ASIAN J. MATH. (© 2018 International Press
Vol. 22, No. 3, pp. 391-412, June 2018 001

ABOUT J-FLOW, J-BALANCED METRICS, UNIFORM
J-STABILITY AND K-STABILITY*

YOSHINORI HASHIMOTO' AND JULIEN KELLER?

In honor of Ngaiming Mok’s 60th birthday

Abstract. From the work of Dervan-Keller [DK15], there exists a quantization of the critical
equation for the J-flow. This leads to the notion of J-balanced metrics. We prove that the existence
of J-balanced metrics has a purely algebro-geometric characterization in terms of Chow stability,
complementing the result of Dervan-Keller. We also obtain various criteria that imply uniform J-
stability and uniform K-stability, strengthening the results of Dervan-Keller. Eventually, we discuss
the case of Kahler classes that may not be integral over a compact manifold.
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1. Introduction . Let M be a smooth projective manifold of complex dimension
n > 2. Given two Kéhler forms w and x, a priori in different classes, S.K. Donaldson
introduced a flow of Kahler metrics called the J-flow in [Don99]. This flow, which has
long time existence, is given by the following parabolic PDE in the w-potentials ¢;:

O¢y e X A (W +V/—100¢;)" ()
ot (w+v/=100¢,)
where 7 is a topological constant that can be computed by integration. Moreover,
a critical metric for Donaldson’s J-flow is a solution at time +oo of the flow, i.e. a
Kahler metric w 4+ v/ —190¢ solution of the elliptic equation

XA (@ +V=100¢)" " = y(w 4+ V—100¢)". (2)

A solution to the critical equation (2) may not exist (see e.g. [Don99, Section
4.3]). There are several motivations for studying this flow and the existence of critical
metrics.

Originally, Donaldson discovered that the critical equation corresponds to a geo-
metric problem, namely to find a zero of a certain infinite dimensional moment map.

There is also a motivation in relationship with detecting the existence of constant
scalar curvature Kéhler metrics (CSCK in short). A key conjecture of T. Mabuchi
and G. Tian asserts that the properness of the Mabuchi K-energy functional for the
class [w] should be equivalent to the existence of a CSCK metric in the class [w],
see [Mab86, Tia00] (a small modification of the conjecture is needed if the manifold
admits holomorphic vector fields). Now, X.X Chen [Che00] (together with a result of
J.Song and B. Weinkove) noticed that if [x] is the canonical class, the existence of a
critical metric in [w] implies the properness of the Mabuchi functional for [w]. This
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relies on a decomposition formula of the Mabuchi functional. Therefore, if Mabuchi-
Tian conjecture holds and K/ is ample, the existence of a critical metric in [w] should
imply the existence of a CSCK metric in the same class.

Another motivation for studying the J-flow in connection to the CSCK metrics is
the continuity method proposed by X.X. Chen [Chel5], since it is known that the
critical metric for the J-flow serves as the starting point of Chen’s continuity method
(cf. [Zen15] for the case when w = x and [Has15] for the general case).

Consequently, the J-flow has attracted a great deal of attention in order to deter-
mine under which conditions it converges. For instance, in 2000, X.X. Chen [Che00]
proved that if holomorphic bisectional curvature of y is non-negative, there is conver-
gence of the J-flow. But, thanks to the uniformization theorem of N. Mok [Mok88],
these manifolds are well-known and the decomposition formula of the Mabuchi func-
tional does not hold, so we don’t get any new information about its properness.

Later, several papers have provided criteria for existence of critical metrics, see
[Che04, Wei04, Wei06, SW08, FLSW14]. From the point of view of PDE and geometric
analysis, a necessary and sufficient condition for their existence was found in terms
of positivity of certain differential forms by J. Song and B. Weinkove in [SWO08];
see also the refinement [LS16]. However, this analytic criteria is difficult to test in
practice and it is expected that one can detect the existence of critical metrics by
considering only an algebro-geometric condition. In that direction, M. Lejmi and
G. Székelyhidi [LS15] provided a candidate for the algebro-geometric condition; later
it was proved that their guess is correct in dimension 2 and for toric manifolds by
T. Collins and G. Székelyhidi [CS14]. Nevertheless, in higher dimension it is very
likely that the algebro-geometric condition of Lejmi-Székelyhidi will be also hard to
check in practice. It is natural to wonder if there are simple numerical criterion (in
terms of Chern inequalities) for existence of critical metrics (cf. [LS15, Conjecture
1]). Morally, over a general type manifold, this would provide “a neighborhood”
of the canonical class where there are classes endowed with CSCK metrics. The
works [Wei04, Wei06, SW08, PR09, FLSW14, SW13| have provided such conditions,
probably close to be sharp for surfaces of general type, but it turns out from [DK15]
that these conditions are probably not optimal in higher dimension. In [DK15], instead
of searching a criterion for properness, it is obtained results in the direction of K-
stability in the perspective of the Yau-Tian-Donaldson conjecture. The Yau-Tian-
Donaldson conjecture asserts that the polarized manifold (M, L) is K-stable if and
only if there exists a CSCK metric in the class ¢ (L). Moreover [DK15] present provide
a quantization of the critical equation (2), giving a canonical algebraic sequence of
metrics that converges towards the critical metric. These algebraic metrics are called
J-balanced.

In this note, we present some results that complement the work of [DK15]. We
prove that the existence of a J-balanced metric is equivalent to a GIT notion of
stability in terms of the Chow scheme (Theorem 1). We also improve the results of
[DK15] by considering uniform K-stability instead of the classical notion of K-stability
(Section 4.2). Actually, there are some reasons to expect that K-stability should be
strengthened in order to obtain the Yau-Tian-Donaldson conjecture (see [ACGTFO0S,
Szé15]). A link between uniform K-stability and properness of the Mabuchi energy has
been found explicitly in the non-Archimedean approach by S. Boucksom, T. Hisamoto
and M. Jonsson [BHJ15]. Also, our motivation is justified by the fact that existence
of CSCK metric implies uniform K-stability, see [BDL16].

