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SHARP UPPER ESTIMATE OF GEOMETRIC GENUS AND
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Abstract. The subject of counting positive lattice points in n-dimensional simplexes has inter-
ested mathematicians for decades due to its applications in singularity theory and number theory.
Enumerating the lattice points in a right-angled simplex is equivalent to determining the geometric
genus of an isolated singularity of a weighted homogeneous complex polynomial. It is also a method
to shed insight into large gaps in the sequence of prime numbers. Seeking to contribute to these
applications, in this paper, we prove the Yau Geometric Conjecture in six dimensions, a sharp upper
bound for the number of positive lattice points in a six-dimensional tetrahedron. The main method
of proof is summing existing sharp upper bounds for the number of points in 5-dimensional simplexes
over the cross sections of the six-dimensional simplex. Our new results pave the way for the proof of
a fully general sharp upper bound for the number of lattice points in a simplex. It also sheds new
light on proving the Yau Geometric and Yau Number-Theoretic Conjectures in full generality.
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1. introduction. Let A, be an n-dimensional real right-angled simplex defined
by the inequality

X1 xro x
i e
ay a2 Qp

where 1, --,2, > 0and a; > ay > --- > a, > 1. Define P, to be the number of
positive integral points in A, or

a2 Qnp

Pn:#{(xla‘ZUQa”'vxn) GZZ:

x x x
1+2+m+n<%‘

ai

Similarly, we define @,, to be the number of non-negative integral points in A,,, or

Qn = #{(3317962,"',%) € (Z+ u{op)"

According to Granville [3], the numbers P, and @,, are intimately related to a
number theoretic function known as the Dickman—de Bruijn function.
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DEFINITION 1.1. The Dickman—de Bruijn function ¥ (x,y) is defined as the num-
ber of positive integers n such that n < x, and all of the prime factors of n are at
most y, where x and y are positive integers.

The connection, described by Luo, et. al. [10], is most readily observed by noting
that, if p; < ps < -+ < py are the primes less than or equal to y, then,

Py Py’ - ppt <,
is equivalent to,
erlogpy +ezlogps + -+ +eplogpr <logzx,

which can be rewritten as,

€1 €2 €k
log x log z +ot log z < 1’
log p1 log p2 log pr

an expression in the format of the condition in the definition of @,,. Hence, enumer-
ating the Dickman—de Bruijn function is equivalent to calculating @Q,,.

Granville [3] also describes connections between P, and @, and other areas of
number theory, including primality testing, determining large gaps in the sequence
of the primes, and discovering new algorithms for prime factorization. Furthermore,
Lin, et. al. [9] describes how determining the values of P, and @, leads to insights
in singularity theory.

P, and @, are intimately linked through the equation [8]

P,(ar,a2, -, a,) = Qn(a1(l —a),az(1 —a), -, an(1 — a)),

1 1 1
where a is defined as — + — + - .-+ —. Hence, we can essentially treat the tasks of

ap  az Qn
finding P, and @, to be equivalent in general.
The quest to find and estimate P, and @, dates back to 1899, when Pick [14]
discovered the famous Pick’s theorem, or a formula for Q).

|0A N Z2| .
A T
where A is a 2-dimensional tetrahedron, or a triangle, OA represents the boundary of
the triangle, and |8A N Zz‘ represents the number of integral points on the boundary.
Mordell [13] continued by discovering a formula for Q3 using Dedekind sums. Erhart
(2] followed with the discovery of Ehrhart polynomials, which facilitate the calculation
of @,. However, these polynomials are only useful if every coefficient is known, a
condition that is extremely difficult to meet in the general case.
The difficulty of this problem eventually led mathematicians to start trying to
bound P, and @, instead of finding precise formulas. Lehmer [5] found that if a =

a, = as = --- = a,, then
al+n
C2n:<|—J )7
n

where |x] denotes the integral part of a real number . This formula naturally yields
a nice definition of sharpness of an estimate R,, of Q),,. We consider the estimate sharp

if and only if
a+n
Rn|a1:a2:"':an:aez+: ( n )

Q2 = area(A)
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In other words, any upper or lower bound is sharp if and only if its estimate is exact
when a1 =ay =---=a, € Z,.

Another important estimate is the two-part GLY Conjecture, an upper bound for
P, formulated by Lin, et. al. [8]. However, to state the GLY Conjecture, we need
to first introduce the signed Stirling numbers of the first kind and a notation A} for
elementary symmetric polynomials [21].

DEFINITION 1.2. The (signed) Stirling numbers of the first kind s(n, k) are defined
by the following property:

n—1 n
Hl‘—Z E S
=0 k=0

where s(n,0) =0, s(n,n) = 1.

DEFINITION 1.3. Let ay,aq,---,a, be positive real numbers. We denote

(1), 2w

Qi Qi - - -
1<iy <ip<--<ip<n 1 "2

Thus, A} is the elementary symmetric polynomial of a1, asz, - -, a, with degree n — k.

CONJECTURE 1.4 (GLY Conjecture). Let

Pn:#{(xthavxn)eZ?-Zl—i_zz_'_+zngl}a
1

an

where a1 > ag > -+ > ap > 1 are real numbers. If n > 3, then:
(1) Rough (general) upper estimate: For all a,, > 1,

n

n!' P, < q, := H(ai -1).

i=1
(2) Sharp upper estimate: Forn >3, if ay > as > -+ > a, >n—1, then

n—2
n|P<An (’ An+z )Anl
and equality holds if and only if a1 = ao = -+ = a,, € Z.

The sharp GLY Conjecture has been proven to be true for 3 <n < 6 [19, 4, 17, 7].
The rough GLY upper estimate for all n was proven by Yau and Zhang [20]. In this
paper, we will use the following theorem (the sharp GLY conjecture for n = 5):

THEOREM 1.5 (GLY Conjecture for n =5). Let a1 > as > a3 > ag > a5 > 4 be

real numbers and Ps be the number of positive integral solutions of

X X9 T3 XTq Iy
=4 =44 =420
ay a2 asz a4 Qs

Then,

120P5 S ajasaszass — 2(a1a2a3a4 “+ ajaz2as3a5 + aragsaqa5 + ajazasas + a2a3a4a5)
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35
+Z(a1a2a3 + ajagay + arazay + azsasay)

50
—F(alag + ajas + arag + asas + asay + agayg) + 6(a1 + as + asz + ayq).

The quest to determine the validity of the sharp GLY Conjecture led to another
conjecture, namely the Yau Number-Theoretic Conjecture (Conjecture 1.6).

CONJECTURE 1.6 (Yau Number-Theoretic Conjecture). Let n > 3 be a positive
integer, and let a1 > ag - -+ > a, > 1 be real numbers. If P, > 0, then

n!P, <(ay—1)---(ap—1) = (ap, — )" +an(an, — 1)+ (a, — (n — 1)),
and equality holds if and only if a1 = --- = a, € Z.

In this paper, we will use the n = 5 case of Conjecture 1.6, proven by Chen, et.
al. [1], extensively. We reproduce it as a theorem below for easy reference.

THEOREM 1.7 (Yau Number-Theoretic Conjecture for n = 5). Let ay > az >
az > ayg > as > 1 be real numbers. If Ps > 0, then

120Pn S (a1 — 1)(@2 — 1) e (CL5 — ].) — (a5 — 1)5 + a5(a5 — 1)(@5 — 2)(0,5 — 3)(@5 — 4)
Equality holds if and only if a1 = a2 = a3 = a4 = a5 € Z.

For recent progress of Yau Number-Theoretic Conjecture, one can see [6, 24].
Similar to the Yau Number-Theoretic Conjecture is Conjecture 1.9, or the Yau Ge-
ometric Conjecture. In order to state the Yau Geometric Conjecture, we must first
define a weighted homogeneous polynomial:

DEFINITION 1.8. A polynomial f(x1,x2, -, x,) is a weighted homogeneous poly-
nomaal if it is a sum of monomials xzf acl; -o-xin such that, for some fized positive
rational numbers wy,wsq, - -+, Wy,

i i 7
‘1 + 2 4ot L 1,
w1y w2 n
for every monomial of f. The numbers wy,ws, -+, wy, are known as the weights of the

polynomial.

CoNJECTURE 1.9 (Yau Geometric Conjecture). Let f : (C™,0) — (C,0) be a
weighted homogeneous polynomial with an isolated singularity at the origin. Let u,

Dg, and v be the Milnor number, geometric genus, and multiplicity of the singularity
V={z:f(z) =0}. Then,

p—p(v) > nlpg,

where p(v) = (v —1)" —v(v —1)--- (v —n + 1). Equality holds if and only if f is a
homogeneous polynomial.

Note that pgy counts the number of positive lattice points in the simplex

where the a; are the weights of the weighted homogeneous polynomial f and a;
ag > -+ > a, > 1 (cf. [11]). Thus, the equality case of Conjecture 1.9 is ay

v
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ag = -+ = a, € Z. Furthermore, v = [a,] (round up a,) by Saeki [15] and it is
known that 4 = (a1 — 1)(a2 — 1)+ (a, — 1) (cf. [12]). The fractional part of a,
has to be one of —, —" ... or —— [1]. Finally, we can also define the polynomial

ay a2 An—1
pn(v)=(w—=1)"—v(v—=1)--- (v —n+1). Thus, we have

ps(v) = 5v* — 250° +40v? — 190 — 1, (1)
pe(v) = 1+ 114v — 2590 4 2050 — 700" + 90°. (2)

Conjecture 1.9 has been proven for 3 < n < 5 [1, 18, 8]. In this paper, we
justify Conjecture 1.9 for n = 6, extending the proof Yau Geometric Conjecture to
a higher dimension. In and of itself, this is difficult because the number of cases has
increased from 4 in the 5-dimensional case to 6 in the 6-dimensional one, and each
case has increased in complexity as well. The number of subcases also posed difficulty
in the research, and efforts were made to simplify the proof as much as possible.
Nevertheless, much complexity remains. Some new delicate analysis techniques are
used to prove our main theorem. This is a significant improvement and it may shed
a new light on the solution of arbitrary dimensional Yau Geometric Conjecture.

Because of the difficulty of the proof and the sheer size of the algebraic expressions
involved, all computations in this paper were done using Mathematica 10.1 and Maple
2015 for simplicity and accurate calculation. Hence, our main theorem is:

THEOREM 1.10 (Main Theorem). Let a1 > as > ag > a4 > a5 > ag > 1 be real

numbers and let Ps be the number of positive integral solutions of o + e + s +

aq a9 as
5 L 26 <1, If Py >0, then
3 a/6

L4
— +
aq as

6! Ps < (a; — 1)(ag —1)---(ag — 1) — (1 + 1140 — 25902 + 2050% — T00* + 90°),

where v is calculated as v = [ag|. Note that the fractional part 5 of ag is one of
ag Qg Qg Qg ag . . .

—, —,—, —, or —. FEquality holds if and only if a1 = as = a3 = a4 = a5 = ag € Z.
a] a2 a3z a4 as

In fact the condition Ps > 0 can be removed from the above main theorem, please
see section 4.

2. Two lemmas. We will frequently use the following two lemmas to decide the
positivity of polynomials in some restricted domains.

LEMMA 2.1 ([17] Lemma 3.1). Let f(8) be a polynomial defined by
FB)=> ap
i=0

where 5 € (0,1). If for any k=0,1,---,n

k
ZCZ' Z 0
i=0

then f(8) >0 for B € (0,1).

Lemma 2.1 is easy to use. However, the condition of Lemma 2.1 may not be
satisfied in some situation. In that case, we shall make use of the following lemma.
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LEMMA 2.2 (Sturm’s Theorem). Starting from a given polynomial Xo = f(x), let
X1 = f'(x) and the polynomials Xo, X3, - -+, X, be determined by Euclidean algorithm
as follows:

Xo = Q1 X1 — Xo,
X1 = QX2 — X3,

X’I"72 = Q'r‘le'r’fl - X'r’a
X, = QT‘XT

where deg Xy, > deg X1 for k=1,--- r— 1. For every real number a which is not
a root of f(x) let w(a) be the number of variations in sign in the number sequence

XO(G)’Xl(a)v T >XT(a)

in which all zeros are omitted. If b and ¢ are any numbers (b < ¢) for which f(z) does
not vanish, then the number of the various roots in the interval b < x < c¢(multiple
roots to be counted only once) is equal to

w(b) — w(c).

Proof. See [16]. O

The condition of Lemma 2.2 is necessary and sufficient, so it can be applied to
judge the positivity of any such polynomials in some intervals. The computation in
Lemma 2.2 is more complicated than that in Lemma 2.1. Therefore, we prefer Lemma
2.1 when it works.

3. Proof of Main Theorem 1.10. We prove Theorem 1.10 by estimating Ps
on hyperplanes with zg fixed and all other variables free. We then sum up these
estimates to get an upper bound for 6! Ps. We must then only show that this upper
bound for 6! Pg is less than or equal to the RHS of Theorem 1.10.

In the rest of this paper, we shall refer to the intersection of the simplex in
Theorem 1.10 with the hyperplane zg = k as the level x4 = k. Hence, in our simplex,
x¢ = k points are in the 5-dimensional tetrahedron defined by

T x x x 5
— 2+ P+ L+ <1

w(i-%) w(-w) o(-%) w-%) «(-%)

We shall break our proof up into cases based on the ceiling of ag:

Case I: 1 < ag < 2. Thus, [ag] = 2.

Case II: 2 < ag < 3. Thus, [ag] = 3.

Case III: 3 < ag < 4. Thus, [as] = 4.

Case IV: 4 < ag < 5. Thus, [ag| = 5.

Case V: 5 < ag < 6. Thus, [ag] = 6.

Case VI: 6 < ag.

All of our cases will eventually reduce to proving some multivariate functions
are positive over some domains. We will show a function is positive using a partial
differentiation test, which involves calculating the partial derivative with respect to
all the variables. We show this partial derivative is positive and then continue to
partially differentiate with respect to one less variable for each consecutive step until
only first-order partials remain. If we show that these are all positive through the
domain of the function, and that the function is positive at the minimum, then we
know that the function is positive throughout the domain.
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3.1. Case I. In this case, [ag| = 2, so we can plug v = 2 into the statement of
Theorem 1.10 to get the following theorem, which we prove in this case:

THEOREM 3.1. Let a1 > as > a3 > ag > as > ag > 1 be real numbers and let Py
L . €1 Z2 Zs3 Ty Z5 Ze

be the number of positive integral solutions of — + — + — 4+ — + —+ — < 1. If
a

ai a2 as Qa4 as 6
Ps >0 and 1< ag <2, then

6'P6 < ((11 - 1)(&2 — 1)(@3 — 1)(0,4 - 1)(0,5 — 1)(@6 — 1) — 1.

Proof. In this case, ag € (1,2], so the only level we have to consider is zg = 1.
When x¢ = 1, Ps > 0 implies that (a1, z2, 3, 24, T5,26) = (1,1,1,1,1,1) is a solution
to the inequality in Theorem 3.1. If

then o € (O, %] because ag € (1,2]. For simplicity, let A; = a; -« for i = 1, 2, 3, 4,
and 5. This yields the new inequality

1+1+1+1+1<1
Ay Ay A3 Ay A5 T

Thus, by Theorem 1.7, we have

6! Ps = 6! Ps(z6 = 1) < 6[(A1 — 1)(Az — 1)(A3 — 1)(As — 1)(A5 — 1) — (45 — 1)°
+A5(A5 — 1)(As — 2)(A5 — 3)(A5 — 4)].

