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1. Introduction and statement of the main result. In this paper, we estab-
lish a general (new) defect relation for holomorphic curves into algebraic varieties, as
well as establish a general (new) height inequality in Diophantine approximation for
divisors in [-subgeneral position. The results obtained improve the previously known
results of Ru ([Rulb], [Rul6]), Corvaja-Zannier ([CZ04Add]), Chen-Ru-Yan ([CRY]),
Levin ([Lev14]), and Shi-Ru ([Shi-Rul5]) etc.. For the recent development in this
direction, including the results for divisors in general position (i.e. the case when [ is
equal to the dimension of the variety), see [CZ04b], [EF02], [EF08], [Ru04], [Ru09],
and [Lev09].

To state the precise results, we recall some notations. Let X be a complex pro-
jective variety. For an effective Cartier divisor D on X, the Weil function for D is
given by

Ap(z) = —logllsp(z)], (1)

where (D) is the line bundle associated to D, sp is the canonical section of &'(D),
i.e., a global section for which (sp) = D, and || - || is any continuous metric on (D).
It is well defined, up to a bounded term, independent of the choices of the metric. In
the case when X = P"(C) and D = {Q = 0} C P"(C) where @ is a homogeneous
polynomial of degree d, Ap can be chosen as, for = [z : -+ : ,,] € P"(C)\suppD,

(maxo<i<n [2:]) - [|Q||
)

Q)

where [|@Q]| is the maximum of the norm of the coefficients of Q. Let f: C — X be
a holomorphic map whose image is not contained in the support of divisor D on X.
The prozimity function of f with respect to D is defined by

Ap(z) = log

27 0 do
mi(r.D) = [ An(fre)y
0 ™
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where Ap is the Weil function associated to D. The counting function of f with respect
to D is defined by

Ny(r, D) :/1 Mdt

where n (¢, D) is the number of zeros of po f inside {|z| < t}, counting multiplicities,
where p is a local defining function of D. The height or characteristic function of f
with respect to D is given by

Ty p(r):=my(r,D)+ Ny(r, D).

For any line sheaf . on X with dim H(X,.%) > 1, we define Ty, »(r) := T p(r)
with D = [s = 0],s € H(X,.%). It is well defined up to a bounded term.

Let Dq,...,D, be effective divisors on X. We say that D,...,D, are in I
subgeneral position on X if for any subset I C {1,...,q} with #I <I1+1,

dim () Supp D; < 1— #1I,
iel

where dim() = —1. In particular, the supports of any [ + 1 divisors in [-subgeneral
position have empty intersection. If [ = dim X, then we say the divisors are in general
position on X. Let Z be a line sheaf on X, we use h°(Z) to denote dim H'(X,.%),
and .Z(—D) to denote the sheaf .Z ® &(—D) for a given divisor D on X.

DEFINITION 1.1. Let £ be a line sheaf and D be a nonzero effective Cartier
divisor on a projective variety X. We define

= limsu Nho(gN)
(&, D) = 1Nﬁ+£ S @ D)) (2)

where N passes over all positive integers such that h°(ZN(=D)) # 0. If no such N
exists, then we define v(.£, D) = +oo (Note that |.£N| does not have to be base point

free.)

MAIN THEOREM (Analytic Part). Let X be a complex projective variety of dimen-
sionn and let D1,..., Dy be effective Cartier divisors, located in l-subgeneral position
on X with 1 +n—2 > 0. Let £ be a line sheaf on X with h°(LN) > 1 for N big
enough. Let f: C — X be a holomorphic map with Zariski-dense image. Then, for
every € > 0,

q

(-1

me(T7 Dj) <exe (+n-2) <lrga§ (&, Dj) + 5) Ty 2(r),
= <ji<q

where <.,. means the inequality holds for all r € (0,+00) except for a subset E C

(0, +00) with finite Lebesque measure.

