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ISOTRIVIAL VMRT-STRUCTURES OF COMPLETE
INTERSECTION TYPE*
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Abstract. The family of varieties of minimal rational tangents on a quasi-homogeneous projec-
tive manifold is isotrivial. Conversely, are projective manifolds with isotrivial varieties of minimal
rational tangents quasi-homogenous? We will show that this is not true in general, even when the
projective manifold has Picard number 1. In fact, an isotrivial family of varieties of minimal rational
tangents needs not be locally flat in differential geometric sense. This leads to the question for which
projective variety Z, the Z-isotriviality of varieties of minimal rational tangents implies local flatness.
Our main result verifies this for many cases of Z among complete intersections.
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1. Introduction. We work in the complex analytic category. Recall that a
projective variety is quasi-homogeneous if the action of its automorphism group has
a dense open orbit. It is an intriguing question how to recognize quasi-homogeneous
varieties when the varieties are a priori defined without apparent relations with any
group actions. For uniruled projective manifolds, the method of VMRT-structures
introduced by Ngaiming Mok and the second author (see [Hw01] and [HM99] for
introductory surveys) can be applied to study this question. Recall that given a
uniruled projective manifold X, if we pick a family K of minimal rational curves on
X, we have its VMRT-structure C C PT(X), the subvariety defined as the closure of
the union of tangent directions of members of K through general points of X. How
do we use this to prove a variety is homogeneous or quasi-homogeneous? Quite often,
the essential point lies in proving the VMRT-structure is locally homogeneous in the
following sense.

DEFINITION 1.1. Let X be a uniruled projective manifold and let C C PT(X)

be a VMRT-structure determined by a family K of minimal rational curves. Given a

holomorphic vector field v on an open subset U C X, we have the induced vector field

v¥ on PT(U) obtained by the action of the local 1-parameter family of biholomor-

phisms generated by v. We say that v is a C-preserving vector field, if v* is tangent
to Cly C PT(U). The VMRT-structure C C PT(M) is said to be

(1) locally homogeneous if C-preserving vector fields on some open subset U C X
span the tangent space T, (U) at some point = € U; and

(2) locally flat if there are holomorphic coordinates (z',...,2™) on a non-empty
open subset U C X such that the coordinate vector fields %, ey 6% are

C-preserving.
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These local differential geometric properties of C can be used to check that cer-
tain varieties are quasi-homogeneous, by the following results from Main Theorem in
[HMO1] and Proposition 6.13 in [FHJ.

THEOREM 1.2. Let X be a Fano manifold of Picard number 1 and let C C PT(X)
be a VMRT-structure such that a general fiber C, C PT,(X) is nonsingular and irre-
ducible. If the VMRT-structure is locally homogeneous, then X is quasi-homogeneous.
If the VMRT-structure is locally flat, then X is an equivariant compactification of the
vector group C" . n = dim X.

This naturally leads to the question: how do we check that a VMRT-structure is
locally homogeneous? Roughly speaking, this question is divided into two parts: the
isotriviality and the vanishing of curvature. The first part is to check that the natural
projection C — X is isotrivial as a family of projective varieties. More precisely, we
will use the following terminology.

DEFINITION 1.3. Let Z C PV be a submanifold of the projective space PV where
V is a complex vector space with dim V' = dim X. A VMRT-structure C C PT'(X) is
isotrivial of type Z C PV (or equivalently, Z-isotrivial), if the fiber C, C PT,(X) over
a general point « € X is isomorphic to Z C PV by a linear isomorphism T, (X) = V.

The isotriviality is an obvious necessary condition for C C PT(X) to be locally
homogeneous. Once the isotriviality is established, we can view C C PT'(X) restricted
to a suitable Euclidean open subset U C X as a kind of Cartan geometry and the
question is reduced to check that this Cartan geometry has vanishing curvature. In
this paper, we will concentrate on this second part of the problem, where the main
question is the following. Suppose that we have chosen a nonsingular projective variety
7 C PV which is nondegenerate (i.e. does not lie on a hyperplane in PV).

QUESTION 1.4. Let C C PT(X) be a VMRT-structure on a uniruled projective
manifold X. Assume that C is isotrivial of type Z C PV. Is C locally homogenous or
locally flat?

The answer depends on Z. Affirmative answers are known in the following cases.

EXaMPLE 1.5 ([M]). When Z C PV is a homogeneous variety arising as the
VMRT of an irreducible Hermitian symmetric space, a Z-isotrivial VMRT-structure
is locally flat.

EXAMPLE 1.6 ([Hw10]). When Z C PV is a nonsingular hypersurface of degree
>4, a Z-isotrivial VMRT-structure is locally flat.

We will give in Section 8 some examples with negative answer to Question 1.4,
where Z is given by linear sections of homogeneous varieties. In these examples, the
variety Z has continuous automorphisms. When Z has no continuous automorphism,
no negative example to Question 1.4 is known, and in this case, a method to study
Question 1.4 has been developed in [Hw10] via Cartan’s coframe formalism (this will
be reviewed in Section 2). The result of Example 1.6 has been obtained by this
approach. The goal of this paper is to push this method further to cover some other
smooth complete intersections. Our main result is the following.

THEOREM 1.7. Let Z C PV be a smooth non-degenerate complete intersection.
Let us denote its multi-degree by [mq, . .., m¢|, where ¢ is the codimension of Z. Assume
further that Z satisfies one of the following:
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(i) Z is a curve of multi-degree different from (3], [4], [2,2], [2,3] or [2,2,2];

(ii) Z C PV is covered by lines, with multi-degree different from [2], [3], or [2,2];

(iil) Z is contained in a smooth hypersurface of degree d > 3 and its multi-degree
[, ,m.] satisfiesd=mq <d+2<mg <-- < me.

Then any VMRT-structure on a uniruled projective manifold which is isotrivial
of type Z C PV is locally flat.

In the proof, we need the vanishing H°(Z,Tz(1)) = 0 to relate (see Proposition
2.8 and Corollary 2.25) the minimal rational curves to the natural Cartan coframe of
the structure via the method of [Hw10]. This vanishing does not hold for curves of
multi-degrees

21, (3], [4], 2,21, [2, 3], [2, 2, 2]

and for varieties of dimension > 2 with multi-degree (2], [3] or [2,2]. The case [2] of
quadric hypersurfaces is covered by Mok’s result in Example 1.5. The case [3] of cubic
hypersurfaces is also settled in [Hw13] if dim V' > 4, by using ideas different from the
method of [Hw10]. The restriction on the multi-degree m;’s in (iii) is needed to get
dim HY(Z, TZ®Qz ®0z(1)) = dim V. It is likely that the result of Theorem 1.7 still
holds for other cases. But one has to come up with some new ideas to handle these
cases.

Theorem 1.7 is proved by checking certain cohomological conditions for complete
intersections (Theorem 3.2 and Theorem 3.3). While some of these must have been
known to the experts, some of them (for example, Theorem 3.2 (III) ,(IV) and Theo-
rem 3.3) seem to be new and should be interesting as purely algebro-geometric results
on complete intersections.