If we let A; be the difference obtained by subtracting the right hand side (RHS) of
A;
the above inequality from the RHS of Theorem 3.1, substituting in a; = - then we

merely have to apply the partial differentiation test for the expression

Al = 60[5A1A2A3A4A5 - 6a5A1A2A3A4 - 6a5A1A2A3A5

1
(1—a)at (
—60° A1 Ay Ay As — 60° Ay Ag Ay As — 60° Ay A3 Ay As — 30a° A}
—60t A1 Ay A3 AL As + 605 Ay Ay Ag + 60° A1 Ag Ay + 60° A1 Ay As + 60° A1 As Ay
+60° A1 A3 As + 60° A1 Ay As + 60° Ay Az Ay + 60° Ay Az As + 60° Ay Ay As
+60° A3 Ay As + 1500° A2 + 60t A1 Ay As Ay + 60 A1 Ay A3 A + 60t A Ay Ay As
+6a* Ay Az A As + 60t Ay Az Ay As + 300 A2 — 605 A Ay — 60° Ay A3
—6a° A1 Ay — 60° A1 A5 — 60° Ay A — 60° Ay Ay — 60° Ay Ay — 60° A3 Ay
—60° A3 A5 — 60° Ay A5 — 2400° A2 — 60" A1 Ax Az — 60 A1 A Ay — 60 Ay Ag As
—6a* A1 43544 — 60 A1 A3 A5 — 60 A Ay As — 60 Ay A3 Ay — 60 Ay A5 As
—6a" Ax Ay Ay — 60 A3 Ay Ay — 150" A2 + 60° Ay + 6a° Az + 60° A3 + 6a° Ay
+1200° A5 + 60t A1 Ay + 60 A1 Az + 60 A1 Ay + 60t AL As + 60t Ay As
+6a’ A Ay + 60t Ay As + 60t A3 Ay + 60’ A3 As + 601 Ay As + 2400t A2
—50%4; — 5a* Ay — 5ot A — 5at Ay — 1190 A5 — 0P A1 A — aP A A
—aPA1 Ay — 0P AL A5 — 0P AsAs — 0P As Ay — 0P As Ay — 0P A3 Ay — P As A
—0PAgAs + 0P A1 As Ag + a? A1 Ao Ay + 0P A1 As As + 0 A1 As Ay + o2 A1 As A
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+a2A1A4A5 + a2A2A3A4 + a2A2A3A5 + a2A2A4A5 + a2A3A4A5
7OZA1A2A3A4 — aA1A2A3A5 — aA1A2A4A5 — aA1A3A4A5 - OLAQA3A4A5
+A1A2A3A4A5 - a4>
1
= —F—Ao.
(1—a)at™?

To apply the partial differentiation test, we must determme the domain of As.

2 1 1 1 1 1
Wi te that — < 1 and — < — + — < 1. Similarl < — 44—+ — <1,
o that —{- < Tand JE < S <1 Similaty, oS

and a similar statement is true involving A, and A;. Hence, we have
A1 > 5,A2 > 4,A3 > 37A4 > 2, and A5 > 1.

Now that we have a domain established, we can begin applying the partial differenti-
ation test to demonstrate that Ay is positive.
We see that
0° Ay
0A10A20A30A,045
for all & € (0,1) (it is easy to check directly that it has minimal value 0.51136 or it
can be proved using Lemma 2.2). Thus the partial derivative of Ao with respect to
Ay, As, Az, Ay, and Aj is positive and minimized at A5 = 1.
0* Ay
0A10A20A30A4 | 4.y

=6a” —6a*+1>0

=1—a>0.

It follows that the partial of Ay with respect to Ay, As, A3z, and As is positive for

9PN
all A;l > La € (0,1) because WA;&% is symmetric in A4 and As. Hence,
3A
m is an increasing function of A4, A5 with a minimum at 44 = A5 = 1.

DA,

_ 08 =(1-a)*>0.
0A10A20A3 | 4,_a,— mar=o

This is positive, so we know that the partial with respect to Aq, Ao, and As is positive.

Since the partial with respect to A; and A, is symmetric with respect to Az, A4, and
03N O3A

As, we knc;w that 9A, 04,04, and 94,0 A228 i are positive over the given domain.
A
Hence, 8?178124 is an increasing function of A3, A4, and As for all A3, A4, A5 > 1 and
10A2
a € (0,1). The minimum is at A3 = Ay = A5 = 1.
0%, 3
— =(1-a)’>0.
OA10As | g, n,—nm1 ( )
. L 02Ny
Because this is symmetric with respect to As, Az, Ay, and Aj, we see that ——————
, , 0A10A;
0°A 0°A 0A,
2 nd 2 are positive over the given domain. Hence, —— is an increas-

04,04, " 94,045 04,
ing function of As, Az, A4, and Aj that is minimized at Ay = Az = A4 =A5=1.
00,

g2 —(1—a)>0.
oA, (I-a)*>0

=A3=A4=A5=1
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0Aq
Thus oA,

is positive over the given domain. By the symmetry of Ay in Ay, As, Az,

0Ay  0As 0A,
, , and

8A2 8A3 6144

Therefore, Ay is an increasing function of A, Ao, Az, and A4. We can hence plug in

the minimum values of Ay, Ay, A3, and A4 to determine a new polynomial in A5 and

« that we want to show is positive. We define

and Ay, we know that are positive over the given domain.

Ag = Ao|a,—5,4,-4,A5=3,4,—2
= —30a° A3 + 150a° A2 + 30a* Af — 2400° AZ — 1500 A2 + 258a° A5 + 240a* A2
—138a° — 257a* A5 + 151a* — 1403 A5 — 710> + T1a? A5 + 154a? — 154045
—120a + 12045,

We must show that Ag is positive over the interval o € (O, %} and As > 1. We split
this into two subcases:

Subcase I (a): As > 1.73.

Subcase I (b): A; < 1.73.
We calculated the number 1.73 numerically, by noting that the partial differentiation
test works normally for As > 1.73 because all the partial derivatives remain positive.
When A5 < 1.73 some partial derivatives become negative.

3.1.1. Subcase I (a). In this subcase, we can apply the partial differentiation
test normally. We begin by noting that

0*A3

AT = 7200 (1 — a) > 0.

We then consider
O3 A

— = 345.60*(1 — a) > 0.
6‘4? A5=1.73

Similarly,

0?3

— = 0.444a*(1 — a) > 0.
3A§ As=1.73

We continue by considering

0A3

L = 153.07896a° — 152.078960* — 140> + 7102 — 154 + 120 > 0
5 1A

5=1.73

for o € (0,1) (This can also be proven by Lemma 2.2). Finally, we evaluate Ag at its
minimum:

Asz|a,—1.73= 979780377’ —83.2480377a* —95.2203 +276.830% —386.420:4+-207.60 > 0.

This completes this subcase.

3.1.2. SubcaseI (b). For A, the partial derivative test does not work normally
for As — some of the derivatives end up becoming negative. However, we can plot
the polynomial A over the interval As € [1,1.73) and « € (0,1) using Mathematica
and Maple and verify that it is non-negative in the region we consider. Its minimum
value is 120, which occurs at (A5, «) = (1,0).

Hence, Subcase (b), and consequently Case I, is complete. O
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3.2. Case II. In this case, [ag] = 3, so we can plug v = 3 into the statement of
Theorem 1.10 to get the following theorem, which we prove in this case:
THEOREM 3.2. Let a1 > a9 > a3z > aq > as > ag > 1 be real numbers and let Pg

be the number of positive integral solutions of n + e + il + E + ) + 6 <1. If
a

ai az as a4 as 6
Ps >0 and 2 < ag < 3, then

6! PG S (al - 1)(@2 - 1)(0,3 - 1)(0,4 - 1)(@5 - 1)(0,6 - 1) — 64.

Proof. In this case, ag € (2, 3], so we have to consider two levels — x4 = 1 and
re¢ = 2. Since Ps > 0, there must be solutions at the xg = 1 level, so our two subcases
are:

Subcase II (a): Ps(zg = 2) = 0.

Subcase IT (b): Ps(zs =2) > 0.

3.2.1. Subcase II (a). We are guaranteed that (x1,x9,x3,x4,x5,26) =
(1,1,1,1,1,1) is a solution to the inequality in Theorem 3.2. Thus, if

1 1 1 1 1 1
—t =+ —F+—+—<1-—:=q,
aq a9 as ay as ag
then o € (%, %] because ag € (2, 3]. For simplicity, let A; = a; - o for i = 1, 2, 3, 4,

and 5. This yields the new inequality

A1 Ag A3 A4 A57.

Thus, by Theorem 1.7, we have

6 Py (16 = 2) < 6[(Ar — 1)(As — 1)(As — 1)(Ag — 1)(As — 1) — (A5 — 1)°
+A5(As — 1)(As5 — 2)(A5 — 3)(As5 — 4)].

As before, we take the difference obtained by subtracting the RHS of the above
A;
inequality from the RHS of Theorem 3.2, substituting in a; = —. We observe that

@
this difference is equal to Ay — 63, where A; is from Case I above. Since we applied
the partial differentiation test on Ay = Ay -a*(1—a) in Case I, here we need to show
that

Ay = Ay — 632t (1 —a)
is positive. Since Ay — Ay is a function in « only, we must check that the value of Ay
at its minimum is positive (because all of the partial derivatives in the test are the
same for Ag and Ay). As in Case I, we have
Al Z 5aA2 Z 47A3 2 37A4 Z 27 and A5 > 17
so we must only check that

AglA,=5,A0=4.A3=3.4,=2.4,—1= 63a° — 490" — 850> 4 2250 — 274 + 120 > 0.

Since this is true by Lemma 2.2, Ay is always positive, and this subcase is complete.
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3.2.2. Subcase IT (b). In this subcase, we know that Ps(z¢ = 2) > 0, implying
that (1,1,1,1,1,2) is a positive integral solution to the inequality in Theorem 3.2.
Thus, if

then aq € ( } because ag € (2, 3]. For simplicity, let A; = a; -« for i =1, 2, 3, 4,
and 5. This yields the new inequality

R U S S O U
Ay A2 As Ay As T

Thus, by Theorem 1.7, we have

6! Ps(zg =2) < 6[(A1 —1)(A2 — 1)(A3 — 1)(As — 1)(A5 — 1)
—(As —1)° + A5(A5 — 1)(45 — 2)(As — 3)(45 — 4)),

and,

1
6'P5(.136=1)S6|: Al' (Ag +Oé1
20[1

5
(A4.1+041 1> A 1+0¢11><A5.1+a11)
20[1

14+ oy 14+ oy 14+ o

A —1 A -2
+( 2011 >< > 201 >< > 201 )
(a0 St ) (055 )|

2041 20&1

Because 6! Ps = 6! (Ps(zg = 1) + Ps(z¢ = 2)), if we let As be the difference
obtained by subtracting the sum of the right hand sides of the above inequalities from

-1

A,
the RHS of Theorem 3.2, substituting in a; = —, then we merely have to apply the
aq
partial differentiation test for the expression

M—aj%TwMﬂﬁﬁMw_mm@&&%m
—10241 A3 As As0f — 10241 Ay AsAsal — 10241 As Ay Asal — 10241 As Ay Asals
—10242A3 A4 A508 — 5104505 + 1541 A2 As Ay Asal + T8A1 Ay AsAsal
+78A41 A2 AsAsal + 10841 A Asal + T8A1 Ay Ay Asaly + 10841 Ay Asa
+108A41 Ay Asal + 7841 As Ay Asal + 10841 AsAsal + 1084, AsAsal
+108A41 A4 Asal + 78A3As Ay Asal + 10842 A3 Asal + 10842434505
+108A42 A4 Asaf + 108A3A4A508 4+ 3904505 + 27004308 — 124, Ay As Asalf
—12A41 A AsAsa — T2A1 Az Asal — 1241 As Ay Asat — T2A1 A Agal
—T2A1A2A505 — 12041 A208 — 12A1 As Ay Asay — T2A1AsAsal — T2A1 Az Asol
—120A41 Asa$ — 7241 AsAsal — 12041 As0f — 12041 As0S — 1242 A3 A4 A5y
—T72A5A3A408 — T2A3 As Asaly — 120434305 — 7245 A4 A505 — 120A2A408
—12045A4505 — 7243 A4A505 — 120434405 — 120434505 — 120444505
—60A50t — 18004205 — 48004208 — 1541 Ay AsAsAsal + 12A1 Ay As Aucds
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+1241 A2 A3 As508 + 1241 Ag Ay Asals + T2A1 Asal + 1241 As Ay Asods
+72A1As05 + T2A1 Agal + 7241 As + 1444105 + 1245 As Ay Asals
+72A2A505 + T2A2A405 + T2A2 A5 + 1444205 + T2A3 440
+72A3A505 + 14443505 + 7244 A0 + 1444405 + 60420’ + 28804243
+2880A4505 4+ 441 Ay As Ay Ascn + 241 As AsAgal + 2A1 A AsAsal
—8A1 A A5 + 241 Ay AsAsal — 8A1 A Asal — 8A1 AsAsals + 841 Asall
+2A1As A4 Asal — 8A1 AsAsat — 841 AsAsal + 841 Asa] — 841 AyAsal
+8A41 Asat + 841450 — 80A 105 4+ 242 A3 A4 Asat — 8A3AsAsat
—8AsA3As0 + 8AsAsa} — 8AsAsAsals + 84z Asat + 842 Asa)
—80A20f — 8A3A4A505 + 8A3As0] + 8A3 A5 — 80Asa + 8A4Asar]
—80A40] 4+ 90As0a7 — 6004305 + 9604207 — 19044507 + 1008
+13A41A2A3A4 A5 — 1041 As As Ay — 1041 As AsAsay + 4A1 Ay Asard
—10A1 As Ag A5y + 4A1 Ag Asad + 4A1 Ag Asa + 8A1 Asals
—10A1AsAsAsay + 4A1 AsAgal + 4A1 AsAsal + 8A1 Asa’ + 441 Ay Asal
+8A1 Asad + 8A1 Asal — 324107 — 1042 A3 A4 Asar + 442 AsAga?
+4A5AsAsa] + 843 Asal + 44 Ay Asal + 8454408 + 8454508
—3245a7 + 443 A4 Asa’ + 8AsAsa’ + 8AsAsal — 32A4sa]
+8A44A505 — 32A4a71 + 30A501 — 3004507 + 960A2a) — 9444501 — 104007)
1
(I—a)af ™"

Just like in Case I, we are trying to show that Ag is positive for
A > 5,A2 > 4,A3 > 37A4 > 2, and As > 1.

Although we only need to show this is true for ay € (0,1/3], we will demonstrate it
true for the interval ay € (0,1/2] because it will aid us in a later case.
Thus, the first step in the partial differentiation test is determining that

D Ag
0A10A20A30A40As5

= 99a% — 84a° + 1507 — 1502 + 4oy + 13> 0
for all oy € (0, 3]. Thus the partial derivative of Ag with respect to Ay, Az, Az, Ay,
and As is positive and minimized at A5 = 1.

0*Ag

6 5 4 3 2
DA AA-AAA A = - - 12a7 — 1 — 1 )
DA 0ADADA, |, _, oL ber s izar —dday — 0o 15> 0

It follows that the partial of Ag with respect to Ay, As, Az, and Aj is positive for

A
all A: > 1,a1 € (0, %] because WA;@AS is symmetric in A4 and As. Hence,
A
m is an increasing function of A4 and As with a minimum at A, = A5 = 1.

D3 Ag

=0 =3a% — 9at + 1603 — 7a? — 16ay + 13 > 0.
0A10A0A3 | 4,4, Lo Lo !

This is positive over our domain, so we know that the partial with respect to A,
Ay, and Aj is positive. Since the partial with respect to A; and As is symmetric
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03A6 and 83A6

9A,0A,0A, DA, 04,04, e also

with respect to As, A4, and As, we know that

0% A,
8A18A2
and Aj for all A3, Ay, A5 > 1 and oy € (0, ] The minimum is at A3 = A, = A5 = 1.

positive over the given domain. Hence, is an increasing function of As, A4,

0?Ag

— = —3al + 6af — 13a] + 2003 + 3aF — 26a; + 13 > 0.
aAlaAQ A3:A4:A5:1

2A
Because this is symmetric with respect to As, A3, Ay, and As, we see that ﬁ,
1043
02N 0?A - . . 00 . .
6 and 6 are positive over the given domain. Hence, Z=5 is an increas-

0A10A,° 0A10A5 0Aq
ing function of As, A3, A4 and As minimized at Ay = A3 = Ay = A5 = 1.

