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VIA BAKRY-EMERY PSEUDOHERMITIAN RICCI CURVATURE*

DER-CHEN CHANGT, SHU-CHENG CHANG?!, TING-JUNG KUO$, AND SIN-HUA LAIY

Dedicated to Professor Ngaiming Mok on the occasion of his 60th birthday

Abstract. In this paper, we derive the sub-gradient estimate of the CR heat equation associated
with the Witten sub-Laplacian via the Bakry-Emery Pseudohermitian Ricci Curvature. With its
applications, we first get a Harnack inequality for the positive solution of this CR heat equation
in a closed pseudohermitian (2n + 1)-manifold. Secondly, we obtain Perelman-type linear entropy
formulae for this CR heat equation.
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1. Introduction. In the seminal paper of [LY], P. Li and S.-T. Yau established
the parabolic Li-Yau Harnack estimate

O(Inu)
ot

for the positive solution u(x,t) of the time-dependent heat equation

ou (x,t)
ot

in a complete Riemannian [-manifold with nonnegative Ricci curvature. Here A is
the Laplace-Beltrami operator.

Recently, X.-D. Li extended the Li-Yau Harnack estimate to the heat equation
associated with the Witten Laplacian via the so-called Bakry-Emery Ricci Curvature
in a complete [-manifold. More precisely, let ¢ € C?(M) and p be the weighted
volume measure on M given by

!
—|Vlnu|2—|—§ >0 (1.1)

= Au (z,t)

dp = e @ du (z)
and the weighted Laplacian Ay be defined by
Ay:=A—-V¢p -V

which is the infinitesimal generator of the Dirichlet form
E(f,g9) = /M <V/f,Vg>du
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for f,g € C§°(M). One of very important motivations to study this symmetric dif-
fusion operator can be illustrated by a deep connection between symmetric diffusion
operators Ay (called Nelson’s diffusion operator in stochastic mechanics, see [Wu] and
[Lil]) and Schrodinger operators

H=A-V
naturally raised in quantum mechanics and quantum field theory. Here V = i|V¢|2 —

LAg.
2
In the other paper of Li ([Li2]), he derived the Li-Yau Harnack estimate

O(Inu) 9 m
— V1 m.
5 [V inu|®+ 57 2 0

for the positive solution u(x,t) of the heat equation

ou(x,t)

in a complete Riemannian [-manifold with nonnegative m-dimensional Bakry-Emery
Ricci curvature ([BE])

Vo Ve

Ricui(As) i= Ric+ V?(x) - o=

>0, m>I.
Using the method of the Li-Yau gradient estimate, the very first paper of H.-D. Cao
and S.-T.Yau ([CY]) considered the heat equation

ou(z,t)
ot

= Lu(x,t) (1.2)

in a closed [-manifold with a positive measure where L is a subelliptic operator that
has the form as sum of squares of vector fields

h h
L= X?-Y, h<l, Y=Y aX.
=1 =1

Here 2" = {Xl, X, ...,Xh} are smooth vector fields which satisfy bracket gener-
ating property, i.e., 2 together with their commutators up to finite order span the
tangent space at every point of M. Suppose that [X;,[X;, X}]] can be expressed
as linear combinations of X7, Xo,..., X} and their brackets [X1, Xol, ..., [Xn—1, X1]-
They showed that for the positive solution u(z,t) of (1.2) on M x [0,00), there exist
constants C7,Cy,C3 and % <A< %, such that for any § > 1, f(z,t) = lnu (z,t)
satisfies the following gradient estimate

C
STIXifPP—ofe+ > (A+ [Yaf)* =0V f < 71 +Cy + CatxT (1.3)
where {Y,,} = {[X:, Xj]}. 4,7 =1,...,h.
In the paper of [CKL], we obtained the CR Cao-Yau type Harnack estimate

O(Inwu)

4815

1 16
—|VyInul* - gt[(lnu)o]“‘ + 20 (1.4)



CR LI-YAU GRADIENT ESTIMATE FOR THE WITTEN LAPLACIAN 225

for the positive solution u(z,t) of the CR heat equation

Ou (x,t)

5 = Apu (z,t)

in a closed pseudohermitian 3-manifold (M, J, ) with nonnegative Tanaka-Webster
curvature and vanishing torsion. Here A is the time-independent sub-Laplacian and
Vy is the subgradient. We also denote ¢g = T¢ for a smooth function ¢ and the
Reeb vector field T'.

In the present paper, via the Bakry-Emery pseudohermitian Ricci Curvature, we
extended Chang-Kuo-Lai Harnack estimate (1.4) and Perelman-type entropy formulae
to the heat equation

ou (z,1)
ot
in a closed pseudohermitian (2n + 1)-manifold (M, J, 6, du) with

= Lu (z,t) (1.5)

Lu(x,t) := Apu(z,t) — Vpo(z) - Vyu(z,t).

Here dp = e~ @@ A (dO)", ¢ € O (M).
Note that L satisfies the following integration by parts formula

/<Vbu, Vyv)dp = — /(Lu)v dp = —/u(Lv) du, Yu,v € C* (M) .

M M M

We first recall some notions as in section 2. Let (M, §) be a (2n + 1)-dimensional,
orientable, contact manifold with contact structure &, dimg & = 2n. A CR structure J
compatible with ¢ is an endomorphism J : € — £ such that J2 = —1. We also assume
that J satisfies the integrability condition ( see next section). A CR structure J can
extend to C®{ and decomposes C®¢ into the direct sum of 7% ¢ and Tp,; which are
eigenspaces of J with respect to eigenvalues i and —i, respectively. A pseudohermitian
structure compatible with £ is a CR structure J compatible with £ together with a
choice of contact form 6 and £ = ker #. Such a choice determines a unique real vector
field T transverse to £ which is called the characteristic vector field of 6, such that
O(T)=1and L3 =0 or dO(T,-) = 0. Let {T, Zn, Za} be a frame of TM @ C, where
Zq is any local frame of T o, Z5 = Zy € To,1.

Before we go further, let us introduce an important notion in this paper, “the m-
dimensional Bakry-Emery pseudohermitian Ricci curvature associated with a diffusion
operator” , which plays a crucial role in the study of our problems. We define the oo-
dimensional Bakry-Emery pseudohermitian Ricci curvature Ric(L) by

Ric(L)(W, W) := R,zWaWp + Re[¢,5WaWp]
and the m-dimensional Bakry-Emery pseudohermitian Ricci curvature Ricy, (L) by

Vo ® Vo

Ricpm (L) := Ric(L) 2(m — 4n)

for W=W%Z, +WZ5 € T1,0® T, m > 4n. We also define T'or(L) by

Tor(L)(W, W) :=2Re | Y (i(n —2)As5 — ¢a5)WaWs
a,B=1
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Note that m is not necessarily an integer and we use the convention that m = 4n if
and only if L = A, (i.e. ¢ is constant).

By using the arguments of ([LY]) and ([CKL]), we are able to derive the CR
version of Li-Yau gradient estimate for the positive solution of CR heat equation
(1.5) in a closed pseudohermitian (2n + 1)-manifold.

