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THE DEFORMATION OF PAIRS (X, E) LIFTING FROM BASE
FAMILY*

KEFENG LIUt AND JIE TU#

Abstract. We study the holomorphic family of pairs {(X¢, E¢)} by the calculation of Kuranishi
data on {E:}, where each E¢ is a holomorphic vector bundle over the compact complex manifold X.
The splitting of holomorphic cotangent bundle over Eg via any integrable connection decomposes the
Kuranishi data into the horizontal part and the vertical part. The horizontal part is the Kursnishi
data of base family {X;}. When the vertical part is vanishing under the decomposition by a Nakano
semi-positive Chern connection V, i.e. {(X¢, E¢)} is lifting from base family {X;} via V, we get a
infinitesimal extension of d-closed bundle valued (n, g)-form by the recursive method.
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1. Introduction. This article aims to study the holomorphic family of pairs
{(X¢, Et)} through the calculation of Kuranishi data in the setting of clarified Kuran-
ishi theory in [3, 4]. The family of pairs {(X}, F;)} means that both the holomorphic
structure on the vector bundle F; and the complex structure on the base manifold X;
vary simultaneously.

As in [4], the Kuranishi data &(¢) (it is also called Beltrami differential in [9] and
[12]) of a holomorphic family {X;} describes the varying of complex structures. It is
a linear map defined by two projections from holomorphic cotangent bundle of X,

ie.,

£(t) =70 o (7H0) T TR (X)) — THO(Xy) — TN (Xo),

a0 g%t TH(X) = THO(Xo) @ T (Xo),

where T'(Xp) is the direct sum of the holomorphic cotangent bundle T*%(X,) and
the antiholomorphic cotangent bundle 7% (Xj).

The main construction of Kuranishi data is recalled in Section 2, since we will use
the analogous details to calculate the Kuranishi data of {E;} as a family of complex
manifolds in Section 4. In this situation, the local trivialization of vector bundle Ej,
determines a holomorphic coordinate (Uy, Zo,vq) on Ey as a holomorphic coordinate
of complex manifold. The Kuranishi data of {E;} is represented in this coordinate.

In order to show the relation between the Kuranishi data of base family { X;} and
the Kuranishi data of {E;}, we introduce the splitting of the holomorphic cotangent
bundle TH%(Ep) in Section 3. More precisely, if V is an integrable connection (i.e.
V = 0+ V"9 of holomorphic vector bundle p : E — X, then the holomorphic
cotangent bundle T1°(E) of E can be split into two parts via V, i.e.,

TH(E) = p"(TH(X) & (TH(E) — qv(TH(E)))
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where the projection ¢y is defined by connection 1-forms, and p* is the pull-back map.
As a result, we get the following decomposition.

THEOREM 1.1. The Kuranishi data &(t) can be decomposed into two parts

§(t) = &(t) o qv +&(t) o (Id — gv) = ¢(t) + (1), (1.1)
in the sense of Y(t) € A% (Xo, End(Ey)) and ¢(t) € A1 (Xq, T1.0(Xo)).

Conversely, we also prove that when the Kuranishi data ¢(t) € A% (X, T1 0(Xo))
of base family and (t) € A% (Xo, End(Ep)) are given, there is a necessary and
sufficient condition to make &(t) integrable.

THEOREM 1.2. The Kuranishi data defined by (1.1) is integrable, i.e., it repre-
sents a complex structure of pair (X, Ey) for each t, if and only if

= 1

Bo(t) = 3 [6(0),0(1),

and

1
(0 = Lo (t) — () A (t) = g O’ = Sl ©lon© = 0.

Here © is the curvature of integrable connection V and ©4" is the (1,1)-type
projection with respect to the complex structure of X, and L4 is defined by (2.1).
Particularly, if V is a Chern connection, the second equation is

(0 = Loe)P(t) = () AY(t) = ign© = 0.

In the classical Kodaira-Spencer-Kuranishi deformation theory, Kuranishi data
provides a criterion of holomorphic functions (see Lemma 2.2). Through the decom-
position (1.1) we get an analogous criterion for holomorphic sections.

COROLLARY 1.3. A smooth section s is holomorphic under the complex structure
of (X4, Ey) if and only if

(5E0 =Ly + 1/J(t)) s =0.

In particular, we have

COROLLARY 1.4. The decomposition (1.1) induced by a Chern connection V on
Ey satisfies ¥(t) =0 if and only if V is also a Chern connection on Ej.

We call this type of pair deformation {(Xy, E})} as a lifting from base family by
V. In Section 5, we generalize the iteration method in [9] to construct an extension
of bundle valued (n, q)-forms when the pair deformation {(X, E;)} is a lifting from
base family {X;} by a Nakano semi-positive Chern connection V of Ej.

