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HYPERSURFACES WITH CLOSED MOBIUS FORM
AND THREE DISTINCT CONSTANT MOBIUS PRINCIPAL
CURVATURES IN ™1+

LIMIAO LINT AND ZHEN GUO?

Abstract. Let z be an m-dimensional umbilic-free hypersurface in an (m + 1)-dimensional unit
sphere S™+1(m > 4). There are four basic Mobius invariants of x, i.e. Mobius metric g, Mobius
form @, Blaschke tensor A and Mdobius second fundamental form B. The eigenvalues of B are called
Mobius principal curvatures. In this paper, we study hypersurfaces with closed Mobius form and
three distinct constant M&bius principal curvatures, and give the Classification Theorem. Moreover,
we give new Willmore hypersurfaces, which can be seen that they aren’t Cartan minimal or Md&bius
isoparametric hypersurfaces.
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1. Introduction. Let z : M™ — S™*! be an m-dimensional umbilic-free hyper-
surface in an (m+1)-dimensional unit sphere S™*! and {e;} be a local orthonormal
tangent frame field of z for the induced metric I = dx - dax with dual frame field {6;}.
Let 11 =}, hij0;0; be the second fundamental form and H be the mean curvature
of z. Define p? = ™ |IT — Ltr(II)I|?, then the positive definite 2-form g = pI is
invariant under Mobius transformation group of S™*! and is called Mdbius metric of
x. Three basic Mobius invariants of «, Mobius form ® = p )" C;6;, Blaschke tensor
A = p*3,; Aij0i0; and Mobius second fundamental form B = p* 37, B;;6;6;, are
defined by ([13])

Cy = —p~2(ei(H) + Z(hij — Héij)e;(logp)), (1.1)

Ai; = — p~?*(Hess;;(logp) — e;(logp)e;(logp) — Hh,j)

1 (1.2)
- 5P *([[V1logp||* — 1+ H?)dy;,

Bij = p~*(hij — Hbyy), (1.3)

where Hess;; and V are the Hessian matrix and the gradient with respect to the
induced metric I = dx - de. We call the eigenvalues of B are Mdbius principal
curvatures of x.

A classical theorem of M&bius geometry states that x is in fact characterized by g
and B up to Mobius equivalence. If all the Mébius principal curvatures of x are con-
stant and ® = 0, then the hypersurface is called M&bius isoparametric hypersurface.
It can be proved that a Mobius isoparametric hypersurface is Dupin hypersurface.
We refer readers to paper [4] for the important development of Lie sphere geometry
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182 L. LIN AND Z. GUO

of Dupin hypersurface. From (1.1) and (1.2) we can see that Euclidean isoparamet-
ric hypersurfaces are automatically Mobius isoparametric, but the converse is not
true. Recently, these M6bius isoparametric hypersurfaces with two or three distinct
constant Mobius principal curvatures are classified under Mobius group [7, 9, 10]. In
addition, much has been known about hypersurfaces with vanishing Mobius form such
as [8, 11]. However, many important hypersurfaces have constant Mobius principal
curvatures but non-vanishing Mobius form. For instance, it was proved that these hy-
persurfaces with constant Mobius sectional curvature or isotropic Blaschke tensor have
a closed Mobius form and two distinct constant Mobius principal curvatures [5, 6]. In
the previous paper we present the classification theorem of hypersurfaces with closed
Mébius form and two distinct principal curvatures [12]. Tt is natural to ask how about
hypersurfaces with closed Mobius form and more distinct constant Mobius principal
curvatures. In this paper, we are concerned with hypersurfaces with closed M&bius
form and three distinct constant Mobius principal curvatures in a sphere space.

Let M?(c) be a two-dimensional space form of constant curvature c, and let
v : 1 — M?(c) be an immersed curve. Define a functional F(v) as

F(y) = / (K + N)ds,

where s and k are the arc parameter and geodesic curvature of v, respectively. The
critical point of F'(v) is called an elastic curve. If constant A = 0, the critical point of
F(v) is called a free elastic curve. For a fixed number 7, in [3], authors have defined a
free hyperelastic curve (also call free r-elastic curve), which is a generalization of the
classical Bernoulli’s elastic curve, as a critical point of the following functional F"(vy)

Fr(y) = Amrds.

Under suitable boundary conditions, « is a free r-elastic curve if and only if the
following Euler-Lagrange equation holds:

&k A K2
r—3 _
r(r—1)k <Ii—d82 +(r—2) <_ds> +too e — 1) =

In this paper, we will see that our results are closely related to free r-elastic curves.
For the purpose to make our main results intuitional, we use the following nota-
tions. R denotes Lorentz space with the inner product (-,-) given by

(Y,Z) = —yozo + y121 + - - + Ym+22m+2,

where Y = (yo,y1," " »Ym+2), Z = (20,21, ", Zms2) € R™T3, CTH denotes the
positive light cone and Q™*! denotes the quadric in the real projection space RP™*2,
which are defined as follows:

CP? = {X e Ry : (X, X) = 0,20 > 0},

Q" ={[Y] e RP™"2: (Y,Y) = 0}.
Let H™*! be the hyperbolic space defined by

H™ ™ = {(yo, 1) € RT x R™ ™| — 48 + 191 = —1}.
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Now let o : R™t! — S™+! be the inverse of the stereographic projection given by

1—|u*  2u
= 1.3
o(u) (1+|u|2,1+|u|2>, (1.3)

and 7 : H™™t — S™*! be the conformal map defined by

L

(Yo, 91) = < ) (Yo, 1) € ™ (1.4)
Yo Yo

The conformal maps ¢ and 7 assign any hypersurface in R™*! or H™*! to a hyper-

surface in S™*!. We use map 7 : CT“ — Q™11 to denote the nature projection. A

hypersurface 2 : M™ — S™+! determines map

X :=x(l,2): M™ — Q™" (1.5)

which is called the natural map of x. It is known that two hypersurfaces x,x :
M™ — S™*1 are Mébius equivalent if and only if their respective natural maps
X, X : M™ — Q! are equivalent under the action of Lorentz group O(m + 2,1).

In §2, we recall some fundamental theories about Mobius geometry of hypersur-
faces in S™*1. In §3, we study the geometric structures of hypersurfaces with closed
Mobius form and three distinct constant Mobius principal curvatures, and get the
Classification Theorem 3.13. In §4, we give new examples of Willmore hypersurface
with non-vanishing Mébius form.

Acknowledgement. This work is supported by of NSFC (NO.11331002,
11326069, 11531012). The authors gratefully acknowledge reviewers for their valu-
able and helpful comments.

2. Mobius invariants for hypersurfaces in S™*!. In this section we define
Mébius invariants and recall the structure equations for hypersurfaces in S™*!. For
details we refer to [13].

Let x : M™ — S™T1 C R™*2 be an umbilic-free hypersurface immersed in S™*1.
We define the Mébius position vector Y : M™ — R"™ of 2 by

Y =p(l,z): M™ — RS 2 = %(HHHQ — mH?) > 0.

Then we have the following.

