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Abstract. Let X be a compact connected CR manifold of dimension 2n — 1,n > 2. We assume
that there is a transversal CR. locally free S action on X. Let L* be the k-th power of a rigid CR line
bundle L over X. Without any assumption on the Levi-form of X, we obtain a scaling upper-bound
for the partial Szegd kernel on (0, g)-forms with values in L*. After integration, this gives the weak
Morse inequalities. By a refined spectral analysis, we also obtain the strong Morse inequalities in CR
setting. We apply the strong Morse inequalities to show that the Grauert-Riemenschneider criterion
is also true in the CR setting.

Key words. CR manifolds, S'-action, Szegé kernel asymptotics, Morse inequalities.

Mathematics Subject Classification. 32A25, 32J25, 32V20.

1. Introduction and statement of the main results. The problem of embed-
ding CR manifolds is prominent in areas such as complex analysis, partial differential
equations and differential geometry. Let X be a compact CR manifold of dimension
2n—1, n > 2. When X is strongly pseudoconvex and dimension of X is greater than
or equal to five, a classical theorem of L. Boutet de Monvel [6] asserts that X can
be globally CR embedded into CV, for some N € N. For a strongly pseudoconvex
CR manifold of dimension greater than five, the dimension of the kernel of the tan-
gential Cauchy-Riemmann operator 0y is infinite and we can find many CR functions
to embed X into complex space. Inspired by Kodaira, the first-named author and
Marinescu introduced in [16] the idea of embedding CR manifolds by means of CR
sections of tensor powers L* of a CR line bundle L — X. To study Kodaira type
embedding theorems on CR manifolds, it is crucial to be able to know

QUESTION 1.1. When dim HY(X, L¥) 2 k", for k large, where HY(X, L*) denotes
the space of global smooth CR sections of L*.

Inspired by Demailly [8, 9] (see also Getzler [11]), the first-named author and
Marinescu established in [16] analogues of the holomorphic Morse inequalities of De-
mailly for CR manifolds.

THEOREM 1.2 (Theorem 1.8, [16]). We assume that Y (0) and Y (1) hold at each
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point of X. Then as k — oo,

— dim HY (X, L*) + dim H} (X, L")

kn
< Gy ( . /X /R |det(RE + 25L,)| ds dvx (x) W)

—|—/ / |det(RL +2sL,)| ds dvx(:zr)) + o(k™),
x R,

where RL is the associated curvature of L at x € X, H}(X, L*) denotes the first Oy
cohomology group with values in L¥, L, denotes the Levi form of X at x € X, and
forxe X, q=0,1,

Ry ={s €R; RE 4 25L, has eractly q negative eigenvalues

(1.2)

and n — 1 — q positive eigenvalues}.

When Y (0) and Y (1) hold, from Kohn’s results we know that dim HY (X, L¥) < oo
and dim H} (X, L*) < co. From (1.1), we see that if

/ / ‘det(Rﬁ +25L,)| dsdvx (z) > / / ’det(’Ri +2sL,)| dsdvx (z)  (1.3)
X Rz,o X Rz,l

then L is big, that is dim H)(X, L*) > k™. This is a very general criterion and it is
desirable to refine it in some cases where (1.3) is not easy to verify. In general, it is
very difficult to see when (1.3) holds even L is positive. The problem comes from the
presence of positive eigenvalues of RL and negative eigenvalues of £,. By using The-
orem 1.2 to approach Question 1.1, we always have to impose extra conditions linking
the Levi form and the curvature of the line bundle L. Similar problems also appear
in the works of Marinescu [19, 20], Berman [4] where they studied the d-Neumann
cohomology groups associated to a high power of a given holomorphic line bundle
on a compact complex manifold with boundary. In order to get many holomorphic
sections, they also have to assume that, close to the boundary, the curvature of the
line bundle is adapted to the Levi form of the boundary. In [13], by carefully studying
semi-classical behaviour of microlocal Fourier transforms of the extreme functions for
the spaces of lower energy forms of the associated Kohn Laplacian, the first-named
author prove that L is big when L is positive, Y (0) and Y (1) hold on X under certain
Sasakian conditions on X and L without any extra condition linking the Levi form
of X and the curvature of L. All these developments need the assumptions that the
Levi form satisfies condition Y(0) and Y (1).

However, in some important problems in CR geometry, we need to know when L
is big without any assumption of the Levi form. For example, Ohsawa and Sibony [23]
studied Kodaira type embedding theorems on Levi-flat CR manifolds. In their work,
it is important to understand the space H{ (X, L¥) for k large. Adachi [1] constructed
a positive CR line bundle L over a Levi-flat compact CR manifold X of dimension
2n — 1 such that dim HY (X, L*) < k"=t < k™ for k large. We are lead to ask

QUESTION 1.3. Can we establish some kind of Morse inequalities and Grauert-
Riemenschneider criterion on some class of CR manifolds without any Levi-curvature
assumption?

The purpose of this work is to answer Question 1.3.
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1.1. Our main results. Let us now formulate our main results. We refer to
section 1.2 for some standard notations and terminology used here. Let (X, T19X)
be a compact connected CR manifold of dimension 2n — 1, n > 2. Let L be a rigid
CR line bundle over X. For every u € Q%9(X, L*), we can define Tu € Q%4(X, L¥)
and we have

Ty = 0T on Q%9(X, L*), (1.4)

where 9, : QU9(X,LF) — Q%4+ (X LF) denotes the tangential Cauchy-Riemann
operator. For every m € Z, put

Q01X LY) == {u € Q¥YX, L*); Tu = imu} . (1.5)
From (1.4), we have the d,-complex for every m € Z:
Op i — QY X, LF) — Q%X LF) - QUL (X LF) — .- .. (1.6)
For every m € Z, the m-th Fourier component of ), cohomology is given by

~ Kerd, : Q%4(X, L*) — Q1H1 (X, LF)

HI (X,L*): — .
b ) Imdy : Ut (X, LF) — QNI(X, LF)

(1.7)

The starting point of this paper is that without any Levi curvature assumption, for

every m € Z and every ¢ =0,1,2,...,n — 1, we have
dim Hy (X, L¥) < oc. (1.8)
Fix A > 0 and set H _\(X,L*) = @  H} (X,L*). In this work, we study
- meZ,|m|<X\ '

the asymptotic behavior of the space H gﬁ< s (X LF) and its partial Szegd kernel. Our
main results are the following B

THEOREM 1.4 (weak Morse inequalities). For k large and for every q =
0,1,2,...,n—1, we have

dim HY (X, L*)

—-n (_1)q n L : n—1 —wnlz)ds + o(k™
<t [ [ GRE 2L A (s + ok,

(1.9)

where RE denotes the curvature of L, L, denotes the Levi form of X, wy is the unique
global non-vanishing real one form determined by (wo, U) =0, VU € TOX @ TO1X
and {wo, T)=—1 and

R, , :={s € R: RL +2sL, has exactly q negative (1.10)

and n — 1 — q positive eigenvalues}.

Although the eigenvalues of the Hermitian quadratic form RE 4 2s£L,,s € R are
calculated with respect to the rigid Hermitian metric (-|-), the sign does not depend
on the metric. Note that RL, £, € T1HOX A Tr91X (see Definition 1.13). Hence,
(RE+2sL,)" "1 A(—wp(x)) is a global 2n — 1 form on X. Any Hermitian fiber metric
hY on L induces a curvature RE. Tt is easy to see that the integral in (1.9) does not
depend on the choice of Hermitian fiber metric of L.
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THEOREM 1.5 (strong Morse inequalities). For k large and for every q =
0,1,2,...,n— 2, we have

q

> (=1 dim H] _,5(X, L¥)

j=0
k" - ~
< (2m)™ " —1)4 // iRﬁ—l—iQsﬂxnl/\—w x))ds + o(k"™),
(27) (n—l)!( ) ;) . Rm,m[f&é}( ) (—wo(x)) (k")
(1.11)
and when ¢ =n — 1, we have asymptotic Hirzebruch-Riemann-Roch theorem
n—1
> (=1)dim Hj _,.5(X, L")
j=0
A (1.12)
=2n) "—— / / iRE +i25L.)" 1 A (—wo(z))ds + o(k™).
CCRE D0 I A )" A (~wo(a))ds + ofk")

Demailly [8, 9] proved remarkable asymptotic Morse inequalities for the 9 complex
constructed over the line bundle LF on compact complex manifold as k — oo, where
L is a holomorphic Hermitian line bundle. He solved with their help a generalized
version of the Grauert-Riemenschneider. The original version of the conjecture had
been solved previously by Siu [21, 22]. Shortly after, Bismut[5] gave a heat equation
proof of Demailly’s inequalities which involves probability theory.

DEFINITION 1.6. We say that (L, h%) is a positive rigid CR line bundle over X
if for any point p € X, ’Ré s a positive Hermitian quadratic over Tpl’OX.

Assume that R is positive. The point of this paper is that if § > 0 is small
enough then R, ; N [4,0] = 0, Vo € X and for every j = 1,2,...,n — 1. From this
observation, (1.9) and (1.12), we conclude that

dim Hy <.5(X, LF)
1
= ) /X /R R s () + olk”).

Hence, dim Hl?.,ské (X,L*) ~ k™. We conclude that

THEOREM 1.7. If L is a positive rigid CR line bundle, then L is big, that is
dim HY(X, L¥) > k™ when k> 1.

We notice that from Theorem 1.4 and Theorem 1.5 and some simple argument,
we can easily deduce Demailly’s weak and strong Morse inequalities (see the proof of
Corollary 1.27).

DEFINITION 1.8. We say that condition X (q) holds on X if there is a § > 0 such
that Ry 4 ([—6,0] =0,V z € X.

In this work, we generalize Grauert-Riemenschneider criterion to CR manifolds
with St action and to general (0, ¢)-forms.

THEOREM 1.9 (Grauert-Riemenschneider criterion). Given ¢ € {0,1,...,n—1},
assume that X (¢ — 1) and X(q+ 1) hold on X. Then, for some d >0,

dim HY _, 5(X, L¥)

(=D)¢

" B N (B L)
(n—l)!k ~/X/]Rm,qﬂ[—6,5](Rz T i28Le)" A (Zwno(@)ds + ok™).

=2n)"
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DEFINITION 1.10. We say that L is a semi-positive rigid CR line bundle over
X if there exists a constant 6 > 0 such that RL + 2sL, is a semi-positive Hermitian
quadratic over THOX for any x € X, |s| < 4.

When L is semi-positive, it is easy to see that condition X (1) holds on X. From
this observation and Theorem 1.9, we obtain the Grauert-Riemenschneider criterion
in the CR setting.