THEOREM 1.1. Let (M, J, 0) be a closed pseudohermitian (2n + 1)-manifold.
Suppose that

2Ricm (L) (X, X)—Tor(L) (X, X)>0 (1.6)

forall X € Th o @ Tox. If u(z,t) is the positive solution of

(1= 2) e =

on M x [0, oco) with
(L, T)u=0. (1.7)
Then f(x,t) =Inu(x,t) satisfies the following subgradient estimate
2 6 2 d
Vo f "= {1+ - +4k° ) fi] < +J (1.8)
on M x (0, c0) where d =m (1—|— % —|—4k2)2 (k2 + 1), J=d- (% —|—4k2)71, m > 4n,
and k = 4n*sup | V4|

As a consequence of Theorem 1.1, for a constant function ¢ € C?(M), one ob-
tains the CR version of Li-Yau gradient estimate for the positive solution of CR heat
equation

(30~ 2)ute o

in a closed pseudohermitian (2n + 1)-manifold. Theorem 1.1 also recovers our previous
results in ([CKL]) in a closed pseudohermitian 3-manifold.

COROLLARY 1.1. Let (M, J, 0) be a closed pseudohermitian (2n + 1)-manifold.
Suppose that

2Ric(X, X)—(n—2)Tor (X, X)>0

forall X € Ty o ® Ton. If u(x,t) is the positive solution of

<Ab - gt) u(z,t) =0
with
[Ap, TJu=0
on M x [0, co). Then f(x,t) =1Inwu(x,t) satisfies the following subgradient estimate

9
s~ (14 2) sow o] < 30
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REMARK 1.1.

(1)
(2)

Formula (1.6) is the CR analogue of the Bakry-Emery Ricci curvature tensors
assumption in a closed Riemannian manifold [Lil].

Our subgradient estimates are more delicate due to the fact that the sym-
metric diffusion operator L is only subelliptic. In fact, by comparing with
Riemannian case, we obtain an extra gradient estimate in the so-called miss-
ing direction T.

We observe that the main difference between the usual Riemannian Lapla-
cian and sub-Laplacian is the Reeb vector field T. Then condition (1.7) is
very natural due to the subellipticity of L in the method of Li-Yau gradient
estimate. Furthermore, it follows from Lemma 3.7 (see section 3) that

[L, TJu=2ImQu —4Re (¢auﬂA@[§) + (Vpoo, Vu)
and
[Ap, T]u=2ImQu.
Here @ is the purely holomorphic second-order operator [GL] defined by
Qu = 2i (A@B“a)ﬁ .

Then condition (1.7) holds if A,g = 0 and ¢¢ = 0. In particular, if Ay =0,
then [Ap, T]u =0 as well.

When ¢ (z) is a constant function and n = 1, we recover the main result
of [CKL]. Furthermore, in view of Theorem 1.1, we still have the general
subgradient estimate when we replace the lower bound of Bakry-Emery Ricci
curvature condition (1.6) by a negative constant. We refer to [CKL] for some
details when ¢ () is a constant function.

Given p, ¢ € M, by Chow’s connectivity theorem [Cho], there always exists a
horizontal curve (see definition 2.1) with finite length joining them. Now integrating
(1.8) over (v (t),t) of a horizontal path ~ : [t1,t2] — M joining points x1, xo in M,
we obtain the following CR version of Li-Yau Harnack inequality.

THEOREM 1.2. Let (M, J, 0) be a closed pseudohermitian (2n + 1)-manifold.
Suppose that

2Ricyn(L) (X, X)—Tor(L) (X, X) >0

forall X € Ty o ®To1. Ifu(x,t) is the positive solution of

with

(1= 2) oo -

[L, Tu=0

on M x[0, o0). Then for any x1, x2 in M and 0 < t; < to < 00, we have the Harnack
inequality

u (z2,t2) > <t2) —Pexp{_ (1 + % +4k2) ldcc (xl’m)j —q(t2 —tl)}'

u ($1, tl)

t 4 to — 11
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Here m > 4n, k= 4n?sup |V, p=m (1+ & + 4k%) (k> +1), g =p- (£ +4k2)_1,

and d.. is the Carnot-Carathéodory distance (see Definition 2.1).

As pointed out by R. Hamilton, the derivation of the entropy formula resembles
Li-Yau gradient estimate for the heat equation. We will derive the monotonicity of CR
Perelman-type entropy formula for the CR heat equation (1.5) from the subgradient
estimate (1.8).

Let u(z,t) be the positive solution of (1.5) on M x [0,00) and g(x,t) be the
function which satisfies

e—g(m,t)—]bt
u(zx,t) = R

with m > 4n, k = 4n?sup [Vyd|, d =m (1 + 6 +4k2)" (k2 +1), J =d- (& +4k2) 7",

and fM udp = 1. Here a,b > 0 to be determined later.
We first define the so-called Boltzmann-Shannon-Nash entropy

N(u,t) = —/ (Inw)udp (1.9)
M
and
N(u,t) = N(u,t) —d x a(lndmrt + 1) — Jbt. (1.10)
Next following a method developed by Perelman, we define

W(u,t) :/ [t[Veg|® + g — 2d x a — Jbt] udp
M (1.11)

:% [tﬁ(u, t)]

and

W(u,t) =W(u,t) + gtz/ goudj. (1.12)
M

Then by applying Theorem 1.1, we obtain the following entropy formulae for N (u,t)
and W(u, t).

THEOREM 1.3. Let (M, J,0) be a closed pseudohermitian (2n + 1)-manifold.
Suppose that

2Ricm (L) (X, X) —Tor(L) (X, X) >0

for all X € Ty o @ Toa1. Let u(x,t) be the positive solution of
0
(L— 5) u(z,t)=0

[L, Tu=0
on M x (0, oco) with [, udp=1. Then

- dx (&4 4k?
iN(u,t):/ [Vagl® + 145 p ngM—F S a2 g udp < 0
dt M n t n

and
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for all t € (0,00), m > 4n, k = 4n?sup |Vyo|, d = m (1 + % +4/€2)2 (k2 + 1), J =
-1

d~(%+4k2) , and a,b> 1.

THEOREM 1.4. Let (M, J,0) be a closed pseudohermitian (2n + 1)-manifold.
Suppose that

2Ricy.n(L) (X, X)—Tor(L) (X, X) >0

for all X € Ty o ®To,1. Let u(z,t) be the positive solution of

(1= 2) oo -

and
[L, Tu=0

on M x [0, co) with [,, udp=1. Then

d — " 2 " 2 2t 2
K 3 laesl+ ;ﬂj_ sl | =2 [ ulLgPa

- 2t/ u[2Ricm, n(L) — Tor(L)|(Veg, Veg)du < 0
M

fora>242k*H 1432 b > 14k2H 1+ 18 andt < ;% Where H = sup V9| # 0,
m > 4n.

For a constant function ¢ € C?(M), we define

- 9
W(u,t) = / {t|vbg|2 +9-— (— +6+ n) X 2@] udp + gt2/ gaudpu (1.13)
M n M

and

e—g(:ﬂ,t)

wnt) = e

(1.14)

with fM udp =1 (say ¢ = 0). As a consequence of Theorem 1.4, we have

COROLLARY 1.2. Let (M, J,0) be a closed pseudohermitian (2n + 1)-manifold.
Suppose that

2Ric(X, X)—(n—2)Tor (X, X)>0

for all X € Ty o ® To,1. Let u(z,t) be the positive solution of

(30 2) oo -

and

[Ab, T]u =0
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on M x [0,00) with [,, udy=1. Then

n

d/\./ n
FACESET I D SRTNED ST 7

a,f=1 a#pB=1

- t/ u[2Ric — (n — 2)Tor)(Vig, Vig)du
M

t

— f/ u(Apg)?dp < 0.
nJm

for allt € (0,00), a>2+ 2.