THEOREM 2.1 ([13]). Two hypersurfaces z,7 : M™ — S™1 are Mébius equiv-
alent if and only if there exists T in the Lorentz group O(m + 2,1) acting on RT3
such that Y =YT.

Since the Mobius transformation group in S™*! is isomorphic to the subgroup
O%(m + 2,1), which preserves the positive part of the light cone in R’ln+3, from
Theorem 2.1 we know 2-form

g = (dY,dY) = p*dx - dx (2.1)

is a Mobius invariant and called the Mobius metric or Mobius first fundamental form
induced by « (cf. [13]). Let A be the Laplacian with respect to (M, g) and define

1 1
N=——AY = o S {AY,AY)Y. (2.2)
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Choose {FEi,---,E;,} as a local orthonormal basis for (M,g) with dual basis
{wi, - ,wm} and write E;(Y) =Y, then

<Y7Y>:<N7N>:07 <Y7N>:17 <K71/J>:57«J7 <K7Y>:<K7N>:Ov 1<i,5<m.

Let V be the orthogonal complement of span{Y, N,Yy,---,Y,,} in RTH. Then
we have the orthogonal decomposition

R = span{Y, N} @ span{Yy,---,V,,} & V. (2.3)

Let E be a unit vector field of V, then {Y, N, Y3, - ,Y;,, E} forms a moving frame
in R’ln+3 along M. We will use the following range of indices in this section: 1 <
1,7, k, -+ < m. Structure equations are given by

dy =3 wV, (2.4)

iJ i
d}/l = — ZAijij — wiN + Zwinj + Z Biij'E, (26)
J J J
dE = =) CiwY =) Bjw;Yi, (2.7)
i 1]

where {w;;} are connection forms of Mébius metric g, 4;; and B;; are symmetric with
respect to (ij). It is clear that A = 37 Ajjw; @w;, B = Y Bijw; Qw;, & = 37, Ciw;
are Mobius invariants and called the Blaschke tensor, the Mobius second fundamental
form and the Mobius form of z, respectively. The relations between A, B, ® and
Euclidean invariants of x are given by (1.1), (1.2) and (1.3).

Let Riji, Rij and R be components of the curvature tensor, components of
the Ricci curvature tensor and the scalar curvature of g, respectively. By taking
exterior differentiation of structure equations, we get these integrability conditions
for structure equations as follows([13]):

Aijk — Aik,j = BirCj — Bij Ck, (2.8)
Cij—Cji=> BinArj — > BjxAni, (2.9)

k k
Bijx — Bik,j = 0i;Cr — 6irCj, (2.10)
Rijii = BixBji — BuBji + i Aji + 00 Ait — 6 Ajr — 01 A, (2.11)
Rij = — Z BixByj + tr(A)d;; + (m — 2) A, (2.12)

k
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1
T 2m

m—1

tr(A) (1+ %R}, > Bu=03(By) =", (2.13)

where {A4;; 1 },{Bijr} and {C; ;} are covariant derivatives of A, B and ® with respect
to the connection induced by g. From (2.10) and (2.13) we have

Bijﬂ' = —(m — 1)07 (214)
2

Let {Bi; 1} denote the second covariant derivatives of B;;. They satisfy the Ricci
identities

Bij ki — Bijk = Z By Ry + Z B Ryjp. (2.15)
t t

If the hypersurface x is M6bius minimal, it is called a Willmore hypersurface and
then it satisfies the following Euler-Lagrange equation.

1
> Ciit Y (——Rij — Aij)Bij = 0. (2.16)
7 7

3. Hypersurfaces with closed Mdbius form and three distinct constant
Mébius principal curvatures in S™*!. Let z : M™ — S™T'(m > 4) be a hy-
persurface with three distinct constant Mobius principal curvatures A, pu,v. Then
the multiplicities of A, i, v are constant on M, without loss of generality, denoted by
m1,mso,mg, which satisfy mq + ms + ms = m. We prove the following proposition.

PROPOSITION 3.1. Let x : M™ — S™*! be a hypersurface with three distinct
constant Mobius principal curvatures, then there exist only two cases:
(1) Mébius form ® of M doesn’t vanish, and at least one of Mébius principal curva-
tures has the multiplicity 1;
(2) Mobius form ® of M wvanishes.

Proof. For convenience, in this section we make:

1§a7b7"'§m1; m1+1§p7q7"'§ml+m2;

m1+m2+1§o‘;ﬂa"'§m; 1§7’5.]7§m

Since M has three distinct constant Mobius principal curvatures A, pu, v, we define
three distributions Vy, V), and V,, as follows:

= WP, vi= | VP, o= |J w(P),
rPeM rPeM pPeM

where V\(P), V,(P) and V,(P) are eigenspaces corresponding to A, p and v at a
point P € M, with dim(V\(P)) = mq, dim(V,(P)) = mo and dim(V,,(P)) = ma,
respectively. Then

TM=V\&V,&V,.

Choose a local orthonormal tangent frame field {Ey, - - , By, } of T(M) in a neigh-
borhood of P, such that

V)\ = Span{Ela e 7Em1}a V,u. = Span{Em1+17 e 7Em1+m2}7
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V., =span{Fm, tmyt1, " > Em }-
Then, with respect to this basis,
Bai = MNai, Bpi = pdpi, Bai = Vai.
So
Bapi =0, Bpgi=0, Bag,i=0.
With (2.10), we get

Bap,q - _5pqca7 Bap,b = _5abcp7 Baa,[} = _5o¢BCa7

Baa,b = _5abcaa Bpa,q - _5pqca7 Bpa,ﬁ = _5a60p-
So, from (2.14), we have
(my —1)C, =0, (my—1)C, =0, (ms—1)Cq=0. (3.1)

If @ # 0, there exists a point P € M such that ®(P) # 0. Without loss of
generality, assume C7(P) # 0, then (3.1) implies my = 1. 0

Hypersurfaces of Case (2) in Proposition 3.1 are Mobius isoparametric hypersur-
faces and have been classified by Hu-Li and Hu-Zhai in [7] and [9]. Here assume x
satisfies ® # 0,d® = 0, then, from Proposition 3.1, there are two cases:

(l) mlzmgzl,m322; (ll) mlzl,mg,mgzz

When m = 4, there exists only Case (i).

3.1. Case (i): m; = mo = 1, mg > 2. Let = be a hypersurface with
D £ 0,dP =0 and m; = my = 1,m3 > 2. Because d® = 0, there exists a local
orthonormal tangent frame field such that A and B are diagonalized simultaneously.
Firstly, we get C,, = 0 from (3.1), and

Bi1,i = Ba2,i = Bag,i = Biajg = B2a,2 =0, Bia1 = —Cs, B = —Ci,

Bia,g = —Cidag, Boa,g = —C20a8, Bi2,a = Bia,2 = Boa,1.
So

1
Wig = m (—02011 — Chwsy + ; BlQ,awa> ) (32)

1 1
Wiq = E(_Clwa + Bi2awa), wog = E(_CQWQ + Bi2,qw1). (3.3)

LEMMA 3.2. Bia o =0, foralla=3,---,m.

