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SUBMANIFOLDS WITH CONSTANT JORDAN ANGLES AND

RIGIDITY OF THE LAWSON-OSSERMAN CONE∗

JÜRGEN JOST† , YUANLONG XIN‡ , AND LING YANG§

Abstract. The Lawson-Osserman cone [24] is a four dimensional coassociative submanifold in

R7 in terms of Harvey-Lawson calibrated geometries [16] and the basic counterexample for Bernstein
type results for minimal graphs of higher codimension in Euclidean space. We shall explore the
geometry of this cone in terms of its basic property of constant Jordan angles and show a rigidity
result within the class of coassociative submanifolds with constant Jordan angles. This will also shed
new light on the higher codimension Bernstein problem.
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1. Introduction. The Lawson-Osserman cone [24] is a cone over the Hopf map
S3 → S2 (and analogous constructions are possible for the higher Hopf maps).
Harvey-Lawson [16] showed that the Lawson-Osserman cone is a four dimensional
coassociative submanifold in R7 which can be identified with the imaginary octoni-
ans. It thus is an important example in their theory of calibrated geometries. The
Lawson-Osserman cone has also played an important role as a counterexample to
the higher codimension version of the Bernstein problem for minimal submanifolds in
Euclidean space. Its geometry is surprisingly rich, as we shall explore in this paper.
This should ultimately also contribute to deeper insight into the higher codimension
Bernstein problem.

The Lawson-Osserman cone is defined as follows [24]. Let O and H denote the
octonions and quaternions, respectively. We haveO =H⊕He, with e a unit element
orthogonal to H, and for any a, b, c, d ∈H,

(a+ be)(c+ de) = (ac− d̄b) + (da+ bc̄)e. (1.1)

Denote Sp1 := {q ∈H : |q| = 1}. Assume a ∈ Im H is a fixed unit element, then

M(a) := {r[(√5/2)qaq̄ + q̄e
]
: q ∈ Sp1, r ∈ R+} (1.2)

is a 4-dimensional cone in Im O, which is the graph of the function η : H\{0} →
Im H\{0}

η(x) =

√
5

2|x| x̄εx. (1.3)
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Here ε ∈ Im H and |ε| = 1. Note that η is a cone-like function, i.e. η(tx) = tη(x)
for any t and x. It was discovered by Lawson-Osserman [24] that η is a Lipschitz
solution to the non-parametric minimal surface equations that is not C1. While this
thus is an entire solution of the minimal surface system R4 → R3 that is not smooth
at the origin, Ding-Yuan [11] constructed a family of 4-dimensional entire minimal
graphs in Im O; the tangent cone at infinity of each one is just the Lawson-Osserman
cone. Thus, in contrast to the case of codimension 1, where by a theorem of Moser
[26] every entire minimal graph with bounded gradient is planar, these constructions
show that in higher codimension, nontrivial such entire minimal graphs exist. And
as we shall explain below, understanding the Lawson-Osserman cone is a key for the
analysis of the higher codimension Bernstein problem

The aim of the present paper then is to understand this cone in geometric terms,
to explore its geometry and to show that it is rigid in some sense to be made precise in
a moment. Our basic geometric tool will be the Jordan angles. Here, the Jordan angles
between two linear subspaces P andQ are the critical values of the angle θ between the
nonzero vectors u in P and their orthogonal projection u∗ in Q. When these Jordan
angles are constant for all the normal spaces of some submanifold M of Euclidean
space and a fixed linear reference subspace, we say that M has constant Jordan
angles. This is the fundamental concept of our paper, and we abbreviate it as CJA.
For a precise statement, refer to Definition 1.1 below. Now it turns out the Lawson-
Osserman counterexample has CJA relative to the imaginary quaternions when viewed
as a subspace of the imaginary octonians. In view of the result of Harvey-Lawson
[16] that the Lawson-Osserman cone is a four dimensional coassociative submanifold
in R7, which can be identified with the imaginary octonians, we shall study such
coassociative submanifolds with CJA and find that a coassociative graph with CJA
relative to the imaginary quaternions and at most two different normal Jordan angles
either is affine linear or a translate of a portion of the Lawson-Osserman cone.

For more precise statements, we now develop some notation and technical con-
cepts.