Eventually, the last part of the paper is dedicated to the study of uniform K-
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stability for non integral Kéahler class over a compact Kahler manifold (Section 5).
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2. J-balanced metrics. In this section we overview some results of [DK15]
and introduce the notion of J-balanced metrics. This section provides a geometric
quantization of the critical equation in the projective case. Consider now two ample
line bundles Li, Ly on M. Fix hermitian metrics hy € Met(Ly), ha € Met(Ls)
such that the curvatures w = ¢i(h1), and x = c1(h2) are both Kéhler forms. One
can quantize metrics on L; using metrics on the finite dimensional vector spaces
HO(M, L¥) with quantum parameter k, called Bergman metrics. In [DK15], it is
introduced a flow on the space of Bergman metrics, which we call the J-balancing
flow. Critical points of the J-balancing flow are called J-balanced metrics, and these
fit naturally into a finite dimensional moment map picture. We provide now the
details of the results.

Let us denote in the sequel N = Ny = dim H°(L¥) — 1. We introduce a moment
map setting in finite dimensions. Let us consider first ppg : PV — /—1Lie(U(N+1))
which is a moment map for the U(N + 1) action and the Fubini-Study metric wpg on
PN, Given homogeneous unitary coordinates, one sets explicitly prs = (4rs)a.s as

(MFS([ZO,...,ZN]))a,ﬁ = £Q|ZZ|2 (3)

Then, given an holomorphic embedding ¢ : M < PHO(LY)*, and the Fubini-Study
form wpg on the projective space, define

uhxa>::ijgfusu@»>xAwa;gU@». (4)

The map pg,, is an integral over M of the moment map for the U(N + 1) action over
the space of all bases of H°(L¥), see [DK15]. Note that if one defines a hermitian
metric H on H°(L¥), one can consider an orthonormal basis with respect to H and
the associated embedding, and thus (by abuse of notation) it also makes sense to
speak of piy(H). In the Bergman space of metrics B = GL(N + 1)/U(N + 1), we
have a preferred metric associated to an embedding + : M — PHO(LY)* and this is
precisely a J-balanced metric.

DEFINITION 2.1 (J-balanced embedding, J-balanced metric). The embedding ¢
is J-balanced if and only if

(g (L
o 0) = pi () — gy~
A J-balanced embedding corresponds (up to SU(N + 1)-isometries) to a J-balanced
metric (*wps by pull-back of the Fubini-Study metric from PHC(L¥)*. Note that
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for H € Met(H°(L¥)), it also makes sense to consider ju ,(h) where h = FS(H) €
Met(L¥), i.e when h belongs to the space of Bergman type fibrewise metric that we
identify with B.

On the other hand, seen as a hermitian matrix, ‘LL%X(L) induces a vector field on
PN, The balancing flow is defined by

de(tt) = _Ng,x(b(t))v

To fix the starting point of this flow, we choose a Kéhler metric w = w(0) and
we construct a sequence of hermitian metrics hy(0) such that wy(0) := c1(hi(0))
converges smoothly to w(0) providing a sequence of embeddings ¢4(0) for k> 0. For
technical reasons, we decide to rescale this flow by considering the following ODE,

LG Y RTO)) 6

which we call the rescaled J-balancing flow. This flow induces a sequence of Kéahler
metrics

1
wi(t) = 2w (1) (wrs),
when ¢ and k tends to infinity. The behavior of the sequence wy(t) is fully described
in the next result.

THEOREM 2.2 ([DK15]). Fiz T > 0 and let wi(t) be the solution of the J-
balancing flow, for t € [0,T). Then as k — oo, the sequence wy(t) converges in C™
to the solution of the J-flow as k — oo. Furthermore, the convergence is C' in the
variable t.

Assuming there is a critical point of the J-flow, the convergence holds for allt > 0.

Building on earlier works of Y. Sano [San06] and R. Seyyedali [Sey09], this ap-
proach also provides a iterative scheme to compute numerically J-balanced metrics.
As J-balanced metrics are unique, one can recover the uniqueness of the critical met-
rics as was proved in [Che04]. We have also the following consequence of the previous
result and of the long time existence of the J-flow.

COROLLARY 2.3 ([DK15]). Consider (M, Ly, La) a polarized manifold by Ly, Lo
such that that there exists a critical metric solution of (2). Then for k sufficiently
large, there exists a sequence of J-balanced metrics on Met(LY) obtained as the limit of
the balancing flow at time t = 4o00. Furthermore, the sequence of J-balanced metrics
converges in smooth topology towards the critical metric when k — 400.

3. Relationship with Chow stability.

3.1. Chow stability for a linear system. In this section we recall from [DK15]
the GIT notion of Chow stability for a linear system |Ls| in a fixed polarized variety
(Mv Ll)

Let V be a vector space (which is later taken to be H°(M, LT)*) and Y C P(V) =
PV be a fixed subvariety. We denote by m the dimension of Y € PV and d the
degree of Y. Let Z be the set of (N —m — 1)-dimensional planes intersecting Y
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nontrivially, so that Z C Grass(N —m, N +1). We denote the Pliicker embedding of
this Grassmannian as

Pl : Grass(N —m, N 4 1) — P(AN=™V). (6)

As Z has codimension one, it is given as the vanishing set of some holomorphic
section f € H?(Grass(N —m, N +1),O(d)) unique up to scaling. One therefore has a
corresponding point [f] € P(H®(Grass(N —m, N + 1),0(d))), called the Chow point.
The SL(N + 1,C) action on PV induces one on P(H°(Grass(N —m, N +1),0(d))).
Then, Y C PV is Chow stable if its Chow point [f] is GIT stable under the induced
action of SL(N + 1,C). The Hilbert-Mumford criterion states it is enough to show
a corresponding weight is positive for each 1-parameter subgroup A : C* — SL(N +
1,C). Fixing some l-parameter subgroup A, the limit cycle Yy = lim;_0 A(¢).Y is
naturally a point in the same Chow variety as Y, which has a corresponding Hilbert-
Mumford weight. Hence Y is Chow stable if and only if these weights for Yy are
strictly positive for each 1-parameter subgroup.
This leads to consider the following definition.