2. Coframes adapted to characteristic connections. Most of the results in
this section are contained in [Hw10]. But many of them are not explicitly stated in
[Hw10], buried in the proofs of some propositions. For the reader’s convenience, we
will reproduce them here. Since it does not make sense to repeat all the arguments
given in [Hw10], we take this opportunity to give an alternative presentation, using
explicit computations with respect to a chosen basis. This presentation should be
more friendly to readers with background in differential geometry. People preferring
a basis-free, invariant approach should look at the presentation in [Hw10].

NOTATION 2.1. For a complex manifold M, we will write T'(M) to denote the
tangent bundle of M, but sometimes use Th; to simplify the notation. Let V be a C-
vector space and let PV be its projectivization, i.e., the set of 1-dimensional subspaces
of V. Given a projective submanifold Z C PV, the affine cone of Z will be denoted
by Z C V. For a point a € Z, the affine tangent space of Z at « is

To(Z) :=T,(Z) C V for a non-zero vector u € @.

This is independent of the choice of u. There is a canonical identification T, (Z) =
Hom(a, T, (Z)/@Q).

DEFINITION 2.2. Let M be a complex manifold. A smooth cone structure on
M is a submanifold C C PT(M) such that the projection w : C — M is a smooth
morphism with irreducible fibers. For each point x € M, the fiber ww=!(x) will be
denoted by C, and the union of the affine cones C, will be denoted by € € T(M). For
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a point « € C, denote by dw, : To(C) = T,(M),z = w(«), the differential of w at
a. We have three subspaces of T,/(C) defined by

Vo = dw_ 1 (0), To := dw, (@), Po = dwgl(Ta(C;)).

This gives three vector subbundles V C 7 C P of T'(C), i.e., three natural distributions
on C. The distribution V C T'(C) is integrable and coincides with the relative tangent
bundle of w.

DEFINITION 2.3. For a smooth cone structure C C PT (M), a line subbundle
F CT(C) is called a conic connection if F C T and F NV =0, i.e., it splits the exact
sequence

0—V—=T—=T/V=0(-1)¢—0 (2.1)

where O(—1) denotes the relative tautological line bundle on PT' (M), in other words,
it is the line subbundle of w*T (M), the fiber of which at ov € PT(M) is given by
O(-1)a =a.

The following is proved in Proposition 1 of [HMO04].

PROPOSITION 2.4. In Definition 2.3, regarding the subbundles of T(C) as sheaves
of vector fields on C, we have P = [F,V]. In particular, the bracket operation on
vector fields belonging to F and V induces an isomorphism of vector bundles

T:FeoV = P/T.

DEFINITION 2.5. A conic connection F C T'(C) is a characteristic connection if
for any local section v of P and any local section w of F, both regarded as local vector
fields on the manifold C, the Lie bracket [v,w] is a local section of P again.

When C = PT (M), any conic connection is a characteristic connection. This is
exceptional, as we have the following proposition, which follows from Theorem 3.1.4 of
[HM99] because an irreducible nonsingular projective variety with degenerate Gauss
map must be a linear subspace.

PROPOSITION 2.6. IfC, C PT,(M) is not a linear subspace for a general x € M,
then a characteristic connection is unique if it exists.

DEFINITION 2.7. Let Z C PV be an irreducible nonsingular nondegenerate pro-
jective variety. Let C C PT(M) be a smooth cone structure. We say that C is
isotrivial of type Z C PV if the fiber C,, C PT,(M) is isomorphic to Z C PV by a
linear isomorphism T, (M) = V for each point = € M.

The following is Proposition 5.2 of [Hw10].

PROPOSITION 2.8. Let C C PV be a smooth cone structure which is isotrivial of
type Z C PV. If H*(Z,Tz(1)) = 0, then there exists a unique conic connection on C.

Now we introduce Cartan’s coframe method.

DEFINITION 2.9. Let M be a complex manifold of dimension n. Fix a vector
space V' of dimension n. A V-valued 1-form w on M is called a coframe if for each
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x € M, the homomorphism w, : T,,(M) — V is an isomorphism. Fix a basiseq,...,e,
of V. Then w can be written as

w=0% + -+ 0",

for some 1-forms 6%, ...,0™ on M. A coframe w is closed if d#* = 0 for all i. A coframe
w is conformally closed if for any point © € M, there exist a neighborhood x € U C M
and a non-vanishing function f on U such that fw is closed on U. The closedness
(resp. conformal closedness) of a coframe is independent of the choice of a basis of V.

DEFINITION 2.10. Given a coframe w, let T;k be the functions on M defined by
do' = Z Tjikﬁj A B%, satisfying T;k = —T,ij.
Gik=1
The Hom(V AV, V)-valued function o defined by 0% (e;,er) = Y1, Tjpe; is called

2]

the structure function of the coframe w. Denote by %, .-+ g the vector fields on

M defined by
0 )
- 07 ) =0,
<86‘“ > i

where §;; = 0 if i # j and d;; = 1. Then

o a S 9
{a?aﬂ =22 Tis g

DEFINITION 2.11. Denote by 7 : T(M) — M the natural projection to M. Then
9" = 70" are 1-forms on the complex manifold T'(M). The 1-form 6 on M can be
viewed as a holomorphic function on T'(M), which we denote by A*. In other words,
the value of the function A" at a point v € T'(M) is just A'(v) = 6'(v). So we have a
collection of 1-forms on T'(M)

TV AN L7 ) SIS )

Denote by % and % the holomorphic vector fields on 7'(M) defined by

9 N (N o .
<(w,19>_5w <a)\i,)\>and <(w,dA> 0 <axi’ﬂ>'

The proof of the following lemma is straight forward.

LEMMA 2.12. Using the notation of Definition 2.11 and writing T;k in place of
the pullback W*T;k for simplicity, we have

49’ =T Aok
jrk

o 9 .9
[3737} =22 Ty
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DEFINITION 2.13. Given a coframe w on M, the vector field v on T'(M) defined
by

is called the geodesic flow of the coframe w. It is easy to check that v is determined
by w, independent of the choice of the basis.

The following is immediate from the definition.

LEMMA 2.14. For a point u € T (M), denote by v, € T, (T (M)) the value of v at
u. Then dmy (V) = u.

The following lemma is contained in the proof of Proposition 5.6 of [Hw10].

LEMMA 2.15. Let w be a coframe on M and let © be a germ of vector fields near
a point u € T(M) of the form

- 0 0
where h;(A) = h;(AL, ..., A\") is a germ of holomorphic functions in n-variables. Then

drm ([[9,7],7]u) = 2w (07 (wa (1), we (v)))

where © = m(u), v = Uy, wy : Ty(M) — V is the restriction of w at x and o¥ €
Hom(V AV, V) is the value of the structure function o* at x.

Proof. Note that
zi:hi( 8)\1 ZJ: am Zh am

Applying Lemma 2.12, we have

[[f}a’}/]a’}/]: Z 619] Z kaﬁk

;0
_2Zh lejalgi’

i,j,k

hence

dru ([[0,7],7]u) = 2w (07 (we (1), wa (v))).
g

DEFINITION 2.16. Let Z C PV be a fixed projective submanifold and let C C
PT(M) be a Z-isotrivial cone structure on M as in Definition 2.2. A coframe w on M
is adapted to the cone structure C C PT(M) if w, : T,,(M) — V sends C, C PT,.(M)
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to Z C PV. Any Z-isotrivial cone structure has an adapted coframe if we replace M
by a sufficiently small open subset.

