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ISOTRIVIAL VMRT-STRUCTURES OF COMPLETE
INTERSECTION TYPE∗
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Dedicated to Ngaiming Mok on his sixtieth birthday

Abstract. The family of varieties of minimal rational tangents on a quasi-homogeneous projec-
tive manifold is isotrivial. Conversely, are projective manifolds with isotrivial varieties of minimal
rational tangents quasi-homogenous? We will show that this is not true in general, even when the
projective manifold has Picard number 1. In fact, an isotrivial family of varieties of minimal rational
tangents needs not be locally flat in differential geometric sense. This leads to the question for which
projective variety Z, the Z-isotriviality of varieties of minimal rational tangents implies local flatness.
Our main result verifies this for many cases of Z among complete intersections.
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1. Introduction. We work in the complex analytic category. Recall that a
projective variety is quasi-homogeneous if the action of its automorphism group has
a dense open orbit. It is an intriguing question how to recognize quasi-homogeneous
varieties when the varieties are a priori defined without apparent relations with any
group actions. For uniruled projective manifolds, the method of VMRT-structures
introduced by Ngaiming Mok and the second author (see [Hw01] and [HM99] for
introductory surveys) can be applied to study this question. Recall that given a
uniruled projective manifold X , if we pick a family K of minimal rational curves on
X , we have its VMRT-structure C ⊂ PT (X), the subvariety defined as the closure of
the union of tangent directions of members of K through general points of X . How
do we use this to prove a variety is homogeneous or quasi-homogeneous? Quite often,
the essential point lies in proving the VMRT-structure is locally homogeneous in the
following sense.

Definition 1.1. Let X be a uniruled projective manifold and let C ⊂ PT (X)
be a VMRT-structure determined by a family K of minimal rational curves. Given a
holomorphic vector field v on an open subset U ⊂ X , we have the induced vector field
v� on PT (U) obtained by the action of the local 1-parameter family of biholomor-
phisms generated by v. We say that v is a C-preserving vector field, if v� is tangent
to C|U ⊂ PT (U). The VMRT-structure C ⊂ PT (M) is said to be

(1) locally homogeneous if C-preserving vector fields on some open subset U ⊂ X
span the tangent space Tx(U) at some point x ∈ U ; and

(2) locally flat if there are holomorphic coordinates (x1, . . . , xn) on a non-empty
open subset U ⊂ X such that the coordinate vector fields ∂

∂x1 , . . . ,
∂

∂xn are
C-preserving.
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These local differential geometric properties of C can be used to check that cer-
tain varieties are quasi-homogeneous, by the following results from Main Theorem in
[HM01] and Proposition 6.13 in [FH].

Theorem 1.2. Let X be a Fano manifold of Picard number 1 and let C ⊂ PT (X)
be a VMRT-structure such that a general fiber Cx ⊂ PTx(X) is nonsingular and irre-
ducible. If the VMRT-structure is locally homogeneous, then X is quasi-homogeneous.
If the VMRT-structure is locally flat, then X is an equivariant compactification of the
vector group Cn, n = dimX.

This naturally leads to the question: how do we check that a VMRT-structure is
locally homogeneous? Roughly speaking, this question is divided into two parts: the
isotriviality and the vanishing of curvature. The first part is to check that the natural
projection C → X is isotrivial as a family of projective varieties. More precisely, we
will use the following terminology.

Definition 1.3. Let Z ⊂ PV be a submanifold of the projective space PV where
V is a complex vector space with dimV = dimX . A VMRT-structure C ⊂ PT (X) is
isotrivial of type Z ⊂ PV (or equivalently, Z-isotrivial), if the fiber Cx ⊂ PTx(X) over
a general point x ∈ X is isomorphic to Z ⊂ PV by a linear isomorphism Tx(X) ∼= V .

The isotriviality is an obvious necessary condition for C ⊂ PT (X) to be locally
homogeneous. Once the isotriviality is established, we can view C ⊂ PT (X) restricted
to a suitable Euclidean open subset U ⊂ X as a kind of Cartan geometry and the
question is reduced to check that this Cartan geometry has vanishing curvature. In
this paper, we will concentrate on this second part of the problem, where the main
question is the following. Suppose that we have chosen a nonsingular projective variety
Z ⊂ PV which is nondegenerate (i.e. does not lie on a hyperplane in PV ).

Question 1.4. Let C ⊂ PT (X) be a VMRT-structure on a uniruled projective
manifold X . Assume that C is isotrivial of type Z ⊂ PV . Is C locally homogenous or
locally flat?

The answer depends on Z. Affirmative answers are known in the following cases.

Example 1.5 ([M]). When Z ⊂ PV is a homogeneous variety arising as the
VMRT of an irreducible Hermitian symmetric space, a Z-isotrivial VMRT-structure
is locally flat.

Example 1.6 ([Hw10]). When Z ⊂ PV is a nonsingular hypersurface of degree
≥ 4, a Z-isotrivial VMRT-structure is locally flat.

We will give in Section 8 some examples with negative answer to Question 1.4,
where Z is given by linear sections of homogeneous varieties. In these examples, the
variety Z has continuous automorphisms. When Z has no continuous automorphism,
no negative example to Question 1.4 is known, and in this case, a method to study
Question 1.4 has been developed in [Hw10] via Cartan’s coframe formalism (this will
be reviewed in Section 2). The result of Example 1.6 has been obtained by this
approach. The goal of this paper is to push this method further to cover some other
smooth complete intersections. Our main result is the following.

Theorem 1.7. Let Z ⊂ PV be a smooth non-degenerate complete intersection.
Let us denote its multi-degree by [m1, . . . ,mc], where c is the codimension of Z. Assume
further that Z satisfies one of the following:
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(i) Z is a curve of multi-degree different from [3], [4], [2, 2], [2, 3] or [2, 2, 2];
(ii) Z ⊂ PV is covered by lines, with multi-degree different from [2], [3], or [2, 2];
(iii) Z is contained in a smooth hypersurface of degree d ≥ 3 and its multi-degree

[m1, · · · ,mc] satisfies d = m1 < d+ 2 ≤ m2 ≤ · · · ≤ mc.
Then any VMRT-structure on a uniruled projective manifold which is isotrivial

of type Z ⊂ PV is locally flat.

In the proof, we need the vanishing H0(Z, TZ(1)) = 0 to relate (see Proposition
2.8 and Corollary 2.25) the minimal rational curves to the natural Cartan coframe of
the structure via the method of [Hw10]. This vanishing does not hold for curves of
multi-degrees

[2], [3], [4], [2, 2], [2, 3], [2, 2, 2]

and for varieties of dimension ≥ 2 with multi-degree [2], [3] or [2, 2]. The case [2] of
quadric hypersurfaces is covered by Mok’s result in Example 1.5. The case [3] of cubic
hypersurfaces is also settled in [Hw13] if dimV ≥ 4, by using ideas different from the
method of [Hw10]. The restriction on the multi-degree mi’s in (iii) is needed to get
dimH0(Z, TZ⊗ΩZ ⊗OZ(1)) = dim V . It is likely that the result of Theorem 1.7 still
holds for other cases. But one has to come up with some new ideas to handle these
cases.

Theorem 1.7 is proved by checking certain cohomological conditions for complete
intersections (Theorem 3.2 and Theorem 3.3). While some of these must have been
known to the experts, some of them (for example, Theorem 3.2 (III) ,(IV) and Theo-
rem 3.3) seem to be new and should be interesting as purely algebro-geometric results
on complete intersections.