Proof. Assume one of Bjg o such as Bja 3 doesn’t vanish.
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For a > 4,

E B13,qiwi = Bi12,qwa3 + B12 3w2a, E Bis 1w = 2B12,3w21 — Cowas + Crwis,
- ,

3

then

Bi3 a1 = M, Bisia = _M

4
- - (3-4)

Since A and B are diagonalized simultaneously, R;jr; = 0 when 4, j,k, [ are distinct
with each other. From Ricci identities we have

Bi3,a1 = Bi3s,1a- (3.5)

Putting (3.4) into (3.5), we get

1 1
B12,3B12,0 < — ) =0,
w—v =\

which implies By o = 0 for all a > 4.
Moreover, after a direct calculation with (3.2)-(3.3), we obtain for av > 3
ot ) 2B
A=) —v)’

1 C2
Rinta = - (-Cl,l - —2 4
v 1

-V A=V

1 C? C2 2B?
Roaza = — —Cly g — —2 2 — 2o
ST ( A—VU—V) (=N —v)
With the Gauss equation (2.11), we have
1 C3 C? 2B},
M4 A+ Aga = ——— [ —C11 — —2 L) - x
v A—V( H u—V+A—V) A=p)(p—v)
1 C? C2 2B2
A Aaa - _ _ 1 2 _ 12,
p R u—V( G2 /\—V+M—V> (t=NA—v)’

which mean B, , (A + p — 2v) is independent of a.. If A+ p — 2v # 0, then Bf, 5 =
B%2,4 = 0 which contradicts the assumption. Hence A 4+ 4 — 2v = 0, which implies
from (2.13) that A = —p, v = 0. Then

1 C C
wia = ﬁ(—OQ(,ul — Clws + Blgygwg), Wiq = _71(0015 W2q = TQWQ; a >4,
1 1
w3 = X(Bl273W2 — Ciws), waz = —X(Bl2,3w1 — Cows).

Now for a, > 4, with a direct calculation, we obtain

Cs .0 Bia5C:
Cl,l:El(Cl)‘Fﬁ, 01,2=E2(C1)-|-%7 Ci3 = E3(Ch) — 1;/3\ 2,
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G1C: Cct BissC
Can = Ei(Cy) - ;/\2, Ca2 = F3(Ca) — 2*)1\, Cy3 = E5(Cs) + 1;)3\ L
CyB CvB _02+C2
C371 :_%7 C372: %7 03)3:_%7

Ol,oc - Ea(cl)7 O2,oc = Ea(02)7 CS,OL = Oa

2 2
OO‘-,OC = _%7 Oa,i :Ov 7;#&7 @ 24
Hence
_ C1Cy 2 2y
EQ(Ol)_El(OQ) = —T, Eg(cl +CQ) =0, Ea(Cl) (02) =0, a>4. (3 6)

According to

Ct+C3 2B%2,3>
w1 N\ w2

—Ri212w1 A we =i<—d02/\w1 —dC1 ANw2 + dB12,3 A ws + ( X 3

2X

B B
— 012;2’%)1 N w3 + 022;2’3 w2 Awsz + Bi23 Ea:wa A wa3>
1
- (—B%2,3w1 Awz + C1Bia swi Aws — C2Bia swa Aws)

we get
Wa3(E3) = —E4(Bia3), Zwa/\wag(Eg)—O was(Ei) =0, i=1,2, (3.7
Ci1—Chy C}+C3 2B},

Ri212 = T SV (3.8)

(3.7) implies that there exist locally smooth functions ¢, such that

waz = —Ea(Bi2g)ws + Y_ $apwss dap = $ga-

B
According to
1 5C1B
—R1313w1 A\ w3 :X <—d01 /\w;g + dBlzg /\LLJQ — %wl A\ wo
2C? + B2 C,C:
—I—%wl N ws — 1/\ 2(}.}2 /\W3>
1
2)\2 (ClBlz swi N\ wg + (C B12 3)0)1 A ws + C1Cows A wg)

we get

Eo(Bi2,3) =0, wa3 = Z%ﬁwﬁ, (3.9)
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CC 2C1B
Es5(Bi2,3) + Eo(Ch) + ;/\2 =0, Ei(Bi2s) = %7 (3.10)
By Cin  C}+C3
= : = — . 3.11
Riz13 2 Ty 32 (3.11)
According to
_Rlalawl /\wa
1 C? . C
:X —dC’l/\wa—Flel/\wa— L 2w2/\wa+26’1¢aﬁw3/\wg
B
1
+F (ngl ANwg + Crws A wg — Blg)3w3 A\ wa)
+ Z (ZS;\L'B (31273(,02 Nwg — Ciws A w,@) R
B
we get
Bias B . B
3 bap =0, i€ ¢ap=0, a#p. (3.12)
CC Ch. C? +C2
E?(Cl) + ;)\2 = _Bl2,3¢7 Rlala = ;\’1 - 1—)\2 2 . (313)

So (3.12) implies there exists locally a smooth function ¢ such that wes = dwe. (3.10)
and (3.13) imply

6= E3(Bi2,3)
Bias
According to
1 B2 3C: C:C:
—Ro303w0 A wg = —X (dBlg_’g ANwy —dCy N w3 — 12/"\3 2&)1 A wa + ;/\2(«}1 N w3
31273 022 012
< N o))
we get
B%z 3 Cao 012 + 022
R = = — = — . 3.14
s = gt - 22 L L (3.14)
Because
B B
Az 2 = (A1 — Ass) 1)\2’3, Agz 1 = (Azz — Ago) 1/\2"3, Az = Aoz 1,
we have A1 + Aoy = 2A33, i.e.
2R1212 + 2A* = Ri313 + Rasos. (3.15)

Putting (3.8), (3.11) and (3.14) into (3.15), we have

A2 — 63%2,3 B Ct+C3
a2 A2
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which means
6E3(Blo3) = E3(CF +C3) =0, E3(Biag) =0, ¢ =0,
Then

C?+C3 A C2Bi2,3 C1Bia3
)\2 w3 Wao — )\2 W1 Wao — )\2

which means C; = Cs = 0. It deduces a contradiction with ® # 0 and the lemma
holds. O

—R3a3aw3 Nwo = w2 A Wa,

LEMMA 3.3. There exists locally a smooth single-variable function f such that
P =df.