00

— =308 +4af — 33a] + 3203 + 170} — 3601 + 13 > 0.
oA, As=Asz=A4

—As=1

0Ag
Thus —— 1is positive over the given domain. By the symmetry of Ag in Ay, As, Ag,

0A,
0Ag OA 0A
and Ay, we know that 3 A? 3 A:’ and 3 Ai are positive over the given domain.
Therefore, Ag is an increasing function of Ay, As, A3, and A4. We can hence plug in
the minimum values of Ay, Ay, A3, and A4 to determine a new polynomial in A5 and

oy that we want to show is positive. We define

A? :A6|A1 =5,Ay=4,A3=3,A,=2
= —5104308 4+ 390A4%a] + 27004308 — 604507 — 18004203 — 48004208
+60A505 + 2880A2a] + 50404505 4+ 904505 — 6004307 + 960A2a7
—4076 A5} — 110408 + 304301 — 3004307 + 9604203 — 880A45a] + 122408
+139245053 — 132007 — 12084503 + 77603 — 1060A50; + 85607 4 156045
—1200a;.

We must show that A7 is positive over the interval a; € (0, 1] and A5 > 1.
We apply the partial differentiation test normally, beginning by noting that

I*A
W‘f = —12240a8 + 936005 — 144007 + 144002 + 216002 + 7200 > 0.
5
We then consider
PPA
== = 396005 — 144007 — 14400 — 216003 4 36003 4 7200, > 0.
5A5 As=1
Similarly,
2N
— = 48008 — 3600’ + 12000 — 960a’ — 72002 + 360a,
aAS As=1
2
which is positive for a; € (0, 3]. Although ends up becoming negative in

8A2 A1
the interval oy € (%, %], this ends up being irrelevant because we can verify numerically
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that %

0A
A5 is still positive. We do this by plotting 87/17 over that interval

o orrr o7
= 524.281, attained when

using Mathematica or Maple. Its minimum value is

_ 1
al—i.

We continue by considering

0A7

A = 1500a% — 215605 + 800a] + 175205 — 174802 — 9400, 4 1560 > 0

As=1

1
for a; € (07 2) . Finally, we evaluate A7 at its minimum:

Arz|a,—1= 132605 — 138207 — 1300a] + 2588a} — 562a7 — 2230a; + 1560 > 0.

This completes this subcase, and hence Case II is complete. O

3.3. Case III. In this case, [ag] = 4, so we can plug v = 4 into the statement
of Theorem 1.10 to get the following theorem, which we prove in this case:

THEOREM 3.3. Let a1 > a9 > as > aq > as > ag > 1 be real numbers and let Pg
T . Z1 Tz T3 T4 T T

be the number of positive integral solutions of — + — + —+4+ — 4+ —+ — < 1. If
a az as a

a4 as 6
Ps >0 and 3 < ag < 4, then

6'P6 S (a1 - 1)(0,2 - 1)(@3 - 1)(@4 - 1)(0,5 - 1)(0,6 - 1) —729.

Proof. In this case, ag € (3,4], so we have to consider three levels — xg = 1,
re¢ = 2, and xg = 3. Since P > 0, there must be solutions at the xg = 1 level, so our
three subcases are:

Subcase III (a): Ps(xg

Subcase IITI (b): Ps(xg

Subcase III (c): Ps(zg

3) = 0,P5($6 = 2) > 0.

3) > 0,Ps(xg =2)>0.

3.3.1. Subcase III (a). We are guaranteed that (x1,zo,x3,x4,25,26) =
(1,1,1,1,1,1) is a solution to the inequality in Theorem 3.3. Thus, if

then o € (%7 %] because ag € (3,4]. For simplicity, let A; = a; -« for i = 1, 2, 3, 4,
and 5. This yields the new inequality

i+i+i+i+i<1
A T Ay A3 T AL A T

Thus, by Theorem 1.7, we have

6 Py(as = 1) < 6[(Ar — 1)(As — 1)(As — 1)(Ag — 1)(A5 — 1)
—(As —1)° + A5(A5 — 1)(As — 2)(A5 — 3)(A5 — 4)].

As before, we take the difference obtained by subtracting the RHS of the above
A

inequality from the RHS of Theorem 3.3, substituting in a; = —. We observe that
@
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this difference is equal to A; — 728, where A is from Case I above. Since we applied
the partial differentiation test on Ay = Aj-a?(1—a) in Case I, here we need to show
that

Ag:= Ay — 728a*(1 — )

is positive. To apply the partial differentiation test, we must determine the domain
of Ag. By the same logic as in Cases I and 11, we have

Ay >5,A2 >4,A3 > 3, andA42A521a
—a

> 2,

e
because A5 = a5 -« > ag - =

o T 1—a 34
established, we can begin applying the partial differentiation test to demonstrate that
Ag is positive.

and o € g 3] . Now that we have a domain

We see that
0°Ag
=6a° —6a*+1>0
0A0A,0A50A,04; ¢ 0T
for all @ € (0,1). Thus the partial derivative of Ag with respect to A, As, Az, Ay,
and As is positive and minimized at As = 1 a
-«
O*Ag ‘7a%ma*fmaﬁ+&ﬂ+1)>o
8A16A28A38A4 As=1o (a — 1) '
It follows that the partial of Ag with respect to Ay, Ay, A3, and Ajs is positive for
DA
all Ay > %mz € (0,1) because WA;@A?) is symmetric in Ay and As. Hence,
& is an increasing function of A4, A5 with a minimum at A4, = A5 = >
0A,0A30As s s 1T I
33Ny _a?(240® — 4802 + 30 — 5) 50
8A18A28A3 A4:A5:ﬁ (1 — a)2

This is positive, so we know that the partial with respect to A1, As, and As is positive.
Since the partial with respect to A; and As is symmetric with respect to Az, A4, and
FOATANS 03Ny
and
0A10A20A, 0A10A50A5

As, we know that are positive over the given domain.

82

is an increasing function of Az, A4, and As for all A3, Ay, A5 > @

H _Y =8
N 5,04, 1—a

2
and o € f,é . The minimum is at Az = Ay = A5 = a
34 11—«
0?Ag _ot(48at — 1200” + 109a% — 42a + 6) 50
0A10A, As=Ay=Ag= o (1-a)3 .

Because this is symmetric with respect to As, A3, Ay, and As, we see that

" As 0"As and A are positive over the given domain. Hence 04s
n r sitive over iven domain. nce, ——

0A10A3" 0A10A,° 0A10As P & T 0A,
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is an increasing function of As, A3, A4 and As minimized at Ay = A3 = Ay = A5 =
@

1—a’
0As _ at(96a° — 287a* + 33603 — 19202 + 54a — 6) 0.
AL | dymAy= A=Ay = o (1-a)
Thus g—jf is positive over the given domain. By the symmetry of Ag in Aq, Ao, A3,
and A4, we know that g—ji, g—jj, and g—ji are positive over the given domain.

Therefore, Ag is an increasing function of A;, Ay, Az, and A4. We can hence plug in
the minimum values of Ay, As, Az, and A, to determine a new polynomial in A5 and
« that we want to show is positive. We define

Ag = Agla,=54,=4,45=3 A, =2
= —30a° A2 + 1500° A% + 30a* A2 — 240a° AZ — 1500 A3 + 2580° A5 + 240a* A2
+590a° — 257a A5 — 577a* — 1403 A5 — 710® + T1a? A5 + 154a? — 154045
—120a + 1204s.

- . a
We must show that Ag is positive over the interval o € (2,3] and A5 > 1o We
-«

can apply the partial differentiation test normally. We begin by noting that

0*Ag 4
Al = 7200 (1 — ) > 0.
We then consider
D3 Ag 4
—— = 180" (9ar — 5) > 0.
043 | apm o
Similarly,
0%y 60at(2902 — 31a + 8)
= = > 0.
0A: p—— 11—«
We continue by considering
00 13087 — 2183a° + 1238a° — 158a* — 310a” + 499a° — 394a + 120 >0
3A5 ASZ% (1 — a)2 )
for a € (%, 3]. Finally, we evaluate Ag at its minimum:
202(4408 4 47205 — 12160 + 898a° — 46a% — 197 + 60)
Ag|az=ro = 1=a) >0,

completing this subcase.

3.3.2. Subcase III (b). In this subcase, we know that Ps(x¢ = 2) > 0, implying
that (1,1,1,1,1,2) is a positive integral solution to the inequality in Theorem 3.3.

) ) ) ) )

Thus, if
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then aq € (‘37 2] because ag € (3,4]. For simplicity, let A; = a; -« for i = 1, 2, 3, 4,
and 5. This yields the new inequality

1 n 1 n 1 n 1 n 1 <1

A Ay Az Ay As
Thus, by Theorem 1.7, we have

6! Ps(z6 =2) < 6[(A1 —1)(A2 — 1)(A3 — 1)(As — 1)(A5 — 1)
—(A5 = 1)° + A5(A5 — 1)(A5 — 2)(A5 — 3)(A5 — 4)),

and

7

1 1 1
61 Ps (16— 1) < 6| (A, - +a1_1 Ay - —l—oz1_1 As - —1-041_1
2001 200 201
1 1 1 °
Ap ) (45 +O‘1 —1 L
200 201
1 1 1
2&1

Because 6! P = 6! (Ps(xg = 1) + Ps(x¢ = 2)), as before, we take the difference
obtained by subtracting the sums of the right hand sides of the above inequalities from

A;
the RHS of Theorem 3.3, substituting in a; = —. We observe that this difference
a

1
is equal to Az — 665, where Aj is from Case II above. Since we applied the partial
differentiation test on Ag = As - 16a°(1 — a) in Case I, here we need to show that

Aqg = Ag — 665 - 1605 (1 — ay)

is positive. Since Ajg — Ag is a function of oy only, we only need to check that the
value of Ajg at its minimum is positive (because all of the partial derivatives in the
test are the same for Ag and Aqp). Recall that we have

2&1
1 —041’

Al > 57A2 > 47A3 Z 33A4 > 2; and A5 >
so we must only check that

A10|A1 5,Ay=4,A3=3,A4= 2Ao_f"gl

1
= m(mal(:’)ogm% — 209307 — 127208 4 177003 — 738a]
—

+351a8 — 2802 — 2440, + 120))
> 0.

Since this is true, Ayg is always positive, and this subcase is complete.

3.3.3. Subcase ITII (c¢). In this subcase, we know that Ps(2¢ = 3) > 0, implying
that (1,1,1,1,1,3) is a positive integral solution to the inequality in Theorem 3.3.
Thus, if
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then as € (O, ﬂ because ag € (3,4]. For simplicity, let A; = a; - as for i = 1, 2, 3, 4,
and 5. This yields the new inequality

i+i+i+i+i<1
A1 A2 Ag A4 AS_.

Thus, by Theorem 1.7, we have

6!P5(J)6 = 3) < 6[(A1 — 1)(142 — 1)(A3 - 1)(144 — 1)(A5 — 1)
—(As — 1)° + A5(As — 1)(As — 2)(As — 3)(A5 — 4)],

as well as

6'P5(SC6:2)<6

142 142 142
Ay i 202 ) (4 m 202 ) (4, 12202
3oy 3an 3o

142 142 142 >
Ay I D T /R
3ao 3an 3o

+ A5.1+2O(2 A5.1+2042_1 A5.1+20¢2_2
3as 3an 3o

1+ 2
(A5- R B
30[2

and

6!P5($6=1)§6

Ay 202 g (4, 2002y
3o 3ag

Because 6! Ps = 6! (Ps(xg = 1) + Ps(xg = 2) + Ps(x¢ = 3)), if we let Ayy be
the difference obtained by subtracting the sum of the right hand sides of the above

A,
inequalities from the RHS of Theorem 3.4 and substituting in a; = —, then we merely
(€3]

have to apply the partial differentiation test for the expression

An = 27%( — 980A3as + 54004305 — 100804208 + 3244105
a3(1 = az)

—252A1 A205 + 3244505 — 25241 Asal + 216 A1 Ay AsaS — 25245 A508
43244505 — 25241 Asal + 21641 A AsaS — 25245 Asas + 216 A1 A3 Asas
—196A1 Az AsAsal + 216 A3 Az Asas — 252A3A405 + 324A405 — 2524, Asas
+216A41 A A0S — 25245 Asas + 216 A1 A3 Asal — 19641 Az As Asas
+216A2A3A508 — 252A3A505 + 216 A1 AgAsal — 196 A1 Ay Ay A5
+216A2 A4 A0 — 196 A1 As Ay AsaS + 18441 Ay As Ay Asas — 196 A3 As Ay Asa
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421643 A4 Asas — 25244 Asas + 6480 Asas + 1965605 + 580 A5 — 2700A3 a5
+4320A205 — 1354105 + 10841 Asay — 1354205 + 10841 Asaly — 10841 A3 Asas
+10845Asay — 135A3a5 + 10841 Asas — 10841 Az Asay + 10845 Asars
—108A41 A3 Az + 11641 Ay Az Asas — 108 A2 A Asal + 10843 Asay — 1354405
+10841 Asay — 10841 Az Asa + 10842 A505 — 10841 AsAsasy + 11641 A2 AsAsal
—108A45A5A505 + 10843 A505 — 10841 Ay Asas + 116 A1 As Ay Asal
—108A5 A4 Asa + 11641 As Ay Asay — 12441 Ag As Ay Asas + 116 A As Ay Asal
—108A43 A4 As05 + 108 A4 Asas — 3213 As05 — 19737 — 80A5vs + 21604205
—108A1 005 4+ 27A1 Ascs — 108 Agcvs 4+ 2TA1 Asas + 2T Az Azais — 108 Asas
+27 A1 Asais 4 2T Ao Agais — 16A1 Ay As Asais 4+ 2TAsAgais — 108 As05 4 27TA1 Asais
+27 A Ass — 16A1 Aa Az Asais + 27T AsAscs — 16A1 A Ay Asas — 1641 As Ay Asas
+20A41 As As Ay Asais — 16 A3 As Ay Ascvs + 2T Ay Asais — 3186 Asais + 80 A5
—1350A3 05 + 36004205 + 36A1 Asas + 3641 Asas — 27A1 As Asais

+36A42As05 + 36 A1 Agais — 27TA1 Ay Auads + 36 AsAgais — 27T A1 As Asais
+16A1 As A3 Agals — 2T Ag Az Ayads + 36 Az Asals + 36A1 Asal — 27A1 A Asa
+36A2As05 — 2TA1 AsAsal + 1641 Ay A3 Asals — 2T As Az Asas + 36 Az Asas
—27TAL Ay Asal + 16 A1 As AsAsals — 2TAs Ay Asals + 1641 As Ay Asais
+16A2A3A4A5a2 — 27A3A4A5a2 + 36A4A5a2 + 230A5a2 1350A5a2

+19A41 AgAsAgas + 19A1 Ay As Asas + 1941 As AgAsais + 1941 As Ay Asad
—20A1A2A3AsAsas + 1942 A3 AgAsas + 170A200 — 20A1 Ay As Agcrs
—20A1A2AsAsas — 2041 Ag Ay Asas — 20A1 As Ay Ascs — 1141 As As Ay Ascrs

—20A5A3 A4 A5000 + 3241 Ao A3A4A5)

1
= ——————Ajo.
2703(1 — az) 2

Our domain is

Ay >5,A0 >4, A3 >3,A4 > 2, and A5 > 1.

Note also that we have ay € <O,

4
To start the partial differentiation test, we see that
AN
= 184a§ — 12403 + 20a3 — 20a3 — 11 2
DA, 0 Ay A5 0A,0 A, 840y ay + 2000, O0as as +32>0

for all ap € (0, 1]. Thus the partial derivative of A1y with respect to Ay, Aa, As, Au,
and As is positive and minimized at As = 1.

0* A1z

DA DA DADAL —12a; — 4 1603 — 1 2
0A,0A20A504, ag — 803 +dag + 1603 — a3 — 3las +32 > 0.

As=1

It follows that the partial of Ajs with respect to Ay, As, Az, and Aj is positive for
PA1o
0A10A50A3

is an increasing function of A4 and As with a minimum at Ay, = A5 = 1.

all Ay > 1,as € (0 ,4] because
83A12
0A10A50A5
33A12
0A10A20A3 | 44—

is symmetric in Ay and As. Hence,

=8aS — 1203 + 505 + 18a2 — 5lay + 32 > 0.
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This is positive over our domain, so we know that the partial with respect to A,

Ay, and Ajs is positive. Since the partial with respect to A; and A is symmetric

OPA A
with respect to A3, Ay, and As, we know that 12 and 12 are also

0A10A20A, 0A10A20A5

positive over the given domain. Hence, is an increasing function of As, Ay,

12
0A10A,
and As for all Az, Ay, A5 > 1 and as € (0, i] The minimum is at A3 = A4 = A5 = 1.

