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DEGENERATING ABELIAN VARIETIES VIA LOG ABELIAN
VARIETIES*
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Abstract. For any split totally degenerate abelian variety over a complete discrete valuation
field, we construct a log abelian variety, in the sense of [KKNO08al, over the discrete valuation ring
extending the given abelian variety. This generalizes Kato’s log Tate curve.
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Introduction. Degeneration appears naturally in compactifications of moduli
spaces. Usually we prefer compactifications coming from moduli problems, in other
words we prefer to use canonical (in a suitable sense) degenerate objects to make
compactifications.

In the theory of classical toroidal compactifications of the moduli spaces of abelian
varieties, there is no canonical choice of toroidal degenerations of abelian varieties. In
late 80’s, Kato in [Kat89bl Sec. 2.2] formulated a construction of log Tate curve, and
conjectured the existence of a general theory of log abelian varieties. Later Kajiwara,
Kato and Nakayama realised the theory of log abelian varieties in [KKNO8b, [KKN08a].
Note that as indicated in [KKNOSa|, there are other constructions of log abelian
varieties in [Pah05l [OIs03]. However in this paper, we stick to the one defined in
[KKNO8a]. In some sense, a log abelian variety as a degeneration of a given abelian
variety is to treat all possible toroidal degenerations of that abelian variety as “one
object”, hence it becomes canonical. This “one object” is proper, smooth, and even
has a group structure on itself in the world of log geometry. These aspects make
log abelian variety a perfect degeneration of abelian variety. For application of log
abelian varieties, the short exact sequence in [KKNO08a) 4.1.2] is the upshot.

Let R be a complete discrete valuation ring with fraction field K, let Ax be
an abelian variety over K. Since log abelian varieties are supposed to be canonical
degenerations of abelian varieties, there should be a canonical (unique) log abelian
variety A over R extending Ax. As an example of log abelian variety, the authors of
IKKNO84] constructed such a log abelian variety £, over R (or O as in their notation)
for the Tate curve E, over K with “g-invariant” ¢, see [KKNO8al 1.6, 1.7, 4.7]. In
this paper we generalise their log Tate curve to higher dimension case for split totally
degenerate abelian varieties over complete discrete valuation fields. The difficulty of
the generalisation lies in two aspects. Firstly, in the curve case, the formal toroidal
models can always be algebraized to schemes, whilst in the higher dimension case we
have to turn to algebraic spaces which are more technical to handle. Secondly, as in
most cases in mathematics, hard combinatorics shows up in higher dimension.

In the first section, we give the setting-up. In section 2, the main result is Theorem
22 which says that the formal toroidal model Ay associated to any Y-admissible
polytope decomposition Y algebraizes to an algebraic space Ay. Artin’s theorems
on “existence of contractions and dilatations” [Art70] are crucial for the proof. In
section 3, we investigate the algebraic space Ay in some details, and put a canonical
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812 H. ZHAO

log structure on it. The key point of this section is Corollary In section 4, we
construct a sheaf A, see ([{3)), and show that A is the log abelian variety extending
the given abelian variety Ax over K in Theorem And the association of the log
abelian variety A to Ak is actually a functor, see Theorem [£.3

Acknowledgements. I am grateful to my PhD supervisor Professor Anthony
Scholl for introducing the beautiful work [KKN08a] to me, and also for encouragement
and discussions during my PhD. I owe lots of thanks to Professor Martin Olsson, the
discussion with whom brought Artin’s work [Art70] into my attention. Part of this
work was done when I was an informal guest at Professor Bockle’s working group; I
thank him for his kindness and hospitality. I would also thank Professor Jakob Stix
and Professor Weizhe Zheng for helpful discussions.

1. Setting-up. Let S be SpecR, where R is a complete DVR with fraction field
K, a chosen uniformiser 7 and residue field k. For each n € N, let S,, be SpecR/(7)"*!
and 14, the closed immersion S,, — S. When n is 0, we also use the notation s (resp.
i) for Sp (resp. ig). We regard S as a log scheme with respect to the canonical log
structure, i.e. the log structure associated to N — R,1 — w. We endow S,, with the
log structure induced from S. Let j be the open immersion SpecK — S.

Let (fs/S) be the category of fs log algebraic spaces over S, and we regard it as
a site endowed with the classical étale topology. Let (fs/S)" be the full subcategory
of (fs/S) consisting of objects on which 7 is locally nilpotent. We also endow (fs/S)’
with the classical étale topology. For any fs log algebraic space X over S, we don’t
distinguish the log algebraic space X from the sheaf on (fs/S) represented by X.

Let Ax be a semi-stable abelian variety over K of dimension d and let A% be the
dual abelian variety of Ag, then we have the following two diagrams

2
=
/

o
N

S B¢ - —Que——N+—o
™
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and

(1.2)

The diagrams (L) and (L2) are explained as follows:

(a) the rows in (LLI) and ([2]) are exact sequences of group schemes over S,
which are the Raynaud extensions associated to Ax and Aj; respectively. In
particular, T and T* are tori over S, and B and B* are abelian schemes over
S dual to each other;

(b) the morphisms (labeled as dashed arrows) in the columns in (1) and (2]
are defined rigid-analytically over K, but the morphisms ug and uj are
also algebraic; Y (resp. X) is the character group of T* (resp. T'), hence a
locally constant sheaf over S represented by a finite rank free Z-module étale
locally, and Gx := G xg K (resp. G*K = G* xg K) is the rigid analytic
uniformization of Ax (resp. A%);

(¢) v (resp. v*) is a morphism of group schemes over S given by the 1-motive
dual of the Raynaud extension associated to A% (resp. Ak), and ug (resp.
uj,) lifts v (resp. v*) over K.

Via the duality theory of 1-motives, the diagram (1)) (or equivalently (L2)) is

equivalent to another commutative diagram

Y xg X (1.3)

-
SK -
- vav*
-
K

0 Gm 93 BXSB*—>O,

where the row in the diagram is the Poincaré biextension of (B, B*) by G,,, and sx
is a bilinear section over K along v x v*.

From now on, we assume that T is a split torus (in other words X is constant), YV’
is constant, and A is totally degenerate, i.e. B is zero (in the future we will deal with
the general case). And in this case, we say that Ay is split totally degenerate.
Then the bilinear section sk is just a bilinear pairing

<,> X xY —> K*. (1.4)

Here we switch the positions of Y and X for coincidence with [KKN08a]). Composing
the paring (4] with the valuation map of K, we get a pairing

<,> X xY —>Z. (1.5)
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Since ([4) and (LH) are closely related, we denote both of them by <, > by abuse of
notation.

2. Proper models associated to admissible polytope decompositions.
As in [Mum72l, Section 6], we study the (convex) polytope decompositions of the affine
space F := Hom(X,Q). For the definition of polytopes and other notion concerning
polytopes, we refer to [Oda88, Appendix].

DEFINITION 2.1. A polytope decomposition ¥ of F is a set of polytopes
o < E such that

(1) Ugex0 = Ea

(2) if r <o and o€ X, then 7 € X;

(3) if 0,7 € ¥ with o n 7 # J, then 0 n 7 is a common face of o and 7.

Given another polytope decomposition ¥’ of E, we say that there exists a map
from Y’ to X if for any ¢’ € ¥’ there is a 0 € ¥ such that ¢/ € o. It is easy to see
that there exists at most one map from ¥’ to ¥. And if there exists one, it realises ¥’/
as a subdivision of X.

Let H be a group acting on F, a polytope decomposition 3 is called H-stable,
if h-o € X for any 0 € ¥ and any h € H. If moreover ¥ has only finitely many orbits,
then ¥ is called H-admissible (or simply admissible if the underlying group is clear
in the context).

If ¥/ is an H'-stable polytope decomposition for another group H’ which acts on
E too, and we are given a group homomorphism f : H — H, then a map from ¥’ to
Y is called equivariant, if it is compatible with the homomorphism f and the group
actions, i.e. b’ -¢’ < f(h') -0 for any h' € H',0' € ¥', 0 € ¥ such that ¢/ < o (we will
be particularly interested in the case that H' is a subgroup of H). A map from the
pair (H',Y') to the pair (H,YX) is defined to be an equivariant map from ¥/ to .

The bilinear form () <,>: X x Y — K* realises Y as a period lattice in-
side Tk = Hom(X,Gy, k). Hence Y acts on Tk by translation as well as on
E = Hom(X, Q). We will often work with the Y-action on E, hence being admissible
will always mean being Y-admissible if the acting group is not specified.

