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Abstract. The paper focuses on the study of rational proper holomorphic maps from B" to
BN. We classify these maps when N is the upper boundary point of the gap interval Iy, k < n — 2
and the geometric rank of the map is k.
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1. Introduction. Let us denote by B" the unit ball in C" and Rat(B",BY)
the set of all proper holomorphic rational maps F from B" to BY. We say that
f,g € Rat(B",BY) are equivalent if there are ¢ € Aut(B") and 7 € Aut(B") such
that f = Togoo. Let K(n) := max{t € Z* | w < n}. For any integer k with
1 <k < K(n), we define the gap interval

Ty := <kn, (k+1)n— k(k2+1)> (1.1)
Let us recall the gap conjecture [HIY09]: Any proper holomorphic rational map
F € Rat(B",BY) (n > 3) is equivalent to a map of the form (G,0’) where
G € Rat(B",BN') where N’ < N if and only if N € Z; for some 1 < k < K(n).
For the sake of simplicity, we call F' is equivalent to G. Recently, P. Ebenfelt pro-
posed a SOS conjecture (i.e., the Sums of Squares of Polynomial conjecture) [E16]
and proved that if the SOS conjecture is true, then it implies the gap conjecture.

The “only if” part of the gap conjecture was proved in [HJY09]. For the “if”
part, the cases for 71, Zo, and Z3 have been proved by Huang [Hu99], Huang-Ji[HJ01],
Hamada [HO05], Huang-Ji-Xu[HJX06] and Huang-Ji-Yin [HJY14].

Moreover, if N is the boundary point of the interval Zj for £k = 1 and 2, maps in
Rat(B",BY) have been determined, up to equivalence, as follows.

e When N = n which is the lower boundary point of Z; = (n,2n — 1), it was
proved by Alexanda [ATT7]: any map F € Rat(B",B™) is an automorphism.

e When N = 2n — 1 which is the upper boundary point of Z;, it was proved
by [HJO1]: any map F € Rat(B",B?"~!) is either the linear map, or the
Whitney map W, 1.

e When N = 2n which is the lower boundary point of Zo = (2n,3n — 3), it was
proved by Hamada [Ha05] that any map F € Rat(B",B?") is the linear map,
or Whitney map, or in the D’Angelo map family.
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e Recently, when N = 3n — 3 which is the upper boundary point of Zs,
it was proved by Andrews-Huang-Ji-Yin [AHJY16] that any map F €
Rat(B",B3"~3) is linear, or Whitney map W, 1, or in the D’Angelo family,
or a generalized Whitney map W, .

For any integer N in the closed interval Z; and for any map F' € Rat(B", BY),
its geometric rank xo < k. In fact, for any F' € Rat(B",B") with the geometric rank
Ko, it is known [Hu03]

(2n — ko — 1)Ko
2

Ko(lio + 1)

NZTL—i— 2 )

= (ko + 1)n — (1.2)
which implies ko < k.

In this paper, we show that when NN is the upper boundary point of Zy, we can
determine maps in Rat(B", BY) with geometric rank ko = k. This gives a new proof
for the above mentioned result in [HJ01] when k& = 1 and the above mentioned result

in [AHJY16] when k = 2.

THEOREM 1.1. Let F € Rat(B",BN) with n > 3. Let N be the upper boundary
point of the gap interval I, and k < n — 2. Suppose that the geometric rank of F is
ko = k. Then I is equivalent to the generalized Whitney map W, ..

Notice that in above theorem, N = (k + 1)n — @ and that kg = k < K(n)

by the definition of Zy, i.e., W < n holds. Here we recall [HJY09] that a map

F € Rat(B",B") is called the generalized Whitney map W, . if N = (k+1)n— w
and

Wik (2) = W k(21,5 20) = (2191, s 2680k, Y1) (1.3)
where
1/11 = (Zlu \/5227 ) \/Ezku Zht1e0s Z’n)7
1/}2 = (225 Z\/§Z37 ceey \/izk; ZkA4-1 w05 Z’n.)a
...... , (1.4)
Yk—1 = (2k—1, V22k; 241, s Zn),
Vi = (2k, Zk+15 0 Zn),
1/}]64’1 = (Zk+17 ) Z’n«)
We may have another interpretation for the above theorem. If N = n +
(2n—rko—1)

0—"0 from (1.2), we say that N is the minimum. Based on the semi-linearity
property, the following two problems are formulated in [JX04].

