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EQUIVARIANT MINIMAL SURFACES IN CH? AND THEIR HIGGS
BUNDLES*

JOHN LOFTINT AND IAN MCINTOSH?!

Abstract. This paper gives a construction for all minimal immersions f of the Poincaré disc into
the complex hyperbolic plane CH? which are equivariant with respect to an irreducible representation
p of a hyperbolic surface group into PU(2,1). We exploit the fact that each such immersion is a
twisted conformal harmonic map and therefore has a corresponding Higgs bundle. We identify the
structure of these Higgs bundles and show how each is determined by properties of the map, including
the induced metric and a holomorphic cubic differential on the surface. We show that the moduli
space of pairs (p, f) is a disjoint union of finitely many complex manifolds, whose structure we
fully describe. The holomorphic (or anti-holomorphic) maps provide multiple components of this
union, as do the non-holomorphic maps. Each of the latter components has the same dimension as
the representation variety for PU(2,1), and is indexed by the number of complex and anti-complex
points of the immersion. These numbers determine the Toledo invariant and the Euler number of the
normal bundle of the immersion. We show that there is an open set of quasi-Fuchsian representations
of Toledo invariant zero for which the minimal surface is unique and Lagrangian.
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1. Introduction. In this article we provide a complete classification of p-
equivariant minimal immersions f : D — CH? and a parametrisation for their moduli
space as a union of complex manifolds. Here D is the Poincaré disc and p is an ir-
reducible (or more generally, reductive) representation of a hyperbolic surface group
(i.e., the fundamental group m¥ of a closed orientable surface ¥ of genus at least
two) into the group PU(2,1) = U(2,1)/centre. Recall that a minimal immersion of
a surface is the same thing as a conformal harmonic map. To say f is p-equivariant
means it intertwines the action of a Fuchsian group on D with the action of p on the
complex hyperbolic plane CH? by holomorphic isometries. One can also think of f as
a section of a CH?-bundle over ¥ or, when p is a discrete embedding, as a minimal
immersion f : ¥ — CH? /p into the quotient manifold.

We classify these pairs (p, f) up to PU(2,1)-equivalence, i.e., up to the natural
left action of PU(2,1) by conjugation of p and the simultaneous ambient isometry of
f- In particular, the space of such pairs has a natural “forgetful” map to the moduli
space

R(G) = Hom™ (m ¥, G)/G,

of conjugacy classes of reductive representations into G = PU(2,1). Recall that this
is a real analytic variety whose connected components are indexed by the Toledo
invariant 7(p) € 2Z, |7(p)] < —x(X) (see, e.g., [19]). We show that there are families
of pairs for every value of 7.

We achieve this classification by exploiting the powerful machinery which links
equivariant harmonic maps to the Yang-Mills-Higgs equations over a compact Rie-
mann surface and thereby to Higgs bundles [10, 29, 9, 43], Our starting point is two

*Received May 8, 2017; accepted for publication July 27, 2017.

TDepartment of Mathematics and Computer Science, Rutgers-Newark, Newark, NJ 07102, USA
(loftin@rutgers.edu).

fDepartment of Mathematics, University of York, York YO10 5DD, UK (ian.mcintosh@york.ac.
uk).

71



72 J. LOFTIN AND I. MCINTOSH

facts: (i) to each irreducible p and marked conformal structure on ¥ (i.e., conjugacy
class of Fuchsian representations) there is a p-equivariant harmonic map f [10, 9];
(ii) when this information is encoded into a G-Higgs bundle (E,®) f is weakly con-
formal precisely when tr ®2 = 0. It is surprising that this approach has not, to our
knowledge, been exploited before, since it provides a very effective way to understand
the moduli as holomorphic data and avoids a direct analysis of the Gauss-Codazzi
equations for minimal surfaces (cf. [44]).

When G = PU(2,1) the structure of the Higgs bundles and their moduli space
is quite well understood [52, 22, 3]. In this case the bundle E splits into a sum
V @& L of a rank two sub-bundle V' and a rank one sub-bundle L which are mapped
to each other by the Higgs field, i.e., we can write ® = (®1, P3) where &1 : L — KV
and ®5 : V — KL for K the canonical bundle determined by the marked conformal
structure. In fact by projective equivalence we may assume that L = 1, the trivial
bundle. The Higgs field ® corresponds to the differential of f. To be precise, it
corresponds to

of : THD — TECH?,

and the components ®1,P5 correspond to the components of df with respect to the
type decomposition of TCCH?. For a minimal surface there are two possibilities: (i)
f is holomorphic ($3 = 0) or anti-holomorphic (®; = 0), or (ii) f is neither and
has isolated complex and anti-complex points which give finite divisors D; and D,
over ¥ (where, respectively, o and ®; have zeroes). We treat these two possibilities
separately, and in fact it is the latter which we treat first, in §2 and §3. An important
role is played by a cubic holomorphic differential Q which can be naturally assigned to
any minimal surface in a Kahler manifold of constant holomorphic section curvature
[51]. Tt vanishes identically for holomorphic or anti-holomorphic immersions (but not
only for them). When f is neither holomorphic nor anti-holomorphic we show that,
with the two bilinear forms v; = 1 tr ®; @;, which carry the information of the metric
v induced by f, the data (v1, 72, Q) completely determines the minimal immersion up
to ambient isometries. The principal results of §2 and §3 (Theorems 2.3 and 3.1) can
be summarised as follows.

THEOREM 1.1. Let p be irreducible and f be minimal and p-equivariant. If [ is
neither holomorphic nor anti-holomorphic then the pair (p, f) is faithfully determined,
up to G-equivalence, by data (X., D1, D, &) where: ¢ is a marked conformal structure
on X, Dy and Do are effective divisors on ¥ whose degrees dy,ds satisfy

2dy +d2 < 6(g—1) and dy +2d2 < 6(g — 1),

and ¢ € H (S, K~2(D1 + D3)) represents an extension class which determines V
as an extension of K~1(D1) by K(—Ds). The Higgs bundle is then E = V & 1
equipped with a Higgs field determined by the extension class. Under the Dolbeault
isomorphism this extension class corresponds to the cohomology class of —Q/y17y2 in
HO%Y(X., K=%(D1 + D3)), and &€ = 0 if and only if @ = 0. In this correspondence, p
has Toledo invariant T(p) = %(dg —dy), and the Euler number of the normal bundle
of fis x(TSL) =2(g—1) — dy — da.

In particular, the integers di,ds determine, and are determined by, the Toledo
invariant of p and the Euler number of the normal bundle of f.

The correspondence is constructive in the sense that, given data (2., D1, Da, &)
satisfying the conditions above, we give an explicit construction of a stable Higgs



EQUIVARIANT MINIMAL SURFACES 73

bundle (E, ®) with tr ®2 = 0. The divisors Dy, Dy are precisely the divisors of anti-
complex and complex points of the minimal immersion. For f to be strictly an
immersion they must have no common points, but the construction still works to
produce branched minimal immersions if they intersect, with branch points at the
intersections.

This construction includes and greatly extends the construction of minimal La-
grangian embeddings we gave in [37]. Indeed, up to this time we were not aware
of any other examples of non-holomorphic equivariant minimal immersions into CH?
(save for the Lagrangian examples whose existence is a consequence of the “mountain-
pass” solutions to the Gauss equation described in [31]). The theorem above not only
gives all examples for reductive representations (when we allow branch points) but
allows us to describe the structure of the moduli space of these as a complex manifold
(Theorem 1.3 below).

By a theorem of Wolfson [50], f is Lagrangian precisely when it has no complex
or anti-complex points, and is therefore parametrised by the pair (X.,£). The em-
beddings constructed in [37] all have the property that the exponential map on the
normal bundle provides a diffeomorphism between 7D+ and CH?. It follows that p
has a finite fundamental domain (given by the normal bundle over a finite fundamental
domain for the action of 71X on D). Here we call such embeddings almost R-Fuchsian,
because they are deformations of the embedding RH? — CH?, which is equivariant
with respect to every Fuchsian representation into SO(2,1) C PU(2,1). In §4 we im-
prove on the results in [37] by showing that whenever f is minimal Lagrangian with
Q2 < 2 it is almost R-Fuchsian and the unique p-equivariant minimal immersion.
The R-Fuchsian case corresponds to @ = 0, and therefore £ = 0 by the theorem above.
The uniqueness of f proved here implies that the data (3., &) also parametrises the
almost R-Fuchsian family, although at present we do not understand the appropriate
bound on &. Tt is preferable to have the parametrisation in terms of (X, £) since that
gets us directly to the Higgs bundle and therefore to p. The parametrisation in [37]
using Q requires an additional condition to provide a unique solution to the Gauss
equation of the immersion. We describe the subtleties of existence and uniqueness for
this equation in §4.1, which also draws on earlier work by Huang, Loftin & Lucia [31].

The minimal Lagrangian case suggests that it is important to understand those
minimal immersions for which @ = 0. These are treated in §5. We show that they
have a very interesting interpretation in terms of the Higgs bundle, for Q = 0 exactly
when the Higgs bundle is a Hodge bundle (or variation of Hodge structure). These are
known to be the critical points of the Morse-Bott function ||®||7, [22] and come in two
flavours: length two or length three. The length-two Hodge bundles all correspond
to holomorphic or anti-holomorphic maps. The following theorem summarises our
results regarding these.

THEOREM 1.2. Let p be irreducible and f be branched holomorphic and p-
equivariant. Then the pair (p, f) is faithfully determined by data (X., B, L,C.n) where
B is an effective divisor of degree b, L is a holomorphic line bundle of degree | satis-

fying
3g-—1+ib<li<6g—1)—b, 0<b<2(g—1),

and C.n € PHY(S., KL=Y(B)) determines the isomorphism class of V as an extension
of K~Y(B) by K—2L. The Toledo invariant of p is 2(6g —6 —b—1) > 0.

This also accounts for anti-holomorphic immersions, since f is anti-holomorphic
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and p-equivariant if and only if f is holomorphic and p-equivariant. The latter has
the dual Higgs bundle to p.

As with the non-holomorphic case, the extension class 1 corresponds to the Dol-
beault cohomology class of a tensor over X, which has geometrical significance and is
related to the second fundamental form of f (see Theorem 5.2). We explain how the
limiting value 1 = 0 corresponds to reducible representations which are not mazimal,
i.e., do not have 7 = £x(2).

By contrast, the length-three Hodge bundles correspond to those pairs (p, f)
coming from Theorem 1.1 with £ = 0. By using the method of harmonic sequences
[4, 7, 14, 15] we show that £ = 0 precisely when the harmonic sequence of f contains a
holomorphic p-equivariant (and “timelike”) map into complex de Sitter 2-space. This
is a pseudo-Hermitian symmetric space, the analogue of the real 2-dimensional de
Sitter space which complements RH?.

In the final section, §6, we describe the moduli space

V ={(p, f) : p irreducible, f branched minimal}/G.

By the results stated above it is a union of components V(d;,ds) containing those
pairs described by Theorem 1.1 and W (b,1) (respectively, W~ (b,1)) containing the
holomorphic (resp., anti-holomorphic) immersions described in Theorem 1.2. Of these
we prove:

THEOREM 1.3. Each V(dy,ds2) is a complex manifold of dimension 8g — 8, while
each WE(b,1) is a complex manifold of dimension 3(g — 1) + 1. All of these are
diffeomorphic to bundles over the Teichmiiller space of 2, and the fibres are complex
analytic submanifolds. For V(dy,dz) each fibre V.(d1,ds) is a rank 59 — 5 — dy — da
vector bundle over STY, x S%X.., while for W (b,1) each fibre is a CP'"""9-bundle
over S, x Picy(%.).

We finish in §6.3 with a brief discussion of the map V — R(G) given by forgetting
the immersion. There is much yet to be understood about this map. For example, we
do not know if this map is onto for non-maximal representations, or the dimension of
its image on components of V. Nevertheless, we can make some salient remarks about
its restriction to any fibre over Teichmiiller space. We point out that on the image
of V the L?-norm of the Higgs fields equals the area of the minimal immersion. The
critical points of ||®||7. are all accounted for by the Hodge bundles, and therefore lie
in the image of V. A comparison of the structure of V.(d1,ds) with what is known
of the Morse index from [22], together with an area bound established in §3, suggests
that the fibres of the vector bundle V,(d1, d2) map onto the downward Morse flow of
2.

For us, one of the outstanding challenges is to use this construction to study
the quasi-Fuchsian representations, where “quasi-Fuchsian” is meant in the sense of
Parker & Platis [41], i.e., a convex cocompact, totally loxodromic, discrete embed-
ding. Recent work of Guichard & Wienhard [25, Thm 1.8] has shown that p is a
convex cocompact embedding precisely when it is an Anosov embedding. Since the
latter are totally loxodromic, the notions “quasi-Fuchsian”, “convex cocompact em-
bedding” and “Anosov embedding” coincide for PU(2,1) (and more generally, any
semisimple Lie group of real rank one). One knows from [24] that quasi-Fuchsian rep-
resentations comprise an open subset of the representation variety R(G). Examples
for every even value of 7(p) were constructued by Goldman, Kapovich & Leeb [20],
while Parker & Platis [40] constructed a open family of quasi-Fuchsian representations
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in the Toledo invariant zero component. The latter family are perturbations of the
Fuchsian representations corresponding to the totally geodesic and Lagrangian embed-
ding RH? ¢ CH?, so they must overlap with the almost R-Fuchsian representations
constructed in [37] (all of which are quasi-Fuchsian).

