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SMOOTHNESS OF THE RADON-NIKODYM DERIVATIVE OF A
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Abstract. Let G/K be a compact symmetric space of rank one. The aim of this paper is
to give sufficient conditions for the Cν -smoothness of the Radon Nikodym derivative fa1,...,ap =

d
(
μa1 ∗ ... ∗ μap

)
/dμG of the convolution μa1 ∗ ...∗μap of some orbital measures μai , with respect to

the Haar measure μG of G. This generalizes some of the main results in [12], in the case of compact
rank one symmetric spaces, where the absolute continuity of the measure μa1 ∗ ... ∗ μap with respect
to dμG was considered. Our main result generalizes also the main results in [1] and [7], where the
L2-regularity was considered.

As a consequence of our main result, we give sufficient conditions for fa1,...,ap to be in Lq (G, dμG)
for all q ≥ 1 and for the Fourier series of fa1,...,ap to converge absolutely and uniformly to fa1,...,ap .
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1. Introduction. In [11], Makarov proved that there exists a singular probabil-
ity measure μ on R such that μn, the convolution of μ with itself n times, is singular
for all positive integers n. In [4] Brown and Hewitt generalized Makarov’s result to
non-discrete locally compact abelian groups. Ragozin [12] proved that this phenom-
ena does not occur for orbital measures on symmetric spaces G�K, more precisely
he proved that a convolution of dim G/K number of continuous orbital measures is
necessarily absolutely continuous with respect to the Haar measure of G. The ques-
tion of the L2−regularity of the Radon Nikodym derivative of a convolution of orbital
measures was considered in [1]. The scheme developed in [1] works for any compact
symmetric space, but some details were carried out only for SU(2)/SO(2), and later,
K. Hare and J. He [7], using the main results of [1], carried out the computations for
the case of a compact, simply connected, symmetric space of rank one.

The aim of this paper is to investigate the Cν-smoothness of the Radon-Nikodym
derivative of a convolution of orbital measures on compact symmetric spaces of rank
one. More precisely, let G/K be a compact symmetric space of rank one, a1, ..., ap be
points in G−NG (K), where NG (K) is the normalizer of K in G, and let μa1

, ..., μap

be the orbital measures supported on the double cosets Ka1K,..., KapK, (see the
definition below). In this paper, we prove that the Radon-Nikodym derivative of
μa1

∗ ...∗μap with respect to the Haar measure μG is in Cν (G) as soon as p ≥ c (ν,G),
where c (ν,G) is a constant which will be computed explicitly in terms of the integer
ν and some data from the group G. As a corollary of this, we get some sufficient
conditions for its Lq−regularity for q ≥ 1. The paper is organized as follows: in
section 2, we review a few basic facts about convolution of orbital measures, the
Fourier transform of measures, and the Plancherel Theorem. In section 3 we introduce
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212 B. ANCHOUCHE AND S. GUPTA

the appropriate Sobolev spaces. In section 4 we give some estimates of the spherical
functions on rank one compact symmetric spaces. In section 5 we give a proof of the
main result of the paper and state some of its corollaries.

2. Convolution of orbital measures, fourier transform, and Plancherel

Theorem. The aim of this section is to introduce the notation, give some definitions,
and state the results which will be needed in this paper. Let (X,M, μ) be a measure
space. A measure τ onM is said to be absolutely continuous with respect to μ, written
τ � μ, if τ(E) = 0 whenever μ(E) = 0. We say that μ and τ are mutually singular,
and we write μ ⊥ τ , if there exists A in M such that μ (A) = 0 and τ (X −A) = 0.
If μ and τ are positive measures, then a Theorem of Radon-Nikodym, says that τ
is absolutely continuous with respect to μ if and only if there exists a function f in
L1 (X, dμ), f ≥ 0, such that

τ (A) =

∫
A

f (x) dμ (x) ,

for all A ∈ M. The function f , which is unique μ-a.e., is called the Radon-Nikodym
derivative of τ with respect to μ, and is denoted by dτ/dμ.