THEOREM 1.11. If L is a semi-positive rigid CR line bundle and positive at a
point, then L is big.

1.2. Set up and terminology. Let (X,7%°X) be a compact connected CR
manifold of dimension 2n — 1,n > 2, where T1%X is a CR structure of X. That
is, T0X is a subbundle of rank n — 1 of the complexified tangent bundle CTX,
satisfying 710X N 791X = {0}, where TO'X = T1.0X, and [V,V] C V, where
V= C®(X, THX). We assume that X admits a S! action: S* x X — X. We use
e to denote the S' action. For x € X, we say that the period of z is 2X, ¢ € N, if

YR
e ox # f01revelry0<9<%’Taundeﬂ??r ox = z. For each ¢ € N, put

X, = {z € X; the period of z is 2} (1.14)

and let p = min {¢ € N; X, # 0}. It is well-known that if X is connected, then X, is
an open and dense subset of X (see Duistermaat-Heckman [10] and Appendix in [15])
and the Lebesgue measure m(X \ X,) = 0. For simplicity, in this work, we assume
that p = 1 and we denote X,¢q 1= X;.

Let T € C*°(X,TX) be the global real vector field induced by the S* action given
as follows

(Tu)(z) = % (u(ei‘gz)) ‘ ,u € C(X). (1.15)

DEFINITION 1.12. We say that the S action €¥,0 < 0 < 27, is CR if
[T,0°°(X, T X)] c C=(X,TH°X).
Furthermore, we say that the S* action is transversal if for each v € X,

Tx)oT,(X)e TP X = CT, X.

We assume throughout that (X, 71°X) is a CR manifold with a transversal CR S*
action e??,0 < 6 < 27 and we let T be the global vector field induced by the S* action.
Let wy € C°°(X,T*X) be the global real one form determined by (wo, U) = 0, for
every U € T X @ TY'X and (wo, T) = —1.

DEFINITION 1.13. For x € X, the Levi-form L, is the Hermitian quadratic form
on THOX defined as follows. For any U,V € T}OX | pick U,V € C(X,T"°X) such
that U(x) = U, V(xz) = V. Set
1
2i
where [, | denotes the Lie bracket. Note that L, does not depend on the choice of U
and V.

Lo (U, V) = (U, V(x), wo(x)) (1.16)
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Denote by 719X and T*%' X the dual bundles of T1:°X and T%! X, respectively.
Define the vector bundle of (0, g)-forms by T*%4X := AIT*%1X. Let D C X be an
open subset. Let Q%9(D) denote the space of smooth sections of T*%4X over D and
let 20°9(D) be the subspace of Q%4(D) whose elements have compact support in D.
Similarly, if E is a vector bundle, then we let Q%9(D, E) denote the space of smooth
sections of T*%7X ® F over D and let Qg’q(D, E) be the subspace of Q%4(D, E) whose
elements have compact support in D.

Fix 6y € [0,27). Let

de™ : CT, X — CTi0,, X

denote the differential map of e’ : X — X. By the property of transversal CR S!
action, we can check that
e’ X - TY,) X,

de' . T X - T%) X, (1.17)

00

de? (T (z)) = T(e%).

Let (de??)* : A9(CT*X) — A9(CT*X) be the pull back of de?0,q = 0,1--- ,n — 1.
From (1.17), we can check that for ¢ =0,1,--- ,n — 1,
(de'®)* : T8 X — T3%9X. (1.18)

0
Let u € 2%9(X) and define T as follows. For any X1,---, X, € TH0X,

0

Tu(Xy, -, X,) := 20

((de®) u(Xy, -, X,)) }H. (1.19)
From the definition of T'u it is easy to check that Tw = Lyu for u € Q%9(X), where
Lru is the Lie derivative of u along the direction 7T'. It is straightforward to see that
(see also the discussion after Theorem 1.31)

T, = 0,T on Q" (X). (1.20)

DEFINITION 1.14. Let D C X be an open set. We say that a function u € C*(D)
is rigid if Tu = 0. We say that a function u € C*°(X) is Cauchy-Riemann (CR for
short) if Opu = 0. We say that u € C°(X) is rigid CR if Opu =0 and Tu = 0.

DEFINITION 1.15. Let E be a complex vector bundle over X. We say that E is
rigid (resp. CR, resp. rigid CR) if there exists an open cover (U;); of X and trivializing
frames {fjl, ,...,f’”} on Uj, such that the correspondmg transition matrices are
rigid (resp. C'R resp. rigid CR). The frames {f ,,f;} are called rigid (resp.
CR, resp. rigid CR) frames.

EXAMPLE 1.16. Let X be a compact CR manifold with a locally free transversal
CR S* action. Let {Z;}; be a trivializing frame of TYOX defined in (1.59). It is easy
to check that the transition functions of such frames are rigid CR and thus TV°X is
a rigid CR vector bundle. Moreover, det T*°X the determinant bundle of T*°X is a
rigid CR line bundle.
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EXAMPLE 1.17. Let (L,h) = M be a Hermitian line bundle over a complex
manifold M. Consider the circle bundle X = {v € L : h(v) = 1} over M. Then X
is a compact CR manifold with a globally free transversal CR S* action. Let E be a
holomorphic vector bundle over M. Then the restriction of the pull back 7* E|x on
X is a rigid CR vector bundle over X.

From now on, let L be a rigid CR line bundle over X. We fix an open covering
(U;); and a family (s;); of rigid CR frames s; on U;. Let L* be the k-th tensor power
of L. Then (s?k)j are rigid CR frames for L*. Let s be a rigid CR frame of L on an
open subset D C X and locally for any u € Q%9(X, L), write u = 1 ® s, @ € Q%9(D),
we define Tu = T'u® s. Since the transition functions are rigid CR, T'u is well defined.
Moreover, we have

Ty, = 9T on Q”(X, L). (1.21)

Fix a Hermitian fiber metric A on L. If s is a local rigid CR frame of L on an
open subset D C X, then the local weight of h* with respect to s is the function
® € C*°(D,R) for which

s(z)[2, = e ®@ z e D. (1.22)

DEFINITION 1.18. Let L be a rigid CR line bundle and let h™ be a Hermitian
metric on L. The curvature of (L,h") is the the Hermitian quadratic form RY =
RER) on TYOX defined by

_ 1 _ _
RIU,V) = 3 (d(0p® — 0,®)(p),UAV), UV €T)yX, peD. (1.23)

Due to [16, Proposition 4.2], RT is a well-defined global Hermitian form, since
the transition functions between different rigid CR frames are annihilated by T'.

1.3. Hermitian CR geometry. Fix a smooth Hermitian metric (-|-) on CT X so
that T1YX is orthogonal to T%1 X, T is orthogonal to T*°X & T X and (T|T) = 1.
The Hermitian metric (-|-) on CTX induces by duality a Hermitian metric on CT*X
and also on the bundles of (0, ¢)-forms T*%9X g = 0,1--- ,n— 1. We shall also denote
all these induced metrics by (-|-). For every v € T*%9X, we write |[v|? := (v|v). We
have the pointwise orthogonal decompositions

CT*X =T""X T X @ { o : A € C},

1.24
CTX =T"°X ¢ T*'X @ {\T: A\ € C}. (1.24)

DEFINITION 1.19. Let D be an open set and let V € C°(D,CTX) be a vector
on D. We say that V is rigid if

de’®(V(x)) = V(e“z) (1.25)
for any x,0 € [0,27) satisfying x € D,ex € D.

DEFINITION 1.20. Let (-|-) be a Hermitian metric on CTX. We say that {-|) is
rigid if for rigid vector fields V,W on D, where D is any on open set, we have

(V(2)|[W(x)) = (de®V)(e?z)|(de?®W)(e?z)),Vx € D,0 € [0,2n). (1.26)
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From theorem 9.2 in [14], there is always a rigid Hermitian metric (-|-) on CTX
such that THOX I TOIX T 1L(THX @ TOLX) (T|T) = 1 and (ufv) is real if u,v are
real tangent vectors. Until further notice, we fix a rigid Hermitian metric (-|-) on
CTX such that TYOX LTOLX, T L(THOX & T%'X) and (T|T) = 1.

DEFINITION 1.21. Let L be a rigid CR line bundle. A Hermitian fiber metric
hY on L is said to be rigid if T® = 0 for local weight ® with respect to any rigid CR
frame.

The definition does not depend on the choice of rigid CR frame.

LEMMA 1.22. There is a rigid Hermitian fiber metric on L. Moreover, for any
Hermatian metric ht on L, there is a rigid Hermitian melric ht of L such that
RE = RY on X, where RY and RY denote the curvatures induced by h™ and h™
respectively.

We will prove Lemma 1.22 in the end of section 1.5. Until furthermore, we assume
that h” is a rigid Hermitian fiber metric on L. For k > 0, k € Z, we shall consider
(L*,hL"). For m € Z, put

Q%X LF) := {u € Q"UX, L) : Tu = imu}. (1.27)

Let (-|-),.+ be the L? inner product on Q%¢(X, L*) induced by ALY, (+]-) and let
[|-|l,,.+ denote the corresponding norm. Let s be a local rigid CR frame of L on an
openset D C X. Foru=u®s*,v=00s" ¢ Qg’q(D,Lk), we have

(ulv),, ok :/ (a|o)ye **@ gy, (1.28)
X

Where dvy is the volume form on X induced by the rigid Hermitian metric (- |-). Let

(0 0m (X L*) be the completion of Q%7(X, L*) with respect to (:|-), .x. For m € Z,

let
Q1+ L2 (X, LF) > L3, (X, LF) (1.20)

be the orthogonal projection with respect to (:|- )th Fix § > 0, let Fsy

L%O (X LF) — L%O (X LF) be the continuous map given by

Fsp(u):= > QI (1.30)

|l <ks

Let 5;,6 c QUL (X LF) — Q09(X, LF) be the formal adjoint of 9, with respect to

(:|),z» - Since (-|-) and hL" are rigid, we can check that
T3, ), = 0y, T on Q*9(X, LF), ¢ =0,1,--- ,n — 1, (1.31)
and
By s OTHH(X, LF) — Q%9(X, LK), ¥m € Z. (1.32)
Put

D89 = 84Dy 5, + 0y 1,0y - QVI(X, LF) — QU(X, L),

)
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From (1.21), (1.31)and (1.32) we have
TOY) = 09T on Q"9(X,L¥),¢ = 0,1, ,n— 1, (1.33)
and
Of) = Q09(X, LF) — Q%(X, L*),Ym € Z. (1.34)

We will write Dl(f,z’m to denote the restriction of Dl(f,z on the space 2%9(X, L*). For

every m € Z, we extend Dl()qlz . b0 L2 (X, L*) in the sense of distribution by

(0,9),m

089, - Dom(Tf%) )y C L2 (X, LF) — L2 (X, L), (1.35)

where Dom(Dl(f]zﬁm) ={u€ L ) (X, Lky: Dl(f,zymu € LYy p.m(X, Lk)}. The follow-

ing follows from Kohn’s L? estimate (see theorem 8.4.2 in [7]).