Beyond these examples, there is very little known; it is not even known whether
there are any quasi-Fuchsian representations for non-integral values of the Toledo in-
variant. One compelling reason for looking to minimal immersions to provide more
insight is the theorem of Goldman & Wentworth [21], that for convex cocompact rep-
resentations the harmonic map energy functional on Teichmiiller space is a proper
function. It therefore has at least one critical point, and it is a well-known result of
Sacks & Uhlenbeck [42] that each critical point corresponds to a weakly conformal
harmonic (i.e., branched minimal) map. Since our construction includes branched
minimal maps, it follows that the map V — R(G) has all quasi-Fuchsian representa-
tions in its image.
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2. Minimal surfaces and their Higgs bundles. We begin by setting up the
notation and standard constructions for the minimal surfaces and the Higgs bundles
we will be working with.

2.1. Equivariant minimal surfaces in CH?. Our model for CH? will be the
projective model, as follows. Let C%! denote the vector space C? equipped with the
(indefinite) Hermitian metric

<U, U> = V1V + V20U — V3V3.

Let C*' = {v € C2! : (v,v) < 0}, so that CH? ~ PC>'. Thus we consider CH? as
the orbit of the line [0,0,1] € PC*"' under the standard action of G = PU(2,1). Con-
sequently CH? ~ G/H, where H ~ P(U(2) x U(1)) is a maximal compact subgroup
of G. We equip CH? with its Hermitian metric of constant holomorphic sectional
curvature —4; so that its sectional curvature has bounds —4 < k < —1. We write the
Hermitian metric on CH? as h = g — iw, where w(X,Y) = ¢(JX,Y), and recall that
(CH?, h) is a Kéhler-Einstein manifold.

We will always think of a minimal immersion f : D — CH? as a conformal
harmonic immersion, so the induced metric v = f*¢g is conformally equivalent to the
hyperbolic metric u, with v = e*u for a smooth function u : ¥ — R. To say that f is
p-equivariant means it intertwines p with a Fuchsian representation w3 — Isom(D).
The conjugacy class of such a representation is equivalent to a choice of a marked
conformal structure on 3, i.e., a point ¢ € T, in the Teichmiiller space of ¥. We will
write X, to denote the surface with this structure. From now on we will assume f is
p-equivariant.

To understand the properties of such minimal immersions we need some notation
for the type decomposition of the (complexified) differential df : T¢D — TCCH?.
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Both the domain and the codomain are complex manifolds, so to distinguish between
the type decompositions of their tangent vectors we will write

T°D =T7"9Da 7%'D, TCCH? = T'CH? + T"CH?.

The projections will be such that X = X0 4+ X1.0 (or X’ + X’ as appropriate)
whenever X is real. Our primary model for TCCH? will be the projective model: viz,
at any point £ € PC*' we use the isomorphism

T,CH? © T/ CH* — Hom(¢, (') ® Hom(¢*, ¢) € End(C*1); (2.1)
(27 W) = (WZL o Z,m 0 W)7

where 7, : C*! — ¢ is the orthogonal projection and we think of Z, W as operations
of differentiation on local sections of CH? x C3. In particular, conjugation in 7CCH?
corresponds to taking the Hermitian transpose in End(C?%1), i.e., whose fixed subspace
is u(2,1). The isomorphism can be derived from the symmetric space model for CH?,
which we will occasionally need to use (cf. the related model for CP"™ in, for example,
[5]). For that model, let g = su(2,1) and let h C g denote the Lie subalgebra for H.
Then the symmetric space decomposition is g = b +m where m = h with respect to
the Killing form, and TCH? ~ [m] = G x z m, where the action of H on m is its right
adjoint action. It is easy to check that the fibre of [m*] at £ agrees with the codomain
of (2.1), and that the metric corresponds to g(A4, B) = 1 tr(AB) whenever A, B € m.

By extending ¢ to mean the tautological sub-bundle the Hermitian metric h on
T'CH? is then equivalent to the inner product

h(Zl,ZQ) = <7TELZ10'0,7TELZ20'0>, op € F(é), <0’0,0’0> = —1.

Then type decomposition induces an isometry TCH?* — T'CH?. These type decom-
positions give four complex linear parts of df:

af' . T"°D - T'CH?, af":T“9D — T"CH?, (2.2)
of - T*'D — T'CH?, df" : T"'D — T"CH?, (2.3)

which are related by df” = df” and 0f' = f" using simultaneously the conjugation
in 7D and TCCH?. Since f is p-equivariant, so is df, i.e., dfds = dp()df whenever
§ € mY C Isom(D). Therefore we can think of df as a section of the bundle T¢Y* ®
(f~'TCCH?/p) over ¥.. In particular,

of =of' +of",

is a smooth section of the vector bundle K @ (f~'TCCH?/p) over ¥, where K is the
canonical bundle of X..

One says that f has a complez point at p = f(z) when 0f” vanishes at p (i.e., when
df (T"°D) ¢ T'CH?), and an anti-complex point when f’ vanishes at p. The Levi-
Civita connexion induces a holomorphic structure on f~*TCCH?/p which preserves
type decomposition, and f is harmonic when V%W 0f(Z) = 0 for local holomorphic
sections Z of THOD, i.e., when

VS of (Z) = 0 and V§T0f"(2) = 0.

Thus 9f" and df” are holomorphic sections of their respective bundles; so a harmonic
immersion which is not holomorphic or anti-holomorphic must have isolated anti-
complex and complex points. We will denote the divisors of zeroes of df' and 9" on
3 by D; and Ds respectively .
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Through these identifications there is a sesqui-linear form h(df’, df’) on T¢Y which
gives the induced metric as v = Reh(df’,df’) = g(df’,df’). The map f is weakly

conformal when
h(of',0f") =0,

and conformal when additionally df’ does not vanish. Therefore, for conformal maps
the induced metric and the pull-back of the Ké&hler form are expressed, with respect
to a local complex coordinate z, as

* * ( =
Y=g =R+ B)d, fw= (8 —ud)ds A ds (2.4)
where
uy = 0f(2)|, ue = 10f"(Z), Z=0/0z. (2.5)

The functions wuy, ug are locally real analytic and vanish precisely at the anti-complex
and complex points, respectively. They correspond to Hermitian metrics

v = h(0f,0f) = uldzdz, ~o =h(0f",0f") = uidzdz (2.6)

on K~(D;) and K ~!(Dy) respectively. Note that, to apply 7 to all elements of TCY.
consistently, the meaning of “|dz|?” above is

|dz|* = L(dzdz + dzdz),

in terms of the local complex linear forms dz,dz. For this reason we do not write
Y ="+ 7.

Because the forms ~, f*w live on ¥ we can use some of the arguments which
apply to compact minimal surfaces in Kéhler-Einstein manifolds [48, 50, 6] to relate
numerical invariants of a minimal immersion.

THEOREM 2.1. Let f : D — CH? be a p-equivariant minimal immersion which
is meither holomorphic nor anti-holomorphic. Let dy,ds be the degrees of the divisors
Dy and D+ of anti-complex and complex points. Then

Cl(p) = d1 — d2, (27)
X(Z) + X(TEF) = —dy — dy, (2.8)

where c1(p) is the first Chern class of the bundle f~'TCH?/p over ¥ and TS+ C
fﬁlT(CH2/p is the normal sub-bundle.

Wolfson also showed that in the absence of complex or anti-complex points a
minimal immersion into a Kéhler-Einstein surface of negative scalar curvature must
be Lagrangian [50, Thm 2.1]. His argument extends to p-equivariant maps, so that in
the setting of the previous theorem f will be Lagrangian if and only if d; = 0 = ds.

Now we recall that the Toledo invariant 7(p) is the integer

T(p) = %/Zf*w- (2.9)

This is the normalisation which fits with the metric of holomorphic sectional curvature
—4. Tt is known that for any representation p into PU(2,1), |7(p)| < —x(X) [11] and
7(p) € 2Z [20]. Since CH? has Einstein constant —6, equation (2.7) tells us that

r(p) = ~3ei(p) = 3(d> — o). (2.10)
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Finally, as well as the degenerate metrics ; above, there is a third important invariant
of minimal equivariant immersions [51, Cor 2.7], the cubic holomorphic differential
Q € H(%, K3) defined by

Q(7,7,7) = h(NG0f'(2),0f(Z)) = —h(0f'(Z), VL Df'(2)), (2.11)

for Z € TH9D. Tt follows at once from this that Q vanishes identically for holomorphic
or anti-holomorphic immersions (but not only for them, as we shall see). When f is
neither holomorphic nor anti-holomorphic we will see later that the quantities vy, vz, Q
uniquely determine f up to ambient isometries.

2.2. (G-Higgs bundles and representations. As well as fixing our notation for
Higgs bundles, we also need to summarise their correspondence with (projectively) flat
connexions, and hence representations and harmonic maps, since we will be making
explicit use of this correspondence for most of this article. A good general introduction
to Higgs bundles can be found in, for example, [16, 17], while details for their moduli
spaces in the case G = PU(2,1) can be found in [22, 52].

Suppose ¥ has been given a fixed conformal structure. With the notation of the
previous section, a G-Higgs bundle for G = PU(2,1) is a projective equivalence class
of U(2,1)-Higgs bundles. The latter are pairs (E, ®) consisting of a holomorphic rank
three vector bundle E over ¥ equipped with a splitting £ = V& L into a rank two sub-
bundle V' and a line sub-bundle L (both holomorphic) together with a holomorphic
section

® ¢ HY(K ® [Hom(L, V) @ Hom(V, L)]), (2.12)

called the Higgs field. Projective equivalence identifies pairs (E, ®) and (E’, ®’) when
there is a holomorphic line bundle £ for which £/ = E® L and &' = ®.

We will write ® = (®1,P3) to denote the two summands implied by the direct
sum (2.12). It is also convenient to write the holomorphic structure on E as a 0-
operator on smooth sections, dg : E2(E) — £%!(E). A Higgs bundle is stable if for
any proper (non-zero) ®-invariant sub-bundle W C E the slope condition

deg(W)
rk(W)

< & deg(E), (2.13)

is satisfied. It is polystable when it is either stable or the direct sum of stable proper
Higgs sub-bundles all having the same slope (these latter type are called strictly
polystable). These properties are independent of the choice of pair (E, ®) representing
the projective equivalence class. Now we recall that each polystable U(2,1) Higgs
bundle admits a C*! metric and compatible projectively flat connexion, and thereby
produces a flat PU(2,1)-bundle.

THEOREM 2.2 (Prop 3.9, [3]). Fixz a Kahler metric on . in the conformal class
¢, with Kahler 2-form w., normalised so that X, has area 2mw. For each polystable
stable U(2,1)-Higgs bundle (E,®) of slope u there is a C*1 metric on E for which
L =V and the corresponding Chern connexion Vg and Hermitian adjoint ®1 yield
a projectively flat connexion V =V +® — &, i.e.,

RY =RV 4+ [® A DT = —ipw Ip. (2.14)

The connexion V induces a flat connexion on the principal PU (2, 1)-bundle whose
associated bundle is PE. The holonomy of this flat connexion yields a reductive
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representation p : m % — PU(2,1) (determined up to conjugacy) which is irreducible
precisely when (E, ®) is stable (hence strictly polystable Higgs bundles correspond to
reducible reductive representations).

REMARK 2.1. This theorem can be thought of as an example of the Donaldson-
Uhlenbeck-Yau correspondence between stable bundles over compact Kéhler mani-
folds and Hermitian-Einstein connections (Garcia-Prada gives a good overview which
fits our context in [16]). For G-Higgs bundles such a correspondence is due to Hitchin
for G = SL(2,C) [29] and Simpson [43] when G is a complex reductive algebraic

group.

Note that the usual statement of the previous theorem gives the existence of a
Hermitian metric on E. This is equivalent, since one can simply swap the sign of
the metric on L, and the condition (2.12) on the Higgs field ensures that the adjoint
remains the same. This makes the C*! metric negative definite on L, and therefore L
determines a smooth section of the CH? bundle PE_ (where E_ denotes the bundle
of negative length vectors in E). Since PE_ ~ D x, CH? this section is equivalent to
a p-equivariant map f : D — CH? in such a way that ® = df. Moreover, Vg induces
a metric connexion on f~'TCH? which agrees with the pull-back of the Levi-Civita
connexion, so that the equation dz® = 0 is the harmonic map condition for f.