The above theorem has a counterpart in Diophantine approximation. We use the
standard notations in Diophantine approximation (see for example, [Lan87], [Voj87],
or [Vojcm]). For a number field k, recall that M, denotes the set of places of k,
and that k, denotes the completion of k at a place v € M. Norms || - ||, on k are
normalized so that

|[kU:R] —[ke:Qp)

]l = [o(2) or  |[pllo=p
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if v € My, is an archimedean place corresponding to an embedding o: k — C or a
non-archimedean place lying over a rational prime p, respectively. For each v € Mj,
we denote by Ap ,, as the Weil function of D with respect to v (for the definition, see
[Lan87], [Rul6] or [Vojcm]). Let .Z be a line sheaf, we denote by h.g(z) the height
of z € X (k) with respect to the line sheaf .Z.

MAIN THEOREM (Arithmetic Part). Let X be a projective variety of dimension
n, and let D1, ..., Dqy be effective Cartier divisors, located in [-subgeneral position on
X with Il +n — 2 > 0, both defined over a number field k. Let £ be a line sheaf on
X with h°(LN) > 1 for N big enough. Let S C M, be a finite set of places. Let
Ap; w1 < j < q, be the Weil function associated to Dj for v € S. Then, for every
€ >0,

ZZAD v % <1@f§qv(f Dj) + )hx(x),

j=1lveSs

holds for all k-rational points outside a proper Zariski closed subset of X .

The proof of the result on the arithmetic case is similar to the complex case by
replacing H. Cartan’s theorem with Schmidt’s subspace theorem (see, for example,
[Rul6]), so the rest of the paper will only focus on the complex part.

2. The consequences of the Main Theorem. In this section, we derive some
consequences from the Main Theorem. Let D := Dy +---+ D, where Dy, ..., Dy are
effective Cartier divisors on X. Write

V(D;) = +(€(D), D;). (3)
To compute (D;), we consider the following two cases.

2.1. The divisors are ample and linearly equivalent. Assume that each
D;, 1 < j < g, is linearly equivalent to a fixed ample divisor A on X. We write
ho( ) := h%(0(D)). By the Riemann-Roch theorem, with n = dim X, we have

(gN)" A"

hO(ND) = hP(¢NA) = S+ o(N™)
and
WOND —mD;) = W((gN —m)4) = A eny
Thus
gn N1 n n+1
mzzjl RND —mD;) = - Z I" + o(N"1) = % +o(N"Y.
Hence

D) = I N(‘IN)"A" o(N"+1) n+1
~v(D;) = lim — = .
7 NSoo %11)?“ o( NmH1) q

Therefore, the Main Theorems imply the following results due to Shi-Ru ([Shi-Rul5]).
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THEOREM 2.1 (Theorem 1 in [Shi-Rulb]). Let X be a complex projective variety
of dimension n and let D1, ..., Dy be effective Cartier divisors, located in [-subgeneral
position on X with | + n —2 > 0. Assume that each Dj, 1 < j < q, is linearly
equivalent to a fized ample divisor A. Let f : C — X be a holomorphic map with
Zariski-dense image. Then, for every e > 0,

! I(1—1)(n+1+¢)
me(r, Dj) <exc (l +n— 2)

Jj=1

Tf)A(T).

THEOREM 2.2 (Arithmetic Part). Let X be a projective variety of dimension
n, and let Dy, ..., Dq be effective Cartier divisors, located in [-subgeneral position on
X with I +n —2 > 0, both defined over a number field k. Assume that each D,
1 < j < gq, is linearly equivalent to a fixed ample divisor A. Let S C My be a finite
set of places. Let Ap; »,1 < j < q, be the Weil function associated to D; for v € S.
Then, for every e >0,

ZZ)\D],7U("L') S l(l — 1)(n+ 1 +6)hA({I;)7

i=1ves (+n-2)

holds for all k-rational points outside a proper Zariski closed subset of X.