Problem (A): Study and classify maps in F' € Rat(B",B") with N minimum and
1<kry<n-—2.

Problem (B): Study and classify maps in F' € Rat(B",B") with N minimum and
Ko =mn—1.

For Problem (B), when n = 2, it is Rat(B?,B?) which was solved by Faran’s
theorem. The next case n = 3, Rat(B? B°) is unsolved. In general, Problem (B)
should be much more difficult than Problem (A) because it lacks of the semi-linearity
property (see [Hu03]). For Problem (A), when xo = 1, it is Rat(B",B?"~!) which was
solved by [HJ01] that F' is the Whitney map W, 1; when kg = 2, it is Rat(B",B3"~3),
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it is recently solved by [AHJY16] that the map F must be the generalized Whiney

map Wy, 2. Then Theorem 1.1 covers the remaining part of Problem (A) under the

. 1
condition % <n.

THEOREM 1.2. Let F € Rat(B",BY) be with geometric rank ko < n — 2, where
N = n+ 22=80=lyq is minimum and w < n. Then F is equivalent to the
generalized Whitney map W, 1, .

Note that Theorem 1.1 and Theorem 1.2 are equivalent, and that the condition

W < n in both of the above theorems will be used in Lemma 2.3 below.

2. Preliminaries.

2a. The associated maps F;*. Let F' = (f,¢,9) = (f, 9) = (f1,-, fa-1,
&1, -+, ON_n, g) be a non-constant rational CR map from an open subset M of 0H,,
into OHx with F(0) = 0. For each p € M close to 0, we write o) € Aut(H,) for the
map sending (z,w) to (z + zo, w + wo + 2i(z, %)) and 77" € Aut(Hy) by defining

TE(Z*ﬂU*) = (2" = f(z0,wo), w* — g(20, wo) — 2i(z", f(20,w0)))-

Then F is equivalent to F, = 7 o F o o) = (fp.¢p gp). Notice
that Fy, = F and F,(0) = 0. The following is fundamentally im-
portant for the understanding of the geometric properties of F. Let
us denote Prop(H,,Hy) := {holomorphic proper maps from H,, into Hy} and

Propy(Hn, Hy) := Prop(Hy,,Hy) N C*(H,).

LEMMA 2.1. ([Hu99]) Let F € Props(H,,Hy) with 2 < n < N. For each
p € OH,, there is an automorphism 7,* € Auto(Hy) such that F;* := 7, o F,
satisfies the following normalization:

fp =z+ Eap (1)(2)11) + Owt(?’)v (bp - ¢p @ (Z) + Owt(2)a gp =w+ Owt(4)7
with (7,05 ()| = 653 (2) 2.
2b. Geometric rank. Write A(p) := —22'(8;2?8)5* lo)1<ji<(n-1)- We call the

rank of the (n — 1) x (n — 1) matrix A(p), which we denote by Rkp(p), the geometric
rank of F' at p. Rkp(p) depends only on p and F', and is a lower semi-continuous
function on p, and is independent of the choice of 7,*(p) [Hu03]. Define the geometric
rank of F to be ko(F') = mazpeon, Rkr(p). Notice that it always holds that 0 < ko <
n — 1. Define the geometric rank of F' € Prop,(B",BY) to be the one for the map
PN’ o Fop, € Propy(H,,Hy). By [Hu03], ko(F) depends only on the equivalence
class of F' and when N < w, the geometric rank xo(F') of F' is precisely the kg
mentioned in the introduction.

Under the condition 1 < kg < n — 2, the following theorem was proved in [Hu03]

and [HIX06].