1.1. Jordan angles and submanifolds with CJA. Let P and Q0 be m-
dimensional subspaces (i.e. m-planes) in Rn+m. The Jordan angles between P and
Q0 are the critical values of the angle θ between a nonzero vector u in P and its
orthogonal projection u∗ in Q0 as u runs through P . This concept was first introduced
by Jordan [18] in 1875, and they are also called principal angles in some references,
e.g. [12]. If θ is a nonzero Jordan angle between P and Q0 determined by a unit vector
u in P and its projection u∗ in Q0, then u is called an angle direction of P relative to
Q0, and the 2-plane spanned by u and u∗ is called an angle 2-plane between P and
Q0 (see [30]).

Denote by P0 the orthogonal projection of Rn+m onto Q0 and by P the orthog-
onal projection of Rn+m onto P , then P ◦ P0 is a nonnegative definite self-adjoint
transformation on P . Moreover, θ is a Jordan angle between P and Q0 if and only
if μ := cos2 θ is an eigenvalue of P ◦ P0, and u is an angle direction with respect to
θ if and only if u is an eigenvector associated to the eigenvalue μ. Therefore, all the
angle directions with respect to θ constitute a linear subspace of P , which is called
an angle space of P relative to Q0 (see [22]) and we denote it by Pθ. In particular,

P0 = P ∩Q0, Pπ/2 = P ∩Q⊥
0 . (1.4)

The dimension of Pθ is called the multiplicity of θ, which is denoted by mθ. If we
denote by Arg(P,Q0) the set consisting of all distinct Jordan angles between P and
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Q0, then

P =
⊕

θ∈Arg(P,Q0)

Pθ (1.5)

and

m =
∑

θ∈Arg(P,Q0)

mθ. (1.6)

The Jordan angles between two m-planes completely determine their relative
positions. More precisely, if Arg(P1, Q1) = Arg(P2, Q2) and the multiplicities of the
corresponding Jordan angles are equivalent, then there exists a rigid motion of Rn+m,
carrying P1, Q1 onto P2, Q2, respectively. And vice versa (see [30]).

The following lemma reveals the close relationship between Arg(P,Q0),
Arg(Q0, P ) and Arg(P⊥, Q⊥

0 ).

Lemma 1.1 ([22]). Let P,Q0 be m-planes in Rn+m, then Arg(P,Q0) =
Arg(Q0, P ) and the multiplicities of each corresponding Jordan angles are equivalent.
If we denote

Rθ := Pθ + (Q0)θ (1.7)

for each θ ∈ Arg(P,Q0), then Rθ⊥Rσ whenever θ 	= σ, and

P +Q0 =
⊕

θ∈Arg(P,Q0)

Rθ. (1.8)

For any θ ∈ (0, π/2], θ ∈ Arg(P⊥, Q⊥
0 ) if and only if θ ∈ Arg(P,Q0), and m⊥

θ = mθ,
Rθ = Pθ⊕P⊥

θ . Moreover, for every θ ∈ Arg(P,Q0)∩(0, π/2), there exists an isometric
automorphism Φθ : Rθ → Rθ, such that

(i) Φθ(Pθ) = P⊥
θ , Φθ(P

⊥
θ ) = Pθ;

(ii) Φ2
θ = −Id;

(iii) For any nonzero vector u ∈ Pθ (v ∈ P⊥
θ ), Φθ(u) (Φθ(v)) lies in the angle

2-plane generated by u (v); more precisely,

sec θ P0u = cos θ u− sin θ Φθ(u),

sec θ P⊥
0 v = cos θ v − sin θ Φθ(v).

(1.9)

Denote

r(P ) :=
∑

θ∈Arg(P,Q0)∩(0,π/2]

mθ =
∑

θ∈Arg(P⊥,Q⊥

0
)∩(0,π/2]

m⊥
θ (1.10)

then 0 ∈ Arg(P,Q0) if and only if r(P ) < m, and m0 = m − r(P ). Similarly
0 ∈ Arg(P⊥, Q⊥

0 ) if and only if r(P ) < n, and m⊥
0 = n− r(P ).

Let M be an n-dimensional submanifold in Rn+m and Q0 be a fixed m-plane in
Rn+m. Denote by TM and NM the tangent bundle and the normal bundle along
M , respectively. For any p ∈ M , denote by Arg(NpM,Q0) (Arg(TpM,Q⊥

0 )) the set
consisting of all the normal (tangent) Jordan angles at p relative to Q0 (QT

0 ).
Now we can formulate the definition of submanifolds with constant Jordan angles

(CJA), the main subject of this paper.
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Definition 1.1. Let M be an n-dimensional submanifold of Rn+m and Q0 be a
fixed m-plane. If Arg(NpM,Q0) is independent of p ∈M , and the multiplicity of each
normal Jordan angle θ (denoted by mN

θ ) is constant, then we say M has constant
Jordan angles (CJA) relative to Q0.

