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REMARKS ON XIAO’S APPROACH OF SLOPE INEQUALITIES*

HAO SUNT, XIAOTAO SUN¥, AND MINGSHUO ZHOUS$

Abstract. We prove the slope inequality for a relative minimal surface fibration in positive
characteristic via Xiao’s approach. We also prove a better low bound for the slope of non-hyperelliptic
fibrations.
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1. Introduction. Let S be a smooth projective surface over an algebraically
closed field k of characteristic p > 0 and f : S — B be a fibration with smooth
general fiber F of genus g over a smooth projective curve B. Let wg/p = ws ® f*w}
be the relative canonical sheaf of f, and Kg/p := Ks— f*Kp be the relative canonical
divisor. We say that f is relatively minimal if S contains no (—1)-curve in fibers. The
following basic relative invariants are well known:

K% p=(Ks— ["Kp)?=K;—8(g—1)(b—1),
xr = degfuws/p = x(Os) — (9 —1)(b—1).

When f is relatively minimal and F' is smooth, then Kg,p is a nef divisor (see [11]).
Under this assumption, the relative invariants satisfy the following remarkable so-
called slope inequality.

THEOREM 1. If f is relatively minimal, and the general fiber F' is smooth, then

4(g—1
Kz 1l (L)

When char(k) = 0, this inequality was proved by Xiao (see [12]). For the case of
semi-stable fibration, it was proved independently by Cornalba-Harris (see [2]). When
char(k) = p > 0, there exist a few approaches to prove this inequality (see [9], [13],
ect). Some of them require the condition of semi-stable fibration.

In this note, we explain why Xiao’s approach still works in the case of char(k) =
p > 0. Indeed, Xiao’s approach is to study the Harder-Narasimhan filtration

O:E()CElC"'CEn:E:f*ws/B
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and give lower bound of Kg/B in term of slop p; = u(E;/E;—1). Here one of the key
points is that semi-stability of E;/E; 1 will imply nefness of Q-divisors Op(g,)(1) —
w;I'; where T'; is a fiber of P(E;) — B. This is the only place one needs char(k) = 0.

Our observation is that by a result of A. Langer there is an integer ko such that,
when k > kg, the Harder-Narasimhan filtration

0=EyCE C-CE,=FE=Ffuwgnp

of Fk*f*wS/B has strongly semi-stable F;/FE;_; (1 <14 < n) and that strongly semi-
stability of £;/FE;_1 implies nefness of Op(g,)(1) — ;. When f: S — B is a semi-
stable fibration, any Frobenius base change F* : B — B induces fibration f :S— B
such that
2
K%/B _ K§/B
degfiws/p  degfuwg,p

Fk*f*wS/B = f*wg/B,

Thus for semi-stable fibration f : S — B we can assume (without loss of general-
ity) that all E;/F; 1 appearing in Harder-Narasimhan filtration of ' = f.wg/p are
strongly semi-stable. Then Xiao’s approach works for char(k) = p > 0 without any
modification. We will show in this note that a slightly modification of Xiao’s approach
works for any fibration f : S — B. In fact, we will prove the following more general
result holds for char(k) =p > 0.

THEOREM 2. Let D be a relative nef divisor on f : S — B such that D|p is
generated by global sections on a general smooth fiber F' of f : S — B. Assume that
DlF is a special divisor on F and

A=2n°(D|p)-D-F—1>0.

Then
2D - F

D?* > Wdeg(f*(’)s(D))-

Xiao also constructed examples (cf.[12, Example 2]) of hyperelliptic fiberation
f S — B such that

4g — 4

K&/p= deg(fiws/B)
and conjectured (cf. [12, Conjecture 1]) that the inequality must be strict for non-
hyperelliptic fibrations, i.e., the general fiber F' of f is a non-hyperelliptic curve, which
was proved by Konno [4, Proposition 2.6]. Lu and Zuo [7] obtained a sharp slope
inequality for non-hyperelliptic fibrations, which was generalized to char(k) =p > 0
in [6] for a non-hyperelliptic semi-stable fibration.

Here we also remark that our previous observation can be used to prove the
following theorem in any characteristic easily.