THEOREM 1.23. For every s € Ng = NU {0}, there exists a constant Cs > 0
such that

lullsr < Coe (IO§Qulls + [ Tulls + ull,)  Yu € Q29(X,L8)  (1.36)

where || - ||s denotes the sobolev norm of order s on X.
From Theorem 1.23, we deduce that

THEOREM 1.24. Fiz m € Z, for every s € Ny, there is a constant Cs m > 0
such that

lullss1 < Cosam (IT52 tlls + lulls ), Vu € QX LF). (1.37)

From Theorem 1.24 and some standard argument in functional analysis, we de-
duce the following Hodge theory for Dl(f,z’m.

THEOREM 1.25. Fizxm € Z. O - Dom(Of}) ) ¢ L?

0.9).m (X LF) —
(q)

Lﬁqu)ym(X, LF) is a self-adjoint operator. The spectrum of Uy km denoted by

Spec([ll()?;m) is a discrete subset of [0,00). For every X\ € SpeC(DZ()?,Z)m) the A-
etgenspace

He o (X, LF) i= {uw € Do), O u = Au} (1.38)
is finite dimensional with Hj . (X, LF) ¢ Q%(X,L¥) and for A = 0 we denote

by Hy (X, L¥) the harmonic space Hyp o(X, LF) for brevity and then we have the
Dolbeault isomorphism

Hi (X, L) = HY (X, LF). (1.39)

From Theorem 1.25 and (1.39), we deduce that dim H}/, (X, LF) < 00, ¥m € Z.
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1.4. Our strategy. Denote by det(RL +2sL,) the product of all the eigenvalues
of REL + 2sL, with respect to the given rigid Hermitian metric. Since

Q09(X, LF) LORI(X, LY),

when m,m’ € Z and m # m’, we write

0% (X, I = @@ %ux, L) (1.40)
meZ,m|<kd
and in particular,
M (X LN = P HEL(X, LY. (1.41)
meZ,m|<kd

Here § is a small constant. Then we have the following Hodge theory

dimHy (X, LY < 00, Hyf (X, LY

0.q k 4 A X (1.42)
CQ2s(X,L7), Hy 5(X, L7) = Hy o 5(X, L7).
Let f; € Q%Za(X, L¥),j5 = 1,---,m; be an orthonormal basis for the space
Hi <1s(X, L*). The partial Szeg kernel function is defined by
mg
2,5 @) = 1f5(@)]7 (1.43)
j=1

It is easy to see that IIZ, ;(x) is independent of the choice of the orthonormal basis
and B

dim H] (X, LF) = /X ML, 5(2)dvx . (1.44)

The following is our first main technique result.

THEOREM 1.26.

sup{k™"TIZ,5(2) : k> 0,2 € X} < cc. (1.45)
Furthermore, we have
limsup k™ "IIL, 5 (x) < (27r)_"/ | det(RE 4 2sL,)|ds (1.46)
k—o0 - Rz,q n[_6)5]
forall x € X.

From Theorem 1.26 and by Fatou’s lemma, we obtain Theorem 1.4. From Theo-
rem 1.4 and some simple argument, we deduce

COROLLARY 1.27 (Demailly’s weak morse inequalities). Let M be a compact
Hermitian manifold with dime¢M = n—1 and (L, h%) be a Hermitian line bundle over
M. ThenVq=0,1,2,....,n—1,

dim HZ(M, L*) gk"—l(zw)—<"—1>/ | det RE|dvas () + o(k™1), (1.47)
M(q)
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where Hg(M, LF) denotes the q-th 0-cohomology group with values in L*, dvys is the

induced volume form on M, REL x € M is the Ricci curvature of the Hermitian line
bundle (L, h') and M(q) is a subset of M where RL has exactly q negative eigenvalues
and n — 1 — q positive eigenvalues.

Proof. Let X = M x S'. Then X is a Levi-flat CR manifold of dimpX = 2n — 1
with S! action e? and the global induced vector field is T = %. Let m : X =
M x S* — M be the natural projection. Then L; := 7} L is naturally a rigid CR line

bundle over X. It is easy to see that

dim HI(M, L*) = dim Hy _, (X, L}). (1.48)

1
2k +1
From (1.9), we have

dim HY (X, LY)

< (27T)’”k"/ / . |det RET 4 25L,|dsdvx + o(k™)

= (2m) k" / / det REM|dsdvx + o(k™
(2m) MxS? ]Rz,qﬁ[fl,l]l | x +olk") (1.49)

= 2(27r)_"/€"/ | det RE|dvprdvgr + o(k™)
M(q)x St
— 2(27r)_("_1)k"/ | det RE|dvar + o(k™).
M(q)
From (1.49) and (1.48), we get the conclusion of the Corollary 1.27. 0
For A > 0 and )\ € R, we define

Hi s (X L) = {u € Q2 (X, LF) : Ofu = )\u} (1.50)
and
Hy,<ks,<ko (X, L") @ My <ron (X, LY. (1.51)
A<ko

Set TI% 15 <po () = E;lil lg;(z)]?, where {gj(x)} 1 C Q<k5(X, LF) is any orthonor-
mal basis of the space Hg,gké,gkg (X, L*). Our second main technique result is the
following

THEOREM 1.28. For any sequence vy, > 0 with v, — 0 as k — oo, there exists a
constant C}, independent of k, such that

k_angké,gkvk (x) <G (1.52)
for all x € X. Moreover, there is a sequence py, > 0, py, — 0 as k — oo, such that for
any sequence vy > 0 with lim 2% =0, we have

k—oo Uk
Jim BTG o, (2) = (271')_”/ |det(RL + 2sL,)|ds (1.53)
w,q ([—0,0]

forall x € X,eq .
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Integrating (1.53), we have

THEOREM 1.29. There is a sequence pi > 0,pur — 0 as k — oo, such that for

any sequence vk > 0 with lim £& =0, we have
k—oo Uk

dimHy <5 <o, (X, Lk)

1.54
— 2m)k" / / det(RE + 252, |dsdux + o(k™). 1Y
Ro.q (6,5

Proof of Theorem 1.9. Set H _ys0repe (X, LF) = @ Hi 5 (X, LF). We
B 0<A<kos T
define a map

P Hb <ks,0<A<kvy, (X, LF) — Hb <k6 0<x<koy (X L") @ nglk6,0<)\§kvk (X, L*)
w i (DOyu, yu).
(1.55)
Since map P is injective, it follows that
dimHg,§k6,0<>\§kvk (X, Lk) (1.56)
< dimHgélk5,0<k§kvk (X, L") + dimHg,Jrglké,o<,\gkvk (X, LF). '

From Theorem 1.29, we have
dimnglké <rshu, (X L") = o(k™), dimHgtlk(; <r<ho, (X L*) = o(k™).  (L.57)

Since dimH; 5 <y, (X, L) = dimH;, <k5.0<A<koy (X L*) + dim#Hj <ks(X, L"), com-
bining Theorem 1.29 and (1.57), we get the conclusion of the Theorem 1.9. O

From Theorem 1.29 and the linear algebraic argument from Demailly in [8], [9]
and [19], we obtain Theorem 1.5. From Theorem 1.5, we can repeat the proof of
Corollary 1.27 and deduce

COROLLARY 1.30 (Demailly’s strong Morse inequalities). Let M be a compact
Hermitian manifold with diim¢M = n — 1 and (L, h*) be a Hermitian line bundle on
M. Then for any 0 < q<n—1, we have

q
> (=1)7 dim HL(M, L*)
§=0

q
< k"l (2m)T Z j/ | det RE|dvas + o(k™ ).
7=0 M(])

(1.58)

1.5. Canonical local coordinates. In this work, we need the following result
due to Baouendi-Rothschild-Treves, (see [2]).

THEOREM 1.31. For xg € X, there exist local coordinates (1, -+ ,Top—1) =
(279) = (Zlu' o 7271—179)72]' = T2j-1 + Z‘T?]u] =1, ,n—1x9,1 = 67 d@ﬁ’l’l@d in
some small neighborhood D = {(z,0) : |z] < r,|0| < e} centered at xo such that on D

0
T = %
L LY R 129
R A
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where {Z;(x)} form a basis of TH°X for each x € D, and p(z) € C>(D,R) is
independent of 6.

The local coordinates defined in Theorem 1.31 are called canonical local co-
ordinates. By using canonical local coordinates, we get another way to define
Tu,Yu € Q%9(X). Let (2,0) be the canonical coordinates defined on D CC X.
It is clearly that

{dzj, N NdZj, 1 <1 <---<j,<n—1}
is a basis for 779X,V 2 € D. Let u € Q%9(X). On D, we write
U = Z ’U,jl...jqdzjl /\---/\dqu.
J1<<Jq
Then on D we can check that

Tu= Z (Tujl...jq)dfjl VANRERIAN d?jq. (160)

J1<<Jq

REMARK 1.32. Since the Hermitian metric (-|-) on CTX s rigid, we can find
orthonormal frame {ej}?;ll of T**1X on D such that €’ (z) = €/ (z2),Yz = (2,0) €
D,j=1,---,n—1. Moreover, if we denote by dvx the volume form with respect to
the rigid Hermitian metric on CT' X, then on D,

dvx = m(z)dv(z)db, (1.61)
where m(z) € C*°(D,R) which does not depend on 6 and dv(z) = 2" 1dxy - - dwa,—o.

With respect to the orthonormal frame defined in Remark 1.32, write
/

= ZIJI wge’  J = (1,1 Jq) el =€ Ao Aeda, (1.62)
=q

where the prime means the multi index in the summation is strictly increasing. Then
from (1.13) and Remark 1.32, we can check that

/

- J
Tu = Zm:q(TuJ)e . (1.63)
Proof of Lemma 1.22. Fix p € X and let (z,0) be canonical coordinates defined
in some neighbourhood of p such that (z(p),8(p)) = (0 0) and (1.59) hold. Suppose
that (z,0) defined on {z € C"!: |z] < §} x {9 € R: |0 < 4}, for some 6 > 0.
For 2 € C"71) |z| < 6, 6 € R, we identify (z,0) with €* o (z,0) € X. Thus, we may

assume that 0 is defined on R. Put

A :={X €[0,2n] : There is a local trivializing section s defined on

{zeC ! |z| <e} x[0,A+¢), for some 0 < & < §}.