FacT 2.1. Given any admissible polytope decomposition X of E, by
|[KKMSD73, Chap. 1V, Sect. 3] and [Mum72, Cor. 6.6] we get a normal scheme Ps
locally of finite type over S such that:

(a) PEJ( = TK.

(b) The translation action of Tx on itself extends to a T-action on Ps, and

Ps, can be covered by some T-invariant affine open sets Py, which are in
one to one correspondence with o € ¥. Here P, = SpecA,, where A, =
R[C(0)Y nX],X = 2@ X and C(0) is the cone in E := Hom(X,Q) = Q@ F
above o € E with E identified with the hyperplane (1, E) in E.

(¢) P,n"P. = P,n; (resp. P, " Py =Tk) for any o,7 € ¥ with o nt # & (resp.

onT =)

(d) The torus T naturally embeds into Ps, if and only if {0} € X.

(e) For all valuations v on Frac(T) if v =0 on R and if [for any x € X,IneZ

such that n - v(w) = v(x) = —nov(r)] hold, then v has a centre on Ps.

(f) The action of Y on X gives rise to an action of Y on Ps, via

Syng"Py+g

Sy :Cly+o)' nX—Co) nX,n"zr—<z,y>n"z
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foryeY and n"x € C(y+o0)Y nX with x the X -part. And the action induces
an action on Ps ,, := Py, xg Sy, for each n e N.

Let H be a subgroup of finite index of Y, then it is also a period lattice inside
Tx. A Y-admissible polytope decomposition 3 of E is automatically H-admissible.
The scheme Ps; from Fact 2] is independent of whether X is regarded as being Y-
admissible or H-admissible. Let & be an H-admissible polytope decomposition of F,
then by Fact 2Tl we get a scheme P5, endowed with an H-action. If there exists a map
¥ — %, ie. ¥ is a subdivision of 3, then we have a natural morphism of S-schemes
Ps — P5, which is compatible with the H-actions.

PROPOSITION 2.1. Let H be a subgroup of finite index of Y, ¥ an H-admissible
polytope decomposition of E. The quotient of the H-action on Ps, exists in the
category of schemes over S,,.

Proof. This is obvious, since Py N Pry = Pyarp (vesp. Pyp N Pr, = &) for
o,reX withont# & (resp. on7=¢F). O

Let (H,X) be as in Proposition[Z.Il We take the quotient scheme of Py, ,, = Py x g
Sy, by the H-action, and denote it by Ay 5. Passing to the colimit of {Ax 5 1 }nen,
we get a formal scheme Ap s over S := SpfR. We will abbreviate Ay as As
sometime, if there is no other group action involved in the context.

Let H be a subgroup of finite index of H, > an H-admissible polytope decompo-
sition of F such that X is a subdivision of 3, so we have a map (H,¥) — (H,¥). The
map ¥ — ¥ induces a morphism Py, — Py of S-schemes which is compatible with the
H-actions, hence a morphism A s A i of formal schemes over S. We also have
a canonical quotient morphism Ay 5, — Ap 5 of formal schemes over §. Taking the
composition of these two morphisms, we get a canonical morphism A gs — Apx. If

H = H =Y, we sometime abbreviate the morphism as As — As.

DEFINITION 2.2. Let H be a subgroup of finite index of Y, we denote by
PolDecomy, iy the category of H-admissible polytope decompositions of E with mor-
phisms given by subdivisions. We denote by PolDecomy the category of pairs (H, ),
where H is a subgroup of finite index of Y and ¥ lies in PolDecomy 5, and morphisms
are just maps between pairs (H,¥) and (H, ).

The category PolDecomy, g sits in the category PolDecomy as a full subcategory
via ¥ — (H,X). The association of the formal scheme Apy x over S to an element
(H,3) of PolDecomy gives rise to a functor

F : PolDecomy — {S-formal schemes}, (2.1)

where {S-formal schemes} denotes the category of formal schemes over S. By abuse
of notation, we still denote by F the restriction of F to PolDecomy g.

THEOREM 2.1 (Mumford[MumT72], Alexeev and Nakamura [AN99],
Alexeev[Ale02]). There exists a Y -admissible polytope decomposition E such that the
formal scheme A= admits an ample line bundle, hence it is algebraisable, i.e. it comes
from the formal completion of a unique algebraic scheme A= over S along its special
fibre.

Moreover, A= is a stable semiabelic scheme under the semiabelian scheme G over
S, where G comes from the semistable reduction theorem. And we can choose = such
that {0} € 2, hence Az contains G as an open subscheme canonically.
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From now on, we fix such a Y-admissible polytope decomposition =. The main
result in this section is the following theorem.

THEOREM 2.2 (Algebraisation of formal models). Let I' be a Y -admissible poly-
tope decomposition of E, the formal scheme Ar over S comes from the formal com-
pletion of a unique algebraic space Ar over S along its special fibre.

Moreover, Ar is a proper model (in the category of S-algebraic spaces) of Ak, i.e.
the structure morphism of Ar over S is proper and the generic fibre (Ar)k := ArxsK
coincides with Ak .

COROLLARY 2.1. There exits a functor
M : PolDecomy — {proper algebraic S-spaces} (2.2)

from the category PolDecomy to the category of proper algebraic spaces over S, such
that the functor F in (21) factors through M.

Proof. Let H be a subgroup of finite index of Y, then H is also a period lattice
inside Tk (K). Applying Theorem to H instead of Y, it is clear that we have a
canonical functor

My : PolDecomy, iy — {proper algebraic S-spaces}

such that F : PolDecomy g — {S-formal schemes} factors through My. When H
runs in the set of subgroups of finite index of Y, we get functors My which are
compatible with each other. Hence they assemble into a functor

M : PolDecomy — {proper algebraic S-spaces}

with required properties. O

For (H,T') € PolDecomy, we denote the algebraic S-space M ((H,T")) as Ay r. In
the case H = Y, we sometime use the simple notation Ar when no confusion may
arise.

The main ingredients of the proof of Theorem are Artin’s “existence of con-
tractions” theorem and “existence of dilatations” theorem, see [Art70l 3.1, 3.2]. We
start with the following proposition.

PROPOSITION 2.2. Given a map ¢ : X — ' between two Y -admissible polytope
decompositions of E (note that v has to be a Y -admissible subdivision), the morphism

F(): As > Ar

of S-formal schemes is a formal modification in the sense of [Art70, 1.7].

Proof. We need to show that F(¢) is proper and verifies the three conditions in
[Art70, Definition (1.7)].

It is enough to show that F(¢)o : Pso/Y — Pro/Y is proper, and we use the
valuative criterion. Given any commutative diagram

n—2-=Pso/Y (2.3)

[ T

V" Py
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with V the spectrum of a discrete valuation ring and 7 the open point of V. Then
there exists a & € /Y (resp. 7 € I'/Y) such that a(n) (resp. B(n)) lies in the
corresponding Tp-orbit Oz (O5) in Ps /Y (resp. Pro/Y). Then we have that

05 = U Oz, _’7 = U 05,

{e:eX/Y |60} {7;€T/Y 77,5}

and the morphism f factors through 8(n). Choose suitable liftings o;’s (resp. 7;’s)
of 3;’s (resp. 74;’s) such that all o;’s (resp.;’s) contain the lifting o (resp. ) and
v0; € Ujy; < E. Then the diagram (Z3)) lifts to a commutative diagram

n—2 Pog (2.4)

~ A
|5,
7 B

V—)Pp)o

in which the morphism Py, g — Pr o is proper, hence & factors through some 6. And
§ factors through U{ai}CZ Oy, , 80 gives rise to a morphism § : V' — Py o/Y. It’s easy
to see that « factors through §. On the other hand if there exists another morphism
&' such that o = & o j, then we can lift & to a morphism &’ : V — Py such that
& = 0’ 0 j. The properness of Pgo — Pr g implies &' = 8, hence § = &. Then the
properness of F (1) follows.

