ASIAN J. MATH. (© 2018 International Press
Vol. 22, No. 4, pp. 729-760, August 2018 007

COMPLEXITY OF HOLOMORPHIC MAPS FROM THE COMPLEX
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Abstract. We study the complexity of holomorphic isometries and proper maps from the com-
plex unit ball to type IV classical domains. We investigate on degree estimates of holomorphic isome-
tries and holomorphic maps with minimum target dimension. We also construct a real-parameter
family of mutually inequivalent holomorphic isometries from the unit ball to type IV domains. We
also provide examples of non-isometric proper holomorphic maps from the complex unit ball to
classical domains.
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1. Introduction. The motivation of this paper is twofold: the study of both
isometries and proper maps between bounded symmetric domains. Let D, be
bounded symmetric domains equipped with the Bergman metrics wp, wq respectively.
A holomorpic map F' : D — Q is called isometric if F*wq = A\wp for a positive con-
stant A\. Some recent attention to holomorphic isometries between bounded symmetric
domains was paid by Clozel-Ullmo [CU] in their study of the modular correspondence
and later the holomorphic isometry problem was generalized extensively by Mok, and
many fundamental results and phenomena were discovered in a series of works of his
(cf. [M2][M4][M5][M6][MN2][CM]). Mok in [M5] proved that a holomorphic isometry
F is totally geodesic when D is irreducible and of rank at least 2. When D is the
complex unit ball of dimension at least 2 and (2 is the product of complex unit balls,
F is also totally geodesic [YZ]. Much less is understood otherwise. When D is the
complex unit ball and € is an irreducible bounded symmetric domain of rank at least
2, a surprising non-totally geodesic phenomenon was discovered by Mok [M6]. More
precisely, for each irreducible €2, there exists a positive integer ng such that B™? ad-
mits a non-totally geodesic holomorphic isometry to © [M6]. Moreover, if B” admits a
holomorphic isometry to €2, then n < ng [M6]. More recently, Chan-Mok characterize
the image of the complex unit ball in 2 under the holomorphic isometry [CM]. When
Q) is the type IV classical domain, classification results are obtained independently in
[CM], [UWZ], [XY]. The related problems on holomorphic isometries or holomorphic
maps preserving invariant forms between Hermitian symmetric spaces are considered
in [C], [M2], [Ngl], [Ng2], [M5], [MN1], [MN2], [HY1], [HY2], [Ch], [Eb2] [FHX], [Yu]
and etc.

Proper holomorphic maps between bounded symmetric domains have also been a
central subject in analysis and geometry of several complex variables. Let F': D — Q
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be a proper holomorphic map. When D is of rank at least 2, many rigidity and non-
rigidity results have been obtained in [TH], [Ts], [Tul], [Tu2], [M3], [KZ1], [KZ2], [Ng3]
and etc. When D = B, Q = B, the rigidity and complexity of proper holomorphic
maps remains a rather active subject in several complex variables. Since Poincaré’s
pioneer work [P], many experts made fundamental progresses along the line (See
[Al]}, [L], [Fol], [St], [W], [Fa], [CS], [D1], [Hul], [Ebl] and many references therein).
Roughly speaking, if the difference between n, N is small, F' can be fully classified
with additional assumptions on the boundary regularity of the map (cf. [Al], [Fal,
[Hul], [HJ], [Ha]). In general, for arbitrary n, N, the moduli space of proper maps
from B" to BY is rather large (cf. [CD], [DL2]).

A gap phenomenon was then discovered in [HJX] and later a gap conjecture was
formulated by Huang-Ji-Yin [HJY1] (see [HJY2] as well). A proper holomorphic map
F : B" — BY is called minimum if it cannot be reduced to a map (G,0) modulo
automorphisms of B"” and BY where G has smaller target dimension. The gap conjec-
ture predicts precisely the intervals of N where there are no minimum holomorphic
proper maps from B” to BYV. They also showed that when N is not in these intervals,
then there is always a minimum monomial proper map from B" to BY [HJY1]. These
intervals terminate when the target dimension gets too large. (See also the work by
D’Angelo and Lebl [DL1]).

The authors proved in a recent paper [XY] that when D = B",Q = DIV and
the codimension is small, any proper holomorphic map is indeed an isometry with
additional boundary regularity assumptions. In this paper, we continue to study the
complexity of holomorphic proper and isometric maps from the complex unit ball to
an irreducible classical domain. Motivated by the gap conjecture mentioned above,
we study holomorphic proper (resp. isometric) maps F : B" — D!V with minimum
target dimension (See Section 3 for the precise definition). We show in Section 3 that
holomorphic isometries from B" to DIV are not minimum if m > 2n + 3. We also
illustrate that this result is optimal by constructing minimum holomorphic isometries
from B"™ to D,Inv for each n+2 < m < 2n+ 2. On the other hand, we prove that there
always exist minimum proper holomorphic maps from B" to DIV for any m > n+1. In
Section 4, we prove that there exists a real-parameter family of mutually inequivalent
minimum holomorphic isometries (thus proper holomorphic maps) from B" to DIV
ifn4+2 < m < 2n+ 2. Section 5 is devoted to establishing degree estimates for
rational holomorphic isometric maps from B” to DIV In Section 6, we construct non-
totally geodesic proper holomorphic maps from B" to €2 where ) is any of the four
types of classical domains. These maps can be non-isometric when n is small while
they become isometries when n = nq. Interestingly, these examples further provide
polynomial proper holomorphic maps from B™ to ) that answer a question of Mok
(see also the independent work of Chan-Mok [CM]).

A large part of the paper was finished in the December of 2015, before we learned
of many interesting results on holomorphic isometries from B" to DIV proved by
Chan-Mok [CM]. By combining the theorems of Chan-Mok [CM] and ours [XY] (see
the similar result in [UWZ] as well), it is clear that any holomorphic isometry F :
B" — D!V with m > n can be written in the following form F' = ¢o foroioo, where
o € Aut(B"), T € Aut(B™ 1), ¢ € Aut(DLY), i is the standard linear embedding from
B" to B! and f is either RLY | or IV | which are defined in Section 6.4. The study
on minimality and inequivalent families of holomorphic isometries from the complex
unit ball to the type IV classical domains in Section 3 and Section 4 is motivated by
the analogue study for proper holomorphic maps between balls.
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2. Preliminaries. Irreducible bounded symmetric domains are realized as Car-
tan’s four types of classical domains and two exceptional cases (cf. [H2] [M1]). Assume
g > p and let M(p, ¢; C) denote the space of p X ¢ matrices with entries of complex
numbers. The type I domain is defined as

—t
D! ={ZeM(p,q;C):1,— ZZ > 0}.

In particular, when p = 1, the type I domain is the complex unit ball B? = {z =
(21,7 ,24) € C1:|z|* < 1} in C%. The type Il and type III domains are submanifolds
of D,Il)n defined as

D'={ZeD),:Z=-2"
and
DM ={zeD},:Z2=2".

The type IV domain is defined as
_ —t 1
DIV = {Z = (21, ,20)€C": 22" <2and 1 — 27" + L1227 > o).