DEFINITION 3.1 ([DK15] Twisted Chow stability). Let Y be a subvariety of M,
where M is polarized by L;. We say that Y is M-twisted Chow stable at the level r if
it is Chow stable under the embeddings Y — P(H?(M, L)*), i.e. if the Chow point
associated to the embedding Y < P(H"(M, L?)*) is GIT stable under the action of
SL(N + 1); we also say that M-twisted asymptotic Chow stable if it is M-twisted
Chow stable at level r for all » > 0.

We note that twisted Chow stability is a bona fide, finite-dimensional, GIT sta-
bility notion as long as we fix the exponent r. This implies, in particular, that the
Hilbert-Mumford weight of the 1-parameter subgroup pu(\,Y) can be computed from
the action on P(H®(M, L})*) itself. For that, we can consider a geometrization of
the 1-parameter subgroups considered above, which eventually leads to an alternative
definition of the twisted Chow stability in Theorem 3.5.

DEFINITION 3.2. A test configuration (X, L) for a polarized variety (M, L) is a

variety X together with

e a proper flat morphism 7 : X — C,

e a C*-action on X covering the natural action on C,

e and an equivariant relatively very ample line bundle £ on X
such that the fibre (X}, £;) over ¢ € C is isomorphic to (M, LT) for one, and hence all,
t € C* and for some r > 0. We call r the exponent of the test configuration. A test
configuration (X, £) is called trivial if X =2 M x C with trivial C*-action on M.

REMARK 3.3. By Proposition 3.7 of [RT07], a test configuration (X, L) of expo-
nent r can always be obtained as a closure of a G L-orbit in P(H?(M, L™)*), i.e. we may
assume that for any (X, £) there exists A € gl(H"(M, L")) with rational eigenvalues
such that X is equal to the flat closure of the G L-orbit {e!*- M} c P(HO(M, L")*). Tt
is well known that we may assume A to be hermitian [Don05]. Note that (X4, L4) is
a trivial test configuration if and only if A is a multiple of the identity. Later we shall
write (X4, L4) for the test configuration obtained this way by A € gl(H°(M, L")).

REMARK 3.4. The central fibre X4 of the above test configuration is the flat
limit of M under the l-parameter subgroup {e*4}, which can be defined by tak-
ing the “limit of the defining equations”. If I is the homogeneous ideal defining
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M c P(H°(M,L")*), we can define the initial term of f € I to be the term of the de-
composition of f, denoted in(f), for which {4} acts with the smallest weight. Then,
X4 0 is defined by the ideal Iy = {in(f), f € I} generated by the set of initial terms
of elements in I. The reader is referred to Székelyhidi’s textbook [Szé14, Sections 6.2
and 6.3] for more discussions on the flat limit.

Let (X, L) be a test configuration. As the C*-action on (X, L) fixes the central
fibre, there is an induced C*-action on (Xy, Lo) and hence on H°(X,, L) for each K.
We denote the Hilbert polynomial and total weight of this action respectively by

hK)=agK" +a K" ' + O(K"?%),
w(K) = b K" + b, K™ + O(K™™1).

By asymptotic Riemann-Roch and flatness of the test configuration, we have
intersection-theoretic formulas for ag, a1, as

LM oo K Lt
ag =T 7',0,1 =T

n! 2(n — 1)

Observe now that the test configuration (X, £) for (M, L,) naturally induces the
one (Y, L|y) for (Y, Li|y). For its central fibre (), Lo), denote the corresponding
Hilbert and weight polynomials by

MK) = aoK™+ O(K™™ 1Y),
W(K) =bK™ ™ + O(K™),

where m is the dimension of Y.

THEOREM 3.5 ([DK15]). Let (M, Ly) be a polarized variety and Y C M a sub-
variety. Consider the polynomial expression

Wy = w(k)rh(r) — kw(r)h(k) > 0

in the variables k (setting k = Kr) and r. As W, has degree (m + 1) in k, it can be
written as

m—+1 )
Wy = Z ei(r)k’.
i=0
ThenY is M -twisted Chow stable at the level v if and only if emi1(r) > 0. Moreover,

Y is M-twisted asymptotic Chow stable if and only if for all r > 0, for all test-
configurations of exponent r, we have ep1(r) > 0.

REMARK 3.6. Observe that we can write e,,11(r) = borh(r) — w(r)ao.

Focussing now on the case Y is a divisor of M, we can define the Chow weight of
a linear system thanks to next lemma (cf. [DK15, Lemma 4.1]).

LEMMA 3.7 ([DK15]). Let M C PN be a projective variety together with a linear
system |La|. For each 1-parameter subgroup A — SL(N +1,C), the Chow weight of A
for D € |Lo| is constant outside a Zariski closed subset of |La|. We define the Chow
weight of A for |La| to equal this general value.
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The above lemma holds even when we take A to be a limit of 1-parameter sub-
groups so that the image in SL(N + 1,C) has irrational eigenvalues. This is clear
from the proof of [DK15, Lemma 4.1].

DEFINITION 3.8 ([DK15] Chow stability of a linear system). Let M C PN =
P(H®(M, L})*) be a projective variety, polarized by L, and let |La| be a linear system.
We say that a linear system |Lo| is Chow stable at level r if the Chow weight of each
(nontrivial) test configuration of exponent r is strictly positive. This is equivalent to
the fact that for each 1-parameter subgroup A — SL(h°(M, L7),C), the Chow weight
of X for |Ls| is strictly positive. We say that |Ls| is asymptotically Chow stable if it
is Chow stable at level r for all r > 0.

REMARK 3.9. Unlike the twisted Chow stability notion for a fixed subvariety, the
Chow stability of a linear system is not a bona fide GIT notion; although the Chow
weight of a 1-parameter subgroup A is constant outside of a Zariski closed subset, this
Zariski closed subset to be removed depends on A. Nevertheless, we shall see that
Kempf-Ness theorem still holds true as we are discussing in next section.

3.2. J-balanced metrics and asymptotic Chow stability. In this section
we work with a smooth projective variety M embedded in a fixed projective space
PV and with a linear system |Lz|. We prove the following result that strengthens a
result of [DK15] and provides a complete algebro-geometric description of J-balanced
metrics.

THEOREM 1. Consider a polarized complex manifold (M, L) and an auziliary
ample line bundle Ly on M. Then (M, Ly, Ly) admits a J-balanced metric in the
Kidhler class ¢1(LY) if and only if the linear system |La| is Chow stable for M C
P(H (M, L7)*).