62A12

A4, = —8a5 +8a5 — aj + 3a3 + 3702 — Tlag + 32 > 0.

Az=A4=A5=1
0A10A3°

Because this is symmetric with respect to As, A3, Ay, and As, we see that
aVAND: q 0%?A1s

04,04, " 94,04,
creasing function of As, Az, A4 and As minimized at Ay = A3 = Ay = A5 = 1.

.. . . 2 . .
are positive over the given domain. Hence, is an in-

ZAND

A, As=A3=A4=As5=1

= 1205 — 110 — 440 + 4603 + 5605 — 9lag + 32 > 0.

0A1
Thus 74 is positive over the given domain. By the symmetry of A5 in Ay, Ao, Az,
1
0A15 O0A 0A
and A4, we know that 3 A122’ 3 A132’ and 3 A142 are positive over the given domain.

Therefore, A5 is an increasing function of A;, Ay, As, and A4. We can hence plug in
the minimum values of Ay, As, Az, and A, to determine a new polynomial in A5 and
o that we want to show is positive. We define

Avz = A1a]a,=5,4,=4, A5=3, A, =2
= —980A2a5 + 580A2aj + 54004305 — 80Azas — 2700A%a5 — 100804205
+80A303 + 43204205 + 101844505 + 2304303 — 13504305 + 21604205
—6385A505 + 1604405 + 170A2as — 13504303 + 36004205 — 2872450
—16671a5 + 10514503 — 151505 + 526 Asa2 + 318a3 — 4400 Asaz + 228003
13840 A5 — 24000xs.

We must show that Aj3 is positive over the interval as € (0, f] and As > 1.
We apply the partial differentiation test normally, beginning by noting that

I*A
5 Af’ = —23520a5 + 1392005 — 19200 + 19200 + 552003 + 4080cz > 0.
5
‘We then consider
33A13 — 8880 6 5 4 3 2
- = af — 2280a5 — 19200 — 6180 — 258003 + 4080as > 0.
aAS As=1
Similarly,
e = 48005 — 60003 + 3360a + 6003 — 534002 + 2040
8A§ ) 1— gy — gy + g + 600y — as + g,
.




YAU GEOMETRIC CONJECTURE 619

which is positive for ay € (0, i] We continue by considering

0A13
0As5 A1

= 230405 — 352505 + 1128a; + 452103 — 260403 — 37200 + 3840 > 0.

Finally, we evaluate Ay3 at its minimum:
Aq3]a,—1= 2056805 — 2085605 — 2307a; + 369903 + 168603 — 6630az + 3840 > 0.

This completes this subcase, and hence Case III is complete. O

3.4. Case IV. In this case, [ag] = 5, so we can plug v = 5 into the statement
of Theorem 1.10 to get the following theorem, which we prove in this case:

THEOREM 3.4. Let a1 > as > ag > aqg > a5 > ag > 1 be real numbers and let Pg
L . ) I T2 xIs T4 X
be the number of positive integral solutions of — + — 4+ — + — + —

54T < gy
a1 a2 ag Gy as Qg
Ps >0 and 4 < ag <5, then

G'PG < (a1 — 1)(0,2 — 1)(@3 — 1)(&4 — 1)(&5 — 1)(@6 — 1) — 4096.

Proof. In this case, ag € (4,5], so we have to consider four levels — xg = 1,
re = 2, xg = 3 and xg = 4. Since Ps > 0, there must be solutions at the zg = 1 level,
so our four subcases are:

Subcase IV (a): Ps(zg =4) = Ps(z6 =3) = Ps(x6 =2) =0
Subcase IV (b): Ps(zg =4) = Ps(x6 =3) =0, Ps(z¢ = 2) > 0.
Subcase IV (c): Ps(xg =4) =0, Ps(z6 =3) > 0, Ps(z6 =2) >0
Subcase IV (d): P5(.136 = 4) > 0,P5(l‘6 = 3) > 0,P5(.Z‘6 = 2) >0

3.4.1. Subcase IV (a). We are guaranteed that (x1,xzo,23,x4,25,26) =
(1,1,1,1,1,1) is a solution to the inequality in Theorem 3.4. Thus, if

1 1 1 1 1 1
— 4t —4+—+—+—<1-—=q,
a1 as as ay as Qg
then a € (%, %] because ag € (4,5]. For simplicity, let A; = a; - « for i = 1, 2, 3, 4,

and 5. This yields the new inequality

1 n 1 n 1 n 1 n 1 <1
A1 A2 A3 A4 AS -
Whereas we previously bounded the number of positive integral solutions to this
inequality using the Yau Number Theoretic Conjecture for n = 5, we will now use the
Yau Geometric Conjecture for n = 5, proven in [1]. This gives us the bound

6! Ps(zg = 1) < 6[(A1 —1)(A2 — 1)(As — 1)(As = 1)(As — 1) = p5([45])],  (3)
where ps is the function defined in (1). Note that since ps(v) is increasing for v > 4.
Also, since As = a5 - o > % -4 = 3, we note that [As] > 4. Thus, we maximize the

RHS of (3) by substituting ps(4) = 243 in for ps([As|). Hence, we have

6! P5(wg = 1) <6[(A1 — 1)(A2 — 1)(A3 — 1)(As — 1)(A45 — 1) — 243]. (4)
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As before, we take the difference obtained by subtracting the RHS of (4) from
A; 1
the RHS of Theorem 3.4, substituting in a; = — and ag = T yielding
« -«

Ay = mWGQOP — 52640 +12a° A1 — 100" A; — 120" A1 Az + 1207 A, A,
—20° A1 Az + 120" A1 Ag Az — 120 A1 Az As + 20° A1 Ay As — 120° Ay Az As Ay
+120% A1 Ag Az Ay — 200A1 Ag A3 Ay + 120° A1 Ag Az Ay As — 120 Ay A A3 Ay As
+2A1 Ag AsAsAs — 120° A1 Ag As As + 120" A1 As A3 As — 200A1 Ag A3 As
+120° A1 A2 Ay — 120 A1 Ag Ay + 202 A1 A Ay — 120° Ay As Ay As + 120" A1 Ay Ay As
—20A1AsAgAs + 120° A1 A As — 120 A1 As As + 20° A1 As As — 120° Ay As
+12a* A1 45 — 26 A1 A5 + 120° A1 As Ay — 120 Ay As Ay + 202 A1 As Ay
—120° A1 As Ay As + 120* A1 AsAs As — 200A1 As Ay As + 120° Ay AsAs — 12a* Ay As As
+202 A1 AsAs — 120° A1 Ay + 120 A1 Ay — 202 A1 Ay + 120° A1 AsAs — 1201 Ay Ay As
+20° A1 AsAs — 120° A1 As + 120 A1 As — 205 A1 As + 120° A; — 100t Ay — 120° A5 As
+12a* Ay A3 — 20 Ay As + 120° Ay As Ay — 120" A As Ay + 20° Az As Ay
—120° Ag A3 Ay As + 120" As As Ay As — 200 A2 As Ay As + 120° Ag As A5 — 120 Ay A3 As
+20% Ag A3 As — 120° Ao Ay + 120 Ag Ay — 203 Aa Ay + 120° Ag Ay As — 120 As Ay As
4202 Ag Ay As — 120° A As + 120 As As — 20° As As + 120° A3 — 10a* As
—120° A3 Ay + 120  As Ay — 20° As Ay + 120° A3 Ay As — 120 As Ay As + 20° As Ay As
—12a° A3 As + 120 A3 As — 20° A3 As + 126° Ay — 100" Ay — 120° A4 As + 120" A4 As
—20° Ay As 4 120° A5 — 10a* As)

1

= —Ass.
204(1 — @) '

We now proceed with the partial derivative test on A5 with o € (%, %] and

Ay >5 Ay >4, A3 >3, A3 >2, and A5 > —

1—a’
like in previous cases.
AN
0A10A30A30A4 0A5
Thus the partial derivative of Aj5 with respect to Ay, Ao, A3, A4, and As is positive

=120° =120 +2>0, ac (3,1].

and minimized at A5 = ——.

l-«a
O*Ars _ 2(12a° — 180° + 6a* + 0?) o
0A10A20430A4 | 4, o l1-a
We continue with,
PPA1s _ 20" (240° — 480” + 30a — 5) o
04104045 | 4, _ay o (1—a)?

This is positive over our domain, so we know that the partial with respect to Ay, Ao,
and Aj is positive. Furthermore,

0?A1s 20 (480t — 120a® 4 10902 — 42a + 6)

Z = = > 0, and
8A18A2 A3=A4=A5=ﬁ (1 - a)3
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YN 20" (960° — 2870t 4 3360° — 19202 + 5da — 6) .
94 Ag=Az=Ag=As=1 (I—a)t
3 15 )
We also observe that As = asa > 52 = and since A1 > Ay > A3 > Ay > As,

our minimum for A5 is

At5]a,=5,40=4,A3=As= A5 =12
_ 2646000° — 263368a* — 104600 + 4207502 — 84375 + 67500
n 32

)

which is positive over our desired interval, completing this subcase.

3.4.2. Subcase IV (b). In this subcase, we know that Ps(z¢ = 2) > 0, implying
that (1,1,1,1,1,2) is a positive integral solution to the inequality in Theorem 3.4.
Thus, if

then aq € (27 4] because ag € (4,5]. For simplicity, let A; = a; -« for i = 1, 2, 3, 4,
and 5. This yields the new inequality

Thus, by Theorem 1.7, we have

6!P5(l‘6 = 2) S 6[(A1 — 1)(A2 — 1)(A3 — 1)(A4 — 1)(A5 — 1)
—(As —1)° + A5(As — 1) (A5 — 2)(As — 3) (A5 — 4)],

and,

14+ ag 14+ aq 1+ o
! -1 < _ ) _ ) _
6 P5 (1‘6 1) ~ 6|: (Al 2% ].) (A2 2041 ].> (A3 2a1 1>
l+ar 1+ I+o ’
Ay A —1)—1(45- -1
< 20&1 ) ( > 20(1 ) ( > 2041 )
+< 1+a1)< 1+a1 1)(A5.1+a12>
2041
20[1

Because 6! P = 6! (Ps(xg = 1) + Ps(x¢ = 2)), as before, we take the difference
obtained by subtracting the sums of the right hand sides of the above inequalities

A;
from the RHS of Theorem 3.4, substituting in a; = —, yielding
aq

1
1603 (1 — a1)
+144 4505 — 12041 A3al + 10841 A3 A3l — 120424505 + 1444305 — 12041 Asa®
+108A41 424405 — 120454405 + 10841 A3 A4S — 10241 A3 As Asal + 10845 A3 Asal
—120A43A4405 + 1444405 — 12041 Asal + 10841 A Asal — 120424508

A = (—510A3a5 + 27004307 — 48004205 + 1444, 05 — 1204, Asal
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+108A1 A3 As5a® — 10241 As A3 Asa® + 10845 A3A508 — 120454505 + 10841 Ay Asa’
—102A4; Ay Ay Asal + 10843 A4 As08 — 10241 As Ay Asal + 99A; Ay As Ay Asal
—102A42 A3 A4 As508 + 10843 A4 A505 — 12044 A505 + 28804505 + 6552005 + 390424}
—1800A2af + 2880A2aT — 8041} + 7241205 — 80Asaf + T2A1 Asa}
—T2A1 As Asal + 7245 As0 — 80Asal + T2A1 Agal — 7241 Ay Ascl + T2A2Asal
—T241 AsAsal + T8A1 As As Asal — T2A2A3As0] + T2A3A405 — 80440}
+7241 Asaf — 7241 A Asal + T2A2A505 — T2A1 AsAsal + T8A1 Ay AsAsal
—T245 A3 Asa’ + T2AsA505 — T2A1 Ay Asal + T8A1 Ay Ay Asal — 7245 A4 Asal)
+78A1AsAsAsal — 8441 Ay As Ay Asal + T8A3 As Ay Asal — T2A3 A4 A50
+72A44A505 — 19044505 — 6555205 — 60Asa] + 960A2a] — 32417 + 841 Asa]
—32Asa] + 8A1Asaf + 842 Asa] — 32Asaf + 8A1 st + 84z Asa] — 12A1A2AsAsad
+8A3A4a] — 324401 + 8A1 Asal + 8AsAsal — 1241 Ay AsAsaf + 8AsAsat
—12A1 As Ay Asat — 1241 AsAgAsal + 1541 Ay As Ay Asal — 1245 As Ay Asort
+8A4A5aT — 9444501 + 604305 — 6004503 + 9604208 + 841 Asar’
+8A1 Az’ — 841 AsAsah + 8As Azl + 841 Asat — 8A1 As Aua + 845 Asas
—8A1 AsAsa’ + 1241 Ay AsAgals — 8AsAsAsal + 8AsAsal + 8A1 Asals — 8A1 AsAsar’
+8A5As50 — 841 AsAsa + 1241 A AsAsas — 8AsAsAsals + 8AsAsa — 841 A4 Asa’
+12A1 A2 A4 Asal — 8AsAgAsal + 1241 As Ay Asals + 1242 A3 AgAsals — 8A3AgAsads
+8A4A5a1 + 90A5a1 — 300A5a1 + 4A1A2A3a1 + 4A1A2A4a1 + 4A1A3A4oz1
+2A1 Ag Az Ayad + 440 As Ay + 4A1 Ay Asas + 4A1 AsAsa 4+ 2A1 As As Asodl
+4A2A3Asa7 + 4A1 AgAsad + 2A1 Ag Ay Asas + 443 Ay Asa + 2A1 As Ay Asod
—15A1 As A3 Ay A5 + 245 A3 Ay A5l + 443 As A5l + 30A5ar — 1041 Ay As Ason
—10A1 As AsAsay — 1041 As Ay Asan — 1041 As Ay Ason + 441 Ay As Ay Asan
—10A3A3A4As0n + 134, A2 A3 Ay As)

1

= ——Ajr.
16a5(1 — o)
We now proceed with the partial derivative test on Aj7 with oy € (%, g] and
20[1
AIZ5aA2247A3237A4Z23 andA5>1 )
— o

like in previous cases.

= 9905 — 8408 + 15a] — 1502 + 4 13>0 12].
DA DA, OAy DAL 9 A, = 0901 — 84t + 1501 — 150] +4m +13> 0, € (3, 5]
Thus the partial derivative of Ay7; with respect to Ay, Ao, A3, A4, and Ajs is positive
e . 20(1
and minimized at A5 = .
— o
0*Aqr Ao (75045j — 8708 + 30t — 603 — 5a? + bay + 4) >0
8141@14281438144 As— 209 - 1— a7 '
1—ay
We continue with,
D3Nz 1607 (570§ — 84af + 4207 — 1107 + 3a; + 1) .
0A10A50A3 Ay 200 - (1—ay)? ’

1—ay
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This is positive over our domain, so we know that the partial with respect to A1, As,
and Aj is positive. Furthermore,

82A17
OA10A2 | yon,— - L
_ 1603 (174&1 — 31203 + 2050 — 6803 + 1203 + 4oy + 1) < 0. and
(1 — 011)3 ’
0A17
AL | gymagm A= Ag= e
_ 1607 (534af — 1133af + 929a7 — 3860 + 88af — oy + 1) .
(1 — 01)4 '

Finally, our minimum for A;7 is

20

A
17|A1:5,A2:4,A3:A4 A=

2
= (1167?)3 (—2019a] + 1618208 — 2648507 + 17652a] — 424108 — 26207 + 73a1 + 60) ,
- 1

which is positive over our desired interval, completing this subcase.

3.4.3. Subcase IV (c). In this subcase, we know that P5(xz¢ = 3) > 0, implying
that (1,1,1,1,1,3) is a positive integral solution to the inequality in Theorem 3.4.