THEOREM 1.5. Let the deformation {(X¢, E¢)} be a lifting from base holomorphic
family X by a Chern connection V on Ey with Nakano semi-positive curvature ©,
and the central fiber Xo be Kdhler. Denote the Kuranishi data of base family {X,} as

t) = Z (p'Yl""YNt’lh T tYVN’
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for |t| < e. Then for any O-closed s € A™9(Xy, Ey), we can construct a convergent
power series

o0
St = So + Z S]tI S An"q(Xo,Eo)
|[I]>0

such that sy = s with the following properties:

(a) s¢ :=ele s, is Oy-closed with respect to Ey,

(b) sy is 0*-exact for all |I| > 1,

(c) if s is an Eg-valued (n,0) form, s& is a smooth extension of s.

Finally, in Section 6, we compute the Kuranishi data of holomorphic tangent
bundles as an application.

The analytic theory of pair deformation {(X;, E;)} has been studied by [6], and
recently by [1]. Differing from us, they emphasized the construction of DGLA and
corresponding Maurer-Cartan equation to study the local moduli space and obstruc-
tion problems. Although we get the same results of the holomorphic criterion and
integrable condition, we refine the relation between pair deformation and base family,
and our key point is the extension of d-closed bundle valued (n, q)-forms.

2. Preliminaries. In this section, some basic notations and results on analytic
deformation theory in [9] and [4] are recalled. Let 7 : X — A be a holomorphic family
of compact complex manifolds with dimension n, where A = {t € C* : |t;| << 1} is
a small neighborhood of 0. It means that 7 : X — A is a proper holomorphic
submersion, and we always denote the complex submanifold 71 (t) as X;.

DEFINITION 2.1 (Definition 4.1 in [4]). A C*°-diffeomorphism
F,=(o,m): X = XgxA

will be called transversely holomorphic trivialization of the holomorphic family X/A
if 0= (xg) is an analytic polydisk for each xo € Xo, and ol|x, = Id.

The existence of transversely holomorphic trivialization on a small polydisc has
been proved in Appendix A of [4](also see Propostion 9.5 in [14] and Theorem IV.31
in [10]). Through the trivialization we can treat the holomorphic family 7 : X — A as
an analytic family of complex structures on Xy. Given any transversely holomorphic
trivialization F,, there is a family of C°°-isomorphism

o Xy = Xo, Xpi=1 1)

induced by o. Denote T1 o(X;) and T19(X;) as the holomorphic tangent bundle and
holomorphic cotangent bundle of X; respectively. Then T1:%(X;) corresponds to a
smooth subbundle

170 = o7 (TH0(Xy)) C TH(Xo).
It
a0 g% TH X)) = THO(Xo) ® T (Xo)
are two projections of complexificated cotangent bundle 7% (Xg). The (1,0) projection

b0 Th0 5 ThO(X)
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is an isomorphism for small ¢, so that the composition
7o (rh0) 7 THO(X) — T, — T (Xo)
defines a smooth mapping
E(t) - TH0(Xo) — T*(Xo),
and
T = {u+ &(t)ulu € THO(Xo)}.

The linear map can be regarded as an element &(t) € A% (Xo, T1,0(X0)), i-e, holomor-
phic tangent bundle valued form of Xj. It is called Kuranishi data for the transversely
holomorphic trivialization F.

Conversely, the Kuranishi data represents a family of complex structures on X
if and only if the Maurer-Cartan equation

is valid by the integrable condition in Appendix C of [4]. Notice that the Lie bracket
of p € A% (X, Ty (X)) and ¢ € A% (X, T} o(X)) is defined by

[0, 9] = > (¢" A0 = (=1)P%9" A 9;¢7) © ;.

]

For p € A% (X, T o(X)) we denote the action via contraction as i, and the Lie
derivative as

L, :=i,0d+ (—1)Pdoi,.
In [9] the Lie derivative is also defined on vector bundle valued forms by
L, =1i,0V+(~1)PVoi, (2.1)

where V is a connection of vector bundle.

The following criterion of holomorphic functions has been proved by many authors
in different view points(see Proposition 1.2 in [11], Lemma 4.2 in [4], and Proposition
1.5 in [15]). We recall the proof to see that the criterion is valid when the Kuranishi
data is given by a suitable trivialization of vector bundle. In Section 4, we will
construct the compatible trivialization from vector bundle E; to the central vector
bundle Ey. The criterion will be utilized to prove the criterion of holomorphic sections.

LEMMA 2.2. Let o : Xy — X be the diffeomorphism induced by holomorphic
transversely trivialization F,,. Then for any smooth function f € A°(Xy),

0 f=0
if and only if

(Do = Lewy) (f ooy t) =0. (2.2)
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Proof. Since

1x 0 _ 0
1 0O f = f oo, 1 It = (dxo + ig(yydmo)
Oz, Oz

by the definition of Kuranishi data, we have

oy Fodf =0y M odf —ay 08, f
=(foo; ) = Lewy(foayh)

of .\ 0m of .\ 0m
+ (8 s Ut 1) . 8—dx0+7/£(t) (8__t OUt 1) . a—xode'