In [DK15], it is proved one sense of this equivalence, namely that the existence
of a critical metric of the J-flow implies that the linear system |Lo| is asymptotically
Chow stable. Thus it suffices to prove that the Chow stability of |Ls| implies the
existence of a J-balanced metric, which is the aim of the present section.

Before beginning the proof of this theorem, we need to recall some functionals
defined in [DK15]. The reader is also referred to [PS10] for the review of background
materials.

DEFINITION 3.10. Consider D € |Lz| a smooth divisor in M. We define the

functional I5YM over the space of Met(L;) variationally by

d AYM o 1 ] n—1
@D (Qb(t))—_w/D(btwm ;

taking the value zero at ¢ = 0.
Here wy, := w4+ /=189¢; and Volr, (D) = [, ci(Ly)" ' = [}, ci(L1)" ter(Le) is
the volume of D.

We then define a functional J, by

J4(6) = —Volg, (M) /D B

where the signed measure dyu is defined as follows.
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THEOREM 3.11 ([LS15]). Let M be a smooth projective n-dimensional variety
together with a very ample line bundle Ly. Let o € ¢1(La) be a positive (1,1)-form.
Then there is a smooth signed measure p on the projective space |La| such that

‘" /D€L2|[D]dM

holds in the weak sense, i.e. for all smooth (n — 1,n — 1)-forms 8 we have

/Ma/\ﬁ B De|Ls| (/D ﬁ) -

Here we may integrate only over the smooth elements D € |Ls|, since the com-
plement has measure zero (by Bertini’s Theorem) this does not affect the value of the
integral.

Writing B, for the space of positive definite hermitian matrices on the vector
space HO(M, LY), recall (cf. [DK15, Section 3.1]) that there exists a functional Tuo
B, — R defined as

VOZL1 (M)

IH?,X(H) = JXOFS(H)+ m

log det(H). (7)
This functional is the integral of the moment map 1  defined in Definition 2.1, in
the sense that its differential gives p? - For the notion of integral of a moment map,
we refer to [MiR00, Section 3]. Such functional has the property to have its critical
points that coincide with zeros of the moment map in the complex orbit and enjoys
properties of convexity and cocyclicity. Consequently, we have the following result.

THEOREM 3.12 ([DK15, Corollary 3.5]). 1,0 is a geodesically convex functional
on B, whose unique critical point is the J- balanced metric.

Theorem 3.12 means that we only need to show that I,0 has a critical point, in
order to prove that (M, Ly, L) admits a J-balanced metric. SIDCG I,,0  is geodesically
convex and B, is geodesically complete (with respect to the b1—1nvar1ant metric), we
only need to show that for any geodesic {H(t)} C B, we have

lim T, (H(t) >0 8)

in order to prove that I,,0 . has a critical point.

Thus, in order to prox}e Theorem 1, it suffices to show that Chow stability of | Lo|
implies (8) for any geodesic {H(t)} C B,.

As in Remark 3.3, we consider test configurations (X4, L4) of exponent r gener-
ated by a hermitian matrix A € gl(H°(M, L})) with rational eigenvalues. Note that,
by Remark 3.6, Chow stability of |Ls| implies that for all D € |Ls| outside of a Zariski
closed subset we have

A ag
by — — >0,
rbo — (T>w(7°)
for all choices of hermitian matrices A with rational eigenvalues giving rise to
(X4, L4). Recalling Lemma 3.7, the above weight is constant for all D € |Ls| outside

of a Zariski closed subset. We thus get

/Dele (7‘30 — %w(r)) dp >0 (9)
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for all hermitian matrices A with rational eigenvalues.
Our aim is to relate the above inequality to (8). The key result that we need to
establish this connection is the following theorem of Donaldson.

THEOREM 3.13 ([Don05, Proposition 3]). Let {H(t)} C B, be a geodesic defined
by H(t) = e~ (e=4)* with A having rational eigenvalues. Then we have

1d AYM _ e
Jim oo IRM(ES(H (1)) = s (10)

where by is defined in terms of the test configuration (Xa,La) of exponent r.

REMARK 3.14. There is an obvious typo in the statement of [Don05, Proposition
3] where b1k *! is actually the leading term bok™*! (our convention is such that the
Kéhler metrics are in ¢1(L1) and not re¢q (L) which leads to a different normalization
to [Don05, Proposition 3]).
Note also that the factor ag does not depend on A.

Later we need to extend the above theorem to hermitian matrices with potentially
non-rational eigenvalues. We provide the following lemma, so that we can apply
rational approximation argument when we deal with non-rational eigenvalues.

LEMMA 3.15. For any hermitian matriz A (with possibly non-rational eigenval-
ues), there exists a sequence {Ap}p of hermitian matrices with rational eigenvalues
such that Ay — A as p — oo and

R . 1d ,
lim lim iangM(FS(AP)) = lim 5@IgYM(1[«15*(10113010 Ap)),

p—o0 t—00 t—o00

where we wrote FS(Ay) for FS(e~»t(e=4»')*). In particular, writing bo,p for the

bo defined with respect to A,, we see that there exists a real number b= lim; oo bo,p
such that

1d avm - b
Jim g B = —r

Proof. From Definition 3.10 and writing down the Fubini-Study metric explicitly,
we observe that

1d ApiZ: 7wt
lim ——I8YM(FS(A :/ w7 FS 11
1m d ( S( )) y0| Zl|Zl|2 (n_ 1)'7 ( )

where

e {Z;}; denotes homogeneous coordinates on P(H?(M, L")*),

e wrs is a Fubini-Study metric on the ambient space P(H®(M, L")*), corre-

sponding to the choice of an orthonormal basis {Z;};,

e || denotes the limit cycle lim; ., et - D C P(HO(M, L")*).
Now we construct an approximating sequence { A}, by matrices with rational eigen-
values, such that the central fibres defined by A,’s are all isomorphic to the one
defined by A. Recalling Remark 3.4, it suffices to show that the flat limit defined by
A,’s agrees with the one defined by A.