THEOREM 2.2 ([HJXO06]). Suppose that F' € Props(H,,,Hy) has geometric rank
1 < ko <n—2 with F(0) = 0. Then there are 0 € Aul(H,,) and 7 € Aut(Hy) such
that 7 o F o o takes the following form, which is still denoted by F = (f,¢,q) for
convenience of notation:
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fr="22720 2 (2, w); 1< ko

fi=zj, forko+1<j<n-—1;

b = purzzk + Y50, 2B for (1 k) € So,
¢“€ = Owt(3)7 (l7 k) S 817

g =w; |

fij(zw) = 6 + 5w 1+ () (2w + O (4),
B (2, w) = Out(2), (1, k) € So,

b = 22521 2 = Owe(3) for (I,k) € S

Here, for 1 < kg < n—2, we write S = Sy US1, the index set for all components of ¢,
where So = {(J,1) : 1< j<kp,1 <l<n—-1,j<1}, 85 = {(j,l) cj=kot+t1l,kp+1<

[ <ko+N-—-n-— 7(271_&;_1)'“) }, and

1y = Vi Fp for j <1< Kop; (2.2)
i N if j<ko<lorifj=1<ko. '

2c. A family of affine hyperspaces L.. Let us review some background
materials on the semi-linearity properties on Rat(B",B") (cf. [Hu03] and [HJX06]).
Let F € Rat(B",BY) with 1 < kg < n — 2. Let Ey be the proper complex variety
consisting of poles and the non-immerse points of F. We define

Vi :={(Z,Sz) € (C"—Ey) x Gy o (C)}, F is linear fractional when restricted to Sz + Z }.

Here Gr, 10(C) is the Grassmannian manifold consisting of all k° := n — ko-
dimensional complex subspaces in C™. Then Vg is a complex analytic variety with
the projection

7T:VF_>(CH_EQ, (Z,Sz)HZ (23)

is proper holomorphic. There is another proper complex variety £y C C" — Ej
such that for any Z € C" — FEy U Ey, 7 has a unique preimage in Vg, i.e., for any
Z € C" — Ey U Ey, there is a unique complex subspace Sz of dimension k" such
that F' is linear fractional when restricted to Sz + Z. In particular, if F' satisfies
the normalization condition as in Theorem 2.2, the restriction of F' on Sz is affine
linear. Write Vp = Ung) for the irreducible decomposition of Vg. Then there is

only one irreducible component, say Vl([,l), whose projection to C™ — Ej contains a
sufficiently small domain inside H,, and has a small piece of 0H,, containing 0 as part
of its boundary. If necessary, we can assume that 0 € F; and thus 7 is biholomorphic
near (0,50) € Vp.

By [HJX06, p. 520], we can assume that for any € = (e, €g, ..., €4, ) (€ C") ~ 0,
there is a unique affine subspace L. of codimension ko defined by equations of the
form:

n—1
zZj = Z aji(E)Zi + ajn(e)w + €5, 1 <5 < kKo (24)
i1=ko+1

such that F' is a linear map on L, where a;;(¢) are holomorphic functions in € near
0 with a;;(0, ...,0) = 0 for all j.
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2d. Basic notation. Let F' = (f,¢,g) € Rat(B",B") be as in Theorem 2.2
with geometric rank xo. We have N = #(f) + #(#) + #(g9) and #(¢) = #(So) + #(S1)
where we denote by #(A) the number of elements of a set A, and §(f) =n—1,(g) = 1,
2(So) = TR = g — LU 4(S)) = N =~ H(So).

We denote by PUF)(z w) the polynomial of (z,w) with degree deg(z) = j
and degree deg(w) = k and denote PUF)(z) the coefficient of w. For example,
PO (z,w) = 2;21 jzjW = PED(z)w, PED(z) = ZJ 1 5%+

For any rational holomorphic map H = ProsPn) o C", where P;,(Q are holo-
morphic polynomials with (Pi,..., Py, Q) = 1, the degree of H is defined to be
deg(H) := max{deg(P;),deg(Q),1 < j <m}.

e The part ¢. Write ¢ = (®o, 1), Po = (dur),k)es, and @1 = () k)es, -
Here #(®g) = #(So) and §(P1) = #(S1).
When N =n + wno and the geometric rank being x¢, then

ﬁ((l)o):(n—l)_p..._'_(n_ﬂo):w

§(@1) = N —n — (o) =0

R0,

(2.5)

Namely, there is no ®¢; term.

