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THE DEFORMATION OF PAIRS (X,E) LIFTING FROM BASE

FAMILY∗

KEFENG LIU† AND JIE TU‡

Abstract. We study the holomorphic family of pairs {(Xt, Et)} by the calculation of Kuranishi
data on {Et}, where each Et is a holomorphic vector bundle over the compact complex manifold Xt.
The splitting of holomorphic cotangent bundle over E0 via any integrable connection decomposes the
Kuranishi data into the horizontal part and the vertical part. The horizontal part is the Kursnishi
data of base family {Xt}. When the vertical part is vanishing under the decomposition by a Nakano
semi-positive Chern connection ∇, i.e. {(Xt, Et)} is lifting from base family {Xt} via ∇, we get a
infinitesimal extension of ∂̄-closed bundle valued (n, q)-form by the recursive method.
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1. Introduction. This article aims to study the holomorphic family of pairs
{(Xt, Et)} through the calculation of Kuranishi data in the setting of clarified Kuran-
ishi theory in [3, 4]. The family of pairs {(Xt, Et)} means that both the holomorphic
structure on the vector bundle Et and the complex structure on the base manifold Xt

vary simultaneously.
As in [4], the Kuranishi data ξ(t) (it is also called Beltrami differential in [9] and

[12]) of a holomorphic family {Xt} describes the varying of complex structures. It is
a linear map defined by two projections from holomorphic cotangent bundle of Xt,
i.e.,

ξ(t) := π0,1 ◦ (π1,0)−1 : T 1,0(X0)→ T 1,0(Xt)→ T 0,1(X0),

π1,0 ⊕ π0,1 : T 1(X0)→ T 1,0(X0)⊕ T 0,1(X0),

where T 1(X0) is the direct sum of the holomorphic cotangent bundle T 1,0(X0) and
the antiholomorphic cotangent bundle T 0,1(X0).

The main construction of Kuranishi data is recalled in Section 2, since we will use
the analogous details to calculate the Kuranishi data of {Et} as a family of complex
manifolds in Section 4. In this situation, the local trivialization of vector bundle E0

determines a holomorphic coordinate (Uα, xα, vα) on E0 as a holomorphic coordinate
of complex manifold. The Kuranishi data of {Et} is represented in this coordinate.

In order to show the relation between the Kuranishi data of base family {Xt} and
the Kuranishi data of {Et}, we introduce the splitting of the holomorphic cotangent
bundle T 1,0(E0) in Section 3. More precisely, if ∇ is an integrable connection (i.e.
∇ = ∂̄ + ∇1,0) of holomorphic vector bundle p : E → X , then the holomorphic
cotangent bundle T 1,0(E) of E can be split into two parts via ∇, i.e.,

T 1,0(E) = p∗(T 1,0(X))⊕
(
T 1,0(E)− q∇(T

1,0(E))
)
,
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where the projection q∇ is defined by connection 1-forms, and p∗ is the pull-back map.
As a result, we get the following decomposition.

Theorem 1.1. The Kuranishi data ξ(t) can be decomposed into two parts

ξ(t) = ξ(t) ◦ q∇ + ξ(t) ◦ (Id− q∇) =: φ(t) + ψ(t), (1.1)

in the sense of ψ(t) ∈ A0,1(X0, End(E0)) and φ(t) ∈ A0,1(X0, T1,0(X0)).

Conversely, we also prove that when the Kuranishi data φ(t) ∈ A0,1(X0, T1,0(X0))
of base family and ψ(t) ∈ A0,1(X0, End(E0)) are given, there is a necessary and
sufficient condition to make ξ(t) integrable.

Theorem 1.2. The Kuranishi data defined by (1.1) is integrable, i.e., it repre-
sents a complex structure of pair (Xt, Et) for each t, if and only if

∂̄φ(t) =
1

2
[φ(t), φ(t)],

and

(∂̄ − Lφ(t))ψ(t)− ψ(t) ∧ ψ(t)− iφ(t)Θ
1,1
0 −

1

2
iφ(t) ◦ iφ(t)Θ = 0.

Here Θ is the curvature of integrable connection ∇ and Θ1,1
0 is the (1, 1)-type

projection with respect to the complex structure of X0, and Lφ(t) is defined by (2.1).
Particularly, if ∇ is a Chern connection, the second equation is

(∂̄ − Lφ(t))ψ(t) − ψ(t) ∧ ψ(t)− iφ(t)Θ = 0.

In the classical Kodaira-Spencer-Kuranishi deformation theory, Kuranishi data
provides a criterion of holomorphic functions (see Lemma 2.2). Through the decom-
position (1.1) we get an analogous criterion for holomorphic sections.

Corollary 1.3. A smooth section s is holomorphic under the complex structure
of (Xt, Et) if and only if (

∂̄E0 − Lφ(t) + ψ(t)
)
s = 0.

In particular, we have

Corollary 1.4. The decomposition (1.1) induced by a Chern connection ∇ on
E0 satisfies ψ(t) ≡ 0 if and only if ∇ is also a Chern connection on Et.

We call this type of pair deformation {(Xt, Et)} as a lifting from base family by
∇. In Section 5, we generalize the iteration method in [9] to construct an extension
of bundle valued (n, q)-forms when the pair deformation {(Xt, Et)} is a lifting from
base family {Xt} by a Nakano semi-positive Chern connection ∇ of E0.

Theorem 1.5. Let the deformation {(Xt, Et)} be a lifting from base holomorphic
family Xt by a Chern connection ∇ on E0 with Nakano semi-positive curvature Θ,
and the central fiber X0 be Kähler. Denote the Kuranishi data of base family {Xt} as

φ(t) =
∑

ϕγ1···γN
tγ1

1 · · · t
γN

N ,
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for |t| < ε. Then for any ∂̄-closed s ∈ An,q(X0, E0), we can construct a convergent
power series

st = s0 +

∞∑
|I|>0

sIt
I ∈ An,q(X0, E0)

such that s0 = s with the following properties:
(a) sCt := eiφ(t)st is ∂̄t-closed with respect to Et,
(b) sI is ∂̄∗-exact for all |I| ≥ 1,
(c) if s is an E0-valued (n, 0) form, sCt is a smooth extension of s.

Finally, in Section 6, we compute the Kuranishi data of holomorphic tangent
bundles as an application.

The analytic theory of pair deformation {(Xt, Et)} has been studied by [6], and
recently by [1]. Differing from us, they emphasized the construction of DGLA and
corresponding Maurer-Cartan equation to study the local moduli space and obstruc-
tion problems. Although we get the same results of the holomorphic criterion and
integrable condition, we refine the relation between pair deformation and base family,
and our key point is the extension of ∂̄-closed bundle valued (n, q)-forms.