Thus, if

ai a2 az aq4 As ag

then as € (4, 5] because ag € (4, 5]. For simplicity, let A; = a; - ag for i = 1, 2, 3, 4,
and 5. This yields the new inequality

Thus, by Theorem 1.7, we have

6! Ps(zg = 3) < 6[(A1 —1)(A2 — 1)(A3 — 1)(As — 1)(A5 — 1)
—(As —1)° + A5(A5 — 1)(45 — 2)(A5 — 3)(45 — 4)),

as well as

142 142 142
61 Ps (2 = 2) < 6| [Ar- =02 1) (4, —2202 1) (4. 20202
3042 30&2 3042

5
142 142 142
(14 + 200 1 (5. + 200 1 (5. + 202 1)

30 _) 302 ) 3z
(o Hw N
) )

3042
<A 1+20¢2 _3 (A 1+20&2 4 :|
and

2 2 2
6! P; (26 =1) <6 Al.ﬂ_l Ay - Tar A3'ﬂ—1
3a 3ag 3on

A

5 -
)
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5
2 2 2
A 202 g (a4 202 ) (42022
30&2 30&2 3042
2 2 2
Y /M Y P B I (7 A e
30(2 3042 30&2
2 2
<A5~ +0‘2—3) (A5- +O‘2—4ﬂ.
3an 3ag

Because 6! P@ = 6! (P5(I6 = ].) + P5(.T6 = 2) + P5(1‘6 = 3)), if we let All be
the difference obtained by subtracting the sum of the right hand sides of the above

A,
inequalities from the RHS of Theorem 3.4 and substituting in a; = —, then we merely
(&%)

have to apply the partial differentiation test for the expression

1
27a3(1 — az)
+324 4505 — 25241 AzaS + 216 A1 As Asal — 25245 Asal + 324430 — 25241 Agal
+216A41 A3 Asal — 25245 Agas + 216 A1 As AsaS — 196 A1 Az As Asal + 216 A2 Az Agal
—252A43 4405 4 3244405 — 25241 Asal + 21641 A Asa — 252 A2 As505
+216A1 As Asas — 19641 Ay As Asal + 21643 AsAsal — 25245 Asa5 + 21641 A4 Asas
—196A1 A2 A1 A505 + 2164 A4 Asas — 196 A1 As Ay AsaS + 18441 As As Ay Asal
—196A2A3A4A505 + 216 A3 A4 Asas — 252A4 Asad + 6480 Asas + 11056505
+580A505 — 2700A305 + 43204205 — 1354105 + 10841 Azah — 1354505

+108A1 Asa — 10841 A3 Azl + 108 Ao Asal — 135A3a5 + 10841 Asa
—108A; A Asaly + 10842 Asah — 10841 Az Asab + 116 A1 As As Asaly — 10845 A3 Asas
+108A43 A0 — 135A4a5 + 10841 Asay — 10841 A2 Asa + 10845 Asah

—108A41 AsAsas + 116 A1 Ay AsAsay — 10843 AsAsa + 10845 A5y — 10841 AsAsas
+116A41 Ay AgAsay — 108A2 A4 Asas + 116 A1 As Ay Asay — 1244, Ay As Ay Asa
+116A2A3 A4 Asay — 108A3 A4 Asay + 10844 Asah — 3213Asa — 11064605 — 80Azas
+2160A705 — 1084105 + 27A; Agrs — 108Asais + 27TA; Azavs + 27 Az Az

—108Asas + 27A1 Agaiy + 2T Az Asciy — 16A1 As AsAscis + 27AsAsas — 108 As0s)
+27A1 Asas + 2TAs Asais — 16 A1 Ag As Asas + 2TAsAsas — 16 A1 Ap Ay Asas
—16A1 A3 Ag A5y + 2041 A0 AsAgAsaiy — 1642 As Ay Asais + 2T AgAsas — 3186 A5005
+80A3a5 — 13504305 + 3600A2a 4+ 36 A1 Asars + 36 A1 Azals — 2TA;1 Ay Azas
+36A42As08 + 36A1 Agas — 27TA1 Ay Asads 4+ 36 Ao Agas — 27T A1 As Ascds
+16A41 As AsAgals — 2T Ay As Asads + 36 AsAsads + 36 A1 Asal — 27TA1 A Asas
+36A3A508 — 2TA1 AsAsas + 16A1 As As Aoy — 2T A2 As Asas + 36 A3 Asal
—2TAL Ay Asas + 16 A1 As AsAsaly — 2TAs Ay Asas + 1641 As Ay Asas
+16A3A3A5As05 — 2T As Ay Asas + 36 A4 Asais + 2304505 — 1350430
+1941 Ay AsAgas + 1941 Ay AsAsas + 194, As Ay Asas + 1941 As Ay Asas
—20A1 As As Ay Asas + 1942 As Ay Asas + 170 Ay — 2041 Az As Asais

—20A1 AsAsAsay — 2041 As Ay Asaiy — 20A1 As Ay Ascrn — 11A1 As Az Ay Ascra
—20A5A3 A4 Ascrs + 324, A2 Az Ay As)

1
- A
27a5(1 — ae) 1

Ag = (—980Az5035 + 54004305 — 100804203 + 3244105 — 2524 Asaf
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Our domain is

A1 25,142 247/13 Z3,A422, and A5 > 1.

1 2
Note also that we have ay € <4, 5} . We begin with

0A1 0A30A30A4 045

12
= 184085 — 1240542003 —20a3 —11az +32 > 0, g € (4, 5].

Thus the partial derivative of Ajg with respect to Ay, As, Az, Ay, and Ajs is positive
and minimized at A5 = 1.

0 Ao 6 5 4
S =—-12a8 -8 4 1602 — a2 — 31 32 > 0.
0704204504, | 4 _, @7 B ha bm ey e
We continue with,
= = —4a8 — 8a3 — 8al + 21a3 + 1702 — 825 + 64 > 0.
614161426143 - 2 2 2 2 2 2

This is positive over our domain, so we know that the partial with respect to Ay, Ao,
and Ajz is positive. Furthermore,

92A
— = —8a5 — 803 — 2904 4 500 4 8902 — 2860, +192 > 0, and
0A104A; Az=3,A,=2,A5=1
oA
1 = —2005—1105—15804+21503+47002 —126405+768 > 0.
0A; Ap=4,A3=3,A,=2,A5=1

Finally, our minimum for Ajg is

A9l A, =5, Ap=a,45=3,A,=2, A5 =1
= 3 (37159a5 — 3725505 — 7693 + 123303 + 56205 — 2210a, + 1280) ,
which is positive over our desired interval, completing this subcase.

3.4.4. Subcase IV (d). In this subcase, we know that Ps(xg = 4) > 0, implying
that (1,1,1,1,1,4) is a positive integral solution to the inequality in Theorem 3.4.
Thus, if

ay a2 as a4 as Qg

then a3 € (O, %} because ag € (4,5]. For simplicity, let A; = a; - a3 for i =1, 2, 3, 4,
and 5. This yields the new inequality

IR NS U R N
A1 Ag A3 A4 A5 -

Thus, by Theorem 1.7, we have

6! Ps(zg =4) < 6[(A1 —1)(A2 — 1)(A3 — 1)(As — 1)(A5 — 1)



626 K.-P. LIN, S. RAGHUVANSHI, S. S.-T. YAU, AND H.-Q. ZUO

—(As — 1)° + A5 (A5 — 1)(A5 — 2)(A5 — 3)(A5 — 4)],

as well as

1 1+ 30 (
61Ps (w6 = 3) < 6| Ay - 0298 _q) (a, 1308 ) (4, 1808
4043 40[3 40{3

1 1 1 >
A4- +30é3_1 A5- +3043_1 _ A5' +30&3_1
40[3 40&3 40[3
1+ 3as 1+ 303 1 +3a3
As - -1 As - -2
+< ° 4o )( dag )( ° dos )
1 1
A, 1EBas gy [, IHSas A
4043 4043
and
2+2 242 242
61 Ps (w6 = 2) < 6| (Ay- 20208 ) (4. 25298 4 (4,212 4
4043 40[3 4053
242 242 242 >
A28 ) (4, 2020 ) (g, 2208
40[3 40&3 40[3
242 242 242
R R N I B N A ks B
4o 4ag a3
242 242
Ay 20208 g (4, 202 ) |
4043 40&3
and
3 3
61 Py (s = 1) < 6| (Ay- 223 _ 1) (4,279 1) (a,.27 % _
40[3 Q3 40[3

Because 6! P = 6! (Ps(z¢ = 1) + Ps(x6 = 2) + Ps(x¢ = 3) + P5(xg = 4)), if we let
Agg be the difference obtained by subtracting the sum of the right hand sides of the

above inequalities from the RHS of Theorem 3.4 and substituting in a; = —i, then
Q3

we merely have to apply the partial differentiation test for the expression

M(%mo%ag + 300004205 — 576004205 4+ 19204, 051440 A, Azl
+1920A505 — 144041 Azal + 120041 Ay Asal — 144045 Asal + 1920 A3l

—1440A; Agafy + 120041 Ay Agal — 1440As Agal + 120041 Az Asa — 106241 A A3 Asal
+120042 A5 Asas — 1440A3Asaf + 19204405 — 144041 A5 + 120041 As Asal
—1440A2A505 + 120041 AsAsal — 106241 A Az Asal + 120042 As A5 — 1440A3 A5l
+1200A41 A4 Asa5 — 106241 Ay Ay AsaS + 120042 A4 Asa — 106241 As Ay Asal

Agy =
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+975A41 Ay As Ay Asal — 106245 As Ay Asaly + 12004344 Asal — 1440 A4 A5l
+38400A50a5 + 52416005 + 2550A2a; — 12000425 + 192004205 — 640414}
+480A1 Ay — 640A205 + 48041 Asary — 48041 Ay Asarl + 48042 Asal — 640Asar)
+480A1 Ay — 480A1 As Ay + 480A2 Agay — 480A1 AsAsay + 51041 As AsAgar)
—480A3 A3 As0 + 480 A3 Asad — 640 A4 + 48041 Asay — 48041 Az Asal

+480A2 A5l — 480A1 AsAsal + 51041 Ay AsAsal — 480A2As Asal + 480 A3 Asal
—480A1 As A5 + 51041 Ay Ay Asaly — 480A2 A4 Asal + 51041 As Ay A5l
—540A1 As As Ay Asal + 51042 As Ay Asaly — 480As Ay Asal + 480A4 A5y — 152324505
—52467205 — 3004505 + 115204203 — 768 A1a3 + 16041 Az — 7684203
+160A41 Asas + 16042 Asas — 768 Asas + 1604, Asas + 16042 Asais
—60A41 A3 AsAsas + 160A3As05 — T68Asas + 16041 Asas + 16045 Asas

—60A1 Az AsAsas + 160A3Asas — 6041 Ay AsAsas — 60A1 As Ay Ascrs
+75A1 A2 AsAgAsaiy — 6042 As AsAsas + 16044 Ascs — 22656 A5y + 300 A5
—7200A3 05 + 26880420 + 288 A1 Asary + 28841 Asaly — 16041 As Asail
+288 A5 Asal + 28841 Asas — 16041 As Asas + 28845 A4 — 1604, As Asas
+60A1 Ay AsAsas — 160A2As Asa + 288 A3 Asais + 288A1 Asal — 16041 AsAsads
+288A45 A5 — 160A1 Az Asals + 6041 Az As Asas — 16042 A3 Asal + 288 A3 Asais
—160A1 As A5 + 6041 As Ay Asas — 160A2 A4 Asas + 6041 As Ay Asais
+60A2A3A4As05 — 160A3 A4 Asas + 288 A4 Asais + 1200A3a3 — 108004503
—48A1 AgAsas — 48 A1 Ap Ayl — 48A1 AsAgas + 130A1 As As Ay — 48 A3 AsAsa
—48A1 Az Asah — 48 A1 AsAsal + 13041 As AsAsals — 48 A3 As Asas — 4841 AsAsal
+130A1 Ay Ay Asas — 48 A2 Ay Asal + 130A1 As Ay Asas — T5 A1 As As AgAsais
+130A2A3 A4 As0s — 48As A4 Asal + 1470A2 s — 9041 Az As Asais — 90A1 Ay As Asais
—90A1 As Ay Asas — 9041 As Ay Asas — 10041 As As AgAsais — 9042 As Ay Asas
+177TA As A3 Ay As)

1
S E— V.
128031 —az) '

Once again, our domain is

Al > 5,A2 > 4,A3 > 3,A4 > 2, and As > 1.
1
Note also that we have a3 € <O, 5} . We begin with

85A21
0A10A30A30A40A5

1
= 97505 — 54003 + 7503 — 7502 — 10003 4+177 > 0, az € <0, 5].

Thus the partial derivative of Aoy with respect to Ay, As, Az, Ay, and Ajs is positive
and minimized at A5 = 1.

0* Aoy

_ Q7.6 5 1 1502 3 2 _q 1 )
DA, 0A,04504, 87ag — 30a3 + 15ai3 + 60a3 + 555 — 190 + 177 > 0

As=1

We continue with,

03 Aoy
0A10A20A3

—3605 — 3005 — 3003 + 2003 + 19202 — 470a3 + 354 > 0.

Ay=2,A5=1
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This is positive over our domain, so we know that the partial with respect to Ay, Ao,
and Aj is positive. Furthermore,

9% Agy
0A10A, Az=3,A,=2,A5=1
= —2 (3605 + 1503 + 2505 + 603 — 34603 + 795a3 — 531) > 0, and
00y
04, Ap=4,A3=3,A,=2 A5=1
= —4 (450§ + 2503 + 9203 — 7003 — 75503 + 1725a5 — 1062) > 0.

Finally, our minimum for Aoy is

A1) A1=5,40=4,45=3,4,=2, A5 =1
= 530142085 — 53137403 — 160283 + 249000 + 631003 — 35190ar3 + 21240,

which is positive over our desired interval, completing this subcase, and thus com-
pleting Case IV. O

3.5. Case V. In this case, [ag] = 6, so we can plug v = 6 into the statement of
Theorem 1.10 to get the following theorem, which we prove in this case:

THEOREM 3.5. Let a1 > a9 > as > aq > as > ag > 1 be real numbers and let Pg
T T T T T
be the number of positive integral solutions of 2y 2 0o If
aq as as ay as (75
Ps >0 and 5 < ag < 6, then

6'P6 S (al - 1)(&2 - 1)((13 - 1)(0,4 - 1)(&5 - 1)((16 - 1) — 14905.

Proof. In this case, ag € (5, 6], so we have to consider five levels — 24 = 1, 26 = 2,
r6 = 3, ¥g = 4, and x5 = 5. Since Ps > 0, there must be solutions at the xg = 1 level,
so our five subcases are:

Subcase V (a): Ps(xg =5) = Ps(xz¢ =4) = Ps(x6 =3) = Ps(26 =2) =0

Subcase V (b): Ps(xg =5) = Ps(xs =4) = Ps(z6 = 3) = 0, Ps(z6 = 2) > 0.

Subcase V (c): Ps(zs =5) = Ps(xg =4) =0, Ps(z6 = 3) > 0, Ps(z6 = 2) > 0.

Subcase V (d): Ps(xzg =5) =0, Ps(z¢ =4) > 0, Ps(z6 = 3) > 0, Ps(x6 = 2) >
0.

Subcase V (e): Ps(x6 =5) > 0, Ps(xg =4) > 0, Ps(z¢ = 3) > 0, Ps(zg = 2) >
0.

