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RIGIDITY THEOREM OF GRAPH-DIRECTED FRACTALS*

LI-FENG XI' AND YING XIONG#

Abstract. In this paper, we identify two fractals if and only if they are bilipschitz equivalent.
Fix a ratio 7, for dust-like graph-directed sets with ratio r and integer characteristic, we obtain a
rigid theorem that these graph-directed sets are uniquely determined by their Hausdorff dimension
(or integer characteristic) in the sense of bilipschitz equivalence. Using this rigidity theorem, we
show that in a suitable class of self-similar sets, two totally disconnected self-similar sets without
complete overlaps are bilipschitz equivalent. We also provide an algorithm to test complete overlaps
in polynomial time.
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1. Introduction.

1.1. Rigidity of geometry. Roughly speaking, a rigidity theorem states that
every element in a class of mathematical objects is uniquely determined by less infor-
mation. For example, harmonic functions on the unit disk are rigid in the sense that
they are uniquely determined by their boundary values.

In metric spaces, the uniformization theorem on quasisymmetric equivalence
(Proposition 15.11 of [B]) states: a compact metric space is quasisymmetrically equiva-
lent to the symbolic space X5 = {0,1}°° if and only if it is doubling, uniformly perfect
and uniformly disconnected. In other words, the doubling, uniform perfectness and
uniform disconnectedness are complete characteristics of symbolic space in the sense
of quasisymmetric equivalence.

How about the rigidity theorem in geometry of fractals? What characteristics
can be used to provide the main information in the rigidity theorem on fractals? It
seems not a good choice to characterize fractals by quasisymmetric equivalence since
quasisymmetric mappings do not preserve fractal dimensions. Falconer and Marsh [12]
stated: “topology” may be regarded as the study of equivalence classes of sets under
homeomorphism; in the same vein, “fractal geometry” is sometimes thought of as the
study of equivalence classes of fractals under bilipschitz mappings. This leads to the
following definition.

DEFINITION 1. We identify two metric spaces (X1, p1) and (Xao, p2), denoted
by X1 ~ X, if and only if they are bilipschitz equivalent, i.e., there is a bijection
[ (X1,p1) = (Xa,p2) such that for all z,y € X1, C™'pi(z,y) < p2(f(x), fy) <
p1(x,y), where C > 1 is a constant.

Bilipschitz mappings preserve many geometric properties, such as
e fractal dimensions: Hausdorff dimension, packing dimension etc;
e properties of measures: doubling, Ahlfors-David regularity etc;
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e metric properties: uniform perfectness, uniform disconnectedness etc.
Consequently, bilipschitz equivalence provides much more information than fractal
dimensions. Another motivation of studying bilipschitz equivalence of fractals comes
from geometric group theory (see [3| [13]).

Falconer and Marsh [I1] obtained a rigidity theorem on fractals in the sense of
bilipschitz equivalence: the quasi-self-similar-circles are uniquely determined by their
Hausdorff dimensions, i.e., two such circles are bilipschitz equivalent if and only if
they have the same Hausdorff dimension. In this paper, we will show that this also
holds for a suitable class of graph-directed fractals.

1.2. Graph-directed fractals with integer characteristic.

DEFINITION 2 (graph-directed sets [10, 25]). Let (X, p) be a complete metric
space. Let G = (V, &) be a directed graph with vertex set V and directed-edge set £.
We write &; ; for the set of edges from vertex i to vertex j, and Eilfj for the set of
sequences of k edges (e, ..., ex) which form a directed path from vertex i to vertex j.

Suppose that for each edge e € £, there is a corresponding similarity Se: X — X
of ratio r. € (0,1), i.e., S, satisfies p(Se(x), Se(y)) = rep(x, y). The graph-directed sets
on G with the similarities {S,}.ce are defined to be the unique nonempty compact
sets { K }iecy satisfying

Ki={J | Se(K;) forieV. (1.1)

JEV ecE

In particular, if (1.1)) is a disjoint union for each i € V, we call {K;},cy the dust-like
graph-directed sets on (V, €).

We say that graph-directed sets { K;}; have ratio r if all the ratios r. are equal to a
common r € (0,1). If there is only one vertex in V, the dust-like graph-directed set K
is a self-similar set. Suppose that the number of edges is m. Let X7 = {1,2,...,m}>
be the symbolic space equipping with the metric

plzozy .. yoyr ... ) = rointk: syl
Then K ~ ¥7 if K has ratio r. To see this, notice that X7 can also be regarded as
a dust-like self-similar set generated by m similitudes of ratio r.

Hence a natural question is: if there are two or more vertexes, what conditions
ensure that the dust-like graph-directed sets are bilipschitz equivalent to the symbolic
space X7 . To answer this question, we introduce the notion of integer characteristic.

Let A = (ai j)ijev be the adjacency matriz of G defined by a; ; = #&; ;, the
number of &; ;. We say that dust-like graph-directed sets {K;}; with ratio  have
integer characteristic m > 2 if there is a positive vector v > 0 such that

Av = mw. (1.2)

A directed graph is said to be transitive if for any vertices i, j, there exists a
directed path starting at ¢ and ending at j. In this case, the adjacency matrix A
is irreducible. By the Perron-Frobenius Theorem for non-negative matrices, assump-
tion on a transitive graph is equivalent to that the Perron-Frobenius eigenvalue
of A is an integer m > 2.

It will be proved in Section that assumption is equivalent to

0 < H*(K;) <oo forieV with s=—logm/logr. (1.3)
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Therefore, if {K;}; are bilipschitz equivalent to the symbolic space X7 , they must
have integer characteristic m. The following theorem states that the converse is also
true and hence provides a natural and intrinsic characterization of the dust-like graph-
directed sets which are bilipschitz equivalent to the symbolic space X7,.

THEOREM 1. Let {K;}Y| be dust-like graph-directed sets with ratio r. Then
Ki,...,Kn are bilipschitz equivalent to X7, if and only if they have integer charac-
teristic m.

We remark that Theorem [I] doesn’t need the transitive condition on the directed
graph. In other words, the adjacency matrix A is not required to be irreducible.

Deng and He [6] first studied the Lipschitz equivalence of graph-directed frac-
tals with integer characteristic. They proved the if part of Theorem [l] under some
additional conditions which require the adjacency matrix to be “rearrangeable” or
primitive (Theorem 1.3 and 1.4 in [6]). Such conditions are needed in their argument
to avoid some complicated situations. We prove the general case by a careful analysis
of the graph-directed structure (see the beginning of Section [4)) and by making use of
the technique of extension of bilipschitz mappings (see the proof of Proposition [4f).

Let 2" = {J,~_, A", where

AT = {K: K = K, for some dust-like graph-directed sets {K;};

with ratio r and integer characteristic m}.

As a corollary of Theorem [1] we have

THEOREM 2. Two graph-directed fractals K € 7} and K’ € 72 are bilipschitz

m
equivalent if and only if r’fl = r§2, mlfl = m’§2 for some integers ki,ko > 1.

The paper is organized as follows. In Section 2] we apply Theorem [I] to study
the bilipschitz equivalence of a class of self-similar sets without complete overlaps and
obtain Theorem Section [2.3| provides an algorithm to test complete overlaps in
polynomial time. We present some preliminaries in Section [3|including the techniques
of number theory, non-negative matrix and bilipschitz equivalence. Section [ is the
proofs of Theorems [I]and 2] Section[f]is devoted to the proof of Theorem [3] in which
total disconnectedness implies the graph-directed structure and the loss of complete
overlaps insures the integer characteristic. The last section discusses some related
open questions.

