ASIAN J. MATH. (© 2019 International Press
Vol. 23, No. 1, pp. 157-172, February 2019 008
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Abstract. Given a singular abelian surface A, we find all possible decompositions of A into
a product of two mutually isogenous elliptic curves with complex multiplication. This is done by
computing the transcendental lattice of arbitrary such products, and by studying the action of a
certain class group on the factors of a given decomposition. We also give an alternative proof of the
formula for the number of decompositions of A, which is originally due to Ma.
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1. Introduction. After the groundbreaking work of Shioda and Mitani [10], and
of Shioda and Inose [9], singular abelian surfaces, i.e. abelian surfaces of maximum
Picard number, have played a central role in the theory of algebraic surfaces. They
come equipped with rich arithmetic information, which is encoded in the transcenden-
tal lattice, and they are intimately related to K3 surface via the Kummer construction
and, more recently, via Shioda-Inose structures [6]. In the latter case, the associated
singular K3 surface has the same transcendental lattice by a result of Shioda and
Inose [9], so that it inherits the arithmetic structure of the singular abelian surface we
started with. This has been employed to show the existence of one-to-one correspon-
dence between singular abelian surfaces and singular K3 surfaces by Shioda and Inose
[9], and more recently in the study of the field of definition of singular K3 surfaces by
Schiitt [7].

In [5], Ma gives a formula for the number of decompositions of an abelian sur-
face into a product of elliptic curves; this expression is in terms of the arithmetic of
the transcendental lattice. The proof builds on lattice-theoretical methods, and it
works for abelian surfaces of any Picard number. Also, he is able to classify all the
decompositions of a given abelian surface of Picard number p < 3. However, there
is no mention of the possible decompositions that can appear in the case of singular
abelian surfaces. The main purpose of this paper is study the decompositions in this
last case. In doing so, we have tried to highlight the connection between the geometry
of singular abelian surfaces and the arithmetic of quadratic forms as much as possible.

Our techniques are based on the theory of quadratic forms and the CM theory of
elliptic curves. As every singular abelian surface is isomorphic to the product of two
mutually isogenous elliptic curves with complex multiplication, we first computed the
transcendental lattice of arbitrary such products (Proposition 3.2). A proof of this
fact, although not explicitly stated, can be obtained by combining results Hirzebruch
and Shioda-Mitani in [10], and it is in the language of ideal classes. However, as
our study of the decompositions of a singular abelian surface will use in an essential
way the theory of quadratic forms (and numbers represented by them), we give a
new and alternative approach to the computation of transcendental lattices, which

*Received October 5, 2016; accepted for publication August 8, 2017.
TTechnische Universitdt Miinchen, Zentrum Mathematik — M11, Boltzmannstrafie 3, 85748 Gar-
ching bei Miinchen, Germany (laface@ma.tum.de).

157



158 R. LAFACE

only uses the language of quadratic forms, and which is a natural generalization
of the argument of Shioda and Mitani [10, §3.(I)]. Interestingly, this new approach
leads to the notion of generalized Dirichlet composition: while the usual Dirichlet
composition allows to compose two (classes of) quadratic forms of given discriminant,
this generalization allows to extend the composition to (classes of) forms of possibly
different discriminant. Indeed, this is of interest on its own, as it is a generalization
of work of Gaufl and Dirichlet in the theory of quadratic forms.

Going back to the study of all the possible decompositions of a given singular
abelian surface, we distinguish two cases in our analysis, according to the complex
multiplication field K of the singular abelian surface A. If K # Q(i), Q(v/—3), then
we are able to explicitly construct enough decompositions of A by using the general-
ized Dirichlet composition to match Ma’s formula (Theorem 4.11). With this method,
we are also able to give a new proof of Ma’s result: the idea is to consider all singular
abelian surfaces of fixed discriminant and index of primitivity at once, and to reduce
the statement to a number-theoretical problem of class numbers. The cases K = Q(i)
or K = Q(v/—3) require a little more care to handle, but nevertheless we are able
to find all decompositions and to give new formulae for the number of decomposi-
tions. These formulae, unlike Ma’s, do not depend on the discriminant group of the
transcendental lattice of A, but only on its discriminant and its index of primitivity.

Acknowledgement. It is a pleasure to thank Matthias Schiitt for fruitful discus-
sions on the topic. Many thanks go to Victor Gonzalez Alonso and Daniel Loughran
for detailed comments and suggestions on an earlier draft of this manuscript.