We have a morphism Py, — Pr of S-schemes induced by ¢. Let Py := limn Ps ),
and Pr := hm Pr ., then we have a morphism Ps; — Pr of S-formal schemes, which
we still denote | by ¢. By [Art70, Corollary (1.15)], ¢ is the formal modification induced
by Ps, — Pr. We have the following Cartesian diagram

Py, —— .AE
Ll l}'(L)
Pr—— Ar

with the rows étale coverings. Since the notion of formal modification is local on the
base for the (formal) étale topology (see [Art70, sixth line of the proof of Proposition
(1.13)]), F(+) is a formal modification. O

Proof of Theorem[ZZ2 Let = be as in Theorem 21l We define 2T to be, similar
as in [KKNO8D, 5.2.15], the set of polytopes of the form £ N~ for £ € E,v e . Tt is
clear that = m I' € PolDecomy,y, and we have the following diagram

ZnTl (2.5)
E/ \I‘

in the category PolDecomy y. Hence we get the following diagram

A=r (2.6)

AE/ \Ar
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in the category of S-formal schemes with the arrows being formal modifications by
Proposition We know that Ag algebraizes to an S-scheme A=z by Theorem 211
By [Art70, 3.2] and [Art70, 3.1], we get the following diagram

AsAr (2.7)

VRN

A Ar

(11

of algebraic S-spaces, where A=z r and Ar are the algebraizations of A= r and Arp
respectively, and the two arrows are the corresponding modifications associated to the
formal modifications in diagram (2.6)). The properness of Ar over S follows from the
properness of Az and the properness of the modifications. Since (Az)k := Az xg K
is isomorphic to Ak, so is (Ar)k. O

Given a Y-admissible polytope decomposition T, and a subset 'y = ' := I'/Y’
which is stable under taking faces (i.e. 4 € ' and 7 < 7 imply that 7 € '), we can
associate an open algebraic subspace of Ar to 'y as follows. Note that giving Iy is
the same as giving a subset I'g = I' which is Y-stable and stable under taking faces.
Then we have a closed subset

B= |J 0,cm
’YEF\FO

and regard it as a reduced closed subscheme of Pr. Here O, denotes the Ty-orbit
corresponding to . The closed formal subscheme h_rr}n (B x5 Sp)/Y of h_rr)ln Pr, )Y
gives rise to a closed algebraic subspace B of Ar.

DEFINITION 2.3. The open algebraic subspace A ) of Ar is defined to be the
complement of the closed subspace B of Ar. In the case that I'g = {7|7 < 7} for
some 7y € I', we also use the notation Ar 5 for Ap p, .

REMARK 2.1. It is easy to see that (Ar y)ser)y gives rise to a Zariski open
covering of Ar.

PROPOSITION 2.3. Let v : X — T' be a map of Y -admissible polytope decompo-
sitions. Then for any subset o of ¥ n T, which is stable under taking faces, M ()
restricts to an isomorphism on Ay 5, .

Proof. It is enough to consider the case ¥y = ¥ n I'. Since the restriction of
M(t) to Ayx s, has set-theoretic image Ar s , we are further reduced to show that
M(t)|ay 5, 1s an open immersion. We make use of [Stal7, Tag 0879] to achieve this.
Firstly, the open subspace Ax = Ar xg K of Ar is clearly scheme theoretically dense,
and the open immersion Ax — Ar is quasi-compact. Secondly, M (¢)x := M () xs K
is the identity map of Ax. Thirdly, both Ay, and Ar are proper over S, hence M(¢)
is proper and in particular M (¢)| Ay s, 18 separated and of finite type; Ay is flat over
S, M(L)|,4&EU is also flat by fibrewise criterion of flatness. Apply [Stal7l Tag 0879
to M(v)|ay s, * Ass, — Ar, we have that M(¢)|a, 5 is an open immersion. O

REMARK 2.2. Let v be a polytope of E such that there exists a Y-admissible
polytope decomposition X containing . Then the algebraic space Ay, 5 is independent
of the choice of ¥ by Proposition 2.3l It is reasonable to denote Ax 5 by Ay 5. The
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subindex Y of Ay, is aimed to indicate that: 7 is contained in some Y-admissible
polytope decomposition of E; Ay 5 has generic fibre Ax which is the abelian varieties
corresponding to the period lattice Y inside T .

PROPOSITION 2.4. Let I" be as in Theorem with the additional condition
{0} e T'. Then Ar contains G as an open algebraic subspace canonically, where G is
as in Theorem [21.

Proof. Let = be as in Theorem [2Z] such that {0} € =, then Az contains G as
an open algebraic subspace canonically by Theorem 2] Let ¢; (resp. t2) denote the
subdivision =T — E (resp. Zm ' - T') as in diagram (2.5]). Under our assumption
we have {0} € En(EmT) T, hence all the Y-translates {y} of {0} lie in En(EmT) AT
Let

Q= :=P=— || Py, 2= :=1lim(Q= x5 Sn)/Y,
yeY n

Qr:=Pr— U Py, Zr:=lm(Qr x5 5,)/Y,

yeyY n

here we regard Q= (resp. Q=zqr, resp. Qr) as the reduced closed subscheme of Ps
(resp. Psqr, resp. Pr) with underlying set Q= (resp. Qzqr, resp. Qr), and Zz
(resp. Zznr, resp. Zr) is the closed formal subscheme of Az (resp. Azqr, resp. Ar)
corresponding to Q= (resp. Q=znr, resp. Qr). By Grothendieck existence theorem
[Knu7ll Chap. 5, Sec. 6], Z= (resp. Zznr, resp. Zr) is the formal completion of
a reduced closed algebraic subspace Zz (resp. Zznr, resp. Zr) of Az (resp. Azqr,
resp. Ar). The algebraic subspace Zz (resp. Zzr, resp. Zr) is supported on the
special fibre, hence has the same support as Zz (resp. Zznr, resp. 2r).

Now both M (e1) and M (e2) restrict to an isomorphism over A=rr — Zznr by
PI‘OpOSitiOnDE7 hence AF - Zp = AEV‘\F — ngp = AE - ZE =G. 0

Now we describe some examples of models associated to certain polytope decom-
positions which are going to be used in later sections.

EXAMPLE 2.1. Choose suitable basis for X and Y such that the pairing (I3 is

given by a diagonal matrix diag(ni, - ,nq) [I. Then Y sits in E as the lattice
@’HZZSZ
via the embedding Y — FE, where ey, --- ,e4 is the basis of E corresponding to the

chosen basis of X. Consider the admissible polytope decomposition ¥« given by all
the Y-translates of the faces of Dd, where [1% is the d-cube with vertices aje; + - - - +
ageq, a; € {0,n;}. We get an algebraic space Ang associated to ¥a, and denote it
also by Ay.

INote that this does not imply that the corresponding matrix for the pairing ([C4) is diagonal.
Actually if we can make the matrix diagonal under some choice of basis, then A is isomorphic to
a product of some Tate curves.
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Now we construct a model for Ag x Ag. Consider the lattice
Y xY = (®niZe;) ® (®niZe;)

in B x F, let [1?¢ be the 2d-cube with vertices
(are1 + « -+ + ageq,bier + -+ + bgeq)

with a;, b; € {0,n;} for all i. Let X7,---, X4,Y1,- -, Yy be the sequence of coordinates
of £ x E with respect to the basis e1, - ,eq of E. The hyperplanes X; —Y; = 0 for
i=1,---,d, divide [*? into 2% polytopes

Wy = DQd N (ﬂ Hy,),

where u = (u1,--- ,uq) € {0,1}* and H,, denotes the half-space X; —Y; = 0 (resp.
X;—Y; <0)if u; =0 (resp. u; = 1). Taking the Y x Y-translates of the faces of
the [7,’s, we denote the resulted ¥ x Y-admissible polytope decomposition by Y24
and the associated model of Ax x Ag by (Ay xg Ay)gea. Apparently we have a
morphism of algebraic spaces

(Ay X5 Ay)zzd s Ay X Ay
over S coming from the above subdivision of Y x Y-admissible polytope decomposi-
tions. Under the linear map E x E — E, (a,b) — —a + b, any Y x Y-translate of a
Yy is mapped into some Y-translate of [J%. It follows that we have a morphism

m_ : (Ay Xs Ay)z]m i Ay
of algebraic spaces over S.

Similarly, we divide the polytope [1?¢ into 2¢ polytopes Nu by the hyperplanes
X;+Y,=n;fori=1,---,d, hence get a Y x Y-admissible polytope decomposition
Ypa and its associated proper model (Ay x g Ay )gza together with morphisms

(Ay X s Ay)de - Ay Xg Ay
and

my : (Ay X5 Ay)de — Ay,

where the corresponding map E x E — FE for the second morphism is given by
(a,b) — a+ b for a,b € E.

PROPOSITION 2.5. The natural open immersion G xg Ay — Ay xg Ay factors
canonically as

G x g Ay € Ay xg Ay

/

(Ay Xs Ay)zzd
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and

GXSA( AyXSAy.