In the reverse direction, a representation p : m% — G determines the projective
bundle PE uniquely and therefore a class of projectively equivalent C>' bundles, each
with a projectively flat connexion. By Corlette’s results [9], there is a p-equivariant
harmonic map f : D — CH? precisely when p is reductive, and this map is unique
when p is irreducible . The map corresponds to a line sub-bundle L. C E and therefore
a splitting £ = L+ @ L. The splitting determines a bundle automorphism o &
End(E, E) for which o|L* = 1 and ¢|L = —1, and therefore a decomposition V =
Vi + U, where

Vg =3(V+0oVo), ¥=23(V-0oVo).

The Higgs field is ® = ¥'?, The harmonic map equation, when paired with the
projective flatness of V, asserts that dg¥H? = 0, and thus the Higgs field satisfies
(2.12) when we take V = L*.

Two such bundles, (E,V) and (E’, V'), are projectively equivalent when there is a
line bundle £ equipped with a connexion V. for which £/ ~ EQ L and V' 2 VQV,
(the induced connexion on the tensor product). In particular, by taking £ = L~*
equipped with the connexion obtained from the restriction of V to L, we may assume
without loss of generality that £ = V @& 1, where 1 denotes the trivial bundle, and the
restriction of V to 1 is the canonical flat connexion. In that case the Toledo invariant
of pis —2 deg(V).

REMARK 2.2. The alternative normalisation, used by Xia [52], is to note that
since deg(F® L) = deg(E)+3 deg(L) one can normalise by degree, i.e., insist that 0 <
deg(E) < 3. In particular, the topological type of PFE is determined by deg(E) mod 3,
and the representation p only lifts to SU(2,1) when there exists an £ for which
E ® L ~ D x;C?! for some representation p : m ¥ — U(2,1). This happens if and
only if deg(E) = 0 mod 3, i.e., when 7 € 27Z.

REMARK 2.3. From the Higgs bundle perspective, the Toledo invariant is some-
times defined to be 2 deg(VL™!) (see, for example, [52]). This differs by a sign from
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our convention, since

2deg(VL™") = 2degHom(L,V) = Zc1(p) = —7(p). (2.15)

2.3. Minimal surfaces and their Higgs bundles. We are now in a position
to classify, in terms of Higgs bundle data, the minimal p-equivariant surfaces which
are neither holomorphic nor anti-holomorphic, when p is irreducible.

THEOREM 2.3. An irreducible representation p € Hom(mX,G) admits a p-
equivariant minimal immersion f : D — CH? which is neither holomorphic nor
anti-holomorphic if and only if it corresponds to a Higgs bundle (E,®) for which
E =V &1 where V is a rank 2 holomorphic extension

0— K 4(D1) BV KD,y — 0. (2.16)

Here Dy, Dy are effective divisors with no common points, whose degrees dy,ds satisfy
the stability inequalities

2d1 + do < 6(9 — 1) and dy + 2dy < 6(g — 1), (217)

where g is the genus of 3. The Higgs field is given by ® = (1, ®o), after making the
canonical identifications
Hom(K ~'(D,),V) ~ K(-D;) ® Hom(1,V),
Hom(V, K(—D3)) ~ K(—D2) ® Hom(V, 1). (2.18)
These divisors are, respectively, the divisors of anti-complex and complex points of the
minimal immersion f. The representation p has 7(p) = 2(dz — dy).
Proof. Given p we obtain a projectively flat C*! bundle of the form E =V @ 1,
and then f provides holomorphic sections
®; = 0f € H'(K @ Hom(1,V)) ~ H°(Hom(K ', V)),
®y = 0f" € H'(K @ Hom(V, 1)) ~ H°(Hom(V, K)),

whose sum is ® = df. Since f is conformal we have

0=g(0f,0f) = % tr(®?).

From this we can show that ®3 o &; = 0, by the following local frame argument.
Neither of ®1, @, are identically zero since f is not +-holomorphic. So, away from its
zero locus, the image of ¢ is a rank one sub-bundle V; C V. We can locally frame F
by sections 01,092 of V' and o3 of 1 such that o1 generates V7, and we may assume this
is a U(2,1) frame with respect to the metric on E. It follows that there are locally
holomorphic sections a, b, ¢ of K for which

@2(01)=a03, (1)2(02)=b0'3, (1)1(03)2601.
Since f is not anti-holomorphic ¢ # 0. Now

tr(q)2) = tI‘((I)l [¢) (I)2 + @2 o (1)1)
= (P10 Pa(01),01) + (P10 P2(02),02) — (P2 0 Py(03),03)
= 2ac.
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Therefore tr(®2) = 0 implies a = 0, i.e., ®3 0 ®; = 0. Thus
K12y &g

has the image of ®; in the kernel of ®3. Now ®; vanishes precisely on anti-complex
points, while @5 vanishes precisely on complex points, so we have

0— K (D) BV B KDy —0.
This must be exact at the middle since V has rank 2.

For stability we need to identify the ®-invariant sub-bundles. With respect to the
local frame o1, 09,03 above @ is represented by the matrix

0 0
0 0
0 0

SO0

It follows that the only ®-invariant proper sub-bundles of E are the image V; of &
and V7 @ 1. So stability requires

deg(V1) < §deg(E), 3 deg(V1) < jdeg(E).

Since deg(V1) = di — 2(g — 1) and deg(F) = dy — dz these inequalities are equivalent
to the inequalities (2.17).

Reversing the argument is straightforward: when the Higgs bundle has this form
we have ®5 o ®; = 0, hence tr(®2?) = 0. So when the Higgs bundle is stable the sub-
bundle 1 C E provides a conformal harmonic p-equivariant map f for some irreducible
p. O

The proof works perfectly well in the case where Dy, Dy have common points,
in which case the map f is a branched minimal immersion with branch points on
D1 N Dy. We will follow common usage and say Dj, Do are co-prime when they are
disjoint.

The Higgs bundle data which appears in the previous theorem can be written
as a quadruple (3., D1, D2,€), where £ € HY (3., K=%(D; + Ds)) is the extension
class of (2.16). The theorem shows that this data determines the pair (p, f) up
to G-equivalance, i.e., up to the simultaneous action of G by conjugacy of p and
ambient isometry of f. The exact sequence (2.16), which gives us V and @, ®o, is
completely and uniquely determined by its extension class £ [26, Ch. 5]. Moreover,
since the isomorphisms (2.18) require D1, Do, not just their linear equivalence classes,
the assignment from (3., D1, D2, €) to the G-equivalance class of (p, f) is bijective.
The moduli space parametrised by this data will be described in §6.

REMARK 2.4. The proof above shows that when (E, ®) has tr(®2?) = 0 it cannot
split into a direct sum of ®-invariant sub-bundles unless one of ®; or @5 is identically
zero. It follows that a reducible p can only admit p-equivariant minimal surfaces which
are holomorphic or anti-holomorphic. We describe all these reducible representations
in Remark 5.1 below. However, there are also irreducible representations which admit
holomorphic or anti-holomorphic surfaces: we give a complete classification in §5.
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3. The Higgs bundle data in terms of minimal surface data. In this
section we will give the explicit correspondence between the minimal surface data
(71,72, Q) and the Higgs bundle data (2., D1, D2,&) of the previous section. This
is achieved by exploiting the harmonic sequence for a minimal surface in CH?. Tt
provides us with a preferred system of local U(2, 1) frames for the bundle E in Theorem
2.3, and which we will call Toda frames. These frames are explictly determined by
the minimal surface data, and through them we calculate the extension class & of
the bundle V' in Theorem 2.3. The correspondence between the Higgs data and the
minimal surface data then comes through the Dolbeault isomorphism

HY(2., K~2(Dy + Dy)) ~ HYY(S., K~%(D; + Dy)).

THEOREM 3.1. Let the pair (p, f) correspond to the Higgs data (3., D1, D, &)
as in the previous section. Let 1,72, Q be the minimal surface data determined by f
through (2.6) and (2.11). Then the extension class & corresponds, under the Dolbeault
isomorphism, to the cohomology class

_ |: Q :| c HO’I(EC,K_2(D1+D2)).
Y172

Moreover £ =0 if and only if @ = 0.

In particular, this means that (71,2, Q) determines (2., D1, D2, ), since we get
the conformal structure of the induced metric and the divisors D;, D2 from 1, 7s.
Therefore Theorems 2.3 and 3.1 together have the following corollary.

COROLLARY 3.2. If two p-equivariant minimal surfaces have the same data
(71,72, Q) then they are identical up to ambient isometry.

Before we begin the proof of Theorem 3.1 we describe the local Toda frames which
link the minimal surface data to the local geometry of the Higgs bundle. Fix a pair
(p, f) and let E = V &1 be the Higgs bundle over X corresponding to them as above,
equipped with its Higgs field ®, its C>! metric and the Chern connexion V.

LEMMA 3.3. Let (U,z) be holomorphic chart on . for which U contains no
complex or anti-complex points of f. Then over U there is a local trivialisation ¢ :

E|U — U x C? for which

—Zlogul —Q/u1u2 0

podpoyp ' =dz 5+ 0 Zlogus 0 (3.1)
o 0 0 0
and
0 0 uy
podopt=10 0 0 |dz, (3.2)
0 u9 0

where Z = /0% and uy,uz, Q are given by (2.5) and (2.11).

Proof. For notational convenience, let us set £y = 1 C E. Then V = {3 with
respect to the C>! metric, and ¢y is the section of PE_ which represents f. Thus
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of',0f" € QL (Hom(lp, £3)) and they determine line sub-bundles /1, f> C {3 via their
images, i.e.,
ok 6% 6ok (3.3)

These two sub-bundles are orthogonal since f is conformal. We give each of these line
bundles the holomorphic structure it inherits from Jg, i.e., a local section oj of ¢; is
holomorphic when ﬂ'ngaj = 0, where 7; : £ — /; is the orthogonal projection. Note
that since ® € Hom({p, £5) this holomorphic structure on each ¢; agrees with the one
induced by the projectively flat connexion V = Vg + ® + ®&f. Then 9f' = &, is a
holomorphic map, while 0f’ = @; is anti-holomorphic, since f is harmonic. Since V
induces the canonical flat connexion on 1 we can choose a globally flat section fy of
1, i.e., <Vf0, f0> = 0 with <f0,f0> = -1

Now fix a chart (U, z) and for any section ¢ of E|U write Xo to mean V xo with
respect to the projectively flat connexion V. Then the maps above can be written
locally as

0,7 0" 0.
Define local sections o; € I'(U, ¢;), j = 1,2 by
o1 =0f"(Z)fo =75 Zfo, o2 =0f"(Z)fo =75 Zfo.
We assume that U does not contain any complex or anti-complex points, and therefore
the functions w1, us in (2.5) are non-vanishing. Clearly |o;| = u;, and we set f; =

oj/u;. Then fi, fo, fo is a U(2,1) frame for E. We claim that these satisfy the
equations

Zf1 = (Zlogu)f1 + (Q/uruz) f2, (3.4)
Z fa = —(Zlogua) fa + ua fo, (3.5)
Z fo = u1 f1. (3.6)

The last of these is obvious, since Z fy = 73" Z fo.
Next consider

Zfi={Zf1, 1)1 +(Z[1, f2) fa
Since fy is holomorphic, so is o1, and therefore Z(o1,01) = (Zo1,01). Thus
(Zf1, 1) = uy (Z(uy ton), 00)

= —Zlog(uy) + u1_2Z<crl, o1)
Z log(uy).

Now

(Zf1, f2) = (Z(o1/u1),02/u2)

= (Zo1,02)/urus
(i Z7y Z fo, 1o Z fo) [ urus.
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On the other hand, using (2.11) and the fact that VCH s the connexion on
Hom(4y, £3) induced by the connexions on each bundle £y, {5, we have

Q = (V1 (2))fo,0f'(Z)) fo)
= (my Z10f"(Z) fo] — O (Z)[m0Z fo],0.f'(2)) fo)
= (ﬂ'é‘Zﬂ'é‘Zfo, ﬂ'é‘Zfo> — <7T(J)'Z7T0Zf0,7T(J)'Zf0>. (3.7)

The second term in the last line vanishes since ¢_; is orthogonal to ¢;. Thus

(Z f1, fa) = Q/urua.

Finally, consider
Zf2 = (Zf2, f2) f2 = (Z 2, fo) fo-
For the first term we note that oy is anti-holomorphic since fj is, so
0= (Zoa, f2) = Zus + ua(Z fa, f2).
Since (fa, fo) = 0 the second term yields
~(Zfa, fo) = (f2, Zfo) = (f2,02) = ua.