Proof. Lemma 3.2 implies that (3.2)-(3.3) become as follows:

Cy Cs
Way Woaq = —
A—v W=V

W12 = —(—ngl — Clwg), Wi = — Wea- (316)

A—p
Then
dwy = 0mod(wy,ws2), dws = 0mod(w;,ws), dw, = 0mod(wg),

which means from Frobenius Theorem that the distributions V) ©V,, and V,, are inte-
grable. Let M; and M be their integrable submanifolds, of which local coordinates

are (u,v) and (ws,- - ,wy,) (denoted by (wy) or (w)), respectively. Then it holds
locally M = M7 x M.
Consider ¥ = _ACEle — #nyo.)g. With a direct calculation of —Rjg1awi A wa

and — Raq2qw2 A We, We get

Clcg Clc2
Cio = Ey(C =0, Cy1 =E(Cy)— =0 3.17
1,2 2( 1)+/\—M » G2 1(C2) PR (3.17)
Cla =Eo(C1) =0, Cy4=FEy(Cy)=0. (3.18)
Hence d¥ = 0, which means there exists locally a smooth function F' such that
¥ = dF. Then
Ch &
Fy=E(F)=— Fy = Ey(F)=— F,:=FE,(F)=0. 3.19
V= Bi(F) = 52, B Ba(F) =~ (F) (3.19)
Notice, from (3.17) and (3.18), F satisfies
Fio —pFiFy =0, Fo —qF1F>, =0, (3.20)

where Fjj = E;Ei(F),p=5=].q= ;:;\L, then d(ePfw;) = 0 and d(e?F'wq) = 0. So
there exists locally a coordinate (@, ), for convenience, denoted also by (u,v), of M;
such that
0 0
Ey=ett — Ey=etf — 3.21
1=eon By =t o (3.21)
then (3.20) is equivalent to 8655; = 0. Hence there exists locally a coordinate (u,v)
of M; and two single-variable smooth functions ¢ = ¢(u), 1) = ¥(v) such that

F(u,v) = ¢(u) +9(v).
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Put (3.16) into (2.6), we get

C C!
Ea(V1) = 3 wni(Ba)Yi = — 53— Yo Ba(Y2) = > wailBa)Y: = = 2 Ya. (3.22)

A— w—v

Let Y = e FY. (3.22) is equivalent to

E,(E1(Y)) =0, Eu(E2(Y))=0.
Hence there exist locally smooth vector functions ¢ = ¢(u,v) and 7 = 7(w) such that
Y=c¢+7, Y=e(c+1).

Notice (Y,Y) = 0, then (dY,dY) = *F(gy + g2), where g1 = (ds, ds), g2 = (dr,dr).

Consider relationships among (M7, g1), (Ma, g2) and (M, g). Choose {@1, @2} and
{@a} be local orthonormal tangent frame fields of (M7, g1) and (M, g2), respectively.
Let w; = ef'@;, then {w;} is a local orthonormal tangent frame field of (M, g). Denote
Ri212 and @12 be the curvature and connection form of (M, q1), Ragw and @Wep be
the components of the curvature tensor and connection forms of (Ma, g2).

On one hand,

dwo = e (dF Ao + Y @ap A @p).
B

On the other hand,

C C!
dwa:Zwi/\wm:—eF /\_lywl/\&)a—Fuijg/\d)a—Zwaﬁ/\wg
i B

Therefore wag = Wag and

Yo C? C3
e = Ree = (G S

)2) (bar080 — Oac0py)- (3.23)

Noticing B2 a=0, from the Gauss equation, we get Ano = Agg(a # (). Denote
Ar1 =711, Agg = 19, Aqa = r3. (3.23) and the Gauss equation imply

2 2
R =e2F SIS N P (3.24)
e A=v " (u=v)? ’

Since E,(r3) = Aaa,y = Aavy,a = 0 and (3.18), we have E, (Ragas) = 0, which means
Ropap is a constant, denoted by a. Hence (Ma, go2) is a space form with constant

curvature a.
By a direct calculation, we get

m=—Fu—sr24 (L4 F2—1ae_2F—/\V—i—V—2 (3.25)
1= 11 511 B p 2 B 9 .
J - 1 o 1 _op V2
ro = —Fho — §F2 + 5 +q Fl - 5&6 — uv + ?, (3.26)



192 L. LIN AND Z. GUO

r3 =

(ae ?FFP — F3 — 7)), (3.27)

N | =

After calculating dwis — Ei w1; A\ wiz, we get with the Gauss equation that
r1+ 1o = qFy1 + pFay — P F2 — p*F3 — M. (3.28)
Put (3.25) and (3.26) into (3.28), then F' needs to satisfy
PFi1 4 qFo2 — pa(Ff + F3) + (A = v)(n —v) = ae™ . (3.29)
Under the chosen coordinate, we have

F 7 F 1
Flzep ,ngeq’l/],

Fii =P (0" +pp?), Foo =T (" + qy'?),

Fiiz = 2p0'e®=DF (" 4 pp'?), Faoy = 2q¢'e TP (@ + qu'?), (3.30)
where ¢’ = ‘;—‘5,30” = duQ,w’ = —U and ¢ = ’;Uw. So (3.29) is equivalent to the
following

p(@" + (0 — )¢") + qe® TPF " + (g — p)ip?) + (A — v)(n — v)e P = ae??".
Differentiate the above equation, with respect to v firstly and u secondly, then

(A =v)(n—v) —ae™ )"y =0,

which implies that ¢’ = 0 or ¢’ = 0. Without loss of generality, assume 1)’ = 0, then
F5 =0 and C5 = 0, which mean F' is a single-variable function and independent of v.
Let f =—(A—v)F, then ® =df. O
Now we have
&

w12 = —)\ _ ng, wWon = O, (331)

and V), V), are integrable. Denote L and N, as their integrable submanifolds, of which
local coordinates are (u) and (v), respectively. Then it holds locally that M; = L x N,
andM:Lleng.

Next step we will study the differential geometry of M.

Choose u as the arc parameter of L. Then, from the proof of Lemma 3.3, g has
a local coordinate expression

g = du® + gao(u,v)dv? + Zgag(u, v, w)dwadwg.

a,f
Choose E; = 8 ,wi = du, then f' = C. Let Y = ex57 Y. Because
oY Vil oYy Vil
FEo | — Y )=FE, Y| =0
2<8u+/\—u > <8u+ A—v ’
there exist locally smooth vector functions ¢ = (u,ws) and 7 = (u,v), such that
8Y ~ B =V I = _
—_— = B —— Y =
o =Y e -nt YT
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Hence

1" , 0] "r H—=v 25 /85

which means there exists locally a smooth vector function ¢ = &(u) such that

0 B et
== o —x®

wy_ M=V pz 00 p—v
LG N T L A Vs wn TP y

Then

_ H—v / g u
"‘(A—qu—Mf</kﬁVd+m>’
: n—v R CEmToEy T e%fg U —
C_mfe( I ></< I )(f/)2d C)7

where n = n(v),( = ((w,). Let

€= e (fg’)Qdu_e/"A/EMMf 3 du,

then

Then

g =du®+ e% (dn,dn) + eifA (d¢,dQ).

REMARK 3.4. Note that the function f needs to satisfy some conditions to guaran-
tee integrability conditions (2.8) — (2.14). Here we only need to check the information
of (2.8). Actually, (3.31) guarantees Aapn = Aavy.p and Aqai —Aai,a = —vCi(i # ).
Note that A1, — A1;1 = —ACi(i # 1) is equivalent to

F112 - 2pF11F2 = O, (333)
and Aga; — Agi o = —puCi(i # 2) is equivalent to
F221 - 2qF22F1 =0. (334)

From (3.30) and F» = 0, (3.33) and (3.34) naturally hold on. So the condition of F
is (3.29), i.e. the condition of f is

mfﬁ:<AiV—X%;>'LAiu(AiV—Aiu>uw+@—mw—m¢&%)
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It can be checked that the first integral of (3.35) is

ot oy ! ! 2
b b>\7 — — 2 — 336
ae et —u-vp+ (- L) (3.36)

where b is a constant number.
Above all, we get the following theorem.
THEOREM 3.5. There exists a local coordinate system (u,v,wq) such that
s s
g = du® + MR du? + 22T ox || duw|?, (3.37)

where f = f(u) satisfies (3.35) (i.e. (3.36)),

_ b o _ a 2 2 2 2 2
hl——log<1+zv>7 he = —log (1+ Zlwl?), [ldw] _za:dwm ] _za:wm

and a,b are constants.