Let M = G/K be a compact symmetric space and let a be an element of G. The
positive functional

Ia (h) =

∫
K

∫
K

h (k1ak2) dμK (k1) dμK (k2) , h ∈ C (G) ,

where a is an element ofG, C (G) is the set of continuous functions onG, and μK is the
Haar measure of K, defines, by the Radon-Riesz representation theorem, a positive
orbital measure on G, which will be denoted by μa. If a is not in the normalizer of
K in G, then μa is continuous. Since KaK has empty interior in G and since the
support of the measure μa is KaK, the measure μa is singular with respect to the
Haar measure μG of the group G.

Given two positive measures μ and τ on G, again, by the Radon-Riesz represen-
tation theorem, the positive functional

Jμ∗τ (h) =
∫
G

∫
G

h (xy) dμ (x) dτ (y) ,

defines a positive measure, called the convolution of μ and τ, which is denoted by
μ ∗ τ. We write

Jμ∗τ (h) =
∫
G

h (x) d (μ ∗ τ) (x).

Similarly, by induction, the convolution of any number of measures can be defined.
The Fourier transform of a measure μ evaluated at a unitary irreducible repre-

sentation

π : G→ GL (Vπ)

of the group G, denoted by μ
∧
(π) , is an element of End (Vπ) defined by

μ
∧
(π)X =

∫
G

π
(
g−1

)
Xdμ (g) , X in Vπ.
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Properties of the Fourier transform can be found in [14].

Let (., .)Vπ
be a G−invariant inner product in Vπ. Then (., .)Vπ

induces an inner
product (., .)HS on End (Vπ) , called the Hilbert-Schmidt product, which is defined as
follows: Let e1, ..., edπ be an orthonormal basis of Vπ, where dπ = dimVπ , and let T
and S be two elements of End (Vπ) . Then

(T, S)HS =

dπ∑
i=1

(Tei, Sei)Vπ
.

It can be proved that the Hilbert-Schmidt inner product is independent of the choice
of the orthonormal basis of Eπ and

(S, T )
HS

= Tr (T ∗ ◦ S) ,

where T ∗ is the adjoint of T with respect to (., .)Vπ
. The corresponding norm will be

denoted by ‖.‖HS . The Hilbert direct sum

Op
(
G
∧)

= ⊕
∧

[π]∈G
∧End (Vπ)

of the Hilbert spaces (End (Vπ))
[π]∈G

∧ with the inner product

(
(Sπ)

[π]∈G
∧ , (Tπ)

[π]∈G
∧

)
Op

(
G
∧) =

∑
[π]∈G

∧
(Sπ, Tπ)HS

(2.1)

is a Hilbert space which contains ⊕
[π]∈G

∧End (Vπ) as a dense subset.

Consider the map

.̂ : L2 (G) −→ Op
(
Ĝ
)

(2.2)

defined by

f
∧

=
(√

dππ (f)
)
[π]∈G

∧ ,

where

π (f) v =

∫
G

f (g)π (g) v dμ (g) , v ∈ Vπ.

The Parseval-Plancherel Theorem, see [14], Chapter 3, states that the map (2.2) is an
isomorphism, hence

(f1, f2)L2(G) =
(
f1
∧

, f2
∧)

Op

(
G
∧) . (2.3)
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3. The Sobolev norm of the density of the convolution of orbital mea-

sures. Let G be a compact semisimple Lie group, and let 〈., .〉 be the Killing form on
the Lie algebra g of G. Let X1, X2, ..., Xn be an orthonormal basis of g with respect
to the non-degenerate form 〈., .〉. The Casimir operator is given by

−Δ =
n∑

j=1

X2
j .