It is clearly that A is a non-empty open set in [0, 27]. We claim that A is closed. Let
Ao be a limit point of A. Consider the point (0, Ag). For some g1 > 0, £; small, there
is a local trivializing section s; defined on {z eCrt: 2] < 51} (Mo —e1, A0 +e1].
Since A is a limit point of A, we can find a local trlvmhzmg section s defined on
{zeC ! |z] <ez} x[0,\g — ), for some £3 > 0. Now, § = gs; on

€1

{zeC" |zl <eo} x (Ao —e1, X0 — 5)
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for some rigid CR function g, where €g = min {e1,e3}. Since g is independent of 6, g
is well-defined on {z € C"': 2| <eo} xR. Put s =5on {z€C"': [z] <eo} x
[0,A — ) and s = gs; on {z€C" ' |z[<ep} x [Ao — &, A0 +&1). It is
straightforward to check that s is well-defined as a local trivializing section on
{zeC ! |z| <eo} x[0,A +¢1). Thus, Ao € A and hence A = [0, 27].

From the discussion above, we see that we can find local trivializations
Wi,...,Wy such that X =}, W; and Ugegen, €Wy € Wi, t =1,...,N. Take

any Hermitian fiber metric hL on L and let ® denotes the corresponding local weight.

Let h* be the Hermitian fiber metric on L locally given by |s|iL = e~ ®, where
(z) = 5= 027r ®(e¥x)df. Tt is obviously that hl is well-defined and T® = 0. More-

over, it is easy to see that RL = RE, where RL and RE denote the curvatures of L
induced by h” and h* respectively. The lemma follows. O

2. The estimates of the partial Szeg6 kernel function IIZ, . We first

introduce some notations. For z € X, we can choose an orthonormal frame {e’ }?:_11
of T*%1 X defined in section 1.5 over a neighborhood D of z. For J = (j1,- -+ ,j,) with
j1 < e+ < g we define e/ = et Ao Aede. Then {e’ : |J| = ¢, J strictly increasing}
is an orthonormal frame for T7*%9X over D. For any f € Q%9(X, L¥), on D, we may
write

!
= fse!, with f; = (fle’) € C=(D,L"). (2.1)
|71=q
The extramal function S% ks, ;(y) for y € D along the direction e’ is defined by

Sik(s,J(y) = sup |O[J(y)|}2LLk- (2.2)
aeHg,gké (Xva)vHO‘”h’Lk =1

We can repeat the proof of Lemma 2.1 in [16] and conclude that

LEMMA 2.1. For every local orthonormal frame {e’ : |J| = q, strict increasing}
of T*9X over an open set D we have for y € D,

Mks(y) = Z;J‘:q SZks,s()- (2.3)

2.1. The scaling technique. Fix p € X. Let Uy, ,U,—1 be the dual frame

of el,---,en—1 and for which the Levi-form is diagonal at p. Furthermore, let s be a
rigid CR frame of L on an open neighborhood of p and |s|?, = e~?. We take canonical
local coordinates (z,0),z; = w251 + ix2j,j = 1,---,n — 1 defined in Theorem 1.31

such that wo(p) = —db, (z(p),0(p)) = 0,

(o)) =20 e ) gy 00) = 0.{ 0| g} =1 2

for j,t =1,...,2n — 2, and with respect to the canonical coordinates (z, ),
U-*i+i/\-2-g+0(|(z 0)%),5 =1 n—1 (2.5)
J - 6ZJ J Jae 3 7.] - 3ttt ) N

where {); ’-’_11 are the eigenvalues of Levi-form at p with respect to the given rigid

J:
" . o 1 o . 8 . . .
Hermitian metric and 95 = 3 (6302]_71 iree ),7=1,...,n—1. Moreover, by changing
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the local rigid CR frame of L we assume the local weight

n—1

b = Z ,ujﬁtijzt + O(|Z|3) (26)
jrt=1
In this section, we work with canonical local coordinates (z,6) defined on an open
neighbourhood D of p and we identify D with some open set in R?"~1. Let (:|)re be
the weighted inner product on the space Qg’q(D) defined as follows:

(Flades = [ (Flae™ "oy a) 2.7
where f,g € Q09(D). We denote by L%O (D, k®) the completion of QYD) with

respect to (+|)ke. For r >0, let D, = {(z,0) € R~ :|z| <r 0] < r}. Here {z =

(215, 2n—1) € C"71 1 2| < r} means that {z € C" ! : 25| <r,j=1,--- ,n—1}.

Let F}, be the scaling map Fj(z,0) = (ﬁ, %) From now on, we assume k is sufficiently

large such that Fi(Diogr) € D. We define the scaled bundle F}'T*%9X on Doy to

be the bundle whose fiber at (z,6) € Digg is

/ z 0
FrT*%9X |, 0 = aje’ (==, =) :ay € C,|J| = q,J strictly increasin }
p |(.60) {ZlJl—q J <\/E k) J Tl =4q y g

(2.8)

We take the Hermitian metric (:|-) x on Fi'T**9X so that at each point (2, 6) € Diog,

e’ | —=, | :|J| = ¢, J strictly increasin 2.9
{e (S 7) #11 = 0.7 strictly increasing 29)
is an orthonormal frame for FyT*%9X on Dj,zi. Let FFQ%9(D,) denote the space
of smooth sections of FyT*%%X over D, and let F,ng’q(Dr) be the subspace of
FrQ%4(D,) whose elements have compact support in D,. Given f € Q%9(D). We
write f = EIJIZQ fse’. We define the scaled form Fy f € FyFQ%9(Diog ) by

/ z 0 z 0
Frf = ) el ). 2.10
ot Z(]_qu(ﬂ k) <¢E k) (2.10)
For brevity, we denote £} f by f(ﬁ, %) Let P be a partial differential operator of or-

2n—2
der one on F,(Diog 1) with C* coefficients. We write P = a(z,0) 2+ > a;(z,0) 5.
=1 ’

The scaled partial differential operator Py on Diegy is given by

2n—2
kaa 5+ Z Fkabj8 (2.11)
Let f € C*°(Fi(Diogk)). We can check that
1
Py (Frf) = —=F:(Pf). 2.12
w (FE f) 7k k(Pf) (2.12)

The scaled differential operator 9, (k) F,:Qo’q(Dlog k) — Y QO"“‘I(D]ng) is given by

Db, k) = nZl <f k>AU""(’“’ z_: (@rc;) <5E%)A<€J<%%>A>

) (2.13)
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VB =,
he (-|)p:, j=1,...,n— 1 That is,

o (Gt o) = e (Ged)) ),

for all w € FyT*%97 X, v € FyT**9X. From (2.13), Oy, (x) satisfies that

where (e (5, 8)A) + FyT"4X — FyT*0071X is the adjoint of ¢; (7, ¢ ) A with

respect to t

1

vk

Let ('|')kF}:<I> be the inner product on the space F,;*Qg’q(Dlogk) defined as follows:

Oy, Fi f = —=F(0sf). (2.14)

(fl9)erzo = / (flg)rze e (Fm)do(2)df. (2.15)

Diog &

Let

By 2 FLQO (Diogr) = FE Q% (Diog )

be the formal adjoint of 0y, () With respect to (‘| )kFye. Then we also have

- 1 —
0 Ff=—F;(0uf). 2.16
b, (k) Fre f T 5 (Ouf) (2.16)
We define now the scaled complex Laplacian Dlgq()k) D EY Qo’q(Dlogk) — F,:Qo’q(Dlogk)
which is given by
DZ()(,Z()k) = gb,(k)gb,(k) + 31;7(;6)51)7(@. (2.17)

Then (2.14) and (2.16) imply that

1

Oy i f = 3 (O, (2.18)

(
b,(k)

Similarly, as Proposition 2.3 in [12], Proposition 2.3 in [16], we have

PROPOSITION 2.2.

o .9 = o .. 0
(‘azj ~NEigg t thl “) (a— - Mﬂzﬂaeﬂ
n—1 *
z 0 z 0 0
+ € (—, ) A (et <, ) /\) <,le_¢ — 2’L'/\j5j7t> + e Py
Zl VE k VEk 00

jit=
(2.19)
on Diog ., where €y is a sequence tending to zero with k — 0o, Py is a second order

differential operator and all the derivatives of the coefficients of Py, are uniformly
bounded in k on Dig .
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Let U C Digg be an open set and let W,ng(I,(U7 Fr1*01X),s € Ng :== NU{0}

denote the sobolev space of order s of sections of FyT**9X over U with respect to
the weight kF;7®. The sobolev norm on this space is given by

li « N
||U||iF,:<b,s,U = Z ZIleq/ |08 gus|Pe™ 5P (Fim)do(z)d6  (2.20)
aeNZ" ! Jal<s v
where u =531 use” (. f) € Wing o0 FT00).

PROPOSITION 2.3. For every r > 0 with Dy, € Diogr, there exists a constant
Cy.s > 0 independent of k and the point p such that for all u € FFQY4(Diogy), we
have

HuHiF,j@,erl,DT

2
9 s+1 (2.21)
< Cr,s HuHiF;¢7D27' + |||:’l()(,1()k)u”iF1:q>vs’D2T T (89) “

kF;®,Da,

Proof. We can repeat the procedure of Kohn’s L? estimate with minor change
(see Theorem 8.4.2 in [7]) and conclude that

”u”iF,:{),erl,Dr

2
o\t (2.22)
< Crap | IulFrro,04 + 105 ullErr 06,0, + <69> u

kF;®,Ds,

for every u € F}} 00a (Diog &)- Since all the derivatives of the coefficients of the operator
Dlgq()k) are uniformly bounded in £, it is straightforward to see that C, s can be taken
to be independent of k and the point p. O

THEOREM 2.4. There is a constant Cy > 0 such that for all k and all x € X, we
have

k™I (x) < Co. (2.23)

Proof. For any = € X, we choose canonical local coordinates (z,6) defined in
Theorem 1.31 in a neighborhood D centered at x. Let s be a local rigid CR frame
of L over D. For uy € Hj .5(X, LF), Jugl,or = 1,up = G ® s¥ on D. Set dy :=
k=2 Fy (i) on Digg . Write

uy, = Z Uk TUR = MU m (2.24)
|m|<kd,meZ
which implies that
U= > g Tligm = imilg . (2.25)
|m|<ké,meZ