2. Preliminaries and notation.

2.1. The period of an abelian surface. We briefly recall the notion of period
of an abelian surface A; for details, see [8]. The exponential sequence

0—Z—04 —0; —0
yields a long exact exact sequence in cohomology, from which we can extract a map
pa: H(X,Z) — H?*(A,04) 2 C;

this map is called the period of A. Let {v1,v2,vs,v4} be a basis of Hi(A,Z), and let
{ut, u?,u3, u} be the corresponding dual basis of H!(A,Z). We can cook up a basis
of H2(A,Z) by considering

{u = Al |1 <i<j <4}

As an element of H?(A,C) = Hom(H?(A,Z),C), the period of A has the following
explicit description:

pA = Z det(vi|vj)uij,
1<j

where the notation (v;|v;) indicates the matrix whose columns are v; and v;. As
NS(A) = ker(pa) and T(A) = NS(A)*, this formulation of p4 allows us to compute
the Néron-Severi lattice and the transcendental lattice explicitly once we are given
the period matrix II of A = C?/IL
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2.2. Class group theory. We recall a few facts on integral binary quadratic
forms; for a beautiful account, see [2]. Given an integral binary quadratic form (in
the following always referred to as a form)

Q= Q(z,y) = az® + bay + cy® = (a,b,c),

the quantity n := ged(a,b,¢) is called index of primitivity of @Q, and Q is said to
be primitive if n = 1. The (unique) quadratic form Qo such that nQy = @ is the
primitive part of Q. A form @ represents an integer m € Z if there are integers z,y € Z
such that Q(z,y) = m; if moreover n = 1, then we say that Q properly represents
m. Two forms @ = (a,b,c) and Q' = (a/,V', ') are equivalent (respectively, properly

equivalent) if there exists a matrix (ﬁ g) € GL3(Z) (respectively, SLa(Z)) such that

Q(pz + qy,rx + sy) = Q'(x,y).

The discriminant of a form Q = (a,b,c) is the integer D := b? — 4ac. The set of
proper equivalent classes of primitive forms of discriminant D is called the (form)
class group of discriminant D: it is denoted by C(D), and its order h(D) is called the
class number of D. The class group C(D) is a group with respect to the Dirichlet
composition, which is described in [2, Lemma 3.2].

2.3. Ideal class group. Fixed a quadratic imaginary field K, an order O is a
subring of K containing the unity of K which has also the structure of a rank-two
free Z-module. Every order O can be written in a unique way as

_dg +Vdk

O0=7Z+ fwxZ, wg: 5 R

di = diSCOK, f€Z+.
The integer f is called the conductor of O, and it characterizes O in a unique way.
Therefore, we will denote the order of conductor f in K by Ok ¢.

Given an order O ¢, one can define the (ideal) class group C(O f) (see [2,
Chapter I, §7]). Letting I(Ok,r) be the group of proper fractional ideals, and let-
ting P(Ok,r) be the subgroup generated by the principal ones, we set C(Og 5) :=
I(Ok,r)/P(Ok,r). The connection to form class groups is made explicit by the fol-
lowing:

THEOREM 2.1 (Theorem 7.7 in [2]). Let Ok ; be an order in a quadratic imagi-
nary field K, and let D := f2dg. Then, there exists a one-to-one correspondence

C(D) — C(Ok.5)

—b+\/l_7]

Q = (a,b,c) —> [a, 5

2.4. Elliptic curves, quadratic forms and ideal classes. Let E be an elliptic
curve over C, E = C/A, A being a rank-two lattice in C. Suppose that E has
complex multiplication, that is End(E) = Endz(A) = Ok, for some order Ok ;.
Then, A is a proper fractional O, f-ideal, hence it yields an element [A] € C(Ok ¢).
Conversely, every proper fractional O ¢-ideal is a lattice having Ok ; as its ring
of endomorphisms. Furthermore, two proper fractional O ¢-ideals are homothetic
as lattices if and only if they determine the same class in C(Ok ) (see [2, Exercise
10.15]). This results in the following
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PROPOSITION 2.2 (Corollary 10.20 of [2]). There is a one-to-one correspondence
between the ideal class group C(Ok. r) and the set EI(Ok. ) of isomorphism classes
of elliptic curves with complex multiplication by Ok y.

As a consequence of Theorem 2.1 and Proposition 2.2, we have the following
identifications

gll(OK)f) <— C(OK)f) <— C(D),

where D := f?di. This means that we can switch between elliptic curves, ideals
classes and quadratic forms to our content. In light of this, we will use the following
notation: for @ € C(D), set

_ —b+VD

(@) = =

and define Eq := E. (), where E. denotes the elliptic curve C/A;, A, being the
lattice Z + 1Z.

2.5. The space of singular abelian surfaces. Let AP be the space of singular
abelian surfaces, i.e. the set of isomorphism classes of singular abelian surfaces. In
[10], Shioda and Mitani described 4P by means of the transcendental lattice T(A)
associated to any singular abelian surface A. We say that T(A) is positively oriented
if

T(A) = Z(t1,t2) and Im(pa(ti)/pa(ts)) > 0.