3.5.1. Subcase V (a). We are guaranteed that (x1,x9,xs3,x4,x5,26) =
(1,1,1,1,1,1) is a solution to the inequality in Theorem 3.5. Thus, if

then a € (%, %] because ag € (5, 6]. For simplicity, let A; = a; - o for i = 1, 2, 3, 4,
and 5. This yields the new inequality

1 1 1 1 1

<.
oA, T A st

Just like in Subcase IV (a), we will now use the Yau Geometric Conjecture for
n =5, proven in [1]. This gives us the bound

6! Ps(ze =1) <6[(A1 —1)(A2 — 1)(As — 1)(As — 1)(45 — 1) = ps([45])],  (5)
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where ps is the function defined in (1). Note that since ps(v) is increasing for v > 4.
Also, since A5 = a5 - a > % -5 = 4, we note that [As] > 5. Thus, we maximize the
RHS of (5) by substituting p5(5) = 904 in for ps([As]). Hence, we have

6! Ps(zg =1) < 6[(A1 —1)(A2 — 1)(As — 1)(Ag — 1)(A45 — 1) — 904]. (6)
As before, we take the difference obtained by subtracting the RHS of (6) from
A; 1
the RHS of Theorem 3.4, substituting in a; = o and ag = 1—a’ yielding

Aoy = 18948a° — 189500 + 12a° A1 — 10a* A1 — 12a° A1 Ao + 120t A1 A5

2aid—a)
—20% 4145 + 120° A1 As As — 120 A1 Ay As + 20° A1 A As — 120° A1 Ay As Ay
+120* A1 Ao As Ay — 200A1 Ag As Ay + 120° Ay Ao As Ay As — 12a* A1 As As Ay As
+2A1 Ag As A As — 120° A1 As AsAs + 120* Ay As AsAs — 20A1 As AsAs + 120° A1 Ax Ay
—120% A1 As Ay + 207 A1 Ag Ay — 120° A1 A Ay As + 120 A1 Ay Ay As — 2041 Ay Ay As
+120° A1 Az As — 120 A1 Ay As + 20° A1 Ay As — 12a° A1 As + 120 A1 As — 20° Ay As
+120° A1 AsAy — 120" A1 As Ay + 207 A1 As Ay — 120° Ay As Ay As + 120 Ay As Ay As
—2aA1 A3 A4 As + 120° A1 As As — 120 A1 AsAs + 20° A1 As As — 120° A1 Ay
+120* A1 Ay — 20 A1 Ay 4+ 120° A1 Ay As — 12a* A1 AuAs + 20° A1 AsAs — 120° Ay As
+12a* A1 A5 — 20 A1 As + 12a° Ay — 100 As — 12a° Ay As + 120" Ay As — 20° A5 As
+120° AsAs Ay — 120  Ag As Ay + 207 Ag As Ay — 120° As As Ay As + 120 Ay As A4 As
—20 A3 A5 AsAs + 120° Ay As As — 12a* Ay AsAs + 20° Ay AsAs — 120° Ay Ay
+120* Az Ay — 205 As Ay + 120° Ao Ay As — 120" Ay AuAs + 2% A3 AsAs — 120° Ay As
+12a* A3 A5 — 20° A3 As + 12a° As — 100* As — 12a° As Ay + 120" As Ay — 205 A3 Ay
+12a° A3 A4 As — 120" As Ay As + 20° AsAgAs — 12a° AsAs + 120 As As — 20° As As
+120° Ay — 100" Ay — 120° Ay As + 120" Ay As — 20° Ay As +120° A5 — 100 As)

1

- 2a4(1 — ) Azs.

We now proceed with the partial derivative test on Ags with a € (£, 2] and

Al 257142 Z4aA3 23,144227 and A5 > lia
—

like in previous cases.

85A23
0A1 0Ay0A30A4 045

=12a° -12a"+2>0, ac(},3]

Thus the partial derivative of Aoz with respect to Ay, Ao, Az, Ay, and As is positive

«
and minimized at A5 = ——.
1—«

_ 0tAy ~ 2(12a° — 18a° + 6a* + a?) -
8A18A28A38A4 A5:1% o 11—« '
We continue with,
0% Ao B 20t (24@3 — 4802 + 30ar — 5) =0
0A10A20A3 Py p—— o (1—a)? .
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This is positive over our domain, so we know that the partial with respect to Ay, Ao,
and Aj is positive. Furthermore,

%A, 20 (48a* — 1200® + 10902 — 42a + 6)
== = 3 >0, and
8A18A2 Ag=As=As=12- (1 — Oé)
0Ag3 20 (96a° — 287a + 3360° — 19202 + 54 — 6) .
OAL | gy nyn,mage o (1—-a)t '

We must now only test Ass at its minimum. We observe that if A5 >= 5, then
we have

Aozl a,=5, 45— Ay = as——o = 2(5 — 6a)? (434a” 4 2900° + 175a + 125) ,

1—a

which is positive over our desired interval. We must now only consider the minimum of
Agz when we have 4 < 9 < A5 < 5. We observe that since the partial differentiation
test told us that all the partial derivatives of Ag3 are positive, indicating that to
minimize Agg, we set Ay = A3 = Ay = A5 = x for some z € (4,5]. Thus, we have

1 4
A—lglfg,orthat
x
Al >
LR
Hence, we consider
A24 = A23‘A1:4f:’2 7A2:A3:A4:A5:.’1f
1
———(=757920° + 75800a* — 20a® 4 225 4 48a° 2t — 48atz* + 8ozt

- 4 —x
—1920°23 + 192023 — 120322 — 200223 + 288a° 22 — 280022 + 400322
+18768a°x — 18800 z).

It can easily be numerically verified that Agy > 0 over the interval x € (4,5),«a €

45
(5, 6) , completing this subcase.

3.5.2. Subcase V (b). In this subcase, we know that Ps(zg = 2) > 0, implying
that (1,1,1,1,1,2) is a positive integral solution to the inequality in Theorem 3.5.
Thus, if

1 1 1 1 1 2
— e —t—+—+ = <1- 2 =ay,
aq ao as ay as Qg
then oy € (%, %] because ag € (5, 6]. For simplicity, let A; = a; - aq for i =1, 2, 3, 4,

and 5. This yields the new inequality
1 1 1 1 1

Bl T R
oA, Tt A st

Thus, by Theorem 1.7, we have

6! Ps(z6 =2) < 6[(A1 —1)(A2 — 1)(A3 — 1)(As — 1)(A5 — 1)
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—(A5 = 1)° + A5 (A5 — 1)(A5 — 2)(A5 — 3)(A5 — 4)),

2&1

6!P5(a:6:1)§6[(A1 1;0‘1 —1) (A2 L+ —1> (Ag- L+ —1>

20
5
<A4 l+on ><A5 1+a11><A5'1+a11)
2011 2011 20
I )
20&1
(152 ()]

Because 6! P = 6! (Ps(xg = 1) + Ps(x¢ = 2)), as before, we take the difference
obtained by subtracting the sums of the right hand sides of the above inequalities

A;
from the RHS of Theorem 3.5, substituting in a; = —, yielding
aq

A25 =

1
1603 (1 — a1)
+144 4505 — 1204, Asal + 10841 Ay Asal — 12042 Asas + 144AsaS — 1204, Asal
+108A41 A Asab — 120454405 + 10841 AsAsas — 10241 As As Asal + 108 A2 A3 Agal
—120A3A4a5 + 1444405 — 12041 Asal + 10841 A3 Asal — 120A2A5a5 + 10841 As Asal
—102A4; A2 A3 Asal + 10842 A3 Asal — 120A3Asas + 10841 Ay Asal — 10241 Ay Ay Asal
+108A42A4A5a5 — 10241 Az Ag AsaS + 99A1 A Az Ay Asal — 10242 A3 Ay Asal
+108A3A4A5a5 — 120A4Asa$ + 2880A45a5 + 23846445 + 390Aza) — 1800454}
+2880A2a; — 80A1a; + T2A1 Asal — 80Aza} + T2A1Asal — T2A1 Ay Asal + T2A3Asal
—80Asal + T2A1 Agal — T2A1 A Asal + T2A2Agal — T2A1 AsAsal + T8A1 Ay As Asaly
—T245A3A4a] + T2AsA4a] — 80A4al + 7241 Asa’l — T2A1 As Asal + T2A2Asa
—T2A1 AsAsal + 78A1As AsAsa’l — T2A2AsAsal + T2A3A5a] — 7241 Ay Asal
+78A1 Ay AyAsal — 7243 A4 Asa’ + T8A1 AsAsAsa’ — 84A1 AsAsAsAsal
+78A2A3A4Asal — T2A43 A4 Asa’ + T2A4Asa; — 1904A5a5 — 23849645 — 60Aza]
+960A2a] — 3241a] + 841 Asal — 324547 + 841 Asal + 843 Asal — 32Asa}

+8A1 Agar + 8AsAgal — 1241 Ay AsAsal + 8AsAsat — 32A4a] + 841 Asal

+8AsAsal — 1241 Ay AsAsal + 8AsAsal — 12A1 Ay Ay Asat — 12A1AsAsAsal
+15A1A2AsAgAsal — 124 AsAsAsal + 8AsAsal — 944 Asa7 + 60Asas — 6004343
+960A2a% + 841 Aza’ + 841 Asal — 8A1AsAsal + 8AsAsal + 8A1Asal — 841 A Asad
+8AsAsa} — 8A1AsAsa’ + 1241 As AsAsa’ — 8AsAsAud’ + 8AsAud’ + 8A1Asa}
—8A1AsAsa’ + 8AsAsa’ — 8A1 AsAsal + 1241 Ay AsAsal — 8ArAsAsal + 8AsAsal
—8A1 A4 Asa’ + 1241 Ay Ay Asal — 8AsAgAsal + 1241 AsAyAsal + 1245 As Ay Asal
—8A3A4A5a} 4+ 8A4Asa} + 90A5a3 — 300A%aT + 4A1 Ay Asai + 4A1 Ay Asal
+4A1 Az Agat + 2A1 Ag Az Audl + 44 As Asal + 441 Ay Asal + 441 AsAsal
+2A1 Ax A3 Asal + 442 Az Asal + 4A1 AsAsal + 241 A2 Ay Asal + 4A2 Ay Asal
+2A1 As Ay Asal — 15A1 Aa As Ay Asal + 249 As Ay Asa? + 443 AsAsa? + 30Asa,
—10A1 A2 AsAgar — 1041 A3 AsAsar — 10A1 Ay Ay Asay — 10A1 AsAgAsay
+4A1 A2 A3 A Asar — 10A2 A3 AsAsar + 13A1 Ay A3 Ay As)

( 510A5a1 + 2700145041 4800A5a1 + 144A1a1 - 12014]142(11
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1
S S—
1605(1—aq) 20
We now proceed with the partial derivative test on Agg with o € (%, %} and

2
Ay >5,A2>4,A3>3,A4 > 2, and A5 > =

].7&17

like in previous cases.

A .
=99a$ — 84af + 15a7 — 1503 + 4oy +13 >0 3,2].
9, 04, 04, 0, 94, — 2901 — 8daf + 1507 — 1507 44 +13> 0, e € (5, 3]
Thus the partial derivative of Agg with respect to Ay, Ao, A3, A4, and As is positive
e 2a1
and minimized at A5 = .
1-— (6731
0*Agg Ao (7504? —87a8 + 30ai — 603 — 5a? + 5oy + 4) =0
8A16A28A36A4 A\r,:f_i - 1-— o '
We continue with,
93 Aog B 16a2 (5704? — 8403 + 420 — 11a3 + 3a; + 1) -
6A16A28A3 Ay=Ag= 21 o (1 — Oé1)2 '

=T-a7

This is positive over our domain, so we know that the partial with respect to Ay, Ao,
and Ajg is positive. Furthermore,

Ay
aAlaAQ A3:A4:A5:12:’;1
_ 160} (174af — 3120 + 20501 — 68af + 120 + 4w +1)
(1—a)? ’
0Aa6
04, A2:A3:A4:A5:12—m(31
_ 16aj (534af — 11330} + 92907 — 386a] +88af —a1 +1) _

(1 — Oé1)4

We must now only test Aogg at its minimum. We observe that if A5 >= 3.9, then
we have

AoglA,=5,4,=4, Ay=A,=A5=3.9
= 246714a% — 24522245 — 1692.76a] + 5984.03a3 — 9061.53a% — 2778.87a; + 15422.9,

which is positive over our desired interval. We must now only consider the minimum
of Agg when we have 3 < % < As < 3.0.
If A5 < 3.9, we have

39
which must have positive integral solutions. Thus, A; > 4 - % and As >3- 29" with

Az > Ay > As > 22 > 3 still true from before, and A5 < 3.9 by assumption.

1—(11 -
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With these new bounds on Ay, Ay, A3, A4, and As, we can use the Yau Geometric
Conjecture for n = 5 to bound Ps = Ps(xg = 1) + Ps(z¢ = 2), like in Subcase V (a).
Thus, we get

61 Ps(wg = 2) < 6[(A1 — 1)(Ay — 1)(As — 1)(As — 1)(A5 — 1) — ps([45])]

and,
1 1 1
6!P5((56:1)§6|:<A1. + o _1> (Ag- + oy _1> (As- + o _1>
20[1 20[1 2@1
<A4' 1t —1) <A5' 1+ o —1) — D5 <’VA5- 1—|—a1-‘)].
201 201 20,
Note that [As] = 120‘1 4, so ps([As]) = ps(4) = 243. Similarly,

“a

A 1+C¥1 2041 1+C¥1 1+OZ1 5 A ].+Ol1

. fr— . fr— fr— SO . =
> 20{1 1-— a1 20[1 1-— a1 ’ Ps o 20&1
p5(5) = 904. Hence, our bounds are actually

6! P5(wg = 2) <6[(Ar — 1)(A2 — 1)(As — 1)(As — 1)(A5 — 1) — 243],

and

7

6!P5(x61)§6{<A1-1;0‘11) <A2012+0‘11> <A3~12+a11)

ay aq aq

1 1
Ag 2 ) (4 2% g Zgo4).
2001 201
Because 6! P = 6! (Ps(xg = 1) + Ps(x¢ = 2)), as before, we take the difference
obtained by subtracting the sums of the right hand sides of the above inequalities

A
from the RHS of Theorem 3.5, substituting in a; = —, yielding
(5}

1
1603 (1 — a1)
41444505 — 12041 A3a8 + 10841 As Asal — 120454305 + 1444305 — 12041 Ayl
+108A1 Az Asa® — 12045 A48 + 108 A1 A3 Asa8 — 10241 As A3 Aga® + 108 A5 A5 Asa®
—120A35A405 + 1444405 — 12041 A5a8 + 10841 Az A5l — 120424505

+108A41 434505 — 10241 Ay Az Asa® + 10842 A3 A505 — 120454505 + 10841 Ay Asal
—102A41 A2 A4 As0 + 10842 A4 A58 — 10241 As Ay Asal + 99A1 Ay As AsAsal
—10242 A3 A4 As08 + 10843 A4 A508 — 12044 A505 + 2880A505 + 23846408
+390A2a5 — 1800450} + 28804205 — 804105 + T2A1 Asa’ — 80Asa] + 7241 Azl
—T241 Ay Asal + T2A2As05 — 80Asal 4+ 7241 Agal) — T2A1 Az Asal + T2A2A405
—T241 AsAsal + T8A1 Az As Asa’ — T2A2As A4’ + T2A3A405 — 80A4a)
+T72A1A505 — T2A1 As A5l + 7242 A5 — T2A1A3Asal + T8A1 Ay As Asall
—T2A2A3A505 + T2A3A505 — T2A1A4A505 + T8A1 As Ay Asal — T2A2A4 A5
+78A1AsA4A50] — 8441 Ay As Ay Asal + T8A2 As Ay Asaly — T2A3A4A505
+7244A505 — 19044505 — 23849605 — 60A2at + 960A2a; — 3241 a

+8A1 Asat — 324507 + 8A1 Asat + 8AsAsal — 324sat + 841 Asad

Ag7 = (—510A305 + 27004305 — 48004205 + 1444,05 — 120A; Asal
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+8As A4t — 1241 As AsAgal + 8AsAsa] — 32A4a71 + 8A1 Asal + 8AxAsa]
—12A;1 A2 AsAsat + 8AsAsal — 1241 AgAsAsal — 1241 As Ay Asaf
+1541 Ag AsAyAsal — 1245 As Ay Asat + 8AsAsat — 9444507 + 60450
—600A%a% + 960A2a5 + 8A1 Asal + 8A1Ascs — 8A1 A Ascd + 843 Asads + 8A1 Asads
—8A1 A2 As0l + 845 A40°8 — 8A1 AsAucss + 12A1 As AsAsa — 8As AsAsa + 8AsAsals
+8A1 A5 — 8A1 A Asart + 8AsAsa — 841 AsAsal + 1241 As AsAsal — 843 AsAsall
+8A3As50 — 8A1 A4 A5 + 1241 As Ay Asa’s — 8AsAsAsas + 1241 AsAyAsal
+1245A3A4As05 — 8AsA4Asars + 8AsAsas + 90A2a; — 3004305 + 441 A Asad
+4A1 Az Asal + 4A1 Az Asad + 241 A2 A3 Aucdl + 4A2 A3 Aual + 441 Ar Asl
+4A1AsAsal + 2A1 A2 A3 Asad + 442 A3 Asad + 441 AsAsal + 241 A AsAsad
+4A5 A4 A5t 4+ 2A1 As Ay Asls — 15A1 Ag As Ay A5 4 245 As Ay Asal + 4As Ay Asal
+30A3a; — 1041 Ay AsAsay — 10A1 Az AsAsay — 1041 Ap Ay Asay — 1041 As Ay Ason
+4A1 A2 A3 Ay Asay — 10A2 A3 AgAson + 13A1 A As Ay As)
1
- 16a3(1 — al)AQ&

We note that Agg and Agg are defined similarly, with their only difference being
an oy polynomial that is subtracted. Since Asg — Agg is a function of ay only, all
the partial derivatives have already been shown positive. Hence, we only need to deal
with showing that the minimum value of Asg is non-negative. We note that

Agg|A1:4‘%,A2:3'%,A3:A4:%’A5: 12,{1(31
20&1
841(&1 — 1)

—130694a} + 2463073a] — 437892a; — 1788696) ,

(438355590 — 950145660 + 488380160/

32 7
which is non-negative for a; € (5, 3} . Thus, we need only consider when Ay < 3

This leaves us with,

11,110 2 15
Ay Ay Ay T 39 T 273
. o . . . 273
which must have positive integral solutions, implying that A; > 3 - 125 and Ay >
2
2- 572 Thus, Asg is minimized at

A28|A1:3»%73,A2:2-%,A3:A4:A5:1{“;1
16a3

T 15625(a; — 1)

+121590162aF — 1618071a; — 447174) ,

(759904740 — 41128108705 + 690459330a] — 4793684180/

which is zero over our desired interval, completing this subcase.