By Lemma 1.1, M has CJA relative to Q0 if and only if Arg(TpM,QT
0 ) is inde-

pendent of p ∈M , and multiplicity of each tangent Jordan angle θ (denoted by mT
θ )

is constant. In this case, we denote by ArgN (ArgT ) the normal (tangent) Jordan
angles relative to Q0 (QT

0 ).

Remarks.

• Let γ be an arc-length parameterized curve in R3. If γ is a constant angle
curve, i.e. the unit tangent vector at every point makes a constant angle
with a fixed straight line in R3, then γ is a helix, and vice versa. Let S be a
smooth surface in R3, if the normal vector at every point makes a constant
angle with a fixed straight line in R3, then S is said to be a constant angle
surface in R3. A surface S in R3 is a constant angle surface if and only if it is
locally isometric to either a cylinder, a right circular cone, or the tangential
developable of a helix. Moreover, if we additionally assume S to be complete,
then S has to be a cylinder. Recently, many geometers are interested in
constant angle surfaces in other ambient spaces, e.g. S2×R [8], H2×R [10],
Heisenberg group [13], Minkowski space [25] and product spaces [9]. Our
notion is a natural generalization of the classical constant angle curves and
surfaces.

• If Mn is a hypersurface of Rn+1, then M has CJA if and only if M is a
helix hypersurface [7]. Hence the concept of submanifolds with CJA is a
natural generalization of helix hypersurfaces to higher codimensional cases.
Helix hypersurfaces are closed related to the shadow problem (see [15]) for-
mulated by H. Wente, and another interesting motivation for the study of
helix hypersurfaces comes from the physics of interfaces of liquid crystal (see
[5]).

• Let S be a surface in R4, then S has CJA if and only if S is a surface in
R4 with constant principal angles with respect to a plane. This concept was
introduced by Bayard-Di Scala-Castro-Hernández in [2]. In this paper, the
authors established a local existence theorem and classified all the complete
surfaces in R4 with constant principal angles.

Denote

NθM := {ν ∈ NpM : p ∈M, ν is an angle direction associated to θ},
TθM := {v ∈ TpM : p ∈M, v is an angle direction associated to θ}. (1.11)

Let P0 and P⊥
0 be orthogonal projections onto Q0 and Q⊥

0 , (·)T and (·)N denote
orthogonal projections onto TpM and NpM , respectively. Then ν ∈ NθM if and only
if

(P0ν)
N = cos2 θν (1.12)

and similarly u ∈ TθM if and only if

(P⊥
0 u)T = cos2 θu. (1.13)
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As shown in [22], NθM (TθM) is a smooth subbundle of NM (TM), which is said to
be a normal (tangent) angle space distribution associated to θ. NM and TM have
the following vector bundle decompositions

NM =
⊕

θ∈ArgN

NθM, TM =
⊕

θ∈ArgT

TθM. (1.14)

A curve γ : t ∈ (a, b) 
→ γ(t) ∈ M , all of whose tangent vectors belongs to a
tangent angle space distribution, i.e. γ̇(t) ∈ TθM for every t ∈ (a, b), is called an
angle line of M . More generally, an angle surface is a connected submanifold S of
M , such that for any p ∈ S, TpS ⊂ TθM .

By Lemma 1.1, it is easy to derive the following conclusion:

Proposition 1.1. Let θ ∈ ArgN and θ 	= 0, π/2, then there exists a smooth
mapping Φθ : RθM → RθM , where

RθM := NθM ⊕ TθM, (1.15)

such that:
(i) Φθ keeps each fiber invariant;
(ii) the length of each vector in RθM is invariant under Φθ;
(iii) Φ2

θ = −Id;
(iv) Φθ(NθM) = TθM , Φθ(TθM) = NθM ;
(v) for any ν ∈ NθM and u ∈ TθM ,

sec θ P0ν = cos θ ν − sin θ Φθ(ν),

sec θ P⊥
0 u = cos θ u− sin θ Φθ(u).

(1.16)

Φθ is called the anti-involution associated to θ.