Notice that the transcendental lattice T(A) is an even lattice (2ba 2bc , a
thus we can always associate to it the quadratic form (a,b,c¢). This describes a 1:1
correspondence between SLy(Z)-conjugacy classes of binary forms and isomorphism
classes of singular abelian surfaces, namely

nd

LAP 5 OF/SLy(Z),

Q% being the set of positive definite integral binary quadratic forms. We briefly
describe the inverse of this correspondence, meaning how to associate to any quadratic
form @ = (a,b, ¢) an abelian surface Ag. We set

_ —b+VD

D :=discQ = b* — 4dac.
2a

ri=7(Q)
The abelian surface associated to a form @ is then defined as the product surface
Ag == E; X Egryyp.
As a consequence, every singular abelian surface A is isomorphic to the product of

two isogenous elliptic curves with complex multiplication [10, Theorem 4.1].

2.6. Decompositions of singular abelian surfaces. Following [5], a decom-
position of A is a pair (E1, Es) such that A = Fy x Ey. Two decompositions (E1, Es)
and (Fy, Fy) of A are equivalent if Ey = Fy and By & Fy, or By =2 Fy and Ey & Fy.
Analogously, two decompositions (F1, E2) and (Fy, Fy) of A are strictly equivalent
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if By & Fy and E2 = Fy. Let Dec(A) be the set of isomorphism classes of decom-

positions of A, and similarly let Dec(A) be the set of strict isomorphism classes of
decompositions of A. Also, define §(A) := #Dec(A) and §(A) := #l?e/c(A). The
quantities §(A) and §(A) are obviously related by 6(A) = 26(A) — Jo(A), where do(A)
is the number of decompositions of A into a self-product. Finally, for n > 1, let 7(n)
be the number prime factors of n, and set 7(1) = 1.

Given singular abelian surface A, Ma [5] was able to find formulae for 4(A).
These formulae depend on the arithmetic of the transcendental lattice T(A), and
in particular on the order of the discriminant group Ar(4). However, in case the
primitive part of T(A) has determinant Dy ¢ {3,4}, Ma gives a formula which only
depends on h(disc T(A)) and the index of primitivity of T(A). For later use, we
mention the latter!:

COROLLARY 2.3 (Corollary 5.12 in [5]). Let A be a singular abelian surface of
transcendental lattice T(A) = Q = nQo, Qo € C(Dy) (in particular Qo is primitive).
If disc Qg # —3, —4, then

5(A) =27 . p(disc Q).

3. A remark on the transcendental lattice of singular abelian surfaces.

3.1. Motivation. In [10], the authors explicitly compute the transcendental
lattice of certain product abelian surfaces. As every singular abelian surface is always
isomorphic to a product of mutually isogenous elliptic curves, one might want to
compute (in an explicit way) the transcendental lattice of arbitrary such products. In
principle, this can be done in terms of ideal classes by combining results of Hirzebruch
[10, Lemma 4.4], and of Shioda and Mitani [10, Proposition 4.5].

Our approach to the classification of the decompositions of singular abelian sur-
faces will use quadratic forms (and numbers represented by them) rather than ideal
classes. With this motivation in mind, it is worth observing that we can compute tran-
scendental lattices of arbitrary product singular abelian surface just by using quadratic
forms, without using the 1:1 correspondence between ideal classes and quadratic forms
(Proposition 2.2). This is a new and alternative approach, which only relies on ideas
of Shioda and Mitani [10, §3.(I)]. The key step for achieving this is to figure out a way
to compose two (classes of) quadratic forms of different discriminant, generalizing the
usual Dirichlet compositions of two quadratic forms of given discriminant. This is
of independent interest, as it generalizes previous work of Gaufl and Dirichlet in the
theory of quadratic forms.

3.2. Generalized Dirichlet composition. The idea behind the Dirichlet com-
position is that two binary quadratic forms @1 and Q2 (having the same discriminant
D) give rise to a new form F' (again of discriminant D) with the property

Q1(x,y) - Q2(z,w) = F(By(z,y, z,w), Ba(z, y, 2, w)),

for B;(z,y,z,w) € Z[xz,zw,yz,yw]. In particular, the products of numbers repre-
sented by @)1 and Q)2 are represented by F'.

IThis statement constitutes the original motivation of the present paper.
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If @1 and Q2 are not of the same discriminant, we can multiply them by pos-
itive integers to obtain two new forms (necessarily not primitive) having the same
discriminant. Namely, given [Q1] € C(D;) and [Q2] € C(D2), with D; = f2dx and
Dy = f3dk, set f:=1lem(f1, f2). Then, putting

D := f2d, di == f/fi, dy := f/ fa,

the forms d, Q1 and d2@Q have discriminant D. Therefore, after possibly replacing Q1
and @2 with suitable properly equivalent forms, we can assume that d; Q1 and d2Q>
have coprime leading coefficients (use [2, Lemma 2.25] and ged(dy,d2) = 1), hence
composition is well-defined: indeed, it works exactly as in the case of primitive forms
(for an account, see [2, Theorem 3.8]). It is not hard to check the following:

LEMMA 3.1. Assume that Q = (a,b,c) and Q' = (a',V', ') are primitive, and
suppose that

n? disc Q = m? disc Q’, ged(n,m) = 1.