Then the scaling of @ given by

iy =k~ Y Fi(ikm) (2.26)
|m|<kd,meEZ
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satisfies
||ﬁ(k)||ing>,Dlogk = Hﬂk”i@,Fk(Dlogk) < ||ukH}2LLk =1 (2.27)
From (2.18) we have
O iy = 0 on Diog. (2.28)
By Proposition 2.3 and combining (2.27), (2.28) we have

Hﬂ(k)HiF;(p,s+17DT < Or,s(l + H(a )SJFIN HkF *P, D27) (2-29)

for any r > 0 with Da, € Djog . Since

0 ~ _n 0 */~ _n m\ z 60
oo =i X Rkt 5 () ().
|m|<kd,meZ |m|<kd,meZ
(2.30)
then
8>S+1~ n (im)sH~ ( z 9)
- U(k)Zk 2 Z —_ Ukm | —F=>7 | - (2.31)
(89 |m|<ké,meZ & vk k
Thus
2
a )S-‘rl B . o p 9 2
=) <6 k) Y K Pk (o .
H(89 kF}®,D, |m|<ks,meZ vk k kF;®, Doy
(2.32)
From (2.25), there is a function ay ,,(z) € C* such that
T (2,60) = tp.m(2)e™? on D. (2.33)
Since
N z 0\
ko> | P im <)
|m|<ké,mEZ vk k kE;®,Dar
2
< / k(1) ukm <i)’ e * ) m <Z> dv(z)do
Im|<ké D2 vk VE
< Z (4r)/ |ﬁk,m(2)|2efk<p(z)m(z)dv(z) (2.34)
|m\<k6 l21< 2%

S [ e Jye e 0P
\m|<k6 ||< 0] <e

4r 9 4r
< TS b € Dl < 2

|m|<ks
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where € > 0 is a small constant. From (2.34) and (2.32), we deduce that

8 s+1 2
H<39> U(r)

kF;®,D,

< Cr,57

where C,. , is a constant independent of k. Combining this with (2.29), there exists a
constant C}. ; > 0 independent of & such that

||ﬂ(k)||iF,:q>,s+1,DT < C:«.,y (2.35)

From (2.35) and Sobolev embedding theorem, there exists a constant C'(z) > 0 such
that for all k, we have k" |uy () }QLLk = |ak)(0)|* < C(). Since X is compact, we infer
that C" = sup{k‘"|uk(x)|im ik >0,z € X} < oco. Thus, for a local orthonormal
frame {e” : |J| = g, J strictly increasing} we have that sup{k™"S%,5 () 12 € X,k >
0} < Cp. From Lemma 2.1, we get the conclusion of Theorem 2.4. O

2.2. The Heisenberg guoup H,. We identify R?*~! with the Heisenberg
gruop H, := C" ! x R. We also write (z,0) to denote the coordinates of H,,

Z:(Zl,"',Zn,1>,9€R,Zj:I2j71+Z..TE2j,j:1,"',n—l. Then
0 N 0 .
{Uj,HHZ(?—ZjJerZj%;J:L---,n—l} (2.36)
and

{Uj7Hn7Uj7Hn7T: %7] = 17 ,n— 1}

are local frames for the bundles of T1°H,, and CTH,,. Then

n—1
dzj,dz;,wo = —df + Z(z/\ﬁ]dzj - z/\,zjdfj) ry=1,---,n—-1 (237)

j=1

is the basis of CT™* H,, which are dual to {U; u,,U; u,,—T}. Let (-|-) be the Hermi-
tian metric defined on T*%9H,, such that {dz’ : |J| = ¢; J strictly increasing} is an
orthonormal frame of T*%9H,,. Let

n—1

Oy, = Z dz; NUj g, : QV1(H,) — Q"7 () (2.38)
j=1
n—1
be the Cauchy-Riemann operator defined on H,. Put ®y(z) = WjtZi% €
Jit=1

C>™(H,,R). Let (-|-)a, be the inner product on Q9¢(H,,) with respect to the weight
function ®¢(z) defined as follows:

(f]9)s0 = / (flgye " dv(z)db (2.39)

n

where dv(z) = 2" dz; - - - dxa,_o. We denote by || - ||o, the norm on QY?(H,, ®q)
induced by the inner product (-|-)g,. Let us denote by L?O 0 (Hy, ®g) the completion
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of Q)(H,) with respect to the norm || - ||a,. Let BZ ZO 00t (H,) — QY%9(H,) be

the formal adjoint of 9y z, respect to (+|-)a,. The Kohn Laplacian on H, is given by

08, =By, Dy a1, + Oyt Ot = QO9(Hy) — QV(H,,). (2.40)
We pause and introduce some notations. Choose x(0) € C§° ( ) so that x(0) =1
when 0] < 1 and x(f) = 0 when |[f] > 2 and set x;(0) = ( ),7 € N. For any

u(z,0) € Q%9(H,,) with [julls, < co. Let
i(z,m) = / u(z,0)x;(0)e""do € Q"1(H,),j =1,2,.... (2.41)
R

From Parseval’s formula, {@;(z,7)} is a cauchy sequence in Lﬁqu)(Hn,fIJO). Thus

there is 4(z,n) € L%O,q) (Hp, ®o) such that 4;(z,n) — a(z,n) in L%Qq)(Hn,(i)o). We
call 4(z,n) the partial Fourier transform of u(z, #) with respect to 6. From Parseval’s

formula, we can check that

/ i(z,n)|* e~ PP dv(2)dn = 27 / lu(z,0)° e~ 2@ du(z)de. (2.42)
H, Hy
Let s € Lf ) (Hn, ®o). Assume that [ls(z,m)|*dn < 0o and [|s(z,n)|dn < oo for all

z € C"~!. Then, from Parseval’s formula, we can check that

/ / (a(zm) | 5(2,m) Y~ PO dnd(2)
(2.43)

= //(u(2,9)| /ew”s(z,n)dn)ef%(z)dﬁdv(z).

2.3. Proof of Theorem 1.26. Now we can prove the second part of Theorem
1.26.

THEOREM 2.5.

k—o00

limsup k"I 5 (z) < (27r)_"/ |det(RE + 2sL,)|ds (2.44)
Ry,q M[=6,9]

forall x € X.

Proof. Fix x € X and let s be a rigid CR frame of L on an open neighborhood D
of z and |s|?, = e~®. We take canonical local coordinates (z,0), z; = waj_1 +izaj,j =
1,---,n — 1 defined in Theorem 1.31 such that wy(x) = —db, (z(z),0(z)) = 0, and
(2.4), (2.5), (2.6) hold . Until further notice, we work with canonical coordinates
(z,0) defined on an open neighbourhood D of x and we identify D with some open
set in R?"~1. We will use the same notations as in section 2.1. Fix |J| = ¢, J is
strictly increasing. First, from definition of extremal function, there exists a sequence
ay, € HZ,SkaS(X7 ij)7 0 < ki < ko < ---, such that ||akj”l21ij =1 and

lim & |Oékj)J($)|iL k, =limsup k"S5 5 (2) (2.45)

J—oo k—o00

where ay;, s is the component of ay, along the direction e’. Put ag;, = Qg; @ sk
ag; € 0%9(D). We will always use ag, to denote dy; if there is no misunderstanding,
then

ag,) = k; 2 Fy (o) € F Q% (Diogi,)- (2.46)
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It is easy to see that for every j,
( _
”a(kj)ijF;:j @, Diog 1 <1, Db?(kj)a(kj) =0. (247)

Moreover, we can repeat the procedure in the proof of Theorem 2.4 and obtain that
for every r > 0 and s € Ny there is a C;. 5 independent of k; such that

0

H(ag)”lawn < Crs, V5. (248)

k; Fy; @D,

From (2.47), (2.48) and Proposition 2.3, we can repeat the same argument in Theorem
2.9 of [16] and conclude that there is a subsequence {a(kSI),a(kS2), oy of {ag)
0 < ks, <ks, <---,such that a(,, ) converges uniformly with all derivatives on any

compact subset of H,, to a smooth form u = ZTJ\:‘I uydz’ € QV1(H,) as t — oo.
Thus,

limsup k™" S%,; ;(z) < lus (0)] . (2.49)

k—o00

Moreover, (2.47) implies that u satisfies
lulle, <1, O u=0. (2.50)

Then we will need
LEMMA 2.6. With the notations above, i(z,n) =0 in L%o,q) (Hp, o) when |n| > 0.

Proof. To prove @(z,n7) = 0 when |n| > §, we only need to show that for any
o(z,m) € Cg°(C" ! x {n € R: |n| > 6}) and |J| = g, J is strictly increasing, we have

/ s (z,m)e(z,n)e” 0 du(z)dn = 0. (2.51)

n

We assume that suppy € {z € C" ! : |2] < 1o} x {n € R : |n| > §}. Here,
{z € C" ' |z] < ro} means that {z € C"1: |z < rg,j = 1,---,n — 1}. Choose
X € C°(R) such that y = 1 when |0] < 1 and suppy € {# € R : || < 2}. From
(2.43), we have

o [ st etz me " du(z)dy
21 H,
= / uy(z,0)p(z,0)e 2 du(2)do (2.52)

n

= lim uy(z,0)p(z, H)eféo(z)x(g)dv(z)d&

r—00 H'n.

where ¢(z,0) := % fR ey (z,n)dn is the inverse Fourier transform of ¢(z,7) respect
ton. For simplicity, we may assume that o) converges uniformly with all derivatives

on any compact subset of H, to u as j — oo. Note that oy, € Q%Zjé(X, L¥). For
each j, on D, we can write

ak,=s"® Y Gk, Gkm €Q%(D), Ym€Z, |m| < k;d,
meZ,lm|<k;d
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and for each m € Z, |m| < k;0, we can write

!
Ak om = Z akj,m,(](zae)e‘](z)a
|71=q

Qkjom,J = dkj)m7j(2)eim0, Gy m,a(2) € C®(D), Y|J| = q, J is strictly increasing.