We briefly describe the methods used in our proofs. In section 2, we first introduce
some basic materials in a pseudohermitian (2n 4 1)-manifold. In section 3, we will
recall the CR version of the Bochner formula and derive some key Lemmas. In section
4, we derive the Li-Yau gradient estimate for the CR heat equation of the Witten
Laplacian. In section 5, by using the subgradient estimate in the previous section, we
derive entropy formulae for the CR heat equation (1.5).
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2. Preliminary. We first introduce some basic materials in a pseudohermitian
(2n+1)-manifold (see [L1], [L.2] for more details). Let (M, &) be a (2n+1) -dimensional,
orientable, contact manifold with contact structure £. A CR structure compatible with
¢ is an endomorphism J : £ — £ such that J2 = —1. We also assume that J satisfies
the following integrability condition: If X and Y are in £, then so are [JX,Y]+[X, JY]
and J([JX, Y]+ [X,JY]) =[JX,JY] - [X,Y].

Let {T, Z., Zs} be a frame of TM ® C, where Z, is any local frame of T} o, Zz =
Zo € Tpa and T is the characteristic vector field. Then {#,6% 6%}, which is the
coframe dual to {T, Z,, Z5}, satisfies

do = ih,50° A 67 (2.1)

for some positive definite hermitian matrix of functions (h,z). Actually we can always
choose Z, such that h,5 = dag; hence, throughout this note, we assume h,z = das-
The Levi form (, ), is the Hermitian form on 77 o defined by

(Z,W), =—i(d0,Z \W). (2.2)

We can extend (, ), to To,1 by defining (Z, W), = (Z,W), for all Z,W € Ty,.
The Levi form induces naturally a Hermitian form on the dual bundle of T ¢, denoted
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by (, ) Ly and hence on all the induced tensor bundles. Integrating the Hermitian

form (when acting on sections) over M with respect to the volume form du = A (d9)™,
we get an inner product on the space of sections of each tensor bundle. We denote
the inner product by the notation { , ). For example

= [
M
for functions v and wv.

The pseudohermitian connection of (., ) is the connection V on TM ® C (and
extended to tensors) given in terms of a local frame Z, € T} o by

VZo=00"® 25, VZa=0s"®©25 VT=0,

where 6,7 are the 1-forms uniquely determined by the following equations:

do? =60% N0, +0NTE,

0=174 AO%, (2.3)
_n B _a
0=10,"+05".
We can write 7, = Aqy07 with Aoy = Aya. The curvature of Webster-Tanaka

connection, expressed in terms of the coframe {§ = 6%, 6% 0%}, is

Hﬁa = HBE‘ = dw,ga — w/ﬁ AN wvo‘,
p® = I1,° = I® = 113° = I1,° = 0.

Webster showed that IIg* can be written
g™ = Rp® 50" NO7 + W5 ,0° NG — W350° NO+ibg AT —itg AO™  (2.4)
where the coeflicients satisfy
Rpaps = m = Rapsp = Rpaps, Waay = Wyag-

Here R,7 3 is the pseudohermitian curvature tensor, R,5 = R’ 5 is the pseudoher-
mitian Ricci curvature tensor and A,g is the torsion tensor.
We define Ric and Tor by

Ric(X,Y) = R,5X°Y" (2.5)
and
Tor(X,Y) =iy (AM;X&YB - AagXaYﬁ) (2.6)
o.B

for X = X%Z, , Y =YPZg on Ty 0.

We will denote components of covariant derivatives with indices preceded by
comma; thus write Aag. The indices {0,«,a} indicate derivatives with respect
to {T, Zu, Za}. For derivatives of a scalar function, we will often omit the comma, for
instance, uy = ZoU, Uyz = Z5Zat —wa"(Z5)Zu. For a real function u, the subgra-
dient V is defined by Vyu € § and (Z, Vyu) = du(Z) for all vector fields Z tangent
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to contact plane. Locally Vyu = Za Uslo + UaZs. We can use the connection to
define the subhessian as the complex linear map

(V2w T @ Ton — Tho® Toa
by
(VI2u(Z) = V4 Vu.
In particular,
IVou|* = 2uaug, |Viul* = 2(uapuyp + U zUas)-
Also

Apyu=Tr ((VH)QU) = Z(uad + Uaa)

[e3

and
(VI2u (W, U) = (V) ?u (W), U)r,

where W, U € TLO S TO,l-

For convenience, we will omit the Ly for the Levi form ( ,)z,. That is in this
paper all the computations about the form ( ,) is Levi form ( ,)z,.

Next we recall the following commutation relations ([L1]). Let ¢ be a scalar
function and o = 0,0% be a (1,0) form, then we have

90015 = wﬁav
PaB — PBa — ihQE@Oa
Poa — Pad = Aaﬁ@ﬁa (27)

00,08 = 00,80 = OayAys = 0y Aap 5,
00,08 — 9,50 = UowAW? + UVAWBW
and
Ta,67 = Tayp = 1Aay0p — 1Aapdy,
Ta,i5 = Oa58 = thagAzptp — thay Agp0p, (2.8)
Ta,67 = Oayp = hg30a,0 + Rapp0p-
Recall a lemma from A. Greenleaf ([Gr]) and also ([CC2]).

DEFINITION 2.1. Let (M, J,0) be a closed pseudohermitian 3-manifold with & =
kerf. A piecewise smooth curve v : [0,1] — M s said to be horizontal if v (t) € &
whenever ' (t) exists. The length of v is then defined by

Nl=

Ly) = / (7 (1) 7 (D) .

The Carnot-Carathéodory distance d.. between two points p, ¢ € M is defined by

dcc (pv Q) = lnf{l (7) |FY € Opvq}v

where Cy, 4 s the set of all horizontal curves which join p and q.
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3. The CR Bochner Formulae. In this section, we will derive some CR
Bochner formulae and obtain some key Lemmas in a closed pseudohermitian (2n+1)-
manifold (M, J,0). We first recall the CR Bochner formula for A,.

LEMMA 3.1. Let (M, J,0) be a closed pseudohermitian (2n + 1)-manifold. For a
(smooth) real function f on M, we have

ST (V2P + (Y, Ve )

+ [2Ric — (n — 2)Tor]((Vo f)c, (Vaf)c) (31)
+2(JVuf, Vi fo)

where (Vi f)c =Y., faZa is the corresponding complex (1,0)-vector filed Vi f.
Now we derive the following CR Bochner formula for L.

LEMMA 3.2. Let (M, J,0) be a closed pseudohermitian (2n + 1)-manifold. For a
(smooth) real function f on M, we have

%L|be|2 = [(VI2 1P+ (Vo f, VoL f) + (V)20 (Vo f, Vi f)

(VI (Vo f, V) — (V)P f (Ved, Vi f)
+[2Ric — (n —2) Tor]((Vy.f)c, (Vo f)c)
+2(JVf, Vi fo).

Proof. By Lemma 3.1 and the definition of L, we have

%L|be|2 = %Ab|vbf|2 - %Vbéb V| Vo f|?
= (V)2 £ + (Vo f, Voo f)
+[2Ric — (n — 2)Tor]((Vo.f)e, (Vof)c)

+2(JVuf, Vi fo) = (V) £ (Voo, Vi f) .