e The part f;l’l)(z). Write f(1(z) = (fl(l’l)( ), - ,f,gé’l)(z),o,--- ,0). By
Theorem 2.2, we have f;l’l)(z) = wzj, p; >0 for 1 <7 < ko

e The part fbgf’o)(z). One important portion of ®( is the z-quadric part (see
Theorem 3.2): @82’0) () = {¢§-?) (2) = wjizjz}(jes,-

e The part @él’l)(z). Another portion of @ is @él’l)(z)w which are not men-
tioned in Theorem 2.2:

<I>(1 1) Zejzj, ej € CHSo),
=1

e The part f@V(z). Write f@V(z) = (f*V(2), ..., 27 (2),0,--- ,0). We
see from ([HJY, (3.5)]) that

£2V() = - (2.6)
Here
§ = 0. €j = Z ¢122170)% + Z (ZSI(CQQZO)ej,ka- (2.7)
1<k,l<ko 1<k<kp<a<n—1

2e. The components of <I>§3’O).

LEMMA 2.3. Let ko > 2 and (ko + 1)n — W < N < (ko + 2)n — ko(ko +
1)+ ko — 2. Then

(3,0) _ 2 Hi Hi ) /)
P z) = W 2i& — ) —=x&), 0 2.8
! ( ) ( V i ( i ng Hj lgj) 1<j<i<ko ( )

PO )P = 4( X <, 165 (AP |1
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The above result was proved in the third gap paper [HJY14], Corollary 3.4, under
the condition “(kg + 1)n — ko < N < (ko + 2)n — ko(ko + 1) + ko — 2.7 By checking
the proof in [HJY14], we find that this is still valid when the condition is replaced by

Ko(lio + 1)

(ko +1)n — 5

< N < (ko +2)n— ro(ko + 1) + Ko — 2. (2.9)
Geometrically we notice that the lower bound in (2.9) is the right end point of the
gap interval Z, and the upper bound in (2.9) is less than the left end point of the
gap interval Z, 1.

When the condition in Theorem 1.1 or Theorem 1.2 is satisfied, the inequality
N = (ko + 1)n — w < (ko 4+ 2)n — ko(ko + 1) + Ko — 2 holds because of the

(

condition %‘)H) < n. Lemma 2.3 can be applied to the maps in Theorem 1.1.

3. Properties of the semi-linear subspace. In this section, we will use the
automorphisms of the balls to normalize the semi-linear subspace achieved in [Hu03].
More precisely, by (2.4), we will prove the following;:

PROPOSITION 3.1. Let F' € Props(H,,,Hpy) be as in Theorem 2.2, and the semi-
linear subspace L. be given by

n—1

G= D al)zat+amlOw+e, 1< < ro. (3.1)

a=ko+1

Then there are automorphisms o € Aut(H,) and T € Aut(Hy) such that F = o
F oo still takes the form (2.1), and the semi-linear subspace still has the form (3.1).
Moreover, we have

aglal) =0forko+1<a<n-—1and Re(agﬁ)) =0 (3.2)

(Ixg)
k

where we denote aﬁ) (e) = a(il)el + . ta;

j €rp-

Proof. Consider the image Le:= 6z(Le) given by

n—1

Zi= Y Ajal©)Za+ Ajm(OW +p;(e), (3-3)

a=ko+1
where the inverse of the the automorphism is given by

(Zl) T 7ZI*€[)) ZlioJrl + CK0+1W; eeey anl + Cnflwa W)
G (3.4)

67 (Z,W) =
:(21;227'-'7277,71;271)
and gz := 1 —2ic- Z + (r — i|c]>)W, where &= (0, ...,0, Ceg 41, -, Cn_1). Substituting

(3.4) into (3.1), we obtain

n—1
Zi= > jal€)(Za+caW)+ (W + €;qz,

a=ro+1
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Combining this with (3.3), we get

n—1

D Aja(@)Za+ Ajn(W + pj(e)
a=ko+1

(3.5)

n—1

= > 0ja(O)(Za+ caW) + ajn(W + €;(1 = 2iG- Z + (r — ild]*)W).
a=kro+1

By considering the coefficients of Z;, ko +1 < j <n —1 and W terms, we obtain
Aja(€) = ajale) — €j(2iCa), Ajn(e) = ajal€)ca + ajnle) + € (r —ilc]?).