Then, the form (nQ) * (mQ’) has primitivity index nm (if the composition exists).

Proof. This follows from repeating the construction of the usual composition of
binary quadratic forms in this more general setup; the interested reader will find a
detailed account in [2, Ch. 1, Sect. 3]. O

In particular, the above lemma shows that the form dyQ; * d2@2 has index of

primitivity djds, which is the content of [10, Lemma 4.4] in terms of quadratic forms.
Also,

D = disc(d1Q1 * daQ2) = (dida)? ged(f1, f2)*dx,

and therefore the primitive part of diQ1 * d2Q2 is a form in C(Ok y,), where fy :=
ged(f1, f2). This means that composing forms of discriminants D7 and Do gives
forms of discriminant D := lem(D1, D), having index of primitivity dyds, where
dy = f/f1 and do = f/fo. Dropping the primitivity index, we get a generalized
Dirichlet composition

C(D1) x C(D2) 25 C(Dy),

where Do := f2dx. More concretely, given Q1 € C(D1) and Qo € C(D3), Q1 ® Q2 is
the form in C(Dy) with the property that

dida[Q1 ® Q2] = [d1Q1] * [d2Q2].

By Theorem 2.1, one sees that the generalized Dirichlet composition corresponds to
the usual multiplication between ideal classes

C(Olﬂfl) X C(OKyfz) — C(OKyfo)'

3.3. Explicit computation of transcendental lattices. We will now exhibit
a formula for the transcendental lattice of a singular abelian surface in terms of
quadratic forms. As mentioned earlier, a proof of this can be found in [10] (up to
translation into the languange of quadratic forms via Proposition 2.2). However, we
provide here an alternative argument, which is inspired by the ideas in [10, §3.(T)].
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PROPOSITION 3.2. Let Dy = f2dx and Dy = (f})?dk, where dk is the funda-
mental discriminant of a quadratic imaginary field K. Let Qo = (ag,bo,co) € C(Dy)
and Qf = (ay, by, ¢)) € C(Dy); moreover, let

f:: lcm(ff)ufé)? d:= f/f07 d/ = f/féu D = f2dK
Then,

[T(Eq, x Eqy)] = dd'[Qo ® Qp] = (d[Qo]) * (d'[Qq])-
Proof. Recall that Eq, := Er(q,), and observe that

_ —by+vDy  —b+VD

2ap 2a

71 = 7(Qo)

where (a,b,¢) = d - (ag, by, co). Similarly,

. —by+Dy =V +vVD

72 = 17(Qo) = 2ay, o 2a’ ’

where (a/, 0/, ") = d' - (af, b, ¢}). Let B be the key element in the Dirichlet composi-
tion, which is described in [2, Lemma 3.2]. By SLy(Z)-invariance of the j-invariant,
we can replace b and b’ by B without changing the isomorphism classes of E and E’.
Therefore, we can assume that

—-B++vD —-B++VD
1 = ) T2 = .
2a 2a’
By [10],
pa = u'? 4 mutt 4 — 7172u34,

and NS(A) = ker(pa). Letting

v=Y_  Aju’ €NS(A)q,

1<i<j<4

from pa(v) = 0, we see that

B D — B? !
NS(A)g = Q<u12 _ 22 — ut a—u23,u13,u24>.
a aa

Similarly, if v € T(A) = NS(A4)*, then

Agy = A13 =0, (1)
B D — B?

Aszg — EAM t o A2 =0, (2)
a//

Aoz — EA14 = 0. (3)

Condition (3) gives

daoA23 = d’a6A14;
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now we can assume that (d,a() = 1 and then also that (ag,a’) = 1 (use [2, Lemma
2.3] and [2, Lemma 2.25]). Under these assumptions, we see that

A14 = aoA/14 = aodAlll4 and A23 = asdlAlll4;
substituting in (2) yields
Azy = BAY, + CAis,

2
where C' = %, and therefore we deduce

!
T(A) = Z<au14 T a'u® 4 Budt ul? C’u34> _ (2aa B) '

B 2C

=3

4. Decompositions for K # Q(i), Q(v/=3).

4.1. Cooking up decompositions from a given one. Let A be a singular
abelian surface of transcendental lattice Q = nQq of discriminant D = f2dg, K #
Q(i),Q(v/—3) being a suitable quadratic imaginary field, and let Dy := discQy =
fédx. We can use Proposition 3.2 to cook up new decompositions starting from a
given one. To this end, suppose A decomposes as A = Eq, X Eq,, with Q1 € C(D),
Q2 € C(D3), ged(Dy, Dy) = Dy and lem(Dq, Do) = D. Then, as C(D) acts on both
C(D1) and C(D2) by means of ®, we get new decompositions of A by considering the
following product surfaces

EQl@R X EQz@R*U R e O(D)
REMARK 4.1. Notice that, given A as above, we can always cook up a decompo-
sition into a product of elliptic curves F; and Es such that
E1 S O(Dl), E2 S O(DQ), 1CHI(D1,D2) = D, ng(Dl,Dg) = Do.