Since
(Vof, VoL f) = (Vo f, Velo f) = (Vo f, Vo (Voo - Vi f))
= (Vof, Voo ) = (V)24 (Vo f, Vo f)
—(V2 £ (Vof, Vo) ,
we obtain

%L|be|2 = [(VI2 12+ (Vo f, VoL f) + (V720 (Vi f, Vi f)

(VI (Vo f, V) — (V)P f (Ve Vi f)
+[2Ric — (n —2) Tor]((Vy.f)c, (Vo f)c)
+2(JVf, Vifo)-

[
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LEMMA 3.3. Let (M, J,0) be a closed pseudohermitian (2n + 1)-manifold. For a
(smooth) real function f on M, k = 4n?sup |Vyé|, and any o > 0, we have

n

1 = 1
§L|be|2 > N fasl?+ D Ifupl+ m“lﬂ2
a,B=1 a#p=1

. 2
_w + %fg + (Vo f, Vo Lf)

+(VI2h (Vo f, Vi f) — 23|V, f|?
+[2Ric — (n —2) Tor|((Vyf)c, (Vo f)c)
+2(JVuf, Vi fo).

Proof. Note that

(V22 =2 > (Ifasl® + [ £apl?) -
a,B=1

Hence

n n
(V)22 =2 Z | fasl® +2 Z a5l + Zlfaa+faal2+§f§
a,f=1 a#pB=1 a:l

n n 1 n
>2 3 fasl+2 D sl + o (Buf) + 55

a,B=1 a#pB=1
Using the inequality:
) a2 2
(a+b)" > — —, forall a > 0,
l+a «

and the definition of L, we obtain

(Auf)? = (Lf + Voo - Vi f)?
. (L) (Voo Vuf)?

> , Ya > 0.
1+« «
Hence
(VP22 ) [fapl?+2 Y |5l
a,,@:l a;éB:l (32)
(Lf)? (Voo Vo f)? n 2
2n (1+ ) 2na 270"
Since
(V2 F (Vo f, Ved) = (V)2 £ (Voo Vi f) |
< (V£ (Vo f, Vo) | + (V)2 f (Vo Vi) |,
and

(T (V1,920 | < o (V2112 + 92

2\

k )\
o (V212 + IV f 94 > 0,

(V)2 f (Voo Vi f) | < N
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one has

(VT2 (Yo, Vod) = (V)2 (Vi Vi f) |
§|(VH) F2+EANVLf?, VA >0.
Let A = 2k, we have
(VT2 f (Vo f, Ved) = (V)2 f (Yoo, Vi f) |
< SIVH2 1+ 2029 1.

Thus

(VI £ (Vo f, Vod) — (VT2 (Vog, Vi f)
> — |V~ 2V f

By Lemma 3.2, (3.2) and (3.3), the proof of Lemma 3.3 is completed. O

LEMMA 3.4. Let (M, J,0) be a closed pseudohermitian (2n + 1) -manifold. For

a (smooth) real function f on M, k = 4n?sup |Vy¢|, m > 4n and for any v > 0, we
have

n

1 . 1
SUVAFP > 0 faslP+ D 1fusl* + - ILFP
a,f=1 a#B=1

+gf§ + (Vi f, Vs Lf)
+[2Ricym,n (L) — Tor (L)|(Vof, Vi f)

1
i <V n 2k2> Vo fI2 = 1|V fol2.

Proof. Let
m:=4n(l+ «),

then by Lemma 3.3, one has

n

1 . 1
SHVAfP = 37 Ifasl®+ D Iful®+ —ILFP
a,B=1 a#£p=1

Vid - Vi f|?
LA R A

+(VT)20 (Vi f, Vo f) — 2K* |V |
+[2Ric — (n —2)Tor|((Vy.f)c, (Vo f)c)
+2(JV f, Vi fo).

Since

[2Ric — (n — 2) Tor)(V f)e, (Vo f)c) = [Ric - nT_2TOT:| (Vof, Vi f),
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2(JVuf,Vufo) = =2|Vif||Vsfol
1
> =~ |Vof " = v|Vufol*, Vv >0,

and
[Ric—i— (VI)2¢ — Vl;l;i?;w - 2T0r} (Vof, Vo f)
= [2Ricym n (L) — Tor (L) (Vo f, Vi f),
we get

n

1 = 1
SEVAfP> >0 1faslP+ D Ifugl* + - ILFP
a,B=1 a#pB=1

+%f§ + (Vo f, Vi Lf)
+[2Ricyn (L) —Tor (L)] (Vuf, Vi f)
~ (i n 2k2> IV 12 = 0|V fol2.
0

LEMMA 3.5. Let (M, J,0) be a closed pseudohermitian (2n + 1)-manifold. For a
smooth real-valued function f (x) defined on M, then

Lfo= (Lf)y+ (Veoo, Vo f)

+2 Z { Aapfz), + (Aasfs), — PafsAas — da BAa,B}'
a,B=1

Proof. By direct computation and the commutation relation (2.7), we have
Lfo= Avfo— (Ved, Vi fo)

= (Mg = (Y06, Vo) +2 3 [(Aasfs), + (Aasfs),]
a,B=1

= (Lf)o+ (V6, Vof)o+2 Y [(Aasfa), + (Aasls).,]

a,f=1

- Z (¢afoa + dafoo)

= (Lf)o+2 Z [ Aopfz), + (A anB)OJ

a,B=1

+ > ($a0fs + Gaofa + bafao + dafan — Pafoa — dafoa) -
a=1

Since

(baOf(i + ¢@Ofo¢ = ¢Oaf6¢ - Aaﬁf&(bﬁ - ¢06¢foz - Aanoz¢,6’
= (Vpgo, Vo f) — Aapfads — Aspfa®s
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and

¢o¢f&0 + ¢dfo¢0 - ¢0¢an7 - ¢6¢an - ¢o¢ (de - de) + ¢d (faO - an)
= _¢afBA6¢B - ¢6szAaﬂ7

we get

Lfo= (Lf)o +(Vigo, Vi f)

423 [(Aasfa)o+ (Aaifs),, — bofoda — GuSahas)

a,B=1

Now we define V : C*° (M) — C*° (M) by

n

V(N = Y 2[(Aapfa), + (Assfs), — bafsAas — afsAas]
a,Bf=1
+ > 2(fafzAap + fafsAap) + (Vodo, Vi f).
a,B=1

LEMMA 3.6. Let (M, J, 0) be a closed pseudohermitian (2n + 1)-manifold. If
u (x,t) is the positive solution of (1.5) on M x[0,00), then f (x,t) = Inw (x,t) satisfies

Lfo— for==2(Vofo, Vof)+V (f).
Proof. By Lemma 3.5, we have

Lfo=(Lf)y+ (Vodo, Vi f)
#2 2 [(Auadi), + (Aaali),, ~ Gadafs — dafyos]
a,B=1

Also we have
(2= 5) @) == 90 o)

All these imply
Lfo— for =(Lf)g — fro + (Vsdo, Vo f)

+2 Z [ Aapfz), + (Aapls), — bafsAas — ¢deAa5}

a,Bf=1

=(Lf~ ft)o (Vodo, Vo f)
+2 Z (Aapf3) 4 + (Aasfs), — PafsAas — ¢@fBAaﬂ}

a,f=1

|
= (— |be|2) + Voo, Vi f)
|

0

+2 ) |(Aapfp) , + (Aapfs), — dafsAas - ¢deAoz5}

a,B=1
=—=2(Vufo, Vof) + (Vedo, Vi f)