2. Preliminaries. In this section, some basic notations and results on analytic
deformation theory in [9] and [4] are recalled. Let π : X → Δ be a holomorphic family
of compact complex manifolds with dimension n, where Δ =

{
t ∈ Ck : |ti| << 1

}
is

a small neighborhood of 0. It means that π : X → Δ is a proper holomorphic
submersion, and we always denote the complex submanifold π−1(t) as Xt.

Definition 2.1 (Definition 4.1 in [4]). A C∞-diffeomorphism

Fσ = (σ, π) : X → X0 ×Δ

will be called transversely holomorphic trivialization of the holomorphic family X/Δ
if σ−1(x0) is an analytic polydisk for each x0 ∈ X0, and σ|X0 = Id.

The existence of transversely holomorphic trivialization on a small polydisc has
been proved in Appendix A of [4](also see Propostion 9.5 in [14] and Theorem IV.31
in [10]). Through the trivialization we can treat the holomorphic family π : X → Δ as
an analytic family of complex structures on X0. Given any transversely holomorphic
trivialization Fσ , there is a family of C∞-isomorphism

σt : Xt → X0, Xt := π−1(t)

induced by σ. Denote T1,0(Xt) and T 1,0(Xt) as the holomorphic tangent bundle and
holomorphic cotangent bundle of Xt respectively. Then T 1,0(Xt) corresponds to a
smooth subbundle

T 1,0
t = σ−1∗

t

(
T 1,0(Xt)

)
⊂ T 1(X0).

If

π1,0 ⊕ π0,1 : T 1(X0)→ T 1,0(X0)⊕ T 0,1(X0)

are two projections of complexificated cotangent bundle T 1(X0). The (1, 0) projection

π1,0 : T 1,0
t → T 1,0(X0)
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is an isomorphism for small t, so that the composition

π0,1 ◦ (π1,0)−1 : T 1,0(X0)→ T 1,0
t → T 0,1(X0)

defines a smooth mapping

ξ(t) : T 1,0(X0)→ T 0,1(X0),

and

T 1,0
t = {u+ ξ(t)u|u ∈ T 1,0(X0)}.

The linear map can be regarded as an element ξ(t) ∈ A0,1 (X0, T1,0(X0)), i.e, holomor-
phic tangent bundle valued form of X0. It is called Kuranishi data for the transversely
holomorphic trivialization Fσ.

Conversely, the Kuranishi data represents a family of complex structures on X0

if and only if the Maurer-Cartan equation

∂̄ξ(t) =
1

2
[ξ(t), ξ(t)]

is valid by the integrable condition in Appendix C of [4]. Notice that the Lie bracket
of φ ∈ A0,p (X,T1,0(X)) and ψ ∈ A0,q (X,T1,0(X)) is defined by

[φ, ψ] =
∑
i,j

(
φi ∧ ∂iψ − (−1)pqψi ∧ ∂jφ

j
)
⊗ ∂j .

For ϕ ∈ A0,p (X,T1,0(X)) we denote the action via contraction as iϕ, and the Lie
derivative as

Lϕ := iϕ ◦ d+ (−1)pd ◦ iϕ.

In [9] the Lie derivative is also defined on vector bundle valued forms by

Lϕ := iϕ ◦ ∇+ (−1)p∇ ◦ iϕ (2.1)

where ∇ is a connection of vector bundle.
The following criterion of holomorphic functions has been proved by many authors

in different view points(see Proposition 1.2 in [11], Lemma 4.2 in [4], and Proposition
1.5 in [15]). We recall the proof to see that the criterion is valid when the Kuranishi
data is given by a suitable trivialization of vector bundle. In Section 4, we will
construct the compatible trivialization from vector bundle Et to the central vector
bundle E0. The criterion will be utilized to prove the criterion of holomorphic sections.

Lemma 2.2. Let σt : Xt → X0 be the diffeomorphism induced by holomorphic
transversely trivialization Fσ. Then for any smooth function f ∈ A0(Xt),

∂̄tf = 0

if and only if (
∂̄0 − Lξ(t)

)
(f ◦ σ−1

t ) = 0. (2.2)
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Proof. Since

σ−1∗
t ◦ ∂tf =

(
∂f

∂xt

◦ σ−1
t

)
·
∂xt

∂x0
(dx0 + iξ(t)dx0)

by the definition of Kuranishi data, we have

σ−1∗
t ◦ ∂̄tf = σ−1∗

t ◦ df − σ−1∗
t ◦ ∂tf

= ∂̄0(f ◦ σ
−1
t )− Lξ(t)(f ◦ σ

−1
t )

+

(
∂f

∂x̄t

◦ σ−1
t

)
·
∂x̄t

∂x0
dx0 + iξ(t)

(
∂f

∂x̄t

◦ σ−1
t

)
·
∂x̄t

∂x0
dx0.

When ∂̄tf = 0, (2.2) is valid obviously.
Conversely, when (

∂̄0 − Lξ(t)

)
(f ◦ σ−1

t ) = 0,

σ∗t

((
∂f

∂x̄t

◦ σ−1
t

)
·
∂x̄t

∂x0
dx0 + iξ(t)

(
∂f

∂x̄t

◦ σ−1
t

)
·
∂x̄t

∂x0
dx0

)

is a (1, 0) form of Xt, then ∂̄tf = 0.

We end this section by some basic formulas of the Lie derivative in [9] and [4] which
will be used in the later. The Leibniz rule of Lie derivative for ξ ∈ A0,1 (X,T1,0(X))
is

Lξ(ω ∧ η) = (Lξω) ∧ η + (−1)degωω ∧ (Lξη), (2.3)

and similarly

Lξ(ω ∧ η) = (Lξω) ∧ η + (−1)degωω ∧ (Lξη). (2.4)

Commute with contraction and ∂̄

[Lξ, iξ′ ] = Lξ ◦ iξ′ − iξ′ ◦ Lξ = i[ξ,ξ′], (2.5)

[
∂̄, Lξ

]
= ∂̄ ◦ Lξ + Lξ ◦ ∂̄ = L∂̄ξ. (2.6)

So that (Lemma 7.2 (ii) in [4])

(∂̄ − Lξ) ◦ (∂̄ − Lξ) = −L(∂̄ξ− 1
2 [ξ,ξ])

. (2.7)

Here we see the integrable condition is equivalent to

(∂̄ − Lξ) ◦ (∂̄ − Lξ) = 0. (2.8)

Define

eiξ =

∞∑
k=0

1

k!
ikξ , where ikξ = iξ ◦ · · · ◦ iξ︸ ︷︷ ︸

k times

.