THEOREM 3. Assume that f : S — B is a relatively minimal non-hyperelliptic
surface fibration over an algebraically closed field of any characteristic, and the general
fiber of f is smooth. Then

. 9(g—1
K3 p> mm{m,él}degf*ws/g (1.3)
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Our article is organized as follows. In Section 2, we give a generalization of
Xiao’s approach, and show that a slightly modification of Xiao’s approach works in
any characteristic. In Section 3, we prove Theorem 3 via the modification of Xiao s
approach and the modified second multiplication map F**S? f,wg /B~ FF f (w wg; B)

2. Xiao’s approach and its generalization. We start from an elementary
(but important) lemma due to Xiao.

LEMMA 1 ([12, Lemma 2]). Let f : S — B be a relatively minimal fibration, with
a general fiber F. Let D be a divisor on S, and suppose that there are a sequence of
effective divisors

Iy >Zy> > 7y > Zyy1 =0
and a sequence of rational numbers

H1 > p2 s >, g1 =0
such that for every i, N; = D — Z; — ;' is a nef Q-divisor. Then

Z (di + di1) (i — prig1),

where d; = N; - F.
PTOOf. Since NrL'Jrl = Nl + (uz — 'LLfL'Jrl)F + (Zl - ZfL'Jrl), we have

N7y = NigaNi 4+ dig1 (i — piv1) + Niw1(Zi — Ziga)
= N7+ (di + diy1)(pi — pi1) + (Ni + Nig1)(Zi — Zigr)
> N7+ (di + diy1) (pt; — pis1)-

Thus N7,y — N7 > (di + dig1) (i — pit1) and

D? =Ny, =N} +Z P Z (di + div1)(pi — piv)-

a
We need some well-known facts about vector bundles on curves. Let B be a

smooth projective curve over k, for a vector bundle E on B, the slope of F is defined
to be

degFE
rk(E)

w(E) =

where rk(E), degE denote the rank and degree of E (respectively). Recall that E is
said to be semi-stable (resp., stable) if for any nontrivial subbundle E’ C E, we have

1(E") < W(E)  (resp., <).
If F is not semi-stable, one has the following well-known theorem

THEOREM 4 (Harder-Narasimhan filtration). For any vector bundle E on B,
there is a unique filtration

0O:=FEyCE,C---CE,=F
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which is the so called Harder-Narasimhan filtration, such that
(1) each quotient E;/E;_1 is semi-stable for 1 <i < n,
(2) p1 >+ > pin, where p; := p(E;/E;i—1) for 1 <i<n.

The rational numbers fiya, (F) := 1 and pmin (F) := u,, are important invariants
of E. Let m : P(E) — B be projective bundle and 7*E — Og(1) — 0 be the
tautological quotient line bundle. Then the following lemma (which was proved by
Xiao in another formulation) relating semi-stability of E with nefness of Og(1) only
holds when char(k) = 0.

LEMMA 2 ([8, Theorem 3.1], See also [12, Lemma 3]). Let ' be a fiber of 7 :
P(E) — B. Then

OE(U - /Lmin(E)F

is a nef Q-divisor. In particular, for each sub-bundle E; in Harder-Narasimhan
filtration of E, the divisor

Op, (1) — pls
is a nef Q-divisor, where T'; is a fiber of P(E;) — B.

THEOREM 5. Let D be a relative nef divisor on f : S — B such that D|p is
generated by global sections on a general smooth fiber F' of f : S — B. Assume that
Dlp is a special divisor on F and

A=2n°D|p)—D-F—-1>0.

Then

2D-F
D? > mdeg(f*OS(D))-

Proof. For a divisor D on f : S = B, E = f.Og(D) is a vector bundle of rank
h°(D|r) where F is a general smooth fiber of f : S — B. Let
0O:=FyCFEiC---CE,=F
be the Harder-Narasimhan filtration of E with r; = rk(E;) and
i = p(Ei/Eio1) = pmin(E;) (1 < i< n).
Let £; C Og(D) be the image of f*E; under sheaf homomorphism
[TEi = [TE = [*f.0s(D) = Os(D),

which is a torsion-free sheaf of rank 1 and is locally free on an open set U; C S of
codimension at least 2. Thus there is a morphism (over B)

such that ¢fOp, (1) =

il
Let D = Cl(ﬁi) + Z; (1

u,, which implies that ¢;(£;) — p;F is nef by Lemma 2.
< i < n). Then we get a sequence of effective divisors
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Zy > Zy > -+ > Zy > 0 and a sequence of rational numbers g1 > pso -+ > up such
that