When 0, f = 0, (2.2) is valid obviously.
Conversely, when

(8o — Lewy) (foorh) =0,

af _ T af _ OT¢
0 ((3xt o, 1) . a—d:ﬂo +Z£(t) (8 oo, 1) . 8—{50de>

is a (1,0) form of Xy, then 0;f = 0. 0

845

We end this section by some basic formulas of the Lie derivative in [9] and [4] which
will be used in the later. The Leibniz rule of Lie derivative for £ € A%! (X, Ty o(X))

is

Le(w An) = (Lew) A+ (=1)%9“w A (Len),
and similarly

Le(w An) = (Lew) A+ (=1)"%w A (Len).
Commute with contraction and 9

[Lg, 7;5/] = Lf o if/ — if' o LE = i[f)f/],

[0,L¢] =00 Le + Lg 0 0 = L.
So that (Lemma 7.2 (ii) in [4])
(0= Le)o (0~ Le) = —Lige—41e.6)-
Here we see the integrable condition is equivalent to
(0 —Le¢)o (0 — L) =
Define

oo

) 1

ezﬁzg —i’g, where i’g:igmwoig.
k:Ok! -~

k  times
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Theorem 1.3 in [9] said that
e oVoet =V — L% +ige 114, (2.9)
where
L =igo V0 — V0o
When 9¢ = L[¢,€], 0 € A9(X, E),
(e7oVoe)o=0do+ V" oico. (2.10)

In the context, we adopt the Einstein summation convention. When EF — X is
a holomorphic vector bundle on the compact complex manifold X, we also view E
as a complex manifold in some situations. To distinguish from A*(E) as the space
of k-forms on complex manifold E, we denote A*(X,E) as the space of E-valued
k-forms.

3. Splitting of cotangent bundle. Let X be a compact complex manifold,
and p : E — X a holomorphic vector bundle on X. The holomorphic local frame
(Uqa,eq) of E and the holomorphic coordinate chart (Uy,zs) on U, C X induce a
holomorphic coordinate (x4, v,) on E. That is,

v E E,p(v) € Uoca U= 'U(ilegz|p(v) = (xa(p(v))vva)'

We call it holomorphic frame coordinate of E, and it is denoted by (Uy, €q, Ta, Va)-
On the other hand, for any given holomorphic vector bundle we can define its
holomorphic dual bundle p¥ : EY — X canonically by (E), = (F,)V. Let &, be the
dual frame of ey, then (U,,é,) is a local frame of EY. We denote (Uy, €a, Ta, Ve
and gog = (g;g)T as the corresponding frame coordinate and transition matrix of EV
respectively.
For convenience, we introduce the following concept.

DEFINITION 3.1. A linear connection on holomorphic vector bundle E is called
integrable connection if it satisfies V=0 + V0 .

Note that the Chern connection is an integrable connection which is compatible
with a hermitian metric on E.

Under the local frame (U,,e,) the connection 1-form is given by Ve!, = ek,
and Ve, = (6Y)*¢k for the dual bundle. Canonically,

0= V(eq(eh)) = Veq(€l) + Vel () = 04 + (0)7".

The connection 1-forms of an integrable connection are always (1, 0)-type. Hence we

can utilize it to construct a smooth projection on holomorphic cotangent bundle of
E.

PROPOSITION 3.2. Given an integrable connection ¥V on the holomorphic vector
bundle p: E — X, there exists a smooth projection

qv : TH(E) — p"(TM(X)
on the holomorphic cotangent bundle TY°(E) of E such that

qV|p*(T1’O(X)) - Id,
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where p* is the pull-back of p: E — X.

Proof. If the transition matrix on U, N Ug between the holomorphic local frames
(Ua,€q) and (Ug, eg) is defined by

; ik _k
€0 = Yapes-
Then the transition matrix on p~*(U,) Np~!(Up) between frame coordinate charts

(Uasea,za,vq) and (Ug,eg,x3,v8)

0o Vo Ox ,Uk 8(7&5
ox Ox
Ovg Ovg 0 gaﬂ

Let gv be the linear extension from

is

dal s dxt,  dvl, — (0))*k,

where 6} is the connection (1,0)-form of V on EV under the frame coordinate chart
(Uou éou Ty {)a)-
In the other frame coordinate chart (Ug, e, zg,vg) we have

ox; 8

dz!, = szd 5 k d/;Cﬁ dz!,,
and
7 69& -1 aglk ~1 7
dvg = v Ba ﬂd]"‘ ak/BdUBHUﬂa d] o5 (0) vl = (6%)*vk.
T o

Hence, the map ¢v is well-defined. O

By the above smooth projection, the holomorphic cotangent bundle T1°(E) can
be represented as a smooth direct sum

TH(E) = p"(TH(X) @ (TH(E) - av(TH(E))) .

In general, the projection gy can be extended naturally to the whole cotangent
bundle T1(E) and A*T1(E) by conjugation and wedge product, i.e.,

gv(a) = gqv(@), for aeT™(E).
av(Bi A ABk)i=qv(Bi) A Age(Br), for Bi,....Bk € T'(E).