Let Q2 be an irreducible classical domain. The Bergman kernel function Kq(Z, Z)
is explicitly given by

(r+

I .
When Q=D, ;

Ko(Z,2) = ¢ (det (I, — 27" )

1)
Ko(Z,2) = crp (det(I 77 )) when Q = DII;

- i\ —(n1) (1)
Ko(2,2) = exry (det(L, — 27°)) when © = DI,

_ _ 1 -n
Kao(Z,2) = cry (1 - 77"+ 4|ZZt|2) when Q = DIV

where ¢, are positive constants depending on n and the type of Q (cf. [H2] [M1]).
The Bergman metric

wa(Z) :=v/—100log Ko(Z, 7)

on €2 is Kéhler-Einstein as the Bergman kernel function is invariant under holomorphic
automorphisms. Note that the standard linear embedding L(Z) = Z from D! or
DI into D,IL » is a totally geodesic, holomorphic isometric embedding with respect

to Bergman metrics with isometric constant 2"1 or n—fl respectively.
Let S be the Hermitian symmetric space of compact type dual to € and

§ € H?(S,Z) be the positive generator. It is well-known that the first Chern class
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c(S) = (p+ ¢)6,2(n — 1)d, (n + 1)6 or nd, When Q = D] . DIT, DI'', DIV respec-
tively. Therefore, it follows from Mok’s theorem in [M6] that no = p+¢—1,2n—3,n

or n — 1 when the classical domain ) = DZI))q, DI DI or DIV respectively.

We now describe the holomorphic automorphism group action on DIV in terms
of the Borel embedding (cf. [H1] [M1]). The hyperquadric Q™, the compact dual of
DIV is defined by Q™ := {[z1, -+ , zm2] € P Hzf+ - 422, =22, + 22 ,,}. The
Borel embedding DIV ¢ Q™ c P™*! is given by

1+ 32728 1— ;zzt}
vz

The holomorphic automorphism group of DIV is given by

Z:(Zla"' 72m)_> |:Zlu"' y Zmy

AtV =114 Bl e om, 2, R)[det(D) > 0,
¢ D

where A € M(m,m,R),B € M(m,2,R),C € M(2,m,R),D € M(2,2,R). The auto-

morphism group action is given in the following explicit way. Let Z = (21, -+, 2z;m) €

DIV and T = [A B} € Aut(DLY). Write Z' = (ﬁ 17%ZZt). Then the action

C D V2o V-2
of T on DIV is given by
ZA+Z'C
;-
(ZB+ Z'D) (1/\/5, w/—1/2)

Rephrasing in homogenous coordinates, if the holomorphic automorphism maps Z =
(21, ,2m) € DIV to W = (w1, ,wy,) € DLV then there exists T € Aut(DLV)
such that

T(Z) =

{ L+ iwwt 1—;WWt] [ 1+327 1—;221
Wiy Wi, 3 = |21, " Zm, ) -T.
V2 V=2 V2 V=2
In other words, there exists nonzero A € C, such that
L+ sWW*! 11— gWw! 1\ +522" 1—- 327"
Wi,y Wi, ; = 21y 5 Zmy ) -T.
Vi Vi
Note that the isotropy group Ky at the origin is Kjp =

{ [61 g] € O(m,2,R)|det(D) = 1} = O(m,R) x SO(2,R).

3. Holomorphic maps from B" to D!Y. In this section, we study holomor-
phic maps from B" to D!V with minimum dimension in the target. We say two
holomorphic maps Fy, Fy : B® — DIV are equivalent if F; = ¢o F o0, where 1), ¢ are
automorphisms of B" and D!V respectively. A holomorphic map F : B* — DIV is
called minimum if there is no holomorphic map G : B® — DXV | such that F is equiv-
alent to (G,0). Alternatively, we call that DIV has the minimum (target) dimension

for the map F : B" — DIV,

3.1. Minimum holomorphic isometries to Type IV domains. We study
in this subsection the minimum holomorphic isometric maps from B" to DIV. We
first note that it follows from Mok’s theorem [M6] that any holomorphic isometry
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F : B" — D!V, is minimum. We prove the following theorem that there are no
minimum holomorphic isometric maps from B” to DIV if m > 2n + 2.

THEOREM 3.1. Let m > 2n+2,n > 2. Let F : B® — D!V be a holomorphic
isometry. Then there exists a holomorphic isometry G : B" — D3V, such that F is
equivalent to (G,0), where 0 is a (m — 2n — 2)-dimensional zero row vector.

Proof. 1t suffices to show that for any such F' and m, there exists a holomorphic
isometry F : B" — DIV | such that F is equivalent to (F,0). By the isometric
assumption, we have

F* (wD{nv) = /\an, (2)

for some positive constant A\. From Proposition 2.11 in [XY], we know that A must be
m/(n+1). Write Z = (21, ..., z,) as the coordinates in C". Write F' = (Fy,--- , Fp).
By composing with the autmorphism of DIV if necessary, we may assume F(0) = 0.
Then, with A = m/(n + 1), (2) becomes,

= —t 1 " -m _m = —\ —(n+1)
99 log (1 ~FF + |FF'| ) = T 00log (1 77 )

Note both sides of the above equation have only mixed terms in Z, Z. We can thus
get rid of 00 log to obtain

t

_ 1 _
1—FFt+Z|FFt|2 —1-77".

By a lemma of D’Angelo (cf. page 102, [D2]), we have

1 2
(Fla"' 7Fm):(zla"' 7Zna§;Fi (2)705 70)'Va
where V is an m X m unitary matrix. Write
Vi
V=[],
Vm

where v; is a m-dimensional row vector for 1 < ¢ < m. Then we have

1 m Vi
Zla"'72n7§Z‘Fz’2(Z) ! :(Flv"'aFm)'
i=1 Vn+t1
CLAIM. {F},- -, F,} is a linearly dependent set over real number field. In other
words, there exist A1, -, A\, € R not mutually zero, such that Zj; NF; = 0.
Proof of Claim. Write vi = a; ++/—1bj for 1 <¢ < n + 1. It is easy to see that
there exists v = (A1, -+, \n)! € R™ with v # 0 such that
ai
by
oo | v=0. (3)
an+1

bn+1
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This is because
al
rank | -+ | <2(n4+1)<m

An41
bn+1

Then (3) implies

1m Vi1
<Zl,'.'7zn,2ZFi2(Z)>' ... |.v=o0.

Vn+1
This proves the claim by showing >\, A\;F; = 0.

By rescaling v if necessary, we assume |v| = 1. Extend v to an orthonormal basis
{ug, -, um— 1,v} of R™ and write m x m matrix C = (g, ,Um-1,V v). Define
F = (F‘l, = ,F )=F- C and then Fis equivalent to F. This completes the proof
of the theorem because F,, = F -v = 0. [

Define R, 42,542 : B® — DIJr2 to be

Ryi2(2) = (cos 0121,V —1sin0121, 22, , Zpn—1,

j=2 ~j j=2 %j
2v/2(1 — z,) ’ 2v/=2(1 — z,)

Liio(2) = | cosOrz1,V/—1sinb1 21,29, - ,2n, 1 — | 1 — cos(261)23 — ZZJQ

cos(2601)22 + 3275 22 — 222 4 22, cos(201)2 + 3200 22 4+ 222 — 22, >

with 6 € (0,7/4]; and one can similarly define R, 1k, Itk : B" — Dka for2<k<
n:

Royk(z) = (cos 0121,V —1sinbyz1,--- ,cos80p_12p_1,V/—1sin0,_125_1,

Zf;ll cos(20;)23 + 32 Lz 27 =222+ 2z
2v2(1 — z,) ’
Zf;ll cos(20;)27 + 327 Tz 27 4227 — 2z
2v—2(1 — zy)

Zk; “ee 7Z'n,717

InJrk (Z) = <COS 9121, A% —1sin 9121, +++,COS Gk,lzk,l, vV —1sin Hk,lzk,l,

Zkyt s 2Zn, 1 — 1—Zc0s29 iz?)