N;=D—-Z7,—i;F (1<i<n)
are nef Q-divisors. Note N;|p = ¢1(L;)|r < D], one has surjection
HY(Ni|p) - HY(D|p).
Thus N;|r is special since D|p is special, and
di=N; - F>2h°(Li|lp) —2=2r; =2, (i=1,..,n)

by Clifford theorem. Since D|g is generated by global sections, Z,, is supported on
fibersof f: S— Bandd, =D F :=dy41.
When n = 1, we have D? = N + (D + N1) - Z1 + 2 D - F and

2D-F
2> R

since Z; is supported on fibers of f : S — B and D is a relative nef divisor. When
n > 1, by the same reason,

D? = N2+ 2u,D-F+ (N, +D)-Z,>N2+2u,D-F

and, by using Lemma 1 to N2, we have

I
-

n

D* > (di + di1) (i — pit1) + 2unD - F

i—1
n—1

> 2(27”1' +2rip1 — 4) (i — piv1) + 2D - F
i—1
n—1

> (4ri —2)(pi — pigr) + 240D - F
=1

ri(pi = prig1) = 2p — (40°(D|p) = 2D - F = 2)pp,

[

=1

= 4deg(f.Os(D)) — 241 — 2Apn

where we use the equality (which is easy to check) that

-

deg(fOs(D)) = > ri(pi — pit1)-

=1

Again by D? = N2+24,,D-F+(N,,+D)-Z,, apply Lemma 1 to (Z1 > Z, > 0, 1 >
Iin), we have

D2 > (d1+D'F)(,u1_,Un>+2D'F,unZD'F(,ul +/Ln)'
By using above two inequalities and eliminating p1, we have

(24 D-F)D?* — 4D - Fdeg(f.Os(D)) > —2(A —1)D - Fu,,.
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By eliminating p,, (which is possible since we assume A > 0), we have
(2A+ D - F)D? — 4D - Fdeg(f.Os(D)) > 2(A—1)D - Fy.
By adding above two inequalities and using definition of A, we have
4h%(D|)D? — 8D - Fdeg(f.0s(D)) = 2(A — 1)D - F(uy — 1) > 0

which is what we want. O

COLLOARY 1 (Xiao’s inequality). Let f : S — B be a relatively minimal fibration
of genius g > 2. Then

49 — 4
K3 p> gTdeg(f*wS/B)-

Proof. Take D = Kg/p (the relative canonical divisor), which satisfies all the
assumptions in Theorem 5 with 2%(D|p) =g, D - F = 2g — 2 and Og(D) = wg/p. 0

The only obstruction to generalize Xiao’s method in positive characteristic is
Lemma 2, which is not true in positive characteristic since Frobenius pull-back of a
semi-stable bundle may not be semi-stable. However, the following notion of strongly
semi-stability has nice property that pull-back under a finite map preserves strongly
semi-stability.

DEFINITION 1. The bundle E is called strongly semi-stable (resp., stable) if its
pullback by k-th power F* is semi-stable (resp., stable) for any integer k > 0, where
F' is the Frobenius morphism B — B.

LEMMA 3 ([5, Theorem 3.1]). For any bundle E on B, there exists an integer
ko such that all of quotients E;/E;_1 (1 <1i < n) appear in the Harder-Narasimhan
filtration

0:=EyCE C-CE,=F"E
are strongly semi-stable whenever k > k.

LEMMA 4. For each sub-bundle E; in the Harder-Narasimhan filtration
0:=EyCE C--CE,=F"E
of F* E (when k > kg), the divisor O, (1) — u;T; is a nef Q-divisor, where I'; is a
fiber of P(E;) — B and p; = p(Ei/E;i-1).

Proof. The proof is just a modification of [8, Theorem 3.1] since pull-back of
strongly semi-stable bundles under a finite morphism are still strongly semi-stable.
One can see [8, Theorem 3.1, Page 464] for more details. O

We now can prove, by the same arguments, that Theorem 5 still holds in positive
characteristic.