2.2. Big and nef case. We use the standard notion of the intersection theory
(see [Ful98] for a thorough modern account, or [Laz04]). We will use the notation D"
to denote the intersection number of the n-fold intersection of D with itself. A Cartier
divisor D (or invertible sheaf &'(D)) on X is said to be numerically effective, or
nef, if D.C > 0 for any closed integral curve C' on X. We will use the following
lemma for nef divisors (see [Kle66]).

LEMMA 2.3. Let n =dim X, and if D1,...,D, are nef divisors on X, then

D,.Dy...D,, > 0.

An effective divisor D is said to be big if D™ > 0.
We now assume that Dy, ..., D, are big and nef.

DEFINITION 2.4. Suppose that X is a complete variety of dimension n. Let
Dy, ...,Dy be effective Cartier divisors on X, and let D = Dy + Dy +---+ D,. We
say that D has equi-degree with respect to D1, Ds, ..., D, if D;.D"! = %D" for
alli=1,...,q.

The important result associated to the concept of equi-degree is the following
lemma regarding D := Dy + --- 4+ D, where each D; is only assumed to be big and
nef for 1 < j <gq.

LEMMA 2.5 (Lemma 9.7 in [Lev09]). Let X be a projective variety of dimension
n. If D;,1 < j < q, are big and nef Cartier divisors, then there exist positive real
numbers r; such that D = 23:1 r;D; has equi-degree.

We first compute (D;) under an additional assumption that Ds,..., D, are of
equi-degree, i.e.

1
Dj.D"_lzaD" for j=1,...,q. (4)
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where D := Dq + --- 4+ D,. We use the following lemma from Autissier [Autl].

LEMMA 2.6 (Lemma 4.2 in [Autl]). Suppose E is a big and base-point free Cartier
divisor on a projective variety X of dimension n, and F is a nef Cartier divisor on
X such that F — FE is also nef. Let 3 > 0 be a positive real number. Then, for any
positive integers N and m with 1 < m < BN, we have

Frl E

(n—1)!
—1)Fn=2 E?

Gl

n!

F’n
W (NF —mE) > —N" — N""lm
n.

N"2min{m? N?} + O(N" 1)

where O depends on (.
Let n = dim X, and assume that n > 2. Fix 1 < i < ¢ and apply Lemma 2.6 by

taking g = wn’%ip_, we get

i hY(ND — mD;)

E

N] 1

Y%

. n—2 2
N" 'DZN"’lm—I— DDy - 2 min{m?, N2}> +O(N™)
— (n—1)! n!
n Dn— 1 D 52 Dn72.Dn

> I 1 n+1 n

( - PPy ) e o)

D .D2 Nt

- ( T (ﬂ)) D"~ + O(N")

MIE NI s

a) NRY(ND) + O(N™)

(5)
where & := mim%%l)?g(ﬁ) and g : Rt — RT is the function given by g(x) = %
if # <1andg(z) =2 — % for # > 1. Note that, from (4), 8 = an?fl'D =1 s0

9(B) > 5tz This, together with (5) and the definition of v(D;), implies that

NRh(ND) 1 2n
D;) = limsu < = —. 6
V(i) NﬂJrolg Zle hO(ND —mD;) g +4& g+ 2na (6)

Notice that

minlgqu D;l minlgqu D;l

n .
“ Dn 90 = 3

By applying the Main Theorem (in both complex and arithmetic cases) with

WZM it implies the following two theorems.