2. Coframes adapted to characteristic connections. Most of the results in
this section are contained in [Hw10]. But many of them are not explicitly stated in
[Hw10], buried in the proofs of some propositions. For the reader’s convenience, we
will reproduce them here. Since it does not make sense to repeat all the arguments
given in [Hw10], we take this opportunity to give an alternative presentation, using
explicit computations with respect to a chosen basis. This presentation should be
more friendly to readers with background in differential geometry. People preferring
a basis-free, invariant approach should look at the presentation in [Hw10].

Notation 2.1. For a complex manifold M , we will write T (M) to denote the
tangent bundle of M , but sometimes use TM to simplify the notation. Let V be a C-
vector space and let PV be its projectivization, i.e., the set of 1-dimensional subspaces
of V . Given a projective submanifold Z ⊂ PV , the affine cone of Z will be denoted
by Ẑ ⊂ V . For a point α ∈ Z, the affine tangent space of Z at α is

Tα(Ẑ) := Tu(Ẑ) ⊂ V for a non-zero vector u ∈ α̂.

This is independent of the choice of u. There is a canonical identification Tα(Z) =

Hom(α̂, Tα(Ẑ)/α̂).

Definition 2.2. Let M be a complex manifold. A smooth cone structure on
M is a submanifold C ⊂ PT (M) such that the projection � : C → M is a smooth
morphism with irreducible fibers. For each point x ∈ M , the fiber �−1(x) will be

denoted by Cx and the union of the affine cones Ĉx will be denoted by Ĉ ⊂ T (M). For
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a point α ∈ C, denote by d�α : Tα(C) → Tx(M), x = �(α), the differential of � at
α. We have three subspaces of Tα(C) defined by

Vα := d�−1
α (0), Tα := d�−1

α (α̂), Pα := d�−1
α (Tα(Ĉx)).

This gives three vector subbundles V ⊂ T ⊂ P of T (C), i.e., three natural distributions
on C. The distribution V ⊂ T (C) is integrable and coincides with the relative tangent
bundle of �.

Definition 2.3. For a smooth cone structure C ⊂ PT (M), a line subbundle
F ⊂ T (C) is called a conic connection if F ⊂ T and F ∩V = 0, i.e., it splits the exact
sequence

0 −→ V −→ T −→ T /V ∼= O(−1)|C −→ 0 (2.1)

where O(−1) denotes the relative tautological line bundle on PT (M), in other words,
it is the line subbundle of �∗T (M), the fiber of which at α ∈ PT (M) is given by
O(−1)α = α̂.

The following is proved in Proposition 1 of [HM04].

Proposition 2.4. In Definition 2.3, regarding the subbundles of T (C) as sheaves
of vector fields on C, we have P = [F ,V ]. In particular, the bracket operation on
vector fields belonging to F and V induces an isomorphism of vector bundles

Υ : F ⊗ V → P/T .

Definition 2.5. A conic connection F ⊂ T (C) is a characteristic connection if
for any local section v of P and any local section w of F , both regarded as local vector
fields on the manifold C, the Lie bracket [v, w] is a local section of P again.

When C = PT (M), any conic connection is a characteristic connection. This is
exceptional, as we have the following proposition, which follows from Theorem 3.1.4 of
[HM99] because an irreducible nonsingular projective variety with degenerate Gauss
map must be a linear subspace.

Proposition 2.6. If Cx ⊂ PTx(M) is not a linear subspace for a general x ∈ M ,
then a characteristic connection is unique if it exists.

Definition 2.7. Let Z ⊂ PV be an irreducible nonsingular nondegenerate pro-
jective variety. Let C ⊂ PT (M) be a smooth cone structure. We say that C is
isotrivial of type Z ⊂ PV if the fiber Cx ⊂ PTx(M) is isomorphic to Z ⊂ PV by a
linear isomorphism Tx(M) ∼= V for each point x ∈ M .

The following is Proposition 5.2 of [Hw10].

Proposition 2.8. Let C ⊂ PV be a smooth cone structure which is isotrivial of
type Z ⊂ PV . If H0(Z, TZ(1)) = 0, then there exists a unique conic connection on C.

Now we introduce Cartan’s coframe method.

Definition 2.9. Let M be a complex manifold of dimension n. Fix a vector
space V of dimension n. A V -valued 1-form ω on M is called a coframe if for each
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x ∈ M , the homomorphism ωx : Tx(M) → V is an isomorphism. Fix a basis e1, . . . , en
of V . Then ω can be written as

ω = θ1e1 + · · ·+ θnen

for some 1-forms θ1, . . . , θn on M . A coframe ω is closed if dθi = 0 for all i. A coframe
ω is conformally closed if for any point x ∈ M , there exist a neighborhood x ∈ U ⊂ M
and a non-vanishing function f on U such that fω is closed on U . The closedness
(resp. conformal closedness) of a coframe is independent of the choice of a basis of V .

Definition 2.10. Given a coframe ω, let T i
jk be the functions on M defined by

dθi =

n∑
j,k=1

T i
jkθ

j ∧ θk, satisfying T i
jk = −T i

kj .

The Hom(V ∧ V, V )-valued function σω defined by σω(ej , ek) =
∑n

i=1
T i
jkei is called

the structure function of the coframe ω. Denote by ∂
∂θ1 , . . . ,

∂
∂θn the vector fields on

M defined by 〈
∂

∂θi
, θj

〉
= δij

where δij = 0 if i �= j and δii = 1. Then[
∂

∂θj
,

∂

∂θk

]
= 2

∑
i

T i
kj

∂

∂θi
.

Definition 2.11. Denote by π : T (M) → M the natural projection to M . Then
ϑi = π∗θi are 1-forms on the complex manifold T (M). The 1-form θi on M can be
viewed as a holomorphic function on T (M), which we denote by λi. In other words,
the value of the function λi at a point v ∈ T (M) is just λi(v) = θi(v). So we have a
collection of 1-forms on T (M)

ϑ1, . . . , ϑn, dλ1, . . . , dλn.

Denote by ∂
∂ϑi and ∂

∂λj the holomorphic vector fields on T (M) defined by〈
∂

∂ϑi
, ϑj

〉
= δij =

〈
∂

∂λi
, λj

〉
and

〈
∂

∂ϑi
, dλj

〉
= 0 =

〈
∂

∂λi
, ϑj

〉
.

The proof of the following lemma is straight forward.

Lemma 2.12. Using the notation of Definition 2.11 and writing T i
jk in place of

the pullback π∗T i
jk for simplicity, we have

dϑi =
∑
j,k

T i
jkϑ

j ∧ ϑk

[
∂

∂ϑj
,

∂

∂ϑk

]
= 2

∑
i

T i
kj

∂

∂ϑi
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∂

∂λj
,

∂

∂λk

]
=

[
∂

∂ϑj
,

∂

∂λk

]
= 0.

Definition 2.13. Given a coframe ω on M , the vector field γ on T (M) defined
by

γ := λ1 ∂

∂ϑ1
+ · · ·+ λn ∂

∂ϑn

is called the geodesic flow of the coframe ω. It is easy to check that γ is determined
by ω, independent of the choice of the basis.

The following is immediate from the definition.

Lemma 2.14. For a point u ∈ T (M), denote by γu ∈ Tu(T (M)) the value of γ at
u. Then dπu(γu) = u.

The following lemma is contained in the proof of Proposition 5.6 of [Hw10].

Lemma 2.15. Let ω be a coframe on M and let ṽ be a germ of vector fields near
a point u ∈ T (M) of the form

ṽ = h1(λ)
∂

∂λ1
+ · · ·+ hn(λ)

∂

∂λn

where hi(λ) = hi(λ
1, . . . , λn) is a germ of holomorphic functions in n-variables. Then

dπu([[ṽ, γ], γ]u) = 2ω−1
x (σω

x (ωx(u), ωx(v)))

where x = π(u), v = ṽu, ωx : Tx(M) → V is the restriction of ω at x and σω
x ∈

Hom(V ∧ V, V ) is the value of the structure function σω at x.