THEOREM 6. Let D be a relative nef divisor on f : S — B such that D|p is
generated by global sections on a general smooth fiber F' of f : S — B. Assume that
Dir is a special divisor on F and

A=2hn°(D|p)-D-F—1>0.
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Then

2D - F
D* > Wdeg(f*OS(D))-

Proof. 1t is enough to prove the theorem when f : S — B is defined over a base
field k of characteristic p > 0. Let Fs : S — S denote the Frobenius morphism over
k. Then we have the following commutative diagram (for any integer k > ko):

S S .
b
Fk:

B——B

k
Fg
- s

For a divisor D on f : S — B, E = f.0g(D) is a vector bundle of rank h°(D|r)
where F' is a general smooth fiber of f: S — B. Let

0:=EyCE C--CE,=F"E
be the Harder-Narasimhan filtration of F**E with r; = rk(E;) and
i = p(Ei/Ei1) = pmin (Ei) (1 <7< n)

where we choose k > ko such that all quotients E;/E;_; appears in above filtration
are strongly semi-stable.
Let £; C Fg*(’)s(D) be the image of f*FE; under sheaf homomorphism

f*E; = f*F™E = F§* f*f,0s(D) — F§*Os(D) = Os(p* D),

which is a torsion-free sheaf of rank 1 and is locally free on an open set U; C S of
codimension at least 2. Thus there is a morphism (over B)

such that ¢fOg, (1) = L;|y,, which implies that ¢1(£;) — ; F' is nef by Lemma 4.
Let p*D = ¢1(£;) + Z; (1 <4 < n). Then we get a sequence of effective divisors
Z1 > Zy > -+ > Z, > 0 and a sequence of rational numbers pq > po -+ > p, such
that

Ny =p"D — Z; — i, F (1 <i<n)
are nef Q-divisors. Let d; = N; - F' = deg(L;|r), then
dp =pFD - F :=dp

since D|p is generated by global sections and Z,, is supported on fibers of f : S — B.
For 1 <i < n, there are r; = rk(E;) sections

{81, ey S”} EHO(Os(D)|F)

k
such that £;|r C Os(p¥D)|F is generated by the global sections s} , ..., sff.
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Since Og(D)|F is special, the sub-sheaf L; C Og(D)|r generated by
{51, .o, 80,3 € H'(Os5(D)|F)
is special. Thus deg(L;) > 2r; — 2 by Clifford theorem. Then we have
d; = N; - F = deg(Li|r) = p"deg(L;) > p*(2r; —2) (1 < i < n).

When n = 1, which means that £ = f,Og(D) is strongly semi-stable, the same
proof of Theorem 5 implies

2D -

D?*>2uD-F =
(DI )

When n > 1, since Z,, is supported on fibers of f : S — B, we have
p**D? = N2 4+ 244,p"D - F + (N,, + p"D) - Z, > N? + 2u,,p"D - F.

By d; > p*(2r; — 2) and using Lemma 1 to N2, we have

n—1
p2kD2 > Z(dz +dig1) (s — piv1) + 2ankD - F
i=1
n—1
> pk(QTz' +2rip1 —4) (i — piv1) + 24np"D - F
1=1
n—1
> (47‘1' - 2)(/141 - Mi-i—l) + 2ankD - F

=1
4953 1ty — i) — 295 — pPAR(DR) = 2D - F — 2,
i=1

= 4p"deg(F** £.05(D)) — 2p"p1 — 2p" Apu,
where we set p,+1 = 0 and use the equality (which is easy to check)
deg(F** f,05(D Z i — phiv1)-
i=1

By p**D? = N2 + 24,p*D - F + (N,, + p*D) - Z,,, apply Lemma 1 to (Z; > Z,, >
0, p1 > py), we have

p*D? > (di + p"D - F)(u1 — pn) +20°D - Fpy > pFD - F(py + ).
Altogether, we have the following inequalities

pFD? > ddeg(F** £.05(D)) — 21 — 2Au, (2.1)

p*D* > D - F(u + pin) (2.2)
By using (2.1) and (2.2), eliminating p1, we have

(2+ D - F)pF*D?* — 4D - Fdeg(F** f.05(D)) > —2(A—1)D - Fp,,
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By eliminating p,, (which is possible since we assume A > 0), we have
(2A+ D - F)p*D? — 4D - Fdeg(F** f.05(D)) > 2(A — 1)D - Fy.
By adding above two inequalities and using definition of A, we have
4h°(D|p)p* D? — 8deg(F™* f.05(D)) > 2(A = 1)D - F(p — pin) > 0

which and deg(F** f,0g(D)) = p*deg(f.Os(D)) imply

O
COLLOARY 2. Let f : S — B be a relatively minimal fibration of genius g > 2
over an algebraically closed field of characteristic p > 0. Then