DEFINITION 2.17. A smooth cone structure C C PT'(M) is locally flat if there

are holomorphic coordinates (z!,...,2") on a non-empty open subset U C X such
that the coordinate vector fields %, e 6% are C-preserving, in the sense described

in Definition 1.1.
The following is Proposition 4.5 in [Hw10] and the proof is straight-forward.

PROPOSITION 2.18. A Z-isotrivial cone structure on a manifold M is locally flat
if and only if each point of M has an open neighborhood over which one can find a
conformally closed adapted coframe.

The next proposition is Proposition 4.6 in [Hw10].

PROPOSITION 2.19. Let w be a coframe adapted to a Z-isotrivial cone structure
C CPT(M). Regard T(M) as a complex manifold. Then the geodesic flow vy is tangent
to the affine cone C C T(M).

Proof. Let (t!,...,t") be the coordinates on V dual to the basis {e1,...,e,}. Let
{fa(tl7" '7tn)71 S a S k}

be the homogeneous polynomials generating the ideal I; defining the projective vari-
ety Z C PV. Since w is adapted, the variety C C PT'(M) is defined as the zero locus
given by

faAL, A =0, 1 <a<k.
Then
0 0
_ 1~ n_%Y 1 ny _
W(fa)—<)\ 8191+ +A 319n)fa()\""’)\) 0.
Thus the vector field v is tangent to C. O

DEFINITION 2.20. By Lemma 2.14 and Proposition 2.19, the image of the vector
field v in C spans a foliation F* C T'(C) which is a conic connection for the cone
structure C. This conic connection F¥ is called the geodesic connection of the adapted
coframe w. For an alternate way to define F“, see Proposition 3.11 in [Hw13].

DEFINITION 2.21. Let C C PT(M) be a cone structure with a conic connection
F C T C T(C). Then a coframe w on M is said to be adapted to the conic connection F

if it is adapted to C and its geodesic connection agrees with the given conic connection,
ie, FY =F.

DEFINITION 2.22. Given a projective submanifold Z C PV, define

(1]

7= {0:V/\V—>V, o(u,v) € Ty(Z) iquZandUETu(Z)}
Ev ={0: VAV =V, o(u,v) € Cu+ Co for all u,v € V}.

Note that Zy C Zz. From Proposition 3.3 of [Hw10], the subspace Zy C Hom(V A
V, V) is isomorphic to the dual space VV by the natural contraction homomorphism
VY — Hom(V AV, V).
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The following is Theorem 3.4 of [Hw10].

PROPOSITION 2.23. A coframe w on a manifold M of dimension > 3 is
conformally closed if and only if the structure function % takes values in Zy C
Hom(V AV, V).

The next theorem is a refinement of Proposition 5.6 in [Hw10].

THEOREM 2.24. Let C C PT(M) be a Z-isotrivial cone structure and let w be an
adapted coframe with the structure function o®. If the geodesic connection F% is a
characteristic connection, then o% takes values in Z5.

Proof. Denoting by 0y C T(M) the zero section, let v : ¢ \ Opy — C be the
natural projection. The geodesic flow 7 of Proposition 2.19 satisfies diy(y) C F* by
Definition 2.20.

As the coframe is adapted to C, for a point u € C, and a vector v € T,(Cy)
satisfying di(v) # 0, we can choose a local vector field ¢ in a neighborhood of u in C,
which has the the form

0 0

= hl(’\)W +o At hn(A) 5y

Thus we can apply Lemma 2.15. to see that

72 (u,0) = e (dm ([ 11, 7)):

Since F¢ is a characteristic connection, the local vector field [[0,7],7] is a section of

-~

P. It follows that o% (u,v) has value in T,,(Z). Thus ¢* takes values in Zz. O

COROLLARY 2.25. Let Z C PV be a submanifold with =z = Zy. Let M be
a complex manifold of dimension > 3 and let C C PT(M) be a Z-isotriwial cone
structure with a characteristic connection F. Then C is locally flat if at least one of
the following two conditions holds.

(1) There exists a coframe adapted to the connection F.
(2) HY(Z,T(Z)® O(1)) = 0.

Proof. Assume that (1) holds. Then the geodesic connection of the adapted
coframe coincides with the characteristic connection F. Thus C is locally flat from
Proposition 2.18, Proposition 2.23 and Theorem 2.24.

Assume that (2) holds. Then a Z-isotrivial cone structure has a unique conic
connection from Proposition 2.8. Thus any coframe adapted to C is adapted to the
connection F and the condition (1) is satisfied. O

When the smooth cone structure is a VMRT-structure, the existence of a char-
acteristic connection is automatic by the following result of Proposition 6.1 [Hw10],
which is a reformulation of Proposition 3.1.2 of [HM99].

PROPOSITION 2.26. Let X be a uniruled projective manifold and let C C PT(X) be
the VMRT-structure defined by a family IC of minimal rational curves on X. Assume
that there exists an open subset M C X such that the restriction Cly C PT(M) is
a smooth cone structure. Then it has a characteristic connection given by tangent
vectors of members of K.

By Proposition 2.26 and Corollary 2.25, we have
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COROLLARY 2.27. Let Z C PV be a smooth irreducible subvariety of positive
dimension. Assume that H(Z,T(Z)® Oz(1)) =0 and 2z = Zy. Then any VMRT-

structure on a uniruled projective manifold which is isotrivial of type Z C PV is locally

flat.

3. Outline of the proof of Theorem 1.7.

DEFINITION 3.1. Let Z C PV be a nonsingular projective variety. We will
denote by Qz(= Q) the cotangent bundle of Z. For a vector v € T, (Z) in Notation
2.1, denote by [v] € T,(Z)/a its class modulo @. By the canonical identification
To(Z) = Hom(@, Ta(Z)/@), the fiber of Tz © Oz (—1) at o is identified with T, (Z)/a.

(i) Note that the fiber of Tz ®Qz®O(1) at a point a € Z is naturally isomorphic

to

Hom (@ & (Tu(2)/@), Tu(2)/@)).

For an element o € =, define ((0) € H(Z,Tz ® Q7 ® O(1)) such that its
value at a € 7,

((0)a € Hom (@ ® (Ta(2)/a), Tu(2)/3)

satisfies ((0)a(u ® [v]) = [o(u, v)] for any u € & and v € To(Z). This defines
a homomorphism

C:Ez = HY"Z, Tz 20z ®0(1)).
Define =/, := Ker(¢), i.e.,
2, :={o e Hom(V AV,V), o(@,v) Caifa C Z and v € To(Z)}.

(ii) Note that the fiber of Qz ® (’)( ) at a point o € Z is identified with
Hom(T,(Z)/@,C). For o € g, let n, € H°(Z,Q7 ® O(1)) be the section
whose value at a € Z,

No,o € Hom(T,(Z )/a C)

satisfies 15,o([v])u = o(u,v) for any v € @ and v € To(Z). This defines a
homomorphism

n:=y — H(Z,Qz7 @ O(1)).
Define 2% := Ker(n), i.e.,

Y = {0 € Hom(V AV, V), o(u,v) =0ifue Z and v € TU(Z)} .