Proof. Note that

[ṽ, γ] =

⎡
⎣∑

i

hi(λ)
∂

∂λi
,
∑
j

λj ∂

∂ϑj

⎤
⎦ =

∑
i

hi(λ)
∂

∂ϑi
.

Applying Lemma 2.12, we have

[[ṽ, γ], γ] =

⎡
⎣∑

j

hj(λ)
∂

∂ϑj
,
∑
k

λk ∂

∂ϑk

⎤
⎦

= 2
∑
i,j,k

hj(λ)λ
kT i

kj

∂

∂ϑi
,

hence

dπu([[ṽ, γ], γ]u) = 2ω−1
x (σω

x (ωx(u), ωx(v))).

Definition 2.16. Let Z ⊂ PV be a fixed projective submanifold and let C ⊂
PT (M) be a Z-isotrivial cone structure on M as in Definition 2.2. A coframe ω on M
is adapted to the cone structure C ⊂ PT (M) if ωx : Tx(M) → V sends Cx ⊂ PTx(M)
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to Z ⊂ PV. Any Z-isotrivial cone structure has an adapted coframe if we replace M
by a sufficiently small open subset.

Definition 2.17. A smooth cone structure C ⊂ PT (M) is locally flat if there
are holomorphic coordinates (x1, . . . , xn) on a non-empty open subset U ⊂ X such
that the coordinate vector fields ∂

∂x1 , . . . ,
∂

∂xn are C-preserving, in the sense described
in Definition 1.1.

The following is Proposition 4.5 in [Hw10] and the proof is straight-forward.

Proposition 2.18. A Z-isotrivial cone structure on a manifold M is locally flat
if and only if each point of M has an open neighborhood over which one can find a
conformally closed adapted coframe.

The next proposition is Proposition 4.6 in [Hw10].

Proposition 2.19. Let ω be a coframe adapted to a Z-isotrivial cone structure
C ⊂ PT (M). Regard T (M) as a complex manifold. Then the geodesic flow γ is tangent

to the affine cone Ĉ ⊂ T (M).

Proof. Let (t1, . . . , tn) be the coordinates on V dual to the basis {e1, . . . , en}. Let

{fa(t
1, . . . , tn), 1 ≤ a ≤ k}

be the homogeneous polynomials generating the ideal IZ defining the projective vari-
ety Z ⊂ PV. Since ω is adapted, the variety C ⊂ PT (M) is defined as the zero locus
given by

fa(λ
1, . . . , λn) = 0, 1 ≤ a ≤ k.

Then

γ(fa) =

(
λ1 ∂

∂ϑ1
+ · · ·+ λn ∂

∂ϑn

)
fa(λ

1, . . . , λn) = 0.

Thus the vector field γ is tangent to C.

Definition 2.20. By Lemma 2.14 and Proposition 2.19, the image of the vector
field γ in C spans a foliation Fω ⊂ T (C) which is a conic connection for the cone
structure C. This conic connection Fω is called the geodesic connection of the adapted
coframe ω. For an alternate way to define Fω, see Proposition 3.11 in [Hw13].

Definition 2.21. Let C ⊂ PT (M) be a cone structure with a conic connection
F ⊂ T ⊂ T (C). Then a coframe ω onM is said to be adapted to the conic connection F
if it is adapted to C and its geodesic connection agrees with the given conic connection,
i.e., Fω = F .

Definition 2.22. Given a projective submanifold Z ⊂ PV , define

ΞZ :=
{
σ : V ∧ V → V, σ(u, v) ∈ Tu(Ẑ) if u ∈ Ẑ and v ∈ Tu(Ẑ)

}
ΞV = {σ : V ∧ V → V, σ(u, v) ∈ Cu+ Cv for all u, v ∈ V } .

Note that ΞV ⊆ ΞZ . From Proposition 3.3 of [Hw10], the subspace ΞV ⊂ Hom(V ∧
V, V ) is isomorphic to the dual space V ∨ by the natural contraction homomorphism
V ∨ → Hom(V ∧ V, V ).
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The following is Theorem 3.4 of [Hw10].

Proposition 2.23. A coframe ω on a manifold M of dimension ≥ 3 is
conformally closed if and only if the structure function σω takes values in ΞV ⊂
Hom(V ∧ V, V ).

The next theorem is a refinement of Proposition 5.6 in [Hw10].

Theorem 2.24. Let C ⊂ PT (M) be a Z-isotrivial cone structure and let ω be an
adapted coframe with the structure function σω. If the geodesic connection Fω is a
characteristic connection, then σω takes values in ΞZ .

Proof. Denoting by 0M ⊂ T (M) the zero section, let ψ : Ĉ \ 0M → C be the
natural projection. The geodesic flow γ of Proposition 2.19 satisfies dψ(γ) ⊂ Fω by
Definition 2.20.

As the coframe is adapted to C, for a point u ∈ Ĉx and a vector v ∈ Tu(Ĉx)
satisfying dψ(v) �= 0, we can choose a local vector field ṽ in a neighborhood of u in Ĉ,
which has the the form

ṽ = h1(λ)
∂

∂λ1
+ · · ·+ hn(λ)

∂

∂λn
.

Thus we can apply Lemma 2.15. to see that

σω
x (u, v) =

1

2
ωx(dπu([[ṽ, γ], γ]u)).

Since Fω is a characteristic connection, the local vector field [[ṽ, γ], γ] is a section of

P . It follows that σω
x (u, v) has value in Tu(Ẑ). Thus σω takes values in ΞZ .

Corollary 2.25. Let Z ⊂ PV be a submanifold with ΞZ = ΞV . Let M be
a complex manifold of dimension ≥ 3 and let C ⊂ PT (M) be a Z-isotrivial cone
structure with a characteristic connection F . Then C is locally flat if at least one of
the following two conditions holds.

(1) There exists a coframe adapted to the connection F .
(2) H0(Z, T (Z)⊗O(1)) = 0.

Proof. Assume that (1) holds. Then the geodesic connection of the adapted
coframe coincides with the characteristic connection F . Thus C is locally flat from
Proposition 2.18, Proposition 2.23 and Theorem 2.24.

Assume that (2) holds. Then a Z-isotrivial cone structure has a unique conic
connection from Proposition 2.8. Thus any coframe adapted to C is adapted to the
connection F and the condition (1) is satisfied.

When the smooth cone structure is a VMRT-structure, the existence of a char-
acteristic connection is automatic by the following result of Proposition 6.1 [Hw10],
which is a reformulation of Proposition 3.1.2 of [HM99].

Proposition 2.26. Let X be a uniruled projective manifold and let C ⊂ PT (X) be
the VMRT-structure defined by a family K of minimal rational curves on X. Assume
that there exists an open subset M ⊂ X such that the restriction C|M ⊂ PT (M) is
a smooth cone structure. Then it has a characteristic connection given by tangent
vectors of members of K.

By Proposition 2.26 and Corollary 2.25, we have
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Corollary 2.27. Let Z ⊂ PV be a smooth irreducible subvariety of positive
dimension. Assume that H0(Z, T (Z)⊗OZ(1)) = 0 and ΞZ = ΞV . Then any VMRT-
structure on a uniruled projective manifold which is isotrivial of type Z ⊂ PV is locally
flat.