2. Bilipschitz equivalence of self-similar fractals.

2.1. Results on bilipschitz equivalence. The known results on the bilipschitz
equivalence of self-similar sets can be divided into two main categories, according to
whether the self-similar sets have overlaps or not. A self-similar set is said to be
without overlaps if the strong separation condition (SSC) holds. Otherwise, it is said
to be with overlaps.

Falconer and Marsh [I2] gave two necessary conditions for self-similar sets sat-
isfying the SSC (without overlaps) to be bilipschitz equivalent. Xi [37] further ob-
tained a necessary and sufficient condition. For other characterizations of bilipschitz
equivalence in this case, please also refer to Mattila and Saaranen [24], Llorente and
Mattila [22], Deng, Wen, Xiong and Xi [§], Rao, Ruan and Wang [29] and Rao and
Zhang [32].
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Self-similar sets with overlaps have very complicated structures. Various condi-
tions had been proposed to control the overlaps. For example, Moran [26], Hutchinson
[16], Bandt and Graf [I] and Schief [34] studied the open set condition (OSC). Lau
and Ngai [19] and Zerner [42] studied the weak separation condition. Ngai and Wang
[27] and Lau and Ngai [20] studied the finite type condition.

There are also many efforts devoted to the study of bilipschitz equivalence of self-
similar sets with overlaps. Wen and Xi [36] constructed two self-similar arcs which
have the same dimension but are not Lipschitz equivalent. David and Semmes [5]
asked whether two special self-similar sets, the {1,3,5}-set and {1,4,5}-set, are Lip-
schitz equivalent or not. Rao, Ruan and Xi [30], Xi and Xiong [40, 41] gave an
affirmative answer to this problem in R! and higher dimensional spaces respectively.
In the case of different contraction ratios, Xi and Ruan [38], Ruan, Wang and Xi [33]
studied the self-similar sets with touching structure on the line. Luo and Lau [23]
and Deng, Lau and Luo [7] researched the Lipschitz equivalence of self-similar sets by
using hyperbolic boundaries of trees.

Recently, Xi and Xiong [39] obtained a general result on the problem of the
Lipschitz equivalence of self-similar sets in the OSC case. However, the argument
in [39] is quite involved. As an application of Theorem |1 we can give a much simpler
proof for self-similar sets without complete overlaps.

DEFINITION 3. Let {S1,...,Sn} be an IFS. We say that the corresponding self-
similar set £ = [J;~, S;(F) has complete overlaps, if there are two distinct sequences
i1 ...%¢, J1 ... Jpr such that

Silo"'os’it:S_ho"'osjt/'

For surveys of the Hausdorff dimension of self-similar sets with complete overlaps,
we refer to Kenyon [I7] and Rao and Wen [31].

2.2. A class of self-similar fractals in A'/™. Let T' be a discrete additive
group in R! and G a finite subgroup of the isometric group on I, i.e., for any g € G,
we have g: I' = T', ¢(0) = 0 and |g(a1) — g(a2)| = |a1 — az| for all aj,as € T'. This
implies that each g € G can be extended to a linear isometry of R!. In particular,
9(B(0,8)) = B(0,0) for any closed ball with center 0 and radius ¢. Fix an integer
n > 2. Consider the similitude

S(x) =g(x)/n+b, wherege Gandbel. (2.1)

Let A be the collection of all the self-similar sets in R! generated by contractive
similitudes in the form of .

As an application of Theorem [l we will prove the following theorem on the
bilipschitz equivalence. For a one-dimensional analogue, we refer to [6, Theorem 3.7].

THEOREM 3. Suppose E = U:-il(g;LE + b)) € A is a totally disconnected self-
similar set without complete overlaps. Then E € AY™ with characteristic m, and
thus FE is bilipschitz equivalent to Z%n.

We present some examples in the remainder of this subsection and give an algo-
rithm to test complete overlaps in Section

EXAMPLE 1. Letn > 2,y = Z% and I’y = {(%, % ): a,b € Zand a = b(mod2)},
then T'; are discrete additive groups as in Figure[I] The isometric group of I's has 12
elements, including rotations and reflections.
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\/ (3:4)
(1.1)

(0,00 [(1,0)

0,0) 1,0)

F1G. 1. Discrete groups on the plane

Ny AN

step 1 step 2

F1G. 2. Initial pattern and first three steps in construction

EXAMPLE 2. Let n =3 and I' = I's as in Example 1. As in Figure [2| we take
4 small colored triangles and select the corresponding isometries. We also show the
first three steps in construction.

EXAMPLE 3. Let I' = Z! with [ > 2; then its isometric group contains the element:

g(xl, ceey CEl) = (slxo(l)a 52T5(2)5 -+« slxa(l))v
where o is a permutation on {1,...,1} and sign s; € {—1,1} for all 4.
\ | \ | | | | \ | |
F £

FI1G. 3. Different structures in F and F’
ExaMpPLE 4. For n=5and [ =1, let

F -F+4 Ftd . F F+3 F+4

F=—-U U———-~-1, F' = —
5 5 5 5 5 5
Due to the minus sign in the similarity = _””;'4, these two self-similar sets are

quite different (Figure . It is easy to show that F' and F’ are totally disconnected
self-similar sets without complete overlaps. Then it follows from Theorem [3| that F
and F” are bilipschitz equivalent.
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Finally, we consider the self-similar set E generated by
Si(x) = x/n+b; with b; € Q' fori =1,...,m.

Let T' be the additive group generated by {b;};. Suppose n > m; then dimpy E <
logm/logn < 1 which implies E is totally disconnected. Theorem [3| implies that

1/n
m

if F has no complete overlaps, then FE is bilipschitz equivalent to Y,,". Please see

Example |§| for the self-similar set £ = % U (% +5)U (% + ).

2.3. Algorithm in polynomial time to test complete overlaps in A. First
we give the sketch of our algorithm. Considering the IFS in the form of , we
can construct a directed graph (Steps 1-2) and calculate all vertexes named original
vertexes and boundary vertexes (Step 3). Our algorithm is based on a criterion
(Proposition [1) which states that the complete overlap exists if and only if there exists
a directed path from an original vertex to a boundary vertex. By the criterion, we
can use Dijkstra’s algorithm [9] to test the existence of such a directed path (Step 4).

Now we describe our algorithm in detail. Given E = U:’;l(% +0;) €A, let

M =2 max |b|/(n—1).

1<i<m
Step 1. Set the vertex set
V={zel: |z|<M}xGxG.

The elements of vertex set can be written to be (z, f, /).

Step 2. Set the edge set as follows.

We set an edge from vertex (z, f, f') to vertex (z1, f1, f1), if and only if there is
a pair (4,5) € {1,...,m}? such that

(z1, f1, f1) = (nx + f(bi) — f'(b5), fai> f'95)s

where f o g; is written as fg; to simplify the notation. We denote this edge by

(@, £, 1) 22 (@, o £,

Step 3. Calculate all original vertexes and boundary vertexes.

The vertex (z, f, f') is called an original vertex, if (z, f, f') = (bi — bj, g:, g;) for
some i # j. We say that (x1, f1, f1) is a boundary vertez, if 1 = 0 and f1 = f{. Using
these definition, we can calculate all original vertexes and boundary vertexes.

Step 4. Test the existence of complete overlap by Dijkstra’s algorithm.

Through steps 1-3, we obtain a finite graph since I is discrete and G is finite.
We have the following criteria to test the existence of complete overlap.

PROPOSITION 1. E has complete overlaps if and only if there is a directed path
starting at an original verter and ending at a boundary vertex.

