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ON THE CANONICAL MAPS OF NONSINGULAR THREEFOLDS
OF GENERAL TYPE*

RONG DUt

Dedicate to Professor Ngaiming Mok on the occasion of his 60" Birthday

Abstract. Let S be a nonsingular minimal complex projective surface of general type and the
canonical map of S is generically finite. Beauville showed that the geometric genus of the image
of the canonical map is vanishing or equals the geometric genus of S and discussed the canonical
degrees for these two cases. We generalize his results to nonsingular minimal complex projective
threefolds.
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1. Introduction. The study of the canonical maps of n dimensional projective
varieties of general type is one of the central problems in algebraic geometry. For
n = 2, Beauville ([Bea]) proved that the geometric genus of the image X of the
canonical map of a nonsingular complex projective surface S of general type vanishes
or equals to the geometric genus of S. Moreover, he showed that the canonical degree
is less than or equal to 36 if py(X) = 0 and 9 if py(X) = py(S).

For n = 3, M. Chen studied the canonical map of fiber type ([Chl], [C-H]) and
posted an open problem in [Ch1] as follows: Let X be a Gorenstein minimal projective
3-fold with at worst locally factorial terminal singularities. Suppose that the canonical
map is generically finite onto its image. Is the generic degree of the canonical map
universally upper bounded? Hacon gave a positive answer to Chen’s problem. More
precisely, he showed that the canonical degree is at most 576 and the statement is
wrong without the Gorenstein condition. Recently, Y. Gao and the author improved
Hacon’s upper bound to 360 and the equality holds if and only if py(X) = 4, ¢(X) = 2,
X(wx) =5, K% = 360 and |K x| is base point free ([D-G1]).

For n > 4, the situation is totally different. The reason is that, in case of n < 4,
Miyaoka-Yau inequality plays a vital role in the proof while Miyaoka-Yau inequality is
not effective enough to control K% for n > 4. In [D-G3], the authors consider abelian
canonical n-folds (see [D-G2] for n = 2 and [D-G1] for n = 3) such that the canonical
degrees are universally upper bounded.

First, we list the following theorem due to Beauville.

THEOREM 1.1 ([Beal). Let X be a nonsingular minimal complex projective three-
fold of general type. Suppose that the canonical map ¢x : X --» PPs(X)—1
cally finite. Denote 3 := ¢x (X)), then either:

(1) pg(X) =0, or

(2) pg(X) = pg(X), where the canonical map of ¥ is of degree 1.

18 generi-

*Received December 19, 2016; accepted for publication June 21, 2017.

TDepartment of Mathematics, Shanghai Key Laboratory of PMMP, East China Normal University,
Rm. 312, Math. Bldg, No. 500, Dongchuan Road, Shanghai, 200241, P. R. China (rdu@math.
ecnu.edu.cn). The Research Sponsored by the National Natural Science Foundation of China (Grant
No. 11471116, 11531007) and Science and Technology Commission of Shanghai Municipality (Grant
No. 18dz2271000).

299



300 R. DU

In [Supl], P. Supino produced a bound for the admissible degree of the canonical
map of a threefold of general type X with the condition h?(0x) — h'(Ox) > 2. In
this paper, we generalize Beauville’s other results to minimal nonsingular complex
projective threefolds without the above condition.

THEOREM 1.2. Let X be a nonsingular minimal complex projective threefold of
general type. Suppose that the canonical map ¢x : X --+» PPe(X)=1 45 generically
finite. Denote ¥ := ¢x(X) and d := deg ¢x.

(1) If py(2) =0 and Ky is pseudo-effective, where M is a nonsingular model of

>, then d < 108.
(2) If pg(2) = pg(X), where the canonical map of ¥ is of degree 1, then d < 86.
Moreover, if pg(X) > 111, then d < 32.

REMARK 1.3. P. Supino also constructed some examples of threefolds of general
type with canonical degree 3 ([Sup2]) and 4, 5, 6 with G. Casnati ([C-S]). Later, Cai
([Cai]) constructed some examples of threefolds with canonical degrees 32, 64 and 72.
But his example of degree 72 depends on the existence of the surface of general type
with canonical degree 36, which was first discovered by Yeung (cf. [Yeung], [L-Y]).
Each example is a threefold which can be decomposed as Cartesian product of a
surface and a curve. In [D-G1], Gao and the author use abelian covers to construct
examples with canonical degree 2, 4, 8, 16, 32.