From Theorem 3.5, we choose {F; = 8U,E2 = eA wh 6‘9 E, = ex v —ha 3 }
as an orthonormal tangent frame field of (M,g), of which the dual frame ﬁeld is

o e
{wy = du,wy = eufﬁ'hldv,wa = eV*A+h2dwa}. Then

- f —ho 8h2 8h2
Wap = X (awa wg s wa> . (3.38)

Structure equations (2.4)-(2.7) become

Yuu = —1Y — N + \E, (3.39)
ON oY ON oY
N, =mY, 'E, — =ry—, — = 3.40
r¥u £ f ov "2 ov’ Ow, "3 Owg ( )
OF Y OF oY
Eu:_Yu_ /K a. - “H3 = - ) 41
A ! ov H ov’ Owg V@wa (3.41)
f! 2L —2n
Y + N — /\_MYu—uE:ekw 1 Pyg, (3.42)
/! 25 _on
(rsY + N — 3 Y, —VE)bop = e "2 P, (3.43)
—v
where
P dh, 0Y  0%Y
270 v o’
Ohs 0Y Ohs OY Ohs 8Y
Pap = ~ 2w,
Owa Owg  Owg Owg Bwaawﬁ Ow, 8wnY
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After differentiating (3.42) by 8% with (3.40), (3.41) and (3.36), it can be checked
directly that

d*(e) _
dv3 ’
which means that there exist constant vectors @, 5, ¢ such that
n = eM (0@ + vb + ).
Notice Puo = Pgg and P,g = 0 when « # (3, hence

0*(e"2Q) _ 0%(e"2¢Q)  9*(e"2()

w2  owd T Qwadwg =0, a#f

So there exist constant vectors /Y, Ea, C such that

e ¢ = |w|*PA+Y weBa +C.

[e3

Therefore,
y 1 b -
Y =£ 4 eitxth <202 (25— 28) + vb)

1 S - .
+evixthe (§||w|2 (2A - gc) + ZwaBa> :

_r f

where £ = £(u) + en 3@+ e C.
When v = 0 and w = 0, from (3.44), we have

. .Y b
87}/:5’7 O _ s L:eﬁ (25_5),
ou 2

(3.44)

According to these above formulas and (3.37), we have the following lemma with a
similar proof as Lemma 5.1 in [12].

LEMMA 3.6.
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From (3.36), at least one of a,b must be positive. So there are five cases about
signs of a, b.

Case 1: ¢ >0, b=0.

Take a frame of R7"™ up to a Lorentz transformation such that

62(17_1707"' 70)7 2g_ 6:(07070707_\/(_]/707"' 70)7

NS

b=(0,0,0,1,0,---,0), By=(0,---,0,1,0,---,0).
——

Assume € = (&1,&2,63,0,64,0,---,0). Tt satisfies

1 5 _f
—51—52:_56””7 —Va&y = —evx, —E+E+E+ =0,

then
&= ieﬂ%* +extn <§e”2ffA +€§> , &= ieﬁ —exti (ée% +§§> ; &= \;aevf*.
Hence
Y = <1eufk —|—eﬁ <1ev2fA —|—§§> + eﬁvQ, leu%A — eﬁ (leff* —l—fg)
4 a 4 a
_f_ 9 _f_ _f_ 1- %Hw”2 _f_ w )
—ern—2v? €3, en—2y, eV = ,ev—~x - .
Va(l+ gljw]?) 1+ §llwl
(3.45)
Let t = erfu&g. (€,€") =1 deduces
dt ([ f , p—v =g
o= L = C—m0=v) £ () 3.46
du € M(/\_/11534'&3 \/ae H 7£ ) ( )
which means t = t(u) exists the inverse function v = u(t). Let = #iu 4t Tt can be
checked from (3.36) that
d0\?  ai v 20-w
1 — | =—50 . 3.47
+<ﬁ> (n—v2 " (347
Then
T =007,
where

S(ta Y1, y2) = (ta Y1, o(t)yQ)a te Rlv Y1 € Rla Y2 € Sm_Q'
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Consider the curve C : 7 = {t,0(t)} satisfying (3.47) in R?. It can be calculated
directly from (3.46) and (3.47) that its arc differential and the geodesic curvature are
the following

Because

ds ds?

and (3.36), k satisfies the following equation

d*k A—u de\> A—v
-2 - 4 =0
Hd82+<)\—l/ )(ds) +)\—uli ’
which means the curve C'is a free %—elastic curve in R2.

Case 2: ¢ >0, b<O.
Take a frame of RY"™ up to a Lorentz transformation such that

b S .
24— 50= (V=b,0,0,-- ,0), 2A—§C=(0,o,—\/&,o,---,0),
b=(0,1,0,---,0), By=(0,---,0,1,0,---,0)
——
Assume é = (£,0,£,0,---,0,&3,&4). Tt satisfies
~——

m—2

Vb = —eTR, —Jaby = —evy, —2 4+ &+ 246220,

then
1 _r 1 9 9 1 2 1 2
= en—>x, = ev=>x, —+ = ——er—X — —ev—2X
&1 i) &2 Ja &3 +&4 b u
Hence
_b,2 _a 2
v — e% 1 4Ub ,6#*% ’Ub ,6"£>‘ 1 4|(|le . ,e"ik ;“U 2753754 )
V=b(1+ zv?) 14 302 Va(l+ ¢llw]]?) 1+ gllwll

Notice we can solve & = &3(u) and & = & (u) from (€/,€') = 1. Let

&
—=—= Cos —_—.
V& —& 1782

coshP(u) =

It can be checked that

b _ —abe> =T x=v
Pu) = arctanhy |~ Lexts s Q) = [T Ty,
a

<
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Choose a parameter expression of S? as follows
7(P,Q) = (tanhP, sech Pcos@, sech Psin()).