Similarly, the following smooth decompositions of cotangent bundle are valid,
TH(E) = p*(T'(X)) & (T'(B) — qv(T"(E))) ,
T%4E) = p"(T"1(X)) @ (T"H(E) - ¢v(T™'(E)))
NTYE) = p*(A'THX)) © (NTHE) — qv (N TH(E)))
since

QV|p*(/\kT1(X)) = Id
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In [5] and [3], Clemens treats the section of line bundle as a function on its dual
bundle, so that the 0 operator of line bundle varying with holomorphic deformation
can be represented by Kuranishi data. We utilize the same notation to holomorphic
vector bundles and generalize the correspondence to bundle valued forms.

Let f: X — E be a smooth section of holomorphic vector bundle p : £ — X,
and f : EY — C the corresponding smooth function on the dual bundle. Under the
frame coordinate (Uy, €q, Ta,Va) on E and (Uy, €q, Ta, Va) on EY defined above, the
correspondence can be represented as

Vi f = faen = f = filwa)vs.

It is easy to check that f is a well-defined global function and the map V is injective.
For a bundle valued form g € A¥(X, E), the map V is defined in the same way,

Vi AMX, E) = AF(EY), g=glel — g =gl(za)tl.

Now we consider about the holomorphic cotangent bundle of EV. As in Propo-
sition 3.2, the integrable connection V induces a smooth decomposition on the holo-
morphic cotangent bundle of dual bundle p¥ : EY — X i.e.,

THEY) = (p) (T (X)) @ (TH(BY) — g (TH(EY)))
and
av (dvg) = 05ve,,
under the frame coordinate. Then, we have the following properties of the map V.

LEMMA 3.3. Let g € A¥(X, E), then

0g = V(9g).

Assume that V is an integrable connection on vector bundle E and q% is the projection
defined above, then

qv(dg) = V(Vg).

Proof. Under the frame coordinate (Uy, Za, Ua, o ), Wwe have

Then

On the other hand,
dg = 5969&(51704)@}1 + 8193@04)1724 + (_1)1993(:17&) A df’i-

It implies

=3
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4. Kuranishi data of pair. When we consider the holomorphic deformation of
pair, it is natural for us to think about a holomorphic vector bundle £ — X — A
over total space X of holomorphic family X — A. For example in [5] and [3], the
deformation of line bundle means a holomorphic line bundle L — X — A over
total space X. In that case, Clemens provides a compatible transversely holomorphic
trivialization of line bundle to prove that each fiber (X, L;) is smoothly isomorphic
to central fiber (Xo, Lg). To be specific,

PROPOSITION 4.1. Let L & X 5 A be a holomorphic line bundle over the
total space of a holomorphic family 7 : X — A. Given a transversely holomorphic
trivialization F, of the family, we can make a compatible trivialization respects the
structure of complex line bundles

L AP A

Ip 1 (po, id.)
x 97 xoxa
L \
A = A

such that the diagram is commutative and for each xo € Xo and the restricted map
-1 _
Fx:(pooA) " (z0) = py ' (w0) X A

s a holomorphic isomorphism.

The key point to prove this Proposition is to find a family of smooth functions
1o (o, t) on open covering sets U, C X such that

-1
a. X

exp fia(To,t) = 9ap(01_(20)) exp pg(xo, ),
Gap(T0)

where go3 is the transition function on U, N Ug. Then
Fy (T, va) = (zo, t,exp pa(x0,t)vs), xo =o0(x), t=mn(zx)
is a well-defined smooth isomorphism under the local frame e, and e, x, -

In [3] and [5], it is constructed by partition of unity (pa(zo),Us N Xo) on X, as

a0, 1) = ;Pﬂ(xo)log%

Denote
o Xy — Xo and At Ly — Ly

as the diffeomorphisms induced by o and A respectively. The family of functions
exp fiq(To,t) represents a smooth isomorphism between o, Y1, and Ly under the
local frame o; ™ (eq|x,) and eq|x,. A; means that

)\t : Lt — O’t_l*Lt — Lo.

For the general case p : E — X, the vector bundle (F;})*E over Xy x A is
smoothly equivalent to Ey x A by Lemma 7.1 in [7] p. 327. Then, there exists
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a compatible trivialization F\ : E ~ FEy x A. Hence we just consider a family of
complex structures (X, E;) on the same smooth pair (Xo, Ep) as deformation of
pairs, which is also used in Huang’s work [6]. Under the holomorphic frame coordinate
(UOH (ea)t; (za)t; (va>t) of (Xt, Et), we have

(Ua)g = wil (Uoz)éa
since (eq); is also a smooth local frame on Ey. The family of complex structures

(Xt, Et) corresponds to a Kuranishi data £(¢) which can be calculated as following.

PROPOSITION 4.2. Let ¢(t) be the Kuranishi data corresponds to the complex
structure of X;. The Kuranishi data &(t) is represented as a linear map

E(t) : THO(Eo) — T (Eo),
which satisfies

d(za)y = igwd(za)y,  d(va)s = (we)™ ((9sg = L)) wlh) (va)o.