238 D.-C. CHANG, S.-C. CHANG, T.-J. KUO, AND S.-H. LAI

+ 2 Z [ a,@f@ ( anB)a—%fﬂAaB_%fﬁAaﬂ}
a,B=1

+2° 3" (fafsAas + faf5Aas)
a,f=1
=—2(Vypfo, Vo f) + V(f).
0

LEMMA 3.7.  Let (M, J, 0) be a closed pseudohermitian (2n + 1)-manifold.
Suppose that

(L, T]u=0.
Then f (x,t) = Inwu(x,t) satisfies
V() =0,

Proof. By direct computation, we have

n

[L, T] u=2 Z {(Aaﬁulg)a + (A@B“ﬂ)a — ¢OZUBA@B — ¢5¢UBAO¢/J’} + <Vb(bo, Vbu).
a,f=1

Then

=2 Z { a,@f,@ ( @Bf,@)a _(baf,@A@B _(bafBAaB}
a,B=1

+2 ) (fafsAas + fafshap) + (Vodo, Vo f)

a,B=1
n Uz Uz~  UzlUg
2 [ ay (U )
> pa +Aas (- 3
a,B=1
UBa  UBUG
#23 [Aupa b gy (10 - 22k )]
a,B=1
Uozuﬁ Ualip up Up
#2 3 [ s 5 = agnn s ]
a,B=1

1
= —(Vioo, Viu)
u

[Aapats + Aaptige + Aapatis + Aaslise] }

[Asgupda + Aapusdal }

=3
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4. Li-Yau Subgradient Estimate. In this section, we derive CR version of Li-
Yau gradient estimate for the CR heat equation of the Witten Laplacian in a closed
pseudohermitian (2n + 1)-manifold.

Let u be the positive solution of (1.5) and denote

f(x,t) =Inu(z,t).

Then f (z,t) satisfies the equation

(£-5) £ =-1%s 0P (4.1)

Now we define a real-valued function F (z, t, a, ¢): M x [0, T] x R* x R™ — R by
F(z, t, a, ¢c)=t (|be|2 (z) +af; +ctfs (x)) ) (4.2)

where R*=R)\ {0} and R = (0, 00).

PROPOSITION 4.1. Let (M, J, 6) be a closed pseudohermitian (2n+ 1)-manifold.
Suppose that

2Ricm (L) (X, X)—Tor(L) (X, X) >0 (4.3)

for all X € Ty o ® To1 and k = 4n?sup |Vpd|. If u(z,t) is the positive solution of
(1.5) on M x [0,00). Then

) 1
_ > T F —
(L at)F_ (P =2(Vuf, VuF)

P12 sl 42 Y 1l 2 (L (4.4)

a,f=1 a#pB=1

(5= = (G ) s+ 2atav (1)

Proof. First we differentiate F' with respect to the t-variable.

= %F +1[2(1+a) (Vof, Vofe) +cf3 + 2t fofor + aLfi] . (4.5)

By the assumption (4.3) and Lemma 3.4, one can compute
LF =t [L Vo f? + aLf; + ctL (fg)}

—¢ [L Vof >+ aLf, + 2ctfoL fo + 2¢t |V fol?

(2 3 VfaslP 42 30 gl + 2 (LFP + 2R
a,f=1 a#f=1

+2(Vuf, VoLf) 4+ 2(2Ricyn(L) — Tor(L)) (Vo f, Vi f)

2
- <V + 4k2> IVof|> = 20|V fol® + aLf, + 2ct foL fo + 2¢t |V fol?
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Then taking v = ct

n 5 n 2 9
23 Mgl +2 D0 1fgl° + (L)
a,f=1 a#B=1

LF >t

2
+ gfg +2(Vyf, VoLf) — (ct + 4k2) Vo f)? + aLf; + 2ctfoL fo

It follows from (4.5) and (4.6) that

o 1
- r> lpyy
( 8t> = Tght

2 ) |fapl*+2 D0 15l

a,Bf=1 a#pB=1

P2t (-0 - (5 u) v
—2(1+a)(Vof, Vofe) +2(Vof, VoLf)

+ 2¢t fo (Lfo — for)

By Lemma 3.6 and definition of F, we have

2(Vof, VoL f)+2ctfo (Lfo— for) — 2(1+a) (Vof, Vufs)

=2(Vuf, Vo (fi = IVofFP) ) =21+ a) (Vof, Vofo)
+2ctfo (=2(Vufo, Vof) +V (f))

=—2a(Vof, Vol =2(Vif. Vo VufI’)

—detfo (Vofo, Vof) +2ctfoV (f)
=—2a <bea Vi <1F 1 Vo f|* — thg>>
at a a
-9 <be, Vs |be|2> —dctfo (Vofo, Viof) +2ctfoV (f)
2
ot

(Vof, VoF) +2ctfoV (f).

Substitute (4.8) into (4.7), we have

0 1
- > —
(L 8t> F>—<F=2(Vyf, ViF)

(2 >0 fapl®+2 D |fag|2+%(Lf)2

a,f=1 a#B=1

# (5o it (30 a0) sl + 2t () |

=3
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PROPOSITION 4.2. The same assumption of Proposition 4.1, then

0 2 ma?
_ Y > AT
<L at> F>_—F (F ; ) 2 (Vof, VuF)

23 sl +2 3 1P+ (B-em 29F) R

a,B=1 a#B=1
4 1 2

+(_41;JF_. ~ 482 (90 4 26t (1)
ma?t t

Proof. By definition of F' and (4.1),

Lf = fi — |Vof|?
1 a-+1
:—F— —_
al |be| fo

Then

o= [ ()|

a+1 2
ZQ—tQF2 ( Vo fl* + fo)

2(a+1)

2c
FIVfP - 2ergs
1 2(a+1
> L vabﬂ - %

It follows from (4.4),

0 2 ma?
_ Y > _ 2 AT
<L Bt) F>——.F (F . ) 2 (Vo f, VuF)

4
23 (sl 42 3 1+ (B o )

a,B=1 a#£p=1
4(a+1 2
+ (—LJF —_ — — 4I€2> |be|2 + 2th0V (f)
ma=t ct

a

ProproOSITION 4.3. The same assumption of Proposition 4.1. Let a, ¢, T < oo be
fized. For each t € [0,T], let (p(t),s(t)) € M x [0,t] be the mazimal point of F on
M x [0,t]. Then at (p(t),s(t)), we have

ma2tF< >

n 4e

23 P2 3 I+ (5-c-mer)f
a,B=1

a#B=1
1 2
+< (“J; )F———4k2)Ibe|2+2ctf0V(f)
ma“t ct

0>
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Proof.  Since F (p(t),s(t), a, ¢) = max  F(x,u, a, ¢), the point
(z,p)EM X0, t]

(p(t), s (t)) is a critical point of F'(z,s(t), a, ¢). Then
ViF (p(t), 5 (1), a, &) = 0.