Consider the curve C in §%: P = P(u),Q = Q(u), then with a direct calculation we
get the geodesic curvature of C' is

K= en—x. (3.48)

Denote fN(c) as the set {fyly € N(c)} where f is a smooth function and N(c) is a
space form. Hence a hypersurface in this case is locally Mobius equivalent to

X(M) = 7(H" x 21 (u)S™ 2 x {29(u), z3(u)}),

where 7(u) = {x1(u), 72(u), x3(u)} is a curve with the geodesic curvature (3.48) in S2.
Case 3: a >0, b>0.
Take a frame of RTH up to a Lorentz transformation such that

¢ =(0,0,0,0, —\/a,0,--- ,0),

[NCRRS]

b .
2 — 7= (0,0,—vb,0,---,0), 24—

sl

52(0707071707"'70)7 a:(ou"'aoaluoa"'ao)'

Assume é = (£1,82,83,0,84,0,---,0). It satisfies
——

m—2

_fr _f
—Vb&s = —eF >, —vaby=—e">, —EF+ &G+ +€=0,

then
1 s 1 £ 1 2r 1 ¢
fo= e, Gi= oo, = —pet - e
Hence
Y =1&1,6 6%*71 _ %Uz eu%A Y e% 1= %kuz e% w
ST Vb + )’ 1 e Vet gllwl?) T gl

We can also solve & = & (u) and & = &(u) from (€/,€') = 1. Let

3! £

hQ(u) = .
coshQly) = m NCE:

, cosP(u) =
It can be also checked that

b — v)Vabe 1T x=v
p<u>:arctan@w¢, Q) = [ g,
a

Choose a parameter expression of H? as follows

7(P, Q) = (secPcoshQ), secPsinh@), tanP).
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Consider the curve C in H?: P = P(u),Q = Q(u), then with a direct calculation we
get the geodesic curvature of C' is

=y (3.49)

Hence a hypersurface in this case is locally Mébius equivalent to
X (M) =n({z1(u), z2(u)} x S' x 23(u)S™2),

where 7(u) = {z1(u), z2(u), z3(u)} is a curve with the geodesic curvature (3.49) in
H2.

So, in the case b # 0, the geodesic curvature x of C' satisfies
A _ o ei&<2f2+f>.

= — / —_— =
ds " T ds? |z \p—A

With (3.36), it can be checked that  satisfies

A’k A— U de\? AN—v A—v
— —2) (= ) 2=0 3.50
Iid52+()\—u )(ds) +/\—uﬁ * ,u—u"€ ' (8:50)
where § = 1 for the curve C' in Case 2 and § = —1 for the curve C in Case 3. Therefore,

the curves C' are free %—elastic curves in two-dimensional space forms.

Case 4: a =0, b>0.

With a similar analysis in Case 1, it can be proved that in this case the hyper-
surface is locally M&bius equivalent to

r=00%,
where
%(taylqu) = (t79y17y2)7 te R17 Y1 S Slu Y2 S Rm_27
and 6 = 0(t) satisfies the following.
A—p
o\ av=r  20-v)
1+(=) =——6 7.
“(%) :

Case 5: a <0, b>0.
With a similar analysis in Case 2, it can be proved that in this case the hyper-
surface is locally Mobius equivalent to

X (M) =7(H™? x z1(u)S" x {z2(u), z3(u)}),

£
v—\ ev—AXx

where 7#(u) = {x1(u), z2(u), x3(u)} is a curve with geodesic curvature xk =

ﬁ

—a

in S2. Here the condition (3.36) of f is equivalent to the following condition of k.

a2 A — de\? A — Py
m—dg—i—( U—2> (—H) + MFL4+ P2 =o.
S

A— U ds A—v V=l

By summing up, we get the following classification theorem.
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THEOREM 3.7. Letx : M™ — S™+1(m > 4) be a hypersurface with non-vanishing
closed Mébius form ® and three constant Mdbius principal curvatures \, u, v, where
A, phave single-multiplicity. Then there exists locally a smooth single variable function
f = f(u) satisfied (3.36) such that ® = df. Moreover, x is locally Mébius equivalent
to one of the following five hypersurfaces.

(1) For constants a >0, b=0,

o(M) = o({z1(v)} x R x 29(u)S™?), t € R,

where 7(u) = {x1(u),x2(u)} is a free %—elastic curve in R?;
(2) For constants a >0, b <0,

X (M) = 7(H" x 21 (u)S™ 2 x {29(u), z3(u)}),

where 7(u) = {x1(u),x2(u),x3(u)} is a free i:ﬁ_

(3) For constants a >0, b> 0,

elastic curve in S?;

X(M) =7n({x1(u),z2(u)} x St x xg(u)Sm_2),

where 7(u) = {x1(u),x2(u),x3(u)} is a free i:ﬁ

(4) For constants a =0, b> 0,

—elastic curve in H?;

o(M) = o({z1(v)} x z2(u)S* x R™™?), t € RY

where 7(u) = {x1(u), x2(u)} is a free %—elastic curve in R?;
(5) For constants a <0, b> 0,

X(M)= ﬂ'(Hm_2 X xl(u)Sl X {xa(u), z3(u)}),

A—v

where 7(u) = {x1(u), x2(u), v3(w)} is a free = —elastic curve in S2.

3.2. Case (ii): my =1, ma,m3 > 2. Let & : M™ — S™H(m > 4) be a
hypersurface with ® # 0,d® = 0,m; = 1,mo, m3 > 2. There exists locally a smooth
function f such that ® = df. Firstly, from (3.1), we have C), = 0,C, = 0 and

Bi1; = Bpgi = Bag,i = Bip,1 = Bia,1 = Bpa,q = Bpa,p = 0,

Blp,q - _5pq017 Bla,ﬁ = _6aﬁ01; Blp,a = Bla,p - Bpa,l;

fii= Bi(f) = Cr. fy = By() = 0. fo1= Balf) = 0, g = =By,

1 1
Wip = —A _ (_Clwp + Z Blp,awa> y Wia = E <_Clwa + Z Blp,awp> '

p

Because
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it holds By, o = 0 and

Cy C1
Wip = =y Wp, Wia = —

L, Wha = 0. 3.51
)\_M )\—Vw Wp ( )

Then
dw, = 0mod(wy), dw, = 0mod(wg),

which mean from Frobenius Theorem that the distributions Vy, V), V,, are integrable.
Denote L, N1 and N, as their integrable submanifolds, of which local coordinates are
(w), (v, Uy 1) (2.6.(V)), (Wiy 2, -+, Wiy ) (i.e.(w)), respectively. Then it holds lo-
cally that M = L x Ny X Ns.

Next step we will study the differential geometry of M.

Choose u as the arc parameter of L. g has a local coordinate expression

g = du® + ngq(u, v, w)dvpdvg + Zga/g(u, v, w)dwadwg.
P:q a,f
Choose By = %,wl = du, then [ = C}.
With a similar analysis in (3.32), we get there exist locally smooth vector functions
& =¢&(u),n=n(v) and ¢ = (w) such that

Y = €(u) + e 3 p(v) + e7o C(w). (3.52)

Hence
2f s
g = du® + en—>g) + 6%92,

where g1 = (dn, dn), g2 = (d¢, d¢).

THEOREM 3.8. There exists a local coordinate system (u, vy, Wq) such that
2 2hit 2 2 2ho+ 2 2
g=du” +e =3 dv]|* 4 e =X ||dw]| %, (3.53)
where
a2 b 2
i = —log(1+ 2lP), s = —log(1 + 2wl
a,b are constants and [ satisfies

2f 1 1 /
A— e - -
aen </\—u )\—1/>f

1 1

(3.54)

(3.55)
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Proof. With a direct calculation from (3.51), we get

R _BC) ¢ o EG) O
1plp /\_/14 ()\_/14)2, lala \—uv ()\—I/)2,

C2
Raa:_—lu
e A=p)A=v)

With the Gauss equation, we get

1 1 1
= A "
1 (fe u+/\—1/)f
1 1

A= = -v)

(o
= (5 y> r
(o

E,(C1) = Eq(Cy) = 0.