Thus we can choose ¢ and 7 such that (3.2) holds true. From [Hu03] Lemma 2.2, there
is a corresponding 7 € Aut(Hpy ) such that F' = 7o F o o still takes the form (2.1). O

Next, we give some applications of the semi-linear subspace defined as above,
which will be used later:
Let H be an affine linear function along L.. Write

HlL.
n—1 n—1
:H< Z alaza+a1nw+€17"' 5 Z aKOQZQ+aK0nw+EK07 Zro+1ly ey Bn—1, 'LU)
a=rg+1 a=rog+1
OH|n, _ 92 H|Lé _
Then we must have 5—5= = 0 and =0 for kg +1 < a <n—1, from which
we infer
e T TED WL IS W U D
'a n a jaQjn
0z 0w 82a8w < 0zj0w — 02j02q % 0z 2 s
- (3.6)
2. 9PH
+ _ Z m(amam + ajatin) =0, at (€0)
1<J,t,7=1
and
0*°H a2H =0 82
L. _0o°H 2%" Z
Ow? 8w2
(3.7)

a 82H
+ Z 5202, L aima, =0, at (e0).

1<j,1,j=1

Choosing H = fj for 1 < h < k¢ in (3.6), and collecting ¢;, 1 < j < k¢ terms in
the above equation, we get

 mnall) + Z [t e =0, at (¢,0). (3.8)

This, together with h = 1 in (3.2), gives f1(h+l"‘+1")( 0) = 0. On the other hand,
by (2.6), we have fl(z’l)(z) = —¢&;1. Recall that §(h+1‘*) = /[1€11a in (2.7). Thus we
obtain fl(h"'la"'l") = —/l1€1,1a- Hence

€110 =0for kp+1<a<n-1. (3.9)
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Setting H = f; for 1 < j < kg or ¢ in (3.7), respectively, we obtain

S0 (O + £ (€00 ,0) = 0, 1) (e,0, - +Zeg () =0.  (3.10)
4. Some applications of the Chern-Moser equation. Let F = (f, ¢, g) :
H, — Hy with N = n + %no and geometric rank k9. Moreover, F' satisfies
the normalization as in Theorem 2.2. We will derive some basic relations from the
Chern-Moser equation, which is based on the calculations in Section 4 of [HJY14].
When N =n + %no and the geometric rank being ko, as shown in (2.5),

we have ®; = 0. In particular, (I)gs,o) = 0, thus (2.8) gives

wizi& = iz for 1 < 4,1 < ko. (4.1)
Denote e; jr. := €1 and ¢, := ¢r; when j > k. Then for any j with 1 < j < ko,
2,0 2,0
& = o0 € = Z (bgk : “Cejun T Z ¢( . €ejir
(i,k)€So,i=j, or,k=j (i,k)ESo,i,k#j
2,0 2,0 2,0
= > ¢§-k TR > 600 G + > 0% e
j<k<n—1 1<i<j (4,k) ESo,i,k#£]
2,0 2,0 2,0
= > iV T+ e mar Y i "aw
j<i<n—1 1<i<y (1,k)E€So,i,k#]
2,0 2,0
= Z ¢( g+ Z o5 e
1<i<n—1 (i,k)E€So0,i,k#]

Observe that when j # [, the terms z; Z(i7k)€307i;k7’5j (bgi’o)ej,ik are not divided by z;.
Thus (4.1) implies e;;; = 0 for (i, k) € So, 1,k # j. Now (4.1) is of the form

pizi Y. o7 Ve = ma > 0 Ve (4.2)

1<i<n—1 1<i<n—1

We can write the above identity as

2,0)__ 2,0
jZj Z (bl(z )el,li = Hiz1 Z ¢§z )ej-,ji'

1<i<n—1 1<i<n—1

Setting [ = 1 and making use of (3.9), we obtain

2,0 2,0
W% Z ¢>§i )61,1i:lt121 Z ¢§z )ej-,ji

1<i<ro 1<i<n—1

which implies e; jo = 0 for any ko +1 < o <n — 1. Combining this with (2.6)-(2.7),
we know f(l Hatl) g, Together with (3.8), we obtain

agoz 0, Vi<h<kg, ko+1<a<n-1. (4.3)
The rest relations in (4.2) are
,ujzjgbz(.f’ e = mzld)( ’ )63 i for 1 <4,4,1 < ko.
Namely, we obtain

Mg i1 €141 = [ifig€g.45 for 1 S i,j,l S KO- (44)
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5. Proof of Theorem 1.1. This section is devoted to the proof of Theorem 1.1.
The key point is to prove that the degree of the map in Theorem 1.1 is less than or
equals to 2. Then we can apply Lebl’s Theorem [L11] to complete the proof of our
main theorem.