3. Outline of the proof of Theorem 1.7.

Definition 3.1. Let Z ⊂ PV be a nonsingular projective variety. We will
denote by ΩZ(= Ω1

Z) the cotangent bundle of Z. For a vector v ∈ Tα(Ẑ) in Notation

2.1, denote by [v] ∈ Tα(Ẑ)/α̂ its class modulo α̂. By the canonical identification

Tα(Z) = Hom(α̂, Tα(Ẑ)/α̂), the fiber of TZ⊗OZ(−1) at α is identified with Tα(Ẑ)/α̂.
(i) Note that the fiber of TZ⊗ΩZ⊗O(1) at a point α ∈ Z is naturally isomorphic

to

Hom
(
α̂⊗ (Tα(Ẑ)/α̂), Tα(Ẑ)/α̂)

)
.

For an element σ ∈ ΞZ , define ζ(σ) ∈ H0(Z, TZ ⊗ ΩZ ⊗ O(1)) such that its
value at α ∈ Z,

ζ(σ)α ∈ Hom
(
α̂⊗ (Tα(Ẑ)/α̂), Tα(Ẑ)/α̂

)
,

satisfies ζ(σ)α(u⊗ [v]) = [σ(u, v)] for any u ∈ α̂ and v ∈ Tα(Ẑ). This defines
a homomorphism

ζ : ΞZ → H0(Z, TZ ⊗ ΩZ ⊗O(1)).

Define Ξ′
Z := Ker(ζ), i.e.,

Ξ′
Z := {σ ∈ Hom(V ∧ V, V ), σ(α̂, v) ⊂ α̂ if α̂ ⊂ Ẑ and v ∈ Tα(Ẑ)}.

(ii) Note that the fiber of ΩZ ⊗ O(1) at a point α ∈ Z is identified with

Hom(Tα(Ẑ)/α̂,C). For σ ∈ Ξ′
Z , let ησ ∈ H0(Z,ΩZ ⊗ O(1)) be the section

whose value at α ∈ Z,

ησ,α ∈ Hom(Tα(Ẑ)/α̂,C)

satisfies ησ,α([v])u = σ(u, v) for any u ∈ α̂ and v ∈ Tα(Ẑ). This defines a
homomorphism

η : Ξ′
Z → H0(Z,ΩZ ⊗O(1)).

Define Ξ0
Z := Ker(η), i.e.,

Ξ0
Z =

{
σ ∈ Hom(V ∧ V, V ), σ(u, v) = 0 if u ∈ Ẑ and v ∈ Tu(Ẑ)

}
.

Note that Ξ0
Z = 0 if and only if Z is tangentially nondegenerate, i.e., the

variety TanLines(Z) ⊂ P(∧2V ) of tangent lines to Z ⊂ PV is nondegenerate
in P(∧2V ).

Theorem 3.2. Let Z ⊂ PV be a positive-dimensional nonsingular nondegenerate
complete intersection. Then
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(I) H0(Z,ΩZ(1)) = 0 unless Z is a curve.
(II) H0(Z, TZ(1)) �= 0 if and only if

(II-a) either Z is a curve whose multi-degree is one of the following

[2], [3], [4], [2, 2], [2, 3], [2, 2, 2].

(II-b) or dimZ ≥ 2, whose multi-degree is one of the following

[2], [3], [2, 2]

(III) Ξ0
Z = 0, i.e., Z is tangentially nondegenerate.

(IV) Ξ′
Z �= 0 if and only if Z is a plane conic.

Now Theorem 1.7 follows from Corollary 2.27, Theorem 3.2 (II) and the following
result:

Theorem 3.3. Let Z ⊂ PV be a smooth non-degenerate complete intersection.
Assume further that Z satisfies one of the following:

(i) Z is a curve of degree ≥ 3;

(ii) Z ⊂ PV is covered by lines and not a quadric hypersurface;

(iii) Z is contained in a smooth hypersurface of degree d ≥ 3 and its multi-degree
[m1, · · · ,mc] satisfies d = m1 < d+ 2 ≤ m2 ≤ · · · ≤ mc.

Then ΞZ = ΞV .

The proofs of Theorem 3.2 and Theorem 3.3 will be given in Sections 4 – 7. At
several points in the proofs, we will use the linear normality H0(Z,O(1)) ∼= V ∨ of
complete intersections, without explicitly mentioning it.

Remark 3.4. In the proof of Proposition 5.7 in [Hw10], the two vector spaces
Ξ′
Z and Ξ0

Z were erroneously mixed up. To fix this error, one has to add the condition
H0(Z,ΩZ(1)) = 0 in the statement of Theorem 1.1 and Proposition 5.7 in [Hw10]
(consequently, also for Theorem 1.10 in [Hw13]). Since this condition is satisfied
when Z is a hypersurface, this does not affect the other results in [Hw10] and [Hw13].

4. Proof of Theorem 3.2 (i) and (ii). Theorem 3.2 (I) is immediate from the
following lemma, which is proved in [B76] (Satz 3) and [B77] (Satz 6).

Lemma 4.1. Let Z ⊂ PV be a smooth non-degenerate complete intersection.
Assume 1 ≤ r ≤ dimZ − 1, then H0(Z,Ωr

Z(p)) = 0 for p ≤ r.

Let us prove (II). For a smooth complete intersection curve Z ⊂ PN of multi-

degree [m1, · · · ,mN−1], let m =
∑N−1

i=1
mi. Then H0(Z, TZ(1)) = H0(Z,O(N + 2 −

m)) which is non-zero if and only if N + 2 ≥ m. This gives exactly the multi-degrees
in (II-a).

Now assume n := dimZ ≥ 2. Note that

H0(Z, TZ(1)) 
 H0(Z,Ωn−1
Z (1)⊗ (Ωn

Z)
∗) = H0(Z,Ωn−1

Z (N + 2−m)).

By Lemma 4.1, we have H0(Z, TZ(1)) = 0 provided that N + 2 − m ≤ n − 1, or
equivalently,

∑
i(mi − 1) ≥ 3. This is the case except for the types [2], [3] and

[2, 2]. Since H0(Z,Ωr
Z(r + 1)) �= 0 by [B77] (Satz 7) for 1 ≤ r ≤ n − 1, we see that

H0(Z, TZ(1)) �= 0 for these three cases, proving (II-b).
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5. Proof of Theorem 3.2 (III).

Notation 5.1. For a nonsingular projective variety Z ⊂ PV , the normal space
of Z at α ∈ Z is NZ,α = Hom(α̂, V/Tα(Ẑ)) and its dual N∨

Z,α is the conormal space.
We will denote by N∨

Z the conormal bundle of Z.

Definition 5.2. Fix a nonzero element δ ∈ V ∨. For A ∈ Ξ0
Z , define an element

λδ(A) ∈ H0(Z,N∨
Z (2)) by setting its value at α ∈ Z to be

λδ(A)(ϕ ⊗ u⊗2) := δ ◦A(u, ϕ̃(u))

where u ∈ α̂ and for a normal vector ϕ ∈ NZ,u = Hom(û, V/Tu(Ẑ)), we denote by

ϕ̃(u) ∈ V a vector representing ϕ(u) ∈ V/Tα(Ẑ). Note that the above definition does

not depend on the choice of ϕ̃(u) and depends only on ϕ(u) because A(α̂, Tα(Ẑ)) = 0.
This defines a homomorphism

λδ : Ξ0
Z → H0(Z,N∨

Z (2)).

Definition 5.3. For an element Q of

H0(PV, IZ(2)) = {Q ∈ Sym2V ∨, Q(u, u) = 0 for all u ∈ Ẑ},

define an element χ(Q) ∈ H0(Z,N∨
Z (2)) by setting its value at α ∈ Z to be

χ(Q)(ϕ⊗ u⊗2) := Q(u, ϕ̃(u))

where u ∈ Ẑ and ϕ̃(u) ∈ V is as in Definition 5.2. Note that the above definition does

not depend on the choice of ϕ̃(u) and depends only on ϕ because Q(α̂, Tα(Ẑ)) = 0
for all α ∈ Z. This defines a homomorphism

χ : H0(PV, IZ(2)) → H0(Z,N∨
Z (2)).