Jj=k

with 8; € (0,7/4] for 1 < j < k—1. Here when k = n, the components “zx,-- - , 2,1
in R, 4k is understood to be void. Furthermore, Roy 41, lop+1 : B" — D£7‘1/+1 are given
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by

R2n+1(z) = <COS 9121, vV —1sin 9121, c+ 0, COS 9n,1zn,1, vV —1sin 9n,1zn,1, Zn,

n—1 n—1
1 —v/—-1
— cos(20,)z22 + 22 |, cos(20,)z% + 22 )
2v/2 ; e 22 ; e

for 01, -+ 0,1 € (0,71’/4],

n
Iont1(2) = (cos 0121,V —1sinf121, - ,c080n2n, vV —18in0p2n, 1 — \j 1-— Zcos(%j)zf.)
j=1

for 61,---,0, € (0,7/4] but not all ; = 7/4; and Rapt2, Ion4o : B — D£X+2 are
given by

Ropi2(2) = (cos 0121,V —1sinbyz1,--- ,co80,2,,V—1sinb, z,,
).

Ionio(2) = (cos 0121,V —1sinb1z1,- - ,co860,2,,V—1sinb,z,,

1 n
— cos(20.)22

cos
M 1— |1—-cos(20) Zcos%‘ ,

v/—1sin6
| 1- (260) (26;)
cos(20) — cos( Z cos(

for 6; € (0,7/4] but not all ; = n/4 for 1 <j <n and 6 € (0,7/4).

THEOREM 3.2. For each 2 <k <n+2, Ryyi, ntr : B" — Dl+k are minimum
holomorphic isometries.

Proof. We will only prove the case k& = 2 and other cases follow by similar
argument. Apply the Borel embedding to embed B™ as an open subset of P" and
DIV as an open subset of Q™ C P+ and write [z, 5] = [21,- - , 2n, 5] to denote the
homogeneous coordinates in P™. Here recall the Borel embedding of B" into P" is
given by

(Zla"' 7Zn)_> [217"' 727171]'

The Borel embedding of DIV into Q™ C P™*! is as described in Section 2.
We first prove the theorem for R, 2. Under the homogeneous coordinates, R, 2
can be identified with

Rn+2(za S) = [91(2, S)v T ,gn+4(2, S)]
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from P" to P™*3, where

91(z,8) = cosO1(s — zp,)21;
ga(2,8) = V/—1sin (s — 2,)21;
gij(z,8) = (s — zn)zj—1 for 3 <j <mn;
cos(2601)z% + ZJ 2 %5 — 220 + 22,8
gn-‘rl(zv 8) = 2\/— ;
cos(2601)z% + ZJ 2 %5+ 222 — 22,8
gn+2(zu s) = 2\/_—2 ;

1 n
nis(z,8) = —= | cos(261)2% + 224252 —2z,8 | ;
smvale9) = 5 75 | cost +3

1
gn+a(z,8) = TTQ —cos(2601)z Z 22 4252 — 22,8

Cram. Theset {g1, -, gnra} is linearly independent over R on any open subset
of C"*1. Consequently, for any B € U(n, 1), theset {g1," - , gnta} with §; = g;((2, s)-
B) is linearly independent over R.

Proof of Claim. We will just prove the first part of the claim and the second part
follows easily. Let {a1, - ,anta} be a set of real numbers such that Z?;Lf a;g; =0
By comparing coefficients of z,z; for 1 < j <n—1, weknow a; =0for 1 < j <n. By
comparing coefficients of 22, we know a,,+1 = a,12 = 0. By comparing coefficients of

52, we know Gn+3 = apyq = 0. This proves the claim.

Now suppose that R,, 2 is not minimum. Namely, there exists F' : B® — D!V with
m < n+ 2 such that R,,12 is equivalent to (F,0). More precisely, under homogeneous
coordinates, there exist B € U(n, 1) and T' € Aut(D.Y,) such that

Rn+2((zvs) B) T = [F(Z,S),O, T aO]a (4)

where F is the map obtained from F' under homogeneous coordinates. By comparing
the (n+2)-th element in (4), we deduce a contradiction to the claim. This shows that
R, 12 must be minimum.

The conclusion for I,,12 in the theorem follows from the similar argument. Under
the homogeneous coordinates, I, 1o can be identified with

In+2(za8) = [hl(za‘s)a t ,hn+4(z,s)]



HOLOMORPHIC MAPS FROM THE BALL TO CLASSICAL DOMAINS 737

from P" to P™*3, where

hi(z,s) = cosbz;

ha(z,8) = v/ —1sin 6 21;

hj(z,s) = zj—1 for 3 <j<n+1;

hnio(z,8) =s— |82 —cos(201)2} — Z 23

1
hits(z,8) = — [ 25 — | s2 — cos(201)27 — Zz

' E
V2 Jj=2

1 n
hipta(z,8) = —, | s2 — cos(201)2% — ZZJQ
V=2 =2
CrAM. Theset {hq, -, hyta}is linearly independent over R on any open subset

of C"*1. Consequently, for any B € U(n,1), the set {le,--- ,ﬁn+4} with ij =
hj((z,s) - B) is linearly independent over R.

The proof the claim is very similar to the previous one. Let {ai, -+ ,a,4+4} be a
set of real numbers such that 27214 ajh; = 0. Then one can show a; = 0 for all j by
comparing coefficients.

The rest proof of the theorem is also similar. Suppose that I,,;2 is not minimum.
Namely, there exists ' : B® — DIV with m < n + 2 such that I,, o is equivalent to
(F,0). More precisely, under homogeneous coordinates, there exist B € U(n, 1) and
T € Aut(D!Y,) such that

In+2((273)'B)'T: (F(Z,S),O,---), (5)

where F is the map obtained from F under homogeneous coordinates. By comparing
the (n+2)-th element in (5), we deduce a contradiction to the claim. This shows that
I,,+2 must be minimum. 0

3.2. Minimum holomorphic proper maps to Type IV domains. We in-
vestigate minimim holomorphic proper maps from B™ to DIV in this subsection.
By Lemma 2.2 in [XY], there is no proper holomorphic maps from B" to DIV if
n > 2,m < n,. The following theorem reveals a different phenomenon of proper
holomorphic maps from isometries.

THEOREM 3.3. For any m > n -+ 1> 2, there is a minimum proper holomorphic
map from B" to DIV

To establish Theorem 3.3, we first prove the following result.

THEOREM 3.4. Let N >n > 1. Let F = (f1,--, fn) be a minimum monomial
proper map from B™ to BN, where each f; = c;2% for some multiindex «; and real
number c;. Define holomorpic maps from B™ to CN*t* 1 < k < N +1 associated to F
as follows.

Mé'v—i_l:: fla"'qu71_
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and for each 2 <k < N + 1, fizing 0 € (0, §), define

MJJ;V‘HC = <cos€f1,\/—1sin6‘f1,--- ,co80 fr_1,vV—1sin0 fr_1

k—1 N
Frrooe s 1= 1—cos(29)ZfJ2 —fo).
Jj=1 j=k

Then each Mﬁ”k, 1 <k < N+1, is a minimum proper holomorphic map from B™ to
DIY.,.

Proof. We will prove only the statement for £k = 1. The other cases can be proved
by a similar argument. Write m = N + 1, H = prvﬂ. Denote the highest degree of
fi, 1 <i< N by d.