3.5.3. Subcase V (c). In this subcase, we know that Ps(z = 3) > 0, implying
that (1,1,1,1,1,3) is a positive integral solution to the inequality in Theorem 3.5.
Thus, if
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then as € (57 2] because ag € (5,6]. For simplicity, let A; = a; - g for i = 1, 2, 3, 4,
and 5. This yields the new inequality
RN SO S S S
Ay Ay A3 Ay As
Thus, by Theorem 1.7, we have
6! P5(w = 3) < 6[(A1 —1)(A2 — 1)(A3 — 1)(As — 1)(45 — 1)
—(As —1)° + A5 (A5 — 1)(45 — 2)(As5 — 3)(45 — 4)),

as well as
1+2 1+2 1+2
61 Ps (2 = 2) < 6| Ay ——=22 1) (4, +a271 A =2
3ag 3o 3o
5
A4 1+20[2 A5 1+2042 1+2a2_1
3ay 3oy 3ag
+< 1+2C¥2>( 1-’-2&2 )< 1+2O¢22)
3042
<A 1—|—20[2 ) ( 1—|—20&2 ):l
and

6!P5(:v6=1)<6{<A1~23+a2—1> (A2~2;0‘2—1> (A3'2+a2—1>

o (€3]
5
2 2 2
A, - —i—ozz_l As - —i—ozz_l — (4 - +a2_1
3oy 3oy 3ag
2 2 2
T M Y P S I (W el B
3ava 3ao 3ag
2 2
Ag 202 3) (4,202 g
3ao 3ap

Because 6! Ps = 6! (Ps(xg = 1) + Ps(axg = 2) + Ps(xg = 3)), if we let Agg be
the difference obtained by subtracting the sum of the right hand sides of the above

inequalities from the RHS of Theorem 3.5 and substituting in a; = —i, then we merely
Qs
have to apply the partial differentiation test for the expression

Aoy = 27%( 9804505 + 5400A%af — 100804205 + 324405 — 25241 Araf
a3(1 — az2)

+324 4505 — 25241 Asas + 216 A1 A AsaS — 252A5A505 + 3244308 — 25241 Asas
+216A41 Az Asal — 25245 Agas + 216 A1 AsAsaS — 196 A1 Az As Asal + 216 A3 As Asas
—252A35A405 + 3244405 — 25241 Asal + 216 A1 Ay AsaS — 252454505
+216A1 AsAsaS — 196 A1 Ao As AsaS + 216 A2 As Asal — 252 A3 As5a5 + 216 A1 A Asal
—196A; A2 Ay Asals + 216 A3 Ay Asa§ — 196 A, Az Ay Asah + 18441 A Az Ay Asas
—196A2A5 A4 A50S + 216 A3 Ay Asas — 252A4 Asad + 6480 Asa5 + 402408a5
+580A5a5 — 2700A5a5 + 43204205 — 1354105 + 10841 Asah — 1354205
+108A4; Asah — 10841 Ay Asah + 108 A2 As05 — 135As05 + 1084, Ayl
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—108A41 As Asal + 10842 Asas — 10841 As Asa + 11641 Ay As Asay — 10845 A3 Asad)
+108A3Asa5 — 135A4a5 + 10841 Asas — 10841 As Asa + 10845 A5a

—108A1 AsAsah + 11641 Az As Asaiy — 108 A3 A3 Asas + 108 A3 Asa — 10841 Ay Asas
+116A1 A Ay Asay — 108 A2 Ay Asay + 116 A1 As Ay Asay — 124 A1 Ay As Ay Asad
+116A2A3 A4 A5y — 108A3 A4 A5y + 108 A5 Asah — 3213450 — 4024890y — 80Ascss
+2160A205 — 108 A1s + 27 A1 Ascvs — 108 Asis + 27 A1 Asavs + 27 Az Asais — 108 Ascvs
+27A 1 Asals + 2TAs Agay — 16 A1 Ay AsAsas + 2TAsAgais — 1084405 + 27TA1 Asais
+27 Ay Asay — 1641 As As Asai + 2TAsAsas — 1641 Ay Ay Asas — 1641 As Ay Asais
+20A1 A2 As Ay Asaiy — 16 A2 As Ay Asais + 27T Ag Asas — 3186 Asvs 4+ 80A5 0
—1350A%a5 + 36004205 + 3641 Asals + 3641 Asals — 27 A1 Ay Asals + 36 A2 Asas
+36A1As05 — 2TA1 Ag Ay + 36 A Asas — 2TA1 AsAgas + 16 A1 Ay As Asa
—27AsAsAgas + 36 A3 Asas + 36A1 Asais — 27T A1 Ay Asas + 36 Aa Asa

—27TA1 AsAsal + 1641 As AsAsas — 27T Ay As Asas + 36 AsAsals — 2TA1 Ay Asais
+16A41 As AsAsals — 2TAs Ay Asais + 16 A1 As Ay Asais + 16 A3 As Ay Asa
—2TA3AsAsal + 36 A4 Asas + 2304505 — 13504505 + 194, As Az Asas
+19A41 Ay AsAsas + 1941 Ay Ay Asas + 1941 As Ay Asas — 20A1 As As Ay Asas
+1945A3A4As03 4+ 170A5000 — 2041 Ay As Agos — 2041 Ay Az Asas — 2041 Az Ay Asars

—20A1A3A4A50¢2 — 11A1A2A3A4A50¢2 — 20A2A3A4A50¢2 + 32A1A2A3A4A5)
1

T 27a3(1 — aa) Aso-

Our domain is

A1 > 5,42 >4, A3 >3,A4 > A5 > S0

1—042.

21
Note also that we have g € (5, 2] . We begin with
0A1 0A20A3 0A4 045

21
= 18405 — 12405 +2005 — 2003 — 11as+32 > 0, ay € (5, 2}.

Thus the partial derivative of Aszy with respect to Ay, Ao, Az, A4, and As is positive
and minimized at As = 1.

0*Asg 6 5 4 3 9
—_— = —12a — 4 1 — a5 —31 2 .
A 04004, |, _, oy — 8asg + 4daj + 160, — a5 — 3lag +32 >0
We continue with,
3 Asp 6 5 4 3 2
- = —4ag — 8ag — 8a, + 21a; + 17a5 — 82a0 + 64 > 0.
0A10A20A3 | 4,y 4. 2 2 2 2 2 2

This is positive over our domain, so we know that the partial with respect to Ay, Ao,
and Aj is positive. Furthermore,

2A
OB = —8a$ —8aj — 2903 + 5003 + 8902 — 2865 +192 > 0, and
04104, A3=3,A,=2,A5=1
A
— = —20a5—11a5—158a5+215a5+47003 126405+ 768 > 0.
04, Ag=4,A3=3,A4=2,A5=1
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Finally, our minimum for Agq is

A30|A1 =5,Ay=4,A3=3 A4= Asff’”jz

9
_ 995 (1515605 — 1719490 + 27249305 — 182673cv;

(ag —1)3
+4409903 + 97203 + 115205 — 1120)

which is positive over our desired interval, completing this subcase.

3.5.4. Subcase V (d). In this subcase, we know that Ps(z¢ = 4) > 0, implying
that (1,1,1,1,1,4) is a positive integral solution to the inequality in Theorem 3.5.
Thus, if

1 1 1 1 1 4
—+—4+—+—+—<1-—:=as,
ay a2 as Gy as ae
then a3 € (5, 3] because ag € (5,6]. For simplicity, let A; = a; - a3 for i = 1, 2, 3, 4,
and 5. This yields the new inequality
! + ! + ! + + <1
Ay Ay Az Ay As T
Thus, by Theorem 1.7, we have
6! Ps(zg =4) < 6[(A1 —1)(A2 — 1)(A3 — 1)(As — 1)(A5 — 1)
—(As — 1)° + A5(A5 — 1)(4s — 2) (A5 — 3)(A5 — 4)],

as well as
1 1 1
6175 (w6 = 3) < 6| (Ay- 15393 _q) (4, 1539 4 (4, 1308
43 404 4(13
1 1 1 °
<A4 +3OZ3 )<A5 +3043 ) ( +3a3_1)
40(3
+< 1+3a3>( 1+3a31)< 1+3a32)
<A 1+30¢3 )( 1+3043 ):l
and
2+ 2as 2+2 2+ 2au
61 Py (6= 2) < 6| (A - 2298 1) (A, 20298 ) (g, 20208
4da daz da
5
242 242 242
Ay Teos As - T2as ) L A5'ﬁ—1
40&3 40[3 4043
2 + 2a: 2 + 2a: 2+2
(a2 (4 220 ) (4. 220
4dag dors dag
A5.2+2OZ373 A5.2+204374 7
das 4oz
and
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5
A 3o g (g 20 ) (g, 300
4053 4043 4043
+ A5.3+C¥3 A5.3+04371 A5.3+04372
40(3 40{3 40&3

A5.3+O(3_3 A5.3+043_4 )
4das 4oz

Because 6'P6 = 6! (P5(I6 = ].) +P5(I6 = 2) +P5(I6 = 3) +P5(1'6 = 4)), if we let
Ay be the difference obtained by subtracting the sum of the right hand sides of the

above

A;
inequalities from the RHS of Theorem 3.4 and substituting in a; = —, then
Qa3

we merely have to apply the partial differentiation test for the expression

Az =

1
12803 (1 — as)
+1920A205 — 1440A; Asa§ + 120041 Ay A — 1440 A3 Asas + 1920Asa5

—1440A; Agaly + 120041 Az Agaf — 1440A2Agal + 120041 As Asas
—1062A4; Ay Az Agal + 120042 As Asas — 1440A3Asal + 1920 A0 — 14404, A5af
+1200A41 Az A5 — 1440A2 Asa + 120041 As Asal — 106241 A As Asal
+1200A45 A3 A5 — 1440A5A5a5 + 120041 A4 Asal — 106241 As Ay Asal

+1200A45A4 As05 — 106241 As Ay Asal + 97541 Ax As Ay Asaly — 106245 As Ay Asal
+1200A3 A4 Asa — 1440A4 Asa§ + 384004505 + 190771205 + 2550A2a; — 1200045 a3
+19200A5a3 — 640A1a3 + 480A1A2a3 — 640A2a3 + 480A1A3a3 - 480A1A2A3a3
+480 A2 Az — 640Asa + 48041 Asal — 48041 A Asal + 48042 Asal

—480A1 AsAsal + 51041 Ay As Agal — 480 A3 As Asaly + 480AsAsa — 6404400
+480A1 Asay — 48041 As Asay + 480A2Asa — 48041 AsAsal + 51041 A AsAsa
—480A5As A5 + 480A3 A5 — 48041 Ay A5l 4+ 51041 Az Ay Asa — 48042 AsAso
+510A1 As Ay Asay — 54041 A As Ay Asa + 510A2 As Ay Asay — 48043 AsAsal
+480A4Asal — 15232 A505 — 19082240 — 300A2as + 115204205 — 76841
+160A; Asas — 768 Asas + 160A; Asars + 160 A2 Azars — T68Asars 4+ 1604, Asars
+160A2 Ascy — 60A1 AsAsAsas + 16043 Ascs — T68 Asas + 16041 Asas
+160A42As0s — 6041 AsAsAsas + 16043 A5 — 6041 As AsAsas — 6041 As Ay Asas
+75A1 A2 As Ay Asaiy — 6042 As Ay Asas + 160A4 As05 — 22656 Asrs + 300A2as
—T200A3 05 + 26880A20 + 288 A1 Ascry + 288A1 Ay — 16041 Ay Az + 28845 Az
+28841 Agais — 16041 A Agais + 288 AsAsals — 16041 AsAsals + 60A1 Ay As Ascds
—160A2 A5 Ascrs + 288 As Ascrs 4+ 288 A1 Ay — 16041 Ay A5y + 28845 A5

—160A41 AsAsal + 6041 Ao As Asas — 160A3As Asas + 288 A3 Asas — 16041 Ay Asas
+60A41 A3 AsAsas — 16042 A4 A5y + 6041 As Ay Asal + 6042 AsAgAsal
—160As A4 A58 + 28844 Asa + 12904505 — 108004303 — 4841 Az Asas

—48A; AsAgai — 48 A1 AsAsal + 13041 Ag AsAgals — 48 As Az Ay — 48 A1 As Asal
—48A1 AsAsas + 13041 Ay AsAsal — 4843 As Asas — 48 A1 Ay Asas
+13041 Ay Ay As0l — 48 A2 Ay Asas + 130A1 AsAgAsal — T5A1 As As Ay Asas
+130A2A3 A4 As0s — 48AsAsAsal + 1470A2as — 90A; Ap As Asas — 90A1 Ay As Asais
—90A; Ay Ay Asas — 9041 As Ay Asas — 10041 A As Ay Asas — 90A2 As Ay Asas
+177A1 Ag A3 Ay As)

(= 53104505 + 300004305 — 576004205 + 1920405 — 14404, Asaf
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1
= Ag.
12803(1 —az) 2

Our domain is

Ay 25,142 247143 23,14422, and As > 1.

11
Note also that we have a3 € (5, 3} . We begin with
65A32
0A10A50A50A40A5

11
= 9750554005+ 7503 — 7502 —100a3+177 > 0, a3 € (5, 3]

Thus the partial derivative of Ay with respect to Ay, Ao, A3, A4, and As is positive
and minimized at As = 1.

84A32
— = —87a8 — 3002 + 1504 + 6003 4+ 5502 — 190 177 > 0.
8A18A28A38A4 e Qg Qa3 + Qa3 + Qg + Qa3 Qa3 + >
We continue with,
03 A3 6 5 4 3 2
— = —36a8 — 300 — 3004 + 2003 + 19202 — 47005 + 354 > 0.
0A10A20A3 | 5,y 4. 3 3 3 3 3 3

This is positive over our domain, so we know that the partial with respect to Ay, Ao,
and Aj is positive. Furthermore,
0% A3
04104, A3=3,A,=2,A5=1
= —2(36a5 + 1503 + 2503 + 63 — 34603 + 795a3 — 531) > 0, and
A3,
04, Ag=4,A3=3,A,=2,A5=1
= —4 (4505 + 2503 + 9205 — 7003 — 75503 + 172503 — 1062) > 0.

Finally, our minimum for Ags is

As2| A =5 4,=4,A5=3,4,=2, A5 =1
= 2(956847a5 — 95746305 — 8014a; + 1245003 + 315503 — 1759503 + 10620),

which is positive over our desired interval, completing this subcase.