We can choose the homogeneous coordinates {Z;}; appropriately so that A =

diag(A1, ... Ap@r))y At = -++ > Ay Before we continue with the proof, we look
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at the following simple example to have an intuition about certain aspects of the
proof. Let (A1, A2, A3) = (\/5,0, —\/5) and Z3 — Z1Z3 — Z1Z5 be an element in the
ideal defining M. A acts on this equation as (Z2 — Zy Zs) — tV2Z, Z,, so its initial
term (cf. Remark 3.4) is Z3 — Z1Z3. Note that if there is another weight (u1, pa, t3)
that has the same initial term as (A1, A2, A3), it has to satisfy the Z-linear relationship
2415 = p1+pu3; this is essentially because the initial term Z2 — 21 Z3 of Z2—Z1 75— 712
is not a monomial.

Now resuming the proof, we pick the generators of the ideal I of the flat limit
defined by A that are not monomials. We can write down all the Z-linear relationships

among \;’s, and call them [4, ..., [, say. Finding a sequence {4, }, of rational matrices
A, = diag(aip, . .., ap(r,p) With the same flat limit is equivalent to finding a sequence
of vectors {(aip, ..., an(ryp)tp in R™") such that

1. a;p € Q for all p and 7,

2. ai,p > 2> Ah(r),p

3. (@1,ps ..., ap(r),p) satisfies Iy,..., 1,

4. (a1,p, ..., ap(),p) is sufficiently close to (A1,...,An()), so that the initial

terms defined by them are the same.
Now, writing A for the convex set in R"(") defined by the inequality a; > --- > Ah(r)s
and H for the linear subspace cut out by li,...,l,, the problem is to find a sequence
of rational points in A N H converging to (A1,...,Ay)) € AN H. Since [y,...,1,
have coefficients in Z, there is a non-empty open subset of H around (A1,..., Ay())
which contains infinitely many rational points that are also included in A. Since Q is
dense in R, we can find the sequence {(a1,p, ..., an()p)}p as above, as expected.
Thus we have found a sequence {A,}, converging to A, such that the central

fibres of the test configurations (Va,,£La,) for (D, L|p) are all isomorphic, and agrees
with the limit cycle [)p|. This implies that (11) is continuous in A, and establishes
the claimed statement. O

We now come back to our original task of relating the inequalities (8) and (9).
By the Lebesgue integration theorem, we have

. 1d _ 1
fim 5 7o PS(H() =~ Volo, (1) [

aq ~
=r— bodp.
a0 JDe|L,|

Combined with logdet H(t) = —2tr(tA), we get

1 .. d ap “ ap
S him L1 (HE) =r Body —
2 tig)lo dt H?‘,X( ( )) Tdo Dé|Lo] [Le7% h(’f’)

tr(A).

Observing tr(A) is equal to the weight w(r) of the C*-action defining (X4, L) and
recalling that w(r) is independent of D € |Lo| (since it is defined by A acting on
HO(M, LY)), we can write the above as follows.

LEMMA 3.16. Given a test configuration (Xa,La) generated by a hermitian
matriz A with rational eigenvalues, we have

1. d ao 5 ao
— lim —7,0 (H(t)=— bo — —
2 tilgo dt H“X( ( )) do /DELz <T 0 h(T)w(T)> d'u

for H(t) = et (e~ t4)*,
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Thus, (9) implies that lim; . %I#QX(H(t)) > 0 holds for all geodesic paths

{H(t)} in B, of the form e~*4(e~*4)* with A having rational eigenvalues. We need
to prove that lim;_,o 4 wo_ (H(t)) > 0 holds for all geodesic paths in B, which we
achieve in the following.

LEMMA 3.17. Given any hermitian matriz A, we have

fim L1, (H@#) >0

t—oo dt 'LLT
for H(t) = e tA (e t4)*,
Proof. Since Q is dense in R it is obvious that Lemmas 3.15 and 3.16 imply

d
— >
tlgl;lo dtI#TX(H(t)) >0 (12)
for H(t) = e *4(e~*)* with any hermitian matrix A. )

Recalling Lemma 3.15, we see that there exists a real number b such that the
equality as in Lemma 3.16

1 d ap > flo
—lim —I1,0 (H(t))=— b— —— dp > 1
lim it () =5 [ (i e Janz0

still holds for any (not necessarily rational) hermitian matrices A. Note that the
integrand rb— ?0) w(r) is the Chow weight of D in | L| with respect to the 1-parameter
subgroup defined by A; this can be seen by taking rational approximations of A as
in Lemma 3.15. This implies in particular that the value of the integrand is constant
outside of a Zariski closed subset of the linear system |Ls| by Lemma 3.7.

On the other hand, we can diagonalize A as A = diag(A1, -+, Apgry), A1 > --- >
An(ry and write it as a sum of two hermitian matrices A, Ap satisfying the following
properties

L. A, =diag(ai, -, apqy) with a; € Q for all 7 and oy > -+ > ap(yy,

2. Ap = diag(B1,--- , Br(r)) with B; € R for all ¢ and £y > --- > By,

3. the central fibre of the test configurations defined by A, A,, Ag are all iso-

morphic.

The fact that we can take such A, and Ag follows from an argument as in the proof
of Lemma 3.15; note that in the notation therein, we may further take Ag = A — A,
to lie in A N H, by considering an e-ball around A which contains infinitely many
rational points.

The third property means that the weight w(r) of A (for the exponent r) can
be written as w(r) = wa(r) + wa(r), with we(r) corresponding to A, and wg(r)
corresponding to Ag, since these weights are all with respect to the same central
fibre.

Moreover, recalling (11) and the notation used therein, we have

1d

tlg})lo id*IAYM(FS(A))
1d avm Ld aym
= Jim == Ip"M(FS(Aq) + Jim o —T5™M(FS(Ag)), (14)

and hence

b= ba,o + bg,
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where l;oz,O is the leading term of the expansion W, (r) = IA)(LOT" +--- and 133 is defined
by As as in Lemma 3.15. Then, (13) implies

an = fLO
= rb — ——w(r) | du
a0 JpDe|L,| ( h(r) ( )>

an ~ ELO an ~ CALO
=— Thao — ——wqa(r) | dp + A—/ (Tb — ——wg(r > du,
a0 Jpe|L,| ( O h(r) ( )> a0 Jpe|L,| 77 h(r) 5(r)

by noting that the decomposition in the third line is possible since the integrands are
constant outside of a Zariski closed subset, thanks to Lemma 3.7. The first term in
the third line is strictly positive by (9), and the second term is non-negative by (12),
and hence lim;_, %Il‘?,x (H(t)) > 0 as desired. O

This finally achieves proving Inequality (8), and completes the proof of Theorem 1.
Note that the key to the proof is Equality (14) which is based on the explicit formula
for I gYM; the same argument would not work for arbitrary functionals.