Denote

r :=
∑

θ∈ArgN ,θ �=0

mN
θ =

∑
θ∈ArgT ,θ �=0

mT
θ . (1.17)

As shown above, 0 ∈ ArgN (0 ∈ ArgT ) if and only if r < m (r < n), and the
multiplicity of 0 equals m− r (n− r). Let

gN := |ArgN | gT := |ArgT | (1.18)

be the numbers of distinct normal Jordan angles and tangent Jordan angles, respec-
tively, then gN = gT + 1 whenever r ≡ n < m, gT = gN + 1 whenever r ≡ m < n,
and otherwise gN = gT .

1.2. Minimal submanifolds with CJA and the Bernstein problem. In
this section, we shall explain the connection with the higher codimension Bernstein
theorem. While this is not strictly necessary for the technical aspects of the present
paper, it may put them into some perspective. In fact, the concept of CJA subman-
ifolds that we have just introduced arises from our systematic investigation of the
Bernstein problem in higher codimension. The classical Bernstein theorem [3] states
that any entire minimal graph in R3 has to be affine linear. This result has been
extended by J. Simons [28] to such entire minimal graphs in Rn+1 for n ≤ 7, whereas
Bombieri-de Giorgi-Giusti [4] constructed counterexamples in higher dimensions. But
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for any dimensions, there is a weak version of the Bernstein type theorem, obtained
by J. Moser [26] who proved that any entire solution f : Rn → R to the minimal
surface equation

div
( ∇f√

1 + |∇f |2
)
= 0 (1.19)

has to be affine linear, provided that

v :=
√
1 + |∇f |2 (1.20)

is a bounded function. v is a significant quantity here for various reasons. First,
the boundedness of v ensures that (1.19) is a uniformly elliptic equation, so that a
Bernstein type result can be obtained by Moser’s iteration. Secondly, for any f :
Rn → R, x = (x1, · · · , xn) ∈ Rn 
→ (x, f(x)) ∈ graph f is a global coordinate chart
of the graph of f , and a straightforward calculation shows that the volume form of
graph f is vdx1 ∧ · · · ∧ dxn, i.e. v equals the ratio of the volume form of graph f and
the coordinate plane. Thirdly, v has a close relationship with Jordan angles. A direct
computation shows

ν := w(− ∂f

∂x1
, · · · ,− ∂f

∂xn
, 1) where w := v−1 (1.21)

is a unit normal vector field on graph f . Thus the angle between ν and the xn+1-
axis is arccosw, which is smaller than a fixed acute angle whenever the v-function
is bounded. Therefore, Moser’s theorem can be restated as: Let M be a complete
minimal hypersurface in Rn+1 and θ0 ∈ (0, π/2). If the angle between the normal
vector and xn+1-axis is smaller than θ0 everywhere, then M has to be an affine n-
plane.

Now we consider an n-dimensional entire minimal graph M in Rn+m, generated
by a smooth vector-valued function f : Rn → Rm

x = (x1, · · · , xn) 
→ f(x) = (f1(x), · · · , fm(x)).

Then f satisfies the minimal surface equations

∑
i

∂

∂xi
(vgij) = 0 ∀j = 1, · · · , n,

∑
i,j

∂

∂xi
(vgij

∂fα

∂xj
) = 0 ∀α = 1, · · · ,m.

(1.22)

Here gijdx
idxj is the induced metric on M , (gij) denotes the inverse matrix of (gij),

and vdx1 ∧ · · · ∧ dxn := det(gij)
1/2dx1 ∧ · · · ∧ dxn is the volume form of M . More

precisely,

v =
[
det

(
δij +

∑
α

∂fα

∂xi

∂fα

∂xj

)]1/2
. (1.23)

Similarly to the case of codimension 1, the v-function has a close relationship with
Jordan angles. At any point p ∈M , denote by

0 ≤ θ1 ≤ θ2 ≤ · · · ≤ θm < π/2 (1.24)
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the Jordan angles betweenNpM and the coordinatem-plane, then a calculation shows
(see [32][20])

v =

m∏
i=1

sec θm. (1.25)

We note that

w := v−1 =

m∏
i=1

cos θm (1.26)

is the inner product of the normal m-plane and the coordinate m-plane. Here all the
m-planes are viewed as vectors in a Euclidean space of larger dimension, via Plücker
embedding (see [21]).