When r is fixed, by dominated convergence theorem
; —d(2), Y
uy(z,0)p(z,0)e” "% x(=)dv(z)db
H, T

= / . Oékj,m J <\/ZE eikﬂj9¢(279)x (g) e—%(z)dv(z)cw

\m|<k 1)

z img 0
= 1 T2k m %7 p(z, 0 — ) e G dy(2)de.
m Y [ [kt ( E)e et (2) )

\m|<k 5
(2.53)

Since supp p(z,m) € {z € C" 11 |z| <o} x {§ € R: || > 6} and |%| < J, we have

/ kjgdkpm,J( - )eikﬂjesb(zue) TPl )dv( )do

ik N (2.54)
_n z m, _g (s
= Z k; 2 Gy m,a Pz, ——)e ®o(2) gy (z) = 0.
ml<k;o  Hn Vi b

By (2.54)

hm / 7ak mJ < z ) ei’“ﬂjggé(zﬁ)x <Q> efq)"(z)dv(z)dH
\m\<k 57 1zI<T0 VK r

= hm /
[z|<rg

\m\<k ;5

Now,

_ﬂ img 0 —d(2)
e J7m J ki 90(279) (X <_) - 1) € 0 d’U(Z)d9
|m|<k; 5/<T0/ (Vk ) "
/ / kj - Ok;m, g ( - >| 3z, 0) e PP dv(z)do.
[z|<r0o

\m|<k 6

(2.56)
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By Holder inequality, we have
_n z
k2| m,g (—) | 1p(z, 0)[e” " F)dv(z)db
/|z|<ro /92r ’ Vk;
2
z
< / / k"G 2. (2, 0)]e P du(z)do (2.57)
( l<re Jiopzr VE;j
%
X (/ / |¢(z,9)|e%(z)dv(z)d9> .
|2 <o o/ |6]>r

Since supp ¢(z,1) € {z € C" 1 : 2] <rg} x R, we have

1
sup [@(z,0)| < Cry 15V 0] >> 1 (2.58)
‘Z‘S’r‘o | |

for some p > 3,p € Z and constant C,, > 0. Combining (2.57) and (2.58),we have

ko ®
/|z|<ro /e>r !
. 2
z
< Cry—— / k" o m,g | ——= ef%(z)dv(z)
OT‘p 1 I2|<ro J /kj
. 2
<! / k™ | m 2] eTHE2E (B (2
< | [ k"o, ( - (i me(2)

<! L i
- Togpp-l ro k;
l21< = M

for  >> 1, where C,,, > 0 and C;, > 0 are constants. Then from (2.59) and Cauchy-
Schwartz inequality,

1o} L a2 e,qm(z) o(~
/<m /9>T kim,J <\/E>’ |p(2,0)] dv(z)db

<Ol —6 Z / |€ij_’m’J(Z)|26_qu>(z)m(2)d’0(z)

’I"[)pl

z
Ok, m —— |- 13z, 0) e~ P au(2)db
9 (W)‘ [Pz, Ol d(2)

(S

[SE

(2.59)

N

|Gy m, 7 (2)) 2 H2Em(2)dv(2) |,

[m|<k;d

im<k;6 7121
2
1 Vs

<Cl o= / Gk, ot (2, 0)[2e ™ () du () do

orp=l./2¢ Im§j6 ||<\/_\9\<

2

<o ! V5 S lawymll?, | <G \fHak 12 1 ﬁ'

o e \ 2 e | = G s s < Gt o

(2.60)
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From (2.53), (2.55), (2.56) and (2.60), we get

‘/ wy(z,0)@ ze)*%)(o) dv(z)df| < C )

T e (2.61)

Letting » — oo, we get the conclusion of Lemma 2.6. O

We pause and introduce some notations. For fixed n € R, put &,(z) =

-2 Z Azl + Z wiiZiz. We take the Hermitian metric (-|-) on the bundle
7,t=1

T*O’q(C" L of (0,q) forms on C"~! so that {dz’;|J| = ¢, J strictly increasing} is an

orthonormal frame. We also let Q%9(C"~!) denote the space of smooth sections of

T*0:4C"=1 over C* ! and let Q09(C"1) be the subspace of Q%4(C"~!) whose ele-

ments have compact support in C* . Let (- |-)g, be the inner product on Q1)

defined by

(f] g){),, = /;nl< ' g>efq>ﬂ(z)dv(z) . f.ge Qgﬁq(cn—l) ,

where dv(z) = 2" tdx1dxg - - - dra,_o, and let ||, denote the corresponding norm.

Let us denote by L%O,q) (C*=1,®,)) the completion of Q/(C"~') with respect to the
norm | - ||, . Let

09 =9"""9+00""" - Qa(C ) — Qoi(CY)

be the complex Laplacian with respect to (-|-)s,, where 7" is the formal adjoint

of & with respect to (-|-)as,. Let B(q) L2O @ (C=4®,) — Kenglj be the Bergman

projection and B<(1>qn) (z,w) be the d1str1but10n kernel of B((an) with respect to (- |- )a, (see
section 3.2 in [16]). Let Mg, : T2°C"~t — THOC" ! 2z € C"! be the linear map
defined by

(Mg, U|V) = 00®,(U,V),U,V € T}°C* .
Put
Ry ={n € R: My, has exactly ¢ negative eigenvalues

and n — 1 — ¢ positive eigenvalues}.

The following lemma is well known(see Berman [3], Hsiao and Marinescu [16], Ma
and Marinescu [18] ).

LEMMA 2.7. Ifn ¢ Ry, then Bé‘i?(z,z) =0 for all z € C"71. If n € Ry, then

Z;JI (B (z,2)dz’ |d=”) = ¢®) (2m) ™"+ | det Ma, | - 1z, (1) (2.62)
=q

The following is also well-known.

LEMMA 2.8 (See Theorem 3.1 and Lemma 3.5 in [16]). For almost all n € R,
i(z,m) € QM(C"Y), feums [z, n)[* e0E)dv(2) < 00 and

n—1

s (22 < exp ('3 Nyl 2B (2, 2)dz” a2 / (7)) dv (),

j 1 Cn—1
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for every strictly increasing index J, |J| = q.
Now, we can prove
PROPOSITION 2.9. For every |J| = q, J is strictly increasing, we have

1

us(0,0) = / ti.7(0,n)dn.
2 nER,|n|<s

Proof. Let x € C§°(R), [pxdd =1, x > 0 and x. € Cg°(R), x-(0) = 1x(%).
Then, x. — dp, € — 07 in the sense of distributions. Let y. := fe_i‘g")(a(ﬁ)dﬁ be
the Fourier transform of x.. We can check that |x.(n)| < 1 for all n € R, x.(n) =
x(en) and lim. 0 X<(n) = lim._o Y(en) = Y(0) = 1. Let ¢ € C§*(C™!) such that

Jen-r0( )dv(Z) =19 >0 p(z) = 0if [z] > L Put gj(2) = 7> >p(jz)e®,
j=1,2,.... Then, for J is strictly increasing, |J| = ¢, we have

uy(0,0) = lim lim (u(z,0) | xe(0)g;(2)dz” Ye~ & du(z)db. (2.63)

j—0o0 e—=0t H,

From (2.43), we see that

/ / (u(z,0) | xe (0)g;(2)dz” Y~ ® ) du(z)do

1 (2.64)
= 5 [ [t | i)z ye D dnnte),
From Lemma 2.6, it is not difficult to check that for every j and every € > 0,
[t 5tng i’ e Oy
(2.65)

/ / ) [Kelgs (= e~ n(z)

From Lemma 2.8, (2.65), we can apply Lebesque dominated convergence theorem and
conclude that

lim / / (82, 1) | Re(m)g (2)d7" Yo 0@ dndu(2)

e—0t

(2.66)
-/ IO )
From (2.64) and (2.66), (2.63) becomes
w00 = Jim o f[ (it lg =) anntz). @60

Put fi(n) = o= [(a(z,n)]g;(2)dz’ e~ ®oF)dv(z). Since a(z,n) € Q*9(C"1) for al-
most all n, we have lim; o f;(n) = 1 —17(0,7) almost everywhere. Now, for almost
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every 1 € R,

|fi(n)] =

[ i |22 i)
([, fCnfe®0m2ae) ([ gk e n)
(], ﬂ<§m>\2~°wdv<z>>

n—1 ¢
<Cz(/ 2N T |3
lz|<1

x (/cc . [u(w, )| ei%(w)dv(w)) (here we used Lemma 2.8)

<ol [ il e )

[N

(2.68)

where C1, Csy, C5 are positive constants. From this and the Lebesgue dominated con-
vergence theorem, we conclude that

. . L[
w©0 =l [ fdn= [ i i =, [ w00
In|<s | <5 77° 0

a
Now we turn to our situation. Fix |J| = ¢, J is strictly increasing. By Proposi-
tion 2.9, Lemma 2.8 and notice that (see (2.42))

/ [i(w, )2 duv(w)dn < /|ﬁ(w,n)lze’%(w)dv(w)dn < or,
[n|<é

we have
1 A~
w001 = 5| [ sy
T nl<s
S e e e e du(uw)t
L an
’7|<5 f(cn L |26_%( )dv(w))§
iy (0,m)[? :
S dn
< ml<s Jen— la(w,m)[2e= P du(w)
< n)|%e ‘I’°<W>dv(w)dn>
77\<6
P B(Q) 0,0)dz”|dz”) ) Jon s [(w, ) 2e ~20(w) gy (w )dn 3
- ’7‘<5 fccnfl [i(w,n)[2e=Po(@)dv(w)
<

ﬁ\

< (B (0,0)dz"|dz’ >d77>
In|<s
(2.69)
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Combining (2.49) and (2.69), we have
1 _
limsupk™"SZ5 ;(p) < 2—/n<6<Béq3(0,0)d2‘]|dzJ>dn. (2.70)

k—o00

Then Lemma 2.1, Lemma 2.7 and (2.70) imply that

hinsupk ML s (2 )S /<5ZJ . 0 ,0)dz” |dz")dn
— 00 7]
1
< — det Mg | -1 d
X (271)
S |deth>n|d77
2m)™ Jr,n(=s.9]
1
< (27r)"/R , M]|det(7z5+2scp)|ds.

Thus we get the conclusion of Theorem 2.5. 00

3. Strong Morse inequalities on CR manifolds with S! action. In this
section, we will establish the strong Morse inequalities on compact CR manifolds with
St action. Following the same argument as in Proposition 3.8, Proposition 3.9 in [16]
and by some minor change we have

PROPOSITION 3.1. There exists u € Q%9(H,,) such that

O3, 0= 0. ulla = 1. (3.1)
(0, 0)[2 = (27)~" / | det My, |dn, (3.2)
RyM[—6,3]
and
(z,m) = 0 when |n| > 4. (3.3)

Proof. Since some notations have been changed from Proposition 3.8 and 3.9 in
[16], we will outline the proof here for the convenient of readers. For any n € R,
we can find a unitary matrix (a;;(1))1<i,j<n—1 such that z;(n) = Z?;:ll a;;(n)z; and

D, (2) = Z?;ll v;(n)|z;(n)|?, where v;(n),j = 1,--- ,n—1 are the eigenvalues of Mg, .