Proof.
0 xa)ff a(xa)zl& =
d Ty v = d Ta)y + d Lo ]7
(rali = Gotdtealt + 5o}
and

d(va)f = dwy! (va)h + wy' d(va)p-

By the definition of Kuranishi data,

(joz)é) = iqb(t)d(xa)gv

atealf o (

D@0 ) s O(Talh
and
)l = 7)Y G ) )
ety Qa7 (O(a)\ T Owa)g s
i Gt (Gt ) e i ey

= (wa ) (9 — Lo(ry) (wa)”*) (va)p.
d
Given any integrable connection V on Ejy, we have known that it corresponds to
a smooth decomposition

THO(Ey) = p*(T(X)) & (T"°(Eo) — qv(T"°(Ey)))

of holomorphic cotangent bundle on Ey through Proposition 3.2. Then we decompose
the Kuranishi data &(¢) by the direct sum.

THEOREM 4.3. The Kuranishi data £(t) can be decomposed into two part

§(t) = &(t) o qv +&(t) o (Id — qv) =: o(t) + (1),
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where ¢(t) can be represented by the Kuranishi data of the base manifold, and 1 (t)
can be represented by an element in A% (Xq, End(Ey)).

Proof. The part of ¢(t) is obviously valid by above proposition. We need to find
the representation of v (¢) such that

Y(t)(d(va)§) = £(t) (d(va)s — (00)"v5,) -

Let
PE(t) == (wa ") (0 = Lyy) (wa)’*) =gy (62)™.
Then
D()(d(va)s) = Vi (E)vg,
and
Ve = (9ap)§ V5 (90308
Hence,

Y(t)(ea)t = Y5 () ea)f
is a well-defined element in A%1(Xy, End(Ey)) . O

Use the same calculation under the given frame coordinate, the Kuranishi data
of dual bundle and tensor product bundle on the same base manifold is represented
as following.

COROLLARY 4.4. Let (X, Et) be a deformation of pairs on the base family X,
its Kuranishi data decomposed by the integrable connection V is

Ee(t) = o(t) + ¢u(t).
Then, for the dual bundle (X¢, EY) the Kuranishi data decomposed by V is
Epv(t) = () +vpv(t), Ypv(eh) = —YEe,.
For tensor product (X, By @ E;) the Kuranishi data decomposed by V is
por(t) = o(t) +Yeer(t), VYeer(t)(e, ®el) =vE(e) ® ¢, + e, @ YE(ed).

In particular,

Sacte = O(t) + YV (t)detr, Y(t)detE = Z ber (t).

K3
Proof. Under the frame coordinate (v, )] = wi! (vy )}, then

(v )j _ (w—l)lj ('Da)l (UE®E)jk _ wjlwkm(UE@)E)lm

« 0> « t o Yo « 0

()& (t) = wl ((0 = Lowy) (wa ")) =i (0a)™ = —vE (),
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(WEag)a(t) = (w3")' 9 (wy )P ((8 = Lowy) (wa)P (wa)™) — g (02)F — ige (02)Y
= Y (t) + PR(t).
0

The Kuranishi data derives the criterion of holomorphic functions with respect
to the varying complex structure such as in Lemma 2.2. In the case of pair deforma-
tion {(Xt, F¢)} we can get the criterion of holomorphic sections by Kuranishi data
&gv (t) on the dual bundle EV as in [3], and the decomposition of v (¢) by integrable
connection V make it an operator of sections.

COROLLARY 4.5. A smooth section s is holomorphic under the complex structure
of (X¢, Et) if and only if .

(O, — Loy + (1)) s =0,

where £(t) = ¢(t) + ¥(t) is the decomposition of Kuranishi data under the integrable
connection V.

Proof. s is holomorphic section of (X3, F;) if and only if $§ is a holomorphic
function of EY. By Lemma 2.2, the criterion is

(00 — Le, (1)) 3= 0.

By Lemma 3.3

(Oo — Le 1) 5= B0S) — g (1) © @w (d3) — ig,, (1) © (Id — q%)(d3)

BeS) = V 0lg(r) 0 Vs — satbpy () (dig)

we get the assertion. O

We observe that 1¢(t) produces the main discrepancy between deformation of
manifolds and pair deformation. If ¥(t) = 0, most of the results in deformation of
manifolds can be generalized directly to the pair case.

COROLLARY 4.6. ¢(t) = 0 under the decomposition

§(t) = o(t) +9(t)

induced from integrable connection V on Ey, if and only if V is also an integrable
connection on Ey, i.e.,

V =05, + Vy, = 0g, + Vy.

