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DIRAC-HARMONIC MAPS BETWEEN RIEMANN SURFACES*

QUN CHENT, JURGEN JOST?, LINLIN SUN%, AND MIAOMIAO ZHUY

Abstract. In this paper, we consider the existence and structure of Dirac-harmonic maps
between closed Riemann surfaces. Utilizing the Riemann-Roch formula, we compute the dimension
of harmonic spinors along a map, based on which we prove an existence theorem for Dirac-harmonic
maps between closed Riemann surfaces. We also obtain a structure theorem for Dirac-harmonic
maps between two surfaces if their genera and the degree of the map satisfy a certain relation.

Key words. Dirac-harmonic maps, Riemann surfaces, Riemann-Roch formula.

Mathematics Subject Classification. 53C43, 53C27.

1. Introduction. Dirac-harmonic maps have been introduced in [4, 3]. They
were motivated by the supersymmetric o-model of quantum field theory. They replace
the anticommuting spinor field of that model, which takes values in a Grassmannian
algebra and makes the model supersymmetric, by a commuting field. Nevertheless,
they preserve important symmetries, in particular conformal invariance. Mathemati-
cally, they can be seen as an extension of the harmonic map problem as they couple
a harmonic map type field with a spinor field. Since all the fields are ordinary, com-
muting variables, we may apply the methods of the geometric calculus of variations.
A technical difficulty, however, arises from the fact that the underlying action func-
tional is not bounded from below, in contrast to standard harmonic maps where it is
nonnegative.

We now present the mathematical definitions. (M, g) is a Riemann surface with
a conformal metric g and a fixed spin structure, and XM the spinor bundle over
M, on which we chose a Hermitian metric (-,-). The classical connection V on XM
induced from the Levi-Civita connection on T'M is compatible with (-,-). Let (IV, h)
be a Riemannian manifold (subsequently, it will likewise be of dimension 2, that is, a
Riemann surface with a conformal metric), ® a map from M to N, and @ 'T'N the
pull-back bundle of TN by ®. We also denote the metric induced from the metrics
on XM and ®~'TN on the twisted bundle XM @ &~ TN by (-,-). Likewise, we also
denote the connection on XM ® ®~'TN induced from those on XM and ®'TN by
V.

A cross-section ¥ of XM ® ® TN can be locally written as ¥ = 9® ® 6, where
{1p*} are local cross-sections of XM, {0,} are local cross-sections of ®~'TN. We
always use the standard summation convention.
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The Dirac operator along the map @ is

DU = ;- V.U
= WQ ® O + €; 'Z/JQ ®veiﬂ(w

where {e;} is a local orthonormal frame on M, §:=e¢; - V., is the Dirac operator on
M and X- is the Clifford multiplication by the vector field X on M.
The action functional of the theory is

1

L@, W) = 3 /M (||d¢>||2 + <\1/,mf>) ,

and as mentioned, it couples the harmonic map type field ® with the spinor field
U, because the Dirac operator ) depends on ®. We see this coupling also from the
Euler-Lagrange equations for L(®, W) that critical points (@, ¥) have to satisfy (c.f.

(3]):
(1.1)

where RN (X,Y) := [Vx,Vy] — Vix,y), VX,Y € I(T'N) stands for the curvature
operator of N, and 7(®) is the tension field of ®. Therefore, solutions of (1.1) are
called Dirac-harmonic maps from M to N.

Not every solution of (1.1) needs to be coupled, however, as either component
could be trivial. When @ is constant, ¥ satisfies the ordinary Dirac equation, and
when W vanishes, ® is a harmonic map. We therefore say that a Dirac-harmonic map
is uncoupled if the underlying map is harmonic. From our perspective, such solutions
are trivial. Ammann-Ginoux [1] analyzed the space of Dirac-harmonic maps by using
tools from index theory, and the existence of uncoupled solutions was proved. A
question that we shall address in this paper is when such Dirac-harmonic maps are
necessarily uncoupled.

In this paper, we will consider Dirac-harmonic maps between Riemann surfaces
M and N. For that purpose, we shall now analyze the relevant geometry of M. The
spinor bundle XM can be identified with

SM = K2 @ A% K2

where K}vf is a square root of the canonical line bundle Kj; of M and AO’IK}V;Q =
AIT*M ® K}Vf is the vector bundle of (0, 1)-forms valued in K}Vf . Choose a local
conformal parameter z = x + /—1y of M and denote the metric of M locally by

A(z) |dz|*. Then every spinor ¢ on M locally can be written as

s
Y= fs+gdz® 3,
|s]
lef and f, g are local complex functions.
1/2
M

where s is a local holomorphic section of K

From now on, we fixed a nontrivial holomorphic section s of K
singularities. For convenience, we simplify the expression of ¢ by

V= f+gdz.

with possibly
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Let N be a Riemann surface and ® : M — N be a smooth map. Choose a local
conformal parameter ¢ = u + v/—1v of N and denote the metric of N locally by
p(¢) |d¢|*. Denote the local representation of ® by ¢. Then the Dirac bundle M ®
®~ TN can be split as follows:

SM® & TN = (K}V{Q ® <I>*1T1,0N) @ (AOJK}V{Q ® <I>*1TLON)
® (Kif ® q>—1TO,1N) @ (onlK}f ® <I>‘1T071N>
and we can rewrite the spinor ¥ as follows:
V= f0p +dz® g0y + POy + dz @ q0g.
Introduce a global (1,0)-form @ defined locally by

O = (fg—pq) pdz.