Now that we have established the equations for the frame f1, fa, fo, we take ¢ to be
the corresponding trivialisation. In this frame the equations (3.4)-(3.6) show us that

Z log uq 0 u1
po V06 p ! = dz 5 + | Q/urue —Zlogus 0 (3.8)
0 U2 0

Thus (3.1) and (3.2) follow. O

At complex or anti-complex points we require a slight adjustment of the frame
above. We may choose the chart (U, z) so that U contains precisely one complex or
anti-complex point, at z = 0. Thus one of 01,09 vanishes at z = 0. To treat all
cases simultaneously, let p, ¢ be the non-negative integers for which z7%; and z P05
are respectively holomorphic and anti-holomorphic, and do not vanish at z = 0: at
most one of p,q is non-zero. It follows that the functions w;/|z|? = |27 %] and
uz/|z|P = |z Po3| do not vanish. By setting

~ 2z 01

fi

(2l/2)1 1, fo=(121/2)" f2 = (2/|2])" fo,

T ey

we obtain a U(2) frame fl, fg for V' throughout U, with corresponding trivialisation
. This is easiest to work with by writing it as

p=sein. s=(CE0 ) (3.9

The next step towards Theorem 3.1 is to represent the extension class £ of V' using
a l-cocycle with values in K ~2(D; + D3). For this computation, we choose an atlas
U = {(Uj, z;)} for T, of contractible charts for which each complex or anti-complex
point lies only in one chart, at z; = 0, and for simplicity assume charts containing
distinct complex or anti-complex points are disjoint.
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LEMMA 3.4. There is a holomorphic atlas U = {(Uj, z;)} for L. in which & is
represented by the 1-cocycle {(&;x,U;, U)} € HY (U, K=2(Dy + Ds)) for which

ik = ctjz*(pj*qj)dzj_2 - akdzk_2 on U; N Uy, (3.10)
for smooth functions a; on U; satisfying

A Pita;
D)0z — — 5
a;j /0% = ——5——,
ug U,
(assuming Uy contains no complex or anti-complex points).

Proof. For simplicity, set w = z/|z|. Using the previous lemma and the transfor-
mation (3.9) we have, on V over a single chart (U, z),

o [a ~Zlog(ui/|2]9)  —QuwPt? /ujus
1 o glu1 _
odpop —dz[af( 0 Zog(uz/|21") )|

Now suppose U; N Uy, # 0, and assume without loss of generality that Uy contains no
complex or anti-complex points, so that py = 0 = ¢ and @ = pg|V. Then we have
transition relations ¢; = c; 9 where

wq:j dz]/dzk 0
e — W5 1@
ik 0 —pj |dzj/dzk| |

Wy dz;/dzy

where we have used that fact that

dz;/dzy dz;/dz,  |dzj/dzy)

|d2j/d5k| o |d2’]/dzk| o de/de '

It follows that, as a smooth bundle, V ~ K~Y(D;) & K(—Ds).
To elucidate its holomorphic structure we find local trivialisations x; in which

= 0
—1 _
XjoOpox; =dzj+—,
J J J 8Zj
i.e., we seek local gauge transformations y; = R;¢; for which
R»[~05 o ~71]]*2_1—6&‘i
jlPOUEOCP g = Az 82]_-

A straightforward calculation shows that this is achieved by taking

o (L) (/%) 7 0
7o\0 1 0 uz; /|21 )

where
Oa; ) 2Pita;
945 :_Lj — (3.11)
0Z; uy;us;

throughout U;. Such a function a; exists, by the d-Poincaré Lemma, because the
right hand side is smooth throughout U; since (); vanishes to at least order p; 4 ¢; at
zj = 0 by (2.11). Thus the transition between two such charts x; = b;xxx is given by

<ij dzj/dzk )\jk )

bik = Rjejn Ry = 0 2 P dzg/dz;
J
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where

_p. dzy dz;
Nk = ajz; == — a2 L
Todzj I dzy,

and this is holomorphic on U;NUj, (this follows easily from (3.11)). Now using the same

convention as [26, p74] this determines the 1-cocycle with values in K~2(D; + D)
given by

dz;
_ 4 J
Eik = (ij d7k

o —(pita) ;-2
=a;z; dz;

)71)\jkdzk_2
— akdzlgz.
a

Proof of Theorem 3.1. For notational simplicity, set £ = K~%(Dy + D5). In U;
the quantity

—(Pitas) g, -2

ZJ J

is a local holomorphic section of £. Therefore we have local smooth sections
= az; P4 e DU, E0(L
N = aj%; z; - e D(U;, E°(L)),

which provide a 0-cochain 7 for the sheaf £°(L) of locally smooth sections of £. By
(3.10) the 1-cocyle {(&;k, U;, Uk)} is, as a smooth cocycle, the coboundary of . Now
recall that the Dolbeault isomorphism H'(U, L) — H%'(U, L) is derived from the
short exact sequence

0= 0(L) = £%L) 2 (L) S o,
by taking the cohomology class of 97. But
_ Qj o
on; = — dz; “dz;.
" uijuz; K

So On is represented by the cohomology class of the smooth form
-9/ € T(Ze, E71(L)).

Finally, we show that this vanishes when it is J-exact, by showing that it is harmonic
with respect to Hermitian metric B = y17y2 on £. With respect to the Hodge inner
product on £**(L) determined by B on £ and the induced metric v on X, the adjoint
of 9: (L) — £%1(L) is given by

goi() & g0y, 8% = —xm,

where * is the conjugate linear Hodge star operator for our choice of metrics (see, for
example, [49, p168]). It therefore suffices for us to show that

0x(Q/v172) = 0.
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Let (U, z) be a chart in which the divisor D; + D5 has at most one point, of degree d
at z = 0. Then 7 = 2~ %dz~2 is a local holomorphic trivialising section of £ over U
and

EMU,L) B EOW,LY):  ards > —iaB(,7)dz,

for any locally smooth complex function a over U. Now in U we write
3 .,.d

z
/172 = @ Qsz
uiuj

and therefore
Qz!|r|? dj.2\ 75
dz")dzZ A dz.
Ix(Q/n2) = —ig- ( e (z4dz?)dz A dz
But
171> = B(r, 7) = |2 *"uiu3,
and therefore 9x(Q/v1v2) = 0 throughout U since @ is holomorphic. 0

We finish this section by giving a global expression which relates the curvatures
of the immersion f to the norms of @ and Q/~17y2 with respect to the induced metric.
This in turn provides an area bound for such immersions.

First we note that a straightfoward calculation using (3.8) shows that the projec-
tive flatness of the connexion V is equivalent to the local equations

ZZlogu? = 2u? + |Q|? /uiu3 — u?, (3.12)
ZZlogus = 2u3 + |Q|?/uiu3 — ui, (3.13)

in a chart (U, z) containing no complex or anti-complex points. These are the appro-
priate version of the Toda equations for this geometry (cf. [4] for the CP™ version).
They are also related to the two equations Wolfson derived for the Kdhler angle in
[50]. Recall that the K&hler angle is a continuous function 6 : 3. — R for which
f*w = cos(f)vy, where v, is the area form for the induced metric. Wolfson showed
that, except at complex or anti-complex points where 6 is not differentiable,

i00logtan?(0/2) = f* Ric, (3.14)
i0dlogsin?(0) = (k. + &1)v,, (3.15)
where Ric is the Ricci form and s, kT are the Gaussian and normal curvatures of the

immersion respectively. In our case we have, from (2.4), cos(6) = (ul —u3)/(u? +u3).
Therefore

u3 du?u3
tan?(0/2) = =2, sin?(9) = —2—,
(6/2) > (0) @+ ul)?

and (3.14) is just the difference of (3.12) and (3.13) since f* Ric = —6f*w. Now

ZZlogsin?0 = ZZu? + ZZu3 — 227 log(u? + u)

2|Q|2 2 > 2, oN 2, 2
T 7,2 +uj — 22 [ZZlog(ui + u3)](ut + u3),
ujus 1+ us
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using (3.12) and (3.13). The second term on the right contains the local expression
for k., so substituting this equation into (3.15) reveals that

2 2
f&—m:2(1+2¢).

ufus(uf + uj)

The right hand side can be written in terms of the quantities

R Y < B N < IV
K (u%+u§)3/2’ Y172 7 \/Qu%ug

It is easy to check that their product is smooth everywhere, so that we obtain the
global identity

Q
L — = B —
Wt =y = 20+ Il Q). (316)

By integration over X, and using (2.8), we arrive at the following conclusion.

PROPOSITION 3.5. Let f be a p-equivariant minimal immersion which is neither
holomorphic nor anti-holomorphic, with induced metric vy, cubic holomorphic differ-
ential Q, dy anti-complex points and dy complex points. Then

(4(g — 1) — d1 — do)m > Area (%) + /E 1Q]12vs, (3.17)

with equality if and only if either Q = 0 or when f is Lagrangian.

Note that the stability inequalities (2.17) confirm that the left hand side is pos-
itive. The last statement follows because if Q # 0 equality requires [|Q/v172|y =
Q||+, which in turn requires u; = u2, whence cos(§) = 0.

REMARK 3.1. The local equations (3.12), (3.13) are clearly invariant under any
unimodular scaling Q +— ¢*@Q. Globally this corresponds to the symmetry Q + ¢’ Q,
and by Theorem 3.1 this corresponds in turn to & — e ¢, In fact this is equivalent
to the well-known symmetry of the equations (2.14) ® — e ® (taking a = 2¢)) which
Hitchin showed is a Hamiltonian circle action on the moduli space of SL(2, C)-Higgs
bundles [29]. To see this equivalence it is enough to perform the following gauge
transformation for dg + ¥ ® using the local gauge (3.8):

e~2%0 0 9 Z log uy 0 ey
Ad 0 1 0 . — 4+ Q/U1U2 —ZlOg ug 0
0 0 ew) \97 0 uy 0
P Z log uy 0 Uy
=+ | 2¥Q/uius —Zlogus 0 (3.18)
0z 0 s 0

Note in particular that, unlike the SL(2,C) case, the map (E,®) — (E, —®) fixes
every PU(2,1)-Higgs bundle since 0g + ® and dr — ® are gauge equivalent (by the
symmetric space involution).
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4. Minimal Lagrangian immersions. By Wolfson’s theorem [50, Thm 2.1]
Theorem 2.3 yields minimal Lagrangian immersions when both divisors D1, D1 are
zero. Therefore Theorem 2.3 implies the following characterisation of all equivariant
minimal Lagrangian immersions.

COROLLARY 4.1. Given a closed oriented surface ¥ of hyperbolic type, minimal
Lagrangian immersions f : D — CH? which are equivariant with respect to an irre-
ducible representation of m % into PU(2,1) are in one-to-one correspondence with the
Higgs data (3., €), where ¢ is a point in Teichmiiller space and & € HY (., K2).

It is not strictly necessary to say that p is irreducible in this statement: this is
implied by a combination of Corlette’s result that twisted harmonic maps correspond
to reductive representations [9] and Remark 2.4.

For a Lagrangian immersion the Kéhler angle satisfies sind = 1, so that (3.15)
implies k- = —k,. Moreover, ||Q||2 = 2||A;||?, where A; is the shape operator of f

[38, Lemma 2.8] and
|Af|I* = sup{3 (try Af (1)) : v € T,D*, |v| =1},

Since CH? has constant Lagrangian sectional curvature —1, (3.16) reduces to the
Gauss (and Ricci) equation for minimal Lagrangian immersions:

—1 =k + 2| A% (4.1)

In [37] we wrote this as an equation for the conformal factor v = e*u of the induced
metric with respect to the hyperbolic metric p:

Aju—2[|Q|5e ™ —2e" +2=0. (4.2)

We gave existence results for this in terms of pairs (2., Q), and showed that there is a
constant k, independent of ¢ € 7y, for which [|QJ|,, < k yields a minimal p-equivariant
embedding for which the normal bundle exponential map exp® : TD+ — CH? is a
diffeomorphism. We then showed that p is quasi-Fuchsian, since the image under
exp’ of a fundamental domain for m ¥ gives a globally finite fundamental domain
for p. Taking Q@ = 0 gives the R-Fuchsian representations, i.e., those which factor
through the canonical inclusion SO(2,1) — PU(2,1). It is therefore convenient to
adopt here the following terminology (similar terminology is used in the study of
minimal surfaces in RH?®, where it was introduced in [34]).

DEFINITION 4.2. A representation p € Hom(my, PU(2,1)) will be called almost
R-Fuchsian if it admits a p-equivariant minimal Lagrangian embedding f : D — CH?
whose normal bundle exponential map exp™ is a diffeomorphism. We will call f an
almost R-Fuchsian embedding.

A necessary and sufficient condition for exp® to be an immersion is that || Q2 <2
[37, Thmn 7.1]. The following theorem improves substantially on the existence results in
[37] by showing that almost R-Fuchsian immersions exist, and are the unique minimal
immersion, up to this optimal bound on Q: this is the direct analogue of Uhlenbeck’s
result [46, Thm 3.3] for almost Fuchsian minimal surfaces in RH®.