49 — 4

K3p > deg(f.ws;B)-

Proof. Take D = Kg,p (the relative canonical divisor), which satisfies all the
assumptions in Theorem 6 with h%(D|p) =g, D - F =2g — 2 and Og(D) = wg,p. O

3. Slopes of non-hyperelliptic fibrations. Xiao has constructed examples
(cf.[12, Example 2]) of hyperelliptic fiberation f : S — B such that

49 —4

Kip = deg(fws/B)

and has conjectured (cf. [12, Conjecture 1]) that the inequality must be strict for
non-hyperelliptic fibrations.

PRrROPOSITION 1. Let f: S — B be a non-hyperelliptic fibration of genus g > 3,
if fsws/p is strongly semi-stable, then

59 — 6
K> Tdeg(f*wsw)- (3.1)

Proof. By Max Noether’s theorem, the second multiplication map
0: 5% fuwsyp = fe(WSip)
is generically surjective for non-hyperelliptic fibrations f : S — B. Let
§?faws/p = F = 0(S* fuwsyp) C fo(w/p)-
Then F is a vector bundle of rank rk(f, (w?/zB)) =3g — 3, and
deg(F) < deg(f. (057s)) = K3/ + deg(fows ). (3.2)
On the other hand, semi-stability of SQf*wS/B implies

deg(F) = (39 — 3)u(S? fuws ) = 220

deg(fiws/B)- (3.3)
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Then (3.2) and (3.3) imply the required inequality (3.1). O
If £ = fiwg/p is not strongly semi-stable, let
0:=FEyCE CEyC--CE, CE=F"E (3.4)

be the Harder-Narasimhan filtration of F** E with r; = rk(E;) and

i = p(Ei/Eic1) = pmin(Ei) (1 <i<n)
where we choose k > kg such that all quotients E;/F;_1 appears in above filtration are
strongly semi-stable. The second multiplication map induces a multiplication map,
which is still denoted by o,

0: S?°F = Fk*S2f*wS/B — FF f (w®?

s/B):

Let F = Fh*F = Q(SQE) C Fkf, (w?fB) be the image of o, then

1 ~
K%p> Z?Gleg(}—) — deg(fiws/B)-

Thus the question is to find a good lower bound of deg(F), where
0 — K :=ker(o) —» S?°E & F — 0.

Note that for any filtration

0:=Fo CFICFC  CFr1 CFoyi=F (3.5)
of F, deg(F;/Fi_1) = (k(Fi) = rk(Fi— 1)) ttomin (F). I pimin (Fi) > as,

deg(F) > Zrk(}})(ai — Git1)- (3.6)
i=1
One of choices of the filtration (3.5) is induced by the Harder-Narasimhan filtration
(3.4) of E = F* f.wg,p (similar with [7]):
Fi= Q(Ei ®El) C ‘/%

The following lemma implies that i, (F;) > 2u, for all 1 <i < n.

LEMMA 5. Let & and & be two bundles over a smooth projective curve with all
quotients in the Harder-Narasimhan of £ and &y are strongly semi-stable. Then we
have

Homin(E1 ® E2) = fimin(E1) + Lmin (E2).

Proof. Tt is clear that fimin(E1®E2) < fimin(E1) + min (E2) by [10, Proposition 3.5
(3)]. Thus is enough to show

Homin(E1 ® E2) > fimin(E1) + Lmin (E2).
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By Lemma 3, there is a kg such that for all & > kg, all quotients in the Harder-
Narasimhan filtration of F**(£; @ &) are strongly semi-stable.
Let F'**(&, ® &) — Q be the strongly semi-stable quotient with

Q) = tmin (F** (€1 ® &2)) < PP pimin (€1 ® E2).
Applying [10, Proposition 3.5(4)] on the nontrivial morphism
FM& — (F*&)Y @ Q,
we have fmaz((F¥* &)Y @ Q) > pmin (F**&;1) and
pmaz (F* &)Y © Q) = 11(Q) = fimin(F**E2)
since all quotients griN(&;) and Q are strongly semi-stable. Then
Q) = tmin(F¥* 1) + pimin (F**E2) = p* (lmin (1) + prmin(E2)),

where the last equality holds since all gri!N(&;) and griN(&;) are strongly semi-stable,
which implies that

