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THE POINCARÉ DISK INTO THE SIEGEL UPPER HALF-PLANE∗
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Abstract. In this paper, we give new examples of non-diagonal holomorphic isometric embed-
dings of the Poincaré disk into the Siegel upper half-plane.
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1. Introduction. Let Ω be an irreducible bounded symmetric domain equipped
with the Bergman metric and Ωp, p ≥ 2, the product domain equipped with the
product metric. Motivated by questions from arithmetic geometry, Clozel and Ullmo
studied holomorphic isometric embeddings of Ω into Ωp, up to normalizing constants,
in [5]. By the Hermitian metric rigidity (see e.g. [7]), they showed that such em-
beddings must be totally geodesic when the rank of Ω is greater than one. In [8],
Mok showed that such embeddings also must be totally geodesic when the rank of
Ω is equal to one, i.e. Ω = Bn the complex unit ball, with n ≥ 2. When n = 1,
i.e. Ω = Δ the Poincaré disk, non-standard (i.e., not totally geodesic) holomorphic
isometric embeddings of Δ into Δp were constructed in [10] by Mok. Further studies
of these non-standard embeddings were carried out in [9, 11, 12, 1, 2].

The Poincaré disk Δ is biholomorphically equivalent to the upper half-plane
H = {τ ∈ C; Imτ > 0}, equipped with the Poincaré metric ds2H = 2Re dτ⊗dτ̄

2(Imτ)2 of

constant Gaussian curvature −1. Equip Hp with the product metric ds2Hp . The non-
standard holomorphic isometric embeddings of Δ into Δp constructed in [10] were
actually in the form of holomorphic isometric embeddings of H into Hp as follows
([10, Proposition 3.2.1]).

f : H → Hp; τ �→ (τ1/p, γτ1/p, · · · , γp−1τ1/p), τ = reiϕ ∈ H, γ = eiπ/p.

We call such maps p-th root embeddings. Note that f has a singularity at the origin,
thus must be non-standard.

The key of Mok’s construction is the following p-th root identity ([10, Lemma
3.2.2])

p−1∏
j=0

sin[
1

p
(ϕ+ jπ)] = cp sinϕ, cp > 0. (1.1)

Let Hp be the Siegel upper half-plane, which is biholomorphically equivalent to
the classical domain of type three. Denote by Sp(C) the vector space of symmetric
p-by-p complex matrices. Then Hp is defined as

Hp = {Z ∈ Sp(C); ImZ > 0}.
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Equip Hp with the Bergman metric ds2Hp, for which the Bergman kernel is of the form

c(det ImZ)−(p+1) for some positive constant c (see e.g. [6]).
In [10], Mok also constructed a non-standard holomorphic isometric embedding

G of H into Hp for p = 3. Note that Hp can be canonically embedded into Hp via the
diagonal embedding ι, and Mok showed that ι ◦ f and G are not congruent (cf. [11,
Proposition 3]). Recall that two maps F and G between bounded symmetric domains
Ω1 and Ω2 are said to be congruent if there exist ϕ ∈ Aut(Ω1) and ψ ∈ Aut(Ω2)
such that G = ψ ◦ F ◦ ϕ. In [11], Mok and Ng constructed more examples of non-
standard embeddings of H into H3, which turn out to be congruent to G. Since these
embeddings are not diagonal, we will call them non-diagonal embeddings.

The purpose of this note is to give new examples of non-diagonal holomorphic
isometric embeddings of H into Hp for an arbitrary p ≥ 3. Surprisingly, these ex-
amples are also constructed by using the p-th root identity (1.1). Therefore, we call
them the non-diagonal p-th root embeddings.

Theorem 1.1. Let n ∈ N and p > 2n such that p is divisible by 2n−1. Then
there exist non-diagonal p-th root embeddings of H into Hp (with 2n × 2n blocks).

For p = 3, our examples are congruent to those given by Mok [10] and Mok-Ng
[11]. For q < p, there also exist (degenerate) non-diagonal p-th root embeddings of H
into Hq (see Remark 2.1).