THEOREM 4.3. Let f be a p-equivariant minimal Lagrangian immersion for which
Q2 < 2. Then f is an almost R-Fuchsian embedding (and p is almost R-Fuchsian).
Moreover, f is the unique p-equivariant minimal immersion.
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REMARK 4.1. This theorem should also be compared with the parametrisation of
hyperbolic affine sphere immersions D — R? equivariant with respect to an irreducible
representation into PSL(3,R), or equally, to the parametrisation of all convex real
projective structures on ¥ [47, 36, 35]. The data is a pair (2., Q) where Q is a cubic
holomorphic differential. By a theorem of Choi & Goldman [8] this data parametrises
an entire component, the Hitchin component, of the representation space R(SL(3,R)).
Labourie [35] directly related the hyperbolic affine sphere data to the Higgs bundles
identified by Hitchin in [30]. In that case the Hitchin component is parametrized by
Higgs bundles over Y. with bundle K ! @ 1@ K and Higgs field

0 1 0
0 01
Q 0 0

Theorem 4.3 shows that Corollary 4.1 provides a similar parametrisation of the almost
Fuchsian locus inside the 7 = 0 component R(PU(2,1)). It is unlikely, however, to
parametrise the entire component. In the analogous case of equivariant minimal
surfaces in RH?, there are examples of quasi-Fuchisan hyperbolic 3-manifolds which
admit more than one minimal surface [1, 32].

We will break the proof of Theorem 4.3 into two parts, starting with the proof that
f is an embedding. For this we need to recall from [37, §7] an explicit expression for
exp® : TDL — CH? when f is minimal Lagrangian. In this case the frame fi, fa, fo
used in the proof of Theorem 3.1 has the simple form

fi= %(fo)z, fo= é(fo)% 5= u; = us.

Let S_ c C*' be the pseudo-sphere into which fo maps, and 7 : S_ — CH? be the
projection. When f is Lagrangian TD+ = Jf,TD is a Lagrangian 2-plane in TCH?.
This implies that exp (7, D) is a totally geodesic Lagrangian disc normal to f(D)
at f(z). This Lagrangian disc has the form

{r[(ia — b) f1(2) + (ia + b) f2(2) + fo(z)] : a® + b* < 1}.

Let A C C denote the open disc of radius 1/2. Then we have an identification between
TD+ and D x A for which exp™ is represented by the map

0:Dx A= CH?* O(z,w) = n(—wfi(z) +wfa(2) + fo(2)).
The following result improves [37, Thm 8.1].

LEMMA 4.4. When [|Q|2 < 2 the pullback metric ©*g is complete, and therefore
O is a proper map and hence a diffeomorphism. In that case f is an embedding and
p s almost R-Fuchsian.

Proof. Fix a point p € D. We can normalise the frame f1, fa, fo so that these are
the standard basis vectors eq, e, es at p, and choose a conformal normal coordinate
z centred at p so that v(p) = |dz|? (i.e., s(0) = 1/v/2) with s, = 0 = s; at this point.
We may also rotate z so that Qo = Q(p) is real and non-negative. Since Q = Qodz3
and ||dz|| = V2 we have 0 < Qo < 2. With such choices, in [37, §7], we computed the
differential of © (in affine coordinates) at p to be given by

de;, I k 0 -1 dz
dél - E 1 -1 0 dz
o | " |k 1 1 0 dw |’
d©, I £k 0 1 dw
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where

l= %(1 +wf), k= -2Qow — %w?

Now set ¢ = ldz + kdz and notice that in affine coordinates ©(p) = (—w, w). Then
at p we compute the pull-back of g to be

2 —
1 CHCH ~
(G*g)p = E _— (51J + ) ) d@szJ

ij=1 1-]e|? IR CE
_ 1 (—w)(—w) -
120w Kl " 1—2|w|2> (¢ — dw)($ — dw)
(—w)w B

+ (0 + %) (¢ + dw)(¢ — dw)
+ (1 + %) (¢ + dw)(¢ + dw)]
1

— 5 2 (w we)? wl? wdw — wdw)?]) . .
— Gy (219 = (o + 09)°) + Plduf + (wdw — adw)?]).  (43)

Now consider the two terms in this expression:

6, = % (218> — (wo +we)*), 62 =

1 ) o,
(1= 2Jw]?) 5 (2ldw|? + (wdw — wdw)?) .

(1 = 2[wl?)
The term 65, which is the induced metric on A, is just the Klein model for the
hyperbolic plane and reflects the fact that the fibres of exp' are totally geodesic.
The first term 67 is the expression at p for the metric induced by the immersion
©w : D — CH?, ¢, (2) = O(z,w). We can think of each vector (—w, w) as determining
a section of TD+, and ¢,, is the image of this under exp™. We claim that there is a
constant 1 > 0 for which, for every w,

en9(X,X) > e1v(X,X), VX eT,D.

It follows that ©*g = 6; 4 05 is bounded below by €27y + 65. The latter is a product
of complete metrics on D x A and therefore ©*¢ is also complete.

To prove the claim, write w = wy + tws and ¢ = ¢ + i for real and imaginary
parts, and set r? = |w|? < 1/2. Then

1 2 —dw?  dwiws \ (1
0= —= ! . 4.4
1 (1 — 27‘2)2 ((bl ¢2) < 4’(1}1’(1}2 2 _ 4’[1}% ¢2 ( )
The eigenvalues of the matrix are 2 and 2—4r2. Therefore, using the smaller eigenvalue
2 — 4r?,

2
1—2r2

01> 9” > 2/,

It now suffices to show that

|6 > eay = ea(da’® + dy?),
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for a constant €5 > 0 independent of w, where z = x4 iy. For this, write k = k1 +iko

so that
¢1 . dx o l + kl kg
(8) (%) om0 ). "

The components of the metric |¢|? are the entries of B'B = B2, and the eigenvalues
are the roots of

N =21 + [K[)A + (7 — [K]*)* = 0,
and are therefore (I & |k|)?. Thus for any unit vector X € T,,D,
|]2(X, X) > (I — [k])*.

Now
l2 o |k|2

=kl = ——
%] I+ k|~

and [ + |k| is clearly bounded above, so it suffices to show that [2 — |k|? is bounded
below by a positive constant independent of w. We compute

P =k = 5(1+7%)? = 2Qow + J50%)(2Qo® + 5w?)
=72(1 - 4Q) + 5 — Qo(V2r)* cos(3a), (4.6)

where w = re'®. Now Qg < % and v2r < 1, so 1-4Q% > 0 and %—2\/5@07“3 cos(3a) >
0. With Q fixed we get a uniform positive lower bound over r,«. Thus the metric
©*g is complete on D x A. We conclude, as in [37], that © is a proper map and a
diffeomorphism, whence f is an embedding and p is almost R-Fuchsian. O

To prove that f is unique we first need a result which can be given in greater
generality than our current situation. Let (N, g) be a complete Riemannian manifold.

PROPOSITION 4.5. Let f : M — (N, g) be a compact embedded minimal subman-
ifold for which exp™ : TM* — N is a diffeomorphism. For a local section n of T M+
of unit length and a positive constant r, set o, = exp(rn) and let v, be the volume
form for the metric ©ig on an open subset of M. Suppose dv,/dr > 0 for all r and
for every n. Then [ is the unique minimal immersion of M transverse to the fibres
of exp™t.

The proof is given in Appendix A.

Now we can complete the proof of Theorem 4.3. Since p is quasi-Fuchsian the
quotient CH? /p is a manifold, and by the previous lemma f : ¥ — CH? /p is a minimal
embedding such that expt : TS+ — CH? /pis a diffeomorphism. Now if ¢ : D — CH?
is any p-equivariant immersion then it must be transverse to the fibres of expt, since
dp odd = dp(d) o dp for every § € m % and the action of p is transverse to the fibres.
Therefore the uniqueness claim in Theorem 4.3 follows from the previous proposition
and the following lemma.

LEMMA 4.6. Under the assumptions of Theorem 4.3, if v, is the area form for
the metric ¢g induced by any local immersion of the form ¢, = exp®(rn) for a local
section n of TM* of unit length and a positive constant r, then dv,/dr > 0.
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Proof. Since p,(2) = ©(z,re'®) for some fixed r and «, the induced metric ¢rg
at a point p € ¥ is given by 6; from the proof of Lemma 4.4. Using the expression
(4.4) we can write

_— 1 (2 — 4w% 4wy weg dx
Prg = (1— 2r2)2 (de  dy) B <4w1w2 2 — dw? B dy )’
where B is given by (4.5). The determinant of the matrix in the middle is 2(2 — 4r?),
so that v, = a(r)dx A dy where

1
52V 1 —2r2(1% — [k|?)

‘0 =Gy

- m (1 +2r%(1 — 4Q5) — 4v2Qor® cos(3a)) ,

using (4.6). A calculation shows that

ij _ O—iﬁ [+ 7)(1 ~ 4@3) + 301 — 2v2Qor cos(3a))]

Now Qo < 1, r < 1/v/2 and cos(3a) < 1, so da/dr > 0. 0

4.1. Families of solutions to the Gauss equation. Theorem 4.3 shows that
the norm ||Q|, gives control over uniqueness of minimal Lagrangian immersions,
but at present we have no clear way of relating it to the parametrisation by the
extension class £. Moreover, since this norm depends upon the solution to (4.2) it
is difficult to control a priori. On the other hand, the combined results of [37] and
[31] show that a bound on ||Q||,, must be combined with a condition the solution of
(4.2) to get existence and uniqueness. One knows that the zero solution u = 0 is the
unique solution for @ = 0, and that for ||Q||,, small and non-zero there are always
solutions [37], but these are not unique [31]. The challenge is to understand how
solutions behave as one moves along a ray tQg, t > 0, given a fixed cubic holomorphic
differential Q. To study solutions along such rays, Huang et. al [31] introduced the
following terminology.

DEFINITION 4.7. A solution u to (4.2) is F-stable if the linearised operator
L=—-A,+2e" —4HQHZ€‘2“, (4.7)
18 positive.

This condition ensures, by the Implicit Function Theorem in the appropriate
Sobolov spaces, that there is locally a smooth curve wu(t) of solutions to

H(u,t) = Ayu—2[tQolZe " — 2e* +2 =0, (4.8)

nearby any F-stable solution u(tg). Our aim here is to show that, given Qg, the F-
stable solutions form a continuous curve terminated at one end by the zero solution
and at the other end by the first solution which is not F-stable. This, together with
the results of [37, 31], gives the following summary of the behaviour of solutions to
(4.2) as the cubic differential is scaled.

THEOREM 4.8. Fiz a non-zero cubic holomorphic differential Qg on X.. Set
Ty = \/4/27(Sgp 19oll,) ™

Then:
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(1) there exists a Ty > Ty such that (4.8) has no solutions for t > Ty;

(ii) there exists Ty < Ty < Ty such that for t < Ty there is a unique continuous
family of F-stable solutions to (4.8). All F-stable solutions lie on this family
and the limiting solution u(T1) is not F-stable;

(iii) for t < Ty the F-stable solutions yield almost Fuchsian embeddings;

(iv) for 0 <t < Ty there is at least one solution which is not F-stable.

REMARK 4.2. This result is analogous to Uhlenbeck’s description of the bifur-
cation in families of solutions to the Gauss equation for minimal surfaces in RH?
[46, Thm 4.4]. We note that for Uhlenbeck the right notion of stability was stability
with respect to the area functional. In our case that gives no extra control, since all
minimal Lagrangian surfaces in CH?/p are stable by a theorem of Oh [39)].

Part (i) comes from [37], while (iii) comes from [37] and Theorem 4.3 above. Part
(iv) and the existence of a local family of unique F-stable solutions for ¢ < T} come
from [31]. Here we provide the rest of (ii) via the following lemma.

LEMMA 4.9. Let Qg be a holomorphic cubic differential on %., and let 7 > 0
be such that u(t) is an F-stable solution. Let u(t) be the local family of F-stable
solutions to (4.8) through u(t). Then (1) <0 on all of 3.

Proof. By differentiating (4.8) we find that @ satisfies
L= 4THQ0H36_2“.

Elliptic regularity implies @ is C°°. Now define 4" = max{u(7),0}.
Then 4" is in the Sobolev space H(X) and du™ = 0 wherever 4 < 0 (see e.g.[18]).
Recall we define

(-t i) = [ i aa,

in this case. Let v = 47]|QollZe 2", and let ¢; N\, 0 be regular values of @ (as
guaranteed by Sard’s Theorem). Thus we can integrate by parts, as each { =¢;} =
0{u > ¢;} is a smooth 1-manifold. Let w; = max{d — ¢;,0}. Now since £ > 0,

0> <—£’l.l/+, u+>

- / [ it + (—~2¢ + 4] Qo 262" ()] dA,
- /{ oy [+ (26 41 Qole 2] s,
u>

= lim [—HdeHi + (—2e" + 4|\Q0|\i672“)a2] dA,

J=00 Jiu>e;}

= lim [ijij + (—=2e" + 4||Qo||ie*2u)u2} dA,

=00 Jriuse;)

= lim (it — €) At + (—2¢ + 4] Qo Ze2")a?] dA,,

J=00 Jiu>e; )

= / (—La)udA,
{u>0}

= / vidA, > 0.
{u>0}
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(The limits above are valid by the Dominated Convergence Theorem.)
Since v is positive almost everywhere, the last inequality is strict if & > 0 anywhere
on X. Thus by contradiction 7 (7) < 0 everywhere on X. O

Proof of Thm 4.8(ii). Let u(r) be an F-stable solution, with local family w(t)
and let £, be the corresponding family of linearised operators (4.7). Now

L = 2ie" + 8t]|Q|2e " (i — t),

which is nonpositive for ¢ > 0 by the previous Lemma. Thus £, > 0 implies £; > 0
for all ¢t € [0, 7] in the path of solutions.