/

(Ay X Ay)gm

Proof. The proof is similar to the proof of Proposition 2.4] by considering all
the Y x Y-translates of {0} x 7’s for all faces 7 of []%, instead of considering all the
Y -translates of {0}. O

We define a morphism p as the composition of
G X Ay — (Ay X AY)N2d EJr—> Ay,

then the morphism p fits into the following commutative diagram

mag

GTG T , (2.8)
GXSA\ /AY

Ay Xs Ay de

where m¢ denotes the group law on G. The diagram suggests that we may expect p
to be a group action. This is indeed the case, and we will prove this after example
2.2

EXAMPLE 2.2. Let the notation be as in Example Z.Jl Now we construct some
models for A x A x Ag. Consider the lattice

Y XY xY = (®n;Ze;) ® (®n;Ze;) ® (Dn;Ze;)

in E x E x E, let [*¢ be the 3d-cube with vertices
(arer + -+ ageq,brer + - -+ + bgeq, cre1 + - - - + caeq)

with a;, b;, ¢; € {0,m;}. The Y x Y x Y-translates of the faces of [J°? give rise to a
Y x Y x Y-admissible polytope decomposition of £ x E x E, and we denote it by
Yrpa. The model associated to ¥ is just Ay xg Ay xg Ay.

Let Xy, -+, X4, Y1, ,Yq, Z1,- -+, Z4 be the sequence of coordinates of Ex Ex E
with respect to the basis ey, - - ,eq of E. By cutting [1°* with the hyperplanes

Xi+Yi+Z,=n;, X;+ Y, +Z;, =2n;, X;+ Y, =n;,Y; + Z; = n;

with i varying from 1 to d, we get a subdivision of [?. Taking the Y x ¥V x Y-
translates of this subdivision, we get a Y x Y x Y-admissible polytope decomposition
of E x I/ x E and denote it by Ygsa. We denote the model associated to Ygga by
(Ay x5 Ay xg Ay )gza. The decomposition Ygsa is clearly a subdivision of Ypsa,
whence a canonical morphism (Ay X Ay XS AY)Sd — Ay X Ay XS Ay.
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The polytope decompositions Ygsa, Ygea and Ya are compatible with the com-
mutativity of the diagram

ExExE 225 pyp

1E><+El l‘fE

ExE 2, [ |

where + g denotes the addition of E. Hence we get a commutative diagram

m4,12

(Ay Xg Ay Xs Ay)sd —_— (Ay Xs Ay)de

m+,23l lm+

M

(Ay Xg Ay)de — Ay
Similar as in Proposition 2.5 we have a canonical factorization

GXSGXS y( AyXSAyXSAy

(Ay X5 Ay X5 AY)Sd

with the two hooked arrows open immersions. Furthermore, the open immersions
G Xs G Xg Ay — (Ay Xgs Ay Xg AY)Sd and G X s Ay — (Ay Xs Ay)de are
compatible with the “partial addition” morphisms m4 12 and m4 23, in the sense that
they fit into the following commutative diagram

chlA
G Xs G Xs Ay Y G Xg A
my 12
lgxp (Ay Xg Ay Xs AY)Sd (AY Xg AY)EPd
G Xg Ay m4,23 m 4

T .

(Ay Xs Ay)de Ay

(2.9)

PROPOSITION 2.6. The morphism p: G xg Ay — Ay defines a G-action on Ay .

Proof. The compatibility axiom for group action follows from the commutativity
of the diagram (2.9). We are left to check the role of the identity section e¢ : S — G,
i.e. to check the commutativity of the following diagram

GXSAYP—>Ay.

Ay
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But po(ex 14, )= 14, formally and Ay is proper over S, hence po (e x 14, ) = 14,
by [Stal7, Tag 0A4Z].0

REMARK 2.3. For the model Ay, associated to a Y-admissible polytope decom-
position ¥ with {0} € X, we could ask if the translation action of G on itself extends
to Ax. The proposition offers an affirmative answer for the special case Ay . For
1-dimensional case, this is known, see [DR73]. For the case that the decomposition
Y provides an ample line bundle to Ay, the answer is mentioned to be yes in [Ale02]
5.7.1], but the author could not find the arguments for proving this there.

3. The canonical logarithmic structure on toroidal models. First of all,
we investigate the algebraic space Ay, in more detail.

LEMMA 3.1. Let A, and P, = SpecA, be as in Fact[Z1 (b), let A, be the m-adic
completion of Ay, Py = — SpecAg, and P, = SpfA,. Then we have:
(i) The formal scheme Py is normal and Cohen-Macaulay, and the ring A, is nor-

mal and Cohen-Macaulay;
(ii) If P, is regular, so are P, and P,.

Proof. For any point = € P,, we have a sequence of local homomorphisms of
noetherian local rings

5 A JTRA A
OP(,,w - Oﬁmx - 07)0—,1} - Oﬁmz = OP(,,w )

where the completion * means the 7-adic completion. Both A and p are faithful flat,
see [GMTI], 3.1.2]. The composition go Ao is just the canonical homomorphism from
Op, » to its completion.

As a complete discrete valuation ring, R is an excellent ring, see [Gro65, 7.8.3
(iii)]. Since A, is a finitely generated R-algebra, it is excellent, so is Op, ,, see [Gro65]
7.8.3 (ii)]. Then by [Gro65, 7.8.3 (v)], we have Op, , is normal and Cohen-Macaulay,
and it is also regular if A, is regular at x. Since both p and A are faithful flat, we
have that Op, , and Op_, are normal and Cohen-Macaulay by [Mat80, 21.E], and
they are also regular if Op, « is. Hence (i) and (ii) follow. O

COROLLARY 3.1. The formal scheme As, is normal and Cohen-Macaulay. It is
also regular if 3 is reqular.

Proof. Since normality, regularity and being Cohen-Macaulay are all local prop-
erties for étale topology, we are reduced to check for SpfA, for o € 3, which follows
from Lemma B O

PROPOSITION 3.1. The algebraic space As, is normal and Cohen-Macaulay, and
it s also regular if ¥ is regular.

Proof. Since (Ax)k is an abelian variety over K, it is a regular scheme. We are
left to consider the points in Ax\(As)k. For any z € Ax\(Ax)k, choose an open
affine étale neighborhood (U, u), with U = SpecB and u lying over z, it suffices to
investigate v in U.

Let B be the 7-adic completion of B, and U = Spff? . We have a canonical étale
morphism U4 — Ay associated to U. Since Ay is normal and Cohen-Macaulay, so
U is normal and Cohen-Macaulay, and the ring B is normal and Cohen-Macaulay.


http://stacks.math.columbia.edu/tag/0A4Z
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Consider the following commutative diagram

B B. (3.1)

N,

(1+ (7)) 'B

Since 7 is contained in the Jacobson radical of (1+ (7)) ™! B, we have that (1+ (7)) "' B
is normal and Cohen-Macaulay by [Gro65, 7.8.3 (v)]. In particular, B is normal and
Cohen-Macaulay at u. It follows that the algebraic space Asx is normal and Cohen-
Macaulay. The regularity part can be proven by a similar argument. O

Now we define a canonical log structure M (resp. M) on Ay (resp. As) by
letting

M(U) = {f € Oas(U)|f € (0ax(U) ®r K)*} (3-2)

(resp.  M(U) = {f € O (U)|f € (Oas(U) ®r K)*}) (3-3)

for any open U of (Ax)s; (resp. (As)e¢t). This makes Ay (resp. Ag) into a log
algebraic space (resp. log formal scheme) over the log scheme S (resp. the log formal
scheme §). We have a canonical morphism

L .Az; - AZ (3.4)
of ringed spaces. This further gives a morphism
(As)et = (As)et (3.5)

of small étale sites. Here for the definition of a morphism between sites, we refer
to [Stal7, Tag 00X0, Def. 7.14.1], for the proof of (BE) being a morphism of sites,
we make use of [Stal7, Tag 00X0, Lem. 7.14.5] (the category (Z{)°PP in [Stal7
Tag 00X0, Lem. 7.14.5] is obviously filtered in our case). Hence the pullback functor

U (An)g — (An)z

is exact.

