®6”)
AN (G ) = Qa2 ) ams ).
Now conjucation by x3%%”(z) under the trace we find that
ig,;zT Ou, logdet Aaap
= deleo ([ it GEP g () 100/ (G, ) = Qe
+/EadPEndEAdX(Q)EBEV(M(XOEDEV)Q—laX(Q)EBEV)

NI (Gz,2) = Q2 2))) |z ).
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Now the second term vanish unless we differentiate 9x5%*” and for the first term we

have that we need to consider
—ix57 (2)0(x37% (2)) XA ()X (2) T (G2, 2') — Q(, 7).

By Lemma 2.5 we find that the & derivative of x5%(2)0(x3%%"(2))~! is
advd 0'(G(z,2") — Q(z, 2")). For X532 (2)x 99" (2/) 10" (G(z, 2') — Q(2, 2")) an explicit
calculation like in the proof of [11, Theorem 1] give that

-T
advy

0Pev O0Bev/ \—14g9/ A
X2 (2)xe ()T OQ(z, 7)) = o

which has trace 0 and so the variation of the term —ix5%*" (2)x5% (')~ 19'G(z, 2')

is finite and by the relations in Lemma 2.5 we find the &-derivative is — [, G(z,2") x
adwa(2") x P(2",2)%', which is the kernel of —Aj* * advs * Peyap. This leads us to

ié,;g@m logdet Axqr = (/ ptr(advd A &(G(z,2') — Q(z,2)
)
+ 3/ G(z,2") % adva(2") % P(2",2)") |
5
= [ oo () A (Gl ) = Qe Dl )
5

Now using that Penag(uvd) = (I — 5A&}35*MDQT) and that 0 [, G(z,2") xadva(2") x
P(2",2)%1)|,=. is finite on the diagonal, we find that

By O log det Apqs = +i / ad(DA5 L0 uil) A (9(G (2, #) — Q(2, 7)) e
>
+ tr(uaAo_j; * adrg x PEndE)-

Now we can move the J-operator in the first term past the wedge product to get a
term of the form

(G —Q))s== = (0 + )0 (G — Q))|s==-
In [11] the Q terms are calculated and shown to be a multiple of Iaqr and further
we have that —i0'0'G = 0, since there are no holomorphic sections of AdE. Finally
—00'G = P(z,2') when z # 2. And so we get that
555 8#1 log det ArdE = tI‘((A(IlEg*,uﬂQT)PEndE + uaA&lE * adyg x PEndE)-

Finally 5,12 Ou, logdet Aaar can be calculated as follows

_ d _ M1
1y, log det Apap = ~—|c—g | P e
a0 ot Bz = o [ Pro (077700
tr(91290(9) 20 (GHH2P0 (2, ) — QH20(2,2)) =
d _
+ d—g_lszo/ Penap ((X?WEBO)* lAdXZMGBOMngM@OaJHX;M690)
3

AN(O'(G(z,2') — Q(z,2))]s=st -
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From 2.4 we have that the second term vanish since both dx5"*®° and d%|8:08x§” 2®0

vanish. For the first term we make a change of coordinates with (x‘fﬁo)_l, then
OFH2®0(9)em2 @0 (Ger2®0 (5 21y — QH2P0(z 2")) becomes

(9100 (GO0 (2). X0 () = QU0 (2). X2 °(2))).
After that we conjugate by x5"2%°(z) under the trace and move them under the
evalutation on the diagonal with different variable, this gives when we do the & dif-
ferentiation L,,qo of the kernel and we arrive at the following formula

i(’;ﬁz Oy, logdet Aaap

- / 10(L 1y 00(00' (G2, ') — Q(2,2)))] o

# [ EumsoPrx (62007 ) r(00/(6e. ) = Qe )

_ 9
We then find that trL,,000'Q(z,2') = %y}l), since our @ is just Iaqz times

the Q from [14, section 4.4], where the computation is done. This means that L,,q0—
100'G(z,2) is finite as well and since it is the kernel of the operator 8A0_71E8*, we see
that the variation is

Ly,e0 — 100'G(2,2") = ia(I — Penag) + 3Aa};3*ﬂ2PEndE = pol — (Penapfi2 PendE)-
Since we know [5, p1tr(Ly,e0(00'(G(2, 2'))| .= is finite, we conclude that
—i/ pi1tr(Lyuye0(00'(G(2, 2'))| 2= ) = tr(p1 Pendefiz Pende)-
=

Finally, we have the term with

- d pi L Bvy—
L = —|._oP L) o (xy#o)T!
p2®OHL d§|5 0LTXx (1 - %g;(ltruﬂ? (9)(’1‘@” (x™")

= 0AT10" (fizpa).-

We can now use Stokes theorem to move the 0 from this term to 99’ (G — Q)|.—., and
we get that

(5 + 5/)86/((; - Q)|z:z’ = (6PEI]dE(Zu Z/))lz:z’ =0,

since the harmonic forms are in the kernel of 0. Now gathering the terms we get the
last formula. O

For the function log det Ag, we see that there is a holomorphic coordinate change
of second order from the Bers coordinates used in [13] to the relevant part of our
holomorphic coordinates (modulo second order) on the universal moduli space and so
00log det Ag can be given in our coordinates as follows

i e
Onavs O vy log det Do = —wr (1, p2) — tr((urfiz — m9Ag '0*i2) Prx ).

From this formula we get Theorem 1.4.
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