The Maximum Principle shows that every solution to (4.8) is nonpositive. Thus
for any ¢ in an interval of the form (79, 7] the proposition implies 0 > u; > u,, and
thus we have uniform L bounds on u; for all t € (79, 7]. Then the L? theory, applied
to (4.8), and standard bootstrapping show that the limit

lim Ut

+
t—7g

exists and is a solution u,, to the equation. This provides a closedness argument
for the continuity method. On the other hand the £; > 0 condition, verified in the
previous paragraph, provides openness as well, and thus we can extend the solution
space back down tot =0. O

5. Surfaces with zero cubic holomorphic differential. Minimal (possibly
branched) immersions for which Q@ = 0 have particularly important properties. They
include all the holomorphic and anti-holomorphic immersions and, by Theorem 3.1,
the extension class zero cases when f is not holomorphic or anti-holomorphic. In all
such cases, the Higgs bundle F is a Hodge bundle (or variation of Hodge structure),
ie., E = @, E; for proper sub-bundles E; for which ® : E; — FE;;; ® K, with
En+1 = 0. For PU(2,1) the length m of the Hodge bundle must be either two
or three [22]. We will show below that the length-two Hodge bundles correspond
to holomorphic or anti-holomorphic immersions, while immersions which arise from
Theorem 3.1 with £ = 0 give length-three Hodge bundles.

Hodge bundles play the central role in calculating the Betti numbers of the smooth
components of the moduli space H (X, G) of polystable Higgs bundles, and therefore
the Betti numbers of the representation space R(G). For on smooth components the
Hitchin function ||®[]7, : H(E.,G) — R, is a perfect Morse-Bott function, whose
critical points are the Hodge bundles. The length-two Hodge bundles are minima,
while the length-three Hodge bundles have non-zero Morse index [22].

5.1. Holomorphic and anti-holomorphic surfaces. By Toledo’s theorem
[45] every mazimal representation (those for which 7(p) = £x(X)) leaves invariant a
complex line and acts on that line as a Fuchsian representation. Such representations
are reducible. To understand the non-maximal p-equivariant holomorphic or anti-
holomorphic immersions, we will start by describing their Hodge bundles. First we
note that for any holomorphic p-equivariant immersion f : D — CH? the area form Uy
for the induced metric equals f*w. It follows from the definition (2.9) that 7(p) > 0.
For anti-holomorphic immersions f*w = —v, so that 7(p) < 0. The next lemma com-
pletely characterises the Higgs bundle data for representations which admit either
holomorphic or anti-holomorphic branched immersions.

THEOREM 5.1. An irreducible representation p admits a branched holomorphic
p-equivariant immersion if and only if it corresponds to a Hodge bundle (V @ 1,®)
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with ® = (®1,0) and V' a non-trivial extension bundle of the form
0 K Y(B) BV - K 2L 0. (5.1)

Here B is an effective divisor of degree b > 0 (the divisor of branch points of the
immersion) and L is a line bundle of degree [, only determined up to isomorphism,
satisfying the inequalities

3g-D+4b<l<b(g—1)—b, 0<b<2(g—1). (5.2)

In particular, T(p) = 2(6g —6 —b—1) and 0 < 7(p) <2(g— 1) —b.
Moreover, (E,®) corresponds to a branched anti-holomorphic immersion f if and
only if f is the branched holomorphic immersion determined by (E*, ®').

Note that by f we mean the post-composition of f with the natural anti-
holomorphic involution on CH? which descends from complex conjugation on C21,
Clearly f is p-equivariant precisely when f is p-equivariant. The map p — p is an
involution on Hom(7s, G)/G for which 7(p) = —7(p): it fixes the representations with
values in SO(2,1).

Proof. First suppose (E,®), with £ = V @& 1 and & = (®q,Ps), is a length-
two Hodge bundle with deg(V') < 0. In this case by [22, §3] we have ®3 = 0. The
corresponding representation p admits a p-equivariant harmonic map f : D — CH?
determined by the sub-bundle 1 as a section PE_ with df’ = ®. Therefore df' = 0
and f is holomorphic. Conversely, suppose p admits a holomorphic immersion f.
Taking V = f~'T'CH? and ® = df’ : 1 — KV gives a length-two Hodge bundle with
deg(V) < 0. The involution (E,®) — (E*, ®') on Higgs bundles maps length-two
Hodge bundles with ® = 0 to those with ®; = 0. In the latter case V ~ f~1T"CH?
with the opposite complex structure, and the map f is anti-holomorphic.

Now the structure of (V @ 1, ®) follows a simplified version of the argument in
the proof of Theorem 2.3. We can think of ®; as a holomorphic section of KV,
with divisor B > 0 corresponding to the branch divisor of f. The bundle injection
®, : K~1(B) — V has image V; and quotient line bundle Vo = V/V;j. Provided V/
is not the direct sum V; @ V5 the ®-invariant sub-bundles of F are Vi,V; &1 and V.
The stability inequalities are therefore

deg(Vy) < bdeg(V), Ldeg(V1) < b deg(V), & deg(V) < & deg(V).

On the other hand, if V is the direct sum then Vs is also ®-invariant and stability
requires the additional inequality

deg(Va) < 3deg(V), ie, Zdeg(V) < deg(Vh),

so this is not possible. For later convenience we write V3 = K 2L and the inequalities
(5.2) follow from deg(Vy) =b—2(g — 1) and deg(V2) =1 —4(g —1). O

Note that while the splitting of V ~ f~'T'CH?/p into TX @ TX"* is J-invariant,
the sub-bundle TX+ is not Og-invariant unless p is reducible. Indeed, the normal
bundle is dp-invariant (since it is paired with 7% by the Hermitan metric) so the
induced structure of this splitting makes the normal bundle anti-holomorphic.

REMARK 5.1 (Reducible representations). Although E =V &1 cannot be stable
when V' is a trivial extension, it can be polystable. This corresponds to a reducible
reductive representation. Such representations either:
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(i) factor through a maximal compact subgroup, or,

(ii) factor through P(U(1,1) x U(1)).
This is easy to see. We may simplify things, by replacing p by p if necessary, to assume
that 7(p) > 0 and thus ®3 = 0. To be strictly polystable (E, ®) must decompose into
either

(7’) (V,O)@ (170)7 or (”) (1@‘/17(1)1)69 (V270)u

where V =V, & V5 and @7 : 1 — V. In the first case V must be a stable rank two
bundle of degree zero (to have the same slope as 1) and therefore the representation
lies in a maximal compact subgroup and has 7(p) = 0. We note that the correspond-
ing harmonic map f is constant. In the second case (1 & Vi, ®1) corresponds to a
representation into U(1,1). In this case polystability requires

deg(V1) < %deg(Vl @1 = %deg(Vl), ie, deg(h) <0,

together with the “same slope” condition § deg(V1) = deg(V2). When we write Vi =
K~1(B) as above we deduce that

b<2(g—1), deg(Va)=23b—g+1.
Thus b is even and
7(p) = —3deg(V) = —deg(V1) =29 —2—b € 2Z.

In particular, such p can only admit an unbranched holomorphic map f when 7(p)
is maximal, i.e., when p factors through a Fuchsian representation. The map f :
D — CH? is a totally geodesic embedding onto a complex line. More generally, the
PU(1,1) representation corresponding to the rank two Higgs bundle (1 & Vi, ®4) has
Toledo invariant — deg(Hom(1,V4)), which therefore equals 7(p). Every irreducible
representation into PU(1,1) of even Toledo invariant lifts to SU(1,1), and therefore
provides a representation into P(U(1,1) x U(1)). Thus the whole structure of Higgs
bundles for irreducible representations in SU(1,1) [29] lifts up to provide reducible
representations into PU(2,1), and this is what we are seeing above. Note that those
which are non-maximal cannot be convex cocompact, since they preserve a complex
line but act non-cocompactly on this line.

Let n # 0 be the extension class of the extension (5.1) for p irreducible. Since
L is only determined up to isomorphism the Higgs bundle only determines n up
to scale. Therefore each Higgs bundle in Theorem 5.1 corresponds to a quadruple
(3., B, L,C.n) where C.7 is the line generated by 7, i.e., a point in PH*(Z.., K L~1(B)).
In fact, it is not hard to show that the rescaling of 1 corresponds to the C*-action
on the Higgs bundle (E, ®) — (E,t®). Since Hodge bundles are invariant under this
action, this gives another way of interpreting the independence of the data on the
scale of 7. However, once (p, f) is known there is a preferred representative for
given by the geometric invariants of f via the Dolbeault isomorphism. First we need
to introduce the tensor

S e &%, K2 K?), S =n*°1*"),

where T*? = 7-V'df is the (2,0) component of the second fundamental form of f
(here 7+ : f~'T'CH?/p — TX' is projection onto the normal bundle). We will show
that T*Y is a holomorphic section of K2 @ TXL.



98 J. LOFTIN AND I. MCINTOSH

THEOREM 5.2. Let f : D — CH? be a p-equivariant branched holomorphic
immersion, with p irreducible and data (3., B, L,C.n). Then L ~ O(D), where D
is the divisor of zeroes of I*°, and we can choose 1 so that under the Dolbeault
isomorphism it maps to the cohomology class

~[8/7] € H*'(Z, K(B — D)).

Proof. We follow the steps in the proof of Theorem 3.1 but using a local frame
more suited to holomorphic maps. As before, use fg C E to denote 1 and write its
Of' transform as ¢; ® K. But now take the further transform of /1, so we have a
harmonic sequence

s Z mtZ T Z
by %50 = 0y 2570,

in each chart (U, z). The last step terminates the sequence because iy Z : by — Ly is
the adjoint to 73 Z : fo — {2, which represents df’ = 0. As before, let fo € I'(¢) be
global and parallel with (fo, fo) = —1. Set

Ulzﬁé'ZfOZZfo, ngﬂ'f'zalzﬂ'f'ZZfo.

Since fy is a holomorphic section of £y, ¢; is a holomorphic section of ¢; (by standard
harmonic sequence theory [4]). Under the isomorphism f~'T"CH?/p ~ Hom(1, V) ~
V the image 0 f'(T1°%) of the holomorphic tangent bundle of ¥ is identified with ¢y,
ie., {1 ~ K~Y(B). Clearly the induced metric of f is u?|dz|? for u; = |o1|. Further,
since

(V2Z)fo =g Zmy Zfo — 75 ZmoZ fo = 75 ZZ fo,
we have
W(Z,2) =[x (V22))fo =1 ZZ fo = 02.
In particular, T*° is a holomorphic section of K2 ® f5. Set sy = |op|. Then
S(2,2,2,2) = (WZ,Z),(Z,Z)) = |oa|* = s3.
Thus in a chart U in which neither u; nor sp vanishes we have a local U(2,1) frame

given by f1, f2, fo where f1 = o1/u1, fo = 02/s2. Straighforward calculations as
before give

Zf1 = (Zlogu)fr +uy 'safo, (5.3)
Zf2 = (Z log Sg)fg,
Zf() = ulfl.

From this we can read off the connexion 1-form for the projectively flat connexion V
in this frame. Now let ¢ : V|U — U x C? be the local trivialisation corresponding to
f17 fQ. Then

= _ [0 Zloguy  so/u
1_ 9 1 S2/u1
podpop ~=dz [32 ( 0 Z10g52>:|'
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To deal with zeroes of u; and s3, we may assume U only has these at z = 0, to order
p and g respectively. In such a chart we take the local frame f; = w™P f1, fo = w9 fs,
where w = z/|z|, and in the corresponding trivialisation ¢ we have

i o [ Zlog(ui/|2P)  —sowP™9/u
0,1 1_ g5 19 _ sl 512 x
poVep =dz [82 ( 0 Zlog(sz/|217) ) |

We obtain a local holomorphic trivialisation, with respect to 9z, by applying a gauge
transformation of the form

= (o 9 (0 )

i.e., for Yy = R@ we have y o dg o x~! = d2(0/0%). This requires
0a/0z = —s22P1/u3. (5.4)

When U is contractible this equation has a solution since s3/u? ~ |z|>(@~P) near z = 0,
therefore the right hand side of (5.4) is smooth throughout U.

Now cover . by charts (Uj, z;) of the type used above, and index the local objects
living over U; by j. Thus for V' we have transition relations ¢; = ¢;,@), where

de/de D —p
Cik = ('dzj/dzﬂ 0 wj]wk ’ 0
Ik — (dz;/dzy)? 45, —qk |
0 [dz, [dzn|? 0 Wy W

Therefore x; = bjrx, where

Pj ,—Pk
s 1 (7R Rz de Ajk
bjr = RJCJkRk - ( 0 Z;zjzl:qk (dzj/dzk)z ) (5'5)
for
Njk = ajz?jz,:q’“ (dz;/dzr)? — aszjz,:p’“dzj/dzk, (5.6)

and we have used the fact that
wi/uiy = |dzj/dzgl,  saw/s25 = |dzj/dz]*.

