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Abstract. We show that the base complex manifold of an effectively parametrized family
of compact polarized Ricci-flat Kahler orbifolds, and in particular manifolds, admits a smooth aug-
mented Weil-Petersson metric whose holomorphic sectional curvature is bounded above by a negative
constant. As a consequence, we conclude that such base manifold is Kobayashi hyperbolic.
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1. Introduction. An important and extensively investigated object in the study
of the moduli space M, (and the Teichmiiller space 7T) of compact Riemann surfaces
of genus g > 1 is the Weil-Petersson metric. In particular, when g > 2, Ahlfors ([Ah1],
[Ah2]) showed that the Weil-Petersson metric on 7, is a Kéhler metric whose Ricci
and holomorphic sectional curvatures are negative. Royden [R] later proved that the
holomorphic sectional curvature of the Weil-Petersson metric is bounded away from
zero. Subsequently Wolpert [Wo| showed that the Weil-Petersson metric is of holo-
morphic sectional curvature bounded above by —m. An immediate consequence
of Royden’s or Wolpert’s result is that 7, is Kobayashi hyperbolic. Similar results
also hold in the case when g = 1, since T; (endowed with the Weil-Petersson metric)
is known to be biholomorphically isometric to the upper half plane H in the complex
plane C (endowed with the Poincaré metric of constant negative sectional curvature).
It is interesting and natural to ask whether analogous results hold for the moduli
spaces of higher dimensional manifolds (or more generally, those of orbifolds), and
in particular, whether (and how) one can achieve negative curvature for such moduli
spaces within the context of Weil-Petersson geometry.

In this direction, Siu [Siu] made the first breakthrough and gave a computation
of the curvature of the Weil-Petersson metric on (the smooth points of) the moduli
space of compact Kéhler-Einstein manifolds of negative Ricci curvature (or equiv-
alently, canonically polarized manifolds). Based on Siu’s approach, Nannicini [Na]
computed the curvature of the Weil-Petersson metric on the moduli space of compact
polarized Ricci-flat K&hler manifolds (or equivalently, polarized Kéhler manifolds of
zero first Chern class). In [Sch2], Schumacher also obtained a simplified formula for
the two cases under the additional assumption that the Kodaira-Spencer map is sur-
jective at a smooth point of the moduli space under consideration. Unlike the case of
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Riemann surfaces, the curvature tensors of the Weil-Petersson metrics in both higher
dimensional cases mentioned above (and as obtained in [Siu], [Na], [Sch2]) contain
terms of different signs, and no conclusion can be made on the sign of the holomor-
phic sectional curvature except in some restricted cases, say when each fiber manifold
M satisfies the condition H2(M, A>TM) = 0. Recently by modifying suitably the
Weil-Petersson metric, To and Yeung [TY] constructed on the base complex manifold
of any effectively parametrized family of compact canonically polarized manifolds a
Finsler metric (which will be called an augmented Weil-Petersson metric in this arti-
cle) whose holomorphic sectional curvature is bounded above by a negative constant.
As an immediate consequence, one can apply Schwarz lemma to conclude that such
base complex manifold is Kobayashi hyperbolic.

The main goal of this article is to study the K&ahler Ricci-flat case, which is the
higher dimensional analogue of family of elliptic curves mentioned earlier. We state
our first result as follows:

THEOREM 1. Let w: X — S be an effectively parametrized holomorphic family of
compact polarized Kdhler manifolds of zero first Chern class over a complex manifold
S. Then S admits a C*° Aut(r)-invariant augmented Weil-Petersson metric whose
holomorphic sectional curvature is bounded above by a negative constant.

We refer the reader to Section 2 for the precise definitions of the various terms in
Theorem 1. Our approach is rather robust, and allows us to consider the more general
situation of a family of compact polarized Ricci-flat Kéahler orbifolds. We state our
main result which generalizes Theorem 1 to such situation:

THEOREM 1°. Let w: X — S be an effectively parametrized holomorphic family of
compact polarized Ricci-flat Kdhler orbifolds over a complex manifold S. Then S ad-
mits a C*° augmented Weil-Petersson metric whose holomorphic sectional curvature
is bounded above by a negative constant.

The definitions needed for the more general setting of Theorem 1’ will be given in
Section 5. We remark that while Theorem 1’ covers the case of Theorem 1, we state
them separetely to facilitate our subsequent discussion as well as for motivational
purpose. As in [TY], Theorem 1 and Theorem 1’ lead immediately to the following:

COROLLARY 1. Letm™: X — S be as in Theorem 1 or Theorem 1°. Then S is
Kobayashi hyperbolic.

The proof of Theorem 1’ follows from suitable modifications from that of Theorem
1, and both are parallel to the Ricci-negative case treated in [TY]. For simplicity, we
describe here briefly our approach for the proof of Theorem 1. Roughly speaking,
we start with the curvature expression of the usual Weil-Petersson metric sy in [Na]
(see also Section 2), which consists of a good term which is negative and a bad term
which is non-negative. The bad term can be expressed as a ratio ha/hi, where ho is
(the restriction of) some generalized Weil-Petersson pseudo-metric on the symmetric
product S%(T'S). This process is repeated. For each 1 < ¢ < n, one constructs some
generalized Weil-Petersson pseudo-metric hy on S(TS) (associated to an induced
Kodaira-Spencer map py : S(T;S) — H™(M;, N“TM,), t € S) and obtain curvature
estimate of h, consisting of a good term involving hs/hs—1 and a bad term involving
het1/he. Here n = dime M; denotes the dimension of the fiber manifold M;. Then
the augmented Weil-Petersson metric h in Theorem 1 is constructed as a suitable
finite linear combination of the h;/ s, The required curvature estimate for A is then
derived from those of the h;’s by a telescopic argument.
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In both the results of [TY] for families of canonically polarized manifolds and
Theorem 1 (or more generally Theorem 1’) in this paper, we achieved the goal of
proving hyperbolicity using generalized or augmented Weil-Petersson metrics. A nat-
ural question is whether the use of the augmented metric is essential or just a technical
convenience; in other words, one may ask whether one can achieve the same goal using
merely the Weil-Petersson metric itself in the sense that the bad term in the curva-
ture formula of the Weil-Petersson metric might perhaps somehow be controlled by
the good terms. It turns out that a modification of the Weil-Petersson metric could
not be avoided. In fact, the holomorphic sectional curvature of the Weil-Petersson
metric itself on the moduli space of compact polarized Ricci-flat Kahler manifolds
may actually be positive at some points and negative at other points of the moduli
space. Candelas et al [CDGP] showed that such property is possessed by the one-
dimensional moduli space of Calabi-Yau threefolds which are mirror manifolds of the
quintic hypersurfaces in CP* (see [CDGP, p. 51, Fig. 10]). Hence the example shows
that, at least in the Ricci-flat case, one must modify the Weil-Petersson metric in
order to obtain negative curvature from the perspective of Weil-Petersson geometry.

At this point, we would like to remark on an alternative approach to the problem.
Let m: X — S be as in Theorem 1. In the special case of families of polarized Calabi-
Yau manifolds (or slightly more generally, when the canonical line bundle of each
fiber manifold is holomorphically trivial), S actually admits a Kahler metric (called
the Hodge metric) with holomorphic sectional curvature bounded above by a negative
constant. The Hodge metric is due to [Lul], and its construction is based on Hodge
theory and depends on Griffiths’ results [Gril] on the curvature properties of the
invariant metrics of the classifying spaces for polarized Hodge structures (see also
[Gri2]). As such, at least in this special case, one can give an alternative Hodge-
theoretic proof of Corollary 1 using the Hodge metric in place of the augmented
Weil-Petersson metric. Nonetheless, this alternative approach does not generalize to
cover the general orbifold case in Theorem 1’, and there appear to be some subtleties
for this alternative approach to apply to the case treated in Theorem 1 (cf. Corollary
2, Remark 4 and Remark 5 in Section 6).

We remark that in general, the augmented Weil-Petersson metric in Theorem 1
(or Theorem 1’) is not unique, and its construction actually gives rise to a continuous
family of new Finsler metrics of negative holomorphic sectional curvature bounded
away from zero. In fact, for the moduli space of Calabi-Yau threefolds considered by
Candelas et al [CDGP] mentioned earlier, it is easy to check that at least some of
the augmented Weil-Petersson metrics are not constant multiples of the Hodge metric
(see Remark 2 in Section 4 and Remark 3 in Section 6).