Remark 5.4. As is well-known, the sheaf of local sections of the bundle N∨
Z is

just IZ/I
2
Z . The homomorphism χ comes from the natural map IZ → IZ/I

2
Z .

Lemma 5.5. In the setting of Definition 5.2 and Definition 5.3, we have Im(λδ)∩
Im(χ) = 0.

Proof. For any u ∈ Ẑ and any w ∈ V , we have an element ϕw
u ∈ NZ,u such that

ϕw
u (u) = [w]. Suppose λδ(A) = χ(Q) for some A ∈ Ξ0

Z and Q ∈ H0(PV, IZ(2)). For

all u ∈ Ẑ and w ∈ V ,

Q(u,w) = χ(Q)(ϕw
u ⊗ u⊗2) = λδ(A)(ϕ

w
u ⊗ u⊗2) = δ ◦A(u,w).

Thus Q(u,w) = δ ◦ A(u,w) for any u ∈ Ẑ and w ∈ V . Since Z is nondegenerate in
PV , this implies that the symmetric form Q and the antisymmetric form δ ◦ A are
equal as bilinear forms on V , a contradiction unless Q = δ ◦A = 0.

We recall the following two standard lemmata. The first one can be found in p.
630 of [BR] and the next one is easily checked by splitting the long exact sequence
into short ones.
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Lemma 5.6. Let Z ⊂ PN be a complete intersection of multi-degree [m1, · · · ,mc].
Put n = dimZ = N − c. Writing m = m1 + · · ·+mc, we have the following Koszul
exact sequence

0 → OPN (−m) → ⊕c
i=1OPN (−m+mi) → · · ·

· · · → ⊕c
i=1OPN (−mi) → OPN → OZ → 0.

Lemma 5.7. Let 0 → F0 → F1 → · · · → Fm → 0 be an exact sequence of
coherent sheaves on a variety X. If Hq+j−1(X,Fm−j) = 0 for all j ∈ {1, 2, · · · ,m},
then Hq(X,Fm) = 0.

Now we can finish the proof of Ξ0
Z = 0 as follows. Let [m1, . . . ,mc] be the multi-

degree of Z, satisfying mi ≥ 2 for all i. By Lemma 5.6, we have an exact sequence

0 → OPN (2 −m) → · · · → ⊕c
i=1OPN (2 −mi) → IZ(2) → 0.

By Lemma 5.7, we obtain H0(PV, IZ(2)) 
 H0(PV,⊕c
i=1OPN (2 − mi)). Since the

normal bundle NZ is isomorphic to
⊕c

i=1
OZ(mi), mi ≥ 2, we see that

χ : H0(PV, IZ(2)) ∼= H0(Z,N∨
Z (2))

is an isomorphism.
Take any A ∈ Ξ◦

Z . By Lemma 5.5, we have λδ(A) = 0 for any δ ∈ V ∨, namely

A(u,w) = 0 for all u ∈ Ẑ, w ∈ V , which implies that A = 0 by the linear nondegen-
eracy of Z. Thus Ξ0

Z = 0

6. Proof of Theorem 3.2 (iv). Firstly, for the plane conic

Z = {x2
1 + x2

2 + x2
3 = 0} ⊂ PV, dimV = 3,

where x1, x2, x3 are homogenous coordinates dual to a basis (e1, e2, e3) of V , define
σ ∈ Hom(∧2V, V ) by

σ(e1 ∧ e2) = e3, σ(e2 ∧ e3) = e1, σ(e3 ∧ e1) = e2.

One can check that σ ∈ Ξ′
Z . Hence Ξ′

Z �= 0 for a plane conic.
Let us prove Ξ′

Z = 0 when Z is not a plane conic. By Theorem 3.2 (III), the
homomorphism η : Ξ′

Z → H0(Z,ΩZ ⊗ O(1)) is injective. Thus if dimZ ≥ 2, we
have Ξ′

Z = 0 by (I). So we may assume that dimZ = 1. Let [m1, . . . ,mN−1] be the
multi-degree of the curve Z ⊂ PV,N = dim V − 1 and let m = m1 + · · ·+mN−1.

Lemma 6.1. If Z is not a plane conic, then the homomorphism

H0(Z,ΩZ ⊗O(mi − 2))⊗H0(Z,O(1)) → H0(Z,ΩZ ⊗O(mi − 1))

is surjective for each 1 ≤ i ≤ N − 1.

Proof. By the projective normality of complete intersections, the homomorphism
is surjective as long as the degree of

ΩZ ⊗O(mi − 2) 
 O(m−N − 1 +mi − 2) = O(m+mi −N − 3)
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is nonnegative. From m = m1+ · · ·+mN−1 ≥ 2(N − 1), we have m+mi−N − 3 ≥ 0
unless N = 2 and m = m1 = 2. Thus the surjectivity holds unless Z ⊂ PV is a plane
conic.

For the next lemma, we need the following definition.

Definition 6.2. As in Definition 3.1, we can identify the fiber of ΩZ ⊗O(2) at

a point α ∈ Z with Hom
(
α̂⊗ (TαẐ/α̂),C

)
. For an element ω ∈ ∧2V ∨ and α ∈ Z,

define

γ(ω)α ∈ Hom
(
α̂⊗ (TαẐ/α̂),C

)
by setting

γ(ω)(u⊗ [v]) := ω(u, v)

for any u ∈ α̂ and [v] ∈ Tα(Ẑ)/α̂ given by v ∈ Tα(Ẑ). This defines a homomorphism

γ : ∧2V ∨ 
 H0(PV,ΩPV (2)) → H0(Z,ΩZ ⊗O(2)).

Lemma 6.3. Let

ι0 : H0(Z,ΩZ ⊗O(1))⊗H0(Z,O(1)) → H0(Z,ΩZ ⊗O(2))

be the natural tensor product homomorphism. Then for any σ ∈ Ξ′
Z and s ∈ V ∨ =

H0(Z,O(1)), there exists an element ωσ,s ∈ ∧2V ∨ satisfying

ι0(ησ ⊗ s) = γ(ωσ,s)

where γ is as in Definition 6.2 and ησ is as in Definition 3.1(ii), the image of σ under
the injection η : Ξ′

Z → H0(Z,ΩZ ⊗O(1)).

Proof. Note that the homomorphism ι0 restricted to the fibers at α ∈ Z,

Hom(Tα(Ẑ)/α̂,C)⊗ V ∨ ι0−→ Hom
(
α̂⊗ (Tα(Ẑ)/α̂),C

)
,

is given by

ι0(ψ ⊗ s)(u⊗ [v]) = ψ([v]) · s(u)

for any ψ ∈ Hom(Tα(Ẑ)/α̂,C), u ∈ α̂, v ∈ Tα(Ẑ) and s ∈ V ∨. Define ωσ,s ∈ ∧2V ∨ by

ωσ,s(v1, v2) := s(σ(v1, v2)). Then for u ∈ Ẑ and v ∈ Tu(Ẑ),

γ(ωσ,s)(u⊗ [v]) = ωσ,s(u, v) = s(σ(u, v)) =

= s(ησ(v)u) = ησ(v) · s(u) = ι0(ησ ⊗ s)(u⊗ [v]).

This proves the lemma.

Recall the following from Bott’s formula ([OSS] p.8).

Lemma 6.4. Hq(PN ,Ωr
PN (p)) �= 0 if and only if one of the following holds:⎧⎪⎨

⎪⎩
(1) q = 0 and p ≥ r + 1;

(2) q = r and p = 0;

(3) q = N and p ≤ r − 1−N.
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Lemma 6.5. Let Z ⊂ PN be a smooth complete intersection of codimension c. If
r ≥ max{1, t}, then H0(Z,Ωr

PN |Z(t)) = 0.