Note that the log structures M and M are defined in a similar way, and actually
they are closely related along the morphism ¢. The structure morphism M — Oa,
gives rise to

TIM - 00 — Og,,

and let 8 be the composition. It is easy to see that 3 factors through M — O 4, in
other words we have the following commutative diagram

TIM——— 1710y, . (3.6)

|

Moo OAE


http://stacks.math.columbia.edu/tag/00X0
http://stacks.math.columbia.edu/tag/00X0
http://stacks.math.columbia.edu/tag/00X0
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Let ¢* M be the inverse image of the log structure M, see [Kat89al 1.4] for the definition
of the inverse image of log structure. By the definition of t* M, we get a canonical
homomorphism 7

BHOL ) — LIW (3.7)
O,

by the universal property of pushout. And 7 is actually a homomorphism of log
structures on As.

PROPOSITION 3.2. The canonical homomorphism n is an isomorphism of log
structures on As.

Proof. The homomorphism 7 fits naturally into the following commutative dia-
gram

1 O, M N 1 (3.8)
1 O, M M 1

with exact rows, where (*M := *M/O% , M := M/O} . Note that here the

sequence 1 — 17" % T 5 T” — 1 being exact means that T” is a subsheaf of groups of

T such that T” is the associated quotient in the category of sheaves of monoids which
is not an abelian category. To prove n is an isomorphism, it is enough to show that 7,
is an isomorphism. By [Kat96, 3.3], we have a canonical isomorphism ¢* M = (~1(M),
where M := M/O}_. So we are left to prove that t~Y(M) is isomorphic to M under
7, and the injectivity and the surjectivity follow from part (1) and part (2) of the

following Lemma respectively. O

LEMMA 3.2. Let B be a noetherian normal domain, I an ideal in B, and B the

I-adic completion of B.

(1) Let g1, g2 € B such that V(g1) 0V (g2) < V(I) and g1/g2 € B*. Here V(-) denotes
the vanishing set. Then we have g1/g2 € B*.

(2) Let f be an element in B which is not a zero-divisor, such that V(f) < V(IB) =
V(I). Then we can find a Zariski covering {U; = SpecBij}jes of the scheme

U = SpecB, such that f = gju; on Bj for some g; € Bj and u; € Bjx.

Proof. First of all, we show part (1). Since V(g1)uV(g2) < V(I) and ¢1/g2 € B,
the principal Weil divisor for g1/gs is zero. Hence g1/g2 € By for any prime ideal p
of height 1 of B. By [Mat80, Chap. 7, §17, Thm. 38], we get ¢1/g2 € B*.

Now we show part (2). The element f defines an effective principal Cartier divisor,
hence a closed subscheme of SpecB, see [Gro67, 21.2.12], which further gives a codim
1 cycle D =%}, n;D;. Now we regard D as a codim 1 cycle on SpecB, and by [Gro67,
21.7.2] we get a closed subscheme Y (D) of U. Let Ip be the sheaf of ideals of Y(D).
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Set-theoretically, Y'(D) is contained in V'(I), hence we have I" < Ip for some integer
r big enough. Then Ip is an open ideal. It follows that B/Ip =~ B/IDE, and IDB
gives rise to the cycle D too. Again by [Gro67, 21.7.2], we get (f) = IpB.

Consider the following commutative diagram of I-adic rings

B—+———B,
\B//

where B’ denotes the ring (1 + I)~'B which is a Zariski ring. Since (f) = IpB =
(IpB')B, we have that IpB’ is principal by [Mai80, 24.E (i)]. It is obvious that Ip
is principal on U\V'(I), we only need to show that Ip is principal at By for all prime
ideals p € V(I). But for p =2 I we have p n (1 + I) = &, hence Ip B’ being principal

implies that Ip B, is principal. O

(3.9)

By Proposition [3.2] we could describe explicitly the pullback of the log structure
M on As. to Ax, x5 S,.

COROLLARY 3.2. The pullback of the log structure M on Ax, to Ay xSy, admits
étale local charts C(o)Y n X — R[C(0)Y U X]/(7" 1) with o varying in X.

4. Construction of logarithmic abelian varieties. In this section, we are
going to construct the log abelian variety over S extending Ay . We follow the paper
[KKNO08a], in particular section 5 there closely.

4.1. In this subsection, we review some constructions from log geometry. Here
we only work over S, but most constructions work over any fs log schemes. For
any two sheaves of abelian groups F' and G on (fs/S), we denote by Hom(F,G) the
hom-sheaf from F' to G.

Kato’s log multiplicative group G, iog is the sheaf of abelian groups on (fs/S)
defined by

Gmtog(U) := MgP(U)

for any U € (fs/S), here My denotes the log structure on U and M is the group
envelope of My . It is easy to see that the multiplicative group G,, embeds into G, jog
canonically, so we have a canonical short exact sequence

0— Gm — G log = G log/Gm — 0.
We define the log torus T, associated to X to be Hom (X, Gy, 10g). Since
Ext(X,G,,) =0,
we get a canonical short exact sequence
0—T — Tiog — Hom(X, G log/Gm) — 0

of sheaves of abelian groups on (fs/.5).
Recall that we have a bilinear form <,>: X x Y — K*| see ([L4]). This gives rise
to a bilinear form

<, > X XY - G log (4.1)
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on (fs/S), hence a bilinear form
<, > X XY - G log/Gm (4.2)

on (fs/S). Here by abuse of notation, we use <,> to denote all the three par-
ings, this shouldn’t lead to any confusion since their meanings could be read out
from the context. We define a subgroup sheaf Hom(X, GmJog/Gm)(Y) of the sheaf
Hom(X, G log/Gm) by

Hom (X, G 10g/Gm) ¥ (U)

= {gﬁ € Hom(X, Gm,log/Gm)(U)

YueU,x e Xg, Jy,y € Yxg,
st <zy>|ea(@)| <zy >

for U € (fs/5), here @ denotes a geometric point above u. The pairing <, > induces a
homomorphism Y — Hom (X, Gy, 10/Gm), which admits the following factorization

Y Hom (X, G log/Gm) -

\/

Hom(X, GmJog/Gm)(Y)

Then we define a subgroup sheaf Tlg;) of the sheaf Ti,; as the inverse image

of Hom(X, GmJog/Gm)(Y) along the homomorphism Tios — Hom(X, G i0g/Gm),
whence a commutative diagram

0 T ) Hom(X, G 1og/Gm)¥) — 0
0 T Tiog Hom (X, G 1og/Gm) —— 0

with exact rows.
Now for a given admissible polytope decomposition ¥ of FE, we define a subsheaf

Hom(X, G tog/Cim) ™
of the sheaf
Hom(X, G log/Gm)
by
Hom (X, G 10g/Gm) ™ (U)

3 Y, s.t. Y n X
:={soeHom(X,Gm,log/Gm>(U> vuel, 3o € B, stV o) € Olo)” 0 }

p-p(x)a € (Mu/Op)a

Here we stress again that being admissible always means being Y-admissible unless
otherwise specified. Then we define a subsheaf Tl(zg)
image of

oe Of the sheaf Tj,; as the inverse

Hom (X, G tog/Grm) )
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along the homomorphism
Tiog — Hom(X, G 10g/Gm),

whence a commutative diagram

T Tff) Hom(X, Gy 10g/Gm) ™
0 T Tiog Hom(X, G log/Gm) — 0

with the second row exact.

REMARK 4.1.
(i) The canonical inclusion T' < Tl(c}g/) restricts to an isomorphism over K, whilst

the canonical inclusion T" < Tj,g does not. The subgroup sheaf Tlg;) cuts the
very part related to the pairing <, > out of Tjq,.
(ii) The sheaf Hom (X, Gy, 106/Gm) is actually a subsheaf of the sheaf

Hom(X, Gm,log/Gm)(Y), hence the sheaf Tl(o? is a subsheaf of the sheaf Tlg;).
But unlike Hom (X, G 10g/Gm)Y) (vesp. Tl((}g/)) being a subgroup sheaf of the

sheaf Hom(X, G, 10g/Grm) (resp. Tiog), the subsheaf Hom(X, Gm,log/Gm)(E)
(=)

og ) is in general not a subgroup sheaf.