The operator Δ is an element of the center of the enveloping algebra U (g), and it can
be proved that it is independent of the orthonormal basis chosen. It is also known
that Δ is essentially self adjoint, see [16], hence Δ has a unique self adjoint extension,
which will be denoted by Δ.

Since I − Δ is a positive self adjoint operator, its square root (I −Δ)
1
2 is well

defined. For a positive real number s, we put

Ls = (I −Δ)
s
2 :=

(
(I −Δ)

1
2

)s

.

Define an inner product on C∞ (G) as follows

(ϕ, ψ)Hs(G) = (Lsϕ,Lsψ)L2(G)

=

∫
G

Lsϕ (g)Lsψ (g) dμG (g) ,

where dμG is the Haar measure of G. The completion of C∞ (G) with respect to the
inner product (ϕ, ψ)Hs(G) is the Sobolev space, denoted by Hs (G), and described by

Hs (G) =

{
f ∈ L2 (G, dμG) | ‖f‖2Hs(G) =

∥∥∥(I −Δ)
s
2 f

∥∥∥2

L2(G,dμG)
<∞

}
,

where ‖·‖Hs is the norm corresponding to the inner product (·, ·)Hs(G). For more

detail, one can see chapter 10 of [13].
Let π : G −→ GL (Vπ) be an irreducible unitary representation of G, with highest

weight λπ . It is well-established, see [15], that

Δ
(
π (g)ij

)
= κππ (g)ij ,

where

κπ = 〈λπ + 2ρ, λπ〉 ,
is the Casimir constant associated with the representation π, 2ρ is the sum of all
positive roots, and π (g)ij is the element in the ith row and jth column of the matrix
π (g) .

Suppose that for some positive integer p, there exists a function fa1,...,ap ∈ L2 (G)
such that

μa1
∗ ... ∗ μap

∧
= fa1,...,ap

∧

. (3.1)

Then

μa1
∗ ... ∗ μap = fa1,...,apdμG.
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From now on, the convolution μa1
∗ ... ∗ μap will be denoted by μ(a1, ..., ap).

Proposition 1. With the above notation defined, we have

∥∥fa1,...,ap

∥∥2

Hs(G)
=

∑
[π]∈G

∧

K

dπ (1 + κπ)
s

p∏
k=1

|ϕπ (ak)|2 ,

where G
∧

K is the set of equivalence classes of spherical representations of the Gelfand
pair (G,K) and ϕπ is the spherical function corresponding to the spherical represen-
tation π.

Proof. By Plancheral-Parseval identity, we get∥∥fa1,...,ap

∥∥2

Hs(G)
=

∥∥∥(I −Δ)
s
2 fa1,...,ap

∥∥∥2

L2(G)

=
(
(I −Δ)

s
fa1,...,ap, fa1,...,ap

)
L2(G)

=
(
(I −Δ)s fa1,...,ap

∧

, fa1,...,ap

∧)
HS

. (3.2)

Moreover

(I −Δ)
s
fa1,...,ap

∧

= (1 + κπ)
s
fa1,...,ap

∧

. (3.3)

Combining (3.2) and (3.3), we deduce that∥∥fa1,...,ap

∥∥2

Hs(G)
=

∑
[π]∈G

∧

K

dπ (1 + κπ)
s
(
fa1,...,ap

∧

(π) , fa1,...,ap

∧

(π)
)
HS

=
∑

[π]∈G
∧

K

dπ (1 + κπ)
s
Tr

(
fa1,...,ap

∧

(π) fa1,...,ap

∧

(π)
∗
)
. (3.4)

Combining (3.4), (3.1), and the definition of the Hilbert-Schmidt norm, we get∥∥fa1,...,ap

∥∥2

Hs(G)
=

∑
[π]∈G

∧

K

dπ (1 + κπ)
s
Tr

(
μ(a1, ..., ap)
∧

(π)μ(a1, ..., ap)
∧

(π)
∗
)

=
∑

[π]∈G
∧

K

dπ (1 + κπ)
s
∥∥∥μ(a1, ..., ap)∧

(π)
∥∥∥2

HS

.