Proof. From the exact sequence in Lemma 5.6, we have the exact sequence

0 → Ωr
PN (t−m) → ⊕c

i=1Ω
r
PN (t−m+mi) → · · · (6.1)

· · · → ⊕c
i=1Ω

r
PN (t−mi) → Ωr

PN (t) → Ωr
PN |Z(t) → 0.

Assume that t ≤ r, then H0(PN ,Ωr
PN (t)) = 0 by Lemma 6.4. Note that mi1 + · · · +

mir ≥ 2r > r, hence t �= mi1 + · · · +mir for any indexes i1, · · · , ir whenever r ≤ c.
By Lemma 6.4, we have

H0(PN ,Ωr
PN (t)) = H1(PN ,⊕c

i=1Ω
r
PN (t−mi)) = · · · = Hc(PN ,Ωr

PN (t−m)) = 0.

Then the claim follows from Lemma 5.7.

Now we are ready to finish the proof of Ξ′
Z = 0. We use the conormal exact

sequence 0 → N∨
Z → ΩPV |Z → ΩZ → 0 to obtain the following commutative diagram

where all cohomology groups are taken over Z

H0(ΩPV (1)|Z)⊗ V ∨ −→ H0(ΩZ(1))⊗ V ∨ τ1⊗IdV ∨

−→ H1(N∨
Z (1))⊗ V ∨

↓ ι0 ↓ ι1 ↓

H0(ΩPV (2)|Z)
r

−→ H0(ΩZ(2))
τ2−→ H1(N∨

Z (2))
↑ ‖

H0(PV,ΩPV (2))
γ

−→ H0(ΩZ(2)).

For any σ ∈ Ξ′
Z and s ∈ V ∨, Lemma 6.3 says that ι0(ησ ⊗ s) belongs to the image of

r. Thus it is sent to zero by τ2, implying

ι1 (τ1(ησ ⊗ s)) = 0. (6.2)

Using NZ
∼=

∑N−1

i=1
O(mi) and Serre duality, we have

τ1 : H0(Z,ΩZ(1)) → H0(Z,ΩZ ⊗NZ(−1))∨ ∼=

N−1∑
i=1

H0(Z,ΩZ ⊗O(mi − 1))∨.

Write

τ1(ησ) =

N−1∑
i=1

ψi, ψi ∈ H0(Z,ΩZ ⊗O(mi − 1))∨.

Then (6.2) implies

0 = ι1(ψi ⊗ s) ∈ H0(Z,ΩZ ⊗O(mi − 2))∨

for any s ∈ V ∨ and 1 ≤ i ≤ N − 1. Thus for any t ∈ H0(Z,ΩZ ⊗O(mi− 2)), we have

0 = ι1(ψi ⊗ s)(t) = ψi(s⊗ t).

By Lemma 6.1, this implies ψi = 0 for all 1 ≤ i ≤ N − 1 which implies τ1(ησ) = 0.
Since H0(Z,ΩPV (1)|Z) = 0 by Lemma 6.5, the homomorphism τ1 is injective. We
conclude that ησ = 0 and σ = 0.
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7. Proof of Theorem 3.3. To prove Theorem 3.3 (i) and (ii), we use the fol-
lowing corollary of Theorem 3.2 (III) and (IV).

Corollary 7.1. Let Z ⊂ PV be a positive-dimensional nonsingular nondegen-
erate complete intersection of positive codimension. Assume Z ⊂ PV is not a plane
conic, then the map ζ : ΞZ → H0(Z, TZ ⊗ ΩZ ⊗ O(1)) is injective. In particular, if
H0(Z, TZ ⊗ ΩZ ⊗O(1)) = V ∨, then ΞV = ΞZ .

The last statement follows from V ∨ 
 ΞV ⊆ ΞZ ⊆ H0(Z, TZ ⊗ΩZ ⊗O(1)). Note
that if Z is a curve of degree ≥ 3, then H0(Z, TZ ⊗ΩZ ⊗O(1)) = H0(Z,O(1)) = V ∨.
Thus we obtain Theorem 3.3 (i) by applying Corollary 7.1.

For the proof of Theorem 3.3 (ii), we recall two lemmata.

Lemma 7.2. Let X ⊂ PV be a projective manifold covered by lines. Assume
that the VMRT Cx ⊂ PTx(X) at a general point x ∈ X is nondegenerate and the Lie

algebra aut(Ĉx) ⊂ End(Tx(X)) of infinitesimal automorphisms of the affine cone Ĉx
has dimension 1. Then H0(X,TX ⊗ ΩX(1)) = H0(X,O(1)).

Proof. Assume that there exists a traceless element A ∈ H0(X,TX⊗ΩX(1)). For a
general point x ∈ X , let Ax ∈ End(Tx(X)) be a traceless endomorphism representing
the value of A at x. Let C ⊂ X be a line through x ∈ X . Then

T (X)|C ∼= O(2)⊕O(1)p ⊕Oq

for suitable nonnegative integers p, q and if α ∈ Ĉx is a nonzero vector in Tx(C) ⊂
Tx(X), we have

Tα(Ĉx) ∼= (O(2)⊕O(1)p)x.

Restricting A to C, we have

T (X)|C ∼= O(2)⊕O(1)p ⊕Oq A|C
−→ T (X)⊗O(1)|C ∼= O(3)⊕O(2)pO(1)q.

Hence it sends O(2) to O(3) ⊕ O(2)p. This implies that for any α ∈ Ĉx, the vector

Ax(α) lies in Tα(Ĉx). This implies Ax ∈ aut(Ĉx). Since the latter is assumed to be C,
the traceless endomorphism Ax must be zero. Since this is so for a general x, we have
A = 0.

Lemma 7.3. Let Z ⊂ PV be a smooth non-degenerate complete intersection.
Then aut(Ẑ) = C unless Z is a hyperquadric.

Proof. As H0(Z, TZ) = H0(Z,Ωn−1
Z (N + 1 − m)), by Lemma 4.1 we have

H0(Z, TZ) = 0 if N +1−m ≤ n− 1 (namely
∑

i(mi− 1) ≥ 2) and n ≥ 2. Now if Z is
a curve, then H0(Z, TZ) = H0(Z,O(N +1−m)) is non-zero if and only if N +1 ≥ m,
which implies that Z is either a plane cubic or of type [2, 2] in P3. In the latter two

cases, Z is an elliptic curve and it is easy to see that aut(Ẑ) = C.

The proof of Theorem 3.3 (ii) can be obtained as follows. It is well-known (e.g.
repeated applications of Example 1.4.2 in [Hw01]) that if the multi-degree of Z is
[m1, . . . ,mc], then the VMRT Cx of Z at a general point x ∈ Z is a complete inter-
section of multi-degree

[2, 3, · · · ,m1, 2, 3, · · · ,m2, · · · , 2, 3, · · · ,mc].
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By Lemma 7.3, H0(Cx, TCx
) = 0 unless Z is a hyperquadric. By Lemma 7.2 and

Corollary 7.1, we have ΞZ = ΞV .

It remains to prove Theorem 3.3 (iii), which is equivalent to the following.

Proposition 7.4. Let Y ⊂ PV be a smooth hypersurface of degree d ≥ 3. Let
Z ⊂ Y be a smooth complete intersection of Y of multi-degree [m1, · · · ,mc] such that
mc ≥ · · · ≥ m1 ≥ d+ 2. Then ΞZ = ΞV .

The proof is rather involved and will occupy the rest of the section.