If n € Ry, we assume v1(n) < 0,--- ,v4(n) < 0,v441(n) >0, ,v,-1(n) > 0. Put

a(z,n) = Co| det My, [1g, (s, (n) exp Z’UJ )zi(n WP dzi(n) A - dzq(n), (3.4)

1
2

where Cy = (2m)~ (fR 5.6 | det Mo, |d77) . Then nga(z,n) = 0. Moreover,

we have

[ latmPe )
Crn—1
—1 (3.5)
=27 </ |det M<Dn|d77> |det Mq>n| . 1Rqﬂ[—5,t5] (77)
R,N[—6,0]
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Set

n—1

1 .
u(z,0) = Py /Rexp (z6‘n +n Z )\j|zj|2>a(z, n)dn € Q%4(H,). (3.6)

Jj=1

Using Lemma 3.2 in [16], we can check that u(z, §) satifies the properties in Proposition
3.1.0

We will use the same notation as in section 2.1. Fix x € X,¢g, choose canonical
local coordinates (z,6) near z such that x <» 0, D = {(2,0) € C""! xR : |2] <
1,10] < m}. It should be noticed that since z € X,oq, 0 can be defined on || < 7.
Choose two cut-off functions y € C§°(C" 1), 7 € C§°(R) in such that x(z) = 1
when [z| < 1, x(2) = 0 when || > 1 and 7(0) = 1,|0| < 1;7(0) = 0,]0] > 1.

Let u be given as in Proposition 3.1. Put xx(z) = x(Z7), 7(0) = T(logk). Put
= xr(Vkz)7 (k0) ZTJ‘:un(\/Ez,kH)eJ(z) € Q%9(X). Then suppuy € D%.

Write ay = k2 uy(z,0) @ s € Q09(X, L*). Then

JanlZe = k" [ O un(z0)Pdox
X
/e R\ 2 (VEz) 12 (k0)|u(VEz, k0) > dvx

X
/ N~ e F®EN2 (V)72 (k0) |u(VEz, k0)|*m(2)dv(z)d6
ogk, <logk
— —k®(Z) 2 z
= e "TVEIXE ()T (0) uz, 0)[Pm(—=) du(z)df,
/Dlogk i \/E
(3.7)
where m(z)dv(z)df = dvx on D. Then
i a2 = [ e O ul,0)Pdv(a)a0 = 1. 8)

n

Second,

E"ar (0, 0)[2, = [u(0,0)? = (27r)_"/ |det(RE + 25L,)|ds.  (3.9)
Ro,oM[—6,3]

Third, from Dg}{ u = 0, it is easy to see that there exists a sequence p; > 0,
independent of p and tending to zero such that

1
(EDg?,zak\ak) < Uk- (3.10)
%
Moreover, for every j € N,
((%Dg‘fz)jaﬂak)w 0 as k — oo (3.11)
THEOREM 3.2. Set By = Fspop == Y. Qrm, Takm = (im)akm,m. Then we

|m[<ks
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will have
(1) Br € QLT,(X, L9), Tim [|Bill7,0 =1,

(2) lim k~"(Bk(x)]? e = (27r)_"/ | det(RY + 2sL,)|ds,
k—o0 Ra,qN[—6,0]

! (3.12)

(3) (Emf,?;ﬁkm) <

nLk

(4) ((%Dé?,i)jﬁk\ﬁk)w 0 ask— o0, Vj €N.

We postpone the proof of Theorem 3.2 until the end of this section.

PROPOSITION 3.3. Let v, > 0 be any sequence with limy_, o “—: =0. Then

v

liminf k"%, 5 ., (z) > (27) 7" / |det(RE + 2sL,)|ds, Vo € Xyeg-
- Rz, qN[—0,4]

k—o0
(3.13)
Proof. We will follow the argument of proposition 5.1 in [16] to prove this
proposition. Let Hg,<k6.,>k'uk (X, L*) denote the space spanned by the eigenforms

of Dl(f,z restricting to Q%ZJ(X, Lk) whose eigenvalues are > kvy. Fix © € X,og and
let Bx be defined as in Theorem 3.2. S = B} + 7, where 8} € HL, 5 ., (X,LF),

Bi € HL 15 > kv, (X, LF). Here the closure of H, s, (X, L¥) is under the Qp-norm
defined in Proposition 5.1 [16]. Then

1 1 j
IBRNZ o = (BRIB) ek < m@éﬂiﬁilﬁi)hm < kf%@é‘féﬁuﬁmm < o 0.
(3.14)
Since klim 1Bell,ox =1, we get klim 8L, x = 1. Now, we claim that
— 00 — 00
Jim k5 (@)f2, = 0. (3.15)

On D with canonical local coordinates (z,60), z <> 0 and ®(0) = 0, we write 87 =
kzal ® sk, af € Q%(D). Then

Jim £ GO)2, = lim [od (0) (316)

By Proposition 2.3, we have

|[Fia} (0)]* < Coyr <||F,:ai|iF;¢,Dw + 082 B0t 2 e 0.m, D

(3.17)
6 n
+ H (—) Frad .
90 kF}®,Ds,
From the proof of Theorem 2.4, we see that
8 n
=5 ) Frod < ClBRN o (3.18)
00 h
kF}®,Da,
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where C' > 0 is a constant which does not depend on k. Moreover, from (4) in
Theorem 3.2,

n+1 2

”Dl(J?leljaiHiF,:,n,D% <G Z
m=1
n+1

Sclz

m=1

1 m
(ED%> B

1 m
(ED%) Br

where C; > 0 is a constant independent of k. Combining (3.14), (3.16), (3.17), (3.18)
and (3.19), we get that

hLF
2
— 0,

hLF

Tim k7 B2(0)2, = lim [aZ(0) = 0. (3.20)

Then
: —n|pal 2 I T —-n 2
(3.21)
= (27r)_"/ | det(RE + 2sL,)|ds.
Ry, qN[—3,6]
Now,
Bl T 2
ETL 5 g () > k*“% — (2@*“/ | det(RE4-25L,)|ds. (3.22)
—hh =R HﬁthLk Ry oN[—6,0]

The Proposition follows. O

From a simple modification of the proofs of Theorem 2.4 and Theorem 1.26, we
get the following proposition

PRrOPOSITION 3.4. Let vy > 0 be any sequence with v, — 0, as k — oco. Then
there is a constant C}, > 0 independent of k such that k="IIZ, <k, (7) S Ch, VT € X,
and o

limsup k™" 5, () < (27‘1’)7”/]R . |det(RE + 2sL,)|ds. (3.23)

k—o0

Combining Proposition 3.3 and Proposition 3.4, we get the conclusion of Theorem
1.28.

Proof of Theorem 3.2. We will use the same notations as in Theorem 3.2. Note

that || S]] > Nakml? k< [lawll?,«. On canonical local coordinates D =

2 _
Lk T
" || <ké
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{(2,0) : |z| <m0 <mj=1,---,n—1}, agm can be expressed as following:
1 /7 . .
agom(z,0) = — ag(z, t)e ™Mt dte™?
2m J_

1 . (7 . )
= —kf/ up(z,t)e” ™ dte™? @ sk

27 .

_kQ Z / Xk \/_Z Tk(kt)uJ(\/_Z kt) —lmtdt im@ J( )® k

[J]=q"
\[z )7k (kt)e —i(m— k")tdtdne"”e sk
47T2 / /n|<5
1 logk\ logk :
= 2k7/ xe(Vk2)a(Vkz,m)7 ((m—lm) o8 ) o8 dne™? @ s*.
dm [n|<s k k
(3.24)

Assume that |m| > kd. Then |m — kn| # 0, for all || < §. There exists a constant
C > 0 independent of k such that

. log k C k3
# (m— )‘S P (log FP” (3:25)

By Hoélder inequality

1
U \/Ez,n ——dn
e P
(3.26)

Note that

</'”'§5 m“) - \/157: q(m —1/«5)5 - (m+1k<5)5Dé ' (3:21)

From (3.24), (3.25), (3.26) and (3.27), we have

=

(log k)2v/5k

1 1 3
x (m—k5)5_(m+k5)5} '

O < Sk (VE) b 1(VEz,m)[2d
@t (2 Ol pr < gk xa(VE2) : (V=)
d Inl<é

(3.28)
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Let 0 <e < % be a small constant. Since

N[

[ 1 1
2. (m —ké)®> (m—f—k&)f’}

Iml>kd+ o yrre 1

—_
[ —
[SIES

1
= 2 —
Zk m—k8)°  (m+ ko)
1n>}795-|-7(10g JTFE +1 -

= T low

k L
m>k5+m+1

(3.29)

o

e 1 4
§2 —st':g

k
(log k)1t

we have
‘ Z apm(z,0) Lk
mp;«nﬁﬂ
O n k:2 1 ( gk)%(lJrE k<1>(z / 2
< k2 xp(Vkz W(Vkz,n)>d
= 3.2 Xk( )( )2\/5*]{: k% \n\§5| ( 77)| 1
%
< Ok (Vkz) ———— Vkz,n)2dn |
(log n\<5
(3.30)
where C; > 0 is a constant independent of k. Let ~k(z,0) =
> ag,m(2,0). Then
\m|>k5+w+l

n 1 - z ~
|7k(2,9)|]21Lk < Clk X%(\/EZ)WG ke ( )‘/|n|<6 |u(\/E2777)|2d77 (331)

For any M > 0,

/ / 1k (2,0)]7 m(2)do(z)do
\ \<1°g’“ lo|<
e " a(z n)|*m = )dv(z)do.
1ogk /<logk/n|<6 [z, m)l (\/E) (2)

Letting £ — oo, we have

(3.32)

lim / / | vk (2, 0)] thm( z)dv(z)df = 0. (3.33)
el tosk Jig <t

k—o0
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On the other hand,

1 » o (2
|tkm (2, 0) v < —kf/ / V)T (kt) a(Viz, n)|dtdne "5
’ 27 \<5
< pt / (VB2 ldnxe(VE2) 258 dne*%2
S50 <5 » AN Xk k n (3.34)
%
» (logk — k(2
<ont (ER) ([ B mPay) dno et
k In|<é
where C' > 0 is a constant independent of k. Let o, = > akem(2,0).
k5<\m|gk6+W
Then
1
log k k n R 9 —kD(z)
ok ler < == gy ® (/nga [a(VEz,n)| dn) Xk(Vkz)e ™ 2
K (3.35)
Compet ([ R man ) xu(Vhge 5
< ) k :
(log k)e In|<é
From (3.35), we can check that
lim log[*m(2)dv(z) =0, VM > 0. (3.36)
oo Jiz <togk o1 <y
NG k
Write o, = Bi + Yk + ok. Here, B, = > agm. Then
mI<ko
/ |ﬁk|imm(z)dv(z)d6‘
|2l < 18k Joj <3t
(3.37)
= / lag — v — Uk|iLk m(z)dv(z)db.
|| < o2k Jo| <L
Since
lim |a;€|iw m(z)dv(z)db
oo Jlzj<igt Jo1< i
k (3.38)
= / lu(z, 0))%e= %) du(2)do
Crn—1x{0eR:|0|<M}
and [[ul|? = 1, for any € > 0, we can choose a constant M > 0 such that
/ lu(z,0)2e 2@ du(2)dd > 1 — . (3.39)
Cn—1x{0eR:|0|<M}

From (3.33), (3.36), (3.37), (3.38) and (3.39), we deduce that

hmlnf ||[3k||th > hm |Bk|iLk m(z)dv(z)dd > 1 —¢€, Ye>0. (3.40)

losk |g)< M
l2| <255 101< 4
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Thus,

tim nf [} B2, 2 1
On the other hand, HﬁkHiLk < ||ak|\iLk < 1, then we have

Jim 542, =1 (3.41)

Proof of (2) in Theorem 3.2. Recall that o, = 8 + v, + o). From (3.31), we have

1
0.0 < O [ fa(0.0) P (3.42)
W= (log k) <o
Then
Jim k" (0,02, = 0. (3.43)

From (3.35), we have

E~"or(0,0),, < 1(0,n)|2dn———s=. 3.44
00 < 100 4
Then

Jim k™"o%(0,0)[2 1 = 0. (3.45)

Combining (3.9), (3.43) and (3.45) we get the conclusion of the second part of Theorem
3.2.