Note that =% = 0 if and only if Z is tangentially nondegenerate, i.e., the
variety TanLines(Z) C P(A%V) of tangent lines to Z C PV is nondegenerate
in P(A2V).

THEOREM 3.2. Let Z C PV be a positive-dimensional nonsingular nondegenerate
complete intersection. Then
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(I) H°(Z,Q27(1)) = 0 unless Z is a curve.
(I) H°(Z,Tz(1)) # 0 if and only if
(IT-a) either Z is a curve whose multi-degree is one of the following

2], 3], [4],12,2], [2, 3], 2,2, 2].
(II-b) or dim Z > 2, whose multi-degree is one of the following
2], (3], [2, 2]

III) 2% =0, i.e., Z is tangentially nondegenerate.
z g Y g
(IV) 2 #0 if and only if Z is a plane conic.

Now Theorem 1.7 follows from Corollary 2.27, Theorem 3.2 (II) and the following
result:

THEOREM 3.3. Let Z C PV be a smooth non-degenerate complete intersection.
Assume further that Z satisfies one of the following:

(i) Z is a curve of degree > 3;

(il) Z C PV is covered by lines and not a quadric hypersurface;

(iii) Z is contained in a smooth hypersurface of degree d > 3 and its multi-degree
[mq,---,m.| satisfiesd=mq <d+2<mg < -+ <me.

Then EZ = Ev.

The proofs of Theorem 3.2 and Theorem 3.3 will be given in Sections 4 — 7. At
several points in the proofs, we will use the linear normality H°(Z,O(1)) = V'V of
complete intersections, without explicitly mentioning it.

REMARK 3.4. In the proof of Proposition 5.7 in [Hw10], the two vector spaces
£/, and EY% were erroneously mixed up. To fix this error, one has to add the condition
H°(Z,Q2(1)) = 0 in the statement of Theorem 1.1 and Proposition 5.7 in [Hw10]
(consequently, also for Theorem 1.10 in [Hw13]). Since this condition is satisfied
when Z is a hypersurface, this does not affect the other results in [Hw10] and [Hw13].

4. Proof of Theorem 3.2 (i) and (ii). Theorem 3.2 (I) is immediate from the
following lemma, which is proved in [B76] (Satz 3) and [B77] (Satz 6).

LEMMA 4.1. Let Z C PV be a smooth non-degenerate complete intersection.
Assume 1 <r < dim Z — 1, then H*(Z,Q%(p)) =0 for p <.

Let us prove (II). For a smooth complete intersection curve Z C PV of multi-
degree [my,--- ,my_1], let m = Zf\;l m;. Then H°(Z,T7(1)) = H*(Z,O(N + 2 —
m)) which is non-zero if and only if N 4+ 2 > m. This gives exactly the multi-degrees
in (IT-a).

Now assume n := dim Z > 2. Note that

HY(Z,T7(1)) ~ H(Z,Q% ' (1) ® (Q%)*) = H*(Z,Q% (N +2 — m)).

By Lemma 4.1, we have H°(Z,T7(1)) = 0 provided that N +2 —m < n — 1, or
equivalently, »>°.(m; — 1) > 3. This is the case except for the types [2], [3] and
[2,2]. Since H(Z,Q%(r 4+ 1)) # 0 by [B77] (Satz 7) for 1 <r < n — 1, we see that
H(Z,Tz(1)) # 0 for these three cases, proving (II-b).
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5. Proof of Theorem 3.2 (III).

NOTATION 5.1. For a nonsingular projective variety Z C PV, the normal space
of Z at a € Z is Nz = Hom(a, V/T,(Z)) and its dual N , is the conormal space.
We will denote by N the conormal bundle of Z.

DEFINITION 5.2. Fix a nonzero element § € VV. For A € Y%, define an element
As(A) € HY(Z,N}(2)) by setting its value at « € Z to be

—

As(A)(p @ u®?) =6 0 A(u, p(u))

where u € @ and for a normal vector ¢ € Nz, = Hom(u, V/TU(Z)), we denote by

—

o(u) € V a vector representing o(u) € V/Ty(Z). Note that the above definition does

-~

not depend on the choice of ¢(u) and depends only on ¢(u) because A(a, To(Z)) = 0.
This defines a homomorphism

s 2% — HY(Z,Ny(2)).

DEFINITION 5.3. For an element @ of
H(PV,T,(2)) = {Q € Sym*V", Q(u,u) =0 for all u € Z},

define an element x(Q) € H°(Z, Ny(2)) by setting its value at o € Z to be

—

X(@Q)(p @ u®?) == Q(u, p(u))

where u € Z and au/) € V is as in Definition 5.2. Note that the above definition does

~

not depend on the choice of p(u) and depends only on ¢ because Q(a,T,(Z)) =0
for all & € Z. This defines a homomorphism

x : HY(PV,Z7(2)) — H°(Z,N}(2)).

REMARK 5.4. As is well-known, the sheaf of local sections of the bundle Ny is
just Zz/Z%. The homomorphism x comes from the natural map Zy — Z/Z%.

LEMMA 5.5. In the setting of Definition 5.2 and Definition 5.3, we have Im(As)N
Im(x) = 0.

Proof. For any u € Z and any w € V, we have an element ¢}/ € Nz, such that
0¥ (u) = [w]. Suppose As(A) = x(Q) for some A € £ and Q € H°(PV,Zz(2)). For
alue Zand w eV,

Q(u,w) = x(Q)(¢) ® u®?) = As(A) (¢} ® u™?) = b 0 A(u, w).

Thus Q(u,w) = & o A(u,w) for any u € Z and w € V. Since Z is nondegenerate in
PV, this implies that the symmetric form @ and the antisymmetric form 6 o A are
equal as bilinear forms on V', a contradiction unless Q =do A=0. 0

We recall the following two standard lemmata. The first one can be found in p.
630 of [BR] and the next one is easily checked by splitting the long exact sequence
into short ones.
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LEMMA 5.6. Let Z C PN be a complete intersection of multi-degree [my,--- ,m¢].
Putn=dimZ = N —c. Writing m = mj + ---+ m., we have the following Koszul
exact sequence

0— OPN (—m) — @leOPN(—m + mz) — e
- = @5_10pn (—m;) = Opy — Oz — 0.

LEMMA 5.7. Let 0 - Fg — F1 — - — Fn — 0 be an exact sequence of
coherent sheaves on a variety X. If HI =YX, F—j) =0 for all j € {1,2,--- ,m},
then HY(X, Fp,) = 0.

Now we can finish the proof of 2% = 0 as follows. Let [my1, ..., m.] be the multi-
degree of Z, satisfying m; > 2 for all <. By Lemma 5.6, we have an exact sequence

0— O]PN(2 —m) — s — @leOpN@ —ml-) —>Iz(2) — 0.