4. Relationship with J-stability, K-stability.

4.1. Definitions. With notations of the section 3.1, we are ready to introduce
the notion of (uniform) J-stability. The notion of J-stability, which was modeled on
the notion of K-stability, was introduced by Lejmi-Székelyhidi [LS15]. It is expected
that J-stability of (M, L1, L2) is equivalent to the existence of a critical metric.

DEFINITION 4.1. Under the setting of previous section, we define the J-weight
Jr, (X, L) of a test configuration (X, L) to equal (up to a positive multiplicative
constant) the leading order term of the asymptotic Chow weight of the linear system
|Ls| (cf. Theorem 3.5, Definition 3.8). Explicitly, the J-weight of a test configuration
is

boao — boa
JLz(Xvﬁ): %000

We define the minimum norm of a test configuration (X, £) to be
(X, L)llm = JL(X, £).

We say that
o (M, Ly, Ls) is J-stable (resp. J-semistable) if

Jr, (X, L) >0 (resp. >0)
e (M, Ly, Ls) is uniformly J-stable if for a uniform constant ¢ > 0
JLz(Xv‘C) > EH(XVC)HW

for all non-trivial test configurations (X, £) with normal total space.

It is not difficult to see that asymptotically Chow semistability in the sense of
Definition 3.8 implies J-semistability, see [DK15]. It remains unclear if it is true that
J-stability implies Chow stability (cf. [RT07]).
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REMARK 4.2. In the literature, several definitions of minimum norms have ap-

peared that turn out to be equivalent. In [Der16b], it is justified that ||.||,, is a norm
on the space of test configurations, vanishing only for almost trivial ones. See also
[BHJ15, Szé15].
Also, note that from the work of Lejmi-Székelyhidi, we know that the existence of
a critical metric implies the uniform J-stability. It is tempting to expect that the
converse holds, given the result of Berman-Boucksom-Jonsson [BBJ15] for Fano man-
ifolds.

For comparison we state the definition of K-stability.

DEFINITION 4.3. Let (X,L) be a polarized normal variety. We define the
Donaldson-Futaki invariant DF (X, £) of a test configuration to be (a positive constant
times) the leading order term in its classical asymptotic Chow weight. Explicitly,

DF(X, £) = lim “r2ll7) _ boar = hiao
l—oco  h(lr) ap

We say that
e (X, L) is K-stable (resp. K-semistable) if

DF(X,L) >0 (resp. >0)
e (X, L) is uniformly K-stable if for a uniform constant ¢ > 0
DF(X, L) > €[|(X, £)|[m
for all non-trivial test configurations with normal total space.

4.2. Conditions for being uniformly J-stable or K-stable. Let us recall
that a flag ideal Z is a coherent ideal sheaf on M x C of the form Z = Iy + (¢)I; +
oot (tN), where t is the coordinate on C and Iy C ... C Iy_1 C Oy are a sequence
of coherent ideal sheaves on M corresponding to subschemes Zgp D Z1 D ... D Zn—_1
of M. Denote by B the blow-up of Z on X x C, i.e.

7:B=Blz M xC— M xC,

denote by L1, Ly the pullbacks of L1, Ly to B and let O(—E) = 7~ 'Z be the excep-
tional divisor of the blow-up. The the natural C*-action on X x C lifts to B and it
follows that (B,7L£; — E) is a test configuration of exponent  for (X, L;) provided
rL1 — E is relatively ample. Remark that each such test configuration has a canonical
compactification obtained by blowing up Z on M x P'; we denote this test configura-
tion by B and by abuse of notation denote L1, Lo, E' the corresponding line bundles
and divisors on 5.

In [DK15], it is proved that to check J-stability of (M, L1, L), it is enough to
consider the test-configurations that arise as blowups of flag ideals. We refer to [DK15]
for details about this notion. The following proposition allows us to check J-stability
by computing the J-weight using an intersection formula on B.

PROPOSITION 4.4 ([DK15]). Let M be a normal projective variety with ample
line bundles L1, Lo. Then (M, L1, Lo) is J-stable if and only if

JL2(B,TL1 _E) > O
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for all flag ideals T with B = Blz M x P! normal and rL — E relatively semi-ample
over P*. Recall the J-constant of (M, Ly, Lz) is defined as

_ Lo.LP!
==

Then the J-weight is on such blow-ups is given as

Jr,(B,rLy — E) = (rLy — E)". <_n+ 1

yr~YrLy — E) + E2> , (15)

up to multiplication by a positive dimensional constant.

Using Equation (15), we can extend the definition of J-stability to the case where
Ly is an arbitrary line bundle. We now extend some results of [DK15] about J-stability.

THEOREM 2. Consider a polarized manifold (M, L1) of complex dimension n and

L L'n.fl .
QL% > 0 and yvLy — Lo is nef,

let Lo be a line bundle over M. Assume that v =
then (M, Ly, L) is uniformly J-stable.

Proof. Let us treat the case of dimension n > 2 first. As pointed out in [Derl6b,
Remark 3.11], one can express the minimum norm of (B,7£; — E) as

(B, 1Ly — B = (rLy — E)"™. (n+ :

(rly + nE)) . (16)

Now, from Equation (15), we have

Jr,(B,rL1 — E) = (rLy — E)". (—nj_ 1")/1"71(7“,61 - E)+ EQ) ,

=(rLy — E)". (n n 171"71(1"51 +nE)+ (=L + Eg)) ,

= H(B,rLy = E)ll + (rLy — B)"(~7L1 + L2).