The author would like to thank the referee for carefully reading the paper and
providing many excellent suggestions, which greatly improved the presentation of this
paper.

2. The non-diagonal p-th root embeddings. In this section, we construct
non-diagonal holomorphic isometric embeddings of the Poincaré disk H into the Siegel
upper half-plane Hp using the p-th root identity (1.1). For simplicity, set α = ϕ/p,
β = π/p and γ = eiβ .

Let 0 ≤ j < k ≤ p− 1 with k − j > p/2. Then we have

sin(α + jβ) sin(α+ kβ)

= sin(α + jβ)[cos(α+ jβ) sin(k − j)β + sin(α + jβ) cos(k − j)β]

=
1

2
sin(k − j)β sin 2(α+ jβ) + cos(k − j)β sin2(α+ jβ).

(2.1)

Let κ > 0 and choose a, d ∈ R+ and b ∈ R such that

ad =
κ

2
sin(k − j)β, b2 = −κ cos(k − j)β.

Consider the following matrix

B
(2)
j,k (τ) =

[
aγ2jτ2/p bγjτ1/p

bγjτ1/p di

]
. (2.2)

Then,

ImB
(2)
j,k (τ) =

[
ar2/p sin 2(α+ jβ) br1/p sin(α + jβ)

br1/p sin(α+ jβ) d

]
, (2.3)

By (2.1), we get

detImB
(2)
j,k (τ) = κr2/p sin(α+ jβ) sin(α+ kβ) > 0.
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Since 0 ≤ j < k − p/2 ≤ p/2− 1, we also have sin 2(α+ jβ) > 0. Therefore, we have

ImB
(2)
j,k (τ) > 0 for τ ∈ H.
Assume now that p > 4 is even. Let 0 ≤ j < k ≤ p/2− 1 with k− j > p/4. Then

we have

sin(α+ jβ) sin(α+ kβ) sin(α+ jβ +
π

2
) sin(α+ kβ +

π

2
)

=
1

4
sin 2(α+ jβ) sin 2(α+ kβ)

=
1

4
sin 2(α+ jβ)[cos 2(α+ jβ) sin 2(k − j)β + sin 2(α+ jβ) cos 2(k − j)β]

=
1

8
sin 2(k − j)β sin 4(α+ jβ) +

1

4
cos 2(k − j)β sin2 2(α+ jβ).

(2.4)

Let κ > 0 and choose a, d1, d2, d3 ∈ R
+ and b1, b2, b3 ∈ R such that

ad1d2d3 =
κ

8
sin 2(k − j)β, b21d2d3 + b22d1d3 + b23d1d2 = −κ

4
cos 2(k − j)β.

Consider the following matrix

B
(4)
j,k (τ) =

⎡
⎢⎢⎣

aγ4jτ4/p b1γ
2jτ2/p b2γ

2jτ2/p b3γ
2jτ2/p

b1γ
2jτ2/p d1i 0 0

b2γ
2jτ2/p 0 d2i 0

b3γ
2jτ2/p 0 0 d3i

⎤
⎥⎥⎦ . (2.5)

Then,

ImB
(4)
j,k (τ) =

⎡
⎢⎢⎣

ar4/p sin 4ρ b1r
2/p sin 2ρ b2r

2/p sin 2ρ b3r
2/p sin 2ρ

b1r
2/p sin 2ρ d1 0 0

b2r
2/p sin 2ρ 0 d2 0

b3r
2/p sin 2ρ 0 0 d3

⎤
⎥⎥⎦ , (2.6)

where ρ = α+ jβ. By (2.4), we get

detImB
(4)
j,k (τ)

= r4/p[ad1d2d3 sin 4ρ− (b21d2d3 + b22d1d3 + b23d1d2) sin
2 2ρ]

=κr4/p sin(α+ jβ) sin(α+ kβ) sin(α+ jβ +
π

2
) sin(α + kβ +

π

2
)

> 0.