Suppose (P, ¥) is Dirac-harmonic, then ® is harmonic if © = 0 (see Lemma 2.1).

Our first main result is the following;:

THEOREM 1.1. Let (M, g) be a closed Riemann surface with a fixed spin structure,
(N, h) be a closed Riemann surface and ® : M — N be a smooth map. Then there is
a complex vector space V with complex dimension 4|deg(®)(gn — 1)| such that every
U € V is a harmonic spinor along the map ® with the associated (1,0)-form @ = 0.
As a consequence, if ® is harmonic, then

dimg {(®, V) is uncoupled Dirac-harmonic} > 4 |deg(®)(gn — 1)].

REMARK 1.1. Tt is well known [7, 6, 8] that every continuous map ¢ from a closed
Riemann surface M to another closed Riemann surface with an arbitrary Riemmanian
metric has a harmonic representation if gy > 0. In the case of gy = 0, for every
continuous map ¢ : M — N, there are metrics on M and N such that ¢ has a
harmonic representation except in the following case

gv = 1,98 =0, |deg(¢)| = 1.

Combing the classical existence results for harmonic maps between closed Riemann
surfaces and Theorem 1.1, one can derive existence results for uncoupled Dirac-
harmonic maps between closed Riemann surfaces with the map part being homotopic
to a given continuous map.

REMARK 1.2. Eells-Wood [9] and Lemaire [16] proved that there is no harmonic
map from the 2-torus to the 2-sphere with degree +1 whatever the metrics. Moreover,
L.Yang [20] proved that there is no coupled Dirac-harmonic map from the 2-torus to
the 2-sphere with nontrivial degree. Hence there is no Dirac-harmonic map when
gu = 1,gn =0 and |deg(®)| = 1 (c.f. Branding [2]).

We recall that by a topological theorem of H. Kneser (c.f. [9, 13]), for every
continuous map ® : M — N, if deg(®) # 0 and gy > 2, then gpr—1 > |deg(®)| (gn—
1). In particular, gar > gn-.



110 Q. CHEN, J. JOST, L. SUN AND M. ZHU

Our next main result yields a formula for the dimension of the harmonic spinor
spaces along a fixed map under the following condition:

gn — 1 < 2|deg(®)(gn — 1) (1.2)

THEOREM 1.2. Let (M, g) be a closed Riemann surface with a fized spin structure,
(N, h) be a closed Riemann surface and ® : M — N be a smooth map. Suppose (1.2)
holds, then the space of harmonic spinors along the map ® is a 4|deg(®)(gn — 1)|
dimensional complex linear vector space.

The first non-trivial Dirac-harmonic map was given in [4] for M = N = S2, based
on an explicit construction involving a harmonic map and a twistor-spinor on the
domain manifold. More precisely, given a harmonic map ® : S? — S? and a twistor
spinor 1 € £.82, we construct a spinor ¥ along the map ® as

U=ce -n®P(e1) +ea-n® Duler),

where {e1, e} is a local orthonormal frame of S2. Then (®,¥) is a Dirac-harmonic
map. In [20], L.Yang proved that every Dirac-harmonic map between 2-spheres can be
constructed in this way with n possibly having isolated singularities, i.e., 77 is smooth
except possibly at finitely many points and satisfies the following twistor equation
except at those points

1
Ve,n+ Tk dn = 0.

For the reader’s convenience, the existence of twistor spinors with possibly isolated
singularities on a closed Riemann surface with fixed spin structure will be given in
Lemma 3.8.

The following table lists what is known about the existence of Dirac-harmonic
maps.

Here, we shall derive a structure theorem when the target is the 2-sphere and the
domain satisfies some topological assumption, for example,

gy — 1 < |deg(®)(gn — 1)] .