Indeed, consider a form )y and the principal form Py, both of discriminant Dy, and
let s,t € Z be coprime nonnegative integers. Consider the abelian surface given by

Eqr(Qo) X Etr(py)-

Then, similar computations to the ones in Theorem 3.2 show that Fy,(g.) X Fir(py)
gives indeed a decomposition of A. Notice that, if Qo = (ao,bo,co), then s7(Qo)
corresponds to the form

aga® + (bos)zy + (cos®)y?,
which is primitive, hence it lies in C'(s?>Dy), and similar considerations hold for t7(F).

Therefore, in order to get the desired decomposition, it is enough to set s := f1/fo
and t := fa/fo (or viceversa). O
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4.2. Action of a class group on class groups of smaller discriminant.
Recall that the class group C'(D) acts on C(Dg) by means of ® whenever Dy divides
D. Therefore, we might ask whether this action is transitive. We first notice that
a form Qy € C(Dy) can be lifted to a primitive form @ € C(D) in such a way that
Q ® Py = Qo, as stated in the following:

LEMMA 4.2. For every form Qo € C(Dy) there exists a form Q € C(D) which is
the lift of Qq in the following sense: Q ® Py = Qo.

Proof. If Qo = [ao, by, co] is represented by the ideal [ao, _b%‘/ﬁ”], then let @

correspond to the ideal class [ag, M]; moreover, let dPy correspond to the ideal
class [d, M]

follows that

, where py = 0,1 according to the parity of the discriminant D. It

—dbo-f-\@} . [d7 —dpo + VD

> 5 = [aod, A] = [0«07 A/d]7

ag,
where A = _B%m, and B is integer introduced in the Dirichlet composition. Since
[ap, A/d] corresponds exactly to Qo, we are done. O
As a consequence, we have the following:
COROLLARY 4.3. The action of C(D) on C(Dy) is transitive.

This means that the factors of the decompositions
Eqg,or X Eg,er1, Re C(D)
cover the whole class groups C(D;) and C(Dz), i.e.
{Qi® R|R € C(D)} = C(Dy),

and similarly for C(Dz). In the following, we will be investigating whether we get
h(D) distinct decompositions under this action, i.e. whether

(Eg,er, Eg,er-1) # (Eg.es: Eg,es-1)

for R# S € C(D).

4.3. Distinct decompositions. We now come to the issue of whether the action
of C'(D) on the factors of a given decomposition delivers (D) distinct decompositions.
Let us assume Q1 € C(D1), Q2 € C(D2) and R, S € C(D). Moreover, suppose that

Qi®R=0Q1®S5, Q@R '=Q®5 ",

which is equivalent to assuming that a decomposition be realized by two distinct
elements R, S € C(D). This, in turn, is equivalent to the existence of an element
U € C(D) such that

U® Q1= Qq, U® Q2= Qo.

So we are to understand the elements U € C(D) that fix Q;, i = 1,2.

Let C(D) act on C(Dy) (having Dg divide D), and let U be an element fixing
some Qo € C(Dy); notice that U would actually fix the whole class group C'(Dy). We
call the group of such U’s the stabilizer of C(Dy) in C(D), and it will be denoted by
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Stab C(Dy); clearly, its order is h(D)/h(Dgp). In the situation of interest to us, we
want to study Stab C'(Dy) N Stab C'(D2): this intersection describes the elements in
C(D) that represent an obstruction to C'(D) delivering h(D) distinct decompositions
via its action on the factors of a given decomposition. In other words, we would like
to answer the following:

QUESTION 4.4. When is Stab C(Ok ;) N Stab C(Oky,) trivial?

Whenever the answer is affirmative, the action of C'(D) on a given decomposition
yields exactly h(D) distinct decompositions.