846 K. LIU AND J. TU

Theorem 1.3 in [9] said that

e−iξ ◦ ∇ ◦ eiξ = ∇− L
1,0
ξ + i∂̄ξ− 1

2 [ξ,ξ]
, (2.9)

where

L
1,0
ξ = iξ ◦ ∇

1,0 −∇1,0 ◦ iξ.

When ∂̄ξ = 1
2 [ξ, ξ], σ ∈ An,q(X,E),(

e−iξ ◦ ∇ ◦ eiξ
)
σ = ∂̄σ +∇1,0 ◦ iξσ. (2.10)

In the context, we adopt the Einstein summation convention. When E → X is
a holomorphic vector bundle on the compact complex manifold X , we also view E
as a complex manifold in some situations. To distinguish from Ak(E) as the space
of k-forms on complex manifold E, we denote Ak(X,E) as the space of E-valued
k-forms.

3. Splitting of cotangent bundle. Let X be a compact complex manifold,
and p : E → X a holomorphic vector bundle on X . The holomorphic local frame
(Uα, eα) of E and the holomorphic coordinate chart (Uα, xα) on Uα ⊂ X induce a
holomorphic coordinate (xα, vα) on E. That is,

v ∈ E, p(v) ∈ Uα, v = viαe
i
α|p(v) �→ (xα(p(v)), vα) .

We call it holomorphic frame coordinate of E, and it is denoted by (Uα, eα, xα, vα).
On the other hand, for any given holomorphic vector bundle we can define its

holomorphic dual bundle p∨ : E∨ → X canonically by (E∨)x = (Ex)
∨. Let ěα be the

dual frame of eα, then (Uα, ěα) is a local frame of E∨. We denote (Uα, ěα, xα, v̌α)
and ǧαβ = (g−1

αβ )
T as the corresponding frame coordinate and transition matrix of E∨

respectively.
For convenience, we introduce the following concept.

Definition 3.1. A linear connection on holomorphic vector bundle E is called
integrable connection if it satisfies ∇ = ∂̄ +∇1,0 .

Note that the Chern connection is an integrable connection which is compatible
with a hermitian metric on E.

Under the local frame (Uα, eα) the connection 1-form is given by ∇eiα = θikα ekα,
and ∇ěiα = (θ∨α)

ik ěkα for the dual bundle. Canonically,

0 = ∇(eiα(ě
j
α)) = ∇eiα(ě

j
α) +∇ějα(e

i
α) = θijα + (θ∨α)

ji.

The connection 1-forms of an integrable connection are always (1, 0)-type. Hence we
can utilize it to construct a smooth projection on holomorphic cotangent bundle of
E.

Proposition 3.2. Given an integrable connection ∇ on the holomorphic vector
bundle p : E → X, there exists a smooth projection

q∇ : T 1,0(E)→ p∗(T 1,0(X))

on the holomorphic cotangent bundle T 1,0(E) of E such that

q∇|p∗(T 1,0(X)) = Id,
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where p∗ is the pull-back of p : E → X.

Proof. If the transition matrix on Uα ∩Uβ between the holomorphic local frames
(Uα, eα) and (Uβ, eβ) is defined by

eiα = gikαβe
k
β .

Then the transition matrix on p−1(Uα) ∩ p−1(Uβ) between frame coordinate charts

(Uα, eα, xα, vα) and (Uβ, eβ, xβ , vβ)

is (
∂xα

∂xβ

∂vα
∂xβ

∂xα

∂vβ

∂vα
∂vβ

)
=

(
∂xα

∂xβ
vkβ

∂ǧik
αβ

∂x
j

β

0 ǧαβ

)
.

Let q∇ be the linear extension from

dxi
α �→ dxi

α, dviα �→ (θ∨α)
ikvkα,

where θ∨α is the connection (1, 0)-form of ∇ on E∨ under the frame coordinate chart
(Uα, ěα, xα, v̌α).

In the other frame coordinate chart (Uβ , eβ, xβ , vβ) we have

dxi
α =

∂xi
α

∂xk
β

dxk
β �→

∂xi
α

∂xk
β

dxk
β = dxi

α,

and

dviα = vkβ
∂ǧikαβ

∂xj
β

dxj
β + ǧikαβdv

k
β �→ vkβ

∂ǧikαβ

∂xj
β

dxj
β + ǧikαβ(θ

∨
β )

klvlβ = (θ∨α)
ikvkα.

Hence, the map q∇ is well-defined.

By the above smooth projection, the holomorphic cotangent bundle T 1,0(E) can
be represented as a smooth direct sum

T 1,0(E) = p∗(T 1,0(X))⊕
(
T 1,0(E)− q∇(T

1,0(E))
)
.

In general, the projection q∇ can be extended naturally to the whole cotangent
bundle T 1(E) and ∧kT 1(E) by conjugation and wedge product, i.e.,

q∇(α) := q∇(ᾱ), for α ∈ T 0,1(E).

q∇(β1 ∧ · · · ∧ βk) := q∇(β1) ∧ · · · ∧ q∇(βk), for β1, . . . , βk ∈ T 1(E).

Similarly, the following smooth decompositions of cotangent bundle are valid,

T 1(E) = p∗(T 1(X))⊕
(
T 1(E)− q∇(T

1(E))
)
,

T 0,1(E) = p∗(T 0,1(X))⊕
(
T 0,1(E)− q∇(T

0,1(E))
)
,

∧kT 1(E) = p∗(∧kT 1(X))⊕
(
∧kT 1(E)− q∇(∧

kT 1(E))
)
,

since

q∇|p∗(∧kT 1(X)) = Id.
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In [5] and [3], Clemens treats the section of line bundle as a function on its dual
bundle, so that the ∂̄ operator of line bundle varying with holomorphic deformation
can be represented by Kuranishi data. We utilize the same notation to holomorphic
vector bundles and generalize the correspondence to bundle valued forms.

Let f : X → E be a smooth section of holomorphic vector bundle p : E → X ,
and f̌ : E∨ → C the corresponding smooth function on the dual bundle. Under the
frame coordinate (Uα, eα, xα, vα) on E and (Uα, ěα, xα, v̌α) on E∨ defined above, the
correspondence can be represented as

∨ : f = f i
αe

i
α �→ f̌ = f i

α(xα)v̌
i
α.