The case of gpy = gy = 0 was consider by L.Yang. If gy = 1, then gp; = 0, and a
result of [2] (see also Proposition 3.6) claims that every Dirac-harmonic map (@, ¥)
is trivial. If gy > 2, a topological theorem of Kneser says that ® is trivial in the
sense deg(®) = 0. Moreover, as we have explained in Remark 1.2, there is no Dirac-
harmonic map from the 2-torus to the 2-sphere for which the degree of the map part
is £1. (See table 1.) For the remaining cases, we have the following

THEOREM 1.3. Let (M, g) be a closed Riemann surface of genus gy and with a
metric g locally given by \(2) |dz|* and let N = S2 with an arbitrary metric. Suppose
the degree of a map ® : M — N satisfying |deg(®)| > 1 and

1< gy <|deg(®)]+1, (1.3)

and let (P, W) be a Dirac-harmonic map from M to N. Then either



DIRAC-HARMONIC MAPS BETWEEN RIEMANN SURFACES 111

TABLE 1
Relationship between gpr, gn and deg(P)

Given a smooth map ® : M — N Existence of uncoupled Dirac-
(unless gnr = 1,gn = 0, |deg(®)| = 1) | harmonic maps, see Theorem 1.1
and Remark 1.1.
gum — 1 < 2|deg(®)(gn — 1)] ® is harmonic (c.f. [20]). For-
mula for the dimension of the
space of harmonic spinor along
the map ®, see Theorem 1.2.

gu — 1 < |deg(®)(gn — 1)

gN > 2 deg(®) = 0. (Kneser’s topologi-
cal theorem)
gy =1 gn = 0 and (@, V) is trivial (c.f.
[2], see also Proposition 3.6).
deg® = trivial solution
gy =0 deg(®)=1 gm =0 (c.f. [2].) Structure the-
orem of L. Yang [20].
|deg(®)] > 1 1 < gy < |deg(®)]+ 1, structure
Theorem 1.3

(1) @ is holomorphic and
U=X"(0: n®0®(0,) + 0. -1 ®0P(0:)) ,

where 1 is a twistor spinor on M possibly with isolated singularities, or
(2) @ is anti-holomorphic and

U=A"(0:n®0P(3.) + 0. -n®I8:)),
where 1 is a twistor spinor on M possibly with isolated singularities.

2. The complex form of the Dirac-harmonic map equation. Let M be a
Riemann surface and N a Riemannian manifold. Let ® be a map from M to N and
U a spinor along the map @, i.e., a cross-section of the Dirac bundle M ® ®~!TN.
Every Riemann surface is oriented and spin. The spin structures are in one-to-one
correspondence with holomorphic square roots of the canonical bundle of M ([12] or
c.f. [15]). Hence, there are exactly 229 distinct spin structures on M with genus g.
For the construction of spin structures, we refer to [15, 12].

Here we give a short description of the spin structure and spin bundle on M. We
use standard notations and formulae from classical Riemann surface theory and spin
geometry (c.f. [14, 15, 12, 11]). Choose a local conformal parameter z = x + /—1y
of M and denote the metric of M locally by A(z) |dz|. Introduce

0 1/0 0 0 170 0
62—82.—2<8m—\/—18y), 82_62_2<8$+v_18y>7

and

dz =dz++v—-1dy, dz=dr—Vv-1dy.
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Since A|dz|> = A (|dm|2 + |dy|2>, we have
9 9N _ [0 0N
ox’ oz /) \oy oy/

(0.,8.) = (95,0:) = % (dz,dz) = (dz,d3) = <.

whence

Now the Laplace operator A is
1
X 020Z
Decompose the spinor bundle as XM = XM & X~ M with (c.f. [12])

StTM={YpeSM:0: =0}, S M:={peSM:0, ¢=0}.

Now we identify the spinor bundle XM with L @& A%! L, where L is either holomorphic
square root of the canonical bundle K s of M, such that ¥TM = Land ¥~ M = A%1L.
Then every half spinor in XM locally can be written as (c.f. [12, 11]):

Yt = fs,
while every half spinor in ¥~ M locally can be written as

Y~ =gdz®
|s]

where s is a local holomorphic section of L and f, g are local complex functions. For
convenience, we choose a nontrivial global holomorphic section s of L with possibly
isolated singularities, and we omit the symbol s and simply write the spinor 1) as

vr=f
and ¥~ as
P = gdz.
Here the Clifford multiplication is defined by (c.f. [12])

X = V(X A~ ixor)

where (Xl’o)b is the dual of X'? and the operator ¢ is the dual of the wedge operator
A, le.,

_ %fdz, 0. f=0, 8.-(gd5)=0, 0.-(gd3) = 3.  (21)

Then the Dirac operator is

2
azx(az-vaz-kaz-vaz),
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where V is the covariant derivative of the holomorphic line bundle L. Since s is
holomorphic, i.e., Vgzs = 0, we have |5:|_2 s is anti-holomorphic, i.e., Vaz(|s|_2 s)=0.
A direct computation yields

Ifos)=V20fos, Pgdzo|s| s)=v20"(gdz) @ |s| *s
In other words, we have
D = V20, DNs-m = V20"

Here we omit the symbol s for convenience.
Next we consider the twistor bundle XM ® ®~'T'N and split this bundle as

SM®® 'TN = (STMe e 'TN) ("M@ 'TN).
Thus every spinor ¥ along the map ® locally has the form
U=f*"®0,+g"dz ® by,

where f®, g® are local sections of L respectively and 6, are local sections of ® TN
Recall the Euler-Lagrange equations for Dirac-harmonic maps

T(P) =R(D, V) =
DY =0.