(resp. T,

There are many possible admissible polytope decompositions of F, whence many

subsheaves of TIE)};). We would like to know the relation between Tlg) and Tlg/) for
any two admissible polytope decompositions ¥ and ¥’. We would also like to know
if it is possible to get Tl((}g/) from the union of Tl(o? with ¥ varying in a certain family
of admissible polytope decompositions of E. The answer is yes, if we also take mY -
admissible polytope decompositions into account for m € N. We could even ask the

T for certain . The followings answer these questions.

representability of T} og

PROPOSITION 4.1. For any two admissible polytope decompositions ¥ and X' of
FE, we have

Hom(X, Gm,log/Gm)(E) M Hom(X, Gm,log/Gm)(E,) — ’Hom(X, Gm,log/Gm)(EmE,),

whence Tlsjzg) o) Tl(oi,) = Tl(oimy).
Proof. For 0 € ¥ and o’ € ¥/, let C(0) and C(0”’) be as defined in part (b) of Fact
21 We have C(0)Y + C(o’)¥ = C(o0 no’)Y by [Oda88, App. Thm. A.1 (2)]. Then

the results follow directly from the definitions of Hom (X, Gmﬂlog/Gm)(E) and Tlgzg). a

EXAMPLE 4.1. Let the notation be as in Example 2.I] and Example For m
a positive integer, let [19, be the d-cube with vertices (a1, - ,aq), a; € {0,mn;}, let
Ya be the mY-admissible polytope decomposition given by the mY-translates of
the faces of Dfn. Then we have

U 7 _ )

og log
m}l,ae%Y
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as sheaves, see [KKNO8b| 3.5.4] for the proof. With the help of [KKNO8b, 3.5.4], one
could also construct other examples.

PROPOSITION 4.2. Let ¥ be an H-admissible polytope decomposition of E for a
cofinite subgroup H of Y, then the sheaf log) is represented by the fs log scheme over
S with underlying scheme Ps, and log structure coming from the monoids (C(c)Y

X)UEZ~
Proof. See [KKNO8D, 3.5.3, 3.5.4]. O

COROLLARY 4.1. Let H be a cofinite subgroup of Y, and ¥ an H-admissible
polytope decomposition of E. We regard Ap s as a log algebraic space endowed with
the log structure (@) Then the restriction of Apyx to (£s/S) coincides with the

restriction of T, log /H to (fs/S)".
Proof. This follows from Proposition [£.2] and Corollary O

4.2. Let H be a cofinite subgroup of Y, and ¥ an H-admissible polytope de-
composition of E. We regard the algebraic space Ay 5 as a log algebraic space with
respect to the canonical log structure defined in ([32)).

Consider the sheaf of sets on (fs/.9)

A= H Agys)/ ~, (4.3)

(H,2)ePolyDecomy

where ~ is the equivalence relation in the category of sheaves on (fs/S) generated by
the following equivalences:
(a) For any map (H',%X') — (H,X) in PolDecomy, i.e. H’ is a subgroup of H
and Y’ is a subdivision of ¥, we have a canonical morphism

A sy — Ap s

in (fs/S). Any element of Ay »(U) for U € (fs/S) is equivalent to its image
in AHyg(U)

(b) For any (H,X) € PolDecomy and any a € Y, we have a morphism Ap s —
Ap q+x of formal schemes over S induced by the multiplication by the element
< -,a >€ Tiog, hence a morphism Ag s — Ag,q.4+x of S-spaces. Any element
of Agx(U) for U € (fs/S) is equivalent to its image in Ag o4x(U).

The main results of this subsection are the following two theorems, which corre-

spond to [KKNO8a, 1.7, 4.7].

THEOREM 4.1.
(a) The pullback ofA to (fs/K) coincides with Ag. The restriction of A to (fs/S)’

coincides with Tlog /Y.
(b) There exists a unique group law on A whose pullback to (fs/K) coincides with the
gmup law of Ak, and whose restriction to (fs/S) coincides with the group law of

Y.
log /
(¢) The canonical morphism Ay x — A fits into a Cartesian diagram of the form

Ay 222073y 7y |

log
J’ B

A—2 7Y

log /(Y T)
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In other words, the sheaf Ay s coincides with the inverse image of TIE)Eg)/(Y -T)

along (.
(d) With the group law specified in (b), A fits into a short exact sequence

0->G5AaL 1))y 1) 0,

where « is the composition G — Ay — A with Ay as in Example 21, and 8 is
as in part (c).

Proof. The pullback of Ag s to (fs/K) is a Galois étale cover of Ax with Galois
group Y /H, hence the pullback of A to (fs/K) is just (Apx)k/(Y/H) = Ax. By
Example ] and Corollary L] it is easy to see that the restriction of A to (fs/S)’ is
Tlg;). This proves part (a).

The composition of the canonical morphisms

just

A= iyi* A = 1" (T /Y) = id* (T )(Y - T)) = T /(Y - T)

log

gives a surjective homomorphism 5 : A — Tlg;) /(Y-T). The latter equality can be seen
g)/(Y -T) = Hom(X, Gy 1og/Gm)Y) /Y, where Y denotes the
image of the homomorphism Y — Hom(X, Gy, 105/Gm)Y) associated to the paring
<,>. Similarly we have a surjective morphism

from the expression T}

r
Bur: Apr — T /(H -T)
for any H-admissible polytope decomposition I" with H a cofinite subgroup of Y. It
is easy to see that 8 and By x fit into a canonical commutative diagram

Ays —»TE )y .7

[ log

A— 1Y)y .1

log
In order to finish the proof of (c), we need to show that: for any U € (fs/S), and
any f € A(U) such that 8(f) € (Tl(o?/(Y -T))(U), étale locally on U we can lift f
to a section of Ay x;. Without loss of generality, we may assume that the underlying
scheme of U is SpecB for a noetherian ring B.
Suppose that f is represented by a section in Ay r(B) := Agr(U) for some
(H,T) € PolDecomy, and we still call it f. By using the diagram

A rAs ;

/ Jétalc quotient

Agr Ay ras

|

Ay s

it is enough to lift f to Agr~x. Let B (resp. Bg) be lim B/m" "B (tesp.
B@R K), then f induces f = (fn)neN € AHyp(B) = liglnAHyp(B/Tr"JrlB) =
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lim Tlog /H(B/W"HB ) (resp. fx € Aur(Bkx) = Ax(Bk)). Here the identifica-
tion Agr(B) = lim Ap, r(B/7"*1B) is guaranteed by [Bha16 Thm. 1.1]. We

have TIE) ) A Tlig) Tlgmz) by Proposition Il and B(f) € (T, log =) /(Y - T))(B), hence

8() = Br(f) € € (Tio, ™ /(H -T))(B) and B(f) € (T, /(H -T))(B/x"*'B). The
lagram

log
T) r
T’lE)g /H E— Tllg)g)/(H ’ T)

is Cartesian, hence f,, € TI(OI;E JH(B/7" "1 B). Note that (f,)nen is actually a com-

patible system, hence we get an element § = (fy)nen € lim TIOFgF'Z)/H(B/W"“B)

lim | Apgrox(B/m"TB) = AH)pﬁg(E). The classical quc covering B x By of B gives
rise to the following commutative diagram

AHyp,—‘E(B)(—> AHyp,—‘E(B) X AK(BK) ﬁAK B@R K)

J l |

AH)F(B)<—) AH)F(B) X AK(BK) :;AK B@R K)

with exact rows. By diagram chasing, it is easy to see that (g, fx) descends to an
element g € Ay pnx(B) which lifts f. This finishes the proof of part (c).
We postpone the proof of (b) and (d) to the end of this subsection. O

THEOREM 4.2. The sheaf A with the group law specified in Theorem[{.]] is a log
abelian variety over S extending the abelian variety Ax over K.

We also postpone the proof of Theorem to the end of this subsection.

DEFINITION 4.1. In view of Theorem [£.2] we call the sheaf of abelian groups A
the log abelian variety associated to the period lattice Y in Tk.

REMARK 4.2. Any cofinite subgroup H of Y can be regarded as a period lattice
in Tk canonically, hence we can define the log abelian variety for H in the same way

as for Y in (@3).

Before going to the rest parts of the proof of Theorem HIl and the proof of
Theorem 2] let us first give some lemmas needed for the proofs.

LEMMA 4.1. For any Y -admissible polytope decomposition ¥ of E, the canonical
map As, — A is injective.

Proof. This follows from part (¢) of Theorem ] O

COROLLARY 4.2. Let H be a cofinite subgroup of Y, hence H is also a period
lattice in Tk . Let A’ be the log abelian variety associated to H. Then we have:
(a) The sheaf A is an étale quotient of A" under the canonical group action by

Y/H.
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(b) For any two H-admissible polytope decompositions ¥ and T, Ay s, and Ag,r
are two subsheaves of A" with Agyx N Agr = Agsar. In particular, for
H =Y we have As, n Ar = Asr inside A.