Proof. Under the frame coordinate (Uy, (€a)t, (Za)t, (Va)t) of (Xi, By), as in
Proposition 4.2
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Viea)f = dwy)*(ea)h + (wa') 04 (ea))
= (0w ")* + (wa)*07) (ea)h + g (O(w')* + (w M) 6Y) (ea)]
+ (0 = Loy (wa Y% — (wa')*igy04) (ea))
= (0w Y + (wi)*6) (ea)) + o) (D(wy)* + (w')™*6F) (ea))
— (wa ")l () (ea)))
= a+igma —P(t)((ea)r);

where « is a holomorphic bundle valued (1,0)-form on Xy. Hence, V + ¢ (t) is an
integrable connection on (Fy, X¢). O

An obvious example is (X;, X; x C¥), since d is the integrable connection for all
t. Especially, if we take V as a Chern connection of Hermitian metric h on Ey, the
compatible condition

dh(s1,82) = h(Vsy,s2) + h(s1, Vsa)

is still true for (E}, h), since they are the same as a smooth complex vector bundle.

COROLLARY 4.7. 1(t) = 0 under the decomposition

§(t) = o(t) + (1)
induced by Chern connection ¥V on Fy, if and only if V is also a Chern connection

on Ey.

In the next section, iteration formula of this special pair deformation will be
constructed. For convenience, we introduce the following concept.

DEFINITION 4.8. If the pair deformation (X, E;) satisfies (t) = 0 under the
decomposition of integrable connection V on central fiber (Xo, Eo), we call it the lifting
of base family by integrable connection V.

In the above content the Kuranishi data of pair deformation {(X, F;)} has
been calculated. Conversely, given an integrable connection V on FEy, ¢(t) €
A% (X0, T1,0(Xo)) and 9(t) € A% (X, End(Ep)), we have the following integrable
condition.

THEOREM 4.9. The Kuranishi data defined by

£(t) =&(t) o qv +&(t) o (Id = gv) = ¢(t) + ¥(t)

is integrable i.e., represents a complex structure of pair (X, Et) for each t,
if and only if

and
i , (P
(9 = Lo (t) = (1) A1) — ip)O0™ — S @ inn© =0,

where the equalities are valid in the sense of ¥(t) € A% (Xo, End(Ey)) and ¢(t) €
Ao’l(TLQ(Xo)).
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Proof. The first equation is obvious by the integrable condition of base complex
manifold. The Kuranishi data £(t) is integrable as a complex structure of manifold
FE; if and only if

[£(2), £(1)]- (4.1)

Under the frame coordinate (Uy, €n, Ta, Vo) on (Xo, Eg), by Proposition 4.2 denote

) 0
A(t) = (Q/Jlak - lqs(t)elak) v, ® ENR

B(t) = ¢idzk @ i.,

ox?,
and
&(t) = A(t) + B(t) € A% (Eo, Ty 0(Ey)).

In this setting, (4.1) means that

For each term,

_ _ _ 9
OA(t) = (e — D oig(nyb) v © Dok

[e3

_ . , _ P
= (5¢ff — g0 0 — i) © 393’“) vh ® Dok

. . 0
[B(t)v A(t)] = 1p(t) © O (%lf - qu(t)e(lxk) 'U(ll ® W

0
— (s 81} k- 81} ; elk l v
(g0 © Oata — o0 © D= 0 infa) va © 5
A A _ lj jk . elj jk l 0
[ (t)7 (t)] =2 (wa A wa - Zﬁb(t) « A wa )Ua ® a.k
+ 2 (z¢(t)0lof A ’L¢(t)9ik — 1/)53 A Z¢(t)9ik) ’U(ll ® W

Since

2i¢(t)9a A i¢(t)9a = id)(t) o id)(t) (9(1 A\ Ga) = id)(t) o id)(t) (@ — dea) s
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i) Ya = ig(t) © M =0

by type of form and
. 1. . . .
i1 s0).0001% = ~5i6() © o) © da +ig(r) © Oz 0 tg()fa
by (2.5), we have
1
0A(t) — [B(t), A)] - 5 [A®), A®)]

= (51/;55 — i) (O — ey 0 Dt — i1y 019 A YIF + iy 05F A 1/;53') v ® 5t

L. , TNT RO o R
(_E%m lgn)O" + vy NVa | Vo ® 5o

a
COROLLARY 4.10. If {(X¢, Et)} is a holomorphic family of pair, which is a lifting
of base family X, by Chern connection V, then

(0 = Ly(r)) 0 (9 = Ly(ry) = —ig1y© =0

Proof. Let £(t) = ¢(t) + 1 (t) be the Kuranishi data of {(X¢, Et)}.

by the integrable condition directly, since ¥ (t) = 0. By (2.7) in Section 2,

(0—Le)o (9~ Le) = —Lge_11e.e)) = 0

On the other hand, for any smooth section s,

0= (9 —Le)o(d—Le)s = Vo (d—Lywp)o(d—Lyw))s.

Then we get the assertion. O

5. iteration formula. In [9] the first author, Rao and Yang construct a iteration
formula to calculate the extension of holomorphic (n,0)-form from central fiber to a
small deformation. We generalize the formula to give an extension of bundle valued
(n, q)-form on the lifting deformation we defined above. At first, we adjust some basic
results in [9].