Since (π, Vπ) is an irreducible unitary spherical representation, we have dimV K
π = 1,

where

V K
π = {X in Eπ | π (k)X = X for all k in K} .

For more details see [1]. Let Xπ,1 be a unit vector in V K
π . An argument similar to the

one in Lemma 6 of [1], gives

∥∥∥μ(a1, ..., ap)
∧

(π)
∥∥∥2

HS

=

⎧⎨
⎩

|(π (a1)Xπ,1, Xπ,1)|
2
... |(π (ap)Xπ,1, Xπ,1)|

2 if π is spherical

0 otherwise.

The Proposition follows from

ϕπ (ai) = (π (ai)Xπ,1, Xπ,1) .
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4. Spherical functions of compact symmetric spaces of rank one. Let M
be a compact symmetric space of rank one, G the identity component of the isometry
group of M, and K the isotropy subgroup of G at a fixed point o in M. Then G is
semisimple and M can be identified with G/K, see [8]. Let

g = k⊕ p,

be a Cartan decomposition of the Lie algebra g of G, where k (respectively p) is the
Lie algebra of K (respectively the orthogonal complement of k in g with respect to the
Killing form 〈., .〉 of G). The tangent space to M at x0 = eK, where e is the identity
element of G, can be identified with p via the map which associates to an element X
in p the element X̃, where

X̃f (x0) =
d

dt
|
t=0

f (exp (tX)x0) .

The form −〈., .〉 is K-invariant and defines a Riemannian metric on M .
Fix a maximal abelian subalgebra a of p and denote by Σ (gC, aC) the set of

restricted roots of g with respect to a, where gC (resp. aC) is the complexification of g
(resp. a). Choose a Weyl chamber a+ in a and let Σ+ (gC, aC), or simply Σ+, be the
corresponding set of positive roots. It is known that Σ+ is either of the form {α} or
{α, 2α}, depending on the symmetric space G/K, see section 5. Let π be a spherical
representation and let μ be the restriction of the highest weight of π to a. Then

μ =

⎧⎪⎨
⎪⎩
nα if Σ+ = {α};

2nα if Σ+ = {α, 2α}.

Consequently the highest weights of the spherical representations ofG, when restricted
to a are of the form μ = nβ, where n ∈ N and β is the largest element of Σ+. Put

mβ = dim (gC)β ,mβ/2 = dim (gC)β/2 and ρ =
1

2

∑
γ∈Σ+

mγγ,

where

(gC)γ = {X in gC | ad (H)X = γ (H)X for all H in aC} .
Since G/K is of rank one, a = RH0. In what follows, we chose H0 such that α (H0) =√−1. The Killing form 〈., .〉 induces an inner product on the set of roots, which will
be denoted also by 〈., .〉.

Theorem 1 ([9], Chapter V , Theorem 4.5, or [18], Chapter 11, Theorem 11.4.21).
Let G/K be a compact connected, simply connected symmetric space of rank one.
Then the spherical functions of the pair (G, K) are parametrized by the classes [jβ] ,
j = 0, 1, 2, ... and β is the maximal element of Σ+, and are given by

ϕjβ (exp (tH0)) = 2F1

(
1

2
mβ/2 +mβ + j,−j;

1

2

(
mβ/2 +mβ + 1

)
; sin2

(
〈β, α〉

2 〈α, α〉
t

))
, (4.1)

where 2F1(., .; .; .) is the Gaussian hypergeometric function.