It is natural to ask whether Moser’s theorem can be generalized to the higher
codimensional case. In other words, given an entire minimal graph M = graph f ⊂
Rn+m with f : Rn → Rm, does the boundedness of the v-function ensure that M
has to be an affine n-plane? The answer is ’Yes’ for the cases of dimension 2 [6][23]
and dimension 3 [1][14], but it is ’No’ for dimension 4, according to the works of
Lawson-Osserman [24] and Ding-Yuan [11], because the Lawson-Osserman cone [24] is
a Lipschitz solution to the non-parametric minimal surface equations, and Ding-Yuan
[11] then constructed a family of 4-dimensional entire minimal graphs in Im O whose
tangent cones at infinity are Lawson-Osserman cones. Therefore, Moser’s theorem
does not fully extend to higher codimension.

Via Jordan angles, a new geometric property of the Lawson-Osserman cone was
explored in the Appendix of [21]:

Proposition 1.2. The Lawson-Osserman coneM(a) is a 4-dimensional subman-
ifold in Im O with CJA relative to Im H, and ArgN = {arccos(2/3), arccos(√6/6)},
ArgT = {arccos(2/3), arccos(√6/6), 0}. Moreover, an arbitrary angle line with respect
to arccos(2/3) is a ray of M(a), and vise versa.

In [24], Lawson-Osserman raised the following question: What is the largest con-
stant C such that an entire minimal graph of arbitrary dimension and codimension
with v ≤ C has to be affine linear? Up to now, the best positive answer to this
question in a successive series of achievements by several mathematicians (see [17],
[19], [29], [32], [20]) is gotten in [22], which says that for any entire minimal graph
M = {(x, f(x)) : x ∈ Rn} ⊂ Rn+m with f : Rn → Rm, if v ≤ 3, then M has to
be an affine n-plane. The v-function of the Lawson-Osserman cone is constant; it
equals 9 on M(a). The v-functions of the Ding-Yuan examples take values in [1, 9).
Thus, there is still a large quantitative gap between 3 and 9, that is, between known
Bernstein type theorems and the counterexamples.

The Lawson-Osserman problem can be viewed as the first gap problem of the
v-function for entire minimal graphs of higher codimension. To study the gap phe-
nomena of the v-function, it is natural to consider minimal graphs whose v-function is
constant. Observing that the v-function is a function of all Jordan angles (see (1.25)),
the v-function on any minimal graph with CJA relative to the coordinate plane (e.g.
the Lawson-Osserman cone) is constant. So one can propose the following problem:

Problem 1.1. Let M be a nonflat minimal graph with CJA relative to the
coordinate plane, does the v-function takes values in a discrete set? Does any minimal
graph in Euclidean space with constant v-function have to be a submanifold with CJA?
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1.3. Main results. This paper will be organized as follows.
In Section 2, the second fundamental form B of submanifolds with CJA in Eu-

clidean space shall be studied. At first, differentiating the Jordan angle functions not
only gives some nullity properties of B, but also reveals the relationship between the
induced tangent (normal) connection and the second fundamental form. Taking the
covariant derivative of the formulas obtained in the previous step, one can compute
some components of ∇B in terms of B. With the aid of the Codazzi equations, we
can derive a constraint equation for the second fundamental form (see Lemma 2.6),
which is nontrivial when the multiplicity of a tangent Jordan angle θ ∈ (0, π/2), i.e.
mT

θ , is strictly larger than 1. This conclusion will play an important part in Section
3. Based on these formulas, it is easy to get some vanishing theorems for the second
fundamental form B of submanfolds with CJA, including the following one.

Theorem 1.1. Let f be an Rm-valued function on an open domain D ⊂ Rn. If
M = graph f is a minimal submanifold with CJA relative to Rm, and gN , gT ≤ 2,
then f has to be affine linear, i.e. M has to be an affine n-plane.

Note that the example of Lawson-Osserman cone implies that the condition
’gN , gT ≤ 2’ in Theorem 1.1 cannot be omitted.

Harvey-Lawson [16] introduced a new concept of coassociative submanifolds, as an
important example of calibrated geometries, and showed that the Lawson-Osserman
cone is a coassociative submanifold. Observing that coassociative submanifolds con-
stitute an important class of 4-dimensional minimal submanifolds in R7, it is natural
to study the structure of coassociative submanifolds with CJA, which is the main topic
of Section 3. With the aid of the algebraic properties of octonions, one can obtain
several interesting conclusions on the Jordan angles and the second fundamental form
of coassociative submanifolds. In conjunction with Lemma 2.6, a structure theorem
for coassociative submanifolds with CJA is deduced as follows.