It is easy to check that f̌ is a well-defined global function and the map ∨ is injective.
For a bundle valued form g ∈ Ak(X,E), the map ∨ is defined in the same way,

∨ : Ak(X,E)→ Ak(E∨), g = giαe
i
α �→ ǧ = giα(xα)v̌

i
α.

Now we consider about the holomorphic cotangent bundle of E∨. As in Propo-
sition 3.2, the integrable connection ∇ induces a smooth decomposition on the holo-
morphic cotangent bundle of dual bundle p∨ : E∨ → X , i.e.,

T 1,0(E∨) = (p∨)∗(T 1,0(X))⊕
(
T 1,0(E∨)− q∨∇(T

1,0(E∨))
)
,

and

q∨∇(dv̌
i
α) = θikα vkα,

under the frame coordinate. Then, we have the following properties of the map ∨.

Lemma 3.3. Let g ∈ Ak(X,E), then

∂̄ǧ = ∨(∂̄g).

Assume that ∇ is an integrable connection on vector bundle E and q∨∇ is the projection
defined above, then

q∨∇(dǧ) = ∨(∇g).

Proof. Under the frame coordinate (Uα, xα, vα, v̌α), we have

ǧ = giα(xα)v̌
i
α.

Then

∂̄ǧ = ∂̄xg
i
α(xα)v̌

i
α = ∨(∂̄g).

On the other hand,

dǧ = ∂̄xg
i
α(xα)v̌

i
α + ∂xg

i
α(xα)v̌

i
α + (−1)kgiα(xα) ∧ dv̌iα.

It implies

q∨∇(dǧ) = dxg
i
α(xα)v̌

i
α + (−1)kgiα(xα) ∧ θikα v̌kα = ∨(∇g).
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4. Kuranishi data of pair. When we consider the holomorphic deformation of
pair, it is natural for us to think about a holomorphic vector bundle E → X → Δ
over total space X of holomorphic family X → Δ. For example in [5] and [3], the
deformation of line bundle means a holomorphic line bundle L → X → Δ over
total space X . In that case, Clemens provides a compatible transversely holomorphic
trivialization of line bundle to prove that each fiber (Xt, Lt) is smoothly isomorphic
to central fiber (X0, L0). To be specific,

Proposition 4.1. Let L
p
−→ X

π
−→ Δ be a holomorphic line bundle over the

total space of a holomorphic family π : X → Δ. Given a transversely holomorphic
trivialization Fσ of the family, we can make a compatible trivialization respects the
structure of complex line bundles

L
Fλ=(λ,π◦p)
−→ L0 ×Δ

↓ p ↓ (p0, id.)

X
Fσ=(σ,π)
−→ X0 ×Δ

↓ π ↓
Δ = Δ

such that the diagram is commutative and for each x0 ∈ X0 and the restricted map

Fλ : (p0 ◦ λ)
−1 (x0)→ p−1

0 (x0)×Δ

is a holomorphic isomorphism.

The key point to prove this Proposition is to find a family of smooth functions
μα(x0, t) on open covering sets Uα ⊂ X such that

expμα(x0, t) =
gαβ(σ

−1
t (x0))

gαβ(x0)
expμβ(x0, t),

where gαβ is the transition function on Uα ∩ Uβ . Then

Fλ : (xα, vα) �→ (x0, t, expμα(x0, t)vα), x0 = σ(x), t = π(x)

is a well-defined smooth isomorphism under the local frame eα and eα|X0 .
In [3] and [5], it is constructed by partition of unity (ρα(x0), Uα ∩X0) on X0 as

μα(x0, t) :=

⎛
⎝∑

β

ρβ(x0) log
gαβ(σ

−1
t (x0))

gαβ(x0)

⎞
⎠ .

Denote

σt : Xt → X0 and λt : Lt → L0

as the diffeomorphisms induced by σ and λ respectively. The family of functions
expμα(x0, t) represents a smooth isomorphism between σ−1∗

t Lt and L0 under the
local frame σ−1∗

t (eα|Xt
) and eα|X0 . λt means that

λt : Lt → σ−1∗
t Lt → L0.

For the general case p : E → X , the vector bundle (F−1
σ )∗E over X0 × Δ is

smoothly equivalent to E0 × Δ by Lemma 7.1 in [7] p. 327. Then, there exists
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a compatible trivialization Fλ : E � E0 × Δ. Hence we just consider a family of
complex structures (Xt, Et) on the same smooth pair (X0, E0) as deformation of
pairs, which is also used in Huang’s work [6]. Under the holomorphic frame coordinate
(Uα, (eα)t, (xα)t, (vα)t) of (Xt, Et), we have

(vα)
j
t = wjl

α (vα)
l
0,

since (eα)t is also a smooth local frame on E0. The family of complex structures
(Xt, Et) corresponds to a Kuranishi data ξ(t) which can be calculated as following.

Proposition 4.2. Let φ(t) be the Kuranishi data corresponds to the complex
structure of Xt. The Kuranishi data ξ(t) is represented as a linear map

ξ(t) : T 1,0(E0)→ T 0,1(E0),

which satisfies

d(xα)
i
0 �→ iφ(t)d(xα)

i
0, d(vα)

k
0 �→ (w−1

α )kj
((
∂̄x0 − Lφ(t)

)
wjl

α

)
(vα)

l
0.

Proof.

d(xα)
i
t =

∂(xα)
i
t

∂(xα)
j
0

d(xα)
j
0 +

∂(xα)
i
t

∂(x̄α)
j
0

d(x̄α)
j
0,

and

d(vα)
k
t = dwkl

α (vα)
l
0 + wkl

α d(vα)
l
0.

By the definition of Kuranishi data,

d(xα)
k
0 �→

(
∂(xα)t
∂(xα)0

)−1

kj

∂(xα)
j
t

∂(x̄α)l0
d(x̄α)

l
0 = iφ(t)d(xα)

k
0 ,

and

d(vα)
k
0 �→(w−1

α )kj
∂(wα)

ji

∂(x̄α)l0
d(x̄α)

l
0(vα)

i
0

− (w−1
α )kj

∂(wα)
ji

∂(xα)l0

(
∂(xα)t
∂(xα)0

)−1

lm

∂(xα)
m
0

∂(x̄α)u0
d(x̄α)

u
0 (vα)

i
0

= (w−1
α )kj

((
∂̄ − Lφ(t)

)
(wα)

ji
)
(vα)

i
0.

Given any integrable connection ∇ on E0, we have known that it corresponds to
a smooth decomposition

T 1,0(E0) = p∗(T 1,0(X))⊕
(
T 1,0(E0)− q∇(T

1,0(E0))
)

of holomorphic cotangent bundle on E0 through Proposition 3.2. Then we decompose
the Kuranishi data ξ(t) by the direct sum.