LEMMA 5.1. Keep the notations and assumptions in Theorem 1.1, then deg(F) <

Proof. From the basic Chern-Moser equation, we have

90 = 9EW) b ) Fw) + élew) - dw),  VIm(w) = |22,

24
By complexification, we write
Z,w w—
M Zflzwfl )+ 6z w0 ), Vo =2
Applying £; := 5— + 22)(] 55 for z =0 and w = n = 0 to the both sides of the above

identity, we obtaln

n—1
M Zﬁfzoole, +Z£¢t00¢t(x,)
and
L;Lrg(0,0) <
+ ZE L £1(0,0) fi(x,0) +Z£ Lr¢:(0,0)04(x,0).

In terms of matrix, they take the form

X1
fl (Y? O)
Xko _ B o (5 1)
0 Fio (%, 0) '
o(X,0)
0

where B(F') is a 52 (2n — ko + 1) x 5 (2n — Ko + 1) matrix:
L;fn Ljdn LjPha
B(F):= | LiLkfn LiLlypdn LiLyPna (5.2)
Lilsfn LiLadn LiLbha) (< p ji<nomoti<afcnt (0:0x0)

Write A; = #2220 and let F: C"~1\{1—-2i 372 A;z; = 0} — CV~! be defined
as follows:

E(z):z#forlgugn—l,
L2

b His%; :
¢55(2) = " for 1< j < ko,
e e (53)
bin(z) = —LEIZE _ for 1 < j < k < ko, :
1-2030521 A5z
(1?7;(2) = Mjazjzai for1<j<kg<a<n-—1.

1-2i3770 Az
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We claim that F(z,0) = F, which follows from the following identity:

X1 _
: Si(x)
Xlio — B ,
0 @)
?(X)

In fact, once (5.4) is achieved, we infer from (5.1) that

Notice that

B :dla’g(la 715A17"' 7AliovBla"' aBlio) +O(|X|)

Here

Aj = /155 /15 F Bt 5 1+ i) € CROTI

= (Vi » /i) € CPFo,

Thus B is nonsingular and we derive the claim F(z,0) = F(z). Hence deg(F(
2. Replacing F' by F;** for any p € JH, near the origin, we can show deg(F;*(
2 in a similar manner. By [HJ01, Section 5], we have that deg(F) < 2.

The identity (5.4) follows from the following direct computations:

z,0))

<
2,0)) <

e Calculate (£,H)(0,0) with 1 < h < kg for H = f;, ¢j5. At the point (0,0),

we have

(Lnf;)(0,0) = 67,

(Lrjx)(0,0) = 0 for (j,k) € So.
Then

]

S (Lrf)0.0)- FO+ D (Ld)0) - du(X)

Jj=1 (1, v)ESo

25}1 Xj = Xh-

(5.5)

e Calculate (L7H)(0,0) (1 < h < ko) for H = f;,¢jr. A direct computation

shows that Ei

(C3£)(0,0) = dixn - 5115 - &, = =26, 15
(ﬁhfbhh)( ,0) = 2y/pn + dixnen nh,

(i
(£

26%)(0,0) = 0 for j, k # h.

= % + 4Z.Xhaz2% + (2ixn)? 2 6w2 At the point (0,0), we have

¢15)(0,0) = dixpenp; for 1 <j<n—1, j#h,
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Setting [ = 1 in (4.4), we obtain
Hh
HhjChhj = Eﬂljel,lj = und;. (5.6)

Thus we get

] _

ST 0,00 )+ Y (£36,u)(0,0) - G (X)

=1 (1.1)€S0

Lhh X3

=(—2unxn) - xXn + (2\/,Uh + 4iXh€h,hh) :

HhjXhXj
1+ 2 E;il Aij

(5.7)