Remark 1. Since ϕjβ is K−bi-invariant, and since G = K exp (a)K, it is enough
to define ϕjβ on exp (a).
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Let a and b be two real numbers, a, b > −1, and let

P
(a,b)
j (x) =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎩

(−1)j

2jj!
(1− x)−a (1 + x)−b

(
d
dx

)j (
(1− x)j+a (1 + x)j+b

)
if x ∈ (−1, 1);

(−1)j
(b+1)j

j!
if x = −1;

(a+1)j
j!

if x = 1.

be the Jacobi polynomial, where

(a+ 1)j =
Γ (a+ 1 + j)

Γ (a+ 1)
.

Corollary 1. For j large enough, we have

ϕjβ (exp (tH0)) ∼ Γ(a+1)
ja P

(a,b)
j

(
cos 〈β,α〉

〈α,α〉 t
)
,

where

a = 1
2

(
mβ/2 +mβ − 1

)
and b = 1

2 (mβ − 1) .

Proof. From the following well known relation between Jacobi polynomial and
Gauss hypergeometric series, see [3],

P
(a,b)
j (x) =

(a+ 1)j
j!

2F1

(
a+ b+ j + 1,−j; a+ 1;

1− x

2

)
. (4.2)

The Corollary follows from (4.1), (4.2), and

j!

(a+ 1)j
∼ Γ (a+ 1)

ja
.

The following result gives the expansion of P
(a,b)
j

(
cos 〈β,α〉

〈α,α〉 t
)

for j sufficiently

large

Lemma 1 (Darboux [5]). Let a and b be real numbers. Then

P
(a,b)
j

(
cos 〈β,α〉

〈α,α〉 t
)
=

cos

( 〈β,α〉
〈α,α〉 jt+

1
2
(a+b+1)

〈β,α〉
〈α,α〉 t−

1
2
aπ− 1

4
π

)
+O

(
j−

1
2

)

√
jπ

(
sin

〈β,α〉
2〈α,α〉 t

)a+1
2
(
cos

〈β,α〉
2〈α,α〉 t

)b+1
2

,

as j →∞ uniformly on any subinterval δ ≤ 〈β,α〉
〈α,α〉 t ≤ π − δ, δ > 0.

Proof. See [5] or chapter 10 of [3].

Combining Corollary 1 and Lemma 1, we get

Proposition 2. If 0 < t < 〈α,α〉
〈β,α〉π, then there exists a positive constant C such

that for j sufficiently large, we have

|ϕjβ (exp (tH0))| ≤ σ (α, β, t)

j
1
2
+a

,

where

σ (α, β, t) = C

∣∣∣∣(sin 〈β,α〉
2〈α,α〉 t

)−a− 1
2
(
cos 〈β,α〉

2〈α,α〉 t
)−b− 1

2

∣∣∣∣ .
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5. Proof of the main Theorem. Riemannian symmetric spaces of rank one
G/K are two point homogeneous in the sense that if p1, p2, q1, q2 are points of G/K
such that d (p1, q1) = d (p2, q2), where d (., .) is the distance induced from the Rieman-
nian metric, then there exists an isometry κ such that p2 = κ (p1) and q2 = κ (q1).
Conversely, every compact two-point homogeneous space is a symmetric space of rank
one. It is well known that compact symmetric spaces of rank one are given by the
following list (see [17] or [19], Theorem 8.12.2)

(1) the sphere Sn = SO (n+ 1) /SO (n) .
(2) the real projective space Pn (R) = SO (n+ 1) /O (n).
(3) the complex projective space Pn (C) = SU (n+ 1) /U (n).
(4) the quaternionic projective space Pn (H) = Sp (n+ 1) /Sp (n)× Sp (1).

and
(5) the octonian projective plane P 2 (O) = F4/Spin (9).
For low dimensions, we have the following isomorphisms:

P 1 (R) ∼= S1, P 1 (C) ∼= S2, and P 1 (H) ∼= S4.

So, without loss of generality, we can assume in the lists above that n ≥ 2. The
compact symmetric spaces of rank one mentioned above are simply connected except
the real projective spaces.