(2.7)

Denote by Al, l = 2, 3, the l-th leading principal minor of ImB
(4)
j,k . Then, by (2.4) and

(2.7), we get

A3 = r4/p[ad1d2 sin 4ρ− (b21d2 + b22d1) sin
2 2ρ]

= [detImB
(4)
j,k (τ) + r4/pb23d1d2 sin

2 2ρ]/d3 > 0,

and

A2 = r4/p[ad1 sin 4ρ− b21 sin
2 2ρ] = [A3 + r4/pb22d1 sin

2 2ρ]/d2 > 0.

Since 0 ≤ j < k − p/4 ≤ p/4− 1, we also have sin 4(α+ jβ) > 0. Therefore, we have

ImB
(4)
j,k (τ) > 0 for τ ∈ H.
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In general, assume that p > 2n is divisible by 2n−1 for n ≥ 3. Let 0 ≤ j < k ≤
p/2n−1 − 1 with k − j > p/2n. Then we have

2n−1−1∏
l=0

sin(α + jβ +
lπ

2n−1
) sin(α+ kβ +

lπ

2n−1
)

=
1

2n
sin 2n−1(α+ jβ) sin 2n−1(α+ kβ)

=
1

2n+1
sin 2n−1(k − j)β sin 2n(α+ jβ) +

1

2n
cos 2n−1(k − j)β sin2 2n−1(α+ jβ).

(2.8)
Let κ > 0 and choose a, {dl}2

n−1
l=1 ∈ R+ and {bl}2

n−1
l=1 ∈ R such that

a
2n−1∏
l=1

dl =
κ

2n+1
sin 2n−1(k − j)β,

2n−1∑
l=1

⎛
⎜⎜⎝b2l

∏
1≤m≤2n−1

m �=l

dm

⎞
⎟⎟⎠ = − κ

2n
cos 2n−1(k − j)β.

(2.9)

Consider the following matrix

B
(2n)
j,k (τ) =

⎡
⎢⎢⎢⎢⎣

aγ2njτ2
n/p b1γ

2n−1jτ2
n−1/p · · · b2n−1γ

2n−1jτ2
n−1/p

b1γ
2n−1jτ2

n−1/p d1i · · · 0
...

...
...

...

b2n−1γ
2n−1jτ2

n−1/p 0 · · · d2n−1i

⎤
⎥⎥⎥⎥⎦ .

(2.10)
Then,

ImB
(2n)
j,k (τ) =⎡

⎢⎢⎢⎢⎣
ar2

n/p sin 2nρ b1r
2n−1/p sin 2n−1ρ · · · b2n−1r

2n−1/p sin 2n−1ρ

b1r
2n−1/p sin 2n−1ρ d1 · · · 0

...
...

...
...

b2n−1r
2n−1/p sin 2n−1ρ 0 · · · d2n−1

⎤
⎥⎥⎥⎥⎦ .

(2.11)
By (2.8), we get

detImB
(2n)
j,k (τ) = r2

n/p

⎡
⎢⎢⎣a(

2n−1∏
l=1

dl) sin 2
nρ−

2n−1∑
l=1

(b2l
∏

1≤m≤2n−1
m �=l

dm) sin2 2n−1ρ

⎤
⎥⎥⎦

= κr2
n/p

2n−1−1∏
l=0

sin(α+ jβ +
lπ

2n−1
) sin(α+ kβ +

lπ

2n−1
) > 0.

(2.12)

Denote by Al, 2 ≤ l ≤ 2n, the l-th leading principal minor of ImB
(2n)
j,k . Then, by

(2.12), we know that A2n = detImB
(2n)
j,k (τ) > 0. Inductively, assume that we already
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have Al > 0 for l = m+ 1. Then for l = m, we have

Am = r2
n/p

⎡
⎢⎢⎣a(

m−1∏
s=1

ds) sin 2
nρ−

m−1∑
s=1

(b2s
∏

1≤t≤m−1
t�=s

dt) sin
2 2n−1ρ

⎤
⎥⎥⎦

=

[
Am+1 + r2

n/pb2m(

m−1∏
t=1

dt) sin
2 2n−1ρ

]
/dm > 0.