4.4. Interlude: ring class fields and their compositum fields. Suppose
we have the diagrams of orders

K Ok .1

\

K <—)OK,f0 \OK,J"
K, f2

/

where f1, fo > 1, fo = ged(fi1, f2) and f = lem(f1, f2). Let 1 =0, 1,2, 0; since
P 1(fiOk) C Pk z(fi) € Ik(fi) = Ik (fiOK),

by [2, Existence Thm]|, there exists a unique abelian extension L;/K all of whose
ramified primes divide f;Of, such that ker(q)?:éf) = P z(fi), i.e. Gal(L;/K) =
C(Ogk,,). This extension is the ring class field of O ¢,, and it is sometimes denoted by

H(Ogk,y,); at the level of ring class fields, we get induced a diagram of field extensions,

Ly \
HK(—> Lo Lng(—> L

N

where Hy is the Hilbert class field of K, i.e. the ring class field of Og. By Galois
theory, we get the following induced diagram of class groups.

C(Ok.1)

C(Ok) «—— C(Ok 1,) C(Ok,r)
(

™~

OK»fz)
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In most cases the field L is precisely the composite of L1 and Lo, as it is stated in the
following?

PROPOSITION 4.5 (Proposition 3.1 in [1]). Assume all conditions above are sat-
isfied.
(1) Ide 75 —3, —4, then L = L1L2.
(2) Assume di € {—3, —4}.
(a) If f1 or fa is equal to 1, or fo > 1, then L = Ly Lo.
(b) If fi.fo > 1 and fo = 1, then L1Ly G L; moreover, the extension
L/L1Ly has degree 2 if dx = —4, and degree 3 if dx = —3.

4.5. Interlude: numbers represented by the principal form. For two sets
S and T, we say that SCT if S C T UX, where X is a finite set; analogously, S =T
means that both S CT and T C S hold. Suppose we are now given a quadratic form
@; then, we can ask about the primes represented by @, i.e. about the set

Pq := {p prime| p is represented by Q}.

It turns out that
L/K .

Po = {p prime ’ p unramified in K, (/—) = <a>} =:Pg,
p

where (o) is the conjugacy class of the element o € Gal(L/K) corresponding to the
ideal associated to the form @, K is the quadratic imaginary field of discriminant
disc (), and L is the ring class field of the order O of discriminant disc ). Notice that
in case @ = P, the principal form, then Pp = Spl(L/Q), Spl(L/Q) being the set of
primes in Q that split completely in L. For later reference, we mention the following

LEMMA 4.6 (Exercise 8.14 in [2]). Let L and M be two finite extension of K, and
let P be a prime in K that splits completely in both L and M ; then P splits completely
in the composite LM . Consequently, Spl(LM/K) = Spl(L/K) N Spl(M/K).

4.6. Answer to Question 4.4. Let P; be the principal form of the order Ok ¢,,
i=1,2,0. Also, let L; be the ring class field of the order Ok y,, i = 1,2,(. The key
tool we will use is the fact that the principal form represents all but finitely many
unramified primes which split completely in the ring class field.

LEMMA 4.7. Let Pp, be the set of primes of represented by P;, for i = 1,2,.
Then, Pp = Pp, N Pp,.

Proof. By using Lemma 4.6, we see that
Pp =Spl(L/K) = Spl(L1/K)NSpl(La/K) = Pp, N Pp,.
O
By the Cebotarev Density Theorem, we can reason with the set Pp, rather than

Spl(L;/K), for i = 1,2, 0: in fact, they both have positive Dirichlet density (thus they
are infinite), and they are the same up to a finite set (which has Dirichlet density 0).

2This result is the reason why we have to distinguish two cases, according to whether K &

{Q(4),Q(v/=3)} or not.
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PROPOSITION 4.8. The principal form is characterized by representing almost all
primes that split completely in the ring class field.

Proof. Suppose @ is a form such that Py = Spl(L/K). Then, we would have

L/K L/K

{p prime‘p unramified, (/—) = <0)} = {p prime‘ (/—> = <1>},
p p

and since both sets have infinitely many elements it must necessarily be ¢ = 1 €

Gal(L/K), which corresponds to the class of the principal form. Since equivalent

forms represent the same numbers, we are done. O

We can now answer Question 4.4:
PROPOSITION 4.9. Unless di € {—3,—4}, f1,fo > 1 and fo =1, we have
Stab C(Ok 7, ) N Stab C(Ok,r,) = (0).

Proof. Let @ € StabC(D1) N Stab C(D3), i.e. @ is such that
Q®Pl:P17 Q®P2:P2

Now, for i = 1,2, the primes represented by P; are, up to a finite set, those p that
split completely in the ring class field L;. In the same fashion, the primes represented
by @ are, up to a finite set, the ones splitting completely in the ring class field L.
Notice that, by the assumption, it follows that all primes represented by @ are also
represented by P; and P,. Moreover, by [1, Proposition 3.1], L = L Lo, and Lemma
4.7 and Proposition 4.8 imply that @ is in fact the principal form. O

REMARK 4.10. With the aid of a computer program, it is not difficult to find
examples of Stab C(Ok, s, ) N Stab C(Ok y,) being non-trivial, if K = Q(i) or K =
Q(v-3). 0