In particular, this shows that V is an extension of the line bundle K ~!(B) by the line
bundle K ~2(D) where D is the divisor of zeroes of T*°, and therefore we have fixed
an isomorphism L ~ O(D). As earlier, the extension class of V is given by the Cech
cohomology class 1 of the 1-cocycle {(n;x, Uj, Ux)} where

Nik = z;pj zp" (dzi/dzj) N jedz

= ajz;”_pjdzj — a2z Prdz,,.

This is plainly a coboundary for Cech cohomology in smooth sections of K (B — D) of
the form 07 where {(7;,U;)} has 7; = a;2% Pidz;. Under the Dolbeault isomorphism
this corresponds to
2
5 524 _
67']‘ = —u—zdedej,
15

which is the local expression for —S/~. O
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5.2. Surfaces arising from zero extension class. Theorems 2.3 and 3.1 im-
ply that Higgs bundles for non-holomorphic minimal surfaces with Q = 0 are exactly
the length-three Hodge bundles. When Q = 0 we have a trivial extension bundle and
can take

Ey®FEy @ F3=K(-Dy)®1® K *(Dy),

to get ® : By — KE; 1. Conversely, any length-three Hodge bundle is projectively
equivalent to one of this form and has tr ®2 = 0. We will show that f is still related to
a holomorphic map, via its harmonic sequence (in the sense of Erdem & Glazebrook
[15], f is isotropic but non-holomorphic). To explain this, we first recall (from e.g.,
[4, 14]), the notion of the Gauss transforms 1, @2 of f.

The line bundles ¢1,¢s defined by (3.3) both lie inside the subset F, consisting
of fibre vectors which have positive length with respect to the C*! metric. Let

(Ci’l ={veC* : (v,v) > 0}.

Then its projective space ]P’(Ci’l is an open submanifold of CP? on which G = PU (2,1)
acts transitively. We identify it with the orbit of the line [es], with isotropy subgroup
Hy; ~ P(U(1,1) x U(1)), so that P(Ci’l ~ (G/H;. In fact we can think of it as the
complex version of two dimensional de Sitter space, and will henceforth denote it
by CdS?. Its tangent space at the base point [e2] is identified with the orthogonal
complement my = by C su(2,1) with respect to the Killing form —3 tr(AB), and
the latter gives mo an indefinite Hermitian metric. This extends to the tangent bun-
dle, isomorphic to G X g, mg, and makes CdS? a pseudo-Hermitian symmetric space.
Clearly PEy ~D x, CdS? and therefore /1, £5 each determine a smooth p-equivariant
map 1,2 : D — CdS?, and these will be conformal harmonic with respect to the
pseudo-Hermitian metric (they are isotropic in the sense of [15]). Following the ter-
minology of harmonic sequences, we call ¢ the 0-Gauss transform of f, and @2 the
d-Gauss transform of f. An immersion into CdS? is timelike when its induced metric
is negative definite (away from branch points).

PROPOSITION 5.3. Let f: D — CH? be p-equivariant and not +-holomorphic.
Then Q = 0 if and only if the O-transform @y : D — CdS? of f is a timelike p-
equivariant holomorphic map, branched at the divisor of complex points Do of f.

Proof. Let 2 : D — CdS? be the 9-Gauss transform f. Write the differential of
2 as dph = dplh + J¢h in terms of the type decomposition

@y 'T4,CdS? = Hom(fy, f3 ) & Hom(fy, £).
In local coordinates
Opy(Z) = my Z.
But from (3.7) and the fact that ¢y, ¢1, {2 are mutually orthogonal we have

Q = (7q Z7g Z fo, 5 Z fo),
= —<7T(J)‘Zf0,7T§‘Z7Té‘ZfO>.

Therefore if neither 73 Z fo nor nyZ fo is zero, Q vanishes if and only if 75 Z is
identically zero on 3. Hence d¢f vanishes and 9 is holomorphic.
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Finally, we claim that when Q = 0 the induced metric for ¢y is —u3|dz|?. To see
this, let (fo, f1, f2) be a local Toda frame for f. Then by definition ¢4 is given locally
by the family of lines [f2]. To calculate the differential we use (3.8) to deduce that in
this frame dipy is represented by

0 —Q/Uluz
Q/u1u2 0| dz + 0 ug dz.
u9 0

Here we use blank spaces to indicate the Lie subalgebra ho C g of isotropy group Ha:
relative to the frame dyo takes values in h3. Therefore the induced metric is

L) = (1L —3asp
uyjuy

[

Note that, since d¢) : l3 — Ky, f is the 0-Gauss transform of ps.

6. Moduli. Theorems 2.3 and 5.1 provide parameterisations for different com-
ponents of the set

V ={(p, f) : p irreducible, f branched minimal}/G,

where the quotient is by the simultaneous action of G as conjugation of p and ambient
isometry of f. By those theorems it is natural to write V as a disjoint union of the
sets

V(dy,da) = {(p, f) € V: [ has d; anti-complex points and dy complex points}

and

Wt (b,1) = {(p, f) €V : f holomorphic with deg(B) = b, deg(L) =},
W=(0.0) ={(p.f) eV (5, f) e WF (b, 1)}

These last two spaces are bijective under (p, f) — (p, f). We will now show that the
parametrisations give each component the structure of a complex manifold.

6.1. The structure of V(d;,d2). As explained at the end of §2, each point of
V(dy,ds) is parametrised by a quadruple (3., D1, D2,&). To understand the space
of these quadruples we must understand how H!(3., K~2(D; + D3)) varies with
(X3¢, D1, D). Note that

deg(K_2(D1 + Dz)) =dy +do — 4(9 — 1) <0,

by the inequalities (2.17). Whenever a holomorphic line bundle £ over X has negative
degree d its first cohomology has, by the Riemann-Roch theorem, dimension

RY L) =g—1—d.

Therefore as £ moves over Picg(X.), the Picard component of degree d line bundles,
the dimension of H!(X., L) is constant. Now Y. x Picg(3.) carries a tautological
line bundle P (sometimes called a Poincaré line bundle) whose fibre over (p, £) is the
fibre of £ at p. The vector spaces H' (3., £) are the fibres of the higher direct image
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R, (P) for the projection 7 : X, x Picg(3.) — Picg(E.) to the second factor. By a
theorem of Grauert [27, III, Cor 12.9] their constant dimension implies they form a
vector bundle over Picg(3.). In particular, for d = dy + da — 4(g — 1) this bundle has
rank

hY(K~2(Dy 4 D3)) = 5g — 5 —dy — do.

The pairs (D;, D2) are parametrised by the product of symmetric products S ¥, x
S92¥,. (in which the co-prime pairs occupy an open subvariety). The bundle can be
pulled back along the holomorphic map

Shy,. x §%¥%, = Picy(X.); (Di1,D3) — K~2(Dy + Dy),

and the total space of the pullback parametrises the data (D1, D2, §). It is a connected
non-singular complex manifold of dimension 5g — 5.

As c varies over the Teichmiiller space 7, of ¥ we can take the disjoint union
Cy = UceT,X¢, and likewise for any of the objects S9%, or Pic(X4) above. In each
of these cases we obtain a complex analytic family over Ty, i.e., the total space is a
complex manifold for which the projection onto 7, is holomorphic map, and although
only a fibre bundle in the smooth category the fibre over ¢ is a complex submanifold
biholomorphic to the structure determined by c. In particular, m¢ : C; — 7Ty is called
the (universal) Teichmiiller curve. About each point C, has a permanent uniformising
local parameter, i.e., a complex chart ({,3) for which 3 = (21,...,234—3,() has the
properties that: (i) each non-empty intersection U, = 7' (c) NU is such that (U, ()
is a chart on X; (ii) the coordinates z; are constant on the fibres. The existence of
such a chart is an immediate consequence of Bers’ construction of C, as a quotient of
an open submanifold F, C 7, x C by a properly discontinuous action of 73 which
preserves the fibes over 7 [2] (this is also just the standard picture of Kodaira-Spencer
for unobstructed deformations of complex structure [33]). It follows that one can put
complex charts on the symmetric fibre-products of C, over T,, whose fibres are S3,
to obtain non-singular complex analytic families over 7,. The corresponding families
of Picard components have been constructed by Earle [12]

Thus for each pair dy, dy satisfying (2.17) we obtain a manifold parametrising the
data (3¢, D1, Do, &) with deg(D;) = d;. Each is clearly a connected non-singular com-
plex manifold of dimension 8g — 8. Therefore we have proved the following theorem.

THEOREM 6.1. Each set V(di,d2) can be given the structure of a non-singular
complex manifold of dimension 8g — 8. With this structure V(d1,ds) is complex an-
alytic family over Teichmuiiller space Ty. The fibre over ¢ € Ty is a complex sub-
manifold biholomorphic to a holomorphic vector bundle over Sd12 x S, of rank
5(9g—1)—dy — do.

6.2. The structure of W%(b,]). By Theorem 5.1 the set WT(b,1) is
parametrised by quadruples (3., B, L,C.n) with n € H*(Z., KL~(B)) and n # 0.
We want to show this cohomology space has constant dimension as the pair (B, L)
moves over S°Y. x Pic;(X,.). Its suffices to see that, by the stability inequalities (5.2),

deg(KL™'(B))=2g—2+b—1<ib—(g-1) <0,
and therefore

RHKLYB)=1+1-b—g.
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By much the same argument as above, for each marked conformal structure c € 7,
the triple (B, L, C.n) lies in a holomorphic CP'~*~9-bundle over S*%, x Pic;(X.). The
total space of this bundle has dimension

b+g)+l—-b—g=1L.

As c moves through 7, we obtain a complex analytic manifold, fibred over 7y, of total
dimension 3(g — 1) + 1.

THEOREM 6.2. Each set W*(b,1) can be given the structure of a non-singular
complex manifold of dimension 3(g — 1) +1. It is a complex analytic family over T,
whose fibre at ¢ € Ty is a complex analytic submanifold biholomorphic to a holomorphic

CP'=*"9_bundle over S*%,. x Pic;(X.).

6.3. Map from V to R(G). In order to understand when we can use minimal
surface data to parametrise representations, we must understand the map

R:V = R(G), (p,f) p. (6.1)

We can expect this to be smooth. From the results above, this is likely to be most
interesting on the components V(dy, dz) since these have the same dimension as R(G).
While a full understanding of this map will require further work, we can at least make
some interesting comments about its behaviour on the fibres V. of V over Teichmiiller
space. With a fixed conformal structure ¢ we can identify R(G) with the moduli space
H(X,., G) of G-Higgs bundles. Then R is injective on V., since it amounts to inclusion
(equally, this is a consequence of the uniqueness theorem for twisted harmonic maps
[9, 10]). Indeed

V. ={(E,®) € H(Z., Q) : tr ®* = 0},

and so it plays the role of the nilpotent cone in H(X., G). Let us consider the structure
of this in light of the discussion above. Recall that [|®||7. is a proper Morse-Bott
function on H(X., @) (at least at smooth points): we will normalise this by defining

(B, ) = %/ tr(® A ).

P

Whenever the twisted harmonic map determined by (E, ®) is conformal, we have

S(E,®) = /Ev,y = Area, (X),

for the induced metric v. Now fix a non-maximal value 7 for the Toledo invariant
and consider the connected component H(X.,G),. Whenever do = %T + d; this
component contains V.(di,ds). Inside the latter lies the locus & = 0 consisting of
length-three Hodge bundles, and this represents one connected critical manifold of §
(cf. [22, §3]). Since £ = 0 exactly when Q = 0 we deduce from Prop. 3.5 that this
is the level § = (49 — 4 — dy — d2)7. As we move along the fibres of the bundle
V.(dy,ds) Prop. 3.5 tells us that § < (49 — 4 — d; — d2)7. Moreover, a comparison
with [22, Prop 3.2] shows that the dimension of these fibres equals the Morse index of
the critical manifold. Indeed, we conjecture that the bundle V.(d;,d2) is precisely the
unstable manifold of the vector field — grad F as a bundle over the critical manifold.
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This seems to be a manifestation of Hausel’s theorem [28, Thm 5.2]. He proved that
in the moduli space of stable GL(2,C)-Higgs bundles of odd degree, the downward
Morse flow coincides with the nilpotent cone. Although Hausel only gave the proof
for GL(2,C), the ingredients hold equally well in the case of the smooth components
of H(Z., G) for a real form G [23].

By contrast the image of WE(b,1) in H (2., G) gives all the length-two Hodge
bundles, which are the absolute minima of F in their connected component. On the
smooth locus of H (X, G), hence particularly when 7 # 2Z, there is a single connected
component of minima for fixed 7 (since F is a perfect Morse-Bott function). Hence for
fixed 7 the “components” W (b,1) should really be thought of as strata of the space
of holomorphic (or anti-holomorphic) branched immersions. Gothen [22, §3] explains
how to view each critical manifold of length-two Hodge bundles as a moduli space of
a-stable Bradlow pairs. A Bradlow pair is a rank 2 vector bundle equipped with a
holomorphic section. In our picture the Bradlow pair is (K ® V, ®). The stratification
of length-two Hodge bundles of fixed Toledo invariant by W (b, 1) amounts to fixing
the degree b of ®.