By direct computation one can verify that H is a proper holomorphic map from
B" to DLV. We now prove that H is minimum. For that we again apply the Borel
embedding to embed B" as an open subset of P" and D!V as an open subset Q™ C
P+l Write [z, 8] = [21, ..., Zn, 8] to denote the homogeneous coordinates in P™. Under
the homogeneous coordinates, H is identified with

H(z,8) = [h1(2,8), .., hmt2(2, 5)]

from P" to P!, where

hi(z,s) = st fi (E), e hN(z,s):sdi(z),
him(z,8) = s% —

himy2(z,8) =

CrAamM 3.5. The set {hy, ..., hmya} is linearly independent over R. Consequently,
for any B € U(n, 1), the set {h1, -+, hmyo} with hj(z,s) = h;((z,s) - B) is linearly
independent over R.

We first note that s2¢ — Zil h? is not a perfect square of a polynomial. This
amounts to the following easy lemma whose proof will be left to readers.

LEMMA 3.6. Let f;,1 < i < N, be mutually distinct monomials with real coeffi-

cients. Then 1 — sz\il f? is not a perfect square of a polynomial.

It follows from Lemma 3.6 that {hy, ..., by, s¢, 1/ 524 — Zﬁl h?} is linearly inde-
pendent over R. This further implies {h1, ..., Ay} is also linearly independent over
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R. The latter part of Claim 3.5 is then an easy consequence. The rest of proof is just
a copy of that of Theorem 3.2. O

We recall the results about the gap conjecture on proper maps between balls.
The following intervals appear in the gap conjecture for proper holomorphic maps
between balls [HJY1]. For n > 2, let K(n) := max{m € Z* : m(m +1)/2 < n} and
let I, :=={m e€Z" :kn <m < (k+1)n—k(k+1)/2} for 1 <k < K(n). The following
theorem is proved by Huang-Ji-Yin (See also D’Angelo-Lebl [DL1]).

THEOREM 3.7 ([HIY1]). For any N > n > 2 with N ¢ U?Z(?)Ik, there is a
minimum proper monomial map from B™ to BN.

Proof of Theorem 3.3. When n = 1, clearly there are minimum monomial proper
maps from A to BY for any N > 1. When n > 2, by Theorem 3.7 there is always a
minimum monomial proper map from B” to B*" for any k > 1. Then Theorem 3.3 is
a consequence of Theorem 3.4. O

4. Inequivalent families of holomorphic isometries. Let I, be the maps
defined in Section 3. In this section, we will make use of I, to give inequivalent
families of holomorphic isometries from B" to D! K w2 < k <n+2. To emphasize the
dependence on 6, we will write I, 1 ¢ instead of I, 4. More precisely, for 6 € (0, 7/4],

define

n
Ini29(2) = [ cosOz1,V/—1sinbz1, 22, -+ , 2,1 — |1 —cos(20)z ZZJQ
j=

Fixing 8 € (0,7/4), for 6 € [3,7/4] define

Iniso(z) = (cos 0z1,v—1sinfzy,cos fzo,V—1sin Bzo, 23, - , Zn,

1— |1—cos(20)z7 — cos28323 — Zzi)

Jj=2

Similarly, we define I, 1 ¢ : B" — D{lzk forall3<k<n+1:

Iniio = (cos 0z1,v—1sinfzy,cos fzo,v/—1sin Bza, -+ ,cos Bzi_1,V —1sin Bz,_1,

k—1 n
Zky s 2nys 1 — | 1 — c0s(20)22 — cos 2[3 27 — Zz?)
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for 0 < 8 <0 < /4. Here when k = n+1, the components “z, -+ , z,” is understood
to be void. Fixing o € (0,7/4) and g € (0,7/4), we define

Iopy20 = (cos 0z1,v—1sin 0z, cos fzg, vV —1sin Bzo, - -+, cos Bz, vV —1sin Bz,,

COSs «x

ERCGECT IEI _ 52
cos(20) 1 1 — cos(2a) cos(29)zl+cos(26)]§ : ,

v—1sin«

cos(20) 1 — cos(2a) | cos(26)z? + cos(23) ;z )

for B <0 <m7/4. Forn > 2,2 < k < n+ 2, we will show that I+ ¢ gives a real
parameter family of inequivalent minimum holomorphic isometries from B™ to D{X k-
More precisely,

THEOREM 4.1. Let n > 2. Then the following statements holds.
o {Ini2,0}0<o<n/a is a family of mutually inequivalent minimum holomorphic
1sometries.
o For each 2 < k <n+2 and fivred 8 € (0,7/4), {Inik0}s<6<r/a s a family
of mutually inequivalent minimum holomorphic isometries.
More precisely, for each 2 <k <n+2, I,1ke, s equivalent to Iy, if and only if
0, = 05.

Proof. We will merely prove the case k = 2 and the remaining cases follow by
similar argument. Let 0 < 63 < 61 < w/4. Then we show that I,,+2 ¢, and I,42 4, are
not equivalent.

Apply the Borel embedding to embed B™ as an open subset of P* and DIV o as
an open subset of Q"2 C P"*3 as before and write [2,s] = [21," -+ , 2, 5] to denote
the homogeneous coordinates in P”. Under the homogeneous coordinates, I,,42 ¢ can
be identified with

In+2,0(za S) = [¢1,9(za S)a Tty ¢n+4,9(zv S)]

from P" to P"*3, where

where Hy(z,s) = s* — cos(20)2? —>_""_, 22. Note that for any 6 € [0,7/4) and n > 2,
Hy is irreducible, and in particular Hy is not a perfect square of a polynomial in (z, s).
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By the previous argument, 2, is equivalent to I y2 ¢, if and only if there

exist U € U(n, 1) and [g g] € Aut(D.Y,) such that

(D1,005 s Put2,0,) ((2,8)U)
(¢1,92a e 7¢n+2792)A + (¢n+3,92a ¢n+4,92)0

= (z,5).

((¢1,925 e 7¢n+2,92)B + (¢n+3,92a ¢n+4,92)D> (1/\/57 V _1/2>t

By rationalizing the denominator on the right side and comparing the (n+2)-th entry
in the equation (6), one has

vV Hp, ((z,8)U) = Ry(z,8)\/Hp,(2,8) + Ra(z, 9) (7)

for rational functions Ry(z,s), Rz(z,s). Since Hy, is irreducible, then Ry # 0. If
Hy, ((z,5)U) and Hy,(z,s) are coprime, namely the greatest common divisor is 1,
then Ry # 0. By squaring both sides in the equation (7), we see that /Hy,(z, s) is
again a rational function, which is impossible. Therefore in order to show that 1,20,
is inequivalent to I,,12 4,, it suffices to prove the following claim.

(6)

CramM. For any U € U(n, 1), Hy, ((z,s)U) and Hg,(z, s) are coprime.

Proof of Claim. Suppose not. Since they are both irreducible, then there exists
U € U(n, 1) such that

H91((ZaS)U) - CH92(ZV9) (8)

for some nonzero complex number c¢. Write Hy = —(z,s)Aq(z,s)" with Ay =
diag(cos(26),1,---,1,—1). Then (8) yields that

U'Agl -Ut :C~A92.
This is impossible by Proposition 4.2. This finishes the proof of the claim. O

PROPOSITION 4.2. Let A, A1, -+, Apy1 be real numbers such that |\ < |[A] <
- < |Apg1] for n > 1. Then there does not exist an (n 4+ 1) x (n 4+ 1) matriz
U e U(n,1), such that

U- dlag(Av )\27 e 5A’n«+1) ' Ut =C- diag()\la AQ} e aA’anl) (9)
for some complex number c.

Proof. Write

ai by C1
U= a2 ba C2
Ant1 bnt1  Cnta
and note that {a1, a2, ,a,41} cannot be all zero.
CramM. Ounly one element in {a1, - ,a,+1} is not zero.