Proposition 3. Let dmβ = dimVmβ , where Vmβ is the space in which the
irreducible unitary representation with highest weight mβ is realized, and let κmβ be
the Casimir constant corresponding to mβ. Then there exist positive constants c1 and
c2 such that for m large enough,

(i)

c1m
mβ/2+mβ ≤ dmβ ≤ c2m

mβ/2+mβ ,

and
(ii)

c1m
2 ≤ κmβ ≤ c2m

2.

Proof.
(i) This is a consequence of Weyl’s dimension formula, see [6] or [7].
(ii) Follows from κmβ = 〈mβ + 2ρ,mβ〉.

Let H0, in a, be as in section 4. As a a consequence of the fact that

Σ+
tH0

= Σ+ ⇐⇒ exp (tH0) ∈ NG (K) ,

where

ΣtH0
=

{
γ in Σ+ | γ (tH0) ≡ 0

(
mod

√−1π)} ,

we can easily see that if cos
(

〈β,α〉
〈α,α〉 t

)
= 1, then exp (tH0) ∈ NG (K) , and if

cos
(

〈β,α〉
〈α,α〉 t

)
= −1, then exp (tH0) /∈ NG (K) if and only if Σ+ = {α, 2α} .

Corollary 2. Let Hi = tiH0 ∈ a, for i = 1, ..., p, and let ai = exp (Hi). Under
the conditions of Theorem 1, we have
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(i) If 0 < ti < 〈α,α〉
〈β,α〉π for i = 1, ..., p, then there exists a positive constant

C (t1, ..., tp) such that

∥∥fa1,...,ap

∥∥2

Hs(G)
≤ C (t1, ..., tp)

∞∑
m=1

1

m(1+2a)p−(mβ/2+mβ+2s)
.

More generally, we have:

(ii) If Σ+ = {α, 2α} , ti = 〈α,α〉
〈β,α〉π, for all 1 ≤ ti ≤ j, and 0 < ti < 〈α,α〉

〈β,α〉π for

i = j + 1, ..., p, then there exists a positive constant C (t1, ..., tp) such that

∥∥fa1,...,ap

∥∥2

Hs(G)
≤ C (t1, ..., tp)

∞∑
m=1

1

m(1+2a)(p−j)−(mβ/2+mβ+2s)−2jb
.

Proof.
(i) From Proposition 3, we deduce that

∥∥fa1,...,ap

∥∥2

Hs(G)
=

∑
[π]∈G

∧

K

dπ (1 + κπ)
s

p∏
k=l

|ϕπ (ak)|2

≤ C
∞∑

m=1

dmβκ
s
mβ

p∏
k=1

(
C (Hk)

m
1
2
+a

)2

.

Part (i) of Corollary 2 follows from Proposition 3.

(ii) From Proposition 2, and the fact that j!
(a+1)j

∼ Γ(a+1)
ja , we deduce that

∥∥fa1,...,ap

∥∥2

Hs(G)
=

∑
[π]∈G

∧

K

dπ (1 + κπ)
s

p∏
k=l

|ϕπ (ak)|2

=
∑

[π]∈G
∧

K

dπ (1 + κπ)
s

j∏
k=1

|ϕπ (ak)|2
p∏

k=j+1

|ϕπ (ak)|2

≤ C

∞∑
m=1

dmβκ
s
mβ

j∏
k=1

m2b

p∏
k=1+j

(
C (Hk)

m
1
2
+a

)2

.

Similarly, part (ii) of Corollary 2 follows from Proposition 3.

As a consequence of [18], table 11.4.16, we get the following

Table 1

mβ/2 mβ a = 1
2

(
mβ/2 + mβ − 1

)
b = 1

2
(mβ − 1) (1 + 2a) p − (

mβ/2 + mβ + 2s
)

S
n n − 1 0 n−2

2
− 1

2
(n − 1) p − (n − 1 + 2s)

Pn (C) 2n − 2 1 n − 1 0 (2n − 1) p − (2n − 1 + 2s)
Pn (H) 4n − 4 3 2n − 1 1 (4n − 1) p − (4n − 1 + 2s)

P 2 (O) 8 7 7 3 15p − (15 + 2s)

Theorem 2 (Sobolev Embedding, [10], Theorem 1.2.1). If s > k + dimG
2 , then

Hs (G) ⊂ Ck (G) ,
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where Ck (G) is the set of k-differentiable functions on G.