) (f')? = A+ pv — /\V> ,

1 n 1
-v)? 0 A=A -v)

) (f')? —/\u—uV+/\V) :

=5 (- ( iy)f”
1 1
+<<A—u> C—v? (A= —v)

It can be checked that (M, g1) and (Ma, g2) are space forms. In fact choose
cotangent frame fields {&,} and {@.} such that g1 = pwz,gg > @2 Let w, =

N~

7‘3— =

)(f’)2+)\u—;w—)\y>.

eu%&)p,wa = evffk&)a, then {du,w,,w,} forms a cotangent frame field on (M,g).
Denote qust and @, be components of the curvature tensor and connection forms
of (My,¢1), Raﬁw and Wag be components of the curvature tensor and connection
forms of (Ma, g2). Then

Wpg = Wpg, Wapg = Wap,

fl
A—p

2
2f =~
qust =er-w qust ( ) (6;055(115 - 517155115)7

o\
Rapyo = €* = ROZBWU - (/\ — (5(17(5[30 - 5aa(5[3v)-

Combine with the Gauss equation, then

2L 5 [ ? 2
X Rpgpg = P + 210 + 417,

/

25 f ? 2
e* " Ruogas = (/\_V> + 2r3 +v°.
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Therefore,

Es(qupq) - E’y(éaﬁaﬁ) =0,

which means R,qpq and Ragas are constants, denoted by a and b. So the theorem
holds. O

as an orthonormal tangent frame field of (M, g) of which the dual frame field is

o _f
{wi = du,wp, = eufﬁ'hldvp,wa = eV*A+h2dwa}. Then

Oh oh s Oh Oh
— exla—h Lo 20t —ex—phe [ 222 2 .
Cram et ( dvyp o dvg wp) P e e ( ¢ wp wa)

From Theorem 3.8, we choose {E; =

Structure equations (2.4)-(2.7) become

Y = —11Y — N + \E,

ON oY ON oYy
Ny =nrY, 'E, ——=ro—, ~—=r3z—,
r¥u £ f vy "2 Ovp,’  Owg "3 Owg

oFE oy  oE oY
E,=-\Y,—fY, —=—pu_—, =— ,
A f Ovy “av,, Owg Vawa

/ 2
(rgY + N — )\{ Y, — uE) Spg = efuffA*%lqu7
Y4 N - Ly, uB) by = e
r3Y + _)\_ u —V ap =€ ¥ Qa,@a
where
O0h1 0Y  Ohy OY 0?Y Ohy 0Y
Qo= G, ur 90, Dy Doy 2 D, s
Qs = Ohy 0Y  Ohy OY Z Ohs 8Y
P Dwe Owg  Owg Owg 8wa8w/3 Ow, (’9wV
Notice

Qpp:Qqqu qu:()a Qoa :Q,Bﬁa QaB =0,if p#q, a#p,

which mean

62 €7h1 82 e*hl 62 €7h1 .
(277): (277), ™) 0 if pta.
avp 8vq 0, 0vg

Pleq) () Ple()
ow2  owi 7 Qwadwg =0, if asp.
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Then there exist locally constant vectors ffl, /Yg, gp, Ea, él, 62 such that

n(v) = e <||v||% +Y B+ 63) , C(w) = "™ <||w|% + > waBa + (72> -

P

Put them into (3.52) and then

where é =&(u) + eﬁc_ﬁ + evix Co.

REMARK 3.9. [t can be claimed that (3.54) and (3.55) are consistent conditions
of structure equations. Actually,

0 0
App,l = %(TQ); Aaa,l = 7(7”3);

ou
! !
API;P:_/\_u(rl_TQ)u Aal,a:_/\_u(rl_r3)u
then (2.8) becomes
R e R R ]
A— 1 EERE A

Both the above equations are equivalent with

=2 (et ) £ s — ) =0 (350)
A—p A—v A=A —v) ' '
It’s easily seen that both (3.54) and (3.55) are the first integrals of (3.56), and they
are equivalent with the same equation as (3.36).
REMARK 3.10. (3.36) implies that at least one of a and b is positive. Without

loss of generality, we assume b > 0 and discuss the hypersurfaces in these cases of a.

When v = 0 and w = 0, we have

2 2
rY i (2A1 _ 901) Y s (2A2 _ b@) ,
- 2 ws, 2

Then we also have the following lemma according to Theorem 3.8 with a similar proof
in Lemma 5.1 in [12].

LEMMA 3.11.
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. a — - a — - a - - . a - -
<mh—§chmh—§cQ= ,<mh—§ch&)=<mh—§QJ%>=m
I A Lob s - Loba -
<2A2 - 502,214.2 - §CQ> = b <2A2 - §CQ,BQ> = <2A2 - §CQ,BO¢> = O,

. o 4 - b~ -
<2A1—gcl,§>:—e“%v <2A2—2O2,§>——6”f*-

Case 1: a = 0.
Take a frame of R7"™ up to a Lorentz transformation such that

Ay =(1,-1,0,---,0), 24, — —Co=(0,---,0,—vb,0,--- ,0),
3
ma+

N o

p+1 a+2
Assume é = (£1,£2,83,0,--,0,&,0,---,0). It satisfies
———

ma2

1 5 _f_
—G -G = —ger, Vb= e, —G GG+ =0,

f
v—X

1,

Vb
1 1 1 1

y:Q@%+@%(fﬂh%@+@%wwq@%_@m(fﬂhwg

_0b 2
T e {0 )

e [[0]2, €3, 7R v, €7 b ;
B+ Blwl?) T 1 ]

Let t = e%ﬂ{g, then (¢/,€) = 1 implies

dt £ 1 , =V __u-—v)J
I - + — =) (A —v) 7& 0.
du e <)\ — u&’ & Vb c

. 1 d
Let t = ex-ré&3, 0 = M—uthu then

rT=00%,
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where

S(tvylayQ) = (t,y1,9(t)y2), te Rla Y1 € Rm2a Y2 € Sms,

Consider the curve C : ¥ = {t,0(¢)}. It can be checked similarly in Case 1 of the
subsection 3.1 that the curve C is a free %—elastic curve in R%.

Case 2: a <0.