On the other hand, since (p(t),s(t)) is a maximal point, we can apply maximum
principle at (p(t), s (t)) on M x [0, ]

LF (p(t),s(t), a, ¢) =[AF —Vpd- Vi F| (p(t),s(t), a, ¢) <0 (4.11)

and

%F(p(t),s(t), a, ¢) > 0. (4.12)

Now it follows from (4.11), (4.12) and (4.9) that
2 ma*
F(F——
ma?t ( 2 )

- 9 - n 4c
2> |fasl 2 > |fa6|2+<§_c_WF> o

a,B=1 a#£p=1

0>

+t

+ (_MP _2 4k2) IVof)? + 2ctfoV (f)

ma?t ct

Now we are ready to prove our main Theorem.

Proof of Theorem 1.1. Let (M, J, §) be a closed pseudohermitian (2n + 1)-
manifold. Suppose that

2Ricm (L) (X, X)—Tor(L) (X, X)>0
for all X € Th,0® To,1, and
[L, T]u=0.
Recall that

Fo, t,a0) = t(I9f] (@) +afi+ctff (@),

We separate the proof into two parts:
(i) We first claim that for each fixed T > 8 + 4k?,

6 1 m(1+ & +4k2)° (B2 +1)7T
F(p(T),s(T), —1———4k* — =
(p( ) s(T), n ’ 2T> < (8 +4k?) ’
where we choose a = —1 — % —4k? and ¢ = % (Here ¢ depends on T' and

(P(T),s(T)) € M x [0,T] is the maximal point of F' on M x [0,T]).
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We prove by contradiction. Suppose not; that is,

6 1 m(+ S+ a) (R + )T
F(p(T),s(T), —1———4k* —)> n :
(p(T), s (1), » 57) 2 )

n 2T

Since F (p(t),s(t)) is continuous in the variable ¢ when a, ¢ are fixed and
F(p(0),5(0)) = 0, by Intermediate-value theorem there exists a to € (0, 7] such
that

2

6 1 m(1+ % +4k%)° (K2 +1)T

F(p(to),s(to), —1—— —4k* | = n . (413

(shstto), 1= — a2, ) . (4.13)

By assumption (1.7) and Lemma 3.7, we have V (f) = 0. Now we substitute (4.13)
into (4.10) at the point (p(to), s (to)) where a = —1 — & — 4k?, m > 4n. Hence

0> 2 m (145 +4k7)° ( +1)T
Tm(—1- 5 —4k2)% s (to) (5 +42)
(O )T (R AT m (-1 5 - 4k
(% + 48 ’
9l 1+ 8 44k (K2 4+ 1) T
T OO L zm( 6 A ! s(to) fo
2 2T g (—1- 8 —4k?) (& +4+2)
4(8 4 452 14+ 8 44k’ (B2 +1) T
+ Grad) U 240 WA DT AT ) s 9P
m(—l—%—4k2) S(t()) (Z+4k) S(tO)
m(+ )’ (R )T [(2K 42T [ s 5
= (%4—4]{;2)8(750) (%+4k2) %+4k2 T 0)Jo
+4k* (T — 5 (to)) Vo fI.
(4.14)
Since T > S+4k?, one has
2k +2)T
(67)—1>0
(8 +4k?)

and
1+ 2nk? — 2k? 1
S a2 2T =

Also T > s (to), we obtain
4k (T — s (to)) > 0.
This leads to a contradiction to (4.14). Hence

6 1)<m(1+%+4k2)2(k2+1)T

Fp(T),s(T), —1—= —4k* —
(p( ),S( )v n » 9T (%+4k2)

This implies that

m(1+ 8 +4k%)° (B2 +1)T
TSR

2 6 9 t oo
(z,t)enztfai{[o, T]t {'Vbﬂ (z) <1 + n + 4k ) fe + 2Tfo (11)] <
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When we fix on the set M x {T'}, we have
m (148 +4k2)° (2 +1)T

T [|be|2 (z) — (1 + g + 4k2> fi + %fg‘ (:17)] <

&+ 1)
Hence for any ¢ > ¢ +4k? we have
2 6 2)2 (1.2
6 1+ > +4k E*+1
Veul™ (1,6 e w _mt, ) ( ). (4.15)
u? n u (S + 4k2)
(ii) Secondly, we consider the case when
T< S
n
We claim that
6 m (14 6 +4k2)% (k% +1)
Fp(T),s(T), —1———4k* ¢) < n ,
(pmrom), —1= 0 o) < R
where we also choose a = —1 — % —4k% and ¢ < m (here ¢ dose not

depend on 7).
We prove by contradiction. Suppose not; that is,
m(1+ & +4k2)% (k2 +1)
2(8 +4k?) c '

F(p(T),s(T), —1—%—41&, c> >

Since F (p(t),s(t)) is continuous in the variable ¢t when a, ¢ are fixed and
F (p(0),5(0)) = 0, by Intermediate-value theorem there exists a to € (0, 7] such
that

2

6 m (14 & +4k%)" (k2 +1)

F(pto),s(ty), —1———4k% ¢ = n . 4.16

(p(O)S(O) - C) 2 (C 1 ak%) e (4.16)

By assumption (1.7) and Lemma 3.7, we have V (f) = 0. Now we substitute (4.16)
into (4.10) at the point (p(t), s (to)) where a = —1 — & — 4k? m > 4n. Hence

3

0> 2 m(1+ 8 +4k2)° (K2 +1)
Tm(—1— 8 —4k2)% 5 (to) 2(8 +4k2) c
y m (145 +4k%)° (K +1)  m(=1- & —ak?)?
2 (5 +4k2) ¢ B 2
n dc m (14 & 4+ 4k%) (k2 + 1) )
+<2_C_m(—1—2—4k2)2 2 (5 +4k2) c (o) fo
4 (5 + 4k 1+ & +4k%)° (K2 +1 9
(Z ) L m( 0 )2( ) _ a2 s (t0) [V S
m (=1 -2 —4k2)" s (to) 2(8+4k%)c cs (to)
_m(1+%+4k2)2(k2+1) (k2 +1) 1 {2+2nk2_k2—c}s(t)f2
c (5 +4k%) 5 (to) 2(E+ak2)c 2 [ETON 0) fo

+ 4R (i . (t0)> V3 /[
(4.17)
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Since ¢ < W, one has
k*+1 1
2(8+4k2)c 2
1+ 2nk? — 2k2
+6n—_020.
=+ 4k2

Also o= > 8 44k > T and T > s (t), we obtain

4k> (210 —5 (to)) > 0.

This leads to a contadiction to (4.17). Hence

6 m(1+ & +4k2)% (k2 4 1)
Fp(T),s(T), —1—— —4k>, < n
(o). ~1-2 -, ) ICERTOr
forc<mandT§%+4k2.

By the same argument as above, we have

2 6 2\2 (1.2
1+ 2 +4k k 1
[Voul —<1+6+4k2)”t<m( kAR (K +1) (4.18)
u n U 2(8 +4k?) et
forc<mandt§%+4k2.

(iii) Combining (4.15) and (4.18), we obtain that for any fixed ¢ < W,

2
Vyul? _( 6 2>ut m(1+ 8 +4k%)" (k2 +1)
u? 1+n+4k u © 2 (8 +4k?) ct
+m(1+%+4k2)2(kz2+1)
(2 +4k2)

for any t > 0.

Finally, let ¢ — m; we are done. O
Proof of Theorem 1.2. Let « be a horizontal curve with y (t1) = 1 and v (t2) = 2.