By Lemma 5.7, we obtain HY(PV,Zz(2)) ~ H°(PV,®¢_,Op~ (2 — m;)). Since the
normal bundle Nz is isomorphic to @;1 Oz(m;), m; > 2, we see that

x: HO(PV,T(2)) = H°(Z,N(2))

is an isomorphism.
Take any A € Z%. By Lemma 5.5, we have \s(A4) = 0 for any § € V'V, namely

A(u,w) = 0 for all u € Z,w € V, which implies that A = 0 by the linear nondegen-
eracy of Z. Thus 2% = 0

6. Proof of Theorem 3.2 (iv). Firstly, for the plane conic
Z ={zi+a5+25 =0} CPV, dimV =3,

where x1, 29, x3 are homogenous coordinates dual to a basis (eq, eq, e3) of V', define
o € Hom(A?V, V) by

oler Neg) =es, o(ea Aes) =e1, o(es Ner) = ea.

One can check that o € 2. Hence Z/, # 0 for a plane conic.

Let us prove =, = 0 when Z is not a plane conic. By Theorem 3.2 (III), the
homomorphism 7 : 2, — HY(Z,Qz ® O(1)) is injective. Thus if dimZ > 2, we
have E7, = 0 by (I). So we may assume that dim Z = 1. Let [mq,...,mny—_1] be the
multi-degree of the curve Z C PV, N =dimV —1land let m =my +---+my_1.

LEMMA 6.1. If Z is not a plane conic, then the homomorphism
HY(Z,Q7 @ O(m; —2))®@ H*(Z,0(1)) = H*(Z,Q7 @ O(m; — 1))

1s surjective for each 1 <1 < N — 1.

Proof. By the projective normality of complete intersections, the homomorphism
is surjective as long as the degree of

Qz0(m; —2)2~0m—-N—-14+m; —2)=0(m+m; — N —3)
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is nonnegative. From m =mj+---+myn_1 > 2(N —1), we have m+m; — N -3 >0
unless N = 2 and m = m; = 2. Thus the surjectivity holds unless Z C PV is a plane
conic. O

For the next lemma, we need the following definition.

DEFINITION 6.2. As in Definition 3.1, we can identify the fiber of 2z ® O(2) at
a point o € Z with Hom (a ® (Taé/a),([:) For an element w € A?2VY and «a € Z,
define

¥(w)e € Hom (a ® (T Z/@), (C)
by setting
VW) (u® [v]) = wlu,v)
for any u € @ and [v] € T, (Z)/@ given by v € T,(Z). This defines a homomorphism
v APVY ~ HY PV, Qpy (2)) — HY(Z,Q7 @ O(2)).

LEMMA 6.3. Let
w:HYZ,Q,2001))® H(Z,0(1)) = H(Z,Q7 @ 0(2))

be the natural tensor product homomorphism. Then for any o € EY and s € V¥ =
H°(Z,0(1)), there exists an element w* € A2V satisfying

(e ©5) = (W)

where 7y is as in Definition 6.2 and 1, is as in Definition 3.1(ii), the image of o under
the injection 1 : =, — H%(Z,Qz @ O(1)).

Proof. Note that the homomorphism ¢ restricted to the fibers at o € Z,
Hom(T(Z)/a,C) ® VV % Hom (a ® (Ta(2)/3), c) ,
is given by
(¥ @ 5)(u® [v]) = P([v]) - s(u)
for any ¢ € Hom(T,(Z)/a,C), u € &,v € To(Z) and s € VY. Define w”* € A2V by
w?*(vy,v2) := s(o(vy,v2)). Then for u € Z and v € T,,(Z),
V(@) (u @ [v]) = w”*(u,v) = s(o(u,v)) =
= s(no(v)u) = 16 (v) - s(u) = wo(ne @ 5)(u® [v]).
This proves the lemma. O
Recall the following from Bott’s formula ([OSS] p.8).
LEMMA 6.4. HI(PN, Qpn(p)) # 0 if and only if one of the following holds:
(1) g=0andp>r+1;
(2) g=r andp=0;
3) g=Nandp<r—1-—N.
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LEMMA 6.5. Let Z C PV be a smooth complete intersection of codimension c. If
r > max{1,t}, then H(Z, Qpw 4(8)) = 0.

Proof. From the exact sequence in Lemma 5.6, we have the exact sequence

0— Qpn(t—m) = & Qpn(t—m+m;) — - (6.1)

= B O (8 —my) = Qpw (t) = Qv 5(1) = 0.

Assume that ¢ < r, then HO(PY,Qf(t)) = 0 by Lemma 6.4. Note that m;, + --- +
m;, > 2r > r, hence t # m;, + --- + m,;, for any indexes iy,--- ,i, whenever r < c.
By Lemma 6.4, we have

HOPY Qpn () = HY(PY, @5 Qpn (t —my)) = --- = HY(PY, Qfn (t —m)) = 0.
Then the claim follows from Lemma 5.7. O

Now we are ready to finish the proof of Z), = 0. We use the conormal exact
sequence 0 = Ny — Qpy|z — Q2 — 0 to obtain the following commutative diagram
where all cohomology groups are taken over Z

HOQey(D)]2) @ VY — HYQz(1) o VY "E%Y gy (Ny@a) e vV
4 Lo 4 1
HO(Qpy(2)|2) — H°(Q2(2)) — HY(N(2))

4 [
HO(PV,Qpy(2)) —  H(Qz(2)).

For any 0 € 2/, and s € V'V, Lemma 6.3 says that ¢(n, ® s) belongs to the image of
r. Thus it is sent to zero by 72, implying

11 (11 (ne ®s)) =0. (6.2)

Using Nz = Zfi_ll O(m;) and Serre duality, we have

71 H(Z,Q7(1)) = H(Z,Q2 ® Nz(-1))" = Y H(Z,Q7 ® O(m; — 1))".

Write
N—-1
n(e) = > i, i € HY(Z,.Qz @ O(m; — 1))V,

i=1
Then (6.2) implies
0=u(;®s)€ H(Z,Q7 @ O(m; —2))¥
for any s € VV and 1 <4 < N — 1. Thus for any t € H%(Z,Qz ® O(m; — 2)), we have
0=11(¢; @s)(t) = i(s @1).

By Lemma 6.1, this implies ¢; = 0 for all 1 < i < N — 1 which implies 71(n,) = 0.
Since H(Z,Qpy(1)|z) = 0 by Lemma 6.5, the homomorphism 7 is injective. We
conclude that 7, = 0 and o = 0.



ISOTRIVIAL VMRT-STRUCTURES 347

7. Proof of Theorem 3.3. To prove Theorem 3.3 (i) and (ii), we use the fol-
lowing corollary of Theorem 3.2 (III) and (IV).

COROLLARY 7.1. Let Z C PV be a positive-dimensional nonsingular nondegen-
erate complete intersection of positive codimension. Assume Z C PV is not a plane
conic, then the map ¢ : 2z — H(Z, Tz @ Qz @ O(1)) is injective. In particular, if
H(Z, Tz 20z @ 0O(1)) =V, then 2y = Zz.

The last statement follows from VYV ~ 2y C 2, C HY(Z,T7z ® Q7 @ O(1)). Note
that if Z is a curve of degree > 3, then H(Z, Tz ® Qz @ O(1)) = H*(Z,0(1)) = VV.
Thus we obtain Theorem 3.3 (i) by applying Corollary 7.1.