5 (\If"‘ S UB) RN (6,,05).(e;),

DEFINITION 2.1. We say that a Dirac-harmonic map is uncoupled if the map
part is harmonic and is coupled otherwise.

First we write the curvature term R(®P, V) as follows:

R(D, D)

:% Re {(T,0. - U*) RN (04, 05)®.(0.) + (0,05 - U7) RN (0,,05)®.(05) }

:% Re {<gadz, \/;/\fo‘dz> RN (0,,05)9,(0.) + <fa, —ﬁga> RN (8, 05)@(82)}

:g Re {g”‘fT’RN(%, 05)P.(9.) — fgP RN (0a, 95)@(35)}

= 2 R (RY(1.9)9.(09)}

where we simply denote
UV=f4+dZ@g=[f"®0,+g¢"dZ®0,.
Introduce
0= f5Pdz @0, NOg=dz® fAG.
Then O is global defined, i.e., © € I'(T*M @ ®~ (TN ATN)) and

_2V2

R(®,T) = —==

Re {RY(0(92))®.(0:)} -
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Now the Euler-Lagrange equations for Dirac-harmonic maps are of the following form.

V2 . )
FE+TY ()20 7 =0,
92 + 15 ()97 =0.

The following Lemma is obvious.
LEMMA 2.1. Any Dirac-harmonic map is uncoupled if the associated © is trivial.
Moreover, we have
LEMMA 2.2. If VU is harmonic along the map ®, i.e., PV = 0, then © is harmonic.

Proof. Choose 6, such that V8, = 0 at a considered point. Then at that point
ng = 0. Moreover, since ¥ is harmonic, we have

$=0=g2.5
Therefore the differential of © is
DO :=dzAVy.0+d2AVe 0 = (f3%)2(dZ Ad2) @ (04 N Os) =0,
and the codifferential of O is
DO = —§ (16.V5.0 + 15, V5. 0) = —%(fagﬁ)g & (8o A O5) = 0.

Hence © is harmonic in the sense that DO =0, D*© = 0. O

From now on, we assume that N is also a Riemann surface and choose a local
conformal parameter ¢ = u + v/—1v of N and the metric of N is given by p(¢) |d¢|2.
Decompose d® as follows:

d® = 9P + 0P + 0P + 09,

where

00 = ¢,dz® 0y, 0P = ¢pzdz @ Iy,
and

0P = ¢.dz®0;, 0P = ¢zdz ® ;.
It is clear that 0® = 0P, 0% = 0P. Moreover

|d@|® = 2(|0®|* + 2 [|0®|]*, J(@) = [|9®]* - ||0®]° .

Here J(®) is the Jacobian of ®. If e is a local unit tangent vector field of M, then

9% = ~ (Id—v=1JV) 0 d® o (Id —/—1JM)

(Id —v=1J) 0 d® o (Id +v~1JM) ,

N

0P =
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and
0% =~ (Id+v—1J") 0d® o (Id —v/~1JM)

(Id+vV=1JY) 0d® o (Id +v—1JM).

[ =] =

0P

4
We get that following formulae
2 1 2, 1 =2 1 5 1
0% =7 42]* + L7(@), |52 = L a@|* ~ (@)
J(@) = (J¥(d®(e)), d®(JY (e))) -
In this special case, if we use the canonical isomorphism
TN =TioN & Ty N = Ky' & Ky',

where K is the canonical line bundle, we can split the twsitor bundle XM @ ®~'TN
as follows:

SM @0 TN = (K* @ 01T 0N ) @ (A K" @ @717 o)
® (K}f ® <I>_1T0}1N) @ (onlk}f ® <1>—1T0,1N)
and rewrite the spinor ¥ locally as follows:

S S
\Il:s®f8¢+W®d2®ga¢+s®ﬁ8$+w®d2®68&
S S

Here s is a local holomorphic section of L and f, g, p,q are local complex functions.
For convenience, we omit the symbol s and simply denote ¥ by

\I/:f8¢+dz®ga¢+ﬁ6$+d2®qa¢;.

LEMMA 2.3. V¥ is harmonic if and only if fOg,q0y are holomorphic and g0y, pOy
are anti-holomorphic, i.e.,

fz4 (logp)go=f =0, gz + (logp)ypzq =0,
and

9.+ (logp)gd-g =0, p.+ (logp)ep.p = 0.