We define 7 : [t1,t2] = M X [t1,t2] by

Clearly n(t1) = (z1,t1) and 7 (t2) = (2,t2). Let f = Inu(z,t), integrate < f along
7, we get

t2 g ta
flants) = flant) = [ it = [{63.900) + f)ar

t1 t1
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Applying Theorem 1.1 to f;, this yields

2
[ (@2, t2) = f (21, 1) / { 1 +|be_| 02y %9 —q+ (¥, Vof)ldt

1+—+4k2 . t
> I i () g - ),
4 tl tl

m (148 +4k%) (K +1)
(FvaR)

Here p=m (1 + 8 + 4k?) (k® + 1) and ¢ =

Now we choose

dcc (1717 x2)

1Y) = P—

Then the inequality in Theorem 1.2 follows by taking exponential of the above in-
equality. O

5. Perelman-Type Entropy Formulae. In this section, we prove the mono-
tonicity formulae for N(u,t) and W(u,t) under the CR heat equation

(1= D)0

Proof of Theorem 1.3. Let g be the function which satisfies

on M x [0, 00).

e—g(m,t)—]bt

O
u(x’ ) (47Tt)d><a
m 6 2\2(,2
with d = m (1+ & +4k2)% (2 + 1), J = (1“(2’“4]32)(’“ ) > dn, and [, udp =

1. Here a,b > 0 to be determined. Denote f = Inu. Then
f=—g9—dxaln(4rt) — Jbt.
Since |V, f|? = |Vpg|? and f; = —g; — 4% — Jb, one has from Theorem 1.1,

6 d
Vo f|? — <1+n+4k2) fth‘i‘J.

It follows that

dx [(1+ 8 +4k%) a—1]
t

6
IVig|® + <1+E+4k2) gt +
6 2
+J| {1+ —+4k)b—-1| <0.
n
Note that

/(Vbu, Vyv)du = —/Luvdu = - /uLvdu, Y u,v € C*(M).
M M M
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Hence we have

d Ut
EN(u,t) =— /M ug Inudp — /M Uzdﬂ

= —/ Lulnudp
M

= / (Vyu, Vi Inu)du
M

= /M(%)du

=/ ulVog[*du

M

and
d ~ d d
—N(u,t) = —/ Lulnudu — 4 gy = / u|Vg|dp — “4 (5.2)
dt " " t

But

d
/gtudu:—/ fmd,u—( Xa—i—Jb)/ udp
M M t M
:—/ utdu—dxa—Jb
M t

dxa
t

— Jb.

Thus we have

6 dx (& +4k*) a 6
—N(u,t) = / u [|ng|2 + (1 + =+ 4k:2) gt + dx (i +4k) a + (— + 4k:2) Jb)| dp.
dt M n t n

Now we choose a, b such that

6 6
0< (—+4k2>a< (1+—+4k2)a—1,
n n
6 2 6 2
O<|=—+4k*)b< (14 =44k )b—-1.
n n
In other words, a, b > 1. It follows from (5.1) that

d ~

d

PROPOSITION 5.1. Let (M, J,0) be a closed pseudohermitian (2n + 1)-manifold.
Suppose that

2Ricy (L) (X, X)—Tor(L)(X, X)>0
for all X € Ty o ® Top,1. Let u(z,t) be the positive solution of

(1= 2) oo -
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and
[L, Tu=0
on M x [0, co) with [,, udp = 1. Then
d - 2 - 2
%WS_%/MU Z |(Inw),4 "+ Z |(Inw) 5|7 | du
a,B=1 a#pB=1
2
- gt/M (lnu)g udp — Et/Mu|Llnu|2du
- 2t/ u[2Ricy (L) — Tor(L)](Vy Inu, Vi Inu)dy
M
2
+ 2tv/ u|Vy (Inw), [*dp + < + 4k2> t/ u|Vy Inul*dp
M v M
a -,

+ 2/ u|Vyg|2dp —
M

Where d = m (1+ 8 +4k2)? (K2 4+1), J = d- (£ +4k2) 7", v > 0, a,b € R, and
m > 4n.

Proof. Direct computation gives us
w =/ [t|ng|2 +g—2d x a— Jbt] udp
M

:/ [t|Vig|> —Inu — d x aln(dnt) — d x 2a — 2.Jbt] udp
M

—1 [/M(|ng|2 _ >t< ¢ Jb)udu] (5.4)
- [/M ulnudy + /M d x a(In(4nt) + 1)udp + Jbt /M ud,u]
:ﬁ%ﬁ@ﬁ+ﬁ@¢%:%@ﬁ@ﬁ)

Hence £ = t;%]v(u,t) + 2%]\~](u,t). It follows from (5.2) that

d? - d dxa
ﬁN(u,t) == [—/MuLlnudu— . —Jb]

0 dxa
=— [ u Llnudu—/ u—(LInwu)dp + (5.5)
&t Maﬁ ) £2
_—/MLuLlnud,u—/Mugt(Llnu)du—Fd;a.
Note that
0 0 Uy Lu  |Vyul|?
S DL =L(Z L) = L[ - (7Y
(8t J(LInw) (8t JInu [u (u u? ) (5.6)

= L(|VyInul?).
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Again, from the CR Bochner formula for L, we have

2 2 2 2 2
L(Velnul?) =2 [ > [(nu),, P +2 Y [(nu)5° | + =|LInuf® + 2 (nu);
a,B=1 a#£p=1
2
+2(VyInu, VyLinu) — 2v |V, (lnu)0|2 - < + 4k2> |V Inul?
v
+ 2[2Ricpn(L) — Tor(L)](VyInu, Vi Inu)
(5.7)

for all v > 0 and m > 4n. It follows from (5.5), (5.6), and (5.7) that

d* ~

d
—N(u,t):—/ LuLInudp + a
M

12

dt?

—/ uL|Vblnu|2du—/ uL(LInw)dp
M M

d
§—/ LuLlnudu—/ uL(L1Inu)dy + >;a
M M t
11 DO RIS SRR 7

a,B=1 a#£pB=1

n 2 2 2

— — (Inu) udu—/ —|LInul“udp
/M 2 0 MM
2

—|—2v/ u|Vy (Inu), |2du+ < +4k2>/ u|Vp lnu|2du

M v M
—2/ u[2Ricm (L) — Tor(L)](VyInu, Vi Inu)dp

M

—2/ w(Vplnu, ViyLInu)dp.
M

Since
/ LuL Inudp :/ ul (Llnw)dp = —/ (Vyu, Vo LInu)du
M M M
and
/ u(Vylnu, VyLlnu)du :/ (Vpu, VyLlnw)dpy,
M M
we have

—/ Lu(Llnu)du—/ uL(Llnu)du—2/ u(Vylnu, ViLlnwu)du = 0.
M M M
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Hence, we conclude that

d2 . n n
ORI D SRR SRR P
a,B=1 a#£p=1
n 2 2 2
— [ = (lnuw) udu—/ —|LInul*udyp +
/M 2 0 M

-2 / u[2Ricy, (L) — Tor(L)]|(VyInu, Vi Inu)dp
M

dXxa
t2

2
—|—2v/ ul|Vy (Inu), [Pdp + <— +4k2>/ u|Vy Inul?dp.
M v M

Hence, we can derive (5.3) and the proof of the Proposition is therefore complete. O

LEMMA 5.1. Let (M, J,0) be a closed pseudohermitian (2n+1)-manifold. Suppose
that u(z,t) be the positive solution of