The second term of the RHS is non-negative. Actually, from [Derl5, Lemma 3.7] (see
also [0S12]), one has for any nef divisor (e.g. vL1—L2) on M and R the induced divisor
on B from the blow-up map (e.g. v£1 — L2), that (r£; — E)".R < 0. Consequently,
applying this result with R = v£; — L5 and with our assumption, we obtain

Jia(B,rLy = E) = 1|(B,rLy = B)llm,

and thus uniform J-stability. O

We turn now to J-semistability, which can be regarded as the “boundary case”
of the uniform J-stability. The first part of the following result shows that we obtain
J-semistability by including the “boundary” in the conditions of Theorem 2.

THEOREM 3. Consider a polarized manifold (M, L1) and let Ly be a line bundle
LoL? ™!
L’Vl Z 0'
1
e If M has dimension n > 2 and vLy — Lo is nef, or
e If M has dimension n =2 and %’yLl — Lo is nef,

over M. Assume that v =
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then (M, Ly, Lo) is J-semistable.

Proof. The case n > 2 is a direct consequence of the previous theorem. For n = 2,
we simply notice that

JL2 (B,Tﬁl — E) = (Tﬁl — E)2 (%%(Tﬁl + E)) + (T‘El — E)2 (—%’}/ﬁl + ﬁz)) .

As in the proof of Theorem 2, the second term of the RHS is non-negative from our
assumption. The first term is non-negative from [DK15, Lemma 4.40]. O

REMARK 4.5. Note that when v = 0, —Ls is nef. Now, from [Luo90, Theorem
1], Hodge Index Theorem provides that either Lo is numerically equivalent to 0 or
L7213 < 0. But the inequality cannot hold as — Ly is nef.

We can also slightly strengthen [DK15, Theorem 4.36]. This is the algebro-
geometric analogue of the relationship between lower boundedness of the functional
J (see [Che00]) and coercivity of the Mabuchi functional, due to Chen.

THEOREM 4. Suppose (M, Ly, Ky) is J-semistable, with M having at worst
Kawamata log terminal (klt) singularities. Then (M, Ly) is uniformly K-stable.

Proof. To check K-stability it is sufficient to show the Donaldson-Futaki invariant
for each test configuration given in Proposition 4.4 is strictly positive, see [Odal3,
Corollary 3.11]. We have

n
n—i—l7

Ji,(B,rLy — E)=(rLy — E)". ( ril(rﬁl —E)+ /CM> ,

while the corresponding Donaldson-Futaki invariant is given by Odaka as

DF(B, rL1 — E):(T‘El — E)n (— ’}/T‘il(Tﬁl — E)+ICM+KB/MXP1) . (17)

n
n+1
Here we have denoted Kj; the pullback of Ky to B.
Hence

DF(B,Tﬁl - E) = JKM(B,AC’{ — E) + (Tﬁl — E)n.KB/MX[pl.

From [Der16b, Lemma 3.17], (rLy — E)".Kpg/pxpr > €||(B,7L1 — E)||;m where € is a
uniform constant; note that we need M to have at worst klt singularities in order to
apply this result. The conclusion follows. O

From Theorems 3 and 4, we obtain the next corollary.

n—1
COROLLARY 1. Assume that v = % > 0.

e Suppose that (M, Ly) is a polarizeé Kawamata log terminal variety of dimen-
sion n > 2 satisfying vL1 — Ky is nef. Then (M, L) is uniformly K-stable.

e Suppose that (M, Ly) is a polarized Kawamata log terminal surface satisfying
%’yLl — Ky is nef. Then (M, Ly) is uniformly K-stable.

When v = 0, Remark 4.5 ensures that actually that M is a Calabi-Yau manifold.
In that case K-stability was proved by Odaka [Odal2, Theorem 2.10].

The second part of the corollary has to be compared with recent results for surfaces
where slightly different conditions have appeared in order to obtain properness of the
Mabuchi K-energy, see [FLSW14, SW13]. See also Corollary 2 for the Kéhler analogue
of the above result on the coercivity of the Mabuchi K-energy.
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5. The Kahler non integral case. One can wonder if certain results of the
previous section hold in the Kéhler non integral case. We provide Kéahler analogues
of the results that we proved in Section 4.2. Although the results we provide below
are parallel to the ones in Section 4.2, it is important to note that the proofs are
completely different since algebro-geometric tools (such as intersection numbers of
divisors) that we used in the projective case are not available in this setting.

Under the settings of Section 1, we can introduce the functional on the space of
w-potentials,

Jun(@) = J(8) = /O 1 /M b (xnwpt = e, ) db

for wy, a smooth Kahler path from w to wg := w + v/—189¢. The functional .J is
well defined and independent of the chosen path as integral of the moment map in
the infinite dimensional setup (see [DK15] where it is denoted I,,,). We notice that
its definition can be extended to the case of x is a close (1,1)-form not necessarily
definite positive.

We discuss now the notion of coercivity, and refer for details to [Siu87, Chapter
3] and [Tia00, Section 6.1]. Let us recall that we say that a functional F on the space
of w-potentials ¢ is coercive if

F(p) > a1Z,(¢) + az

for uniform constants a1, with a; > 0 where Z,,(¢) = [, ¢(w™ — w}) > 0 is
a classical energy functional. In the literature, it is also generally introduced the
functional

JAYM () = / 1 /M Gl — )

for ¢; a path of w-potentials between 0 and ¢. The functionals Z,,, JAYM 7, — JAYM
are equivalent, as

(0 DM (0) > Tu(6) > " LM (g).

Thus the definition of coercivity can be made with respect to any of these three
functionals. It is also well-known that one can write

AY M o wn_ 1 . wi w — a \n—1
74 <¢>—/M¢ ;/Msb Aw+VTIOdG) . (18)

n+1

Of course, the coercivity implies the properness property (i.e if Z,(¢) — +oo then
F(o) = +00).
The following theorem is a consequence of the techniques of [Derl6a].

THEOREM 5. Assume that M is a compact Kdihler manifold, w is a Kdhler form

VI Y y[w] = [x] is nef,

[w]n

then the functional ju,’X 18 coercive on the space of w-potentials. If v = 0 then the

and x a closed (1,1)-form. Assume that v =

Sfunctional jw»c is bounded from below.