Proof. Part (a) follows from the definitions of A and A’, see [@3]). For (b), it is
enough to consider the case H = Y. By Proposition [£.1], we have
b r £Al
Tiog /(Y - T) A T/ (v - T) = T /(v - 1)

inside TIE};) /(Y - T). Then the result follows from the Cartesian diagram of part (c)
of Theorem .11 O

LEMMA 4.2. Let U be an fs log scheme over S, and f,g € A(U). Let [1%, and
Ya be as in Ezample [43 Then étale locally on U, there exists an integer m > 1

and sections f,§ of Amy)gmd such that f (resp. g) comes from f (resp. §), and

(f, g) belongs to (AmY7EDd stmy,ng )ppa. Here (Amyyzmd X g AmY,EDd )ppza is the
analogue of (Ay x5 Ay )ppa = (Ayyzmd XsAYEDd Jopa (see Example[2.1) for the period
lattice mY .

Proof. Suppose that f (resp. g) comes from Ap s (resp. Ag/ x). Fora € ¥/H, we
have an open algebraic subspace A s 5 of Ap s, see Definition 23] By Remark 2]
(Ams.s)sex/m (resp. (Anrsv.5')sesy/m) is an open covering of Ag s (resp. Apr s).
We may assume that f (resp. g) comes from Ay 5 5(U) (resp. Ap x5 (U)) for some
o€ X (resp. o’ € ¥).

We can make 0,0’ < —z + [0 , with z = (m/ny, -+ ,m'ng), and m'Y < H n
H’, for some positive integer m’ big enough. According to the equivalences in (b)
of Definition (@3], we can replace ¥ and ¥’ by their translates under z, so that
0,0/ = 14 ,. Now let m = 4m/, and we further replace ¥’ by its translate under

2z = (2m'ny, -+ ,2m'ng), then we have 0,0’ < [1%,, and o x o’ goes into [1¢, under
the map F x E — E, (a,b) — —a + b. See the picture below.
=b =b
E “ E “

2o ]

0 g 5 m E 0 g

So we get the following diagram

’
o (0%
Amyse —— Amyiz, g Amyyer

étalcl Jétalc

A s.s Apr s 50
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with the following canonical factorization
Amyse X5 Amy,s 50

Amy g 08, X5 Amy,zo, 02, (Amy,s

| —

AmY’ED% Xg AmY’ED%

Dd Xg Amyz )|Z]2d

It follows that, étale locally, we can make f and g come from f and ¢ in AmygD .

respectively such that (f, g) belongs to (Amy,s_, Xs Amyg )Zm O

0é,

LEMMA 4.3. Let SpecB be an fs log scheme over S with B a noetherian ring.
Then the canonical map A(B) — A(B ®g K) x lim | A(B/7"*1B) is injective.

Proof. If B is a K-algebra, there is nothing needed to prove. We assume that 7 is
not invertible in B. We may further assume that SpecB is connected. Let f, g € A(B),
we assume that the image of f and g in A(B®g K) x lim | A(B/m"*1B) coincide. We
want to prove f = g.
By Lemmald2] étale locally on SpecB, there exists m > 1 such that f, g come from
f.g€ Amyﬁzm% and such that (f, Jg) € (Amyﬁzmgn X SAmY’ED% )ppza- Since the images of

f,gin TIE)};)/(T~Y) coincide, there exists y € Y such that the images of h :=< -,y > f
and g in T(Y)/( - (mY")) coincide. Hence the image of  in T&;)/(T' (mY)) also lies
in TlogD’" /(T-(mY)). Tt follows that h € Amys_, by part (c) of Theorem [Tl applied
to the abelian variety associated to the period lattice mY in Tx. We also have that
the image of (h, g) in

(T x5 )™ )T (mY x mY))

actually lies in

(T x5 T2 (T (mY x mY)).
Here Yppa ,y is an mY x mY -admissible polytope decomposition of £ x E which is
defined to be the analogue of ¥ pa (see Example 2] for the period lattice mY x mY
in (T xg T)k. By part (c) of Theorem 1] applied to the abelian variety associated
to the period lattice mY x mY in (T xg T)k, we have that

(h,9) € (Amy.s, X5 Amy.z, )sz

D’Vdn
Let G’ be the semi-abelian scheme over S corresponding to the period lattice mY

in T. Since the image of a := m_(h,§) in TlogDm /(T - (mY')) is the identity of

()
T]og

of Amys, , le. a€ G'(B). Let G be the semi-abelian scheme over S associated
to Ax. The image of a in G(B ®g K) and the image of a in lim G(B/m"*1B) =
G(lim B/m"*!B) vanish. Since B — B®g K x lim B/n"*!'B is faithfully flat, the

/(T - (mY)), the section a of Amyy, actually lies in the open subspace G
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canonical map G(B) — G(B®g K) x lim | G(B/m"*1B) is injective. Hence the image
of a in G is the unit element, therefore a lies in the quasi-finite separated group scheme
F := Ker(G' — ). Since the special fibre of F is trivial, the underlying scheme of
F' is the disjoint union of the unit section and another open subscheme defined over
K. Since 7 is not invertible in B and SpecB is connected, a is actually the identity
element of F(B).

Now we consider the following commutative diagram

(B )XAmYE ( By, mex X Qmy,x

Anys_,

D Dgln )

(AmY,ZDd X5 Amy £ )pa (B)—— (QmY,EDd X Qmy, s, )zm

- |

a2
QmY,E

[micH

where meﬂgm , denotes the set

Amyg (B ®R K) X hmAmyg Od, (B/7Tn+1B)

and (Qmy,s_, X QmY’EDd )p2a denotes the set

[micH

(Amy,zo, s Amy,so, )Jppe (B ®r K) x hm(AmY,Z s Amy,s o ) (B/7"*'B).

0g, 0g,

The map 7 _ is the restriction of the map ¥ x¥9 — 4, (z,y) — z~ 'y, where ¢ denotes
the group

Ay, (B@RK)thT Y) /mY (B/x"1B).

Then a = m_(h, §) being the identity of G'(B) implies that

m(a1(h, 9)) = az(h)"'aa(g) = 1

in the group ¢. Hence we get < -,y > f = h = § from the injectivity of as. It follows
then f=g¢.0

LEMMA 4.4. In the situation of Lemma[{-3, A(B) is a subgroup of the abelian
group A(B®g K) x lim A(B/x"*'B).

Proof. Let f,g € A(B). By Lemma &2l we can assume that f, g come from f.ge
Amyﬁzmd for some m > 1, such that (f, ) lies in (Amyﬁzmd X g AmY’EDd )ppza. Write

the group A(B®g K) x lim | A(B/m"*1B) as W, we have the following commutative
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diagram

(f7 g) € (AmY,E X3 AmY’ED% )|Z]2d (B)

O
\
(f.9)e  Amvsy, (B) x Auvys,, (B) Amyso, (B)  2m_(f.3)
(f.9)e  A(B) x A(B) A(lm
|
W x W = w

Hence as a subset of W, A(B) is closed under the group operation of W, hence a
subgroup of W. O

Proof of Theorem[{.1] continued. Now we come to the proof of part (b).
Combining Lemma[3land Lemmal£4] by a limit argument which reduces the problem
to noetherian rings, we get a unique group structure on A with required properties.

For part (d), the injectivity of o and the surjectivity of 5 are clear, so we are left to
show the exactness in the middle. Further investigation of the definitions of a and S,
tells us Soa = 0. Now let f € A(SpecB) with 3(f) = 0, where SpecB is a noetherian
fs log scheme over S . By (c), we know f € Ay (SpecB) with fo = f xgSp = 0, hence
the image of f lies in the open subspace G of Ay. Here Ay is as defined in Example
211 This finishes the proof of part (d). O

Proof of Theorem [{.2 The condition [KKNO8a, 4.1.1] is satisfied by part (a)
of Theorem {1l By part (d) of Theorem [4.1] the condition [KKNO8al 4.1.2] is also
satisfied. We are left to show the separateness condition [KKNO8al 4.1.3]. For U €
(fs/S) and two morphisms f,g: U — A, we need to show that the equalizer E(f,g)
is finite over U. Let h := f - g~ !, then we have E(f,g) = E(h,1). Suppose that h
comes from a section A’ of AmygD , ¢tale locally for some m. Let A% be the abelian

variety with period lattice mY for a positive integer m, let A’ be the log abelian
variety corresponding to A% . By construction (£3]), we have a short exact sequence

0->Y/mYy >A —>A-0

of abelian sheaves over (fs/S). By the above short exact sequence, the equalizer
E(h,1) is locally the disjoint union of E(h',a-1) with a varying in Y /mY". Note that
a-11is a section of Amy)zmgn for a € Y/mY . The algebraic space Amy)zmgn is separated
over S, hence E(h';a- 1) is finite over U, so is E(h,1). This finishes the proof. O

4.3. In last subsection, we have associated a canonical log abelian variety A
over S to any split totally degenerate abelian variety Ax over K. Let STDAVk (resp.
LAVg) denote the category of split totally degenerate abelian varieties over K (resp.
log abelian varieties over S). We regard this association as a map

Deg : STDAVx — LAVg.
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In this subsection, we show that Deg is actually a functor. In particular, we will
associate to any homomorphism f : Ax — A% in STDAV g a homomorphism from
A :=Deg(Ak) to A’ := Deg(A%).