We start by introducing a notation. Let Tk be the Young tableaux with k + 1
boxes, which has two columns and the number of boxes in the first column is k and in
the second is 1. We have the T -symmetrical tensor ΩTk in the sense of [B97]. Recall
the following from Theorem 1 in [B97].

Lemma 7.5. (i) Hq(PN ,ΩTk

PN (p)) �= 0 if and only if one of the following holds:

⎧⎪⎪⎪⎨
⎪⎪⎪⎩
(1) q = 0 and p ≥ k + 3;

(2) q = 1 and p = k + 1;

(3) q = k and p = 1;

(4) q = N and p ≤ k −N.

(ii) dimH1(PN ,Ω
TN−1

PN (N)) = N + 1.

We also recall the following standard results.

Lemma 7.6. (i) H0(PN , TPN ⊗ΩPN (k)) 
 H0(PN ,OPN (k)) for any integer k ≤ 0.
(ii) For 1 ≤ q ≤ N − 2 and any integer k, we have Hq(PN , TPN ⊗ ΩPN (k)) = 0

unless (q, k) = (1,−1).

(iii) H1(PN , TPN ⊗ΩPN (−1)) 
 H1(PN ,Ω
TN−1

PN (N)), which is of dimension N+1.
(iv) HN−1(PN , TPN ⊗ ΩPN (k)) = 0 if k �= −N .

Proof. Recall that TPN 
 ΩN−1

PN ⊗K∨
PN and the subbundle of traceless endomor-

phisms ad(TPN ) ⊂ TPN ⊗ Ω1
PN satisfies ad(TPN ) 
 Ω

TN−1

PN ⊗K∨
PN . Hence we have an

exact sequence

0 → OPN (k) → TPN ⊗ ΩPN (k) → ad(TPN )(k) = Ω
TN−1

PN (N + 1 + k) → 0.

All the claims follow from Lemma 7.5 (i) and (ii) applied to this exact sequence.

To prove Proposition 7.4, we need several results on the hypersurface Y ⊂ PN .
To start with, we deduce the following result from Satz 2 of [B74].

Lemma 7.7. (i) If 1 ≤ r ≤ N − 2, then H0(Y,Ωr
Y (p)) = 0 for p ≤ r.

(ii) If q + r �= N − 1 and 1 ≤ q ≤ N − 2, then

dimHq(Y,Ωr
Y (p)) = δq,r · δp,0.

The following lemma follows from Bott’s formula (cf. Lemma 6.4) applied to
long exact sequence of cohomologies associated to the sequence 0 → Ωr

PN (p − d) →
Ωr

PN (p) → Ωr
PN |Y

(p) → 0.

Lemma 7.8. (i) If p ≤ r and r ≥ 1, then H0(Y,Ωr
PN |Y

(p)) = 0.
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(ii) If 1 ≤ q ≤ N − 2, then

dimHq(Y,Ωr
PN |Y

(p)) = δq,r · δp,0 + δq,r−1 · δp,d.

Lemma 7.9. Assume p ≤ −1 and 0 ≤ q ≤ N−2, then Hq(Y, TPN ⊗ΩPN (p)|Y ) = 0
unless (q, p) = (1,−1) or (N − 2, d−N).

Proof. From the exact sequence 0 → OPN (−d) → OPN → OY → 0 we have

0 → TPN ⊗ ΩPN (p− d) → TPN ⊗ ΩPN (p) → TPN ⊗ ΩPN (p)|Y → 0.

Now the claim follows from Lemma 7.6.

Lemma 7.10. Assume p ≤ −1 and 0 ≤ q ≤ N − 3, then

Hq(Y, TPN |Y (p)⊗ ΩY ) = 0

unless (q, p) = (1,−1) or (N − 3, 2d−N − 1).

Proof. Note that TPN |Y (p − d) 
 ΩN−1

PN (N + 1 + p − d)|Y , hence by Lemma 7.8,
if p ≤ −1, then Hq(Y, TPN |Y (p − d)) = 0 for all 0 ≤ q ≤ N − 2 unless (q, p) =
(N − 2, 2d−N − 1).

From the exact sequence 0 → OY (−d) → ΩPN |Y → ΩY → 0, we have

0 → TPN |Y (p− d) → TPN ⊗ ΩPN (p)|Y → TPN |Y (p)⊗ ΩY → 0.

Now the claim follows from Lemma 7.9.

Proposition 7.11. Assume p ≤ −1. Then
(i) H0(Y, TY ⊗ ΩY (p)) = 0.
(ii) H1(Y, TY ⊗ ΩY (p)) = 0 if p+ d ≤ 1;
(iii) H2(Y, TY ⊗ ΩY (p)) = 0 if p+ d �= 0;
(iv) For all 3 ≤ q ≤ N − 4, Hq(Y, TY ⊗ ΩY (p)) = 0.
(v) HN−3(Y, TY ⊗ ΩY (p)) = 0 if p �= 2d−N − 1.

Proof. By Lemma 7.7, we haveH0(Y,ΩY (p+d)) = 0 if p+d ≤ 1 andHq(Y,ΩY (p+
d)) = 0 for all 1 ≤ q ≤ N − 3 unless (q, p) = (1,−d).

From the exact sequence 0 → TY → TPN |Y → O(d) → 0 we obtain

0 → TY ⊗ ΩY (p) → TPN |Y ⊗ ΩY (p) → ΩY (p+ d) → 0.

Now the claim follows from Lemma 7.10.

Proposition 7.12. For a smooth projective hypersurface Y ⊂ PV of degree ≥ 3,
we have H0(Y, TY ⊗ ΩY (1)) 
 V ∨.

Proof. We have an exact sequence

0 → OY (1) → TY ⊗ ΩY (1) → ad(TY )(1) → 0.

Note that ad(TY )(1) 
 Ω
TN−2

Y (N + 2 − d). By Theorem 4(iii) [BR], we have

H0(Y,Ω
TN−2

Y (N + 2− d)) = 0 if d ≥ 3, which implies the claim.

Now, let Z ⊂ Y be a complete intersection of multi-degree [m1, · · · ,mc], where
c = codimY (Z) = N − 1− n with n = dimZ. We always assume dimZ ≥ 2, namely
c ≤ N − 3.
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Lemma 7.13. Assume that mj ≥ d for all j, then

H0(Z, TY ⊗ ΩY (1)|Z) 
 H0(Y, TY ⊗ ΩY (1)).

Proof. To simplify the notation, put F = TY ⊗ ΩY . By splitting the exact
sequence in Lemma 5.6, we have

0 → F(1−m) → ⊕c
i=1F(1−m+mi) → · · · → ⊕c

i=1F(1 −mi) → B → 0

0 → B → F(1) → F(1)|Z → 0

for some coherent sheaf B on Y. By Proposition 7.11, we obtain the vanishing of the
following cohomology groups

H0(Y,F(1−mi)) = H1(Y,F(1−mi −mj)) = · · · = Hc−1(Y,F(1−m)) = 0.

Hence by Lemma 5.7, we get H0(Y,B) = 0. In a similar way, we get

H1(Y,F(1−mi)) = H2(Y,F(1−mi −mj)) = · · · = Hc−1(Y,F(1−m+mi)) = 0

Recall that c ≤ N − 3. If c = N − 3, then 1−m ≤ 1− d(N − 3) < 2d−N − 1 since
N ≥ 3, hence we get Hc(Y,F(1 − m)) = 0 by Proposition 7.11. This implies that
H1(Y,B) = 0, concluding the proof.

Now we are ready to finish the proof of Proposition 7.4.
If Z is a curve, then H0(Z, TZ ⊗ ΩZ(1)) 
 H0(Z,O(1)) has dimension N + 1.