2. Canonical map of threefolds of general type. Let S be a nonsingular
minimal surface of general type with geometric genus py(S) > 3. Denote by ¢g :
S —-» PPa(5)=1 the canonical map and let d := deg(¢s). The following Beauville’s
result is well-known.

THEOREM 2.1 ([Bea]). If the canonical image F := ¢g(S) is a surface, then
either:
(1) py(F) =0, or
(2) pg(F) = py(S), where F' is a canonical surface.
Moreover, in case (1),
(i) d < 36 and d = 36 if and only if py(S) = 3, q(S) = 0, K% = 36 and |Kg|
base point free,
(i) d <9 if (0) > 31,
(i) d <4 if x(0) > 31 and F is not a ruled surface;
and in case (2),
(i) d <9 andd =9 if and only if py(S) =4, q¢(S) =0, K& = 45, |Ks| base point
free and F is a surface of degree 5 in P3,
(i) d <3 if x(6) > 14.

REMARK 2.2. The existence of a surface of general type with p,(S) = 3, ¢(S) = 0,
K?% =36 and |Kg| base point free was first proved by Yeung (cf. [Yeung], [L-Y]).

The following theorem is due to Beauville. We mimic Beauville’s proof to non-
singular minimal complex projective threefolds as follows in order to keep this note
self-contained.

Proof of Theorem 1.1. Let |Kx| = |S|+ F such that S is the moving part and F'
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is the fixed part of |Kx|. Consider the following diagram

where o7 is the elimin_ation of the indeterminacy of ¢x, o2 is the elimination of
the indeterminacy of ¢, € is a resolution of ¥. Suppose that ¢ = o7 0 g5. Let
lo*S| = 15| + Y_i_, a;E; such that |S’| is base point free and

QSZEOTFZQZSIS/‘ :X%Egppg(x)fll

Denote Oy (H) = e*0x (1), then S" = * 0 e*0x (1) = 7*(Oy (H)).

KXZO'*Kx—f—ibiEi

i=1
ZU*S-FU*F-FibiEi 21
=85+ 7Z, -
where b; =1or2, Z=3"_,(a; +b;)E; + 0*F. Then |K¢| = |S'| + Z. So
() = RO 5)) = 1005 (8) = K" O (1) )
> 1Oy (H)) = py(X).

Therefore h(0(S")) = h°(Oy (H)) = py(X) and |S’| = 7*|H| from which we
have |K | = 7*|H| + Z.

Suppose that py(Y) = py(X) # 0, then there is a nonzero holomorphic 3-form
w e HO(Y, ﬁy(Ky))

Next we state that there exists ) € |H| such that div(w) > Q. In fact by Hurwitz
formula

div(w*w) = W*div(w) + Z(ei — 1)51 + ZT]'EJ‘,
i J

where S;’s are branch loci, e;’s are the ramification indices and FEj;’s are contracted
to points or curves by 7. Since div(7*(w)) € |K | = 7*|H| + Z, there exists Q € |H|
such that

W*Q + 7 = W*diV(UJ) + Z(el — 1)51 + ZTjEj' (23)
i J

Let @ = > hrl and div(w) = > krT. Suppose that 7T = >, Ty + > 7} Ej,
where I' = 7(I'y). If 7*T 2 S, since

Q) =7"(Y_hrl) =Y hrr'T
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and
div(rm*w) = Z kpm T + Z(ei -1)S; + erEj,
i J

we have hr < kr by comparing the coefficients before I'; in the both sides of equality
(2.3). If I' = 7(5;), suppose that 7*I' = e;S; + >, v} E;. Similarly, we have hre; <
kre;+(e;—1) by comparing the coefficients before I'; in the both sides of equality (2.3).
So hr < kp. Therefore we have Ky = div(w) > Q. So h°(0y (Ky)) > h°(0y(Q)) =
pg(X). On the other hand, h°(Oy (Ky)) < h°(0%(K)) = pg(X). So

Pg(X) =pg(Y) =py(X) = ho(ﬁY(Q))'
So |Ky|=|Q| + Z" and ¢|k, | = ¢ = ¢ is birational. 0

LEMMA 2.3. Let X C P™ be a non-degenerate projective variety of dimension 3.
Take a resolution € : M — X. If Ky is pseudo-effective, then deg: > 2n — 4.