We also mention here that for the case of moduli space of polarized Calabi-Yau
manifolds of dimension n, Lu and Sun [LS] considered “partial Hodge metrics” of the
form gwp + ¢ Ric(gw p) for appropriate positive constant ¢, where gy p is the Weil-
Petersson metric and Ric(gwp) denotes its Ricci tensor. In general, it is not known
whether the partial Hodge metric has negative holomorphic sectional curvature or
not, except in the cases when n = 3 and when n = 4. In those two cases, the partial
Hodge metric (with some appropriate choice of the constant ¢) coincides with the
Hodge metric (see [Lu2] and [LS]).

For a succint presentation of our main ideas, we will first consider only the smooth
case (as given in Theorem 1). Then in the subsequent treatment of the general orbifold
case (as given in Theorem 1’), we will minimize repeating the arguments from the
smooth case by indicating only the necessary modifications, whenever appropriate.
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As such, the organization of this paper is as follows. In Section 2, we give some
background materials and introduce some notations. In Section 3, we introduce the
generalized Weil-Petersson pseudometrics and computed their curvature. In Section
4, we finish the proof of Theorem 1. In Section 5, we treat the orbifold case and give
the proof of Theorem 1’. In Section 6, we give a brief review of Lu’s Hodge metric
for the case of polarized families of Calabi-Yau manifolds and discuss the difficulty in
trying to generalize this alternative approach to the general Ricci-flat manifold case
or the more general orbifold case.

The origin of this work can be traced with the authors’ indebtedness to a con-
versation of late Professor Viehweg with the second author in 2006, during which
Professor Viehweg mentioned that the argument of [VZ] does not appear to general-
ize to the case of polarized Ricci-flat Kéhler manifolds, and asked if the result there
also holds in such case. The authors would like to thank Professor Yum-Tong Siu
for his inspirations and suggestions leading to the approach adopted in this paper.
The authors would also like to thank Professor Ngaiming Mok for his comments and
clarifications. The main result of this paper was presented by the second author in
Abel Symposium 2013 and was outlined in Section 4 of [Ye].

2. Background materials and generalized Weil-Petersson pseudo-
metrics. Let M be a compact complex manifold of zero first Chern class, i.e., one
has ¢;(TM)g = 0 € H*(M,R). Let n € HY1(M,R) be a Kihler class on M, i.e., n
can be represented by a Kéhler form on M. Then (M,n) is said to be a polarized
Kahler manifold of zero first Chern class. By a result of Yau [Yau], there exists a
unique Ricci-flat Kéhler metric g (with the associated Kéhler form w) on M, whose
Kihler class is n, i.e., [w] =n € HYY(M,R).

Let # : X — S be a holomorphic family of compact complex manifolds of zero
first Chern class over a base complex manifolds S, i.e., 7 : X — S is a surjective
holomorphic map of maximal rank between two complex manifolds X and .S, and
each fiber M; := 7=1(¢), t € S, is a compact complex manifold of zero first Chern
class. Let A € Rlﬂ'*QX‘S, and let A\, := /\‘M for t € S. Then (7 : X — S, \) is said
to be a holomorphic family of polarized Kihler manifolds of zero first Chern class,
if, in addition, (i) each \; is a K&hler class on My, and (ii) under the natural map
from Rlﬂ'*Q)qS to R?m,R arising from variation of Hodge structure, the image of \
is a horizontal section of the local system R?*m,R (or equivalently, for any ¢, € S, any
open neighborhood U of ¢, in S and any underlying smooth family of diffeomorphisms
i My, — My, t € U, such that i, is the identity map on M, , one has i; A\, = A\,
in H2(M;,,R)). For each t € S, let g(t) and w(t) denote the unique Ricci-flat Kéhler
metric and its Kéhler form on M;. Then by [Schl, Proposition 2.3], one knows that
such a family admits a d-closed (1, 1)-form w on X satisfying

w’TMt =w(t) foreachteS. (2.1)

We remark that in the special case (which we do not assume here) when the polar-
ization A is given by the first Chern class of a holomorphic line bundle over X which
restricts to an ample line bundle over each M, and in such case, the conditions (i)
and (ii) above are automatically satisfied. Also, when no confusion arises, the un-
derlying polarization class A will be dropped from our notation for the family (as in
Theorem 1). As usual, the family 7 : X — S is said to be effectively parametrized if
the Kodaira-Spencer map p; : T3S — H'(M,, T M) is injective for each t € S.

Next we recall some notions in the Finsler geometry of complex manifolds. A
Finsler pseudo-metric h on a complex manifold S is simply a continuous function
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h:TS — R such that h(u) > 0 for all w € T'S and h(cu) = |c|h(u) for all u € T'S and
¢ € C. If, in addition, h(u) > 0 for all 0 # u € T'S, then we say that h is a Finsler
metric on S. A Finsler pseudo-metric h is said to be C* (resp. C* for a non-negative
integer ¢) if for any open subset U C S and any non-vanishing C*° section u; of T'S |U,
h(u;) is a C° (resp. C*) function on U. For a C? Finsler metric h on S, a point t € S
and a non-zero tangent vector u € T;.S, the holomorphic sectional curvature K (u) of
h in the direction u is simply given by

K(u) = sup K (R, h|,)(1), (2.2)

where the supremum is taken over all local one-dimensional complex submanifolds R
of S satisfying t € Rand T; R = Cu, and K (R, h’R)(t) is the sectional curvature of (the
Riemannian metric) (R, h‘ r) at t (cf. (4.9)). We say that the holomorphic sectional
curvature of the Finsler metric & on S is bounded above by a negative constant if
there exists a constant C' > 0 such that K (u) < —C for all 0 # u € T'S.

For the rest of this section, we let (7 : X — S, A) be an effectively parametrized
holomorphic family of compact n-dimensional polarized Kéhler manifolds of zero first
Chern class over an m-dimensional complex manifold S. First we set up some no-
tation. We will use (z,t) = (z!,---,2",t!,--- ;™) to denote local holomorphic co-
ordinate functions on some coordinate open subset of X', so that m corresponds to
the coordinate projection map (z,t) — t, and t = (t*,--- ,#™) also forms local holo-
morphic coordinate functions on some coordinate open subset of S. We will index
components of tensors on M; in the holomorphic tangential directions by Greek al-
phabets «, B, etc (with the range 1,2,---,n), while those in the complexified tan-
gential directions are indexed by lower case Latin letters a, b, ¢, d, etc (with the range
1,2,---,n,1,2,--- ,n). On the other hand, the components of tensors along the base
directions will be indexed by the letters 4, j (with the range 1,2,---,m), etc. We
also adopt the Einstein summation notation for indices along the fibers. We denote
On = B% and Oy := a% fora=1,---,n, and 0; := % fori=1,---,m, etc. The
Ricei tensor of g(t) is locally given by R, 5(t) = —0,05 log(det(g,5(t))), and the Ricci-
flat condition means that R,z(t) = 0 on each M;. When no confusion arises, we will
drop the parameter ¢, and we simply write R, for R,5(t), etc. In local coordinates,
we also write w = v/—1g; 7(z,t)dw! A dw’, where w can be z or t and the indices I, J
can be i or «, etc. In particular, one has g,5 = g,5(t) along each fiber M;.