THEOREM 2.7 (Analytic Part). Let X be a complex projective variety of di-
mension n > 2, and let Dq,..., D, be big and nef Cartier divisors on X, located in
l-subgeneral position on X. Assume that D = Z?Zl Dj has equi-degree with respect
to Di,...,Dy. Let f: C— X be a holomorphic map with Zariski-dense image. Then

(l—1) 2n

D —€exc
my(r D) < l4+n—-2)q+C"

vaD(T)v
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where

min; <j<q D7

r_
¢ = 3n2Dn

THEOREM 2.8 (Arithmetic Part). Let k be a number field and let S C My, be a
finite set containing all archimedean places. Let X be a projective variety of dimension

n > 2, and let D1, ..., Dy be big and nef Cartier divisors on X located in l-subgeneral
position, both defined over k. Assume that D := ;1-:1 D; has equi-degree respect

to Di,...,Dq. Let Ap,, be the Weil function associated to D for v € S. Then the
iequality

I(l-1) 2n
v hp
;AD SU+n—2g¢+C (),

holds for all k-rational points © € X (k) outside of a proper Zariski-closed subset of
X, where

Cl _ minlgqu D;l

3n2Dn

In the general case that Dq,..., D, are only assumed to be big and nef, from
Lemma 2.5, there are positive real numbers r; > 0 such that D := Y7  r;D; has
equi-degree. Note that the divisors r; D; and D; have the same support. In this case,
we have the following results.

THEOREM 2.9 (Analytic Part). Let X be a complex projective variety of dimen-
sionn > 2, and let Dy, ..., Dg be effective, big, and nef Cartier divisors on X, located
in l-subgeneral position. Let r; > 0 be real numbers such that D = » ., r;D; has
equi-degree (such numbers exist due to Lemma 2.5). Let f: C — X be a holomorphic
map with Zariski-dense image. Then

I(1—1) 2n 1
ermf T D <ezc (l+n—2)q+C FZITjTﬂDj(T‘)

where

mini <j<q(r} D})

C = —Gu2qmDn

THEOREM 2.10 (Arithmetic Part). Let k be a number field and let S C Mj
be a finite set containing all archimedean places. Let X be a projective variety of

dimension n > 2, and let D1,..., Dy be effective, big, and nef Cartier divisors on X,
located in - subgeneml position, both defined over k. Let r; > 0 be real numbers such
that D := ! | r;D; has equi-degree (such numbers exist due to Lemma 2.5). Let

A, w1 < J < g, be the Weil function associated to Dj; for v € S. Then the inequality

(1-1)
ZTJZ/\D“U l—(l—n—2 Ja+C ZThD]

7j=1 veS
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holds for all x € X (k) outside a proper Zariski-closed subset of X, where

_ min<<q(ry DY)
6n24nDn

We note that Theorems 2.9 and 2.10 improve the earlier results in [Rulb] (see
Theorem 5.6 in [Rul5]) and [Rul6] (see Theorem 4.1 in [Rul6]). Again, we only prove
Theorem 2.9.

Proof of Theorem 2.9. Let D := Z;J.:l r;D;. Denote by

ming<;<q(rt D%
o= 1S3Sq( V] ) (7)
3n34n Dn

By the density of Q in R, we can choose (positive) rational numbers aq, ..., aq, such

that
51 min1< i<qgTiq . 1 .
|aj—'rj| < %mm 1, —1) 2n n , 1<j<q, (8)
(I+n—2) q (1+na/q)
and
D/n
———— —q| <d2, 1<j<gq, 9
oD Dt 4 <% <j<q (9)

where D' := a1Dy + - - + a¢Dy, and 01,02 will be chosen later (see (18) and (14)).
Note that, with the above choices, we have

1
D" > 2—nD” and D™ <2"D", (10)
To clear out the denominators, we let d be the product of the denominators of

ai,...,aq. Similar to (5), by applying Lemma 2.6 with F' = dD’ and E = da;D;, we
have

Z RY(NdD' — mda; D;) > <§ + a> NRY(NdD') + O(N™) (11)
m=1
where
ﬁ - anln B D/n
n n(dD’)"*l . (dale) B TLD/nil.(CLiDi)j
. _ minicj<g(da; D) 0 mini<j<g(a; D))"

and g : RT — RT is the function defined by

z 0<z<1
) = 3 >~
9(@) {x—%, x> 1.