Proof of Claim. We will merely present the proof for n = 3 and the general
case is similar. Suppose that the claim is not true. Then any vector (a;,a;,ax) for
1 <i < j <k <4is anonzero vector. We now claim

ar ¢ dp b1 ¢ di
gy - det ag C2 d2 = —b4 - det b2 Co d2 5 (10)
as c3 ds b3 c3 ds
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a1 bl dl_ _bl C1 dl

Qy - det as b2 dz = C4 - det b2 Co dz (11)
a3 bz ds] b3 c3 d3]
—&1 by 01— _bl C1 d1_

ay - det a9 b2 Co| = d4 - det b2 Co dz (12)
a3 b3 c3] b3 c3 d3]

ay c1 dy

We only prove (10) and two others are similar. Note if both det [as ¢z da| and

det b2

det a9
as

C1
C2
C3
C1
C2
C3

az Cs d3
di
dy | are zero, then (10) holds trivially. Without loss of generality, assume

dy by c1 di
do| # 0. The case when det [ba c¢o2 da| # 0 can be proved similarly.
dg b3 C3 d3

It follows from U € U(n, 1) that

This implies that

ap a asg
_ b1 by bs|
(@4, ba,cq,—dy) A (0,0,0).
di do d3
ai by @ dy ay 0
az by ¢ da| | bsa| _ |0
C_Lg bg 53 dg Cq B 0

0 1 0 O —dy ba

Ql
¥
=
N
QI
N
U
)
8
N
O OO

e}
—
e}
s}
&
N
S
iy

By the Cramer’s rule, we know

This implies (10).
We further claim:

by a d a ¢ dp
ay = —b4 - det l_)Q 52 5_2 /det C_LQ 52 5_2
by ¢3 ds az c3 d3
A ar ¢ dp by 1 dp
— Q4 - det ag Co dz = —b4 - det b2 C2 dQ s (13)

A2 a3 c3 ds b3 c3 d3
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A ar by dp by ¢ di
)\—a4-det a2 bg d2 204-det bg Co d2 (14)
3 az by ds bz c3 ds
A ai b1 C1 bl C1 dl
)\—a4-det as by cogl = —dy-det [by o do (15)
4 az by c3 bs c3 ds
ay C1 d1
We only prove (13) and two others are similar. Note again if both det [as c¢o do
az C3 d3
bl (&1 d1
and det |ba c¢o do| are zero, then (11) holds trivially. Without loss of general-
bg C3 d3
a; ¢ d by a1 di
ity, assume det [as c2 do| # 0. The case det |bs co d2| # 0 can be proved
ag ¢z d3 bs c3 ds
similarly. It follows from (9) that
ay a2 as
by by b3
(Aaa, Aaba, Azca, Aady) = (0,0,0).
C1 Co C3
di do ds
This implies:
ar b1 ¢ dy Aay 0
ag by ¢ dp| [Abs| | O
as b3 C3 d3 )\304 o 0
0 1 0 0] |Mdy Aaby
Hence, (13) follows from the Cramer’s rule.
ay C1 d1
Equations (10) and (13) imply that as4 - det|as c¢2 da| and A—);a4 .
az c3 d3
ay C1 d1
det |az ¢z d2| have the same norm. However, |\/A2| < 1. If follows that
az c3 d3
ap C1 d1
ag -det {as co do| =0. (16)
a3 c3 d3
Similarly, (11), (14) imply
a1 bl dl
a4~det ag b2 dQ =0 (17)
as b3 d3
and (12), (15) imply that
a1 b1 C1
a4-det ag b2 C2 =0. (18)
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al b1 C1 dl
Note that [as ba c2 do| has rank 3 and (ai,as,a3)’ is not zero. Then
as b3 C3 d3

a; C dl aq bl dl aq bl C1
det {as c¢o do|, det |as by do| and det |as by co| cannot be all zero. This
az c3 d3 az bz d3 az by c3

together with (16)-(18) implies that ay = 0. Similar argument will yield aq
asz = 0. This is a contradiction and the claim is thus proved.

as =

We now assume that aj, # 0 for some 1 < jo < n+ 1 and all other a; = 0. It
follows from U € U(n,1) that |a;,| = 1. Write aj, = eV~ for 6 € [0,27). Note
U € U(n,1) implies T e U(n,1). Write u; as the i*® column of U. U e U(n,1)
implies

, - diag(1,---,1,—1)-u; =0, if j # 1. (19)

We conclude from (19) the jo-th row of U is (eV~1?,0,--- ,0). Interchange the
first and jo-th row of U and still denote the new matrix by U. Hence one has

V—16
_|€ 01><n
v=[o. v 2
and
U- diag(/\, Agy oo a/\nJrl) Ul =c- diag(/\jm /\jlv T 7)\jn)’ (21)

where {j1,- -, jn} is a permutation of {1,--- ,n+1}\ {jo}. It follows from (20), (21)
that

VTN = e\, (22)
and
V - diag(A2, -+, Ant1) - VE=c-diag( Ny, Aj,)- (23)

Recall that [A| < [A1] < -+ < [Aps1]- (22) implies that |¢] < 1. Note det(V) =1 as
det(U) = 1. Therefore (23) implies

n+1 n

el =TT I/ TT il = 1.
j=2 k=1

This is a contradiction and thus the proposition is proved. O

REMARK 4.3. By a similar argument as in the the proof of Theorem 4.1, one can
show that for any 2 <k <n+2,(I1ke,0), where 0 varies in the given interval, is a
family of mutually inequivalent holomorphic isometries from B"™ to DIV m > n + k.

5. Degree estimates. In this section, we prove various degree estimate results
for holomorphic isometric maps from B" to DIV. We first introduce the following
definition.

DEFINITION 5.1. Let F be a rational map from C" into C™. We write

(Plv"'apm)

F =
R
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where Pj, 5 =1,---,m, and R are holomorphic polynomials and F' is reduced to the
lowest order term. The degree of F, denoted by deg(F), is defined to be

deg(F) := max{deg(Py),--- ,deg(Ppn),deg(R)}.

THEOREM 5.2. Assumem >n+1> 3. Let F : B" — D,InV be a rational holo-
morphic isometric embedding satisfying F(0) = 0. Then deg(F) < 2. More precisely,
F s either a linear map or deg(F) = 2.

Proof. Write F' = (f1,---, fm) and h = %ﬂ? It follows from the isometry
assumption that

n

Z 1fi@)1P =D 1zl + [h). (24)

j=1

By a lemma of D’Angelo [D2], there exists a unitary matrix U = (u;;) € M (m,m;C)
such that

fo(z),zl,,zn,o,,o U:(f1(2)77fm(z)) (25)
j=1

DN | =

Equation (25) reads

fi(z) = w;h(z) + Z Uit1,5%i (26)
i=1

for all 1 < j < m. Take the sum of square of the above equations for all j, we conclude
that

m m n m n 2
2h = Z u%j h2 + 2hz (ulj Z ui+1,jzi> + Z (Z ui+1,jzi>
j=1 j=1 i=1

j=1 \i=1
= ZU%J h2+2hz (ulquiHyjzi) +Z Zu?Jrl,j 212 (27)
j=1 j=1 i=1 i=1 \j=1
F2) Y wiga iy | zie
i#i’ \j=1
This is a quadratic equation
ah®(z) + (p(2) = 2)h(2) +q(z) = 0 (28)

where a = Z;L;Lll u}; and p(z) and ¢(z) are, if not identically zero, homogeneous
polynomials in z of degree 1 and 2 respectively. Note that h is rational. We now
prove that h must be a rational function of degree 2 in z or identically 0.