Next we recall the ‘horizontal lifting’ of vector fields as defined by Schumacher
in [Sch2], which is a special type of ‘canonical lifting’ in the sense of Siu in [Siu].
For ¢t € S and a local tangent vector field u (of type (1,0)) on an open subset U of
S, the horizontal lifting v, of u is the unique smooth vector field v, (of type (1,0))
on 7' (U) such that m.v, = u and v,(z,t) is orthogonal to T\, 4)M; (with respect
to w) for each (z,t) € 7~ 1(U). By [Sch2, p. 342, Proposition 1.1], one knows that
P (u(t)) := Ovy| M, € A%L(M,) is the unique harmonic Kodaira-Spencer representative
of p(u(t)), i.e., pe(u(t)) = [®(u(t))] in H* (M, TM,) for each t € U. When u = /0t
is a coordinate vector field, we will simply denote v; := vy 9 and ®; := ®(9/0t").
Write ®; = (@i)gaa ® dzP%. Tt is easy to see that v; and the (@i)%"s are given locally
by

v; = 0; + 0" 0q, where vy’ = —ggo‘gilé, and (2.3)
(®:)§ = 050" = —05(97"gix)-
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(see [Sch2, p. 342, equation (1.2)]). Here g denotes the components of the inverse
of g,5. For a given tensor T' of covariant degree 1 and of contravariant degree 1, we
recall that the components (along the fiber direction) of its Lie derivative £,, T with
respect to v; are given locally by

(L, T)% = 0;(TP) + T 00 — TEO Y (2.5)

(see e.g. [Siu, p. 268]), and similar formula holds for tensors of higher degree. We
recall that the Weil-Petersson metric h(WF) = "™ hgvp)dti ® dt’ on S is defined

i,j=1
by
W= |

n

w a
(s, @j)—7, where (&;, &;) := (®:)2(2)59,59"° (2.6)

denotes the pointwise Hermitian inner product on tensors with respect to w. The
injectivity of p; means that R(WF) is positive definite on each 7;.S. It follows from
Koiso’s result [Koi] that A(") is Kihler. We denote by V' the volume of M; with
respect to w(t), which does not depend on ¢ € S because w is d-closed on X. For
any smooth tensor ¥ on M;, we denote by H(¥) the harmonic projection of ¥ with
respect to w(t). Let RWF) denote the curvature tensor of h("WF). By Nannicini’s
result [Na, p. 425], the components of R("") with respect to normal coordinates (of
RWP)) at a point ¢t € S are given by

1 w™
Rgp(t) =— V(hgvmhgvm + hgiwmhgvm) _ / (H(Lo,®r), H(Lo; o)) —
M; n!

W (2.7)

nl’

+ / (H(®: © B), H(®; 0 By)
My

Here ®; ® @, is as in (2.8) below, and by normal coordinates of A("W) at the point
t €S, we mean hgvp) (t) = d;j, and Bkhgvp) (t) = 8,;h1(.5WP) (t) =0.

Now we construct some generalized Weil-Petersson pseudo-metrics on S similar
to those in the Ricci-negative case in [TY]. For integers p,q,r,s > 0,t € S, ® €
AYP(ATTM;) and U € A%9(ATM;), we denote by ® ® ¥ € AVPTI(ATTSTM,) the
(A"TSTMy)-valued (0,p + g)-form obtained by taking wedge product on the level of
forms as well as that of tangent vectors. When p = r and ¢ = s, one easily sees that
POTU=T@P. If ® and ¥ are O-closed, then ® ® ¥ is also d-closed. If, in addition,
either ® or ¥ is d-exact, then ® ® ¥ is J-exact. In particular, the operator @® induces
a homomorphism on the associated cohomology groups, which we denote by the same

symbol, i.e., we have
[®] ©® [V] := [® ® V] € HOPTI(A"TTM,) (2.8)

for any classes [®] € HOP(A"T'M,) and [¥] € H®9(A*T M,) represented by ® and ¥
respectively. (See [TY, Section 3] for the local expression for ® and its properties
mentioned above.) For a fixed integer ¢ satisfying 1 < £ < n, let ®, ¥ € A% (AT M,).
Their pointwise inner product is given by

7’ —/
1 Q10 N ) BBy .

,_ BeB,
(@,¥) = W B,-B, B;m@galai Yaea,d g e, (2'9)

and their L2-inner product on M, is given by

wn

(qm:Aﬂgm—- (2.10)

n!’
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Here the @%1"%“% denote the tensor components of ®, etc. We denote by ||®|2 :=
.3,

\/ (@, ®) the fiberwise L2-norm of ®. Then for each ¢t € S and u1, ..., ug,uf, ..., uj €
T,S, we generalize (2.6) and define, in terms of (2.10),

(uy ®"'®U67U/1®"'®U2)WP
= (H(®(u1) 0+ 0 O(ue)), H(®(uy) © - © 2(up))).

Here each ®(u;) is the harmonic Kodaira-Spencer representative of py(u;). It is
easy to see that (2.11) extends to a positive semi-definite Hermitian bilinear form
on ®‘T;S, which varies smoothly in t. We simply call it the ¢-th generalized Weil-
Petersson pseudo-metric on @‘T'S. The associated (-th generalized Weil-Petersson
pseudo-metric on T'S is given by

(2.11)

1
lullwpe:=u®- - @uu®@---@u)gp forueTS tebs. (2.12)

¢—times ¢—times

Finally we define an augmented Weil-Petersson metric on S to be any Finsler metric
haw p of the form

n

1
hawp(u) = (ZagHuH%{,VP)Z) " forueT,Sandte S (2.13)
=1

for some fixed numbers ay,--- ,a, > 0 and fixed positive integer N (independent of
t and u). Since || ||wp1 is non-degenerate on S, it follows that each howp is also
non-degenerate on S.

REMARK 1. For any given pair of automorphisms (F, ) € Aut(X) x Aut(S)
satisfying fom = woF and preserving the polarization X (i.e. F*\ = \), one easily sees
from the uniqueness of the Ricci-flat Kahler metric g(t) in the Kdhler class A+ of each
M, that (F‘Mt)*g(f(t)) =g(t) for allt € S. Then it follows readily that each Finsler
pseudo-metric || ||wpe is Aut(m)-invariant in the sense that f*|| |lwpe =1 llwpe for
all pairs (F, f) as described above. As such, every augmented Weil-Petersson metric
hawp is also Aut(m)-invariant, i.e., f*howp = hawp for all pairs (F, f) as above.
Furthermore, similar to [TY, Lemma 16], one also easily checks that each howp is
.

3. Curvature of generalized Weil-Petersson pseudo-metrics. Let 7 :
X — S be as in Theorem 1. In this section, we are going to obtain estimates for
the holomorphic sectional curvatures of the restrictions of the Finsler pseudo-metrics
I [lwp.e’s to local one-dimensional complex submanifolds of S (at those points where
the restrictions are non-degenerate), which will lead to estimate for that of the aug-
mented Weil-Petersson metric in Section 4. As most of the curvature computations
are similar to the Ricci-negative case in [TY], we will refer the reader to [TY] (and
follow the notation there as well as that in Section 2) whenever possible, and work
out only the necessary changes in detail.

As in Section 2, we fix a coordinate open subset U C S with coordinate functions
t=(t',...,t™). For each t € S and each coordinate tangent vector %, we recall the
horizontal lifting v; and the harmonic representative ®; of pt(%) on M, as given in
(2.3) and (2.4). Fix an integer ¢ satisfying 1 < £ < n, and let J = (j1,...,5¢) be an
{-tuple of integers satisfying 1 < jg < m for each 1 < d < . We denote by

Uy =H(®;, 0 0;,) c ANTM,) (3.1)
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the harmonic projection of ®;, ®--- ® ®;,. As t varies, we still denote the resulting
family of tensors by ¥ ; (suppressing its dependence on t), when no confusion arises.
We are going to compute 9;0;log ||V ,||3 (as a function on U) wherever ¥; # 0 on
M;. For this purpose, we will need to consider families of tensors on the fibers (or
in short, relative tensors) arising from restrictions of tensors on X' to the fibers. We
adopt the semi-colon notation to denote covariant derivatives of tensors on M;, so
that (P, )7 = V., (9)2 (= (Va%q)i)g), etc. We also denote (®;)575 = 9.5(®i)a,
etc. We recall the following lemma in [TY, Lemma 1], which also holds in the present
Ricci-flat case:

LeMMA 1. (i) [0, 0a] = —(®:)205.
(ii) For a smooth (n,n)-form T on X, one has

i/ T:/ £,,Y and i/ T:/ LY.
8tl Mt Mt 8t Mp Mt

(ifi) [v5, 7] = 97 05(90,57) 0 — 9770 (90,37) -

(iv) (@ ) = (P ) _ for all a, B.

(V) Ly, (gaﬁdzo‘ A diﬁ) = (fbi)gﬁdiﬁ AN dzZY = 0. In particular, one has Ly, (w™) =0
(as relative tensor).

Here [-,-] denote the Lie bracket of two vector fields.