Let ν be a non-negative integer, and let

c (ν,G) =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

n+2s
n−1 if G = SO (n+ 1) , n ≥ 2;

2n+2s
2n−1 if G = SU (n+ 1) , n ≥ 2;

4n+2s
4n−1 if G = Sp (n+ 1) , n ≥ 2;

16+2s
15 if G = F4,

and

d (ν, j, G) =

⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

2n+2s
2n−1 + j if G = SU (n+ 1) , n ≥ 2;

4n+2s
4n−1 +

(
4n+1
4n−1

)
j if G = Sp (n+ 1) , n ≥ 2;

16+2s
15 + 7

5j if G = F4,

where

s = �ν +
dimG

2
�+ 1

(
or any real number s > ν +

dimG

2

)
.

From Table 1, Corollary 2, and Theorem 2, we deduce the following

Theorem 3. Let ν be any non-negative integer.

(i) If 0 < ti <
〈α,α〉
〈β,α〉π, ai = exp (tiH0) for all 1 ≤ i ≤ p, and if p > c (ν,G), then

d (μ(a1, ..., ap))

dμG
= fa1,...,ap ∈ Cν (G) .

(ii) If Σ+ = {α, 2α} , ti = 〈α,α〉
〈β,α〉π, for all 1 ≤ ti ≤ j, and 0 < ti < 〈α,α〉

〈β,α〉π for

i = j + 1, ..., p, and if p > d (ν, j, G) , then

dμ(a1, ..., ap)

dμG
= fa1,...,ap ∈ Cν (G) .

One consequence of our main theorem is the following:

Corollary 3. Let q ≥ 1 be any non-negative integer. If 0 < ti <
〈α,α〉
〈β,α〉π,

ai = exp (tiH0) for all 1 ≤ i ≤ p, and if p > c (0, G) , then

dμ(a1, ..., ap)

dμG
= fa1,...,ap ∈ Lq (G,dμG) ,

where c (0, G) is as above.

As a consequence of Corollary 2, and Table 1, we get the following
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Corollary 4 ([1],[7]). Under the notations of Corollary 2, part (i) we have

dμ(a1, a2)

dμG
∈ L2 (G) ,

for all compact symmetric spaces of rank one, except the case

S2 = P 1 (C) = SU (2) /SO (2) ,

where we have

dμ(a1, ..., ap)

dμG
∈ L2 (G) if p ≥ 3.

A similar statement can be made if we assume part ii) of Theorem 3.

Corollary 5. If

k >
dimG

4
, and p > c (2k,G) ,

then the Fourier series ∑
[π]∈G

∧

K

dπTr
(
μ(a1, ..., ap)
∧

(π) π (g)
)

of the density function fa1,...,ap converges absolutely and uniformly to fa1,...,ap (g).

Proof. This is a consequence of Theorem 3, (3.1), and part (1) of Theorem 1 in
[15] which says that if a function f ∈ C2k(G) and if 2k > dimG

2 , then the Fourier
series of f converges absolutely and uniformly to f on G.

Remark 2. The real projective space Pn (R) = SO (n+ 1) /O (n) is not covered
by our main Theorem, since it is not simply connected. Using the explicit description
of the spherical function of the Gelfand pair (SO (n+ 1) ,O (n)), which is given in [2],
page 65, the same computations as above can be carried out.

Acknowledgement. We are grateful to the referee for his/her careful reading
of the paper and for his/her comments which helped to improve the presentation.
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