Appendix A. Uniqueness of minimal embeddings. Here we give the
proof of Proposition 4.5. We are assuming that expt : TM+ — N is a diffeo-
morphism, and therefore there is a radial distance function p : N — R{ given by
p(p) = ||(expt)~1(p)||. The idea of the proof is to show that the condition on dv,./dr
means each ¢, = exp®(rn) must have non-zero mean curvature, and that by lo-
cal comparison every immersion must also have non-zero mean curvature at non-zero
maximum values of p. Note that this is a local argument: we do not need the existence
of global sections of TM~ of unit length (which will not, in general, exist).

First recall that for a family of immersions ¢; : M x R — (N, ¢g) with variational
vector field V' = ¢,0/0; a standard calculation gives

dvy (t)
dt

where H, = try L, is the mean curvature for v = ¢*g. In particular, for the mean
curvature H, of the map ¢,

lo=dx*g(V,dp) — g(V, H,)v,,

i dv,

v, dr’

dp(Hr) = g(grad p, Hr) =

(A1)

since grad p is a normal variation.

Next we show that a local embedding ¢ which comes from an arbitrary non-
vanishing local section v of TM' must have non-zero mean curvature at any point
at which |v| has a local maximum.

LEMMA A.1. Let o :U — N be an embedding of the form o = exp™(v) for some
local section v of TM~* which does not vanish on an open subset U C M, and suppose
u = ||v|| = poy has a local mazimum at x € U. For eachr > 0 set ¢, = exp~(rv/u),
and let v, be the volume form for ¢%g. Suppose that dv,/dr > 0 at x for each r, then
@ must have non-zero mean curvature H, at x.

Proof. Consider the expressions for the mean curvatures H, and H,., considered
as the tension fields 7(p) and 7(¢,), in terms the tension fields for u = p o ¢ and the
constant function r» = p o ,.. The composition formulas [13, 2.20] give

7(u) = dp(Hy) + try Vdp(dy, de),
0=r7(poey)=dp(H;)+ try, Vdp(der, dey),
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where v = ¢*g and v, = ¢}g. Now 7(u) = tr, Hess(u) and at the local maximum «
we have du = 0, which implies dp = dpy, ;) and v = 7,(,). Therefore at x we have

dp(Hy)|x = try Hess(u)|o + dp(Huy())la-

Since z is a local maximum we have tr., Hess(u)|, < 0, and by assumption dp(H,)|, <
0 for all » > 0, using (A.1). Thus H, cannot vanish at z. O

Proof of Prop 4.5. Suppose ¢ : M — N is any immersion transverse to the fibres
of exp®, other than f. The function p o ¢) must have a non-zero maximum at some
y € M. Then there is a local section v of TM* and a local diffeomorphism o on M
for which ¢ = ¢ o o where ¢ = exp™(v), and Hy|, = Hy|a(y) as elements of Ty, N.
Now (i, a(y)) satisfy the conditions of Lemma A.1, so Hy|, # 0. O

REFERENCES

[1] M. ANDERSON, Complete minimal hypersurfaces in hyperbolic n-manifolds, Comment. Math.
Helv., 58 (1983), pp. 264-290.

[2] L. BERS, Fiber spaces over Teichmiller spaces, Acta. Math., 130 (1973), pp. 89-126.

(3] S. B. BRabLOow, O. GARCIA-PRADA AND P. B. GOTHEN, Surface group representations and
U(p, q)-Higgs bundles, J. Differential Geom., 64 (2003), pp. 111-170.

[4] J. BoLTON AND L. M. WOODWARD, Congruence theorems for harmonic maps from a Riemann
surface into CP"™ and S™, J. London Math. Soc. (2), 45 (1992), pp. 363-376.

(5] F. E. BURSTALL, Harmonic tori in spheres and complex projective spaces, J. Reine Angew.
Math., 469 (1995), pp. 149-177.

[6] J. CHEN AND G. TIAN, Minimal surfaces in Riemannian 4-manifolds, Geom. Funct. Anal., 7:5
(1997), pp. 873-916.

[7] S.S. CHERN AND J. WOLFSON, Minimal surfaces by moving frames, Amer. J. Math., 105 (1983),
pp. 59-83.

[8] S. Cuot AND W. M. GoLDMAN, Convex real projective structures on closed surfaces are closed,
Proc. Amer. Math. Soc., 118 (1993), pp. 657-661.

9] K. CORLETTE, Flat G-bundles with canonical metrics, J. Diff. Geom., 28 (1988), pp. 361-382.

[10] S. K. DONALDSON, Twisted harmonic maps and the self-duality equations, Proc. London Math.
Soc. (3), 55 (1987), pp. 127-131.

[11] A. Domic AND D. ToLEDO, The Gromov norm of the Kaehler class of symmetric domains,
Math. Ann., 276 (1987), pp. 425-432.

C. J. EARLE, Families of Riemann surfaces and Jacobi varieties, Ann. Math. (2), 107 (1978),
pp. 255-286.

[13] J. EELLS AND L. LEMAIRE, Selected topics in harmonic maps, CBMS Regional Conference
Series in Mathematics, no. 50, AMS 1980.

(14] J. EELLs AND J. WoOD, Harmonic maps from surfaces to complex projective spaces, Adv. in
Math., 49 (1983), pp. 217-263.

(15] S. ERDEM AND J. GLAZEBROOK, Harmonic maps of Riemann surfaces to indefinite complex
hyperbolic and projective spaces, Proc. London Math. Soc. (3), 47 (1983), pp. 547-562.

[16] O. GARCIA-PRADA, appendix in R. O. Wells, Differential analysis on complex manifolds,
Springer Graduate Texts in Math. 65, Springer-Verlag, 2008.

[17] O. GARCIA-PRADA, Higgs bundles and surface group representations, in “Moduli spaces and
vector bundles”, pp. 265-310, LMS Lect. Note Ser., 359, Cambridge, 2009.

(18] D. GILBARG AND N. TRUDINGER, FElliptic partial differential equations of second order, Classics
in Mathematics, Springer-Verlag, Berlin, 2001.

[19] W. M. GOLDMAN, Higgs bundles and geometric structures on surfaces, in “The many facets of
geometry”, pp. 129-163, OUP, Oxford, 2010.

[20] W. M. GoLDMAN, M. KAPOVICH AND B. LEEB, Complex hyperbolic manifolds homotopy equiv-
alent to a Riemann surface, Comm. Anal. Geom., 9:1 (2001), pp. 61-95.

[21] W. GOLDMAN AND R. WENTWORTH, Energy of twisted harmonic maps of Riemann surfaces,
In the tradition of Ahlfors-Bers. IV, pp. 45-61, Contemp. Math., 432, Amer. Math. Soc.,
Providence, RI, 2007.

[22] P. B. GOTHEN, Topology of U(2,1) representation spaces, Bull. London Math. Soc., 34 (2002),
pp. 729-738.

(23] P. B. GOTHEN, private communication.



106

N

sl

NZ Z =5 ® =3 O O

J. LOFTIN AND I. MCINTOSH

. GUICHARD, Groupes plongés quasi isométriquement dans un groupe de Lie, Math. Ann.,

330 (2004), pp. 331-351.

. GUICHARD AND A. WIENHARD, Anosov representations: domains of discontinuity and ap-

plications, Invent. Math., 190 (2012), pp. 357-438.

. GUNNING, Lectures on vector bundles over Riemann surfaces, Princeton University Press,

1967.

HARTSHORNE, Algebraic geometry, Graduate Texts in Mathematics 52, Springer-Verlag,
Berlin, 1977.
HauseL, Compactification of moduli of Higgs bundles, J. Reine Angew. Math., 503 (1998),
pp. 169-192.

. J. HitcHiN, The self-duality equations on a Riemann surface, Proc. London Math. Soc. (3),

55 (1987), pp. 59-126.

. J. HITCHIN, Lie groups and TeichmCjller space, Topology, 31:3 (1992), pp. 449-473.
. HuanG, J. LOFTIN AND M. Lucia, Holomorphic cubic differentials and minimal Lagrangian

surfaces in CH?, Math. Res. Lett., 20 (2013), pp. 501-520.

. HuAaNG AND B. WANG, Counting minimal surfaces in quasi-Fuchsian three-manifolds, Trans.

Amer. Math. Soc., 367 (2015), pp. 6063-6083.

KobpAIrRA, Complex manifolds and deformation of complex structures, Grundlehren der
Math. Wissenschaften, 283. Springer-Verlag, New York, 1986.

KRASNOV AND J.-M. SCHLENKER, Minimal surfaces and particles in 3-manifolds, Geom.
Dedicata, 126 (2007), pp. 187-254.

. LABOURIE, Flat projective structures on surfaces and cubic holomorphic differentials, Pure

Appl. Math. Q., 3 (2007), pp. 1057-1099.

. C. LOFTIN, Affine spheres and convex RP™-manifolds, Amer. J. Math., 123 (2001), pp. 255—

274.

. LOFTIN AND I. MCINTOSH, Minimal Lagrangian surfaces in CH? and representations of

surface groups into SU(2,1), Geom. Dedicata, 162 (2013), pp. 67-93.

. LorTIN AND I. McINTOSH, Cubic differentials in the differential geometry of surfaces, to

appear in “Handbook of Teichmiiller Theory” Vol. V.

.-G. OH, Second wvariation and stabilities of minimal Lagrangian submanifolds in Kdhler

mahifolds, Invent. Math., 101 (1990), pp. 501-519.

. R. PARKER AND I. PLATIS, Open sets of mazimal dimension in complex hyperbolic quasi-

Fuchsian space, J. Differential Geom., 73 (2006), pp. 319-350.

. R. PARKER AND 1. PrATIS, Complex hyperbolic quasi- Fuchsian groups, Geometry of Riemann

surfaces, pp. 309-355, London Math. Soc. Lecture Note Ser., 368, CUP Cambridge, 2010.

. SACkKS AND K. UHLENBECK, The ezxistence of minimal immersions of 2-spheres, Ann. Math,

Second Series, 113 (1981), pp. 1-24.

SIMPSON, Constructing variations of Hodge structure using Yang-Mills theory and applica-
tions to uniformization. J. Amer. Math. Soc., 1 (1988), pp. 867-918.

H. TAUBES, Minimal surfaces in germs of hyperbolic 8-manifolds, Proceedings of the Casson
Fest, 69100 (electronic), Geom. Topol. Monogr., 7 (2004).

TOLEDO, Representations of surface groups in complex hyperbolic space, J. Differential
Geom., 29 (1989), pp. 125-133.

K. UHLENBECK, Closed minimal surfaces in hyperbolic 3-manifolds, Ann. Math. Stud., 103
(1983), pp. 147-168.

. P. WANG, Some examples of complete hyperbolic affine 2-spheres in R3, in “Global differ-

ential geometry and global analysis”, pp. 271-280, Lecture Notes in Math., 1481, Springer,
Berlin, 1991.

. WEBSTER, Minimal surfaces in a Kdhler surface, J. Diff. Geometry, 20 (1984), pp. 463-470.
. O. WELLS, Differential analysis on complex manifolds, Springer GTM 65, 1980.
. WOLFSON, Minimal surfaces in Kdhler surfaces and Ricci curvature, J. Differential Geom.,

29 (1989), pp. 281-294.

. C. Woob, Holomorphic differentials and classification theorems for harmonic maps and

minimal immersions, in “Global Riemannian geometry (Durham, 1983)”, pp. 168-175,
Ellis Horwood Ser. Math. Appl., Horwood, Chichester, 1984.

X1A, The moduli of flat PU(2,1) structures on Riemann surfaces, Pacific J. Math., 195
(2000), pp. 231-255.




<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.7
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.1000
  /ColorConversionStrategy /CMYK
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType true
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments true
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages false
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth 8
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /FlateEncode
  /AutoFilterColorImages false
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 100
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages false
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth 8
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /FlateEncode
  /AutoFilterGrayImages false
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 100
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages false
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /FlateEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects true
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<

    /BGR <>
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /CZE <>
    /DAN <>
    /DEU <>
    /ESP <>
    /ETI <>
    /FRA <>
    /GRE <>

    /HRV (Za stvaranje Adobe PDF dokumenata najpogodnijih za visokokvalitetni ispis prije tiskanja koristite ove postavke.  Stvoreni PDF dokumenti mogu se otvoriti Acrobat i Adobe Reader 5.0 i kasnijim verzijama.)
    /HUN <>
    /ITA <>
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /LTH <>
    /LVI <>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /POL <>
    /PTB <>
    /RUM <>
    /RUS <>
    /SKY <>
    /SLV <>
    /SUO <>
    /SVE <>
    /TUR <>
    /UKR <>
    /ENU (Use these settings to create Adobe PDF documents best suited for high-quality prepress printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