Take a frame of R7"™ up to a Lorentz transformation such that

. . Lob .
2A1 - g611 - (V—CL,0,0,"' 50)7 2A2_ 702 = (Oa 705_\/5507"' 50)7
2 2 ~———
mo+1
gp: (07 7071707 70)7 -ga: (0, ,0,1,0, ,0)
p—1 a
Assume é =(&,0,-+-,0,8,0,---,0,&3,&). It satisfies
—— ——
ma ms3
1 _r 1 s 1 2r 1 _2¢
51 = /7_0/6“7)\7 52 = \/Beu—k, 56? +€z = _Ee“7A - geu—k'
Hence
s 1=4vl? it v S 1L £ w
Y = =D 4 ,e =X ,ev—x 4 ,ev—x L €3, .
(e” Ve gl T g Ve Bl 1 B

It can be checked similarly in Case 2 of the subsection 3.1 that a hypersurface in
this case is locally M6bius equivalent to

X(M) =7(H" x x1(u)S™ X {xa(u),z5(u)}),

where 7#(u) = {x1(u), z2(u), x3(u)} is a curve with geodesic curvature k = E=en
in S2.

Case 3: a > 0.

Take a frame of R7"™ up to a Lorentz transformation such that

. . I
24 — 26, = (0,0, —v/a,0,--,0), 24y — 2Cy = (0,---,0,—vb,0,--- ,0),
2 2 ——
mo—+3
-ép: (07 7071707"' 70)7 éa: (07 7071707"' 70)
—— ——
p+1 a+2
Assumeé: (£1,€2,8€3,0,-+-,0,&4,0,---,0). Tt satisfies
ma ms
1 5 1 s 1 2 1 2f
53:78“7>\7 54: \/B€V7A7 _§%+€§:_58H7A _ge,/,,\.
Hence

>

Y = 51 62 ern—x 1- %HUH2 6% v equk 1- %”wH2 evf w
o Va(l+§v[?)’ L+ gllvl?’ VB(1+ &w|2)’ 14 2|w]?
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It can be checked similarly in Case 3 of the subsection 3.1 that a hypersurface in
this case is locally M6bius equivalent to

X(M) =7n({x1(u), z2(u)} x S™2 x x3(u)S™?),

where 7(u) = {x1(u), x2(u),z3(u)} is a curve with geodesic curvature k =
in H2.

So, in the case a # 0, it can be checked similarly in (3.50) that s satisfies (3.50)
where § = 1 for the curve C' in Case 2 and § = —1 for the curve C in Case 3. Therefore,
the curves C' are free %—elastic curves in two-dimensional space forms.

By summing up, we get the following classification theorem.

THEOREM 3.12. Letx : M™ — S™ 1 (m > 5) be a hypersurface with three distinct
constant Mobius principal curvatures A, u, v, only one of which has one multiplicity.
Its Mébius form satisfies d® = 0, ® # 0. Then x is locally Mobius equivalent to one
of the following three hypersurfaces.

(1)
(M) =o({zr1(u)} x x2(w)S™ x R™?), wue R,

where 7(u) = {z1(u),x2(u)} is a free %—elastic curve in R? ;
(2)

X(M) =7mH"? x x1(u)S™ x {x2(u),zs(u)}), u e R,
where 7(u) = {x1(u), x2(u), x3(u)} is a free %—elastic curve in S?;
3)

X(M) =n({z1(u),z2(u)} x x3(u)S™ x S™2), u € R,
where T(u) = {z1(u), z2(u), x3(u)} is a free %—elastic curve in H2. Here the inte-
gers ma,m3 > 2, mg +ms =m — 1.

From Theorem 3.7 and Theorem 3.12, we have the complete classification as
follows.

THEOREM 3.13. Let x : M™ — S™tY(m > 4) be a hypersurface with constant
Mobius principal curvatures X\, p, v, of which multiplicities are 1,k,m — k — 1. Its
Mébius form satisfies d® = 0, ® # 0. Then x is locally Mébius equivalent to one of
the following three hypersurfaces.

(1)
(M) = o({z1(u)} x z2(u)S™F 1 x R¥), weR,

where 7(u) = {x1(u),x2(u)} is a free %—elastic curve in R?;

(2)

X(M) = n(HF x 21 (uw)S™ 71 x {x9(u), z3(u)}), ueER,
where T(u) = {1 (u), x2(u), z3(u)} is a free %—elastic curve in S?;
(3)

X (M) = n({z1(u),z2(u)} x x3(u)S™ 1 x S*), ueR,

A—p
A—v

where 7(u) = {z1(u), x2(u), z3(u)} is a free —elastic curve in H2.
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4. New examples of Willmore hypersurface. Let 2 : M™ — S (m > 4)
be a hypersurface with constant M&bius principal curvatures A, u, v, of which mul-
tiplicities are 1,k,m — k — 1. Its Mobius form satisfies d® = 0, ® # 0. Under the
chosen basis in the discussion of Section 3, we have

f/2 f/2

Y _ _

Cl,l - bl Cp,p - )\—'U/, COt,Oz A-V’
f" (n—v)f"

o, — _ Y
R N O N o Y R
" _ 12
ry—Trg = ! (=v)f — AV + uv.

A= T 0=
Hence, according to (2.16), = is Willmore hypersurface if and only if 2 satisfies
Af" + Bf?+C =0, (4.1)

where

— () — 1 _ _ 3 3 13
A=(m U(m()\—u)()\—u) 1), C=mMw+ X +kp”+(m—k—1)v°,

-+ B i (P )

From (3.36), it can be checked that

ne_ A=pPA—v)? o a2
(17 = e (e b ) — a0 (42)
"no_ (/\_N)(/\_V)zae% (/\_/1')2(/\_”) ef—f”
1= L7 “3)
Put (4.2) and (4.3) into (4.1), then
(AN —v)+ B\ —p)(A — V))ae%
+ (AN = 1) + BO = p)(A = v))ber= (4.4)
- BO= A=)+ A o,

Notice f’ # 0 and A, u, v are distinct with each other, then (4.4) implies
(A+BA—p))a=0, (A+BA-v)b=0, C=BM\—pu)?\-rv)

Because at least one of a, b is positive, without loss of generality, we assume b > 0.
Hence
A
A—v

L C==(0 = P-4, f—4a=0. (4.5)

B=-
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Ifa#0,then A=B=C=0,i.e.

(=) =L
_ k4 m—k-1 (n—v) —kp | (m—k-1v\ _
(m 1) (k—u + A—v ) + A=p)(A—v) (k—u + A—p ) =0
m v + X+ kP + (m—k—1)2 =0 (4.6)
)

But (4.6) has no solution.

Above all, the following theorem holds.

THEOREM 4.1. Let z : M™ — S™TY(m > 4) be a hypersurface with constant

Mobius principal curvatures A, u, v, of which multiplicities are 1,k,m —k — 1. Then
x is a Willmore hypersurface if and only if © satisfies

~—
Il
>3
L

_ k4 m—k—1 (p—v) —kp o (m—k-1)v _ 1
(m 1) (Afu + A—v ) + A=p)(A—v) (A*V + A—p v (1 m(Afu)(Afu))
mA\uy + X3+ kp® 4+ (m—k—1)v* = (m —1)(A = v)(A — p)? (1—
Atkp+(m—k—1r=0
N4kpl+(m—k—1p2 ="

1
[e=mieem)

and x s locally Mobius equivalent to

z(M) = o({z1(u)} x z2(u)SF x R™™*F1) " 4 e R,

where 7(u) = {x1(u), x2(uw)} is a free %—elastic curve in R2.
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