Proof. A direct computation. For convenience, we provide a detailed calculation.
Locally, the Dirac operator I) has the following form

2
IZ):X(az'Va;-F@z'Vaz).

Denote the spinor ¥ as

U = f0, +dz @ g0y + p0y + dz ® ¢,
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i.e.,

U=s5® foy + 2®dz®ga¢+8®p8¢+

Here s is a local holomorphic section of L, i.e., Vg_s = 0. Since <s, |s|_2 5> =1 and

L is a line bundle, we know that V_(|s|>s) = 0, i.e., |s| % is anti-holomorphic.
From the definition of Clifford multiplication (2.1),

az.1zidz, 9:-1=0, 8,-dz=0, 08;-dz=—V2.
V2

Therefore,
DY =3(fs) ® 0y + V2(log p)sdzfsdz @ Dy

o . 2v/2 _
+ (g ls| " 5d2) © 05 — = (log p)odzgs| 5 @ 0

+d(ps) ® 0y + V2(log p) s pzpsdz ® O,

V2 o
== (logp)gd-qls| s @ 9.

+@(qls| % sdz) @ 95 — .

Here the Dirac operator @ defined on the spinor bundle ¥M can be calculated as
follows

Plsrn = V20, Pls-p = V20"

= 2
Since 0*(gdz) = —3 9 We get

DU =V2s®dz @ {(f: + (log p)g=f) Oy + (= + (log p) 36:p) Oz}

2\@5

P 5 @ {(gz + (log )y¢-9) Dy + (2 + (log p)5¢.q) 05} -

Set

0 = (fg — pq) p(¢)dz, (2.2)
then @ is a global defined holomorphic (1,0)-form on M. In fact,
LEMMA 2.4. If VU is harmonic, then fgpdz and pqpdz are both holomorphic.

Proof. Tt is a consequence of Lemma 2.2. Here we give another direct proof. We
only prove that fgpdz is a holomorphic (1,0)-form. Applying Lemma 2.3, suppose
fg # 0, then

(log f)z + (log p)¢<ég =0,
(log §): + (log §) 6= =O0.

Therefore,

(log(fgp))z = (log f)z + (log 9)= + (log p)yd= + (log p) 3= =
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This equality implies that fgp is a local holomorphic function which means that fgpdz
is holomorphic. O

As a direct application, we give a new proof of the following result due to L. Yang
[20].

THEOREM 2.5. There is no coupled Dirac-harmonic map from the 2-sphere
equipped with an arbitrary metric to any Riemann surface.

Proof. Since there is no nontrivial holomorphic 1-form on the 2-sphere equipped
with any metric, we can apply Lemma 2.4 together with Lemma 2.1 to complete the
proof of this theorem. O

Now we can state the following

PROPOSITION 2.6. In our complex notation, the FEuler-Lagrange equations become

¢.z + (log p) b Pz + gHN(@ (¢2 (fg—pq) — ¢ (fg - pQ)) p=0
[z + (log p)sgzf =0,
+ (log p)g¢zq = 0,
(log p)y-g =0,
+ (logp)gd=p = 0.

Proof. We rewrite the functional L as

1 =2 1
= 7/ [d®|* + (P, ¥) = 2/ 02" + 7/ (DY, ) +/ J(®).
2 /m M 2 Ju M
Let ® = ¢ + tn and fix the coefficients of W, i.e.,
U = fip + plg + dZ ® g0p + dZ ® 05 .
Moreover, suppose ¥ is harmonic along the map ¢. Then

d

— L(®, W
S| Lo

t 0

d
SER / 36 + 0" + 5 O/M<M"I’>

2 _ - 1 d
=2 /M Re {x (7. + (log )don) } pdz A+ 5 [ <Out_ozz>q;,\p>

(3
) B 1 d
=-= /M Re {(¢2: + (log p)g$=02) 7} pdz A dZ + 5 /M <C1t|t—017)‘1” ‘I’> :

7

Since ¥ is harmonic, then pfg and ppg are holomorphic. By Lemma 2.3

[ e =2,
M i Ju
V2

i Ju

zlf Re { ((f= + (log p)gd=f) G + (p= + (log p) 56:P) 4) } pdz A d.

((fz + (log p)sd=f) g+ (P + (log p) 50:D) q) dz A dz

p (9= + (log p)g-9) f + (G- + (log p)50-q) p) dz A dz
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Therefore,
[ (b
:? /M Re { (((log p)gon + (l0g p)4471) 0= + (log p)gnz) fg} pdz A dz
+ ? /M Re { (((log p) g1 + (l0g p)5571) &= + (l0g p) 577z) Pa} pdz A dZ
:? /M Re {(log p)yg (¢=71 — ¢=n) fg} pdz A dz

+ ? / Re {(log p) 45 (0= — ¢=1) P} pdz A dz
M

T g prN Re { (0217 — ¢-fg) 1} pdz A dz
M
a g pr™N Re {(¢.pq — ¢=pq) 7} pdz A dz
M
- g pr™ Re {¢: (fg — pq) 0} pdz A dz
v Jm