Using (9), we get

B D/n < q— 52
- aDm™l(a;D;)) T n

B (12)
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and, also it is easy to see that 8 > L since D'~ *.(a;D;) < D', and so g(f8) > 5.

Hence, by also noticing (10) and (7),

. minicj<q(aj DY) min; <<q(rj D})
& = —g(B) > — = .
D'm 3n34npDn

Hence, by combining (11), (12) and (13), we get

> W(NdD' - mda; D;) > (q ;n52 + a) NRY(NdD') + O(N™),

m=1

so by the definition of 7y (see (3)),

2n 2n
da;D;) < <
gl ) q— 02 + 2na q—i—%na

by taking
d2 = min{1, %}

n2a

(aina)(at Znay Ve €t

Applying the Main Theorem with € =

11—1)
D BCEC T
Zajmfr U+n-2) q—l—na Zaj 7.0, (

To use the above result to derive our conclusion, notice (8) gives us

and

o (. 1 d
ZaijD ) < ZTJTfD 0 (o ) e ST ()

(I+n—2) g+na j=1

Using (15), (16) and the First Main Theorem,

(13)

(17)
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This, together with (17) gives

irjmf(r D

j=1

—€exc

(1-1) 3t
(l+n-2) q—i—na ZT Tro,(r +_<1212qu)ZTij
51 ¢
+ EZTij’DJ' (’I”)
j=1

I(1—1) 2n !
< .
Sexc ((l Fn— 2) g+ na + 51> ZTJTJ‘-,DJ (T)

j=1
I(1—1) 2n ) z‘l:
= no Tijij (T)
<(l+n—2)q+7 =
by choosing
I(1—1)n?
b = i-lne (18)
(I+n—2)(q+na)(q+ %)
Thus
I1-1) 2n \ <
Z”mf D) Seae ((l—l-n— 2) q+c) ;”Tfpf(r)
where,
o= e _ ming<e (7 D) (19)

2 6n24mDn
This finishes the proof. O

3. Proof of the Main Theorem. To prove the Main Theorem, we need the
following version of H. Cartan’s theorem (see [Ru97], or [Voj97]). Note that, for the
arithmetic part, we use Schmidt’s subspace theorem instead.

THEOREM 3.1. Let n be a positive integer, let Hy,...,H, be hyperplanes in
P™(C), and let f: C — P™(C) be a holomorphic curve whose image is not contained
in a hyperplane. Then, for any € > 0,

where the mazimum is taken over all J C {1,...,q} such that the hyperplanes {H;,j €
J} are in general position.

For the convenient use of Cartan’s theorem, we prove the following slightly im-
proved result.

THEOREM 3.2. Let X be a complex projective variety and let D be a Cartier
divisor on X, let V be a nonzero linear subspace of HY(X, 0(D)), and let s1,...,s,
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be nonzero elements of V. For each i = 1,...,q, let D; be the Cartier divisor (s;).
Let f: C— X be a holomorphic map with Zariski-dense image. Then, for any e > 0,

27
/0 max > Ap, f(reie))g Zexe (Aim V + )Ty p(r).

Here the set J ranges over all subsets of {1,...,q} such that the sections (s;j)jes are
linearly independent.

Proof. Let d = dimV. We may assume that d > 1 (otherwise, all D; are the
same divisor, and the sets J have at most one element each, so the theorem follows
immediately from the First Main Theorem).

Let ®: X --» P9~1 be the rational map associated to the linear system V. Let
X’ be the closure of the graph of ®, and let p: X’ — X and ¢: X’ — P?! be the
projection morphisms. Let f :: C — X’ be the lifting of f.