Since 0 ≤ j < k − p/2n ≤ p/2n − 1, we also have sin 2n(α + jβ) > 0. Therefore, we

have ImB
(2n)
j,k (τ) > 0 for τ ∈ H.

Recall that the automorphisms of Hp are of the form

Z �→ (AZ +B)(CZ +D)−1, Z ∈ Hp,

where M =

[
A B
C D

]
is a 2p-by-2p real symplectic matrix.

Consider M with B = C = 0, A diagonal and detA �= 0, and D = A−1. If A

is equal to the identity matrix except at the block corresponding to B
(2n)
j,k (τ) where

it is of the form diag{1,−1, · · · ,−1}, then we can change bl to −bl, 1 ≤ l ≤ 2n − 1,

in B
(2n)
j,k (τ) while fixing a and dl. If A is equal to the identity matrix except at the

block corresponding to B
(2n)
j,k (τ) where it is of the form diag{c0, c1, · · · , c2n−1}, with

c−1
l =

√
dl, 1 ≤ l ≤ 2n − 1, and

∏2n−1
m=0 cm = 1, then we can change dl in B

(2n)
j,k (τ) to

be equal to 1 while fixing a
∏2n−1

l=1 dl and
∑2n−1

l=1 (b2l
∏

1≤m≤2n−1
m �=l

dm). We can also of

course multiply B
(2n)
j,k (τ) by a positive constant.

Without loss of generality, we can assume that |b1| ≥ |b2| ≥ · · · ≥ |b2n−1|. Choose
κ = − 2n

cos 2n−1(k−j)β in (2.9). By the discussion in the last paragraph, we can assume

that dl = 1 for all 1 ≤ l ≤ 2n − 1. Then, we have a = − 1
2 tan 2

n−1(k − j)β and

2n−1∑
l=1

b2l = 1, b1 ≥ b2 ≥ · · · ≥ b2n−1 ≥ 0. (2.13)

Therefore, we have the following normal form for B
(2n)
j,k (τ):⎡

⎢⎢⎢⎢⎣
− 1

2 tan 2
n−1(k − j)βγ2njτ2

n/p b1γ
2n−1jτ2

n−1/p · · · b2n−1γ
2n−1jτ2

n−1/p

b1γ
2n−1jτ2

n−1/p i · · · 0
...

...
...

...

b2n−1γ
2n−1jτ2

n−1/p 0 · · · i

⎤
⎥⎥⎥⎥⎦ ,

(2.14)
where {bl}2

n−1
l=1 satisfy (2.13).

Set

m := max{l + 1; bl �= 0}.
If m = 2n, then we say that B

(2n)
j,k (τ) is non-degenerate. If 2 ≤ m ≤ 2n − 1, then we

say that B
(2n)
j,k (τ) is degenerate. In the degenerate case, we will denote by B

(2n;m)
j,k (τ)

the m-th leading principal minor of B
(2n)
j,k (τ).
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Remark 2.1. When p is divisible by 2n, we can also consider the “critical” case

where k − j = p/2n. Then we have all bl equal to zero (thus m = 1) and B
(2n)
j,k (τ) is

diagonal. We will then say that B
(2n)
j,k (τ) is totally degenerate.

For a given p > 2n which is divisible by 2n−1 for some n ≥ 1, write p = r2n−1

and set s = 
r/2�. By (2.8), each pair of (j, k) with 0 ≤ j < k ≤ p/2n−1 − 1 and
k − j > p/2n takes up the index set

Ij,k := {j + lr, k + lr}2n−1−1
l=0 .