Theorem 4.3. The Kuranishi data ξ(t) can be decomposed into two part

ξ(t) = ξ(t) ◦ q∇ + ξ(t) ◦ (Id− q∇) =: φ(t) + ψ(t),
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where φ(t) can be represented by the Kuranishi data of the base manifold, and ψ(t)
can be represented by an element in A0,1(X0, End(E0)).

Proof. The part of φ(t) is obviously valid by above proposition. We need to find
the representation of ψ(t) such that

ψ(t)(d(vα)
k
0) = ξ(t)

(
d(vα)

k
0 − (θ∨α)

klvlα
)
.

Let

ψkl
α (t) := (w−1

α )lj
((
∂̄ − Lφ(t)

)
(wα)

jk
)
− iφ(t)(θ

∨
α)

lk.

Then

ψ(t)(d(vα)
k
0) = ψlk

α (t)vlα,

and

ψkl
α = (gαβ)

ki
0 ψij

β (g−1
αβ )

jl
0 .

Hence,

ψ(t)(eα)
k
0 := ψkl

α (t)(eα)
l
0

is a well-defined element in A0,1(X0, End(E0)) .

Use the same calculation under the given frame coordinate, the Kuranishi data
of dual bundle and tensor product bundle on the same base manifold is represented
as following.

Corollary 4.4. Let (Xt, Et) be a deformation of pairs on the base family Xt,
its Kuranishi data decomposed by the integrable connection ∇ is

ξE(t) = φ(t) + ψE(t).

Then, for the dual bundle (Xt, E
∨
t ) the Kuranishi data decomposed by ∇ is

ξE∨(t) = φ(t) + ψE∨(t), ψE∨(ěkα) = −ψ
lk
E ělα.

For tensor product (Xt, Et ⊗ Et) the Kuranishi data decomposed by ∇ is

ξE⊗E(t) = φ(t) + ψE⊗E(t), ψE⊗E(t)(e
i
α ⊗ ejα) = ψE(e

i
α)⊗ ejα + eiα ⊗ ψE(e

j
α).

In particular,

ξdetE = φ(t) + ψ(t)detE , ψ(t)detE =
∑
i

ψii
α (t).

Proof. Under the frame coordinate (vα)
j
t = wjl

α (vα)
l
0, then

(v̌α)
j
t = (w−1

α )lj(v̌α)
l
0, (vE⊗E

α )jkt = wjl
αw

km
α (vE⊗E

α )lm0

(ψE∨)klα (t) = wjl
α

((
∂̄ − Lφ(t)

)
(w−1

α )kj
)
− iφ(t)(θα)

lk = −ψlk
E (t),
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(ψijkl
E⊗E)α(t) = (w−1

α )lq(w−1
α )kp

((
∂̄ − Lφ(t)

)
(wα)

pi(wα)
qj
)
− iφ(t)(θ

∨
α)

ki − iφ(t)(θ
∨
α)

lj

= ψik
E (t) + ψjl

E (t).

The Kuranishi data derives the criterion of holomorphic functions with respect
to the varying complex structure such as in Lemma 2.2. In the case of pair deforma-
tion {(Xt, Et)} we can get the criterion of holomorphic sections by Kuranishi data
ξE∨(t) on the dual bundle E∨ as in [3], and the decomposition of ξE∨(t) by integrable
connection ∇ make it an operator of sections.

Corollary 4.5. A smooth section s is holomorphic under the complex structure
of (Xt, Et) if and only if . (

∂̄E0 − Lφ(t) + ψ(t)
)
s = 0,

where ξ(t) = φ(t) + ψ(t) is the decomposition of Kuranishi data under the integrable
connection ∇.

Proof. s is holomorphic section of (Xt, Et) if and only if š is a holomorphic
function of E∨t . By Lemma 2.2, the criterion is(

∂̄0 − LξE∨ (t)

)
š = 0.

By Lemma 3.3(
∂̄0 − LξE∨ (t)

)
š = ∨ ◦ (∂̄E0s)− iξE∨ (t) ◦ q

∨
∇(dš)− iξE∨ (t) ◦ (Id− q∨∇)(dš)

= ∨ ◦ (∂̄E0s)− ∨ ◦ iφ(t) ◦ ∇s− skαψE∨(t)(dv̌kα)

= ∨ ◦ (∂̄E0s)− ∨ ◦ iφ(t) ◦ ∇s+ skαψ
klv̌lα

= ∨ ◦
(
∂̄E0 − Lφ(t) + ψ(t)

)
s

we get the assertion.

We observe that ψ(t) produces the main discrepancy between deformation of
manifolds and pair deformation. If ψ(t) = 0, most of the results in deformation of
manifolds can be generalized directly to the pair case.

Corollary 4.6. ψ(t) = 0 under the decomposition

ξ(t) = φ(t) + ψ(t)

induced from integrable connection ∇ on E0, if and only if ∇ is also an integrable
connection on Et, i.e.,

∇ = ∂̄E0 +∇
1,0
X0

= ∂̄Et
+∇1,0

Xt
.

Proof. Under the frame coordinate (Uα, (eα)t, (xα)t, (vα)t) of (Xt, Et), as in
Proposition 4.2

(eα)
k
t = (w−1

α )lk(eα)
l
0
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∇(eα)
k
t = d(w−1

α )lk(eα)
l
0 + (w−1

α )lkθljα (eα)
j
0

=
(
∂(w−1

α )jk + (w−1
α )lkθljα

)
(eα)

j
0 + iφ(t)

(
∂(w−1

α )jk + (w−1
α )lkθljα

)
(eα)

j
0

+
(
(∂̄ − Lφ(t))(w

−1
α )jk − (w−1

α )lkiφ(t)θ
lj
α

)
(eα)

j
0

=
(
∂(w−1

α )jk + (w−1
α )lkθljα

)
(eα)

j
0 + iφ(t)

(
∂(w−1

α )jk + (w−1
α )lkθljα

)
(eα)

j
0

− (w−1
α )lkψlj

α (t)(eα)
j
0

= α+ iφ(t)α− ψ(t)((eα)
k
t ),

where α is a holomorphic bundle valued (1, 0)-form on X0. Hence, ∇ + ψ(t) is an
integrable connection on (Et, Xt).

An obvious example is (Xt, Xt × Ck), since d is the integrable connection for all
t. Especially, if we take ∇ as a Chern connection of Hermitian metric h on E0, the
compatible condition

dh(s1, s2) = h(∇s1, s2) + h(s1,∇s2)

is still true for (Et, h), since they are the same as a smooth complex vector bundle.