* \2/?/ pr Re{¢- (fg —pa) n} pdz A dz.
M

The rest of the proof is obvious. O

3. Dirac-harmonic map between closed Riemann surfaces. In this sec-
tion, we let M, N be closed Riemann surfaces and L be either fixed holomorphic
square root of the canonical bundle of M. As mentioned before, split the twsitor
bundle XM ® ®~'TN as follows:

SM @ ® TN = (K}W/? ® cI)—lTl,ON) ® (Ao’lK}\f ® cIrlTl,ON)

o (K3 © 97 ToaN) @ (A K f* © @' Ty1N)

and rewrite the spinor ¥ locally as follows:

S S
\If:s®f8¢+W®d2®98¢+s®ﬁad;+w®dz®qaq;.
S S

Here s is a local holomorphic section of L (i.e., harmonic spinor).
Denote

h(L®® Ty oN) :=dimc {¥ € ['(L ® ® T} o) is harmonic} ,
hA®'L® @1y oN) :=dimc {¥ € (A’ L ® & 'T; oN) is harmonic},
WL ®® Ty 1N) =dimc {¥ € ['(L ® ® "7 1 N) is harmonic} ,
hA*'L® @ 'y N) :=dimc {¥ € (A’ L ® & 'T)1N) is harmonic} .

Then we have
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LEMMA 3.1. Suppose ® : M — N is a smooth map. Then we have the following
isomorphisms.

AL Ty N = (Lo @ ' Ky')*,
AL Ty N =2 (Lo d 'Ky)*,
Led Ty )N~ Lo d 'Ky,

and hence

h(A*'L @ ® Ty 1N) = h(Le® ® 'Ky
h(A*'L® &7 ¢N) = h(L® ' Ky")

=(Lod 'Ky,
= (Lo ® 'Ky),
where Ky is the canonical line bundle of N and

(D) == dim¢ { fis a meromorphic function on M : (f)+ D > 0}.

Proof. By using the canonical isomorphism T4 oN = K;,l, we note that

AT & <I>*1T071N SN0 (1)711*(&1
YKy Lod '(Ky)™!
=Ky @Leod Y (Ky')*
2oL Led  (Ky')*
Lo (Ky')
~ (Lo d 'KyhH)"
The other two isomorphisms can be obtained in a similar way and the dimension

formulae follow from divisor and line bundle theory (e.g., [10, 14]). We only prove the
identity

ML ®® Ty oN) =1L d 'Ky,

since the other identities can be proved similarly. Choose nontrivial holomorphic
sections s and n with possibly isolated singularities of L and ®~'T3 oN respectively.
Then for every ¥ € I'(L @ &7 oN), there is a unique complex function f on M
such that

U=fs®mn.

Now V¥ is harmonic if and only if f is a meromorphic function on M. The smoothness
of W is then equivalent to see that (f)+(s)+(n) > 0, where (f) is the divisor generated
by f. Since (s) + (n) can be viewed as a canonical divisor of L @ ®~!T} oN, we get
the desired equality. O

LEMMA 3.2. Suppose ® : M — N is a smooth map. Then

deg(L ® @ Ky") =gar — 1~ deg(®)(2gx — 2),
deg(L ® @ 'Ky) =gn — 1+ deg(®)(2gn — 2),

where gnr, gy 1S the genus of M, N respectively.
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Proof. The first formula follows from
deg(L © @' K ") =deg(L) — deg(®) deg(Kn) = gar — 1 — deg(®)(2gn — 2).

The last equality has used the fact that L is a holomorphic square root of Kj; and
deg(Kpr) = 2gam — 2. The second formula can be obtained similarly. See [20] for
similar results. O

By using Lemma 3.1 and Lemma 3.2, we can reprove a result of Yang [20]:

THEOREM 3.3. Suppose (1.2) holds, then every Dirac-harmonic map (P, V) is
uncoupled.

Proof. Under the assumption (1.2), we get either gy — 1 — deg(®)(2gy —2) <0
and hence

h(L®® Ty gN) = h(A**'L® & ' 1 N) =0,
or gy — 1+ deg(®)(2gn — 2) < 0 and hence
R(A*'L @ ® T ¢N) = h(L® ® Ty 1N) = 0.
In either case, by the construction of the holomorphic (1,0)-form © (see (2.2)), we

know that © must be trivial and ® then is harmonic. O

COROLLARY 3.4. Suppose (1.3) holds, then every Dirac-harmonic map must be
a holomorphic or anti-holomorphic map coupled with a harmonic spinor along this
map.

Proof. Note that (1.2) holds if (1.3) is valid. Then using the theory for harmonic
map [9, 19, 13] or Theorem A.1, we get this corollary. O

Using the Riemann-Roch formula (c.f. [14]), we have the following
PROPOSITION 3.5.
ML®® T oN) — h(A®'L® &7 o N) = — 2deg(®)(gn — 1),
(L ®® Ty N) — h(A*'L @ ®7 1T, 1 N) = 2deg(®)(gn — 1).