Note that, even though ® extends to the morphism ¢: X’ — P9~!  the linear
system of H°(X’,p*0(D)) corresponding to V may still have base points. What is
true, however, is that there is an effective Cartier divisor B on X’ such that, for each
nonzero s € V, there is a hyperplane H in P4~! such that p*(s) — B = ¢*H. (More
precisely, ¢*0(1) = &(p*D — B). The map

a: H'(X',0(p*D — B)) — H*(X, 0(p* D))

defined by tensoring with the canonical global section sg of ¢/(B) is injective, and
its image contains p*(V'). The preimage a~!(p*(V')) corresponds to a base-point-free
linear system for the divisor p*D — B.)

For each j = 1,...,q, let H; be the hyperplane in P4~ for which p*(s;) — B =
¢*Hj. Then,

/\p*Dj = )\¢*Hj +Ap+0(1). (20)

By functoriality of Weil functions, A\p«p, ( f(2) = p,(f(2)). Therefore it will suffice
to prove the inequality

2
f)(re’ 7 oy | 49
| (a2 0Py ) + 2 e | 2
jed
<eze (dlm V + E)Tf,D(T‘).
For any subset J of {1,..., ¢}, the sections s;, j € J, are linearly independent elements

of V' if and only if the hyperplanes H;, j € J, lie in general position in P41, Thus
we may apply the above H. Cartan’s Theorem to obtain that

2
/0 max Z A, (¢(f)(rei9))§ Seae (dimV +€)T, 7 (7). (21)

From (20), we get T, #(r) = Ty,p(r) = Tj p(r) + O(1). On the other hand, since each
set J as above has at most dim V elements and B is effective, we get

#J)Ap(z) < (dim V)Ap(x) + O(1)
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for all x € X’. Hence

27
P do
0
/0 maxz Am, (¢ ")) + Ag(f(re)) Gy
<exe (AimV +€)Ty,p(r) — (dim V + €)1 5(r) + (dim V)m z(r, B)
<ege (AImV + €)Ty p(r),
where, in the last inequality, we used the first main theorem that mf(r, B) < Tip (r)+
O(1). This finishes the proof. O '
We also need the following joint-filtration lemma.

LEMMA 3.3 ([CZ04a], Lemma 3.2). Let V.=W; D Wy D - D Wy and V =
Wi D Wy DD Wy, be two filtrations of V' Then there exists a basis vy, ...,vq of
V' which contains a basis of each Wj and W?.

LEMMA 3.4 ([Vojem], Lemma 20.7). Let X be a smooth complex projective variety
and let D be an effective divisor on X . Let og be the set of all prime divisors occurring

in D. Let
E::{0§00| ﬂE#@}
FEeco

For D =3 g, (ordg D)E and o € X, write
D = DU,l + DU,2

where Dy 1 = ) g, (ordg D)E and Dy := ZEgg(OrdE D)E. Then there exists a
constant C, depending only on X and D, such that

mln)\D L) <0
oEY

forallz € X.

Proof of the Main Theorem. Let = f(z) € X\Supp D. By Lemma 3.4, there
exists a o € 3 (which depends on z) for which

Ap,,(f(2)) < C.

From the condition that Di,...,D,; are in [-subgeneral position, there are
Dy.,...,Dy, € {D1,...,D,} such that the prime divisors E € ¢ with f(z) € F
only occur in Dy ., ..., D; .. Hence

ZADJ ZADM ) +0(1). (22)

Fix D, . and D, in {D1.,...,D; .} with u # v. For any € > 0, we choose N > Nj
big enough such that
NRO(ZLN)
S (2N (—mD;))

<L, Dj) +¢/2 (23)
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for 1 < j < gq. Fix such N. We consider the following two filtrations for the vector
space V := HO(X, ZN):

HYX, ZN) = Wy0 D Wy D Wyo DD {0},
and
HYX, £N) =W, 02 Wy1 D Wy D {0},
where
Wy = H (X, ZN(=kD,.)) and W, = HO(X, 2N (—kD,.)).