Corollary 4.7. ψ(t) = 0 under the decomposition

ξ(t) = φ(t) + ψ(t)

induced by Chern connection ∇ on E0, if and only if ∇ is also a Chern connection
on Et.

In the next section, iteration formula of this special pair deformation will be
constructed. For convenience, we introduce the following concept.

Definition 4.8. If the pair deformation (Xt, Et) satisfies ψ(t) = 0 under the
decomposition of integrable connection ∇ on central fiber (X0, E0), we call it the lifting
of base family by integrable connection ∇.

In the above content the Kuranishi data of pair deformation {(Xt, Et)} has
been calculated. Conversely, given an integrable connection ∇ on E0, φ(t) ∈
A0,1(X0, T1,0(X0)) and ψ(t) ∈ A0,1(X0, End(E0)), we have the following integrable
condition.

Theorem 4.9. The Kuranishi data defined by

ξ(t) = ξ(t) ◦ q∇ + ξ(t) ◦ (Id− q∇) := φ(t) + ψ(t)

is integrable i.e., represents a complex structure of pair (Xt, Et) for each t,
if and only if

∂̄φ(t) =
1

2
[φ(t), φ(t)]

and

(∂̄ − Lφ(t))ψ(t) − ψ(t) ∧ ψ(t)− iφ(t)Θ
1,1
0 −

1

2
iφ(t) ◦ iφ(t)Θ = 0,

where the equalities are valid in the sense of ψ(t) ∈ A0,1(X0, End(E0)) and φ(t) ∈
A0,1(T1,0(X0)).
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Proof. The first equation is obvious by the integrable condition of base complex
manifold. The Kuranishi data ξ(t) is integrable as a complex structure of manifold
Et if and only if

∂̄ξ(t) =
1

2
[ξ(t), ξ(t)]. (4.1)

Under the frame coordinate (Uα, eα, xα, vα) on (X0, E0), by Proposition 4.2 denote

A(t) =
(
ψlk
α − iφ(t)θ

lk
α

)
vlα ⊗

∂

∂vkα
,

B(t) = φi
kdx̄

k
α ⊗

∂

∂xi
α

,

and

ξ(t) = A(t) + B(t) ∈ A0,1(E0, T1,0(E0)).

In this setting, (4.1) means that

∂̄ (A(t) +B(t))−
1

2
[A(t) +B(t), A(t) + B(t)]

=∂̄A(t)− [B(t), A(t)] −
1

2
[A(t), A(t)] + ∂̄B(t)−

1

2
[B(t), B(t)]

=∂̄A(t)− [B(t), A(t)] −
1

2
[A(t), A(t)]

=0.

For each term,

∂̄A(t) =
(
∂̄ψlk

α − ∂̄ ◦ iφ(t)θ
lk
α

)
vlα ⊗

∂

∂vkα

=
(
∂̄ψlk

α − i∂̄φ(t)θ
lk
α − iφ(t) ◦ ∂̄θ

lk
α

)
vlα ⊗

∂

∂vkα
,

[B(t), A(t)] = iφ(t) ◦ ∂x
(
ψlk
α − iφ(t)θ

lk
α

)
vlα ⊗

∂

∂vkα

=
(
iφ(t) ◦ ∂xψ

lk
α − iφ(t) ◦ ∂x ◦ iφ(t)θ

lk
α

)
vlα ⊗

∂

∂vkα
,

[A(t), A(t)] = 2
(
ψlj
α ∧ ψjk

α − iφ(t)θ
lj
α ∧ ψjk

α

)
vlα ⊗

∂

∂vkα

+ 2
(
iφ(t)θ

lj
α ∧ iφ(t)θ

jk
α − ψlj

α ∧ iφ(t)θ
jk
α

)
vlα ⊗

∂

∂vkα
.

Since

2iφ(t)θα ∧ iφ(t)θα = iφ(t) ◦ iφ(t)(θα ∧ θα) = iφ(t) ◦ iφ(t) (Θ− dθα) ,
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iφ(t)ψα = iφ(t) ◦ ∂̄ψα = 0

by type of form and

i 1
2 [φ(t),φ(t)]

θα = −
1

2
iφ(t) ◦ iφ(t) ◦ dθα + iφ(t) ◦ ∂x ◦ iφ(t)θα

by (2.5), we have

∂̄A(t) − [B(t), A(t)] −
1

2
[A(t), A(t)]

=
(
∂̄ψlk

α − iφ(t)(Θ
1,1
0 )lk − iφ(t) ◦ ∂xψ

lk
α − iφ(t)θ

lj
α ∧ ψjk

α + iφ(t)θ
jk
α ∧ ψlj

α

)
vlα ⊗

∂

∂vkα(
−
1

2
iφ(t) ◦ iφ(t)Θ

lk + ψlj
α ∧ ψjk

α

)
vlα ⊗

∂

∂vkα
.

Corollary 4.10. If {(Xt, Et)} is a holomorphic family of pair, which is a lifting
of base family Xt by Chern connection ∇, then

(∂̄ − Lφ(t)) ◦ (∂̄ − Lφ(t)) = −iφ(t)Θ = 0

Proof. Let ξ(t) = φ(t) + ψ(t) be the Kuranishi data of {(Xt, Et)}.

−iφ(t)Θ = 0

by the integrable condition directly, since ψ(t) = 0. By (2.7) in Section 2,

(∂̄ − Lξ) ◦ (∂̄ − Lξ) = −L(∂̄ξ− 1
2 [ξ,ξ])

= 0.

On the other hand, for any smooth section s,

0 = (∂̄ − Lξ) ◦ (∂̄ − Lξ)š = ∨ ◦ (∂̄ − Lφ(t)) ◦ (∂̄ − Lφ(t))s.

Then we get the assertion.

5. iteration formula. In [9] the first author, Rao and Yang construct a iteration
formula to calculate the extension of holomorphic (n, 0)-form from central fiber to a
small deformation. We generalize the formula to give an extension of bundle valued
(n, q)-form on the lifting deformation we defined above. At first, we adjust some basic
results in [9].