Thus we may assume dimZ ≥ 2, namely c ≤ N − 3.
By Lemma 7.13, it suffices to show that elements of ΞZ ⊂ H0(Z, TZ ⊗ ΩZ(1))

comes from H0(Z, TY ⊗ ΩY (1)|Z). Assume that φ ∈ ΞZ ⊂ Hom(∧2V, V ) is not in
H0(Z, TY ⊗ ΩY (1)|Z). Then the collection of homomorphisms φx : V ⊗ x̂ → V
at x ∈ Z defined by v ⊗ α �→ φ(α, v), α ∈ x̂ induces a nonzero homomorphism
NZ/Y → NY/PV (1)|Z . In other words, a homomorphism of vector bundles on Z

O(m1)⊕ · · · ⊕ O(mc) → O(d+ 1).

But by the assumption that d+ 1 < mj for all j, this must be zero, a contradiction.

8. Negative examples to Question 1.4. In this section, we will provide
examples of smooth projective variety with isotrivial VMRT which are not quasi-
homogeneous. They are hyperplane sections of rational homogeneous varieties.

Let G be a simple Lie group of adjoint type of rank l with Lie algebra g. We fix a
Borel subgroup B ⊂ G and the set of roots is denoted by Φ. Let {α1, · · · , αl} be the
set of simple roots and Φ+ (resp. Φ−) the set of positive roots (resp. negative roots).

The fundamental weights are denoted by {λ1, · · · , λl}. Let ρ = 1

2

∑
α∈Φ+ α =

∑l
1
λi

be the half sum of positive roots.
For any 1 ≤ k ≤ l, we denote by Pk the maximal parabolic subgroup determined

by λk. Its Lie algebra pk is given by

pk = Φ− ∪ {0} ∪ Φ+
k ,where Φ+

k = {α ∈ Φ+|(α, λk) = 0}.

Let Lλk be the line bundle defined by the character λk on the homogeneous
manifold G/Pk. Then Pic(G/Pk) 
 ZLλk . The line bundle Lλk is very ample and



ISOTRIVIAL VMRT-STRUCTURES 351

it induces a natural embedding G/Pk ⊂ PH0(G/Pk, L
λk) = PV λk , where V λk is the

irreducible G-module with highest weight λk.
The tangent bundle TG/Pk

is the homogeneous vector bundle associated to the
adjoint representation of G restricted to Pk on the quotient g/pk, hence the weights
of this representation of P are the roots of G that are not in P , i.e. roots of G
that contain αk with multiplicity at least 1. We call G/Pk an irreducible Hermitian
symmetric space (IHSS for short) if the Pk-representation g/pk is irreducible. They
are classified as follows:

g Al Bl Cl Dl E6 E7

k 1 ≤ k ≤ l 1 l 1, l− 1, l 1, 6 7

G/Pk Gr(k, l + 1) Q2l−1 Lag(l, 2l) Q2l−2, Sl OP2 E7/P7

In this case, the highest weight of g/pk is the longest root β. In the notations of
Bourbaki, the longest roots are given by the following:

g Al Cl(l ≥ 2) F4, E7 Bl(l ≥ 3), Dl(l ≥ 4), G2, E6 E8

β λ1 + λl 2λ1 λ1 λ2 λ8

Lemma 8.1. Assume that G/Pk is an IHSS different from projective spaces, then
Hq(G/Pk, TG/Pk

(−1)) = 0 for all q ≥ 0.

Proof. As the maximal weight of g/pk is β, the maximal weight of TG/Pk
(−1) is

μ := β − λk. By our assumption, μ has coefficient −1 at λk, hence μ+ ρ is a singular
weight (since (αk, μ+ρ) = 0). By Borel-Weil-Bott, we haveHq(G/Pk, TG/Pk

(−1)) = 0
for all q.

From now on, we assume that Aut◦(G/Pk) = G. This is always the case up
to replacing G and Pk. Let X ⊂ G/Pk be a smooth hyperplane section, i.e. X =
G/Pk ∩H for a smooth hyperplane [H ] ∈ P(V λk)∨. Then we have

Lemma 8.2. Assume that G/Pk is an IHSS different from projective spaces, then
(i) H0(X,TX) is identified with the stabilizer of g at [H ] ∈ P(V λk)∨.
(ii) h1(X,TX) = dimV λk − 1 + h0(X,TX)− dim g.
(iii) hp(X,TX) = 0 for all p ≥ 2.

Proof. By the exact sequence

0 → OG/Pk
→ OG/Pk

(1) → OX(1) → 0

we get that h0(X,OX(1)) = dimV λk − 1 and hp(X,OX(1)) = 0 for all p ≥ 1. Using
the exact sequence

0 → TG/Pk
(−1) → TG/Pk

→ TG/Pk
|X → 0,

we obtain

h0(X,TG/Pk
|X) = h0(G/Pk, TG/Pk

) = g

and hp(X,TG/Pk
|X) = 0 for all p ≥ 1. The exact sequence

0 → TX → TG/Pk
|X → OX(1) → 0
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gives

H0(X,TX) ⊂ H0(X,TG/Pk
|X) = H0(G/Pk, TG/Pk

),

which proves the first claim, while the other two follow from previous discussions.

For an irreducible G-module V , there exists an open subset U ⊂ V such that
dimG ·v remains the same (and maximal for all G-orbits in V ). We denote by mG(V )
this dimension. Then stabilizer of v ∈ U has dimension dimG−mG(V ).

Proposition 8.3 ([AVE], Corollary on p.260 ). Assume that G is simple and V
an irreducible representation of G. If dimV > dimG, then mG(V ) = dimG.

On the other hand, we have the following list of G/Pk whose general hyperplane
sections are locally rigid. We will use the notation of the homogeneous varieties in
p.466 of [FH].

Proposition 8.4. Let G/Pk be an IHSS and X ⊂ G/Pk a general hyperplane
section. Then X is locally rigid (i.e. H1(X,TX) = 0) if and only if G/Pk is isomor-
phic to one of the following:

Pn,Qn,Gr(2, n),Gr(3, 6),Gr(3, 7),Gr(3, 8), S5, S6,

S7,Lag(3, 6), E6/P1, E7/P7.

Proof. If dimV λk > dimG, then h0(X,TX) = 0 by Proposition 8.3 and Lemma
8.2. Hence h1(X,TX) = 0 if and only if dimV λk − 1 = dimG, while there is no such
fundamental representations.

Now assume dimV λk ≤ dimG. In [El] (Table 1 on p.46-48), a complete list of all
irreducible G-modules with mG(V ) < dimG together with the stabilizer (denoted by
h) is given. Then H1(X,TX) = 0 if and only if dimV λk + dim h = dim g + 1. The
Proposition is obtained by a case-by-case check.

From the above results, we can deduce the following negative examples to Ques-
tion 1.4.

Theorem 8.5. The following projective manifolds of Picard number 1 have
isotrivial VMRT-structures, which is not locally homogeneous. In fact, they do not
have continuous automorphism groups.

(i) A general hyperplane section of Sn, n > 8: its VMRT at a general point is a
general hyperplane section of Gr(2, n).

(ii) A general hyperplane sections of Lag(n, 2n), n > 4: its VMRT at a general
point is a general hyperplane section of the second Veronese embedding of Pn.

Proof. From Lemma 8.2 and Proposition 8.3, we see that the listed varieties do
not have continuous automorphism groups. We can see that their VMRT at a general
point is as described above from p.466 of [FH]. For (i), the VMRT at a general point
is rigid from Proposition 8.4. For (ii), the VMRT at a general point is the second
Veronese embedding of a quadric hypersurface. So it is rigid. Thus the VMRT-
structure is isotrivial in both cases. Since the VMRT at a general point is nonsingular
and irreducible, Theorem 1.2 implies that it is not locally homogeneous.
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