Let (jμ, kμ), 1 ≤ μ ≤ ν ≤ s, be ν pairs with 0 ≤ jμ < kμ ≤ p/2n−1 − 1 and
kμ−jμ > p/2n for each μ. And, if p−2nν > 0, let lσ, 1 ≤ σ ≤ p−2nν, be the integers
between 0 and p − 1 outside of ∪ν

μ=1Ijμ,kμ
. For each (jμ, kμ), 1 ≤ μ ≤ ν, we get a

block B
(2n)
jμ,kμ

. And for each lσ, 1 ≤ σ ≤ p− 2nν, we put cσγ
lστ1/p with cl > 0 on the

diagonal. Denote by P (τ) the resulting p×p matrix. It is clear from the construction
that we have ImP (τ) > 0 for τ ∈ H. And, by (1.1), we have that detImP (τ) = cpImτ .

If every block B
(2n)
jμ,kμ

is non-degenerate, then we get a non-degenerate non-diagonal

p-th root embedding of H into Hp. If at least one block B
(2n)
jμ,kμ

is degenerate, then we
get a degenerate non-diagonal p-th root embedding of H into Hq, q < p. Here, we have

q < p since we only keep the block B
(2n;m)
jμ,kμ

(τ) and at least one m is smaller than 2n.
Let F be a non-degenerate non-diagonal p-th root embedding of H into Hp.

Denote by ωHp
the Kähler form on Hp. Then

F ∗ωHp
= −(p+ 1)

√−1∂∂̄ log(det ImZ) = −(p+ 1)
√−1∂∂̄ log(Imτ) =

p+ 1

2
ωH.

For the second equality above we have used the p-root identity (1.1). Thus F is a holo-
morphic isometric embedding (H, λds2H) → (Hp, ds

2
Hp

), with the isometric constant

λ = p+1
2 .

If G is a degenerate non-diagonal p-th root embedding of H into Hq with q <
p, then the same computation shows that G is a holomorphic isometric embedding
(H, λds2H)→ (Hq, ds

2
Hq

), with the isometric constant λ = p+1
2 . Thus, G is incongruent

to a non-degenerate non-diagonal p-th root embedding of H into Hq, which has the
isometric constant q+1

2 .

Remark 2.2. For p = 3, choosing j = 0, k = 2 and l = 1, we get the non-diagonal
embeddings given by Mok [10] and Mok-Ng [11].

Remark 2.3. If every block B
(2n)
j,k is totally degenerate, then we get a diagonal

embedding which is actually induced by a generalized p-th root embedding (see below
for the definition). More precisely, if p = 2nq and there are m totally degenerate
blocks, 1 ≤ m ≤ q − 1, then the generalized p-th root embedding is created by a q-th
root embedding followed by q −m 2n-th root embedding applied to q − m distinct

factors which do not correspond to any of the blocks B
(2n)
j,k .

Remark 2.4. Let f : H → Hp be the p-th root embedding and g : H → Hq the
q-th root embedding, p, q ≥ 2. If we apply f to one of the factors of Hq, we get a new
non-standard embedding of H into Hp+q−1. Obviously, this procedure can be applied
many times, using different p-th root embeddings and to different factors. We will
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call the resulting map the generalized p-th root embeddings. For such embeddings, the
following generalized p-th root identity holds (cf. [12, Proposition 5.3]):

p∏
j=1

sin[
1

nj
(ϕ+mjπ)] = cp sinϕ,

p∑
j=1

1/nj = 1. (2.15)

Using (2.15) instead of (1.1), we can get non-diagonal generalized p-th root embeddings
of H into Hp following a similar construction as above.

Remark 2.5. As in the proof of [10, Theorem 3.2.1], one can get a real-analytic
1-parameter family of holomorphic isometric embeddings of H into Hp, which are
mutually incongruent to each other.

Remark 2.6. Recently, in [3] and [4], Chan and Mok studied the structure
of holomorphic isometric embeddings of complex unit balls into bounded symmet-
ric domains. It would be interesting to see how our examples fit into this general
framework.
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