Applying Dijkstra’s algorithm, we can test whether there is such a directed path
in polynomial time. Roughly speaking, Dijkstra’s algorithm is an algorithm for finding
the shortest paths between vertexes in a graph, runs in time O((#V)?) where #V is
the cardinality of the vertex set. When equipping each directed edge with weight 1,
we find a directed path from one vertex to another if and only if their shortest distance
between these two vertexes is finite. Suppose E C R!. Let 6§ = minger oy || be the
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least distance between any two distinct elements in T, then #V = O(M'6~H(#G)?).
Thus the running time is at most O(MZ§72!(#G)*).
We provide two examples to illustrate the above algorithm.

EXAMPLE 5. Let n = 3. Suppose F' C R? is generated by

So(x) = L +a, Si(z)= g +8a, Sy(x)= @ + 88,

Sl (LE) = 3

il
37
where a = (1,0), 8 = (1/2,1/3/2), and g is an isometry such that
g°=id, g(a)=p and ¢(f)=a.

One can verify that the strong separation condition fails, i.e., there are overlaps. We
will check the fact that there is no complete overlaps by the above algorithm. In fact,
we have

I'= {k1a+k2ﬁl ki, ko € Z}

and G = {id, g}. Notice that by =0, bs = «, bg = 8a, by =803, and g1 = g2 = g3 = id
and g4 = ¢g. We obtain that M = 2max;i<;<4|b;|/(n — 1) = 8. By programming, the
set {x € T': |z| < M} has 225 elements and the corresponding directed graph has 900
vertexes. Twelve original vertexes are

(o,id,id), (7o, id,id), (8, id,id), (—a,id,id),
(*70[,id,id)7 (*80[,id,id), (78/871(179)7 (a *85,1(1,9),
(806—86,1d,g), (867g71d)7 (8ﬂ-0{,g,ld), (8ﬁ_8a7gald)a

and two boundary vertexes are (0,id,id) and (0, g, g). Using Dijkstra’s algorithm, we

find that there does not exist any directed path from original vertexes to boundary
vertexes. Therefore F is a self-similar set without complete overlaps.

If G = {id}, we need only consider the graph with the vertex set {x € T': |z| <
M}, there is an edge from vertex x to vertex xy, if and only if there is a pair (i,5) €

{1,... 7m}2 such that x; = nx + b; — b;. We denote the edge by x ..—>(i’j) 1.

EXAMPLE 6. Let 5=n>m=3and E=2U(£+ L)U (£ + &). Here
n=5 G=1{d}, I'=2%/10, M =04
and {z € I: 2| < M} = {~0.4,-0.3,-0.2,-0.1,0,0.1,0.2,0.3,0.4}. The original
vertices are {—0.1,0.1} and the unique boundary vertex is {0}. If = 9. 0 for some
z€{xel: || <M}, then 0 =5z + b; — bj, that is
5x =b; — b;.
However, b; — b; € P = {-0.8,-0.7,—-0.1,0,0.1,0.7,0.8} and
Pn{bz:zel,|z| <M} ={0}.
Therefore, x = 0. This means there is no directed path from original vertices to

boundary vertices. Then FE is totally disconnected self-similar set without complete

overlaps and thus F is bilipschitz equivalent to E;,/ %
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3. Preliminaries.

3.1. Combinatorial lemma from Frobenius coin problem. It is easy to
check that {2k; + 5ko: k1,ke € NU{0}} D {m:m > 3}. This is a special case
of the so called Frobenius coin problem [28], which can be stated as follows. Given
positive integers oy, o, ..., ap with ged(aq, as,...,ap) = 1, find the largest integer
that cannot be expressed as a sum kyoq + koo + - - - + kpap, where kq, ko, ..., k; are
non-negative integers. We denote such integer by ¢(a,...,ar). Hence ¢(2,5) = 3.

LEMMA 1. Fix positive integers v and ai,az,...,ap (£ > 2) with
ged(a, ..., ap) = 1. Write ¢* = ¢(a1,..., ) + maxi<j<ej. Let (Bu)wen be a
sequence of positive integers, where § is a finite index set, such that

(i) Bo € {a1,...,qu} for allw € Q;
(ii) > cq Bw = b- 7 for positive integers b > 2¢* Z§:1 a; and y > 1;
(iil) for every 1 <j <¥, #{w € Q: B, = o} > vo*.
Then there is a decomposition ) = U1§t§7 Q¢ such that Q;NQ; =0 fori+#j and

Z Bw =0 foreveryl <t <.
wWEN,

Proof. We will prove this by inductive on the integer v > 1. It is trivial when
v = 1. Now suppose this is true for v — 1 > 1, we shall prove that so does ~.
By (i), there are disjoint €2, ..., C € such that, for 1 < j < ¢,

Bo=a; forwe Q) and #Q)=~o" (3.1)
Let Q* =Q\ U?:l Q. By (ii), (3.1) and v > 2, we have
¢ ¢
D Bo=D B> Bu :w(b—qb*Zaj) > 7b/2 > b.
wen* weN j=1 weQ; 7j=1
Combining this with (i), we can select Qf C Q* such that

dlaq,...,ap) <b-— g*ﬂw < ¢(a1""’a£)+1r£?%{gaj = ¢*.
wesig

This together with the definition of the Frobenius number implies that we can find
non-negative integers ki, ..., ky such that

kiog + -+ keoyy = b — Zﬁwg(b* (32)

weNf

Clearly, k; < ¢* for every 1 < j < £.
By (3.1), we can take Q} C €} with #Q} = k; < ¢* for every 1 <j < ¢. Now let

Q1 = Q5 UUS_, Q. Then by (1) and (3-2), we have

4 0
Zﬁw:Zﬁw"’ZZBw:ZBw‘i‘ijaj:h
j=1

we weNg j=1 wEQ;f wenNg
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Let Q' = Q\ Qy, then

S bo= 8- Bu=ab—b=(y-1b

we! wEN weN

And for every 1 <t < {, we have
#Hw € Q' Bu = oy} > #OY — #O) =7¢" —kj > 79" — 9" = (v - 1)¢".

Hence the lemma follows by applying the inductive assumption to €. O

3.2. Connected blocks of directed Graphs. Given a directed graph G, we
give an equivalent relation on the vertex set as follows: let ¢ ~ ¢; for distinct vertices ¢
and j,

i~ j <= there are directed paths from i to j and from j to 7.

We call the equivalence class [i] = {j: j ~ i} a connected block.
We also define a partial order among connected blocks as follows:

[1] < [j'] <= there is a directed path from a vertex in [j] to a vertex in [j'].
Under this partial order, we write
Bo = {[¢]: [¢] is maximal}.
Inductively, let
By = {[z] [i] is maximal in the complement of U %q}.
q<k—1

We say that a vertex has rank k if this vertex belongs to a connected block in By.
By the definition of 9By, we have

LEMMA 2. Given a vertex i of rank k, then any directed path starting at i will
end either at some verter of rank < k — 1 or at some vertex j of rank k with i ~ j.

3.3. Integer characteristic.
LEMMA 3. Assumptions (1.2) and (1.3) on integer characteristic are equivalent.

Proof. Suppose the vertex set V = {1,2,..., N}. If assumption (1.3)) holds, then
by the definition of the adjacency matrix, we have

N
H(K;) =7 ai H(K;) forie{1,2,...,N},
j=1

where s = —logm/logr. Since r* = 1/m, we have
Av =mv

with v = (H*(K1),..., H*(Kp)T > 0.
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If assumption (|1.2)) holds, we first show that H*(K;) < co for any vertex i. Take

v > 0 such that Av =mv and v > (1,...,1)T. Let A% = (GEZ))i,j- Then

Za(k) L. AR, DT <1, DAY =mF((1,...,1)-v).  (3.3)

For any k, we have K; = Uj Ue*egik;j Se«(K;), where Se« = S, 0---0 8, for e* =
(e1,...,ex). By (3.3)), for each i, we have

(k) ) , :
HP(K;) < lim Za . mjaX|KJ|S§k1LIEO Zau -m” mjax|K |®

k—o0

< ((1,...,1)1}) -max |K;|° < oo.
J

where | K| denotes the diameter of K.