For the proof of Theorem 3.3 (ii), we recall two lemmata.

LEMMA 7.2. Let X C PV be a projective manifold covered by lines. Assume
that the VMRT C, C PT,(X) at a general point x € X is nondegenerate and the Lie
algebra awt(C,) C End(T,(X)) of infinitesimal automorphisms of the affine cone Cs
has dimension 1. Then H°(X,Tx ® Qx (1)) = H°(X,O(1)).

Proof. Assume that there exists a traceless element A € H(X, Tx®Qx(1)). Fora
general point z € X, let A, € End(7T,(X)) be a traceless endomorphism representing
the value of A at z. Let C' C X be a line through x € X. Then

T(X)c=02)e01)a0!

for suitable nonnegative integers p,q and if o € C, is a nonzero vector in T} () c
T,(X), we have

Ta(Ca) = (O(2) © O(1)P),.

Restricting A to C, we have
T(X)|e = 02) ® O @ 01 25 T(X) @ O(1)|0 = O(3) © O2)PO(1) .

Hence it sends O(2) to O(3) @ O(2)P. This implies that for any a € C,, the vector
Ay () lies in T, (C;). This implies A, € aut(C,). Since the latter is assumed to be C,

the traceless endomorphism A, must be zero. Since this is so for a general z, we have
A=0.0

LEMMA 7.3. Let Z C PV be a smooth non-degenerate complete intersection.

~

Then aut(Z) = C unless Z is a hyperquadric.

Proof. As H°(Z,Tz) = H°(Z,Q% (N +1 —m)), by Lemma 4.1 we have
HY(Z,Tz) =0if N+1—m <n—1 (namely Y ,(m; —1) > 2) and n > 2. Now if Z is
a curve, then H°(Z,T7) = H°(Z,O(N +1—m)) is non-zero if and only if N +1 > m,
which implies that Z is either a plane cubic or of type [2,2] in P3. In the latter two
cases, Z is an elliptic curve and it is easy to see that aut(Z) =C. 0

The proof of Theorem 3.3 (ii) can be obtained as follows. It is well-known (e.g.
repeated applications of Example 1.4.2 in [HwO01]) that if the multi-degree of Z is
[m1,...,m], then the VMRT C, of Z at a general point x € Z is a complete inter-
section of multi-degree

[2735"' 7m15273a"' , M2, - 72537"' 7mC]'
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By Lemma 7.3, H°(C,,Tc,) = 0 unless Z is a hyperquadric. By Lemma 7.2 and
Corollary 7.1, we have =7 = Zy.

It remains to prove Theorem 3.3 (iii), which is equivalent to the following.

PROPOSITION 7.4. Let Y C PV be a smooth hypersurface of degree d > 3. Let
Z CY be a smooth complete intersection of Y of multi-degree [mq,--- ,m.] such that
me>--->my>d+2. Then 2y = Zy .

The proof is rather involved and will occupy the rest of the section.

We start by introducing a notation. Let T) be the Young tableaux with k£ + 1
boxes, which has two columns and the number of boxes in the first column is k and in
the second is 1. We have the T-symmetrical tensor Q7% in the sense of [B97]. Recall
the following from Theorem 1 in [B97].

LEMMA 7.5. (i) HY(PY, Qﬂfj’% (p)) # 0 if and only if one of the following holds:

(1) ¢g=0andp>k+3;
(2) g=landp=k+1;
3) g=kandp=1,

(4) ¢g=N andp<k-—N.

(ii) dim H (PN, QN1 (N)) = N + 1.

We also recall the following standard results.

LEMMA 7.6. (i) HO(PY, Tpn @ Qpn (k) = HO(PY, Opn (k)) for any integer k < 0.

(ii) For 1 < ¢ < N — 2 and any integer k, we have HI (PN, Tpn @ Qpn (k) = 0
unless (¢, k) = (1,-1).

(iii) HY (PN, Tpy @ Qpn (1)) ~ HY(PV, Q;ﬁ’l (N)), which is of dimension N +1.

(iv) HN =Y PN Tpn @ Qpn (k) =0 if k # —N.

Proof. Recall that Tpny ~ QIJPYN_l ® Ky and the subbundle of traceless endomor-
phisms ad(Tpv) C Tpy @ Qpy satisfies ad(Tpy) ~ Q;ﬁ’l ® Kyx. Hence we have an
exact sequence

0 — Opn (k) — Tpn @ Qg (k) — ad(Tpn ) (k) = QN (N + 1+ k) — 0.

All the claims follow from Lemma 7.5 (i) and (ii) applied to this exact sequence. O

To prove Proposition 7.4, we need several results on the hypersurface Y C PV.
To start with, we deduce the following result from Satz 2 of [B74].

LEMMA 7.7. (i) If 1 <r < N —2, then H°(Y, Q% (p)) =0 for p <r.
(i) Ifg+r#N—-1and 1 <qg< N —2, then

dim H4(Y, Q3 (p)) = q,r - Op.0-

The following lemma follows from Bott’s formula (cf. Lemma 6.4) applied to
long exact sequence of cohomologies associated to the sequence 0 — Qpy(p —d) —

Q[@N (p) — QEN‘Y(Z)) — 0.
LEMMA 7.8. (i) If p<r and r > 1, then HO(Y, Qn), (p) = 0.
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(ii)) If 1 <q < N — 2, then

dim HI(Y, Q| () = bqr * p.0 + Ogir—1 - Opua.

LEMMA 7.9. Assumep < —1 and 0 < ¢ < N—2, then H1(Y, Tpn @Qp~ (p)|y) =0
unless (¢,p) = (1,—1) or (N —2,d — N).

Proof. From the exact sequence 0 — Opn (—d) = Opn — Oy — 0 we have
0— Tpn @ Qpn(p—d) = Tpy @ Qpn (p) = Tpy @ Qpn (p)|y — 0.
Now the claim follows from Lemma 7.6. O

LEMMA 7.10. Assume p < —1 and 0 < g < N — 3, then
HI(Y, Ton, () @ Qy) = 0
unless (q,p) = (1,—1) or (N —3,2d — N —1).

Proof. Note that Tpw |, (p — d) =~ Qngl(N +1+4p—d)|y, hence by Lemma 7.8,
if p < —1, then HY(Y, Tpx|, (p —d)) = 0 for all 0 < ¢ < N — 2 unless (¢,p) =
(N —2,2d— N —1).

From the exact sequence 0 — Oy (—d) — Qp~|, — Qy — 0, we have

0— TPN|Y(p —d) = Tpy @ Qpn (p)|y — TPN‘Y(]?) ® Qy — 0.

Now the claim follows from Lemma 7.9. O

PropoOSITION 7.11. Assume p < —1. Then

(i) HO(Y, Ty @ Qy (p)) = 0.

(i) HI(Y, Ty @ Qy(p) =0ifp+d<1;

(i) H*(Y,Ty ® Qv (p)) =0 if p+d #0;

(iv) For all3<q< N —4, H(Y, Ty ® Qy(p)) = 0.

(v) HN (Y, Ty @ Qv (p)) =0 if p#2d — N — 1.