Theorem 1.2. Let f be a smooth function from an open domain D ⊂ H into
Im H. If M = graph f is a coassociative submanifold with CJA relative to Im H, and
gN ≤ 2, gT ≤ 3, then f is either an affine linear function or f(x) = η(x − x0) + y0,
where x0 ∈ H, y0 ∈ Im H and

η(x) =

√
5

2|x| x̄εx

with ε an arbitrary unit element in Im H. In other words, M is an affine 4-plane or
a translate of an open subset of the Lawson-Osserman cone.

Theorem 1.1 and 1.2 give a partial positive answer to Problem 1.1.

2. On the second fundamental form of submanfolds with CJA. Let M
be an n-dimensional submanifold in Rn+m with CJA relative to a fixed m-plane Q0.
We use the notations P0, P⊥

0 , ArgN , ArgT , NθM , TθM , RθM , mN
θ , mT

θ , g
N , gT

established in Section 1. For p in M , we put

Np,θM := NpM ∩NθM, Tp,θM := TpM ∩ TθM. (2.1)

The second fundamental form B is a pointwise symmetric bilinear form on TpM
(p ∈M) with values in NpM defined by

BXY = (∇XY )N
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with ∇ the Levi-Civita connection on Rn+m. The induced connections on TM and
NM are

∇XY = (∇XY )T , ∇Xν = (∇Xν)N .

Here X,Y are smooth sections of TM and ν denotes a smooth section of NM . The
second fundamental form, the curvature tensor of the submanifold, the curvature
tensor of the normal bundle and the curvature tensor of the ambient manifold satisfy
the Gauss, Codazzi and Ricci equations (see [31] for details).

Let A be the shape operator defined by

Aν(v) = (−∇vν)
T ∀ν ∈ Γ(NM), v ∈ TpM. (2.2)

Aν is a symmetric operator on TpM and satisfies the Weingarten equations

〈BXY , ν〉 = 〈Aν(X), Y 〉 ∀X,Y ∈ Γ(TM). (2.3)

The trace of the second fundamental form gives a normal vector field H on M ,
which is called the mean curvature vector field. If ∇H ≡ 0, then we say that M has
parallel mean curvature. Moreover if H ≡ 0, M is called a minimal submanifold.

2.1. Nullity lemmas. Let θ ∈ ArgN (θ 	= 0, π/2) and Φθ : RθM → RθM denote
the anti-involution associated to θ, then (1.16) gives

(P⊥
0 v)T = cos2 θ v, (P⊥

0 v)N = − cos θ sin θ Φθ(v),

(P0μ)
N = cos2 θ μ, (P0μ)

T = − cos θ sin θ Φθ(μ).
(2.4)

for any v ∈ TθM and μ ∈ NθM .
Based on the above formulas, one can easily deduce the following nullity lemmas

for the second fundamental form of M .

Lemma 2.1. For each θ ∈ ArgN which takes values in (0, π/2),

〈Buv,Φθ(w)〉 + 〈Buw,Φθ(v)〉 = 0 (2.5)

holds pointwise for any u ∈ TpM and v, w ∈ Tp,θM . In particular,

〈Buv,Φθ(v)〉 = 0 (2.6)

for every v ∈ Tp,θM .

Proof. By linearity, it suffices to prove (2.6) for any unit vector v ∈ Tp,θM .
Let X be a smooth local section of TθM , such that Xp = v and |X | ≡ 1, then

〈P⊥
0 X,P⊥

0 X〉 = |P⊥
0 X |2 ≡ cos2 θ. (2.7)

Differentiating both sides with respect to u yields

0 = (1/2)∇u〈P⊥
0 X,P⊥

0 X〉 = 〈∇u(P⊥
0 X),P⊥

0 v〉
= 〈P⊥

0 (∇uX),P⊥
0 v〉 = 〈P⊥

0 (∇uX),P⊥
0 v〉+ 〈P⊥

0 Buv,P⊥
0 v〉

= 〈∇uX, (P⊥
0 v)T 〉+ 〈Buv, (P⊥

0 v)N 〉
= cos2 θ〈∇uX, v〉 − cos θ sin θ〈Buv,Φθ(v)〉
= (1/2) cos2 θ∇u|X |2 − cos θ sin θ〈Buv ,Φθ(v)〉
= − cos θ sin θ〈Buv,Φθ(v)〉



84 J. JOST, Y. L. XIN, AND L. YANG

(where we have used (2.4)) and then we arrive at (2.6).