Let {(Xt, Et)} be a holomorphic deformation of pair, which is a lifting of base
family {Xt} by Chern connection ∇. Denote φ(t) as the Kuranishi data of base family
{Xt}, then the operator defined in Section 2

eiφ(t) : An,q(X0, E0)→ An,q(Xt, Et)

is a linear isomorphism. Since for any αi, βi ∈ A1,0(X0) and s ∈ A0(X0, E0) the map

eiφ(t) : α1 ∧ · · · ∧ αn ∧ β̄1 ∧ · · · ∧ β̄q ⊗ s �→

(α1 + iφα1) ∧ · · · ∧ (αn + iφαn) ∧ β̄1 ∧ · · · ∧ β̄q ⊗ s
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keeps the total degree of forms invariant, and

(α1 + iφα1) ∧ · · · ∧ (αn + iφαn)

is a (n, 0)-form with respect to the complex structure of Xt.
Similar to Proposition 5.1 in [9], there is a ∂̄t-closed criterion.

Proposition 5.1. For any s ∈ An,q(X0, E0), the section eiφ(t)(s) ∈ An,q(Xt, Et)
is ∂̄t-closed with respect to the complex structure induced by φ(t) on Et if and only if
∂̄s+∇1,0

(
iφ(t)s

)
= 0.

Proof. Since eiφ(t)(s) ∈ An,q(Xt, Et), and ∇ is also a Chern connection of Et by
Corollary 4.7. We have ∇1,0

t

(
eiφ(t)(s)

)
= 0. By (2.10) in Section 2

∂̄s+∇1,0 ◦ iφ(t)(s) =
(
e−iφ ◦ ∇ ◦ eiφ

)
(s) =

(
e−iφ ◦ ∂̄t ◦ e

iφ
)
(s).

It implies the assertion.

To get the solution in each step of iteration, we need to solve a ∂̄-equation by the
∂̄-inverse formula.

Lemma 5.2. (Proposition 2.3 in [9])Let E be a holomorphic vector bundle with
Nakano semi-positive curvature Θ over the compact Kähler manifold X. Then, for
any g ∈ An−1,q(X,E),

s = ∂̄∗G∇1,0g

is a solution to the equation ∂̄s = ∇1,0g with ∂̄∇1,0g = 0, such that

‖s‖2 ≤ 〈∇1,0g,G∇1,0g〉.

This solution is unique as long as it satisfies Hs = 0 and ∂̄∗s = 0.

Notice that G and H are the Green operator and harmonic projection in the
Hodge decomposition with respect to the operator ∂̄. The curvature Θ is Nakano
semi-positive if and only if 〈Θiju

i, uj〉 ≥ 0 for all local sections ui, uj on the coordinate
chart (z) such that Θ = Θijdz

i ∧ dz̄j .
We can use the criterion to get the iteration formula.

Theorem 5.3. Let (Xt, Et) be a lifting of holomorphic base family Xt by Chern
connection ∇ on E0. The central fibre satisfies that X0 is Kähler and ∇ has Nakano
semi-positive curvature Θ. Denote the Kuranishi data of Xt as

φ(t) =
∑

ϕγ1···γN
tγ1

1 · · · t
γN

N ,

for |t| < ε. Then for any ∂̄-closed (n, q)-form s ∈ An,q(X0, E0), we can construct a
convergent power series

st = s0 +

∞∑
|I|>0

sIt
I ∈ An,q(X0, E0)

such that s0 = s with the following properties:
(a) sCt := eiφ(t)st is ∂̄t-closed with respect to Et,
(b) sI is ∂̄∗-exact for all |I| ≥ 1,
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(c) if s is (n, 0) bundle valued form, sCt is a smooth extension of s.

Proof. By Proposition 5.1, eiφ(t)st is ∂̄t-closed if and only if

∂̄st +∇
1,0

(
iφ(t)st

)
= 0.

If there exist such power series st, it must satisfy the equation formally, i.e.,

⎧⎪⎪⎨
⎪⎪⎩

∂̄s0 = 0,

∂̄sν1···νN = −∇1,0

⎛
⎝ ∑

γi+βi=νi

iϕγ1···γN
sβ1···βN

⎞
⎠ .

Let

ην1···νN = −∇1,0

⎛
⎝ ∑

γi+βi=νi

iϕγ1···γN
sβ1···βN

⎞
⎠ .

If ∂̄ην1···νN = 0, then by Lemma 5.2 we have ην1···νN is ∂̄-exact, which implies
that ην1···νN = ∂̄∂̄∗Gην1···νN .
Now, we can construct a formal power series solution by induction.
For initial case

∑
νi = 1, one has

∑
γi+βi=νi

iϕγ1···γN
sβ1···βN

= iϕν1···νN
s0,

and

−∂̄∇
1,0

(
iϕν1···νN

s0
)
= (∇1,0

∂̄ −Θ)
(
iϕν1···νN

s0
)
= ∇1,0

(
i∂̄ϕν1···νN

s0 + iϕν1···νN
∂̄s0

)
= 0.

Here we should notice that

iφ(t)Θ = 0,

by Corollary 4.10, and

Θ
(
iφ(t)s

)
= iφ(t)(Θs)− (iφ(t)Θ)s = 0

by type. Then

sν1···νN = −∂̄∗G∇1,0
(
iϕν1···νN

s0

)

solves the ∂̄-equation. Suppose that the bundle valued (n, q)-form sν1···νN with
∑

νi ≤
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K are constructed. Then, for
∑

νi = K + 1

− ∂̄∇1,0

⎛
⎝ ∑

γi+βi=νi

iϕγ1···γN
sβ1···βN

⎞
⎠

= ∇1,0

⎛
⎝ ∑

γi+βi=νi

i∂̄ϕγ1···γN
sβ1···βN

+
∑

γi+βi=νi

iϕγ1···γN
∂̄sβ1···βN

⎞
⎠

= ∇1,0

⎛
⎝ ∑

ηi+λi+βi=νi

i 1
2 [ϕη1···ηN

,ϕλ1···λN ]
sβ1···βN

+
∑

γi+λi+ηi=νi

iϕγ1···γN
◦ (−∇1,0) ◦ iϕλ1···λN

sη1···ηN

⎞
⎠

= ∇1,0

⎛
⎝−∇1,0

∑
γi+λi+ηi=νi

iϕγ1···γN
◦ iϕλ1···λN

sη1···ηN

⎞
⎠

= 0.

The third equality is given by Lemma 3.2 in [9]. Hence, the
∑

νi = K + 1 case can
be constructed in the same way by

sν1···νN = −∂̄∗G∇1,0

⎛
⎝ ∑

γi+βi=νi

iϕγ1···γN
sβ1···βN

⎞
⎠ .

Now, we need to prove the convergence of the formal power series. We have known
that the power series of Kuranishi data φ(t) is convergent in Hölder norms ‖ · ‖k,α.
Then, there exist constant C > 0 and 0 < ξ < ε such that∑

γ1+···+γN=i

‖ϕγ1···γN
‖k,αξ

i ≤ C.