Let {(X%, E:)} be a holomorphic deformation of pair, which is a lifting of base
family {X;} by Chern connection V. Denote ¢(t) as the Kuranishi data of base family
{X:}, then the operator defined in Section 2

el 1 AM(Xo, Eo) — A™Y(Xy, Ey)
is a linear isomorphism. Since for any a;, 3; € A¥°(Xy) and s € A°(Xo, Ep) the map

€W ar A ANag ABL A A By ® s
(1 +igar) A Aoy +igan) ABL A~ ABy®@s
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keeps the total degree of forms invariant, and
(a1 +igon) A+ A (e + igan)
is a (n, 0)-form with respect to the complex structure of X;.
Similar to Proposition 5.1 in [9], there is a d;-closed criterion.

_ PROPOSITION 5.1. For any s € A™%(Xo, Eo), the section '+t (s) € A™9(Xy, Ey)
is Oy-closed with respect to the complex structure induced by ¢(t) on Ey if and only if
0s + V1.0 (i¢(t)8) =0.

Proof. Since e’ (s) € A™9(X;, E;), and V is also a Chern connection of E; by
Corollary 4.7. We have V;° (e'+)(s)) = 0. By (2.10) in Section 2
Is+ VP oiyp(s) = (€7 oVoe) (s)= (e 0dyoe™)(s).
It implies the assertion. O

~ To get the solution in each step of iteration, we need to solve a D-equation by the
O-inverse formula.

LEMMA 5.2. (Proposition 2.3 in [9])Let E be a holomorphic vector bundle with
Nakano semi-positive curvature © over the compact Kiahler manifold X. Then, for
any g € AV LU(X, E),

s =9"GV'y
is a solution to the equation s = V'Og with OV''g = 0, such that
sl < (V1%9,GV"Y).

This solution is unique as long as it satisfies Hs = 0 and 0*s = 0.

Notice that G and H are the Green operator and harmonic projection in the
Hodge decomposition with respect to the operator 9. The curvature © is Nakano
semi-positive if and only if (6;;u’,u’) > 0 for all local sections u;, u; on the coordinate
chart (z) such that © = ©;;dz" A dz7.

We can use the criterion to get the iteration formula.

THEOREM 5.3. Let (Xy, E}) be a lifting of holomorphic base family X; by Chern
connection V on Ey. The central fibre satisfies that Xo is Kahler and V has Nakano
semi-positive curvature ©. Denote the Kuranishi data of X as

o(t) = Z Pryrent] N

for |t| < e. Then for any 0-closed (n,q)-form s € A™(Xy, Ey), we can construct a
convergent power series

St = So + Z S]tl S An’q(Xo,Eo)
[I|>0

such that so = s with the following properties:
(a) stc = e’ sy s Oy-closed with respect to Ey,
(b) sy is O*-exact for all |I| > 1,
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(c) if s is (n,0) bundle valued form, s& is a smooth extension of s.
Proof. By Proposition 5.1, e'¢® s, is d;-closed if and only if
s, + V10 (i¢(t)st) =0.
If there exist such power series s, it must satisfy the equation formally, i.e.,
O0sg =0,

) _ 1,0 -
a51/1"'1/N =-V E Z%yl---'yN 5B1---BN
YyitBi=vi

Let

_ 1,0 ;
Movn = -V § : Yonynn SB1BN
YitBi=vi

If 5771/1---1/1\7 = 0, then by Lemma 5.2 we have 7,,....,, is g-exact, which implies
that 7,,...y = 00" Gy, ..y -
Now, we can construct a formal power series solution by induction.
For initial case Y v; = 1, one has

: : Z‘P'yl---'yNsﬁl"'ﬁN = Z@Vl---VNSO7
YyitBi=vi

and
—OVY (i, 50) = (V00 = ©) (i, . 50) = VIO (ia-%w A 530) — 0.
Here we should notice that
ip(t)© =0,
by Corollary 4.10, and
O (ig()5) = i) (Os) — (ip()©)s =0
by type. Then

ok 1,0 [,
Sppvy = —-0"GV (Zgaul,.,l,NSO)

solves the d-equation. Suppose that the bundle valued (n, g)-form s,,, ..., with 3" v; <
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K are constructed. Then, for > v; = K + 1

Av71,0 -
—8V Z 7’<Pw1mwN‘931"',3N
vitBi=vi

_ L0 E - § ; 3
=V 26%1.,@1\, 58,--Bn T Yoy, vy 8831"'3N
Yit+Bi=v; Yit+Bi=v;

_ 1,0 Z .

= C (3 S3; ...
o %[‘pm---nNﬁ‘PM*%N] Bi-BN
nitAi+Bi=vi

. 1,0 .
+ E Yoy, vy © (—V ) Olox,..oay Sm-nn
Yi+Ni+ni=vi

T ) . ,
=V \ E , Lony iy O Yoag oy SN
Yi+Xi+ni=vi

=0.