When a # 0, we split into two cases: ¢(z) =0 and ¢(z) Z 0. If ¢(z) # 0, then by
the quadratic formula,

h(z) = 2P \/(p2(2) —27 - 2()
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This is a contradiction as (p(z)—2)?—4q(z) cannot be a perfect sqaure of a polynomial.
If ¢(z) = 0, then we conclude by (28) that h(z) = 0 as h(0) = 0. When a = 0, then

h = Qﬁ(pz()z). It must be either identically zero or a rational function of degree 2 in z.

Here note p(z) — 2 and ¢(z) must be coprime if ¢(z) # 0.
If h =0, then f; are linear polynomials for all j by (26). Now assume h # 0. This

corresponds to a = 0 and h(z) = 2355(1) for ¢ # 0. We will show that deg(F') = 2. If

p =0, it is trivially true by (26). If p # 0, again by (26),

—u1;5q(2) +p(2) Q0 wiv12i) — 2 (D01 Uiv1,5%)

fi(z) = p(z) -2 ’
denoted by p]z[;)(i)2 for 1 < j < m. We claim that there exists at least one jo such that

deg(Nj,(z)) = 2. This claim will imply deg(f;,(z)) = 2 as g cannot be divided by
p — 2. We now give a proof of the claim. Suppose deg(N,(z)) =1foralll <j <m.
This is equivalent to

u1;9(2) = p(2) <Z ui+1,jzi> , forall 1 <j<m. (29)
i=1

U2y, -« U2m
Assume n > 2. Then the matrix cee e e is of rank equal to n > 2.
Un+1)1y " 5 U(n4+1)m
U2j, U2j,
Therefore, there exists 1 < j; < jo < m such that and are
U(n+1)41 U(n+1)52

linearly independent and thus

n n n n
ZUHLJ—I,% §_'£ 0, Zui+17j22i §_'£ 0, <Z ui+17jlzi, ZuHLhzi) = 1
i=1 i=1 i=1 i=1
It follows from (29) that w1, # 0,u1j, # 0 and moreover,

o) = PO Eim g z) _ p(2) (i viv13, %),

U1, U,

U245, U2,
This contradicts to the linear independence of e and e
U(n+1)j1 U(n+1)j2
Therefore we proved that either deg(F) = 2 or F is a homogeneous linear poly-
nomial map when n > 2. 00

We have a more precise result for m < 2n.

THEOREM 5.3. Assume 3 <n-+1<m < 2n. Let F : B" — D,Inv be a rational
holomorphic isometric embedding satisfying F(0) = 0. Then deg(F) = 2.

Proof. By Theorem 5.2, we have deg(F) = 1 or 2. Hence we just need to show
deg(F') cannot be 1. We will prove by seeking a contradiction. Suppose deg(F') = 1. By
the argument in Theorem 5.2, each f;,1 <14 <'m, is a homogeneous linear polynomial
in z. Then Y77, f7(2) will be a homogeneous quadratic polynomial in 2. By collecting
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terms of degree 4 on both sides of (24), we have > 7", f7(2) = 0. Equation (25) is
then reduced to,

(Zlv"' s 2n, 0, 7O)V: (fl(z)v ;fm(z)) (30)

Vi

Here V = is an m X m unitary matrix, v is an m—dimensional row vector,
Vm

1 <i < m. We rewrite (30) as

Vi

Grynzn) [ o | = (Fryes fon)- (31)

Vi
The fact that >3, f7(2) = 0, implies

v;-v; =0, forall 1 <i,j<n. (32)
As V is an unitary matrix, we have,

vi-v; =0, forall1 <i#j<n; (33)

It follows from equations (32), (33) and (34) that

1
Rev; - Imv; = 0, Rev; - Rev; = Imv; - Imv; = 5,1 <i<n. (35)

Rev; -Imv; =0forall 1 <i,j <n. (36)

We thus get a collection of 2n mutually orthogonal nonzero real vectors
{Rev;, Imv; }? ; in C"™. This contradicts the assumption that m < 2n, thus establishes
Theorem 5.3. O

REMARK 5.4. We remark that the assumption m < 2n s optimal in Theorem
5.8. Indeed, when m = 2n, we have a linear map F : B" — DLV .

F(z)= (?21, gzl, e gzn, ?zn)

Furthermore, we have the following rigidity result for holomorphic rational iso-
metric map of degree one.

PROPOSITION 5.5. Assume m > 2n and n > 2. Let F : B" — D#V be a rational
holomorphic isometric embedding satisfying F(0) = 0. Assume that deg(F) = 1. Then
F is a totally geodesic embedding that is isotropically equivalent to

(ﬂ Y 2 V—_on...()).

2 21, 2 Zlyeny 2 Zn, 92

(37)
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Proof. Recall from the proof of Theorem 5.2 and 5.3, we have if deg(F') = 1, then
F' is a homogeneous linear map. More precisely, there is an m X m unitary matrix
Vi
V= such that equations (30)-(36) hold.
Vin
We write a; = Rev;, b; = Imv;, 1 < i < n, and write the 2n x m matrix,

a
by
C=+2
an
b,
As a consequence of (35), (36), we have
CC'=1,.

We extend {\/iaj , ﬁbj }?:1 to an orthonormal basis
{V2a;,v2b1, ...,v/2a,,v2b,, Coni1, ..., cm} of R™. We then set C to be the

m X m matrix,

\@al
V2by

V2a, |,
V2b,

Con+1

ét

Cm

then

CC! =1L,. (38)
That is C € O(m,C). We now define

F=FC'.
Then F is orthogonal equivalent to F. Moreover,

~ Vi _ a; ++v—1b; ~
F=(z1,.,20) | - |Cl=1(21,...,2 C'. (39)

Vi a, ++v—1b,,
It then follows from (38) that

- <\/§ e RV T S 0)

5 An 9

=3
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6. Holomorphic maps to classical domains. In this section we construct
proper holomorphic maps from B™ to an irreducible classical domains Q. If n < ng,
our construction provides explicit examples of non-isometric proper maps. If n = ng,
our examples become non-totally geodesic isometric maps. The existence of these
non-totally geodesic holomorphic isometries was first discovered by Mok [M6]. Note
that proper holomorphic maps from the unit ball to bounded symmetric domains
(or more general g-convex complex manifolds) are known to exist before (cf. [DF]
and references therein). Also note that since a bounded symmetric domain Q C C™
is convex, Dor constructed proper holomorphic maps from B™~! to Q in [Do2] for
m > 2. The non-isometric proper holomorphic maps constructed in this section are
by no means from the complex ball with the maximal dimension.

6.1. Type I domains. Let ¢ > p. We recall that the type I domain is defined
by
—t
D}, ={Z e M(p,¢;C)|I, - ZZ >0}
and the Bergman kernel is given by

)

_ _+\ —(p+9)
K(2,2) = 1 (det(l, - 22")) e

for some constant ¢; depending on p, q. The boundary of DZI)_’ ¢ Is contained in
{Z € M(p,q;©)|det(l, — Z2Z') = 0}.
We will need the following lemma in algebra(cf. [H2]). We will denote by
11 . 1k
(.jl )
and j, ..., j columns.

the determinant of the submatrix of Z formed by its it", ...,it" rows

LEMMA 6.1. Let I, be the p X p identity matriz (p > 1), Z be a matriz as above.
- p 2
det(I, — 2Z) =1+ (-1)* > . (40)

k=1 1<y <ip<...<ip <p,1<71 <j2 <...<jp <q
Write z as the coordinates in C™. Let G(z) be a proper holomorphic map from B”
to BPTal g > p>2p+q—1>n, with G(0) = 0. Write G = (g1, ..., g, h2, ..., hyp).
We define a map H¢ from B™ to M(p, ¢; C) associated to G as follows.

i ... ik
Z(. .
(,]1 .]k)

g1 g2 . Yq
HG(Z) _ h2 f22 f2q , (41)
hp  fo2 o fpg
where
hig;
fy= -9 a<i<p2<j<q
g1—1
We first note that
J2j ha

=9 2<i<g

= 1
fpj o hp
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h;

2 fig) = —— (g2, 194),2 <P < p.
(o) = )25

Consequently, the only submatrices of Hg possibly with nonzero determinant other
than single entries are

oy ) ) =fursksprsise

1
1
by the 1%, k*® rows and 1%, I*" columns.