Lemma 2.2. For each θ ∈ ArgN taking values in (0, π/2),

〈Buv, ν〉 = 0 (2.8)

for any u, v ∈ Tp,θM and ν ∈ Np,θM .

Proof. Let w := −Φθ(ν), then w ∈ Tp,θM and Φθ(w) = −Φ2
θ(ν) = ν. Applying

Lemma 2.1 gives

〈Buv, ν〉 = 〈Buv,Φθ(w)〉 = −〈Buw,Φθ(v)〉
= −〈Bwu,Φθ(v)〉 = 〈Bwv,Φθ(u)〉
= 〈Bvw,Φθ(u)〉 = −〈Bvu,Φθ(w)〉
= −〈Buv,Φθ(w)〉 = −〈Buv, ν〉

and (2.8) immediately follows from the above equation.

Lemma 2.3. If θ ∈ ArgN ∩ ArgT and θ ≡ 0 or π/2, then

〈Buv, ν〉 = 0 (2.9)

for any u ∈ TpM , v ∈ Tp,θM and ν ∈ Np,θM .

Proof. If θ ≡ 0, let X be a smooth local section of TθM such that Xp = v, then
Xq ∈ Q⊥

0 for any q. Thus (∇uX)p ⊂ Q⊥
0 . On the other hand, ν ∈ Np,θM implies

ν ∈ Q0, hence

〈Buv, ν〉 = 〈∇uX, ν〉 = 0.

The proof for θ ≡ π/2 is similar.

2.2. Connections. Let θ, σ ∈ ArgT , θ 	= σ, X a local section of TM , Y and Z
local sections of TθM and TσM , respectively. Define

(Sθσ)Y Z(X) := 〈∇XY, Z〉. (2.10)

Then for any smooth function f defined on M , (Sθσ)Y Z(fX) = f(Sθσ)Y Z(X),
(Sθσ)Y,fZ(X) = f(Sθσ)Y Z(X) and

(Sθσ)fY,Z(X) = 〈∇X(fY ), Z〉 = f〈∇XY, Z〉+ (∇Xf)〈Y, Z〉
= f(Sθσ)Y Z(X).

This means Sθσ is a smooth tensor field on M of type (3, 0). More precisely, Sθσ is a
smooth section of the tensor bundle T ∗M ⊗ T ∗

θM ⊗ T ∗
σM . Since ∇ is a Levi-Civita

connection on M ,

(Sθσ)Y Z(X) = 〈∇XY, Z〉 = ∇X〈Y, Z〉 − 〈∇XZ, Y 〉
= −〈∇XZ, Y 〉 = −(Sσθ)ZY (X).

(2.11)

Now we additionally define

Φθ|RθM = 0 whenever θ ≡ 0 or π/2, (2.12)
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then (2.4) still holds when θ = 0 or π/2. Let

κθσ :=
sin 2θ

cos 2θ − cos 2σ
(2.13)

be a constant depending only on θ and σ. The following result reveals the relationship
between Sθσ and the second fundamental form.

Lemma 2.4. Let θ, σ ∈ ArgT , θ 	= σ, then for any u ∈ TpM , v ∈ Tp,θM and
w ∈ Tp,σM ,

(Sθσ)vw(u) = κσθ〈Buv,Φσ(w)〉 − κθσ〈Buw,Φθ(v)〉. (2.14)

Proof. Let Y, Z be smooth local sections of TθM and TσM , respectively, such
that Y (p) = v, Z(p) = w, then (P⊥

0 Y )T = cos2 θ Y , (P⊥
0 Z)T = cos2 σ Z. Hence

0 = cos2 θ〈Y, Z〉 = 〈(P⊥
0 Y )T , Z〉

= 〈P⊥
0 Y, Z〉 = 〈P⊥

0 Y,P⊥
0 Z〉.

Differentiating both sides of the above equation with respect to u ∈ TpM yields

0 = ∇u〈P
⊥
0 Y,P⊥

0 Z〉 = 〈∇u(P
⊥
0 Y ),P⊥

0 w〉+ 〈P⊥
0 v,∇u(P

⊥
0 Z)〉

= 〈P⊥
0 (∇uY ),P⊥

0 w〉+ 〈P⊥
0 v,P⊥

0 (∇uZ)〉

= 〈P⊥
0 (∇uY ),P⊥

0 w〉+ 〈P⊥
0 v,P⊥

0 (∇uZ)〉+ 〈P⊥
0 Buv,P

⊥
0 w〉+ 〈P⊥

0 v,P⊥
0 Buw〉

= 〈∇uY, (P
⊥
0 w)T 〉+ 〈∇uZ, (P

⊥
0 v)T 〉+ 〈Buv, (P

⊥
0 w)N 〉+ 〈Buw, (P

⊥
0 v)N 〉

= cos2 σ〈∇uY,w〉+ cos2 θ〈∇uZ, v〉 − cos σ sin σ〈Buv,Φσ(w)〉 − cos θ sin θ〈Buw,Φθ(v)〉