(1= D)0

on M x [0,00) and let g be the function which satisfies

e—g(m,t)—Jbt

="
wlet) = S
where a,b,d,J € R. Then
2 / ugogordp + / 9o Ludy
M M
= 2/U|ngo|2d# - 4/”90<Vb¢a Vigo)dp
M M
—2/U90<Vb¢o,vb9>dﬂ
M (5.8)
- 4/ugo Z (Aapgs) o + (Aapgs),, — PagsAas — Pagslas | du
M a,f=1
+4/ugo Z (9595408 + 9a9slas) | du.
M a,B=1

efg(m,t)f‘]bt

Proof. Since u (z,t) = Tmydxe

, we have

dXxa
t

Lg=gi+ |Vsg> + + Jb. (5.9)

Note that
(IVegl?)y = (2909a)¢ = 2 (9a09a + gagao)
=2 (g0a — Aap9p) 9a + 290 (908 — As39s) (5.10)
= 2(Vig0, Vo9) — 2 (9595405 + 9agsAag) -
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By Lemma 3.5, we have
Lgo =(Lg)o + (Vsdo, Vig)

+2 Z [ aggﬁ (A@,égﬁ)a - %gﬁAaB - ¢d9/§Aaﬁ :
a,B=1

(5.11)

Then by (5.9), (5.10), (5.11), one has

2 / ugogordp + / 96 Ludp
M M
=2 / ugogordp + / uL (g3) dp
M M

2 | ugogordp + 2/ ugoLgodp + 2/ u|Vigol*dp
M M M

= 2/M ugo{ZLgo — (Vido, Vig) (5.12)

-2 Z { 0893) 5 + (Aapgs),, — PagsAas — (bagBAa,B} }du
a,B=1

+ 2/ ugo (—2<ng, Vvg0) + 2959, Aap + 2gagﬁA@/§) dp
M
+ 2/ u|Vygo|*dp.
M
Note that

2 / ugo (2Lgo — 2(Vsg, Vo)) dyi + 2 / U Vigoldu
M M
=4/ UgoAbgodu—‘l/ ugo(Vpd, Vigo)du
M M

4 / 4go(Vog, Viygo)dn + 2 / W VigolPdu
M M (5.13)

=— 4/ u|Vygo|*du — 4/ 90(Vou, Vipgo)du — 4/ ugo(Vs9, Vigo)dpu
M M M
4 [ ugn(D10. Vogo)du+2 [ il
M M
=- 2/ ulVigo|*dp — 4/ ugo(Ve®, Vigo)dp
M M

Substituting (5.13) into (5.12), we can derive (5.8). O

Pm/f/of Theorem 1.4. Now for some o > 0 which to be determined later such
that 2 Wa <0, we consider

s€ —g(z,t)—Jbt

Wo = Wrrat? [ @
W, W+a /go (drt) e du
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Since Inu = —g — d x aln(4xt) — Jbt, by Proposition 5.1 and Lemma (5.1), we get

n

d/\/ n
EWQS—%/Mu o 19asl+ Y l9apl | du

a,f=1 a#B=1

2 d
—Et/ ugadp — —t/ u|Lg|*du — “9 o
2" Jus ¢

—2t/ u[2Ricpm (L) — Tor(L)](Vsg, Veg)du
M
2
+ (2tv — 2at?) / ulVygo|*dp + (—t + 4k%t + 2)
M v
X / u|Vig|*dp + 2at/ ugadpu
M M

~tat® [ ugn(Su6, Vago)ds — 2t [ ugn(Tun Tug)
M M

—4dat® /M ugo Z [ 0B97) 4 (Aaﬁgﬁ)a} du

=1

+4at2 ugo (9295408 + 9a9sAas + Gagslss + dagsAap) | du.
M 1

a7

Using the inequality:

2, L 4
zy < ax —|—4—ay,a>0.

Then
—4at2/ ugo(Ved, Vigo)dp
M
§4at2/ u|go|2|Vb¢|2dM+at2/ u|Vogol*dp
M M
§4at2sup|vb¢|2/ U|90|2dﬂ+at2/ ulVigol*dpe
M M

and

2 Z [gdggAaﬁ + 9a98Aap + $a9sAap + 9a95Aap — (Aapys), — (Aaﬁgﬁ)a}
a,B=1

_<vb¢07 vbg> = %[L,T}U,
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n

we have
dN n
A < o / ul ST 1gaslP+ S lgusl? | du
dt M atf=1

a,f=1

2
2at—ﬁt+4at2sup|Vb¢|2)/ ugadp — —t/ u|Lg|*dp
2 M moJm

+
dxa ;
- —2Jb— 2t/ u[2Ricm n(L) — Tor(L)](Veg, Vig)du
M

t
2
+(2vt—at2)/ w|Vygol® dp + (Et+4k2t+2>/ u|Vipg|*du
M

+2at? / go [L, T] udy.
M
Let H = sup|V,¢|? # 0. We may choose a = gand v = {¢t, and £ < ﬁ, then
W=
and
AW <o - 20 N 1 2 e 2 L
T Z |9as]” + Z 19,5 | due t | wu|Lgl*du
M m' Sy
o, f=1 a#B=1
B 2t/ u2Ricm n (L) — Tor(L)|(Vg, Veg)dp (5.14)
d
L~ 2.

32
+ (— + 4k%t + 2) / ul Vgl du —
n M
However, we know that from Theorem 1.1
/ u|Vyg|*du = / u|Vy Inul?dp
M M
6 d
</ (1+ —+4k2> wdy + (—+J) / udy
M n u t M
6 9 d
14+ —+4k Ludp+ | —+J
n M t

+J.

IN

IN
|

dx (24 32 4 4k%t 32
( t” )+(2+—+4k2t)J.
n

Then
32 9 9

24+ = 4 4k*t u|Vigl*dp <
n M

1
b21+—6+k2H*1,
n

Now if we choose
2
a>2+ 32 +2k*H™'  and
n
then (5.14) implies that
- 2 2 2
> 9.5l | dp - —t/ u|Lg|*dp
m-Jm

a,f=1

d . n
W< -9t ik
LU /MU > 1gasl* +
a#p=1
—2t/ u[2Ricyn(L) — Tor(L)](Veyg, Veg)dp < 0.
M
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Proof of Corollary 1.2. If ¢ is a constant function (m = 4n), we have
d o n n
I W< i / ul S 1gasl+ S lgasl? | du
M a,f=1 a#f=1
t
+(2at—nt)/ ugady — —/ u(Apg)2dp
M nJm
—t/ u[2Ric — (n — 2)Tor)(Vig, Vig)du
M

+(2ut — 2at?) /

M

2 dxa
u|VbQO|2du—|—<Ut—|—2)/ u|Vyg|*dp — o
M

here d = (% + 6+ n) We choose aw = 5 and v = 5t, then
W =Wn
2
and
iW<—4t/ u Zn: |9as]® + Zn: l9.5° | dp — i/ u(Apg)*dp
dt - M of n Jy

a,f=1 a#B=1

—t [ ul2Ric— (2~ 2)Tor](ug. Vig)a (515)
M

4 d x
+ (— + 2) / u| Vg 2dp — 222
n M t

4 dx (2+ 4
(2 + > / u|Vpg|?dp < M
n M t

If we choose a > 2 + %, then

But

n

dN n
AT I D D SRV R

a,f=1 a#B=1

t
—t/ u[2Ric — (n — 2)Tor|(Vig, Vig)du — —/ u(Apg)?dp
M nJm
<0.

This completes the proof of the corollary.
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