4.7. Classification result for K # Q(i),Q(v/—3). As an immediate conse-
quence of Proposition 4.9, we have constructed all possible decompositions of a given
singular abelian surface in case K # Q(i), Q(v/—3). More precisely,

THEOREM 4.11. Let A be a singular abelian surface having transcendental lattice
Q = nQo, and let D = f2dyx = discQ, Dy = f3dx = discQo, K # Q(i),Q(v/-3).
Then, all decompositions of A into a product of two mutually isogenous elliptic curves
with complex multiplication are obtained as follows: choose a pair (f1, f2) of positive
integers such that

ged(f1, f2) = fo and  fifs =nff,

and pick an arbitrary decomposition A = Eq, x Eg,, with Q1 € C(D1) and Q2 €
C(D3). Then, A= Eq,er X Eg,sr-1, for all R € C(D).

Proof. Choose a pair (f1, f2) as in the statement, and use Remark 4.1 to obtain
a decomposition A & F; x Ey with E; € C(D;), D; = f?dx (i = 1,2). Then, the
action of C'(D) on the factors of E; x FEy gives us h(D) distinct decompositions (by
means of Theorem 4.9). As there are 27(") choices of pairs (f1, f2) as above, we find
that

5(A) = 27™n(D) = 27 Mh(Ok ¢),

matching Ma’s formula (Corollary 2.3) for the number of decompositions in case
K # Q(i),Q(v/—3). Therefore, we have indeed found all possible decompositions of
A0
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5. Alternative proof of Ma’s formula for K # Q(i), Q(v/—3). The classifi-
cation of decompositions of singular abelian surfaces has been obtained by producing
enough distinct decompositions to match Ma’s formula. However, our construction
incidentally provides the reader with an alternative and simpler proof of Ma’s formula
for the number of decompositions in the case K # Q(i), Q(v/—3).

Let XAP(D,n) be the space of singular abelian surfaces of discriminant D and
primitivity index n, i.e. the space of surfaces A such that T(A4) = nQy, for a primitive
form Qo, and disc T(A) = D. If we consider all the elements of ¥4P(D, n) at once,
Proposition 4.9 says that we have constructed a total of

2" ™h(Ok. 1,)h(Ok.r)

distinct product surfaces. However, the number of distinct product surfaces within
YAP (D n) is

Y. )= Y Oks)(Ok.p).
AEXAP (D n) (f1.f2)=/o
f1f2=nfd

The following result will allow us to give a new proof of Ma’s formula for the
number of decompositions of a singular abelian surface (Corollary 2.3).

PROPOSITION 5.1. Unless dx € {—3,—4} and fy =1, we have

27Ok WOk p) = Y MOk, p)h(Ok.1.).

(f1.f2)=fo
f1fa=nfg

Proof. We notice that

> WOk Ok ) =2 > WOk )0k 1)
(f1,f2)=fo (f1,f2)=fo
f1fa=nfg f1fa=nfg
fi1<fe2
=2 Y WOk ;)MOk ) + 20Ok 1, )h(Ok f),

(f1,f2)=fo
fifa=nf]
fo#f1<f2

and so it is enough to prove that

@ ROk ) = S MOk )M Ok.1s).
7 (f1.f2)=1fo h(OK’fO)

f1fa=nfs
1#£f1<f2

n)—1

since the number of summands on the right-hand side is precisely 27( — 1, we are

left to prove that

h(OIﬂfl )h(OIﬂfz)
h(Ok.,)

But this comes as a consequence of class field theory: by the assumptions, one has

= h(Ok,y).

1
OF : 0% ) = J#OFK,  1=0,1,2,0,
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=] (1- dx )1 . i=0,1,2,0
oI p)p

[2, Theorem 7.24] yields
hOk. 1 )MOk.p,) _ MOk)f Thlly

Setting

MOk 5,) #05p /2 o
since f =nfo and fifo = nfg = ffo. However, it is not hard to see that
IT; 1T,
=1I
Iy ’

and therefore the proof is complete. O

Proof of [5, Corollary 5.12]. Our construction of decompositions of a given
singular abelian surface A shows that §(A) > 2"Wh(Ok ). Summing over all
A € ¥A(D,n), we get

> 8(4) = 270k £)M(Ok 5,)

A€XAP(D,n)

= Z h(OK,fl)h(Olﬂfz) = S(A)
(f1.f2)=fo AEXAb (D n)
fifa=nfg

Therefore, } sesan(p ) 5(A) = 27Mh(Ok $)(OK f,), and all A € ZAP(D,n) have
the same number of decompositions, in particular §(A) = 27 h(O f). O

6. Decompositions in the remaining cases. The techniques employed thus
far cannot be employed when K = Q(i) or K = Q(v/—3). However, we are still able
to completely solve the classification problem, and also to give an alternative formula
for the number of decompositions of a singular abelian surface. Let A be a singular
abelian surface with transcendental lattice Q = nQp, and let D = f2dx = discQ,
Dy = fidr = discQo, K € {Q(i),Q(v/=3)}. We will divide the analysis into two
cases, depending on fj.