3.5.5. Subcase V (e). In this subcase, we know that Ps(zg = 5) > 0, implying
that (1,1,1,1,1,5) is a positive integral solution to the inequality in Theorem 3.5.
Thus, if

a1 ag as Gy a5 ae

then a4 € (O, %} because ag € (5,6]. For simplicity, let A; = a; - a4 fori =1, 2, 3, 4,
and 5. This yields the new inequality

i+i+i+i+i<1
Ay Ay Ay Ay A5 T
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Thus, by Theorem 1.7, we have

6!P5($6 = 5) < 6[(A1 — 1)(142 — 1)(A3 — 1)(144 — 1)(A5 — 1)
—(As5 —1)° + A5(A5 — 1)(As — 2)(A45 — 3)

as well as

6!P5(x6:4)<6[<A1 1;46“4—1) <A2 1;4%—1) (A3-
A 1+40¢4 A5 1—|—40{4
50 Sy

( 1+4a4>< 1+4a4 )( 1+

A 1 + 40&4 ]. + 40[4
> 50&4

and

213 943
61 Ps (w6 =3) < 6| (A - 22 ) (4, 252% 4 (4.
5 50é4

2 2
. +30é4 . A5 —|—3a4 1) — A5
50 Doy
2 2 2
+<A5 “1‘3044)( +3a4_1) (A5 +30é4_2>
Doy oy (o7
243 243
(o ) s 252 )]
50y dayy

and

2 2
61 Py (w6 = 2) < 6| (A - 21204 g Ay 3200 ) (4,
5Ya 7 Dory

, 3+204471 As 3+20¢471 (s
Y7 Doy
A5 3+ 204 3+2O&4_1 A5.3+20¢4_2
%" 50[4
342 342
. +a4_3 As —1—0z4_4 7
5oy Sy

< 4+0[4

(A5 —4)],

1+ 40&4 _1
5054

1 + 4oy 1 5
50[4

4044 . 2)

( 4+C¥4
5"
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Because 6! P = 6! (Ps(26 = 1)+ Ps(2xg = 2) + Ps(26 = 3) + Ps(x¢ = 4) + Ps (26 =
5)), if we let Asz be the difference obtained by subtracting the sum of the right
hand sides of the above inequalities from the RHS of Theorem 3.5 and substituting

in a; = —i, then we merely have to apply the partial differentiation test for the
Qy
expression
1
Ass = (—146850 A5 4 8437504505 — 16500004205 + 562504, af

3125a3(1 — a4)
—41250A1 A28 + 562504505 — 4125041 AsaS + 3375041 Az Asal — 4125045 Asal
+56250A3a5 — 4125041 Asal + 3375041 Ag Asal — 4125042 As0S 4 3375041 Az Ay
—29370A; Ay Az Asal + 3375042 A3 Asal — 41250 A3 As05 + 562504405

—41250A; Asa§ 4 3375041 Ay A5 — 41250 A2 A5as + 3375041 Az Asa§
—29370A1 A2 A3 Asal + 3375045 A3 Asal — 4125043 Asal + 3375041 AgAsal
—29370A1 Az Ag Asal + 3375042 AsAsal — 2937041 Az Ay Asal
+2655041 Ay Az AgAsal — 2937042 As Ay Asal + 3375043 A4 Asal — 4125044 Asal
+1125000A505 + 4657500005 + 5925042073 — 281250A3a5 + 450000 A2
—15625A1 05 + 1125041 Asay — 15625 A2 + 1125041 Asa — 112504, Az Az
+11250A42 Asa5 — 15625 A5’ + 1125041 Agal — 1125041 Ao Asal) + 1125042 Asa)
—11250A41 As Asa) + 1185041 A AsAsa — 1125042 As Asal) + 11250A3A4005
—15625A405 + 1125041 Asa — 1125041 Az Asal) + 1125042 Asa; — 112504, As Asal
+11850A41 Ay Az Asal — 1125042 As Asaly + 1125043 Asa — 112504, Ay Asal
+11850A41 As Ay Asal — 11250 A5 Ay Asal) + 1185041 As Ay Asal
—12450A1 Az As Ay Asaly + 1185042 A3 AsAsal — 1125043 A4 Asall + 1125044 Asal
—371875A50; — 465906250 — 60004304 + 30000042 — 250004, v + 43754, Asars
—25000A20a; + 4375A1 Azary + 4375 A3 Azas — 25000 A0y + 43754, A
+4375 A5 Ascrs — 120041 As As Agay + 4375 A3 Ascrs — 25000 A40f + 437541 Asors
+4375A2 A5t — 120041 Ao As Asah + 4375 A3 Asaf — 120041 A Ay Asald

—1200A4; AsAsAsay 4+ 150041 A As AgAsay — 120045 A3 Ag Asa + 4375 A4 Asaly
—737500As505 4+ 6000450 — 18750043 af + 900000AZa + 100004, Azo

+10000A41 Asas — 437541 As Asas + 1000042 Asas + 1000041 Asas — 437541 Ay Asads
+10000A42 Agas — 437541 Az Asas + 1200A1 As A3 Asa — 437545 Az Asas
+10000A3 A 4+ 100004, Asry — 437541 A Asaly + 1000042 Asay — 43754, Az Asaly
+1200A1 As A3 Asals — 4375 A2 A3 Asa + 1000043 Asas — 437541 Ay Asals
+1200A1 As AsAsals — 4375 A2 A4 Asas + 120041 A3 Ay Asals + 120042 A3 Ay Asals
—4375A3 A4 Asa 4+ 1000044 A5 4 34500A2a; — 3750004305 — 25004, As Asa;
—2500A4;1 Ag Aga; — 250041 Az Ay 4+ 3775A1 As Az Aga — 250042 Az Agors
—2500A41 As Asa — 250041 Az Asa 4+ 3775A1 A AsAsa; — 250042 Az Asal

—2500A41 AgAsal + 377541 As Ay Asay — 250042 A4 Asa; + 3775 A1 As Ay Asal
—150041 Ay A3 Ay Asal 4+ 3775A2As Ay Asal — 250043 A4 Asal + 531004504
—1880A1 A2 Az Agcs — 188041 Ay AsAsaus — 1880 A1 Ag Ay Ascs — 1880A1 AsAgAsay
—3175A1 A2 A3 Ay Asauy — 1880A2 A3 Ay Asay 4+ 4T00A; A A3 Ay As)

1
A
312505 (1 — ay)
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Our domain is

Ay > 5,A2 > 4,A5 > 3,A4 > 2, and A5 > 1.
1
Note also that we have oy € ( 6} We begin with

85A34
0A1 0A20A30A4 045

1
= 25 (1062a§ — 498a] + 60a; — 600 — 127ay + 188) >0, oy € (0, 6} .

Thus the partial derivative of Az4 with respect to Ay, Ao, Az, A4, and As is positive
and minimized at As = 1.

9*Asy
0A10A20A30A4 | 4,
= —5 (564a§ + 12005 — 60a; — 2400} — 45503 + 1011ay — 940) > 0.

We continue with,
_ PAy
0A10A204s | 4,5 4.1

= —5(252a§ + 120a] + 1200 + 15507 — 116507 + 2398cus — 1880) > 0.

This is positive over our domain, so we know that the partial with respect to Ay, As,
and Ajz is positive. Furthermore,

62A34
04104, A3=3,A,=2,A5=1

= —5 (504a§ + 1200} — 35a] + 610a — 350507 + 794604 — 5640) > 0, and

8A34

04, Ag=4,A3=3,A,=2,A5=1
= —25(252a§ + 127a] + 2100 — 27503 — 26100 + 6808 — 4512) > 0.

Finally, our minimum for Agy is

A34|A1:5,A2:4,A3:3,A4:2,A5:1

= 5 (935210404 — 93550700 — 11408504 + 18258504 — 973003 — 168604as + 112800)

which is positive over our desired interval, completing this subcase, and concluding
Case V. O

3.6. Case VI. In this case, we are trying to prove:

THEOREM 3.6. Let ay > as > az > a4 > a5 > a6 > 6 be real numbers and let

Ps be the number of positive integral solutions Of — + — + — Jr — Jr —+ —<1.
as (73

Define p = (a1 — 1)(ag — 1)(az — 1)(ag — 1)(as — 1)((16 —1). If Py > 0, then

6! Ps < pu— (14 114v — 25907 + 2050° — 7T00* 4+ 90°) | y—ag—p41,
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where v = [ag| and B is the fractional part of ag. Note that the fractional part B of
ag is one of %, a—6, a—6, a—6, or %8 Equality holds if and only if a1 = as = a3 = a4 =
a1 az az aq as
as = ag € 7.
Proof. Before we begin the proof, it will be beneficial to explicitly write out the
sharp GLY Conjecture for n = 6, which was proven in [17].

THEOREM 3.7 (Sharp GLY Conjecture for n = 6). Let a; > as > ag > a4 >
as > ag >=5 be real numbers. Then,

5
720Ps < aiasasasasag — 5(&1&2@3&4@5 + ai1asas3a4a6 + a1a2a30506 + A102040506

137
“+ajazaqasag + a2a3a4a5a6) — 24(@1 “+ a9 + a3z + aq + CL5) + ?(alcm

+ajas + aras + a1as + azaz + asas + azas + azas + azas + asas)
5
_?(CLIGQGB + a1az2a4 + a1az2a5 + a1a3a4 + a1a3as + a10405 + a2a304

“+asasas + asaq4a5 + a3a4a5) + 17(&1@2@3@4 + ajasasas + ajasaqas

+ajasasas + asasaqas).

Equality holds if and only if ay = as = a3 = a4 = a5 = ag € Z.

To prove Theorem 3.6, we want to show that the RHS of its inequality is greater
than the RHS of the inequality in Theorem 3.7. Taking their difference and substi-
tuting in 4; = & fori =1, 2, 3, 4, and 5, we get

ag

Ass = — (1541 Ay As Ay Asal + 15A1 As As Asal — 16041 Ay As Asag + 15A1 Ay As Asag

1
10
—160A41 Az AsAsag + 10A1 Ay Asag + 21541 Ay Asay + 1541 As Ay Asal
—160A41 Az AsAsag + 10A1 As Agag + 215A1 As Agaly + 1041 Az Asag + 21541 As Asal
—10A1 Asal — 26441 Asa? + 15A1 As Ay Asag — 160A1 As Ay Asag + 10A1 As Agag
+215A1 As Asap + 1041 AsAsag + 21541 AsAsal — 10A1 Asap — 264A1 Asal

+10A1 AsAsag + 215A1 AsAsap — 1041 Agal — 264A, Asal — 1041 Asal — 2644, Asal
+10A1ag 4 230A1a6 + 1542 A3 Ay Asal — 160A2As Ay Asag + 1042 Az Asag
+215A45 A3 Asal + 10A2As Asag + 21542 As Asas — 10A2Asai — 26445 Asay
+10A2A4Asag + 21542 A4 Asas — 10A2 Agal — 26442 Agai — 1043 Asap — 264A2 Asal
+10A2a3 4 230A2a6 + 1043 A4 Asag + 21543 A4 Asal — 10A3 Agal — 264A3Asal
—10A43Asas — 264A3Asa2 + 10Asa2 + 230Asa6 — 10A4Asas — 264 A4 Asaz + 10A4a2
+230A4a6 + 10As5a8 + 230Asas — 90ag + 450a¢3 + 250as — 900as 3 — 1000ai 3
—150ag + 900ag 8° + 1500ag3” + 450ag 8 — 260ag — 450as8* — 1000as3° — 450a65”
+520a6/8 + 230as + 908° + 2508* + 1503° — 2603> — 2403 + 10),

which is symmetric in Ay, Ag, A3, Ay, andAs. Thus, without loss of generality, let
a
b= =5 and substitute it into Agss, yielding
as
_ 1 5 46 5 46 5 46 5 46
A3zg = W(15A1A2A3a6A5 + 15A1A2A4Q6A5 + 15A1A3A4a6A5 + 15A1A2A3A4a6A5
5
+15A2A5A4a5 A% + 1041 Azag AS + 1041 Asag AS — 16041 Ay Asag AS + 10A3Asag AS
+10A41 Asag AS — 16041 As Asag AS + 1042 Asag AS — 16041 As Asag AS
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—160A2A3A4a5AS + 10A3A4a5 AS — 10A1a5 AS + 21541 Aral AS — 104505 A8
+215A4; Asad AS + 21545 Asad AS — 10Asad AS + 21541 Agai AS + 215A5 Asai AS
+215A3A4a8 A — 104408 AS — 2644102 AS — 2644202 AS — 264A3a5 A — 264 A4a38 AS
+10a2AS + 230a6 AS + 1541 Ay As Agal A2 — 90ag A2 + 1041 A Asag A2
+10A41 As Asag AS + 10A1 As Asag As — 16041 Ay As Asag AS + 10A2 As Agag AR
+250ag A2 — 10A1 Asag A2 — 1041 Asal AE + 21541 As Asa A2 — 104, Asal AS
—10A41 Asad AL + 21541 Ay Agal AS — 1042 Asal AL + 2154, Az Agal AS
+215A2 As Asai A2 — 10AsAsai AS — 150ap AL + 104108 AS — 264A, Asal Al
+10A2ag AZ — 26441 Asag AS — 26445 Asag AS + 10Asai A — 2644, Agal A2
—264A3A1a5 A% — 264 A3 Asai AL + 10A4a2 A3 — 260z A2 + 230A1a6AS + 230A2a6 A2
+230A43a6 A% + 230A4a6 A2 + 230a6 A3 + 1042 + 450ag A5 — 1000aj A2 + 450ag Az
+520a6As — 240A3 — 900as A2 + 1500a2 AZ — 450a6 A2 — 260A2 + 900az A2
—1000asA2 + 150A2 — 450a6 As + 250A5 + 90)

1

——Ag7.
1043 =%

We apply the partial differentiation test to Az over the interval Ay > Ay > Az >

Ay > As > 1 and ag > 6. We begin with,

810A37

= 10800a2 > 0.
DA10A,0A30A,0A8 % >

‘We continue:

39A37
0A10A20A30A,0A2 As=1

= 600ag(21ag — 32) > 0,

DA 0A20A;0A0A8 | , _,

= 2400ag(3ag — 8) > 0,

9" Asr

= 300a%(9ag — 32) > 0,
0A10A0A504,048 |, _, 6(9as = 32)

9%Agy
0A10A20A30A,0A2 As=1

= 50ag(15a¢ — 64) > 0,

= 5ag(33ag — 160) >0
0A10A20A30A,0AL | 4 _, ag(33a¢ ) >0,

84A37 4
TAIA AT | s s 0ag(3as — 16) > 0,
63A37
A L = 5ag (9a2 — 62a6 + 43) ,
6A18A28A3 As3=A4=A5=1 6( ‘ ’ )
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which briefly dips under zero (for ag < 6.15), but this is a non-issue because:

02 A3z

9A10A, = a2 (60a} — 45002 + 635a — 264) ,

Az=A4=A5=1

is always positive. We continue, noting that,

0Az7
0A,

= ag (75ag — 580ad + 1250a¢ — 1046as + 230) > 0.
As=As=As=A5=1

Thus, we must only test the minimum value of A7, which is:

Az7|ai=As=A3=A,=A,=1= 0,
indicating that As7 is non-negative, and that this case is complete. O

4. Conclusion. We have thus proven the six-dimensional case of the Yau Geo-
metric Conjecture. The statement of the Conjecture contains a condition that Ps > 0
for it to hold. However, Yau and Zuo [22, 23] proved a similar statement in the
case that p, = 0 (the geometric genus of the singularity is zero). Thus, this paper
completely solves the problem of finding a sharp upper bound in the six-dimensional
case.

This research project raises a number of interesting questions regarding further
study of P, and @,. For instance, can the Yau Geometric Conjecture be proven in
general using the methods outlined in this paper (splitting the simplex into smaller
levels and summing upper estimates)? Can the general case of the Yau Number-
Theoretic Conjecture be approached similarly?

It is also important to consider lower bounds of P, and @Q,. Currently, upper
bounds have been extensively studied (as evidenced by the number of conjectures
and theorems on the topic), but relatively little is known about lower bounds. A
lower bound for P, and @, is still interesting for the applications outlined in the
Introduction of this paper. In fact a sharp lower bound can be used to estimate the
geometric genus of weighted homogeneous isolated complete intersection singularities.
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