Let T (resp. T”) and Y (resp. Y”) be the Raynaud extension and the period

lattice of Ax (resp. A’ ) respectively, and let Y~ T (resp. Y’ 1x, Ty.) be the
rigid analytic uniformisation of Ax (resp. A%). Then we get a homomorphism

Y L, Y’
luK lu'K
T —L2 %

of 1-motives over K in a functorial way. This further gives the following commutative
diagram

Y L, Y’

- s
E = Hom(X,Q) —*— E’ = Hom(X’,Q)

after taking valuation maps and tensoring with Q.

Now in order to have a map from A to A’, we need to find Ay x somewhere to
go for each pair (H,X) € PolDecomy. This comes down to find a pair (H',X') €
PolDecomy~ such that f_;(H) < H' and for any o € ¥ there exists o/ € ¥’ with
fa(o) < o’. We are going to construct such a pair explicitly.

Let f,(Y) := fo(E) n Y, we have that Y’ = f_(Y) @Y’ for some torsion-free
subgroup Y’ <Y’ (we fix Y’ from now on), and E' = f,(E) @ E' with E' := Y’ ® Q.
After choosing a Z-basis of Y’, we make a Y’-admissible polytope decomposition A
of E by the cubes with respect to this basis. Note that f,(X) is an f,(H)-admissible
polytope decomposition of f,(E). We make a polytope decomposition ¥’ by the
product of f,(X) and A. Let H' := f,(H) @Y, it is clear that ¥’ is H’-admissible.

So we get a pair

(H',Y) € PolDecomy~ (4.4)

with required properties. It follows that we get a morphism Ay s, — A%y, 5 of proper
algebraic S-spaces. We map Ay x into A’ by the composition Ay s — A}I,E, — A

The map Ay y — A’ is independent of the choice of (H',%’). If we are given
another such pair (Hj,Y)), then the pair (H' n H{,¥ m X)) is a third such pair.
Hence we get the following commutative diagram

An s

I

/ ! /
A s 5 Agrnmy smsy, — Ay oy

which guarantees the well-definedness of the map Ayy — A’. We denote it by

Deg(f)H,g.
Now we want show that the collection (Deg(f)r,s)x,x) glues into a map from
A to A’. In other words, the collection (Deg(f)x,x)(m,s) is compatible with the
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equivalence relation in [@3)). Given a map (Hy,X;1) — (Ha, X2) in PolDecomy, hence
H, is a subgroup of Hy and X; is a subdivision of ¥3. The construction ([@4) is
compatible with (Hy,%1) — (Hz,X2), hence we get a commutative diagram

AH1721 ? AH2722 .

L

/ /
Ay sy = Ay,

This shows the compatibility for the first kind of equivalences in ([@3]). Similar ar-
gument works for the second kind of equivalences in ([@3]) too. Hence the collection
(Deg(f)m,s)(m,x) glues into a map Deg(f) : A — A’. Since the group law of A is
defined with respect to Lemma 4] the map Deg(f) is actually a homomorphism.
The construction of Deg is clearly functorial, whence the following theorem.

THEOREM 4.3. The association of a log abelian variety to any split totally de-
generate abelian variety over K gives rise to a functor Deg : STDAVy — LAVg.
Moreover, the functor A — Ax := A xgSpecK is left inverse to Deg and Deg is fully
faithful.

Proof. The functor A — Ak is clearly left inverse to Deg by the construction of
Deg. We only need to check the fullness.
Given any two log abelian varieties A; and As over S, let

0—-Gy — A — ’HomS(Xl, Gmﬁlog/Gm)(YI)/Yl —0
and
0 — Gy — Ay — Homs(Xa, G log/Grm) ¥ /Yo — 0

be the corresponding short exact sequences associated to the log abelian varieties
Ay and As (see [KKNO8a, Def. 4.1, 4.1.2]) respectively. Let f : A; — Ay be a
homomorphism of log abelian varieties, then f induces a homomorphism

f G — IHomS(X% Gm,log/Gm)(YQ)/Yé-
Since f is zero by [KKNO08al, 9.2], f induces homomorphisms g : G; — G2 and
h s Homs(X1, Gm tog/Gm) Y /Y1 — Homs(Xo, G tog/Gm) ¥ /Ya.

The pair (g, h) determines f by Lemma below. It is also clear that gx = fx
determines g. We are going to show that g determines A in the case that both A;
and Aj lie in the image of Deg. Then fx determines f, hence f = Deg(fx) and the
fullness follows.

Now suppose that A; and Ay lie in the image of the functor Deg, and they are
constructed out of some bilinear pairings <,>;: X; x Y; — Gy, 105, see (@I). The
pairing <, >; gives rise to Homg (X, Gm,log/Gm)m)/Yi, and it corresponds to a log
I-motive [Y; — (Ti)iog]. The log 1-motive [Y; — (T})i0g] can be recovered from G;
through the equivalence of categories in [FC90, Chap. III, Prop. 6.4]. The map
g is nothing but a map between two elements of DEGample forgetting the invertible
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sheaves, while the map h can be obtained from the map of log 1-motives corresponding
to g. Hence the map h is determined by the map g. This finishes the proof. O

LEMMA 4.5. Let Gy and ’HomS(Xl,Gm,log/Gm)(_Yl)/Yl be as in the proof of
Theorem [{-3 Then Homg(Homs(X1, Gm,log/Gm)(Yl)/Yl, Gs) =0.

Proof. Let Qi denote HomS(Xl,GmJog/Gm)(Yl) = Tl(f;g/Tl, where T de-
notes Homgs(X1,Gy,). If suffices to show that Homg(Q1,G2) = 0. The proof of
Homg(Q1,G2) = 0 is motivated by the proof of [KKN08a, Lem. 6.1.5].

Let By = Hom(X1,Q), Xy = 72 ® X, and E; = Hom(X;,Q) =~ Q® E;. For a
polytope o inside E1, we denote by C(c) the cone in E; above o with E; identified with
the hyperplane {1} x E; in E;. We denote by P, the log scheme SpecR[C(c)Y n X{]
endowed with the log structure associated to C'(0)Y n Xy — R[C(0)Y nXq].

Now let U € (fs/S). By [KKNO8a, §7.7], any section a of Tl(yl)/Tl on U can be

log
obtained, étale locally on U, as a*(u) mod T} for some a € P, (U)H for some polytope

o inside E1, where u € T

llog (P,) is the universal section

xeXlr—nreMlggp.

For any homomorphism ¢ : Tl(ﬁ;lg) /T1 — G4, we have

o(a) = p(a*(u) modTy) = a™(¢(uwmod T1)).

Hence we are reduced to show that ¢(umodTy) = 0. Since umodT; = 0 vanishes on
P, x g SpecK, the section p(umodTy) € Go(P,) vanishes in G3(P, x g SpecK). Since
Gs is separated over S and P, is reduced, the map G2(P,) — Ga2(P, xg SpecK) is
injective. It follows that ¢(umodTy) = 0. O

REMARK 4.3. In future we hope to generalise the results in Theorem and
Theorem 3] to all semi-stable abelian varieties over K. In the case that the Rayanud
extension of Ag has split torus part, the result follows probably from the split totally
degenerate case with the help of contracted product. As stated in [KKNI5L 13.4],
the category of semi-stable abelian varieties over K is canonically equivalent to the
category of log abelian varieties over S. Our functor Deg should be the restriction
of this equivalence to STDAV g. Such an equivalence justifies the motto “log abelian
varieties are canonical degenerations of abelian varieties”.
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