Proof. Let Op(H) = €*(0x(1)). So |H| is base point free. Take an element
S € |H| such that S is irreducible and nonsingular surface. Then S% = deg® > 0 and
O (S) is nef and big. Notice that |H| restrict to S, |H|s, is also base point free, so
we can take C' € |H|s a nonsingular irreducible curve such that 0g(C) := O (H)|s.
Then C? = §3 = deg¥. Consider the exact sequence

0— Oy — Oy (S) = Os(S) — 0.
Take cohomology of the exact sequence, we can get
h?(0s(C)) = h(Os(8)) = h°(Om(S) =12 (n+1) —1=n.
From the exact sequence
0— 0s — 0s(C) — Oc(C) — 0,

we can also have h°(0g(C)) < h%(0c(C)) + 1. If k1 (0c(C)) # 0, then by Clifford
theorem, we have

n—1<h(0c(C)) < %CQ + 1.

So degX > 2n — 4. If h'(0c(C)) = 0, by Riemann-Roch theorem, we have
h°(Oc(C)) = C? — g(C) + 1. So deg® > n — 2 + g(C). On the other hand,
29(C) —2=C?+CKs
=C?+C(Kyn +9)ls

=20 + Ky S
> 207

(2.4)

So g(C) > degX + 1, a contradiction. Therefore deg® > 2n — 4. O

With the notations as above, in [D-G1], Gao and the author showed that the
canonical degree d < 360 and the equality holds if and only if p,(X) = 4, ¢(X) = 2,
x(wx) = 5, K% = 360 and |K x| is base point free, which is the generalization of
Beauville’s result of case (1) (i). In [Cai], Cai showed that if ps(X) > 105412, then
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d < 72 which is the generalization of Beauville’s result of case (1) (ii). Next, we are
going to generalize Beaville’s other results in Theorem 2.1.

Proof of Theorem 1.2. By the condition, one has that p,(X) > 5.
For the case (1), by Lemma 2.3 and Miyaoka-Yau inequality ([Mi]), we have

d(2py(X) — 6) < d-deg¥ < K% < 72x(wx).

If we can show y(wx) < pg(X) + 1, then

X(wx) py(X)+1 4
d < 36 < 36 =36(1+ — ) < 108. 2.5
po() -3 =y, -3 =0T 8 29)
If ¢(X) < 2, then y(wx) < pg(X) +q(X) —1 < py(X)+ 1.
Now we can assume hereafter that ¢(X) > 3. Consider the Albanese map albx
of X and the Stein factorization f of albx as follows:

x—1 oy

h

Alb(X)

By Hacon’s argument (see the proof of [Ha], Theorem 1.1), one has
(1) x(wx) < pg(X), if dimY > 2;
(2) x(wx) < pg(X) + x(wy) and x(wy)py(F) < pg(X), where F is the general
fiber of f, if dimY = 1.
Hence if dimY > 2, by (2.5), the statement holds. More precisely,

d<36- LX) g
pg(X> -3

We only need to consider dimY = 1. By the argument in the main theorem of
[D-G1], we can get that p,(F) > dimX = 3 and py(X) > 6.
Therefore

d< 362X gPalX) fxlov) geq 1y PalX) g

T op(X) =37 pg(X) =3 Pg(F) pg(X) =3~

For the case (2), by M. Chen’s result ([Ch2]) we have deg¥ > 3p,(X) — 10. So

d(3py(X) — 10) < K% < T2x(w).

Using the same arguments as above, we have, if ¢(X) < 2,

pg(X) +1
d<72—F—r 2.6
<725, (%) = 10° (2.6)
then
d < 86

If ¢(X) > 3 and
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(1) if dimY > 2, then

pg(X)
d<T72—"——+— < 72;
=) —10 = 7

(2) if dimY = 1, then

d<ma(+ Ly P gy

pg(F)

Moreover, suppose that pg(X) > 111.
If ¢(X) <2, then

3pg(X)—10 —

X 1
d< 72%.
So
d<24
If ¢(X) > 3 and
(1) if dimY > 2, then
X
= 723}7;35 2 10
So
d<24
(2) if dimY = 1, then
d< 7214+ L ) PaX)

So

Therefore Theorem 1.2 has been proved. O
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