Proof. The Riemann Roch formula says that for every divisor D,
(D) = deg(D) — g + 1+ 1(Kp @ D).
Applying Lemma 3.1 and Lemma 3.2, we know that
R(L®® T oN) =l(L®d K"
=deg(L@® 'Ky') —gu + 1+ (L@ 'Ky)
=—2deg(®)(gy — 1) + (L® ' Ky)
=—2deg(®)(gy — 1) + H(A®' L@ @1 KL).
The second identity can be proved similarly. O
Now we can prove the existence Theorem 1.1 for Dirac-harmonic maps.

Proof of Theorem 1.1. By using Proposition 3.5, we know that the space of
harmonic spinors along the map ® with the associated form @ = 0 is a complex linear
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space with complex dimension at least 4 |deg(®)(gny — 1)|. To see this, if deg(®)(gn —
1) < 0, then by Proposition 3.5, we have h(L ® ®~'T} oN) > 2|deg(®)(gn — 1)
and h(A“'L ® ®'Ty ;1 N) > 2|deg(®)(gn — 1)|, if we choose harmonic spinors ¥ €
['(XM ® ®~'TN) with local form

U=f0,+dz® (jaqg,
then we see that such ¥’s form a complex vector space with dimension at least
4[deg(®)(gn — ).
Similarly, if deg(®)(gn — 1) > 0, then we can choose
U= ﬁaqg +dz ® g0y,

and such harmonic spinors also form a complex vector space with dimension at least
4|deg(®)(gn — 1)|]. According to the definition of the associated form © (c.f. (2.2))

we know that © = 0 in both cases. In particular, such (®,¥)’s must be uncoupled
Dirac-harmonic maps. O

Proof of Theorem 1.2. We first consider the case
deg(®)(gy — 1) = 0.
Then, according to Proposition 3.5, we know that
ML ©® Ty 1 N) = 2deg(®)(gn — 1) + h(A*' L © 7Ty 1 N).
Lemma 3.2 together with (1.2) implies that
deg(L® @ 'Ky") =g — 1 —2deg(®)(gy — 1) < 0.
Therefore, Lemma 3.1 implies that
ML &® Ty oN) = h(A™'L® & Ty N) = (Lo ® *Ky') = 0.
Thus,
WL ®® Ty 1N) = h(A™' L ® & 'T) ¢N) = 2deg(®)(gy — 1).
Hence the space of harmonic spinors along the map ® is a complex linear space with
dimension 4| deg(®)(gn — 1)]-
The case of deg(®)(gn — 1) < 0 can be handled in a similar way. To see this, we
note that
deg(L® ® 'Ky) =gy — 1+ 2deg(®)(gy — 1) < 0.
and hence the following hold

R(L®® Ty 1N)=h(A"'L@®'T1 o N) =I(L2® 'Ky) = 0.
h(L®® Ty oN) = h(A*'L® & 1T N) = —2deg(®)(gn — 1) > 0.
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Again, the space of harmonic spinors along the map ® is a complex linear space with
dimension 4| deg(®)(gn — 1)|. O

PROPOSITION 3.6. There is no nontrivial Dirac-harmonic map from the 2-sphere
to the 2-torus.

REMARK 3.1. Branding [2] proved that there is no nontrivial Dirac-harmonic
map from S? to T™ (both equipped with standard metrics) by using the Bochner
method.

Proof of Proprosition 3.6. Suppose (®,¥) is a Dirac-harmonic map from the
2-sphere to the 2-torus, then we can apply Theorem 1.2 since (1.2) holds (gp =
0,9y = 1). In particular, ¥ must be trivial. Then applying the theory of harmonic
maps[9, 13, 19] or Theorem A.1, we know that @ is holomorphic or anti-holomorphic.
The Riemann-Hurwitz formula (c.f. [10, 5, 14]) says that if ® is a non-constant (anti-
Yholomorphic map, then

|deg(®)| x(N) = x(M) +r, =0,

which contradicts the assumption x(M) = 2 and x(IN) = 0. As a consequence, ®
must be a constant. O

The following Proposition is a consequence of Theorem 3.3 and a result of Schoen
and Yau [18] and Sampson [17].

PROPOSITION 3.7. Let M, N be two closed Riemann surfaces of the same genus
and assume that the metric of N has negative Gauss curvature. Suppose (P, U) is a
Dirac-harmonic map from M to N and deg(®) = 1. Then ® is a diffeomorphism.

Proof. By known results about harmonic maps [9, 13, 19] or Theorem A.2, we
need only to prove that ® is harmonic. That is a direct consequence of Theorem 3.3
since gy = gy > 2. 0

In the rest of this section, we shall give a proof of Theorem 1.3. As a preparation,
we provide a short remark on the existence of twistor spinors with possibly isolated
singularities on closed Riemann surfaces.