Let T°M, = TM, ®r C denote the complexified tangent bundle of M;, and
for ¢,¢' > 0, consider the space A‘(AYTCM,) with decomposition A‘(AYTCM,;) =
Bgtp=t,r+s=00 APP(N'T M AN ANST M) and corresponding Weil operator Cyy given by
scalar multiplication by (v/—1)?"P*"~% on each summand A%P(A"TM; A ASTMy).
As usual, we denote the (positive definite) L?-inner product and the corresponding
L?-norm on A‘(AYTCM,) with respect to w(t) by (, ) and || ||2 respectively. Then
it is well-known that there is a pointwise Hermitian bilinear pairing ( , ) (of mixed
signature) on A(AY TCM,) such that for all T, Y’ € A*(AYTCM,), one has

Lo (T, 1) = (L, T, ") + (T, Lo X", and (3.2)
(1,7) = /M (Cw (1), 1) (3.3)

moreover, Cyy restricts to the identity map on A%(ATM;), and (3.3) agrees with
(2.10) (cf. e.g. [TY, Section 3]).
Let U, be as in (3.1). First one easily checks that

_ Q0T (3 (D] )2) (@1 5|12

We note that [TY, Lemma 3] also holds in the present Ricci-flat case, so that the
component of LW ; in A%¢(ATM,) is d-exact on M;. Together with the harmonicity
of Wy, it follows that

(Lo Oy, ¥y) =0 (3.5)

as a function on the base manifold. Together with a direct computation using Lemma
1, (3.2) and (3.3), one has, as in [TY, equations (4.7)-(4.9)],

il s15 = (Lo, s, ). (3.6)
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By taking 0; of (3.5), taking 0; of (3.6), and using the identity L Lo, = Lo, Loy +
L ,], one gets, as in [TY, equations (4.9)-(4.12)],

0i0:|W |12 = I+ I + ITI, where (3.7)
I:i=—(L5V g, L7V ), (3.8)
IT: = (L)Y, ¥y), and
IIT: = (L, V5, L, P ).

We are going to compute the terms I, 1] and III in the next three propositions.
First we consider I. As in [TY, equations (5.6) and (5.10)], we let Let ®; - ¥; €
AV NEIT M), @, N\ Uy € AV AT M) and ®; /Wy € A%Y(AIT M AT M)
be the relative tensors with components given by

Qp-Qp—1 No . ’Ygl"'g@—l
(@i W)5 5 = (@2 ()15 5 (3.9)
. (o2 RaNe ) — \o Qg ooy
(D, \\p,,)ﬁ = (@) (V)2 and (3.10)
(@i /)5 o = (@) (W)

For a relative tensor T € @, ¢, s APP(AN"TM; A NSTM;), we denote by Eq’p)) the

component of Y in AP (A"TM; A ASTM;). Moreover, for T € AP (A"TM,), w
denote Dy Y € AP(A""'TMj,), given by

¥ Q-1 oy Q1

(Dy T)E---,(Tp ==V, 15 R
(cf. [Siu, p.288] and [TY, Section 5]). As usual, we denote by [ := d0* 4+ 0*0 the

O-Laplacian on M; with respect to w(t), and denote its associated Green’s operator
by G.

LEMMA 2. Let ®; and Uy be as in (3.1).

i) There exists K € A"~V (AN“T M) such that OK = (EUT‘I’J)ESZQ-

(

(ii) For any ¥ € A% AT M), we have (®; - W5, T) = (¥ ;, &, ® T).
(iii) We have 8 (®; - ¥ ;) = 0.

(

iv) The tensor Dig*((ﬁgi\l{])ggﬁg) is 0-ezact. Explicitly, we have

V(Lo )50 = (B )5 (3.1)

(v) Let K be as in (i) above. Suppose that & K = 0. Then

Dy K = —0G(®; - ¥),

Proof. The proofs of (i)-(iv) are the same as those in Lemma 3, Lemma 4, Lemma
5 and Lemma 6 of [TY] respectively. The proof of (v) follows mutatis mutandis from
that of [TY, Lemma 7], and we just remark that the arguments leading to [TY,
equatlon (5.20)] in the proof of [TY, Lemma 7] show that in our present case, D_2*K
is 0 -exact, and there exists a harmonic tensor @ satisfying Q = ®; - ¥y + Dy K,
which readily imply (v). We also remark that as in [TY], the proof of (v) depends on
(iii) and (iv), while that of (iv) depends on (ii) and (iii). O
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Parallel to [TY, Proposition 1], we compute I in (3.8) as follows:

ProrosIiTION 1. We have

—(®; \‘I’Ja‘f\‘I’J) (@; /U, @ /0 y).

Proof. As in [TY, equation (5.11)], one easily checks that

(Lo, L¥y) = (Lsr¥){p) (Lo 0)7 o)
— (B \ U, P V) — (B SV, B STy, (3.12)

Then following the proof of [TY, Proposition 1] with [TY, Lemma 7] replaced by
Lemma 2(v), one has

Vi Vi - =
(Lo ¥)ly), (Lw¥) o) = (OG(D; - W), B; - W),

which together with (3.12), lead to the proposition. O
Parallel to [TY, Proposition 2], we also compute IT in (3.8) as follows:

PROPOSITION 2.

(L Va, Uy) = —(0G(Pi, :), (¥, V).

Proof. In the present Ricci-flat case, the proof of [TY, Proposition 2] still gives
(L ¥, V) = —(Oi, vi), (¥, 7). (3.13)

On the other hand, using identity 0?((v;,v;)) = C(®;, ®;) given in [Sch2, equation
(2.9)], we have

(O{vi,v3), (U7, ¥ ) = (H + GO)O(w;i, v4), (U g, T g))
= (0% vy, v3), G(T 7, T ;)  (since HO = 0) (3.14)
= (@i, @), G(¥, V)
= (OG(®i, @), (¥, ¥ ),

which gives the proposition. O

Next we proceed to compute III. Similar to [Siu, p. 288] and as in [TY, Section
7], for 1 < £ < n, we denote by X the space of (relative) tensors = € A(@!T*M; ®

®!T*M;) with components =__ B satisfying the following three properties:

ar-ag, B

(P-i) = Sy BB 18 skew-symmetric in any pair of indices o, o5 for ¢ < j;
(P-ii) Ear. a7 BB, 1S symmetric in the two (-tuples of indices (ag,---,a7) and
(617 o 7ﬁf) and
(P-iii) for given indices aq,- -+ ,ap—1, and B, -, Be41, one has
41

Z(—l)yEi e
— ar-ag—1Bv,B1BuBega
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—

where 3, means that the index 3, is omitted.

As in [Siu, p. 289] and [T, Section 7], for s = 1,2, we let D, denote the operator
X® given by taking 0 to the s-th ¢-tuple of skew-symmetric indices, and we let
D_S* denote the adjoint operator of D,. Also, we denote [, = D_S*D_S + DSDS*7 and
we denote by H, the harmonic projection operator on X ) with respect to ;. The
Green’s operator on X () with respect to [, is denoted by Gi.

LEMMA 3. For any Z € X, we have

(

(

(

(d) D1D; 2 = Dy D1 E,
( € XO and H (E) € X,

(

(g) if D12 =0, then G1Dy Z = Dy GoE.

Proof. The proofs of the above properties (a) to (f) of X (resp. (g)) follow
mutatis mutandis from those in [Siu, p. 289-292] (resp. [Na, p.422-424]), which
treated the case when ¢ = 2. We will leave the details to the reader. O

Let ®;, ¥ ; (with [J] = £) be as in (3.1). By lowering indices of these objects, we
obtain corresponding covariant tensors, which will be denoted by the same symbols
(when no confusion arises). For example, ¥ also denotes the covariant tensor with
components given by

[ — _ _ Y1
OI/J)OT'“@-ﬂl"'ﬁ( T 9B e (\I/J)Tll"'aiz'

We will skip the proof of the following simple lemma, which is the same as that
in [TY, Lemma 10].

LEMMA 4. For each 1 < f < n, we have ¥ € X and &, ® Uy e XD,

We will also skip the following lemma, whose statement and proof are the same
as in [TY, Lamma 11] (and similar to that given in [Siu, pp. 286-288]).

LEMMA 5. We have
(i) Dy (®; ® ;) =Di(L, T ),
(ii) O(P, ®¥;) =0, and
(iii) 9 (L, ¥ y) = 0.