Then by Lemma 6.1, we have

As before, we denote by Hg < I; ) the determinant of the submatrix of Hg formed

p q
—t
det(l, — HeHa ) = 1= |hl*=>_ lg;I* (42)
i—2 =1

We claim that Hg maps B" to D! . Indeed, note Hg(0) = 0, and det(I,—HgHg )
in B” by equation (42). Thus the clalm follows easily from the path-connectedness of
B™. Then the following proposition is a consequence of equation (42).

PROPOSITION 6.2. Let ¢ > p > 2,p+q > n+ 1. Hg defined above is a proper
holomorphic map from B™ to Dz{,q'

When p + ¢ — 1 > n + 1, there is a proper holomorphic map from B" to BP+e—1
that does not have a C2-smooth extension up to any open piece of 9B" (cf. [Dol]).
In particular, it is not isometries with respect to Bergman metrics . Let G be such a
map. Then we have,

THEOREM 6.3. Let p+ q > n+ 2. Then there exists a proper holomorphic map
from B™ to DI b,q that does not extend C?-smoothly up to any open piece of boundary
OB™. In particular, it is not isometric.

We next consider the case when n = npr = p+q- 1. Write z =
(21 vey Zq5 W2, ..., wp) as the coordinates in CPTI~ Lot G( ) = z be the identity
map from BP9—1 to BPta—1,

Let R{)’q = H¢. Namely,

zZ1 Z9 Zq
Rl = | T P (13)
wp fp2 qu

where f;; = wlzj ,2<1i<p,2<j<gq. It is then straightforward to verify that Rzlnq

zZ1
is a holomorphlc isometry from BPt9—! to Déyq. Indeed, by equation (42), we have,

q p
det(f, - RL RL Y =13 [z* =3 uyl>
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6.2. Type II domains. The type II domain is defined by
DIl ={Ze D}, .|Z=-2"}
and the Bergman kernel is given by
K (2,2) = err (det(L — 27’5))7(”“) ,
for some positive constant c¢;; depending on m. Its boundary is contained in
{Z € M(m,m;C)|det(L,, — ZZ') = 0}.

We will need the following results from algebra.

LEMMA 6.4. Let A = (a;;) be a 2n x 2n,n > 1, skew-symmetric matriz. Then
det(A) = (pf(A))*.

Here pf(A) is a homogenous polynomial in the matrix entries. This polynomial
is called the Pfaffian of the matrix A that can be explicitly written as follows. Let
IT be the set of all partitions of {1,2,...,2n} into pairs without regard to order. An
element o € II can be written as

o = {(ilajl)a (7;27.].2)5 B (7’717.]71)}

with i < ji and i1 < 2 < ... < i,. Let
[ 1 2 3 4 ... 2n }
T=1| . . . . .
11 ]1 192 jQ ]n

be the corresponding permutation. Given a partition « as above, define

A = sgn(T)aiy jy Qg jo ** * Qi i -
The Pfaffian of A is then given by,

pf(A) =) Aa.
a€cll

Note that the determinant of an n x n skew-symmetric matrix for n odd is always
zero. The Pfaffian of an n x n skew-symmetric matrix for n odd is defined to be zero.

Moreover, we have the following result from algebra. For more details and its
proof, see [H2], [PS].

LEMMA 6.5. Let I, be the n x n identity matriz, Z be an n x n skew-symmetric
matriz. Then
2

det(l,~2Z')=[1+ 3 (-1 3

1<k<n,2|k 1<ir<...<ip<n

Here “2|k” means that k is divisible by 2.

Write z as the coordinates in C". Let G(z) be a proper holomorphic map from
B" to B2 3, where m is an integer with 2m —3 > n,m > 3. Assume G(0) = 0. Write
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G = (92, -, gms N3y .o, hin ). We define a holomorphic map Hg from B™ to M (m,m;C)

associated to G by

0 g2 93 g4 .- Im
—92 0 hs hyg .. R,
— —h 0 m

e I (45
—9m—1 0 f(m,l)m
—9m  —hm . 0

where

fijziglj 9 £,3<4,j <m.
g2 —1

PROPOSITION 6.6. Let m > 3,2m — 3 > n. Hg in (45) is a proper holomorphic
map from B" to DI

Proof. We first compute the determinants of the principal submatrices of Hg. It
follows from the straightforward calculation that

HG(i z>=(9i)272§i§m;
Hc(g j)z(hj)2,3§j§m;

Hc<§ j)—(fij)2,3§i<j§m-

Moreover,
1 2 k1 ) ,
Hg 1 2 k1 = (92fri — grhi + gthi)” = (fru)?, 3<k<l<m; (46)
Lg ki 2 .
Ho( 1 5 ¢ 1 )= Wil —gefutafn) =0, 3<j<k<l<m; (47)
2 5 k1 ) .
Hol o 5 ) = Ul —hfi+hufi)? =0, 3<j<k<i<m (43)

7 kol .
HG<§ ik l>—(fijfkl—fikfjwfjkfu)z—o, 3<i<j<k<l<m. (49)

For higher order submatrices, we have the lemma below.
LEMMA 6.7. FEvery principal submatrix of Hg with order > 5 has zero determi-

nant.
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Proof. First we note that any m x m anti-symmetric matrix for odd m has zero
determinant. For m even, we recall the fact that the Pfaffian of an anti-symmetric
m X m matrix A can be computed recursively as

m
= (1Y aypf(4yy).
Jj=2
Here Aj; denotes the matrix obtained from A with both its 1-st and j-th rows and

columns removed. This together with (48)-(49) yields that all principal submatrices
of Hg with even order > 6 has zero determinant. 0

Then it follows from Lemma 6.5 that
2

det(I, — HoHe') 1—Z|gz|2 Z|h 2 . (50)

Therefore we conclude as in type I case that Hg is a proper holomorphic map
from B" to D1I. O

When 2m —3 > n +1, i.e.,, m > 2 + 5, there is a proper holomorphic map from
B” to B?™~3 that does not have a C?-smooth extension to any open piece of OB"
(See [Dol]). In particular, it is not isometric. Let G be such a map. Then H¢ is not
isometric, either. We thus have proved,

THEOREM 6.8. Let m,n be integers such that n > 2,m > 2 + % Then there is
a proper holomorphic map from B™ to DL that does not extend C?-smoothly to any
open piece of OB™. In particular, it is not isometric.