As before, we also suppose M is a closed Riemann surface with genus gp; and Euler
characteristic x(M) = 2 — 2g5;. Choose a local conformal parameter z = x + /—1y
and denote the metric locally by A(z) |dz|2. Let L be either fixed holomorphic square
root of the canonical line bundle K, of M. The spin bundle XM of M can be viewed
as L ® A®'L. Every spinor 1 on M can be written locally as

S dz
1/1:,}6@724’97_2@8, (31)
5| |dz]
where s is a local holomorphic section of L and f, g are local complex functions. Recall
the Clifford multiplication
A _ _
32-1=ﬁdz, 85'120, az'dZ:O, agdZ:—\/i

Now we say that a spinor v is a twistor spinor if it satisfies the following twistor
function on M,

Vo ¢+ %52 PP =0, Vo b+ %82 - =0, (3.2)
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or equivalently
0, Vo =0z-Va. 0 =0.

If (3.2) holds on M except at finitely many points, we say that ¢ is a twistor spinor,
possibly with isolated singularities. Under the local expression (3.1), the twistor equa-
tion (3.2) is equivalent to

fz:gizoo

Therefore, v is a twistor spinor if and only if f ® |s|72 s and gdZ ® s both are twistor
spinors. Choose a nontrivial harmonic spinor s, possibly with isolated singularities,
and a nonzero anti-meromorphic (0, 1)-form 7, i.e., Vy.s = 0, Vg, n = 0 except some
finite points. Then we can write ¢ as

S Ui
1/) = f*z + 972 ® 8.
5] 7]
By using the fact Ky = 2L, we get
dime {¢ € I'(L) is a twistor spinor} =dimc {f is meromorphic : (f) — (s) >0}
=dimc {f is meromorphic : (f) — (s) > 0}
=l(—L).
dime {) € T(A”'L) is a twistor spinor} =dimc {g is meromorphic : (g) — (1) + (s) > 0}
=l(-L).
Here
I(D) == dim¢ {f is meromorphic on M : (f) + D > 0} .
For every divisor D, according to Riemann-Roch formula, we have

I(—L+ D) =deg(—L+D)+1—gm + (3L — D) =deg(D) +2—2gm + (3L — D).

As a consequence, the twistor spinors on the 2-sphere form a 4-dimensional complex
linear space while on the 2-torus with trivial spin structure, they form a 2-dimensional
complex linear space (c.f. [12]). Also, there is no nontrivial twistor spinor on closed
Riemann surfaces with higher genus (gps > 2). However, one can claim the following

LEMMA 3.8. Suppose deg(D) + x(M) > 0, then there is a nontrivial twistor
spinor that may have isolated singularities.

Now we give a

Proof of Theorem 1.3. According to Corollary 3.4, we know that ® is (anti-
)holomorphic. Without loss of generality, assume @ is holomorphic, then the spinor
U along the map @ locally can be written as

U = f0, +dz ® q0;.
By assumption (1.3), ® is not constant and hence the zeros of O® are isolated.

Vef _ V2

(0:  n®0P(0.) + 0. - n® 0P(93)) ,

_2
D)
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where
V23 V2Af
n=—— dz
2¢5 4¢z
is a globally defined spinor on M with possibly isolated singularities.
Notice that

and

Here we have used the relationship

\/gAdz, 9; -dz = —V2.

Noting that 0, - dz =0=0; - 1, we get

0, 1=

1 1
Vazn+§8z~ﬂn207 Vazn+§8gé%7:()

which means that 7 is a twistor spinor. 0

Appendix A. Some known results about harmonic maps.
pendix, we list some known results about harmonic maps between closed Riemann
surfaces. All results can be found in [9, 13, 19]. Let M and N be two closed Riemann
surfaces with local conformal parameter z = x++/—1y and ¢ = u++/—1v respectively.
Denote the metric of M and N locally by A(z) |dz|* and p(¢) |d@|” respectively. Then

a smooth map ® : M — N is harmonic if and only if

¢=z + (log p)pd=dz = 0.
Based on this equation, we get the following Bochner foumulae
Aprlog |02] = &M — kY J(9),
Ay log H5<I>|| =rM + kN J(9).

Therefore, if ® is a harmonic map, then 9® has an isolated zero set if 9% is not
identically zero, while 9® has an isolated zero set if 9P is not identically zero. Hence,

according to these Bochner formulae, we get

THEOREM A.1 ([9]). Suppose ® is harmonic and
gar — 1 < |deg(®)(gn — 1),

then ® 1is either holomorphic or anti-holomorphic.

THEOREM A.2 ([18]). Suppose ® is harmonic, gnr = gn,deg(®) = 1 and k™ <0,

then @ s a diffeomorphism.
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