Hmin (E1 @ E2) > fimin(E1) + tmin(E2).

a
A lemma of [7] provides the lower bound of rk(F;). To state it, recall that in the
proof of Theorem 6, each E; defines a morphism

¢p, : F—Pri~t

on the general fiber F' of f: S — B, where L; C wp is generated by global sections
{Sla ) STi} C HO(OS(KS/B)|F) = HO(wF)'

DEFINITION 2. Let 7; : C; — ¢r,(F) be the normalization of ¢r,(F),
9i = 9(Ci)
be the genius of C; and v; : F — C; be the morphism such that
Gr, =Ti - Y.
Let ¢; = deg(or,) = deg(vh;). Then c;|ci—1 for all 1 <i<n and

r<re<- - <rp1<rn=¢, G1<92<-<gn1<¢gn=¢g

LEMMA 6 ([7, Lemma 2.6]). For each 1 <i < n, we have

3r; — 3, ifry <gi+1;
2Ti+gi—1, ifTiZgi+2.

In particular, if ¢, is a birational morphism, then
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LEMMA 7. Let d, be the degree of ¢r,(F) C P"i=1, £ =min{i|c; =1},
I={1§ZSK—1|T‘1291+2}
Then we have

PPESp > (3ri+29: — 2) (i — payr) + (51 — 6) (s — pasr),
i€l igl

PP K p 22 cidi(p — pisa) + ) (47 — 2)(1i = i) = 2.
i€l igl

Proof. The first inequality is from (3.6) by taking a; = 2u; and using estimate of
rk(F;) in Lemma 6. The second inequality is from

n—1
P*KEp > Z(di + di1) (i — prig1) +p"(4g — Dy
=1

by using d; < d;iy1, d; = pFe;d; and ¢;d; > 2r; — 2. 00

PROPOSITION 2. If min{¢;|i € I} > 3, then

9(g—1
K§p > Hdegf*wsﬂa-

(9+
Proof. When min{ ¢; |i € I} > 3, use d; > r; — 1 and Lemma 7,

PKE > Z(?ﬂ“z' —2) (s — pit1) + 2(57% —6)(ki — pit1),
il il

Png/B > 2(67%' —6) (s — piv1) + Z(‘lh‘ —2) (i — pig1) — 24t
icl gl

Take the average of above two inequalities, we have

4pg + iy

2 (3.7)

9
K3 p> §degf*WS/B -

On the other hand, by Lemma 1, we have Kg/B > (2972);%“") and Kg/B > 2‘;70—;2#1,

which and (3.7) implies the required inequality. O

PROPOSITION 3. Ifmin{¢;|i € I} =2 and g; > % fori € I with ¢; =2. Then
we have

-1

90 —-1)
2
Kg g > 2(g+1)degf*w5/3.

Proof. Tt is a matter to estimate d;. Since ¢, (F) C P"~! is an irreducible non-
degenerate curve of degree d}, we have in general d; > r; — 1 and more precisely the
so called Castelnuovo’s bound

ARSI L
4 -1> 2 T~ 9)
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where m; = [f;:é] is the positive integer defined by d; — 1 = m;(r; — 2) + &; with
0<e <1 (seel[l, Chapter 111, 2]).

Let I = {i € I|¢; =2}. Then for any i € I, d, > r; — 1 + g; by Castelnuovo’s
bound (since r; > g; +2 > 2). On the other hand,

8g; >29—2> 2d; >2r; — 24 2g;
implies that 3g; > r; — 1, which implies that
(3Ti+2gi—2)+2cid§ >9r; =8, Viel,

thus (3r; +2g; — 2) +2¢;d; > 9r; — 8 for all ¢ € I. Then the required inequality follows
the same arguments in Proposition 2. O

PROPOSITION 4 ([3, Theorem 3.1, 3.2])). If there is an i € I such that ¢; = 2 and
gi < 9%1. Then

Y

4(g—1)
K§p>——->

degf.ws) -

Proof of Theorem 3. When n =1 (i.e. fiwg,p strongly semi-stable), Theorem 3
is true by Proposition 1. When n > 1, Theorem 3 is a consequence of Proposition 2,
Proposition 3 and Proposition 4 since we have g; > 1 if ¢; = 2. O
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