The third equality is given by Lemma 3.2 in [9]. Hence, the > 1; = K + 1 case can
be constructed in the same way by

_ * 1,0 .
Sy = —0°GV E Uy oy SB1-BN
Yi+Bi=vi

Now, we need to prove the convergence of the formal power series. We have known
that the power series of Kuranishi data ¢(t) is convergent in Holder norms || - |
Then, there exist constant C' > 0 and 0 < £ < ¢ such that

Z H‘P’Yl""YN”k,agi <C.

Yty =i

k,o-

On the other hand, similar to the estimates in [11] p.160-162, we have

v e = ||~ GV S i ey
Yi+Bi=v; -

1,0 ,
<1 |GV Z Yoy SB1BN

Yi+Bi=vi 1,0

1,0 ;
<Ci1Cy ||V™ Z Loy PPN
A Brev L

< 10508 Z i(p.Yl...»yNSﬁl"'ﬁN
Yit+Bi=vi ko

< 102030y Z 151wl 18815 o -
Yit+Bi=vi
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Denote

HSVI"'VN Hkﬂ <y Z ||<p’Yl""YN ”k@ Hsﬁl“'ﬁN ”k@ .
Yi+Bi=v;

Let ||sollk,a = 1, we get the following estimate by induction. For I =1

Yoo lsmenllba < Y ]

vi+-+rn=1 vi+-trvn=1

koallSollk,a < CoCEL

For general T

Z [Sv1-vw k.0 < Co Z Z [P51- |

vi+tun=I vittvn=Ivit+Bi=v;

=Co Z HSDMWVN'

Vit YN B+ BN =]

ko ||851"'ﬁNHk)a

E,a ”561---,81\7”;9,&

I—-1

Co Y | Issipwllin D Nomeanlia

1B8]1=0 IvI=I-15

I-1
<Co Y (Isprnnlly, CET)
|B8]=0

I

<& s0llka Y_(CoC)'.

i=1

Then the power series is convergent when |¢| < %

For regularity, we have known that %Mt) =0 and %st =0, then
9
g (0t = 0.

In addition,
Oy (ei‘f’(” st) =0
implies
dx (e%(t) st) =0 for total space X.

Hence,when s is (n,0)-type, e*® s; is smooth respect to (z,t) by hypoellipticity. O

6. The case of tangent bundle. In this section, we compute the Kuranishi
data of these bundles associated with the complex structure along a family of compact
complex manifold. Let X — A be a holomorphic family of compact complex mani-
fold. The holomorphic cotangent bundle TH%(X};) on each fiber X; forms a family of
holomorphic vector bundle, and there is a natural compatible trivialization on it

k .
w0 d(z,)F - 8(%[),5_ d(za)}.
INwa )}
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Denote £(t) = ¢(t)+1(t) as the Kuranishi data of pair (X, T%°(X;)) under the frame
coordinate
d(wa)f j
Uom Lo 77‘d Lo Jv Vo .
( (Ta ) Ry (%a)p, (va)t

Let V be a Chern connection of holomorphic tangent bundle induced by a Hermitian
metric h on Xy, then

PH(t) = (w3 ") ((0 = Loq)) (wa)’*) — Z¢(t)(9v)

_ 9@ai (&- L¢t)< )t> — g0 (08)"

6(:6(1)6 IQ)O
— 62(‘TO¢)J (:Eoz t
 O(wa)h0(Ta < A(za) 0>
O (1) i (a)s ! Owa)f M hylk
" 8(1704)6 (Ta (a(xa) >k7 ( >pq 0(Zo 6nd( O‘)O ¢(t)(9a)
o -t
= —9F — jl¢J

=T/ —The! — (V;"9)".
Corollary 4.4 implies that

PROPOSITION 6.1. If the central fibre is Kdahler, and ¥V is the Chern connection of
Kahler metric, the Kuranisht data of holomorphic tangent bundle can be represented
as ¢+ V0.

Example 4.12. and Example 4.13 in [2] provide similar formulas of ¢ (¢) for general
Hermitian central manifold. On the other hand, assume that Kx, is the canonical
bundle of fiber X;, the compatible trivialization of holomorphic cotangent bundle
induces its trivialization as a family of holomorphic line bundle, i.e.,

f1a (0, 1) = log det (Sg:% > :

Then its Kuranishi data satisfies

Yaet (t) 21/1” = —(V;09)" = —0idh, (t)dzly — Z'<zﬁ(t)9(§l¢et(h)-

We hardly know whether ¢(¢t) = 0 in general, but there are examples. In [13],
Sun proved that a family of Kahler-Einstein manifolds of general type or a family of
polarized Calabi-Yau manifolds satisfy that the divergence gauge is equivalent to the
Kuranishi gauge. It means that if we take Kuranishi gauge to adjust the transversely
holomorphic trivialization, ¥4e(t) = 0 under the Chern connection of Kéhler-Einstein
metric.

In fact, ¢(t) depends on the choice of connection, transversely trivialization and
compatible trivialization. In our further work, we will continue to find out whether
we can choose suitable trivialization and connection to make 9 (t) = 0.
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