Proof of (3) in Theorem 3.2. 8, = Fspax. Since o = Fspap + (I — Fsp)oy,.
Since Dl(f,zFé(fQ =F 6(3351(;?117 then

Dl(f,zak = Dl(y?le&kO‘k + (I — Fg}k)DgiJzOzk (3.46)
and
L@ L@ L@
EDb,kB’C'ﬁ’f L= EDb,kalezs,kak L= Fé,kEDbykaﬂFé,kak .
h n M (3.47)

1
< (kﬂlﬁ?ﬁaklak) < pg.

nLk

for some puy tending to zero. Similarly, we can repeat the procedure above and get
(4) in Theorem 3.2. Thus, we get the conclusion of Theorem of 3.2. O

4. Examples. In this section, some examples are collected. The aim is to illus-
trate the main results in some simple situations.

4.1. CR manifolds in projective spaces. We consider CPV~1, N > 3. Let
[2] = [z1,. ., 2xn] be the homogeneous coordinates of CPY 1. Put

X::{[zl,...,ZN]E(CJP’N_I;/\1|21|2+"'+/\m|Zm|2+"'+/\N|ZN|2:0}7
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where m € Nand A\; € R j = 1,...,N. We assume that \y < 0,...,\,, <0,
Amg1 > 0, Amp2 > 0,..., Ay > 0. Then X is a compact CR manifold of dimension
2(N —1) — 1 with CR structure 710X := THOCPN ! CTX. X admits a S! action:

Stx X = X,
i0 0 i0 0
e O[Zl,...,Zm,Zm+1,...,ZN]—>[8 Rly---5€ Zm,2m+1,...,ZN], E[_ﬂ-vw)'

(4.1)

Since (z1,...,2m) # 0 on X, this S! action is well-defined. Moreover, it is straight-
forward to check that this S* action is CR and transversal. Let T be the global vector
field induced by the S* action.

Let E — CPN~! be the hyperplane line bundle with respect to the Fubini-Study
metric. For j =1,2,...,N, put W; = {[21,...,ZN] € CPN—1; 2, # O}. Then, FE is
trivial on Wj, 7 =1,..., N, and we can find local trivializing section e; of £ on Wj,
j=1,...,N, such that for every j,t =1,..., N,

e;(z) = z—iet(z) on Wy(\We, 2= [z,....2n] € Wi (| We. (4.2)
Consider L := E|x. Then, L is a CR line bundle over (X,T1%X). It is easy to see
that X can be covered with open sets U; := Wj|x, j = 1,2,...,m, with trivializing
sections s; :=e;|x, j = 1,2,...,m, such that the corresponding transition functions
are rigid CR functions. Thus, L is a rigid CR line bundle over (X, T*°X). Let h* be
the Hermitian fiber metric on L given by

\z1\2+---+\zN\2)
LN i 2

2]

7log(

|sj(zl,...,zN)|iL =e ji=1,...,m.

It is not difficult to check that h” is well-defined and h” is a rigid positive CR line
bundle. From this and Theorem 1.7, we conclude that L is a big line bundle over X.

4.2. Compact Heisenberg groups. Let Ar,..., A,—1 be given non-zero inte-
gers. Let €H,, = (C"1 x R)/., where (z,t) ~ (Z,1) if

Z—z=(1,...,0n 1) €EV2rZ"F +iV2rZ" 1,
n—1

Z— t—1 Z /\j (Zjaj — Ejaj) € 2n7.
j=1

We can check that ~ is an equivalence relation and € H,, is a compact manifold of
dimension 2n — 1. The equivalence class of (z,t) € C"~! x R is denoted by [(z,1)].
For a given point p = [(z,t)], we define T,)°¢ H,, to be the space spanned by

{3 +iNzg, j=1,....n—1}.

It is easy to see that the definition above is independent of the choice of a repre-
sentative (z,t) for [(z,t)]. Moreover, we can check that T*Y¢ H,, is a CR structure.
€ H,, admits the natural S* action: e o [2,t] — [z, + 6], 0 < 0 < 27. Let T be the
global vector field induced by this S* action. We can check that this S* action is CR
and transversal and T' = %. We take a Hermitian metric (-|-) on the complexified

tangent bundle CT'¢ H,, such that

9 Nz, 0 0 N, 0 0. __ _
{BTJ_—FZ)\JZJat,an iNiZjgrs 53 =1,...,m 1}
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is an orthonormal basis. The dual basis of the complexified cotangent bundle is
{de y dEj , Wo = —dt + Z;L;II(ZAJEJCZZJ - Z.)\ijdEj);j = 1, e, — 1} .

The Levi form £, of €H,, at p € € H, is given by L, = Z;:ll Ajdz; N dz;.
Now, we construct a rigid CR line bundle L over ¢ H,,. Let L = (C" ! xRxC)/=
where (z,60,n) = (2,0,7) if

(2,0) ~ (2,0),
n—1 1
n = nexp( Z pt (2500 + 5043‘515)),
Jit=1
where a = (a1,...,an-1) =2 — 2, ftj+ = fej, j,t =1,...,n — 1, are given integers.

We can check that = is an equivalence relation and L is a rigid CR line bundle over
¢ H,. For (z,0,n7) € C"1 x R x C, we denote [(z,0,n)] its equivalence class. It is
straightforward to see that the pointwise norm

2 2 -1 _
(2,0, )], == Inl" exp (= 202y mjezze)
is well defined. In local coordinates (z,6,7), the weight function of this metric is
n—1
b= Hjrzz
J,t=1

Thus, L is a rigid CR line bundle over € H,, with rigid Hermitian metric h”. Note
that

Dp =01 dz; A (5% —iNzidg), O = ST dz A (2% +iNZip)-
Thus d(0p¢p — ) = 2 Z?t;ll wjedzj A\ dz; and for any p € € H,,

n—1

,R,;g = Z ,ujytde A dEt.

Jit=1
From this and Theorem 1.7, we conclude that

THEOREM 4.1. If (ujﬁt)?;l

_, 18 positive definite, then L is a big line bundle on
CH,.

4.3. Holomorphic line bundles over a complex torus. Let
T, :=C"/(V2rZ" + iV2rZ")

be the flat torus. Let A = ()‘J'=t)?t:17 where A\j; = A, j,t = 1,...,n, are given
integers. Let Ly be the holomorphic line bundle over T,, with curvature the (1, 1)-form

O = X711 Njedzj A dZp. More precisely, Ly := (C" x C)/~, where (2,0) ~ (%,0) if

Z—z=(a1,...,ap) € V2Z" +iV21L" 0 = exp (Z;tzl (2@ + %ozjat ))9
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We can check that ~ is an equivalence relation and L) is a holomorphic line bundle
over T;,. For [(z,0)] € Ly we define the Hermitian metric by

2 n —
|[(z, O] = 101" exp(= 327,y AjezZe)

and it is easy to see that this definition is independent of the choice of a representative
(2,0) of [(z,0)]. We denote by ¢x(z) the weight of this Hermitian fiber metric. Note
that (95¢)\ = 0O,.

Let L} be the dual bundle of Ly and let || - HLK be the norm of L} induced by the
Hermitian fiber metric on Ly. Consider the compact CR manifold of dimension 2n+1:

X ={v e L5: |v|. = 1}; thisis the boundary of the Grauert tube associated to L.
A L A

The manifold X is equipped with a natural S'-action. Locally X can be represented
in local holomorphic coordinates (z,7), where 7 is the fiber coordinate, as the set of all
(z,7m) such that |n|* e?>(*) = 1. The S'-action on X is given by ¢ o (z,7) = (z, ¢?n),
e € S, (z,m) € X. Let T be the global vector field on X induced by this S! action.
We can check that this S' action is CR and transversal.

Let w : L — T}, be the natural projection from L} onto T},. Let u = (ijt)?,t:p
where ;¢ = e, j,t = 1,...,n, are given integers. Let L, be another holomorphic
line bundle over T;, determined by the constant curvature form 0, = Z?,t:l fj.edzi N
dz; as above. The pullback line bundle 7*L,, is a holomorphic line bundle over L. If
we restrict 7*L,, on X, then we can check that 7*L, is a rigid CR line bundle over
X.

The Hermitian fiber metric on L, induced by ¢,, induces a Hermitian fiber metric
on m*L,, that we shall denote by h™ Lu. We let 1) to denote the weight of h™ L#. The
part of X that lies over a fundamental domain of 7, can be represented in local
holomorphic coordinates (z, &), where € is the fiber coordinate, as the set of all (z,£)
such that r(z, €) := |¢|? eXp(Z?,t:l Aj+2;Zt) —1 = 0 and the weight ¢ may be written
as Y(z,§) = Z;'l,t:1 1j.¢%jZ¢. For convenient we denote 7*L,, by L. From this we see
that L is a T—rigid CR line bundle over X with rigid Hermitian fiber metric h%. It is
straightforward to check that for any p € X, we have Rﬁ = %d@bz/} — oY) (p)|rrox =

> =1 Mjedzj A dZy. Thus, if (Mj,t)?t_zll is positive definite, then L is a rigid positive
CR line bundle. From this and Theorem 1.7, we conclude that

THEOREM 4.2. If (1) is positive definite, then L is a big line bundle over

X.

n—1
jit=1
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