Note here we regard H(X, #" (—kD,,.)) as a subspace of H(X, ") by sending
S s® SIBW € HY(X,Z") for any s € H*(X, N (—kD,,.)) where sp, . is the
canonical section of &(D,, ). Hence, for any section s € H*(X, ¥N(-kD,.)) C
HO(X, #N), we have

(s) > kD, . (24)

where (s) is the zero divisor of s on X. Similar result also holds for s €
HY(X, ¥N(-kD,.)) C H(X,#"). By Lemma 3.3, there exists a basis B(u,v, z)
of HY(X,#") which contains a basis of each W, and W, ;. Note that B(u,v, z)
depends on D,, .. Hence, by noticing (24),

Y ()=

SEB(p,v,2)

k (B(ZN(=kDyz)) = h(ZN (= (k +1)Dy,2))) Dyz

NSERNGL

WL (=mDy,2)) Dy

1

min Z ho(LN (—mD; ))) D, ..

1<]<q

3
I

>

/—\

Similarly, we also have

Z (s) > <1I<njlgq Z RO(LN (—mD; ))) D, ..

sEB(p,v,2)

It follows that

Y o(s)= <mm Z WO (LN (—=mD; ))) lem(D,,. ., D), (25)

1<5<q
sEB(p,v,2)

where, for any two divisors D; and Dy on X, we denote lem(Dq,Ds) =
> pmax{ordg Di,ordg Do} E where the sum runs over all prime divisors £ on X.
Next, we claim that

l

Zlcm D) > (I+n—2 Z (26)

=1 a=1
pFEV
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Indeed, fix p € {1,...,1}. We will first show that every irreducible component E of
D, . can belong to at most I — n divisors D, .,v # u. For sake of contradiction,
assume there exists an irreducible element E of D, . belonging to at least | — n + 2
divisors D, .. Then

E C(")Supp D,

with a indexing the divisors F belongs to, so

dim()Supp Do >dimE=n—1>n-2=1—(1—n+2).
«@
This contradicts the fact that Dy,..., D, are in [-subgeneral position. So any irre-
ducible component E of D,, . can belong to at most [ — n divisors D, .,v # p, and
SO

l

§:lan e Duz) > (1=1=(=n)Du-+ Y Dy

v=1
V?ﬁu vEp

l
=(Mm=1)Dy.+ > Dy..

v=1
vEp

Summing over all p proves the claim.
Combining (25) and (26), it gives

l
Z Z l—|—n—2)<m1n ZhOZN —mD;) )Zsz.
a=1

<j<q
1
I‘“‘;V seB(p,v,z)

Denote by B the collection of all B(u,v,2),1 < u,v <[,z € C. Note that B is a finite
set since there are only finite many choices of {D,, ., D, .} C {D1,...,Dq}. By the
property of Weil functions, the above inequality gives

(+n—2) l
%2}8{563 As(f(2)) = -1 <1I}1JH<1q Z WO (ZLN (=mD;) ) ;/\Da,z(f(z))

Combining this with (22) yields
a
Jj=1

(-1 1
S Tn— 2 i T (2N (mDy)) Be 2 MU )0

Therefore

q q 2
SomsiD) =3 [ ()]
j=1 j=1"0

I(l1-1) 1 /277 L df
< 9 As ) g
T ltn-2 lrgi%(q > om=1 DO(LN (=mDy)) Jo %1223( scB (flre ))277
+0(1).
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Applying Theorem 3.2 with V := H(X, #V), we get

€
BeB 21

/027r max )\s(f(rei‘g))d—e <ewe (ho(-iﬂN) + 2N) T, oon (1)

seB
€

< ewe (Nho(fN) ‘)

) T (r) + O(1).

Thus, we get, by noticing (23),

q
Z mg(r, Dj)
=1

I(l—-1) NRO(ZN) ¢
l+n—2 <1I£?§q S hO(ZN(—mDj)) + §> Ty.2(r)

<eze M < max FY("%’ DJ) + €> Tf,f(’r)

—€exc

l4+n—2 \1<<q

which finishes the proof. O
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