+ E dixnen,nj -
j#h1<j<n—1

1
_1 + 24 Z’;il Aij

K0 Ko
(= 2m0d 203 A + 403 Y imjenngx;) = 0.

j=1 j=1

e Calculate (£;,£,H)(0,0) (1 <h <1< ko) for H = f;, . A direct compu-
tation shows that £, £; = #ZZL + 22')(1822% + 22')(;182% — 4Xthaan2' At the point
(0,0), we have

(Ehﬁlfj)(oa 0) = 2ix; - 5/‘]’52 + 2ixp - B}

(LrLidn1)(0,0) = puns + 20X - enni + 2iXn - €1in,
(ﬁhﬁlgf)jk)(o, 0) =2y “€h,jk T 2ixh - ek for (j, k) 75 (h, l) or (l, h).

Combining this with (5.6), we get

w0 = —pixi07, — fixnoy

Ko _

Z(ﬁhﬁlfj)(ov 0) : JAC;(Y) + Z (£h£l¢uu)(07 0) : 5#” (Y)

j=1 (k,v)ESo
. . HhiIXRXI
=— . - X1+ + 2ix; - e + 2iXn - €erin) - -
HhX1 - Xh — HIXh " X1 (/th X1 * €h,hl Xh z,lh) 112 Z,;il A
+ Z (2ix1 - enjk + 2ixn - €1 k) - M.jk)%m
. . 1+2’LZ»_1 Aij
1<j<k<ro,(,k)#(h,l) J=
; > >
= N0 A v ( = (i + p)xnxa - 20 ) Ajx; + 2ix €h.hkHhkXh Xk
14 2¢ ijl Ajx; = A
+2ixn el-,ljulesz) =0.
1<j<ko

(5.8)

e Calculate (£,L,H)(0,0) (1 <h<ky<a<n-—1)for H=f;,¢;. A direct
computation shows that £, L, = % + ZiXaaz‘:% + 2ixhazi% + 2ixp, - 2ixa8‘9—1;.
At the point (0,0), we have

S
(Lhﬁafj)(oa O) = 2iXq - iluj(s;’l = _:uthd
(LnLadjr)(0,0) = 2ixaen jk,

(LnLatjp)(0,0) = p1na67,85.

h
7o
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We get
D (LnLafi)0,0)- F;(0+ D (LnLadu)(0,0) - G (X)
Jj=1 (1,v)E€So

Hik X5 Xk HhaXhXa
1 + 2’L E;il Aij

== nXaXn+ D 2iXaCnjk -
1<j<k<ko
1 Ko Ko
T2y Az (= HhXhXa - 2i Z Ajzj + Z 2iXah,jh - inXiXn) = 0.
J= j=1 j=1

(5.9)
By all of the above, (5.4) is proved. This also finishes the proof of Lemma 5.1. O
Now we are in a position to complete the proof of Theorem 1.1.

Proof of Theorem 1.1. By Lemma 5.1, the degree of the map in Theorem 1.1 is
at most 2. By Lebl’s Theorem [L11, Theorem 1.5], it must have the following form:

(Vtiz1, V220, ooy Vi zn, VI — ti27, VT — 1223, o, VT — 122 /2 — b — 1252 it
(5.10)

where 0 < tl <...< tn < 1, (tl,tg, ...,tn) 75 (1, 1, ey 1)

Suppose that t; =0for 1 < j<h,¢t; =1fork+1<j<nandt; € (0,1) for
h <j<k. Here 0 <h <k <nandh =0 means that there is no t; = 0. Then it has
the following form:

(\/ thi12ht1, s Vinzn, VI —tizi, - V1 — trezi, (V2 —ti — tjzizj)lgigk,lgjgn,i<j)
(5.11)
Notice that this map is linear on z; = ¢; for 1 < j < k and can not be linear on any
lower dimensional linear subspace. By [Hu03], the geometric rank of this map is k.
Thus we have k = k¢. By counting the dimension of the map, we have
(n=1) (n—-knh-k-1) 2n — ko —1

n
(n—h)+k+ 5 — 5 —n+f50.

Then we get h = k = k. In this case, (5.11) is exactly the generalized Whitney map
defined by (1.3)-(1.4). This completes the proof of Theorem 1.1. O
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