REMARK 5.1. For the definition of nefness for (non integral) K&hler classes, the
reader is referred e.g. to [Dem12, Chapter 17].
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Proof. We denote Vol the volume of the class [w] over M. We know from Chen
[Che00] that J writes as

J(¢)=— n+1/ Zw AWy /¢xAZw Awpmt

and without loss of generality, restrict to the case sup,,; ¢ = 0. From our assumption,
Yw — x can be written as £ + +/—1090v with possibly singular £ > 0 and v smooth.
Now,

J(¢) =— n—|—1 /d)Zw /\w”l
+/M¢(X—7w)2wiAw" = 1—1—7/ ¢w/\Zw Awf~t
B n—l—l /¢Zw /\wnl

n—1
- / O(§ + V—1001) Zwi A=t 4 7/ bw A Z W AW
v =0 M =0

Let’s see that the second term — [, ¢(£ 4+ v/— 100y) S0 0 WA wg 174 is bounded
from below, by decomposing this expression as follows. As & is non-negative and
supy; ¢ = 0, we have

/ qS{AZw /\w" 1= l<sup¢/ f/\Zw /\w" 1=
<0.

Moreover,

/ \/_¢68¢Zw Nwy™ 1= / P(wp —w Zw /\w” 1=

= [ -

< [ = [ gponr
< (sup ¢ — inf 1)) Vol.
M M

Hence — [,, ¢(¢£ + v/—1000) S LW ‘Awy” =% is bounded from below by a constant
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¢y independent of ¢. Then, using (18),

j(gb)z / (wa /\w¢ —I—cl—l-'y/ (wa /\w" ¢
27( QSZW ANwy™ l—/MquZ) + c1,
_”y<n+1 asZw rag = [ gt [ ol —w¢>+c1,
(Z

o JAYM(qS)) + ¢

V

2y
d

The above theorem leads to the following result, which can be regarded as a
Kéhler analogue of the first part of Corollary 1.

COROLLARY 2. Assume that M is a compact Kdihler manifold, w is a Kdhler

form. Assume that v = % > 0 and y[w] — [Kn] is nef, then the Mabuchi

functional for [w] is coercive.

Proof. We recall that Mabuchi K-energy is given by
We .o s
Ko@) = [ tog 5wy + J(0)
M w

and that the entropy term H(¢) = | M log w¢ is a coercive functional, see for
instance [Tia00, Theorem 7.13]. We conclude by applying the previous theorem. O

REMARK 5.2. Let us mention that for Fano manifolds a similar result with ample
classes appears in [LSY15] and [Derl6a]. See also [Zhel5].

n [SD16] and in [DR16], it is defined a notion of (uniform) J-stability and K-
stability in the Kdhler sense, i.e for a possibly non integral Kédhler class [w] over a
compact Kahler manifold (see also related results in [SD16]). In that case the J-weight
J[y]> the Donaldson-Futaki invariant, and the minimum norm are given as intersection
numbers on a resolution of singularities of the test configuration by an expression of
the form (15), (17) and (16). We refer to the paper of Dervan and Ross for details.
The main difference with the projective case, is that a test configuration is defined
as a normal Kihler space (X, ), where the C* action on X covers the one on P!
and Q is a Sl-invariant Kihler metric. The fibres (X;,§2;) are isomorphic to (M,w)
for t # 0. With these notions in hands, the definitions of (uniform) J-stability and
K-stability in the K&hler setting are identical to Definitions 4.1 and 4.3.

If one fixes a test configuration (X, ) for (M, [w]), Dervan and Ross related the J-
weight of (X, ) to the derivative of the jw,x functional. More precisely, they proved
the following theorem.

THEOREM 5.3 ([DR16, Theorem 6.4]). The C* action coming from the test
configuration (X,Q) provides a biholomorphism p(t) between the fibres X1 and X; for
t #0. Define p(17)*Qy = Qq + /1000, t = —log|7|* and ¢y = 0,. Then,

Cd
Ipa (X, Q) = lim = Ju x (¢1)-
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In [DR16], the definition of minimum norm of the test configuration (X’,Q) is
different from the one we are working with, but both norms turn out to be equivalent.
The following relationship (19) is pointed out in [DR16, Remark 2.8 (i)] and obtained
in a similar way to [DR16, Theorem 4.16],

. d
1, D)l = Jim (T — T M)(6). (19)

This leads to the following result, which can be compared to Theorem 2 for smooth
projective varieties.

COROLLARY 3. Assume that M is a compact Kdhler manifold, w is a Kdhler
n—1
form and x a closed (1,1)-form. Assume that v = % > 0 and y[w] — [x] is nef,

then (M,w) is uniformly J-stable (with respect to x) in the Kdhler sense. If v = 0
then (M,w) is J-semistable (with respect to x) in the Kdhler sense.

Proof. We apply Theorem 5. At infinity, for any 1 > ¢ > 0,

J(¢0) = (1 =Ty = I M) (00)
is increasing as (Z,, — J4YM)(¢;) — +oo. Consequently, we have

d

s (90) 2 (1-¢)

d

Tt
Taking the limit gives that for any 1 > ¢ > 0,

Jpg (X, 92) > (1 =)y |06 D) llm

and thus uniform J-stability for the Kéahler class [w]. The case v = 0 is treated in a
similar way. O

The following result can be regarded as a Kéhler analogue of Theorem 3.

COROLLARY 4. Assume that M is a compact Kdhler manifold, w is a Kdhler
n—1
form. Assume that v = % > 0 and y[w] — [Kn] is nef, then (M, w]) is
uniformly K-stable in the Kdhler sense.

Proof. We apply [DR16, Theorem 4.14]. The Donaldson-Futaki invariant is given
by the limit of the derivative of the Mabuchi K-energy along the 1-parameter family
of biholomorphisms p(t). Now, from Corollary 2, the derivative of the Mabuchi K-
energy is bounded from below by the derivative of the Z,, — J4YM functional (up to
a multiplicative constant) and we can take the limit. O

As a direct consequence of this last theorem, we see that any Kéhler class of a
(non projective) Calabi-Yau is uniformly K-stable. This last fact can be proved using
the technology of Dervan-Ross and Berman-Darvas-Lu, see [DR16, Corollary 4.17],
but the point is that our approach does not involve any deep analytic result.
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