Parallel to [TY, Proposition 3|, we give the computation of 117 in (3.8) as follows:

PRroPOSITION 3. We have

(Eviqu, ACUZ,\I/J) Z(H(ACUZ\I/J), Eviqu) + (DG((I)Z D \I’J), [OFRY \I’J)

Proof. The proof is similar to that of [TY, Proposition 3], involving generalizing
the arguments in [Siu, p. 292-293]. First we have

(ﬁvi\I{], ﬁvi\I/J) = (H(Lvi\lf(]), ﬁvi\I/J) + (GD(,CM\I/J), Lvi\IJJ)- (315)



716 W.-K. TO AND S.-K. YEUNG

Now we consider the last term of (3.15). Upon lowering indices, it is given by

(G101 (L0, ¥ ), Lo,V )

= ((G1 D1 Di(L0, W), L0, )

(since Dy (Lo, ¥ ;) =0 by Lemma 5(iii))
= (D) G1Dy (®; ® V), L, ¥;) (by Lemma 5(i))
= (G1Ds (®; ® V1), D1 (L0, ¥ )
= (D3 Gao(®; ® V), Dy (B; © V)

(by Lemma 4, Lemma 5(i), (ii) and Lemma 3(g))
= (DyDy " Go(®; ® ), &; ® W)
= (0aGo(®; ® W y),®; ®Wy) (since GoDy = DoGy

and Dy(®; ® ;) = 0 (by Lemma 5(ii))).

Upon raising indices and using (3.15), one obtains Proposition 3 readily.
Next we recall from [TY] the following pointwise identity:
LEMMA 6 ([TY, Lemma 12]). One has

(@ OV, @ OV)) = (- Uy, ;- V) + (4, D), (¥, V)

Similar to ([TY, Proposition 4]), we have

ProPOSITION 4. We have

J— 1 P, P;
0:0iog | W,113 = g (H (i 0), & W) 4+ (H((@, @2)), (¥, ¥1))
2
Y 2
H((H (Lo, W), L0, W) = | (L0, 0, m) |

—(H(®; ® V), H®; ©V;))).

Proof. Similar to ([TY, Proposition 4]), the proposition follows immediately by
combining (3.4), (3.6), (3.7), (3.8), Proposition 1, Proposition 2, Proposition 3 and
Lemma 6. O

ProroOSITION 5. We have

00105 918 > oy (@0 ). 5 W) (H(0,22)), (95, 9,)

—(H(®; 0 9,;), H(®; 0 ¥ ,))).
Proof. Similar to [TY, Proposition 5], by considering the spectral decomposition
of L,, ¥y with respect to [J and using the fact that ¥ ; is harmonic, one clearly has

v
((H(L00), £0,0) = [HE WD > (LoD (316)

By combining (3.16) and Proposition 4, one obtains Proposition 5 easily. O



AUGMENTED WEIL-PETERSSON METRICS ON MODULI SPACES 717

Now we state the main result in this section which is to be used to construct the
augmented Weil-Petersson metric in the next section. For a positive integer ¢, we
define the relative tensor

HY =H@®; o 0d,), (3.17)
—_—
¢—times
so that H¥) = W with J given by the ¢-tuple (4,4,--- ,4). Note that H®) actually
depends on 7, but for simplicity, this is suppressed in the notation. We also adopt the

convention that H(® is the constant function 1. Parallel to [TY, Proposition 6], we
have

PROPOSITION 6. Let i,0, HY) be as in (3.17). Suppose ||[H ||y > 0 (so that
|HE D2 >0 (c¢f (3.20)). Then we have
[HOWE  HED)3

9;0; log |HY % > - . 3.18
R VG A VTIGT (319

Proof. To deduce (3.18) from Proposition 5 (with ¥ there given by H®), one
first observes that H ((®;, ®;)) is a positive constant function (say, with constant value
¢ > 0). Then the second last term of Proposition 5 satisfies

(H(®:,2:)), (H, HY)) = c- [HO|3 > 0. (3.19)

Next for £ > 0, we recall from [TY, Lemma 13] the following two equalities, whose
proofs also hold in the present case:

H(®; o H"Vy=H®  and (3.20)
(@, - HO, BV = |HO|2, (3.21)

Then by considering the spectral decomposition of ®; - H® with respect to [J, one
has, from (3.21),
_ _ _ e ||H(f)||4
H(®;-HY), &, - HO) > [(3; - HY, ———)|" = ———12_. 3.22
(H@ 2D 8- H) 2 (@0 HE )l = e 42
By combining Proposition 5, (3.19), (3.20) and (3.22), one obtains Proposition 6
readiy. O

4. Curvature of the augmented Weil-Petersson metric. Let 7 : X — S
be an effectively parametrized family of polarized Ricci-flat K&hler manifolds as in
Theorem 1. As before, we let M; = 7w 1(M,) for t € S, and denote n = dimc M,
and m = dimc S. Without loss of generality, we assume that n > 2. Following the
arguments in [TY, Section 9], we are going to construct an augmented Weil-Petersson
metric on S, whose holomorphic sectional curvature is bounded above by a negative
constant.

First we let N = n!, and let V' be the volume of (X;,w;) (which is independent of
t) asin (2.7). We consider the following two sequences of positive numbers {C¢}1<i<n
and {a¢}i1<e<n given by

. 1 Cior  Ch
Cl::rmn{l,v}, 04:—3 =31 2<{l<n, (4.1)
N(N¢-1_1)
ay :1, ay = (363_1)1\[: (Oi) N-1 s 2§£§7’L (42)
1 1
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First we recall from [TY, Lemma 14] (with the constant A there replaced by V)
the following inequality:

LEMMA 7 ([TY, Lemma 14]). Let N >n > 2,V and {Cr}1<o<n and {as}i<i<n
be as above, and let k be an integer satisfying 1 < k < n. Then for all real numbers
1, , X, >0, we have

N+1 r N+¢ ~
airy ap T, ar—1 N—¢+1_¢ N+1
v > (7 R wg) > C -y ap (4.3)
=2 =1 =1

(When k = 1, the first summation in (4.3) is understood to be zero.)

With the above choice of the a,’s, we define an augmented Weil-Petersson metric
hawp on S to be the Finsler metric given by

n

1
hawp(u) = (ZWH“H%{]/VPJ) ' forueT,SandteS. (4.4)
=1

Here || |[wp,e is as defined in (2.12). Next we recall the following well-known simple
lemma:

LEMMA 8 ([Sch2, Lemma 8| or [TY, Lemma 15]). Let U be a complex manifold,
and ¢g, 1 < £ < r, be positive C? functions on U. Then

_ : 1 ev/—1001
VT0010g(3" ) > t=r O/ = 100108 00 (45)
=1 2 =19
Let u € T'S and ¢ be an integer satisfying 1 < ¢ < n. Similar to (3.17), we denote
HO(u) .= H(®(u) ®- - ® d(u)), (4.6)
¢—times

where ®(u) is the harmonic representative of p;(u) as in Section 2. This gives rise to
a function r : PT'S — Z given by

r([u]) := max{¢| H® (u) £ 0} for 0+#ue TS, (4.7)

where [u] denotes the class of u in PT'S. Since p; is injective for each ¢ € S, it follows
that 1 < r([u]) < n for each [u] € PT'S. Now we let R be a local one-dimensional
complex submanifold of S. Then it is easy to see that r induces a function rg : R — Z
given by

rr(t) :=r([u]) forte R, (4.8)

where u; is any non-zero vector in Ty R. Let x be an integer satisfying 1 < k < n.
Following [TY, Section 9], we say that a point ¢, € R is a x-stable point of R if there
exists an open neighborhood U, of ¢, in R such that rg(t) = x for all t € U;,. We
also recall that for a C'*° Finsler metric h on S, the sectional curvature K (R, h‘ r)(to)

of h’R at a point ¢, € R is given by

0,0¢log((h(£))?)
- Bd (4.9)

K (R, h|)(to) = (h(2))

)
t=t,
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where ¢ denotes a local holomorphic coordinate function on some open subset of R
containing t,.

PROPOSITION 7. Let howp be as in (4.4). Let R be a local one-dimensional
complex submanifold of S, and let t, € R be a k-stable point of R for some integer
1 <k <n. Then we have

K(R7 haWP’R)(to) S - . 1.1

where a,; and Cy, are as in (4.2) and (4.1).