Proof. By Lemma 7.7, we have H(Y, Qy (p+d)) = 0if p+d < 1 and H4(Y, Qy (p+
d))=0forall 1 <q< N —3unless (¢,p) = (1, —d).

From the exact sequence 0 — Ty — Tpn|, — O(d) — 0 we obtain

0—=>Ty ® Qy(p) — TPN‘Y X Qy(p) — Qy(p + d) — 0.
Now the claim follows from Lemma 7.10. O

PROPOSITION 7.12. For a smooth projective hypersurface Y C PV of degree > 3,
we have H(Y, Ty @ Qy (1)) =~ VV.

Proof. We have an exact sequence
0= Oy(l) = Ty ®Qy (1) = ad(Ty)(1) — 0.
Note that ad(Ty)(1) =~ Q)T,N’Z(N + 2 —d). By Theorem 4(iii) [BR], we have
HO(Y, Q00N 2(N 42 — d)) = 0 if d > 3, which implies the claim. O

Now, let Z C Y be a complete intersection of multi-degree [mq,--- ,m.|, where
¢ =codimy (Z) = N — 1 —n with n = dim Z. We always assume dim Z > 2, namely
c< N —3.
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LEMMA 7.13. Assume that mj; > d for all j, then

HY(Z, Ty @ Qy(1)|7) ~ H'(Y, Ty ® Qy(1)).

Proof. To simplify the notation, put F = Ty ® (y. By splitting the exact
sequence in Lemma 5.6, we have

0—->F1l-m)—> 0 Fl-—m+m;)— - —=@&_;F1l—m;) > B—0

0—-B—F1)—F1)|z—0

for some coherent sheaf B on Y. By Proposition 7.11, we obtain the vanishing of the
following cohomology groups

HY(Y,F(1—=m;))=H"(Y,F(L —=m; —m;)) =---= H" ' (Y,F(1 —m)) = 0.
Hence by Lemma 5.7, we get H°(Y, B) = 0. In a similar way, we get
HYY,F(1—m;)) = H*(Y,F(L—=m; —mj)) == H ' (Y, F(1—m+m;)) =0

Recall that c < N —3. If c=N —3,then 1 —m <1—d(N —3) <2d — N — 1 since
N > 3, hence we get H°(Y,F(1 —m)) = 0 by Proposition 7.11. This implies that
HY(Y, B) = 0, concluding the proof. O

Now we are ready to finish the proof of Proposition 7.4.

If Z is a curve, then H(Z, Tz @ Qz(1)) ~ H°(Z,0(1)) has dimension N + 1.
Thus we may assume dim Z > 2, namely ¢ < N — 3.

By Lemma 7.13, it suffices to show that elements of 27 C H(Z, Tz @ Qz(1))
comes from H°(Z, Ty @ Qy(1)|z). Assume that ¢ € =z C Hom(A?V,V) is not in
H°(Z, Ty ® Qy(1)|z). Then the collection of homomorphisms ¢, : V ® 7 — V
at x € Z defined by v ® @ — ¢(a,v),a € T induces a nonzero homomorphism
Nz/y — Ny/[pv(l)|z. In other words, a homomorphism of vector bundles on Z

O(m1) & & O(m,) = O(d + 1).

But by the assumption that d + 1 < m; for all j, this must be zero, a contradiction.

8. Negative examples to Question 1.4. In this section, we will provide
examples of smooth projective variety with isotrivial VMRT which are not quasi-
homogeneous. They are hyperplane sections of rational homogeneous varieties.

Let G be a simple Lie group of adjoint type of rank [ with Lie algebra g. We fix a
Borel subgroup B C G and the set of roots is denoted by ®. Let {ay, -+, a;} be the
set of simple roots and ®* (resp. ®~) the set of positive roots (resp. negative roots).
The fundamental weights are denoted by {A1,---,N}. Let p =13 o a= le i
be the half sum of positive roots.

For any 1 < k <[, we denote by Pj the maximal parabolic subgroup determined
by Ak. Its Lie algebra pj is given by

pr =@~ U{0} U ®;, where &} = {a € @T|(a, \y;) = 0}.

Let L* be the line bundle defined by the character A\, on the homogeneous
manifold G/Py. Then Pic(G/Py) ~ ZL*. The line bundle L** is very ample and
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it induces a natural embedding G/P, C PH(G /Py, L**) = PV** where V** is the
irreducible G-module with highest weight Ag.

The tangent bundle Tz, p, is the homogeneous vector bundle associated to the
adjoint representation of G restricted to P, on the quotient g/px, hence the weights
of this representation of P are the roots of G that are not in P, i.e. roots of G
that contain «y with multiplicity at least 1. We call G/Py an irreducible Hermitian
symmetric space (THSS for short) if the Py-representation g/py is irreducible. They
are classified as follows:

g Al Bl Ol Dl E6 E7
k 1<k<l 1 l LI—1,0] 1,6 7
G/P: | Gr(k,1+1) | Q7T | Lag(i,2]) | Q7 2§ | OF% | B/ P

In this case, the highest weight of g/py is the longest root 5. In the notations of
Bourbaki, the longest roots are given by the following:

g Ay Ci(l>2) | Fy,E7 | Bi(1>3),Di(l>4),Gy,E¢ | Eg
B A+ N 21 A1 A2 A8

LEMMA 8.1. Assume that G /Py is an IHSS different from projective spaces, then
HYG/Py,Te/p,(—1)) =0 for all ¢ > 0.

Proof. As the maximal weight of g/py is 3, the maximal weight of T, p, (—1) is
W= — ;. By our assumption, p has coefficient —1 at Ay, hence p + p is a singular
weight (since (ag, p+p) = 0). By Borel-Weil-Bott, we have H¥(G/ Py, Tg/p,(—1)) = 0
for all ¢. O

From now on, we assume that Aut®(G/P;) = G. This is always the case up
to replacing G and P;. Let X C G/Py be a smooth hyperplane section, i.e. X =
G/P. N H for a smooth hyperplane [H] € P(V**)V. Then we have

LEMMA 8.2. Assume that G/ Py is an IHSS different from projective spaces, then
(1) HO(X,Tx) is identified with the stabilizer of g at [H] € P(VA*)V.

(ii) RY(X,Tx) = dim V** — 1 + h0(X, Tx) — dim g.

(iii) h?(X,Tx) =0 for all p > 2.

Proof. By the exact sequence
0— Og/pk — Og/pk(l) — Ox(l) — 0

we get that h°(X,Ox (1)) = dim V* — 1 and h?(X,Ox (1)) = 0 for all p > 1. Using
the exact sequence

0= Tg/p,(—1) = Tg/p, = Te/plx — 0,
we obtain
(X, Tg/p,|x) = B°(G/Pr, Tg/p,) = 9
and h?(X,Tg,p,|x) = 0 for all p > 1. The exact sequence

0—Tx —>Tg/pk|X —>Ox(1) —0
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gives
HY(X,Tx) C H(X,Tg/p,|x) = H(G/ P, TG, p,),

which proves the first claim, while the other two follow from previous discussions. O

For an irreducible G-module V', there exists an open subset U C V such that
dim G- v remains the same (and maximal for all G-orbits in V'). We denote by ma(V)
this dimension. Then stabilizer of v € U has dimension dim G — mg (V).