Then we will show H*(K;) > 0 for all 4 by induction on the rank of i.

Let i be a vertex of rank 0. By a permutation if necessary, we can assume that
[i] = {1,2,...,p}. According to the definition of rank 0, every edge starting at a
vertex in [¢] is also ending at a vertex in [i]. Hence the adjacency matrix A must have
the form

Az(Bpo 0 ) with p 4+ ¢ = N.

Coxq  Dgxq
Here B,y is a irreducible matrix since for any ji,j2 € [i] = {1,2,...,p}, there is a
directed path starting at j; and ending at js.
Therefore K1, Ko, ..., K, are graph-directed sets with irreducible adjacency ma-
trix B = Bpxp. Since Av =mv with v = (vi,...,vn) > 0, we have
B(vi,...,0)" =m(vy,...,vp)"  with (vy,...,v,) > 0.

By the Perron-Frobenius Theorem for irreducible matrices, we have that m is the
spectral radius of B. Using Corollary 3.5 of [10], which concerns dust-like graph-
directed sets whose corresponding graphs are transitive, we have

0 <M’ (K;) <oo foriof rank 0.

Inductively, we assume H®(K;) > 0 for all j of rank < k. Now, let ¢ be a vertex
of rank k+ 1 > 0. We have [i] < [ j] for some j of rank < k. For otherwise, the rank
of the vertex ¢ must be 0 by the definition of rank. The fact [i] < [j] means that there
are ig € [i] and jg € [j] such that there is a directed path from ig to jo. Since i ~ ig
and j ~ jg, there are also directed paths from ¢ to ig and from jgo to j. Consequently,
we can find a directed path e* from 7 to j. It follows from the inductive assumption
H*(K;) > 0 that H*(K;) > 0 since K; D S« (K;). O

3.4. Non-negative matrices. A non-negative matrix A is said to be primitive
if A > 0 for some natural integer h. We say a matrix B is irreducible if B cannot be
conjugated into block upper triangular form by a permutation matrix P:

PBP~ ;A(Dl 32).
3
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The following lemma can be found in [2].

LEMMA 4. Let B,xn be a non-negative irreducible matriz, and p(B) > 0 its
Perron-Frobenius eigenvalue. For any positive vector x = (z1,...,1,)T > 0, we have

p(B) < max; % And p(B) = max; % if and only if Bx = p(B)x.

For any irreducible matrix B, Corollary 3.2.3B of [21] indicates that: if a non-
negative matrix B is irreducible, then there is a permutation matrix P and a natural
integer d such that

PBIP~! = diag(By, ..., By),

where each Bj; is primitive. Therefore, for each B; there is a positive integer h; such
that (B;)" > 0. Take u = dnle h;, we have

LEMMA 5. If a non-negative matrixz B is irreducible, then there is a permutation
matriz P and a natural integer u such that

PB“P~! = diag(Dy, ..., Dy),

where Dy, ...,Dq > 0 are positive square matrices.

3.5. Bilipschitz equivalence. We say that a bijection f from a metric
space (X1, p1) to another (X, p2) is a bilipschitz mapping with bilipschitz constant
blip(f) > 1 if

p2(f(z), f(y))

bli =infle>1:c¢t<
p(f) { N -~ plxy)

< cfor all z # y} (3.4)

is finite. The next lemma follows from [4], [I2] or Proposition 11.8 of [5].

LEMMA 6. X7 and X72 are bilipschitz equivalent if and only if there are ki, ky €
N such that n¥* = n&? and ¥ = rb2.

Theorem 2.1 of [30] yields the following lemma.

LEMMA 7. Suppose {Ki}le and {K;}le are dust-like graph-directed sets on the
same graph G satisfying

Ki={J U Se(k;) and Ki={]J |J SUK)),

j 6687;,]' ] ee&-,j

where Se and S, are similitudes on complete metric spaces (X1,p1) and (X2, p2),
respectively. If for each edge e the corresponding similarities S, and S, have the same
ratio re, then K; and K] are bilipschitz equivalent for each i.

A special from of the following lemma is contained in [4, Proposition 2.2]. We
omit its proof since the main idea is similar.

LEMMA 8. Suppose E is a dust-like self-similar set in a complete metric space.
Let K = U, fi(E) be a disjoint union such that f; is a bilipschitz mapping for each i.
Then K and E are bilipschitz equivalent.
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3.6. Connectedness. Recall Lemma 2.3 and Lemma 2.4 of [40] as follows.

LEMMA 9. Let Y be a compact subset of Rl. Suppose {Xy}r are conmected
compact subsets of Y. Then there exist a subsequence {k;}; and a connected compact

set X such that Xy, X g5 i — oo, where dy is the Hausdorff metric.

LEMMA 10. Let {Y1,Ys,..., Y3} be totally disconnected compact subsets of RL.
Then Y = Ule Y; s also totally disconnected.

4. Graph-directed fractals with integer characteristic. Suppose {K;}¥
are dust-like graph-directed sets with ratio » and integer characteristic m. For every
vertex in the corresponding directed graph, we let the rank of that vertex be defined
as in Section

We notice that Theorem |2 follows from Theorem |1f and Lemma @ where 7F1 =
(r")F2 and m* = (m/)*2 with ky, ke € N.

The necessary part of Theorem [I| follows from Lemma We will prove the
sufficient part of Theorem [1| by induction on the rank of the vertices. To this end, we
first prove that K is bilipschitz equivalent to X} if 4 is of rank 0. Since {K};¢[;] are
dust-like graph-directed sets with the adjacency matrix being irreducible, it suffices
to show that

PROPOSITION 2. Let Ky,..., K, be dust-like graph-directed sets of integer char-
acteristic m > 2 and of ratio r such that the adjacency matriz is irreducible. Then
K, ..., K, are all bilipschitz equivalent to 37, .

Then we assume inductively that K; is bilipschitz equivalent to X7, if j is of
rank < k. Let i be a vertex of rank k& + 1, we need to prove that K; is bilipschitz
equivalent to X, .

Let V; be the set of all vertices ig such that [i] < [ig] and [i] # [io]. Then g is of
rank < k for every ig € V; since ¢ is of rank k£ + 1. Hence K, is bilipschitz equivalent
to X7 . By a permutation if necessary, we can assume that [{] = {1,2,...,p} and
that V; = {p+1,...,p+ ¢}. One can check that Ki,..., K,y, are also dust-like
graph-directed sets and the adjacency matrix has the form

Poxp Coxa)  ypere D, is irreducible and Cpx, # 0.
0 Byxq

Thus we complete the induction by proving

PROPOSITION 3. Let {Ki,...,Kp, Kpi1,... Kpyq} be dust-like graph-directed sets
with ratio r, integer characteristic m and block upper triangular adjacency matrix

<Dpo Cqu>
0  Byxq/)’
where Dy is irreducible and Cpyg # 0. If Kpia, ..., Kpyq are all bilipschitz equiv-

alent to X7, then K; is also bilipschitz equivalent to X, for any 1 <i < p.

The reminder of this section is devoted to prove Propositions 2] and [3]
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4.1. Proof of Proposition EI. We assume that Ky, ..., K, are dust-like graph-
directed sets of ratio r with their adjacency matrix B irreducible such that

Bv=mv with v > 0.