Proof. The proof follows from a calculation exactly as that in [TY, Proposition
7). For convenience of the reader, we will sketch the calculation here and refer the
reader to [TY, Proposition 7] for details. First since ¢, is a k-stable point of R, there
exists an open coordinate neighborhood U of ¢, in R (with coordinate tangent vector
0/0¢t) such that the terms on the right hand side of (4.4) corresponding to £ = k + 1
to £ = n are all identically zero on U, so that one may write (4.4) as

1
o 0
haWp ( E ag | HO||," )” onU, where H® := H(E)(fat) (4.10)

(cf. (4.6)). Together with Lemma 8 and Proposition 6, one gets

R LAl I I (sl
S % IHOL - (= VIE o) _ B

Sy ad HO[,

By rearranging the terms of B telescopically (so that the first expression of the ¢-th
term is grouped with the second expression of the (¢ — 1)-th term) and using that
fact that ||H**D ||y = 0, one deduces readily from Lemma 7 (with z; given here by

IH®|$) that

(4.11)

0:051o8((h(5))?) 2

2(N+1)

B>C, ZHH l, © , (4.12)

=1

From (4.10), (4.11) and using the fact that ay > ay_1, one has

1

il o Nl N
2< (D aaHOT) T < (el ZHH (N RE)
/=1

where the last inequality follows from Holder inequality. By combining (4.9), (4.11),
(4.12) and (4.13), one obtains the proposition readily. O

We are ready to give the proof of Theorem 1 as follows:

Proof of Theorem 1. Let m : X — S be as in Theorem 1, and let n := dim M,.
Let hqwp be as in (4.4). As mentioned in Remark 1, howp is Aut(n)-invariant and
C°. Take a point t € S, and let R be a local one-dimensional complex submanifold
of S passing through ¢ (i.e. t € R). Asin [TY, Lemma 17], the set

Qp = {t € R|t is a r-stable point of R for some 1 < x <n} (4.14)
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is easily seen to be a dense subset of R (with respect to the usual topology). Thus
there exists a sequence of points {t;}32; in Qg such that lim; ;oo t; = ¢ in R. In
particular, each t; is a xj-stable point of R for some integer & satlsfymg 1<k <n.
By Proposition 77 we have, for each j,

Cfi' On
K(R, hawp|p)(t;) < — g S L (4.15)
Aj Qg NN Qg

where the last inequality follows from the facts that C); decreases with x while a,
increases with x. Together with the fact that hew p| r 18 €, one concludes readily
that (4.15) also holds at ¢ (i.e., with ¢; there replaced by t). Together with (2.2), it
follows that the holomorphic sectional curvature of h,yp on S is bounded above by
a negative constant. O

REMARK 2. We remark that in general, the augmented Weil-Petersson metric
i Theorem 1 is not unique, and its construction actually gives rise to a continuous
family of Finsler metrics of negative holomorphic sectional curvature bounded away
from zero. One way to see this is as follows: for any € satisfying 0 < € < 1, if one
replaces the constant a1 =1 by 1 — € in (4.4) while keeping the other a;’s unchanged,
one gets a family of augmented Weil-Petersson metrics parametrized by € given by

haw,e(u) = (1= &)Jull, +Za£||u||wm)W foru€T,S andt € S. (4.16)

It is easy to see that there exists €, > 0 such that for each € satisfying 0 < € < ¢,, the
holomorphic sectional curvature of haw p.e is bounded above by some negative constant.
Next we consider the one-dimensional moduli space M of Calabi-Yau threefolds which
are mirror manifolds of the quintic hypersurfaces in CP*. As mentioned in Section 1,
Candelas et al [CDGP] showed that the holomorphic sectional curvature of the Weil-
Petersson metric (i.e. || |lwpi) on M is positive at some points of M and negative
at other points of M. Using this fact and the negativity of the holomorphic sectional
curvature of the hqowp,’s, one easily sees that hqwp,e is not a constant multiple of
haw per on M (and we simply say that they are inequivalent) whenever 0 < e < € < ¢,
(in fact, for 0 < e < €, the equation hawp,e = ¢ hawpe for some constant ¢ > 0
implies readily that both hewp,. and howp,e are constant multiples of || |lwpa). It
follows that M admits a continuous family of pairwise inequivalent augmented Weil-
Petersson metrics.

5. The general case of families of polarized Ricci-flat Kahler orbifolds.
In this section, we are going to consider the general case of a family of polarized
Ricci-flat Kéahler orbifolds and give the proof of Theorem 1’. When the arguments or
calculations given in the previous sections also work in the present orbifold case, we
will often avoid repeating them here and only indicate the necessary modifications.
First we recall some definitions.

An n-dimensional complex orbifold is a complex analytic space M of complex
dimension n together with a basis of open subsets {Uy }ac.a covering M such that for
each open set U, € A, there exist an associated open set U, C C", a finite subgroup
'y C Aut (Uy) (here Aut (Uy) denotes the group of self- blhOlOHlOI‘phlelS on U,) and
a holomorphic map p, : Uy, — U which is T',-invariant (i.e., po 0 v = p, for all
~ € I'y) and induces a biholomorphism between U, and U, /T (so that we may write
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Ua = U,/I'y); furthermore, if ﬁa C (73 (with a, 8 € A), then there exist a group
homomorphism 7,5 : I'y — I'g and an injective holomorphic map ¢.5 : Uy — Up
such that

DB O Pap = Pa, and Tog(y) © pas = ¢ap oy for all v € T',,. (5.1)

(A complex orbifold is also called a complex V-manifold & la Satake and Baily (cf.
[Bal], [Ba2|, [Sa]).) Each local holomorphic covering projection map p, : Uy —
Ua = U, /T is known as an orbifold chart of M, and the collection orbifold charts
is called an orbifold atlas of M. The orbifold singular set M?® of M is the subset
{z € M|~(y) =y for some y € p;'(z), e # 7 € T with a € A} (here e denotes the
identity element of T',,). Note that M?® is a complex analytic subvariety of M and
M\ M* lies in the smooth part M® of (the underlying complex space) M, but it may
happen that M\ M* & M°.

A differential form 1 on a complex orbifold M (with an orbifold atlas {p, : Uy —
ﬁa = Uy/Tataca) is a collection of differential forms {n,}aca, where each n, is
a differential form on U, invariant under T, (i.e., Y"1, = n, for all v € T',), and
®4pMB = Mo Whenever U, C [75. The differential n on M is said to possess a certain
property (such as being an (r,s)-form, or being d-closed) if each 7, possesses such
property on U,. (Alternatively, a differential form (with a certain property) on the
complex orbifold M can also be defined as a differential form n on M \ M* such that
pin extends to a differential form (with the same property) on U, for each o € A.)
In particular, a differential fom w on M is said to be a Kéhler form if w,, is a Kéahler
form on U, for each o« € A. A (Ricci-flat) Kdhler orbifold is a complex orbifold M
equipped with a (Ricci-flat) Kéahler form w. We remark that when M is smooth and
M?# is a smooth divisor of M, then w gives an example of a conical Ricci-flat Kéhler
form on the pair (M, M*) (see [Br] for the definition and existence results of conical
Ricci-flat Kéhler forms).

An orbifold vector bundle E over a complex orbifold M (with an orbifold atlas
{pa : Ua — ﬁa = Uy/Tataca) is a collection of vector bundles {E,}aca, where
E, is a vector bundle over U, (with the projection map denoted by ¢, : Fo — Uy)
for each o € A, and for each a € A, there is an associated group homomorphism
Ve : I = Aut(E,) (here Aut(E,) denotes the group of vector bundle automorphisms
of E,) such that g, o vy (y) = yo0gq, for all v € I',; furthermore, if Ua C (73 for some
a, B € A, then there exists a bundle map pag : Eo — Ej such that (vgoras)(7)opas =
Pap © Va(y) for all v € T'y (here 745 is as in (5.1)), and one has pag © pgs = pas if
U, C (73 C Us. Note that E descends to a vector bundle on M \ M* (in the usual
sense). A typical example of an orbifold vector bundle is the orbifold tangent bundle
TM given by the collection of tangent bundles {TU,}nec4 with the action of v € T,
given by the jacobian of 7, i.e., v4(7) = 7. Hermitian metrics on orbifold vector
bundles over complex orbifolds are defined in the obvious way.