PRrROPOSITION 8.3 ([AVE], Corollary on p.260 ). Assume that G is simple and V
an irreducible representation of G. If dimV > dim G, then mg (V) = dim G.

On the other hand, we have the following list of G/ P, whose general hyperplane
sections are locally rigid. We will use the notation of the homogeneous varieties in
p.466 of [FH].

PROPOSITION 8.4. Let G/Py, be an IHSS and X C G/Py a general hyperplane
section. Then X is locally rigid (i.e. H'(X,Tx) = 0) if and only if G/ P, is isomor-
phic to one of the following:

P",Q", Gr(2,n),Gr(3,6),Gr(3,7),Gr(3,8),Ss, Se,

S7, Lag(3, 6), EG/Pl, E7/P7.

Proof. If dim V** > dim G, then h°(X,Tx) = 0 by Proposition 8.3 and Lemma
8.2. Hence h'(X,Tx) = 0 if and only if dim V** — 1 = dim G, while there is no such
fundamental representations.

Now assume dim V** < dim G. In [El] (Table 1 on p.46-48), a complete list of all
irreducible G-modules with mg (V) < dim G together with the stabilizer (denoted by
h) is given. Then H'(X,Tx) = 0 if and only if dim V** + dimbh = dimg + 1. The
Proposition is obtained by a case-by-case check. O

From the above results, we can deduce the following negative examples to Ques-
tion 1.4.

THEOREM 8.5. The following projective manifolds of Picard number 1 have
1sotrivial VMRT-structures, which is not locally homogeneous. In fact, they do not
have continuous automorphism groups.

(i) A general hyperplane section of Sp,n > 8: its VMRT at a general point is a

general hyperplane section of Gr(2,n).

(ii) A general hyperplane sections of Lag(n,2n),n > 4: its VMRT at a general

point is a general hyperplane section of the second Veronese embedding of P™.

Proof. From Lemma 8.2 and Proposition 8.3, we see that the listed varieties do
not have continuous automorphism groups. We can see that their VMRT at a general
point is as described above from p.466 of [FH]. For (i), the VMRT at a general point
is rigid from Proposition 8.4. For (ii), the VMRT at a general point is the second
Veronese embedding of a quadric hypersurface. So it is rigid. Thus the VMRT-
structure is isotrivial in both cases. Since the VMRT at a general point is nonsingular
and irreducible, Theorem 1.2 implies that it is not locally homogeneous. O



[AVE]
[B74]
[B76]
[B77]
[B97]
[BR]
(B1]

[FH]

[Hw01]

[Hw10]
[Hw13]

[HM99)

[HMO1]
[HMO04]

(M]

[0SS]

E.

J.-

J.-

J.-

J.-

J.-

J.-

N.

C.

ISOTRIVIAL VMRT-STRUCTURES 353

REFERENCES

M. ANDREEV AND E. B. VINBERG, AND A. G. BELASVILI, Orbits of highest dimension of
semisimple linear Lie groups, Funkcional. Anal. i Prilozen, 1:4 (1967), pp. 3-7.

. BRUCKMANN, Zur Kohomologie von projektiven Hyperflachen, Beitrige zur Algebra und

Geometrie, 2 (1974), pp. 87-102.

. BRUCKMANN, Zur Kohomologie von wollstndigen Durchschnitten mit Koeffizienten in

der Garbe der Keime der Differentialformen, Math. Nachr., 71 (1976), pp. 203-210.

. BRUCKMANN, Zur Kohomologie von wollstndigen Durchschnitten mit Koeffizienten in

der Garbe der Keime der Differentialformen. II, Math. Nachr., 77 (1977), pp. 307-318.

. BRUCKMANN, The Hilbert polynomial of the sheaf QT of germs of T-symmetrical tensor

differential forms on complete intersections, Math. Ann., 307:3 (1997), pp. 461-472.

. BRUCKMANN AND H.-G. RACKWITZ, T-symmetrical tensor forms on complete intersec-

tions, Math. Ann., 288:4 (1990), pp. 627-635.

. G. ELASVILI, Canonical form and stationary subalgebras of points in general position

for simple linear Lie groups, Funkcional. Anal. i Prilozen, 6:1 (1972), pp. 51-62.

. Fu AND J.-M. HwANG, Classification of non-degenerate projective varieties with non-

zero prolongation and application to target rigidity, Invent. Math., 189 (2012), pp. 457—
513.

M. HWANG, Geometry of minimal rational curves on Fano manifolds, School on Vanish-
ing Theorems and Effective Results in Algebraic Geometry (Trieste, 2000), pp. 335—
393, ICTP Lect. Notes, 6, Abdus Salam Int. Cent. Theoret. Phys., Trieste, 2001.

M. HWANG, Equivalence problem for minimal rational curves with isotrivial varieties
of manimal rational tangents, Ann. scient. Ec. Norm. Sup., 43 (2010), pp. 607-620.
M. HwANG, Varieties of minimal rational tangents of codimension 1, Ann. scient. Ec.

Norm. Sup., 46 (2013), pp. 629-649.

M. HWANG AND N. MoK, Varieties of minimal rational tangents on uniruled projective
manifolds, Several complex variables (Berkeley, CA, 1995-1996), pp. 351-389, Math.
Sci. Res. Inst. Publ., 37, Cambridge Univ. Press, Cambridge, 1999.

M. HwaNG AND N. MoK, Cartan-Fubini type extension of holomorphic maps for Fano
manifolds of Picard number 1, Journal Math. Pures Appl., 80 (2001), pp. 563-575.
M. HWANG AND N. MoK, Birationality of the tangent map for minimal rational curves,

Asian J. Math., 8 (2004), pp. 51-63.

MOK, Recognizing certain rational homogeneous manifolds of Picard number 1 from
their varieties of minimal rational tangents, in “Third International Congress of Chi-
nese Mathematicians”, pp. 41-61, AMS/IP Stud. Adv. Math. 42, Amer. Math. Soc.,
Providence, RI, 2008.

OKONEK, M. SCHNEIDER, AND H. SPINDLER, Vector bundles on complex projective
spaces, Progress in Math. vol. 3. Birkh&user, Boston, 1980.



354 B. FU AND J.-M. HWANG




<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.7
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.1000
  /ColorConversionStrategy /CMYK
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments true
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects true
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<

    /BGR <>
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /CZE <>
    /DAN <>
    /DEU <>
    /ESP <>
    /ETI <>
    /FRA <>
    /GRE <>

    /HRV (Za stvaranje Adobe PDF dokumenata najpogodnijih za visokokvalitetni ispis prije tiskanja koristite ove postavke.  Stvoreni PDF dokumenti mogu se otvoriti Acrobat i Adobe Reader 5.0 i kasnijim verzijama.)
    /HUN <>
    /ITA <>
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /LTH <>
    /LVI <>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /POL <>
    /PTB <>
    /RUM <>
    /RUS <>
    /SKY <>
    /SLV <>
    /SUO <>
    /SVE <>
    /TUR <>
    /UKR <>
    /ENU (Use these settings to create Adobe PDF documents best suited for high-quality prepress printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