Now we consider the case n = nprr = 2m — 3 where m is an integer. Write
2 = (22, ey Zm, W3, ..., Wy,) as the coordinates of C*™~3 n > 5. Let G(z) = z be th
identity map from B2 =3 to itself. In this case, H¢ is reduced to RL! : B*™=3 — DII
given by

0 29 23 24 Zm
—29 0 w3 W4 Wm
R — —23 —w3z 0 f3 f3m (51)
m b)
—Zm—1 0 f(m—l)m
—Zm — Wiy e e 0
r13 U)] 7ZJ

where f;; = %3 <i,j < m. By equation (50), we have

zZ2— 1
det(I,, — RIRIT') Z|zz = fw;?)?
Jj=3

We thus conclude that R!! is a holomorphic isometry from B*™~3 to DII.
6.3. Type IIT domains. The type III dmain is defined by
DI ={Z e D}, ,|Z=27"
and the Bergman kernel is given by

_ _ —(m+1)
K(Z,2) = cirr (det([m - ZZt))
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for some constant c;;; depending on m. Its boundary is contained in
{Z € M(m,m;C)|det(I,, — ZZ') = 0}.
We write z = (21, ..., z,) as the coordinates in C™. Let G(z) be a proper holomor-

phic map from B™ to B™, m > max{n, 2}, with G(0) = 0. Write G = (g1, ..., gm ). We
define a holomorphic map H¢ from B™ to M (m,m;C) associated to G :

92 9m.
Ho(z) = | v2 12 = P | (52)

where

9i9; .
ii=fji=—,2<147<m.
fu=1s 2(g1 — 1) ’

Then we can prove the following proposition similarly.

PROPOSITION 6.9. Let m > max{n,2}, Hg be as above. Then Hg is a proper
holomorphic proper map from B"™ to DI,

Proof. We first compute determinants of all 2 x 2 submatrices of Hg.

HG( ; g ):0, 2<i<j<m,2<k<l<m.
This implies that the determinants of all 3 x 3 submatrices of Hg are zero. We then
obtain by Lemma 6.1 that

7t m
det(I, — HogHg ) =1-Y _|gil*. (53)

i=1

Also note Hi(0) = 0. We conclude as before that H¢ is a proper holomorphic map
from B" to DII1. 0O

Again since when m > n + 1, there is a proper holomorphic map G that does not
have a C2-smooth extension up to any open piece of 9B™ (See [Dol]). In particular,
it is not isometric. Then H¢ is not an isometry, either. Thus we have

THEOREM 6.10. Let m > n+ 1. Then there is a proper holomorphic map from
B" to DI that does not extend C%-smoothly to any open piece of OB™. In particular,
1t is mot isometric.
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Next when n = nprir = m, we write G(z) = z be the identity map from B to
B™. Let R = Hg. Namely,

zZ1 £ Zm
V2 V2
Z2
R7IIII _ V2 f22 f2m : (54)

where f;; = fji = % 2 <i,j < m. It is easy to verify that RLI! is a holomorphic
isometry from B™ to DI by (53).

6.4. Type IV domains. The Type IV case was studied in [XY]. Nevertheless
we record them here for completeness. The type IV domain is defined by

DIV = {Z= (2, ,2m) €CMZZ <2and 1— ZZ" + i|ZZt|2 > 0}
and the Bergman kernel is given by
K(Z,Z) = crv <1 - 77+ i|ZZt|2> "
for some positive constant ¢y depending on m. Its boundary is given by
{Z=(z1,"",2m) € (Cm|Z7t <2and1-27 + £|ZZt|2 =0}.

Write z as the coordinates in C". Let G be a proper holomorphic map from B” to

B™, m > n, with G(0) = 0. Write G = (g1, ..., gm)- We define two holomorphic maps
He, We from B to C™ ! associated to G :

HG - (fla-'-afmflafmaferl)v (55)
wherefi:gi,lgigm—l,fm:%",fmﬂz%,

m— m—1
1 1
miiz 951+9mvpm+1—v‘1<2ZQ?ﬂLgﬁ@—gm),Q—\/ﬁ(l—gm),
=1 i=1

and

WG: g1, 79771*17977171_ (56)

By direct computation we have

—t 1 —t 1 Ui
1 - HgHg + Z|HG15lg|2 =1-WeWea + Z|WGW5|2 =1-> lgil* (57)
i=1
Hence as before we conclude

PROPOSITION 6.11. Let m > n,Hqg,Wqa be as above. Then Hg, Wq are both

proper holomorphic maps from B™ to D,In‘fi_l
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Again if m > n+1, we can choose GG to be a proper holomorphic map from B™ to
B™ that does not have a C2-smooth extension to any open piece of dB"(See [Dol]).
Then we have,

THEOREM 6.12. Let m > n—+1. Then there is a proper holomorphic map from B"
to Dfn‘fH that does not extend C%-smoothly to any open piece of OB™. In particular,
1t is mot isometric.

Now when n = nprv = m, write z = (21, ..., zm) be the coordinates in C™ for
m

m > 2. Let G(z) = z be the identity map from B™ to B™. Then Hq, W¢ are reduced
to RIV IV . B™ — D{n‘ﬁrl. Here

m T m

Ri@v = (TLy ey P15 Tms Tmt1)s (58)

where r; = 2,1 <i<m—1,7, = me,TmH :z:m%’

m—1

— m—1
1
22— 22 4+ 2, Pmyr = V-1 <§ g zi2—|—z,2n—zm>, g=V2(1—-zp).
i=1

i=1

1
pm—2

(59)

v _
Im - Zlv"'vszlazmvl_

It is easy to see from equation (57) that RIV IIV are both holomorphic isometries.

We showed in [XY] that RIV, IIV are the only holomorphic isometries from B™ to
D,In‘frl up to holomorphic automorphisms. We also proved in [XY] that they are the
only two proper holomorphic maps from B to D,Inv+1 satisfying certain boundary

regularity when m > 4. In addition, the following question is posed in [XY]:

QUESTION 6.13. Let m > 2 and f be a proper holomorphic maps from B™ to
DIV, .. Assume f is C* continuous up to an open piece of OB"™. Find (the minimal)
« such that f is an isometry.

As mentioned above, we showed f must be an isometry when m > 4 and o = 2
in [XY]. Also note no such « exists if m =1 (See [XY]).

6.5. Singularities of holomorphic isometries. The rational holomorphic
isometries given in previous sections from the unit ball B"¢ into an irreducible classic
symmetric domain 2 are not totally geodesic and only produce singularities at one
single point on the boundary 0B"2. When ng > 2, one can easily avoid passing
through this point by slicing B"? with a complex hyperplane. Therefore, one obtains
holomorphic polynomial isometries from B"¢~! into Q. In particular, this answers
the question raised by Mok in [M4] (Question 5.2.2) in the negative while the positive
answer may still be possible from B™? to 2. Note that these examples are discovered
independently by Chan-Mok [CM].

THEOREM 6.14. There exist non-totally geodesic holomorphic isometries from the
unit ball B™ to the four types of irreducible bounded symmetric domain that extends
holomorphically to C™.
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Proof. Holomorphic isometries F' are given by the following maps for different
targets.

F(ZQ,"',Zq,’U}Q,"',’LUp)
0 29 Zg
wy —W229 ... —WZ _
_ 2 222 2%¢ | . gpta 2—>D£qf0rq2p22;
Wy —WpZ2 ... —WpZg
F(237. e Zn, W3, 7wn)
0 0 23 24 Zn
0 0 w3 Wy Wn
—Z —w 0  wsz4 — zz3w ZnW3 — Z3W _
_ 3 3 324 3W4 nW3 3Wnp, :B2"4—>D,€Iforn24;
—Zn—1 0 zZpWn—1 — Zn—1Wn
—Zn —Wn ... 0
0 22 Zn
V2 V2
2
Z2 __Z2 Z2%Zn
F(zo, - ,2n) = V2 2 ;B! — DM for n > 2;
Zn, __R2Zn _z_fl
5 3

2n 1 /—_2 n—1
F(z17...7zn,1): <Zl7..-7zn17—\i_ Z,L27TZZ,L2 CBnilﬁDi‘il fornZQ.

i=1 i=1

Indeed, these are polynomial holomorphic isometries. O
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