Let ¢ = {¢a}aca be an (n,n)-form on an n-dimensional complex orbifold M
with an orbifold atlas {p, : Uy — ﬁa =U,/Tataca. For each a € A, the integral of

(p over ﬁa is given by [ Y ¥, where |T', | denotes the order of the group

[Pl Ju,

T'y. Then the integral / @ is defined by using a partition of unity in the obvious

@

M
manner. We remark that by well-known results of Baily (cf. [Bal], [Ba2]), many
natural differential operators on manifolds (such as the de Rham operator d (and its
decomposition d = 9 + 9) and associated objects (such as de Rham and Dolbeault
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cohomology classes) generalize to orbifolds in the obvious manner, and many stan-
dard results on these operators (such as Stokes” Theorem) also hold for orbifolds. In
particular, Hodge decomposition theorem also holds for orbifold vector bundles over
compact Kéhler orbifolds; and under such setting, the harmonic projection operator
and Green’s operator make sense in the obvious manner (see [Bal, Section 2 and
Section 7]).

Let 7 : X — S be a holomorphic map from an (n + m)-dimensional complex
orbifold X (with an orbifold atlas {p, : Uy — ﬁa = Uy /Ta}aca) to an m-dimensional
complex manifold S. Then 7 : X — S is said to form a holomorphic family of complex
orbifolds over S if (i) 7 is surjective and of maximal rank (here 7 is of maximal rank
means that for each o € A, 7 o p, is of maximal rank at all points of U,; and (ii)
for each @ € A, U, is of the form U, x W, where U, is an open subset of C™ and
W, C C™ is an open coordinate subset of S, so that 7o p, is given by the coordinate

projection map onto the second factor W,; furthermore, each v € I'o,(C Aut(Uy,)) is
!

of the form (70 eo ) for some 7' € Aut(U,), where e, denotes the identity map on

W,. (Note that under the identification v +— v/, we may regard I, as a subgroup
of Aut(U, ), and we may write

Uy =Ua/To = (Uy X Wo)/Ta = (Ua/To) x Wa = Us x Wa. (5.2)

Note that with the above identification, we may write p, : U, — ﬁa as (pl,,em) :
Uy x Wy — ﬁa x Wy, where pl, : Uy — Ua is the projection map under the induced
action of I'y, on U,. It is easy to see that under these two conditions, for each
t € S, the fiber M; := w~1(¢) is a complex orbifold with an orbifold atlas given by
{p,, : Uy — U, = Ua/Totaca) Note that the fibers M;’s are all homeomorphic
to each other. Finally a holomorphic family of complex orbifolds 7 : X — S over
a complex manifold S is said to form a holomorphic family of compact polarized
Ricci-flat Kéhler orbifolds if the fiber M; is compact for each ¢ € S, and the complex
orbifold X is endowed with a d-closed (1, 1)-form w such that its restriction wy := w’ M,
to each fiber M;, t € S, is a Ricci-flat Kahler form on the complex orbifold M;.

We proceed to consider the deformation theory of compact complex orbifolds.
Let m : X — S be a holomorphic family of compact complex orbifolds over a complex
manifold S (satisfying conditions (i) and (ii) in the above paragraph). We fix a point
t, € S, and let W be an open coordinate neighborhood of ¢, in S. Then shrinking W
and replacing A by a subset if necessary, we may assume that the restricted family
W}Wfl(w) : m1(W) — W admits an orbifold atlas {ps : Uy — Us = Us/Ta}taca

and the fiber M;, = 7~ (t,) admits a corresponding orbifold atlas {p/, : Uy — Uy =
Ua/Ta}aca, where for each o € A, we may write, as in (5.2),

Uy =Ua/To = (Ua X W)/To = (UsJTa) x W = U, x W, (5.3)

and one has an associated decomposition of p, given by p, = (p,,ew). Here ew
denotes the identity map on W. Now we take a homeomorphism = : M;, x W —
71 (W) such that E|Mr «{to} is the identity map on M, , mo=(x,t) =t forallt € W
and z € M, , and for o, € A such that E(ﬁa x W) C ag, one has a lifting of
E’f}axw to a diffeomorphism Z,5 : Uy x W — Ug from U, x W into U such that
Tap (V) (Eap(z,t)) = Eap(y(2),t) for all (z,t) € Uy x W and v € T'y (here 7,5 is
as in (5.1)). Such a Z corresponds to a lifting of a vector field uw on W to a vector



AUGMENTED WEIL-PETERSSON METRICS ON MODULI SPACES 723

field v, on (X \ X*) N7~ Y(W) (so that m.v, = u) such that for each orbifold chart
Pa i Uy — Z/Ala = Uy /T with W(LAIQ) C W, v, lifts (and then extends) to a I',-invariant
vector field v, o on U, (50 that (pa)«vu.e = vy on (X\X*)N7T~H(W) and Y4vy,0 = Vua
for all v € T'y).

As in the smooth case and with the identification given in (5.3), by taking 9 of
Uy, along the fiber directions on U, X {t,} (which is identified with U,), one gets a
I'y-invariant 0-closed TU,-valued (0,1) form on U,. As such, we get a 0-closed T'M;, -

valued (0,1)-form on M;,, which is simply denoted by dv,| v, - As in the smooth

case, it is easy to see that if Jv is another d-closed T'M;, -valued (0, 1)-form on

ula,

M, corresponding to another hftmg of u, then gvu’ M, v is D-exact on M, .

a

ulM,,
Thus, we have a well-defined Kodaira-Spencer map p : T;,8 — H*'(M,,, T M,,) given
by pi,(v) = [81)“‘ M, |, where [81)“‘ M, | denotes the Dolbeault cohomology class of

vy | M, As in the smooth case, a holomorphic family 77 : X — S of complex orbifolds

is said to be effectively parametrized if the Kodaira spencer map p; is injective for
eacht € S.

For the remainder of the section and as in Theorem 1’, we let w# : X — S be
an effectively parametrized holomorphic family of n-dimensional compact polarized
Ricci-flat Kahler orbifolds over an m-dimensional complex manifold S. Let w be the
associated d-closed (1, 1)-form on X such that its restriction wy := w’M is a Ricci-flat
Kéhler form on the complex orbifold M; for each ¢ € S, and let g be ‘the associated
metric tensor of type (1,1) on X. Let {pa : Uy — Us = Ua/T'a }aca be an orbifold at-
las of & which gives rise to an associated orbifold atlas {p], : Uy, — ﬁa =Uy/Tataca
on M, for each t € S as given in (5.2). For a local tangent vector field u of type (1,0) on
an open subset W of S, one obtains the horizontal lifting v,, of u on (X\X*)N7 =1 (W)
with respect to w as described in Section 2 for the smooth case. Alternatively, for
each orbifold chart py : Uy — Uy = Uy /T, such that U, C 7~ (W), recall that w
lifts to a I',-invariant form w, on U,. Then one can consider the horizontal lifting
Vy,o Of u to U, with respect to w, (and the projection map 7 o p,). It is easy to
see that each vy o is I'y-invariant, and (pa)+Vu,e = v, On ﬁa N (X \ X%). Asin the
smooth case in Section 2, one easily sees that ®(u) := gvu‘ a1, 18 the unique harmonic
Kodaira-Spencer representative of p;(u) for t € W C S. When W is a coordinate
open subset of S with coordinates given by t = (t1,---tm,) and u = 9/0t; is a co-
ordinate vector field, it is easy to see that its horizontal lifting v; of 9/0t; and the
correspnding harmonic Kodaira-Spencer representative ®; := gvi‘ v, AT such that
their T'y-invariant liftings on the orbifold charts U,’s (and thus also v; and ®; on
U, N (X '\ X)) are given locally by the same expressions as in (2.3) and (2.4) respec-
tively. Then the Weil-Petersson metric A" %) on S is given by the same expression
as in (2.6). For integers p,q,r,s > 0,t € S, ® € AYP(A"TM;) and ¥ € A%I(ATM,),
one defines ® ® ¥ € A%PTI(A"FSTM,) in the obvious manner, namely by first lifting
®, ¥ to corresponding bundle-valued forms ®,, ¥, on each U, (for each orbifold
chart pl, : Uy — ﬁa =U,/T',) and considering the I',-invariant bundle-valued form
®, ® VU, on U, (as described in Section 2). Then for each 1 < ¢ < n, one can define
the (-th generalized Weil-Petersson pseudo-metric on S as given in (2.11) and (2.12).
Finally one can define augmented Weil-Petersson metrics on S as given in (2.13).