By Lemma we can assume that K7, ..., Ky (£ < p) are dust-like graph-directed sets
of ratio r* with their adjacency matrix D; > 0 such that

Dyv* =m*v*  with v* > 0. (4.1)
If ¢ = 1, we notice that K is a disjoint union of m* copies of itself with ratio
r*. We also notice that Ziu is a disjoint union of m" copies of itself with ratio r*,
and E::u and X7 are bilipschitz equivalent. Applying Lemma |7| to self-similar sets,
we have K and X7, are bilipschitz equivalent.
Now, suppose £ > 2. The proof consists of two steps:
Step 1. prove that {Kji,...,Ky} are dust-like graph-directed sets on a suitable
graph G.
Step 2. construct a family of dust-like graph-directed sets on the same graph G such
that those sets are all bilipschitz equivalent to the symbolic space.
Then we use Lemma [7] to complete the proof.

Step 1. We can assume that
u=1. (4.2)

Since m € N and the entries of D; are natural integers, there is an integer eigenvector
corresponding to the Perron-Frobenius eigenvalue m which is a simple eigenvalue,
which means that v* can be written as

*

v* = (a1,...,a0)T with aq,...,ap €N,
Without loss of generality, we suppose that
ng(Oél, cee ,Oég) =1.

We have

Di(aq,...,a0)T =m(aq,...,a0)7. (4.3)

Here m is the Perron-Frobenius eigenvalue of positive matrix D;. Let (D;)* =

(dg,kj))lgi,jg. Then for all £ and all 7,7, we have dg? > C~!m* for some constant
C>1.

Now we use Lemma (I} Recall that ¢* = ¢(a,...,ar) + maxi<j<¢ ;. Take k*
such that

¢
mk" > 2¢* Zaj and dEkJ ) >0 'm* > ;6% for each i (4.4)

j=1

For each i € {1,...,¢}, let Q; = U§:1 Ef] be the set of all directed paths of length k*
and starting at ¢. For e* € ;, let 8.« = «; if €* is ending at j. Then

Ber € {a1,...,ap} fore* € Q. (4.5)
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By the definition of the adjacency matrix, we have
* E*
#{e" € Qi B = aj} =d). (4.6)
It follows from (4.3)) that
> B = Zd " (4.7)
e*eQ;

Applying Lemma [1| by b = m*" and v = a;. It follows from . ) that the
conditions of Lemma [l are fulﬁlled. Thus we get the decomposmon

Q; = U Qi
t=1
such that for all 1 < j < «y,

> Bee=m* (4.8)

e*eQ ¢
By the definition of the adjacency matrix, for each i, we have a disjoint union
K; = U U Se(Kjer) (4.9)
t=1le*cQy ¢

where j(e*) is the end point of the directed path e*. Note that S« is a similitude
with ratio 7*" for all e*. Therefore, {Ki,...,K;} are dust-like graph-directed sets
with ratio r*" satisfying (4.9)).

. .
Step 2. For w = wywy...wy € {1,2,...,mF }¥ & = zy25--- € X7 . and
AC Z::k*, write

WkT =wiWws ... WEr1x2... and wxA={wx*xz:z e A}
Let
[w]:w*Z::Z*:{xlxg...eE::;*:xizwiforlgigk}
be the cylinder set. For integers o, 8 with 1 < o < 8 < m*", write
8 =[aUa+1]U---U[B].

We claim that {IIT",...,II7“} are dust-like graph-directed sets such that, for
each 1,

e = U U Te-a@) (4.10)

t=1le*cQy ¢

where T.- is a similitude with ratio 7¥" for each e*. Recall that S~ = o if e* is
ending at j.
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If the claim is true, by ( and (4.10), the two families {Ki,...,K,} and
{II7*, ... II7*} of dust-like graph directed sets are on the same graph and with

the same ratio r*". By Lemmalﬂ, K; ~ I by Lemma oy ~ 3" kk* since
m

I = [1] U+ -+ U [oy] can be regard as a; copies of wrt T ke by Lemma@ Z::k* ~ 3.
Consequently, K is bilipschitz equivalent to X7, for every i.

To prove the claim, we ﬁrst define the similitude T¢« for each e* € §2;; and each
i,t. Fix i,t, write #Q,; = N, ; and Q;; = {el,...,ej‘viyt}. For e* € ; 4, say, e* = €].
Write

Alej)+Bex
Aler)+1

He» =1Iler =t 11,
where A(€*) = A(e]) = Bey + Bey +-+ + 5%*.71- Then we define T« : er* — I« by
Tov: T1Toxy ... — t* (x1 + A(e¥)) x x223 . ..

Clearly, T,- is a similitude with ratio 7*". Moreover, by (&.8), we have
e e+
U e = U Erllyenypq ” =t Sie = [t]:
e*eQy ¢
So
U U )= U D=1 =m
t=1e*€; ¢ t=1le*cQy t=1

Thus the claim is true and the proof of Proposition [2|is complete.

4.2. Proof of Proposition Let A = <D%Xp ngq> and AF = (az(-kj))i,j
axq '

Suppose that v = (v1,...,Vp, Vpt1,. .. Vptq)’, With v; € N for all 4, is the corre-
sponding eigenvector of adjacency matrix, i.e.,

Av = muo.

Let v* = (vi,...,v,)T and v1 = (vpi1,...0p4q)7 > 0. Since C > 0,C # 0 and
Dv* 4+ Cvy = mov*, we have

Dv* < mv* and Dv* # mv*.

LEMMA 11. There exists k* such that for any k > k* and any 1 <i < p,

P
Za Jv; < mk.

j=1

Proof. Tt suffices to verify that p(D) < m, where p(D) is the spectral radius of
D. Suppose otherwise that p(D) > m.
For the irreducible matrix D, by Lemma 4] we have

m < p(D) < max (Dv")i <

i (v*); T m




1142 L.-F. XI AND Y. XIONG

which implies p(D) = max; ((va§)1 = m. By using Lemma we have

Dv* = mv*.

This contradicts that Dv* # mov*. O
Let k* be as in Lemma [l It is clear that

p+q
K;, = U U Se«(Kj) for1<i<p+gq.
i=levegks

In other words, Ki,...,Kp, can be regard as dust-like graph-directed sets with
ratio r*" and the adjacency matrix

- _(Dk, C
Ak — pPXp pXxq
(% 50)

gxq
. E* ~ .
where DY, = (ag)j ))i,je{l,...,p} and Cpyg # 0 since Cpyq # 0. By Lemma
p * p *
az(-k-) < Zagkj )vj <mF for1<i<np.

2J
1 J

J

Since X" and Z:’,ﬂk are bilipschitz equivalent, by rewriting A*™ as A, m*" as m
and r*" as r, Proposition |3| follows from

PROPOSITION 4. Let Ky,..., Ky, Kpi1,..., Kpiq be a family of dust-like graph-
directed sets with ratio v and the adjacency matriz

D C
a= o= (5 )

such that Av =muv for m > 2, where v = (v1,...,vp4q4)" >0 with v; € N and
P P
Zai,j < Zai’jq)‘j <m forl1<i<np. (4.11)
j=1 j=1

If Kpia, ..., Kppq are all bilipschitz to 37, then K; is also bilipschitz equivalent to
v, forany 1 <i<p.