On the other hand, similar to the estimates in [11] p.160-162, we have

‖sν1···νN ‖k,α =

∥∥∥∥∥∥−∂̄∗G∇1,0

⎛
⎝ ∑

γi+βi=νi

iϕγ1···γN
sβ1···βN

⎞
⎠
∥∥∥∥∥∥
k,α

≤ C1

∥∥∥∥∥∥G∇1,0

⎛
⎝ ∑

γi+βi=νi

iϕγ1···γN
sβ1···βN

⎞
⎠
∥∥∥∥∥∥
k+1,α

≤ C1C2

∥∥∥∥∥∥∇1,0

⎛
⎝ ∑

γi+βi=νi

iϕγ1···γN
sβ1···βN

⎞
⎠
∥∥∥∥∥∥
k−1,α

≤ C1C2C3

∥∥∥∥∥∥
∑

γi+βi=νi

iϕγ1···γN
sβ1···βN

∥∥∥∥∥∥
k,α

≤ C1C2C3C4

∑
γi+βi=νi

‖ϕγ1···γN
‖k,α ‖sβ1···βN

‖k,α .
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Denote

‖sν1···νN ‖k,α ≤ C0

∑
γi+βi=νi

‖ϕγ1···γN
‖
k,α
‖sβ1···βN

‖
k,α

.

Let ‖s0‖k,α = 1, we get the following estimate by induction. For I = 1∑
ν1+···+νN=1

‖sν1···νN‖k,α ≤
∑

ν1+···+νN=1

‖ϕν1···νN ‖k,α‖s0‖k,α ≤ C0Cξ−1.

For general I∑
ν1+···+νN=I

‖sν1···νN‖k,α ≤ C0

∑
ν1+···+νN=I

∑
γi+βi=νi

‖ϕγ1···γN
‖k,α ‖sβ1···βN

‖k,α

= C0

∑
γ1+···+γN+β1+···+βN=I

‖ϕγ1···γN
‖
k,α
‖sβ1···βN

‖
k,α

= C0

I−1∑
|β|=0

⎛
⎝‖sβ1···βN

‖
k,α

∑
|γ|=I−|β|

‖ϕγ1···γN
‖
k,α

⎞
⎠

≤ C0

I−1∑
|β|=0

(
‖sβ1···βN

‖
k,α

Cξ|β|−I
)

≤ ξ−I‖s0‖k,α

I∑
i=1

(C0C)i.

Then the power series is convergent when |t| < ξ
C0C

.

For regularity, we have known that ∂
∂t̄j

φ(t) = 0 and ∂
∂t̄j

st = 0, then

∂

∂t̄j
(
eiφ(t)st

)
= 0.

In addition,

∂̄t
(
eiφ(t)st

)
= 0

implies

∂̄X
(
eiφ(t)st

)
= 0 for total space X.

Hence,when s is (n, 0)-type, eiφ(t)st is smooth respect to (x, t) by hypoellipticity.

6. The case of tangent bundle. In this section, we compute the Kuranishi
data of these bundles associated with the complex structure along a family of compact
complex manifold. Let X → Δ be a holomorphic family of compact complex mani-
fold. The holomorphic cotangent bundle T 1,0(Xt) on each fiber Xt forms a family of
holomorphic vector bundle, and there is a natural compatible trivialization on it

π1,0 : d(xα)
k
t �→

∂(xα)
k
t

∂(xα)
j
0

d(xα)
j
0.
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Denote ξ(t) = φ(t)+ψ(t) as the Kuranishi data of pair (Xt, T
1,0(Xt)) under the frame

coordinate (
Uα, (xα)t,

∂(xα)
k
t

∂(xα)
j
0

d(xα)
j
0, (vα)t

)
.

Let ∇ be a Chern connection of holomorphic tangent bundle induced by a Hermitian
metric h on X0, then

ψkl(t) = (w−1
α )lj

((
∂̄ − Lφ(t)

)
(wα)

jk
)
− iφ(t)(θ

∨
α)

lk

=
∂(xα)

j
t

∂(xα)l0

(
∂̄ − Lφ(t)

)( ∂(xα)t
∂(xα)0

)−1

kj

− iφ(t)(θ
h
α)

lk

= −
∂2(xα)

j
t

∂(xα)l0∂(x̄α)m0

(
∂(xα)t
∂(xα)0

)−1

kj

d(x̄α)
m
0

+
∂2(xα)

j
t

∂(xα)l0∂(xα)
p
0

(
∂(xα)t
∂(xα)0

)−1

kj

(
∂(xα)t
∂(xα)0

)−1

pq

∂(xα)
q
t

∂(x̄α)m0
d(x̄α)

m
0 − iφ(t)(θ

h
α)

lk

= −∂lφ
k
md(x̄α)

m
0 − iφ(t)(θ

h
α)

lk

= −∂lφ
k − Γk

jlφ
j

= Γk
ljφ

j − Γk
jlφ

j − (∇1,0
l φ)k.

Corollary 4.4 implies that

Proposition 6.1. If the central fibre is Kähler, and ∇ is the Chern connection of
Kähler metric, the Kuranishi data of holomorphic tangent bundle can be represented
as φ+∇1,0φ.

Example 4.12. and Example 4.13 in [2] provide similar formulas of ψ(t) for general
Hermitian central manifold. On the other hand, assume that KXt

is the canonical
bundle of fiber Xt, the compatible trivialization of holomorphic cotangent bundle
induces its trivialization as a family of holomorphic line bundle, i.e.,

μα(x0, t) = log det

(
∂(xα)t
∂(xα)0

)
.

Then its Kuranishi data satisfies

ψdet(t) =
∑
i

ψii(t) = −(∇1,0
i φ)i = −∂iφ

i
m(t)dx̄m

α − iφ(t)θ
det(h)
α .

We hardly know whether ψ(t) = 0 in general, but there are examples. In [13],
Sun proved that a family of Kähler-Einstein manifolds of general type or a family of
polarized Calabi-Yau manifolds satisfy that the divergence gauge is equivalent to the
Kuranishi gauge. It means that if we take Kuranishi gauge to adjust the transversely
holomorphic trivialization, ψdet(t) = 0 under the Chern connection of Kähler-Einstein
metric.

In fact, ψ(t) depends on the choice of connection, transversely trivialization and
compatible trivialization. In our further work, we will continue to find out whether
we can choose suitable trivialization and connection to make ψ(t) = 0.
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