Proof of Theorem 1°. Let w : X — S be an effectively parametrized holomorphic
family of n-dimensional compact polarized Ricci-flat Kahler orbifolds over a complex
manifold S. Using the finite set of positive numbers {as}1<s<, as given in (4.1) and
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(4.2), we define the associated augmented Weil-Petersson metric h,yp on S as given
in (4.4) (and as discussed above). Then by following mutatis mutandis the arguments
and computations in Section 3 and Section 4, one sees that hewp is a C*° Finsler
metric whose holomorphic sectional curvature is bounded above by a negative con-
stant. We only indicate the new ingredients and the modifications needed for the
proof in the orbifold case. First the Lie derivative £,,T" of a relative tensor 1' with
respect to the horizontal lifting v; of some coordinate tangent vector field 9/0t; on
some coordinate open subset of S makes sense as a relative tensor in the obvious man-
ner, namely by first lifting v; and T" to corresponding I',-invariant objects on each U,
(for each orbifold chart p, : Uy, — U, = U,/T,) and considering the corresponding
Lie derivative there, which is easily seen to be I'-invariant. Similar remark holds for
the operations on tensors (and the tensors themselvers) that appear in Section 3 and
Section 4, so that they also make sense (and have the same properties) for the case
of orbifolds. Also, at various places in Section 3 and Section 4 where integration by
part arguments are involved, the usual Stokes’ theorem for manifolds will be replaced
here by Stokes’ theorem for orbifolds (see e.g. [Bal, p. 866]). As mentioned earlier,
one knows from [Bal, Section 2 and Section 7] that the Hodge decomposition theo-
rem also holds for orbifold vector bundles over compact Kéhler orbifolds; and under
such setting, the harmonic projection operator and Green’s operator make sense in
the obvious manner. These will replace the Hodge decomposition theorem and the
harmonic projection operator and Green’s operator (for manifolds) used in various
parts of Section 3 and Section 4. The rest of the arguments in Section 3 and Section
4 prevail verbatim in the present orbifold case. O

Proof of Corollary 1. Let w : X — S be as in Theorem 1 or Theorem 1’. By
Theorem 1 and Theorem 1’, S admits an augmented Weil-Petersson metric hqw p
whose holomorphic sectional curvature is bounded above by a negative constant. To-
gether with standard arguments involving the usual Ahlfors lemma, the existence of

the Finsler metric h,wp on S with the above curvature property implies readily that
S is Kobayashi hyperbolic (cf. e.g. [Kob, p. 112, Theorem 3.7.1]). O

6. Alternative approach from period mappings in the smooth case. In
this section, we discuss in the smooth case an alternative approach of constructing
a Kéhler metric (called the Hodge metric) on the base manifold S with holomorphic
sectional curvature bounded above by a negative constant. This alternative approach
is more classical and could be found in [Lul] (see also [Gril], [Gri2], [Ti]), and it is
based on Hodge-theoretic considerations. The alternative approach will work for at
least the case of families of Calabi-Yau manifolds (or slightly more generally, when
the canonical line bundle of each fiber manifold is holomorphically trivial), although
it does not appear to generalize readily to the general Ricci-flat manifold (or orbifold)
case. For convenience of the reader, we recall briefly Lu’s approach as follows:

Let 7 : X — S be an effectively parametrized holomorphic family of compact
n-dimensional polarized Kéahler manifolds of zero first Chern class over a complex
manifold S, and such that Ky, = Oy, for some t, € S. From the deformation
invariance of the Hodge number h™° and the fact that a holomorphic n-form on
an n-dimensional compact Ricci-flat Kahler manifold is automatically parallel with
respect to the Levi-Civita connection, it follows readily that K, = O, for all
t € S. For each t € S, let P"(M;,C) := {n € H*(M,C)|nAw; = 0} denotes the
primitive cohomology classes in H"(M;, C). By considering the Hodge decomposition
of H™(M;,C), one obtains a well-defined holomorphic period mapping p : S — D
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from S to the classifying space D of certain polarized Hodge structures given by
t— {Hp’q(Mt) n Pn(Mt,(C)}p+q:n. (61)

By a result of Griffiths ([Gril, Proposition 3.6]), when each Ky, is trivial, the period
mapping p is an immersion (this follows from the fact that if one takes a nonzero
Kodaira-Spencer class € H* (M, TM;) and a nonzero n-form Q; € H™°(M;), then
the interior product 7€ is a nonzero element in H"~11(M;)). The classifying space
D is a homogeneous complex manifold admitting a certain invariant two form wp. In
[Lul], Lu showed that p*wp is a Kéhler form whose holomorphic sectional curvature
is bounded above by a negative constant. This K&hler metric was called the Hodge
metric in [Lul]. We remark that in his proof, Lu needed to use the fact that p(S)
lies in certain ‘horizontal slice’ of D due to Griffiths transversality, and he also made
essential use of Griffiths’ results [Gril] on the curvature properties of wp (see also
[Gri2]). In summary, Lu obtained the following result:

THEOREM 2 ([Lul]). Let m: X — S be an effectively parametrized holomorphic
family of compact polarized Kdhler manifolds of zero first Chern class over a complex
manifold S. Suppose that Ky, = On,, for somet, € S (and hence Ky, = Oy, for
allt € S). Then S admits a well-defined Hodge metric whose holomorphic sectional
curvature is bounded above by a negative constant.

REMARK 3. Let M and the howp,c’'s on M be as in Remark 2. Since the how p,.c’s
are pairwise inequivalent, it follows that apart from one possible exception, each of the
hawp,e s is not a constant multiple of the Hodge metric on M.

An immediate consequence of Theorem 2 is the following

COROLLARY 2. Letw: X — S be as in Theorem 1. Suppose the familyw : X — S
is diffeomorphically trivial, in the sense that there exists a diffeomorphism f : X —
M, xS such that m = proo f, where pro : My, xS — S denotes the projection onto the
second factor, and M;, = 7w~ '(t,) for some t, € S. Then S admits a Kihler metric
whose holomorphic sectional curvature is bounded above by a negative constant.

Proof. First we note that the diffeomorphism f : X — M; xS induces the
following isomorphism of fundamental groups:

m1(X) 2wy (M) x m(S). (6.2)

It follows from a result of Beauville [Bea] that there exists a finite cover M{ of the
fiber M;, corresponding to some subgroup G C 71 (M;,) of finite index such that
Ky is holomorphically trivial. Then via the isomophism in (6.2), one may regard
G x m1(S) as a subgroup of 71 (X)) of finite index. Then one gets an associated finite
cover X’ of X. Denote the associated covering projection map by ¢ : X’ — X, and
let ¥’ =moq: X — S. Then it is easy to see that 7’ : X’ — S forms an effectively
parametrized holomorphic family of compact polarized Kahler manifolds of zero first
Chern class over S (with the polarization provided by ¢*A, where A denotes the
polarization of the family 7 : X — S), and one has (7') ! (t,) = M/ . Hence one may
apply Theorem 2 to the family 7’ : X — S to yield the desired conclusion on S. O

REMARK 4. Letw: X — S be as in Theorem 1. For any t, € S, one easily
sees that there exists some open neighborhood U of t, in S such that the restricted
family 7T|71_71(U) : 7 Y U) — U over U is diffeomorphically trivial, shrinking U if
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necessary. As such, one may apply Corollary 2 to get a Kdhler metric hy on U with
holomorphic sectional curvature bounded above by some negative constant. However,
the ‘local Hodge metrics’ hy’s are not uniquely defined, as they depend on the choices
of the local finite coverings, and it is not clear that the hy’s will patch together to
form a well-defined Kahler metric on S.

REMARK 5. The Hodge theoretic approach described in this section does not apply
to the general orbifold case treated in Theorem 1°, since in that case (and in addition
to Remark 4), each fiber My is only an orbifold, and the orbifold charts of My may not
lead to a finite (ramified or unramified) cover M| of My such that M] is a compact
Kahler manifold with trivial canonical line bundle.
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