Proof. For 1 <14 < p, rewrite

p+q P
K=) U Se&p)=su0lJ U Se(x)), (4.12)
j=le€&; ; j=1le€é&; ;
where
p+q
Ji= |J U Se(K;) for1<i<p.
j=p+1 eEEi,j

By (4.11), J; # 0. Hence by Lemma [§ and the fact that Kpiq,...,K,14 are all
bilipschitz equivalent to X} , we have

all J;’s are bilipschitz equivalent to X . (4.13)
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It suffices to prove that K; and 3], are bilipschitz equivalent. Let
B P
Sfj = {(eh...,ek) € 52-’sz (e1,...,€1) € U Sf,j forall 1 <1< k}
j=1

be the set consisting of all directed paths of length k which don’t pass though the
vertexes p+ 1,...,p + q. We deduce from (4.12)) that

p p p
Ki=hulJ U Sxy)=nulJ | S(7)u S (K;)
j=le€é& ; j=le€é& ; J=leveé?,
2 p P
=hulJU U Setpuld U Se(x)=--
k=1j=1 gk J=levcE3

:<J1UU O U Se*(Jj)>U<ﬂ O U Se*(Kj)> e J UK.

k21j=1 -k R21j=1 -k
(4.14)

Clearly, J, is dense in K;. We will find a dense subset .700 C XJ, such that J and
Joo are bilipschitz equivalent.
By the definition of adjacency matrix, we have #&;; = a;; for 1 <1i,7 <p+gq.

By (E.I1), for 1 <i < p,

P P
S #HE; =D ai;<m. (4.15)
j=1 j=1
Hence there are injections m;: Jj_, & ; — {1,...,m} for 1 <i <p. Fix a such m; for
each i = 1,2,...,p, we define an injection 7: Uy, Uj_, gfj = Uz {1, .., m}* by
7: (er,ea,...,e1) = wiwy ... wy € {1,...,m}*,

where w; = m;(e;) for 1 <1 < k with ¢ being the starting vertex of the edge ¢;. For

e* € Ups1 U§:1 Eﬁj, define T+ : X7 — [m(e*)] by

m
Ter: x12To... > w(e") xx120 ... .

Let

=3\ U [mile)] for1<i<p.

j=le€é&; ;

Notice that J; = () since m; is not a surjection by (4.15). Then

p p
s=dul) U e =Jul T.(27) for1<i<p.
j=1 -
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It follows that

L_JLSJ =diul) U 0 QU

j=le€&;

p

QQ U Holy U 1@y =

=leed,

:( E!g U j0u(£ugaghﬂ4gg>:j;ukw
(4.16)

Clearly, we also have JOO is dense in X7 .

Since J is a disjoint ﬁmte union of cylinders, we have J ~ 37 by Lemma
So J; >~ JZ for1<i<pby # . Fix a bilipschitz bijections f;: J; — jl for each
1 <i<p. In view of and , define f: Joo — joo by

p
fln="rfi and fls. =Teofjo8:" foralle’ e | JEF;

E>1 =1

Notice that S.« and T.» are similarities of same ratio r*, where k is the length of e*.
We claim that f is a bilipschitz bijection. If the claim is true, we can extend f to be
a bilipschitz bijection from K; onto XJ, since J, are dense in K; and Jo is dense
in X7 . Hence the proof is complete.

It remains to prove the claim. Let

p
zyede=nUlJUU U Se(Jp)

k21j=1 -k

There are three cases to consider.

Case 1. z,y € Jy or x,y € S.-(J;) for some e*. Let ¢; = maxi<;<, blip(f;),
where blip(f;) is the bilipschitz constant of fi defined by 3.4). Then by the definition
of f,if z,y € Jy1, then

PGS0 _ pAG@SG) (s,
|z —y| |z —y| Lon

If ,y € Sex(J. ) recall that Se« and T,- are similarities of same ratio 7*, where k is
the length of e*. Hence

p(f(@) f(y) _ p(Te- © fj 0 85t (x), Te- © fj 0 S5t (y)

e |z -yl
_ (S0 8t (@), fi 0 Sat ()
rklz —y]

p(fj 081 (), f; 05 (y))
St () = S5t (w)]

€ [ 171,01}
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Case 2. z € J; and y € S.-(J;) for some e*. Then y ¢ J;, and so
dist(J1, K1\ 1) < |z —y| < | K4,
where K| is the diameter of K. By the definition of f, we also have f(z) € J; and
fy) ¢ Ji, and so
ot =dist(J1, S0\ ) < p(f(@), () < ] = 1.
Consequently, there exists co > 1 such that

p(f(x), f(y))
|z =yl
Case 3. w € Sex(J;,) and y € Se;(J;,) for distinct e] and e3. Suppose that

€ [051,02].

*
61:(61,62,...,ek,ek+1,...,el), 417
x _ / / (4.17)
€5 =(€1,€2,. 1€k €pp1y---s€1),

where ex11 # €}, So €* = (e1,...,ex) be the common directed path prefixed to e}

and e5. There are two subcases to consider.

Case 3.1. e* =ef ore* =ey. If e* =€}, thena € Sc-(J;,) and y € S, (K, \Jj,),
and so f(z) € Tex(J;,) and f(y) € Tex(X], \ Jj,). Recall that Se- and T~ are
similarities of the same ratio r*. Therefore,
1<j<p

P =0k min dist(J;, 37,0\ ) < p(f (@), () < S| = b
ISP

k . : k
v min dist(J;, K\ Jj) < o -yl <77 max [KGl,

The same conclusion holds in the case e* = e3.

Case 3.2. e* # e} and e* # e5. By (4.17), let
e3=(e1,...,en,epr1) and e = (e1,... e, € ).
Let j, j3 and js4 be the end points of e*, e and e}, respectively. Then we have
z,y € Sex(K;),  [(@), f(y) € Tex (E7,)
and
{AS Se§ (st) = Sex 0 S€k+1 (Kja)v Yy e Sel (Kj4) = Sex 0 SC;H (Kj4)v

f(z) € Te; (E5) =Tex o T,y (27,), fly) € Te; (E5,) =Tex 0 TeL,H(Z:n)'

Therefore, we have
o, <o —yl <" max K,

=t min dist(Te(3y,), Ter(550)) < p(F(2), f(y)) < kS, =",

where

Oy = min {diSt(Se(Kjg), Se/(Kj )) (RS €j7j3,6, S 5j7j4,€ #+ 6/}.

1<j,j3,Ja<p
Combining Cases 3.1 and 3.2, we conclude that there exists c¢s > 1 with

p(f(x), f(y))

-1
€ |cy 7, Cc3).
|z -y 5 el

Combining all the cases, we have f is a bilipschitz bijection from J., onto joo. a
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5. Self-similar sets. In this section, under the assumptions of total disconnect-
edness and non-existence of complete overlaps, we will show that the self-similar sets
in Theorem [3] can be regarded as the graph-directed fractals with integer characteris-
tic. Thus Theorem [3] follows from Theorem [I} Finally we prove Proposition [T} which
is the basis of efficient algorithm to test the existence of complete overlaps.

5.1. Total disconnectedness and finite type. Let E be a totally discon-
nected self-similar set generated by {S;}/",, where

Si(x) = gi(x)/n + b;

with the isometry ¢g; € G and b; € T.
Fix a positive number rg such that

i=1
and that
™ /B
U <(0,r0) + bi) is connected, (5.2)
n
i=1

where B(0, 1) is the closed ball with center 0 and radius ro.
We introduce types to describe the structure of the self-similar set E. For (g,b) €
G x I, denote by S(g,b) the similarity « — gx/n + b and let

S ={S(g,b): (9,b) e G xT}. (5.3)

DEFINITION 4. A finite set V' C & is called a type if

Xv = U S(B(0,79)) is connected.
sev

We say two types V1, Vo are equivalent, denoted by V7 ~ V5, if there exists an isometry
I such that

Vi={IoS:5 €V} (5.4)

Denote by [V] the equivalence class containing V.

If V is a type, we consider the compact set

Kv =] s (5.5)

In particular, by (5.2), Uy = {S1,...,Sm} = {S(g1,b1),-..,S(gm,bm)} is a type and

E = Ky,.