6.1. Case fp > 1. Under these hypotheses, we can still use Proposition 4.9 to
get h(D) distinct decomposition starting from a given one. By combining this with
Proposition 5.1, and reasoning as in the alternative proof of [5, Corollary 5.12] given
above, we find that the number of decompositions of A is again 6(A) = 27("h(D).
Moreover, all decompositions are obtained exactly as in the proof of Theorem 4.11.

6.2. Case fy = 1. In this case, we will proceed with a direct analysis case by
case. We will consider pairs (f1, f2) as above, which now will have the additional
property that f; and fo are relatively prime (because fo = 1), and thus we will also
have f = n.

THEOREM 6.1. In the above setting, the number of decompositions of A into the
product of two mutually isogenous elliptic curves with complex multiplication (up to
isomorphism of the factors) is

5(4) = (1 + 27" YHR(Ok ),
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ifn>1, and S(A) =1 otherwise. The surface A is isomorphic to any of the products
(Er, Eq), where [E;] € EL(Ok,r,) (i =1,2), ged(f1, f2) =1 and f1f2 = n.

Proof. If n =1, there is nothing to prove; therefore, we can assume n > 1. Since
h(Ok) =1, a formula for the number of decompositions of A can be obtained just by
a counting argument, and thus we see that

0(A)= > WOk p)MOkp)=2 Y. WOk )MOky,)
(f1,f2)=1 (f1,f2)=1

fifa=n fifa=n
f1<f2
=2 Y h(Ok,;)MOk 1) + 20Ok ).
(f1,f2)=1
fife=n
1#£f1<f2

Following the notation from earlier, since #OIX( = 4, [2, Theorem 7.24] implies
that h(Ok,y,) = fill;/2. Therefore, h(Ok s, )h(Ok,f,) = nll/4, and thus

6(A) = (27~ _1)nll/2 + nll
= %nH(l 4271 — (1 4 27D R(Ok ).

So we are able to exhibit a formula for the number of decompositions of such a
singular abelian surface. Also, the classification problem is solved, as we can just take
all pairs (Eq, E») (since h(Og) =1). O

The case K = Q(y/—3) is analogous, and thus the proof of Theorem 6.2 is the
same, except for the fact that #0% = 6. We omit the proof for sake of brevity.

THEOREM 6.2. Let A be a singular abelian surface having transcendental lattice
Q = nQo, and let D = f2dy = discQ, Dy = f3dx = discQo, K = Q(v/=3). The
number of decompositions of A into the product of two mutually isogenous elliptic
curves with complex multiplication (up to isomorphism of the factors) is

= 2
5(4) = S 2+ 27" )h(Ok)

ifn>1, and S(A) =1 otherwise. The surface A is isomorphic to any of the products
(Er, Eq), where [E;] € E(Ok,r,) (i =1,2), ged(f1, f2) =1 and f1f2 = n.

6.3. Application: Shioda-Inose models of singular K3 surfaces. Let X
be a singular K3 surface, i.e. a K3 surface of maximum Picard number, and let T(X)
denote its transcendental lattice. By results of Shioda and Inose [9], there exists a
singular abelian surface A = Ey X Es such that T(A) = T(X). Moreover, there is a
model of X which is given in terms of the j-invariants of £ and E5. In his work, Inose
[3] provides explicit equations for a Shioda-Inose model in terms of the j-invariants
of the factors of a singular abelian surface. More recently, Schiitt [7] has improved
Inose’s result, by showing that X has the following model as an elliptic fibration

X : y? =23 — 3ot + aBftS (B2 — 28t + 1),

where o = jij2 and 8 = (1 — j1)(1 — j2), jk being the j-invariant of Ej, and the
j-invariant being normalized to j(i) = 1. It follows that our classification of the
decompositions of a singular abelian surface gives all the possible Shioda-Inose models
of X, i.e. all the possible models of X which are realizable via a Shioda-Inose structure.
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6.4. Open problems. The present treatment has dealt with decompositions of

singular abelian surfaces, but one might want to investigate the possible decomposi-
tions in the case of singular abelian varieties of higher dimension. It was proven by
Katsura [4] that such a variety is isomorphic to the product of mutually isogenous
elliptic curves with complex multiplication.

PROBLEM 6.3. Given a singular abelian variety A,

(1) find a formula for the number of decompositions of A into a product of mu-
tually isogenous elliptic curves with complex multiplication;

(2) classify all such decompositions explicitly.

It is our intention to pursue these problems in the near future.
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