LEMMA 12. If Vi ~ Vs, then Ky, = I(Ky,) and xv, = I(xv,) for some isometry
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Proof. Since Vi ~ V3, there is an isometry I satisfying (5.4]). So

=Js@E =] o8& _1<U S(E )—Isz)

Sevi SeVs Sev,

and

= U S(B(O,ro)): U IOS( 0 7‘0 (U S 0 7‘0 >I(XV2)-

Sevp SeVa SeVa
a
Now substituting E = (J", S;(E) into (5.5), we get
m 1 m
Kv=J S(USi(E)) == U Un~sosi(E
SeVv i=1 SeVi=1
1 m
5 U U(Fam) =5 U s
S(g b)eV i=1 SeG
Here the set
S(V):={n-508:S€V,1<i<m} (5.6)

= {S5(ggi, gbi +nb): S(g,b) e V,1<i<m} C86,

since gg; € G and gb; + nb € I'. We divide the set

ven = U SBO) = U U( ) 4 b+nb)

Ses (V) S(g,b)eVi=1

into connected components. Since B(0,7)/n are connected, every connected compo-
nent must have the form yy with U being a type. Let Ty be the family of all such

types. Clearly, &(V) =Upcr, U-
Therefore, for each type V, we have a family &(V') of similarities and a family Ty
of types. Using Ty, we get the decomposition

1
- U se=-U K (5.7)
Sea(V) UeTy

{Kvlvuer, are disjoint since {xv}ver, are disjoint and
KU = U S( U S 0 ’I“o = XU-
Seu Seu

Here we use the fact that E C B(0,ro).
We say that U is generated by V' directly (or after 1 step), denoted by V' — U if
U € Ty. We also say that Vj, is generated by V after k steps if

VaVi—=- =V

We say U is generated by V if U is generated by V after k steps for some £ > 1.
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We define the generation of equivalent classes similarly. [U] is said to be generated
by [V] directly (or after 1 step), denoted by [V] — [U] if V! — U’ for some V' € [V]
and some U’ € [U]. [V] is said to be generated by [V] after k steps if

V=] = = [Vi]

[U] is said to be generated by [V] if [U] is generated by [V] after k steps for some
kE>1.

We present two lemmas on the types generated by U; = {S1,..., S}, which is
the IFS of the self-similar set E.

LEMMA 13. If U is generated by Uy after k steps, then

{S/nk: S c U} C {Si1mik+1 141 lgy1 € {1,...,m}k+1}.

Proof. We prove this by induction on k. If £k = 1, then U is generated by U
directly. For every S € U, we have S € &(U;) since U C &(Uy). By (5.6), every S € U
has the form S =n-S;, 0 S; = nS;,; with iyi € {1,...,m}? since Uy = {S1,...,Sm}-
So the lemma holds for £ = 1.

Now suppose the lemma holds for all U* generated by U; after k — 1 steps. If
U is generated by Uy after k steps, then U is generated by U* directly for some U*
generated by Uy after k — 1 steps. For every S € U, we have S € &(U*) since U C
S(U*). By , there are an S* € U* and 1 < ¢ < m such that S = n-5*o
S;. By induction assumption, we have S*/nk_1 = S,,..i,_, for some iy ...75_1 €
{1,...,m}*=1 Hence S/nk =n*=15%0S, =S, 4 _,i withiy...ix_1i € {1,... ,m}k.
This completes the proof. O

The following lemma is the key point to describe the structure of the self-similar
set F.

LEMMA 14. There are only finitely many equivalent classes of types generated by

[U1] = [{S1,- - Sm}]

To prove Lemma we need a lemma related to the total disconnectedness of E.
Let Hy = Uges S(Er) and H = (g s S(E), where

E, = U Siy,.in (B(0,79)).

i1.ig€{l,...,m}¥

We have Ej 95, B and thus Hy, N B(0,r) du A B(0,7) for all » > 0. Note that
(5.1) implies that

E C Ey C B(0,ro) forall k> 1. (5.8)

LEMMA 15. There exists an integer ko such that every connected component in
Hy, touching B(0,79) cannot touch {z: |x| > ro + 1}.

Proof. Suppose on the contrary that for each k there is a connected components
Xy, in Hy, touching B(0,7¢) and {z: |x| > ro + 1}. Write

X, =X,NB(0,70+1) and Xy = XN {z: |z]>ro+1}.
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Let Ax be a connected component of )?k such that Ax N B(0,rq) # 0. We claim
that Ay touches {z: |x| = ro + 1}. If otherwise, Ay N {x: |z| = ro + 1} = 0, since
Ay is a component of )Z'k, then for each z € X, with |x| = 7o + 1, there are two
compact sets A, and A% such that )?k = A, UA: A, NA: =0,z € A, and A, C A%
Note that A, is relative open in X, and Xj, N {z: |z| = ro + 1} is compact. So
there is a finite cover A, ..., A,, of X N {z: x| = ro +1}. Let A =J'_, A,, and

=i, A, Then X = AUA*, ANA* =0 and X N{a: |z =7 +1} C A Tt
follows that A* N X = 0 since A* C X, \ {2: |z| = ro + 1}. Hence the two disjoint
nonempty compact sets X rUA and A* form a decomposition of Xj. This contradicts
the connectedness of X, and so the claim follows.

By Lemma |§|, for some subsequence {k;};, there is a connected compact set A,
such that Ag, 41, Aoe. Since Aj, C Hy, NB(0,ro+1) du, HN B(0,7) and Ay touches
B(0,79) and {z: |z| = 10 + 1}, Aoe C HN B(0,79 + 1) is a connected set touching
B(0,r9) and {z: |z| = ro + 1}. Hence HN B(0,7ro + 1) is not totally disconnected.

Recall that HN B(0,r9+ 1) = B(0,70+ 1) NUgeg S(E). By (B.3)), there are only
finitely many S € & such that S(E)NB(0,79+1) # 0 since G is finite and I is a discrete
additive group. Thus, by Lemma[I0] and the fact that the E is totally disconnected,
HNB(0,7r0+1) is also totally disconnected. This contradiction completes the proof. O

Proof of Lemma[T]} Let ko be as in Lemma[I5] Note that there are only finitely
many types generated by Uy after k steps with k < k.
Let U be a type generated by U; after k steps with & > ky. We claim that

xu/n*o C Hy,. (5.9)
To prove the claim, we use Lemma [T3] to see that
{S’/nk‘J : S e U} C {nk_k" “Sipeipr s €41, m}k'H}.
Routine computations show that

h=kog, . = 9a " Gikoke
n 1 th—kg+1 T n

+ (gi1 © Gk, bik—ko+1 + o+ nk_kobil)-

By (5.3), we have n*=*og; . ror1 € © since I' is a discrete additive group and G
is a ﬁnlte subgroup of the isometric group on I'. Combining this with Lemma [T3] we
have

XU/nkO = U S (0, ’1"() /n”CO U nk_kosil‘..ik_u (B(Oﬂ"o))
SeU 1. i1 €{1,...,m}k+1
= U nk_kosil-uik7k0+1 © Sik—k0+2~~ik+1 (B(()? 7ﬂo))

’L‘lu.ik_*_le{],...,m}k*’l

clU U 808, (BO.r0) =Hy,.

SES ji.jkg

Now pick §* € & such that xy/n*o N S*(B(0,79)) # 0. Since S*(B(0,70)) =
S5*(0) + B(0,r9)/n, we have

(xv/n* = 5%(0)) N B(0,ro) # 0. (5.10)
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Let U* = {S —n*$*(0): S € U}. Notice that S*(0) € T, hence U* is also a type,
U* ~ U and xu- = o — n*5*(0). By (59) and (510),
xu+/n* C Hy, —n™9*(0) = Hy, and xu-/n" N B(0,r) # 0.
By Lemma [T5]
xu-/n* € B(0,ro+ 1).
We conclude that, if U is generated by U;, then either U is generated by Uy after
at most ko steps or there is an U* with U* ~ U such that xy-/n¥ C B(0,ry + 1).

Since T is discrete and G is finite, we get the finiteness of equivalent classes of types
generated by [U3]. O

5.2. Proof of Theorem Lemmas [I2] and [T4] ensures the dust-like graph-
directed structure of fractals related to E. In fact, let

Uy = {Sh,-., S}

By Lemma there are only finitely many equivalent classes generated by [Ui].
Suppose all such classes are [Us), ..., [U,] except for [U1]. Note that the equivalent
classes of types generated by [U;], for 2 < ¢ < p, must also be generated by [U;]. So
by and Lemma {Kv,,Ku,,...,Ky,} forms a family of graph-directed sets
with ratio 1/n.

To show that these sets have integer characteristic m, letting A = (a;,;)1<ij<p
be the corresponding adjacency matrix, it suffices to prove that, for 1 <i < p,

P
m#Ul :ZGLJ#UJ (511)
j=1
By (5.7), this is equivalent to that, for each V' € {Uy,...,U,},
m-#V =" #U.
UeTy

Note that ez, U = &(V) by the definition of 7y. Combining this and (5.6)), we
have

D HU=#B(V)=#{SoS: SeV,1<i<m}=m-#V,
veTy
if we can show that S o S; # S* 0 S; if (S,1) # (5%, J).
To see this, suppose that [V] is generated by [U;] after k steps and that
(S,4),(S*,7) € V x {1,...,m} are distinct. By the definition of generation of the
equivalent classes of types and Lemma[I3] there is an isometry I such that

S/nk,S*/’l’Lk S {IO SilmikJrl Tl .ik+1 S {1, . ,m}k"'l}.
Therefore,
SOSi:nkIOSh. and S*OsznkIOSjlijlj,

where 41 ... 45410 # J1... je1J since (S,4) # (5%, j). We have S o S; # 5* o S; since
FE has no complete overlaps.

We conclude that { Ky, , Ky,, . .., Ky, } are dust-like graph-directed sets with ratio
1/n and integer characteristic m. Therefore, it follows from Theorem 1 that E = Ky,

1/n
m .

.‘ik+1i

is bilipschitz equivalent to X
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5.3. Proof of Proposition [1} Recall that F is generated by {S;}",, where
Si(z) = gi(x)/n+ b;.

The self-similar set E has complete overlaps if and only if there are two sequences
i1 -+-4; and jq - -+ j; with 41 # j; such that

Siy 0-+- 05, :Sjl O"'OSjt'
This is equivalent to

Gir "G = 9ir " G (5.12)
and S;, 0---0.5;,(0) =5;, o---05;,(0) which means

gi1bi2 Giy " git_lbit o 95, bj2 95, 'gjt—lbjt

We will show that (5.12) and (5.13) are equivalent to that there is an edge chain
starting at an original vertex (b;, — b;,,6:,,9;,) and ending at a boundary vertex

(Oagh o Giy 91 'gjt) with Giy " Giy = Gj1 " Gjes i'e'a

(i2,72) (4¢,7¢)
(bil _bngil’gjl) =z : (Oaftvft/)v where ft:ft/:gil"'git' (514)

Thus Proposition [T] follows.
By the definition of edges (see Step 2 of the algorithm),

(i2,J2) (43,53) (ik3%)
(biy = bj1s Girs 9js) = (@1, fio 1) 225 (w2, fo, fo) 220 - 2250 (2, frs £1)

(fht150k41) (it,4¢)

(xtaftaft/) = (-Ttmg’h 2 Giy 951 7 'gjt>7
where fr = ¢i, - ¢iy, f;é = gj, " gj, and
Tyl = Nxg + fkbik+1 - fl/cbjk+1 el

Therefore,

nftJrlxt _ (bjl B b“) + (gjlri)jz . gifig) bt <gj1 ) "r;tg_ji—lbjt . iy - .,n:tg_ifi_lbit> .

Consequently, if (5.12)) and (5.13)) hold, then z; = 0 and (5.14)) follows. Con-
versely, if (5.14)) holds, then f; = f/ implies (5.12) and x; = 0 implies (5.13)). This

completes the proof of Proposition
6. Open questions.
QUESTION 1. How to generalize the result to the case of irrational characteristic?

An interesting class of self-similar sets with overlaps is {E\}, where E) is gen-
erated by

Si(x)=x/3, Sx==z/3+X/3 and S3(z)==z/3+2/3.

This class has been studied by Kenyon [17], Rao and Wen [31], Swiatek and Veerman
[35] and Hochman [I5].
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It is proved in [14] that Ey 3. and E, 5. are bilipschitz equivalent for any n,n’ >
1, and that dimy Ey/3n = dimg Ey 3. = (log 3J”/g)/log 3.

2
In fact, Ey/3. can generate graph-directed sets with adjacency matrix

1 100 ... 00 0O
0011 ... 0000
0 0 0O 1 1.0 0
0 0 0 O 0 011
M, 1 2 0 0 0 0 0 O
0 0 1 2 0 0 0 O
0 0 00 1 2 0 0
0000 0012, ,.
X2

The matrix M,, has Perron-Frobenius eigenvalue (3 + +/5)/2 and corresponding posi-
tive eigenvector.

Let Ay =6/7 and Ay =8/9, then their adjacency matrices of corresponding graph-
directed sets are

110 0 0 O
111 0 00

1 11

31:101100 and By=1[1 1 2

111010 01 1
1 01 1 01
101 1 0 2

Using Mathematica 7.0, we find these two matrices have the same Perron-Frobenius
eigenvalue 2.879.. ., we ask

whether ), and E), are bilipschitz equivalent or not?

Looking at Theorem [3] we find there is an algorithm to test the existence of
complete overlaps, so the following question arises naturally.

QUESTION 2. How to test in polynomial time the total disconnectedness of self-
similar sets in A, especially for fractal cubes?

A self-similar set E is called a fractal cube if its IFS {S;}; has the form S;(z) =
(x + b;)/n with b; € {0,1,...,n — 1}/ with [ > 2. Lau, Luo and Rao [I8] gave an
extensive study of the topological structure of fractal squares (the case | = 2). Among
other things, they obtained an algorithm to test the total disconnectedness. However,
their argument depends heavily on the topological property of R2. It seems difficult to
find an algorithm for [ > 3. Even for fractal squares, there seems no obvious manner
to see whether they are totally disconnected. Please see the following interesting
example.

ExAMPLE 7. Consider the initial self-similar pattern in Figure [d] At first sight,
one may guess that the self-similar set is totally disconnected. However, this self-
similar set includes infinitely many lines.

In the unit square, we have ~y; from placement 2 to placement 3, 5 from placement
1 to placement 2 and ~3 from placement 3 to placement 1. In the small squares with
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2 1

p—

3
1/ P
2 1

Fic. 4. A self-similar set which is not totally disconnected

side length 1/6, we also have small curves which are similar to 1,2, v3 respectively.
Therefore, this self-similar set includes 1,72, 7vs. In fact, the three curves {v1,v2,73}
are the straight lines of slope 2 connecting the six points (0,2/5), (3/10, 1), (3/10,0),
(4/5,1), (4/5,0), (1,2/5), respectively. They are also graph-directed sets (satisfying
the open set condition) with ratio 1/6 and adjacency matrix

2
3
1

— W N
N L =
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