= (cos2 σ − cos2 θ)(Sθσ)vw(u)− cosσ sin σ〈Buv,Φσ(w)〉 − cos θ sin θ〈Buw,Φθ(v)〉

= (1/2)(cos 2σ − cos 2θ)(Sθσ)vw(u)− (1/2) sin 2σ〈Buv,Φσ(w)〉 − (1/2) sin 2θ〈Buw,Φθ(v)〉

(we have used (2.4) and (2.11)), which is equivalent to (2.14).

Similarly, given u ∈ TpM , μ ∈ Γ(NθM), ν ∈ Γ(NσM) with θ, σ ∈ ArgN and
θ 	= σ, one can define

(SN
θσ)μν(u) := 〈∇uμ, ν〉. (2.15)

Then SN
θσ is a smooth section of T ∗M ⊗N∗

θM ⊗N∗
σM , and

(SN
σθ)νμ(u) = 〈∇uν, μ〉 = ∇u〈ν, μ〉 − 〈ν,∇uμ〉

= −〈∇uμ, ν〉 = −(SN
θσ)μν(u).

(2.16)

Let μ, ν be local section of NθM and NσM respectively, then

0 = cos2 θ〈μ, ν〉 = 〈(P0μ)
N , ν〉

= 〈P0μ, ν〉 = 〈P0μ,P0ν〉.
(2.17)

Differentiating both sides of the above equality with respect to u ∈ TpM , one can use
(2.4) to get the following result, as in the proof of Lemma 2.4.

Lemma 2.5. Given θ, σ ∈ ArgN , θ 	= σ,

(SN
θσ)μν(u) = κθσ〈Bu,Φθ(μ), ν〉 − κσθ〈Bu,Φσ(ν), μ〉 (2.18)

for any u ∈ TpM,μ ∈ Np,θM and ν ∈ Np,σM .
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2.3. Computation of ∇B and related results. Let θ ∈ ArgT , σ ∈ ArgN ,
and (·)σ be the orthogonal projection of NpM onto Np,σM . Define

Rθσ(v1, v2, v3, v4) := 〈Bσ
v1v3 , B

σ
v2v4〉 − 〈Bσ

v1v4 , B
σ
v2v3〉 (2.19)

for any v1, v2, v3, v4 ∈ Tp,θM . Then Rθσ is a smooth section of the tensor bundle
T ∗
θM ⊗ T ∗

θM ⊗ T ∗
θM ⊗ T ∗

θM . Obviously Rθσ(v1, v2, v3, v4) = −Rθσ(v2, v1, v3, v4) =
−Rθσ(v1, v2, v4, v3) = Rθσ(v3, v4, v1, v2), and

Rθσ(v1, v2, v3, v4) +Rθσ(v2, v3, v1, v4) +Rθσ(v3, v1, v2, v4)

=〈Bσ
v1v3 , B

σ
v2v4〉 − 〈Bσ

v1v4 , B
σ
v2v3〉+ 〈Bσ

v2v1 , B
σ
v3v4〉

− 〈Bσ
v2v4 , B

σ
v3v1〉+ 〈Bσ

v3v2 , B
σ
v1v4〉 − 〈Bσ

v3v4 , B
σ
v1v2〉

=0.

(2.20)

Hence Rθσ is a curvature type tensor. Note that Rθσ = 0 whenever mT
θ ≡ 1.

Let θ, σ ∈ ArgT , and define

Uθσ(v1, v2, v3, v4) =:
〈
(AΦθ(v3)v1)σ, (A

Φθ(v4)v2)σ
〉
−

〈
(AΦθ(v4)v1)σ, (A

Φθ(v3)v2)σ
〉

(2.21)

for any v1, v2, v3, v4 ∈ Tp,θM . Here (·)σ denotes the orthogonal projection of TpM
onto Tp,σM . Due to Lemma 2.1, AΦθ(v)w+AΦθ(w)v = 0 for any v, w ∈ Tp,θM , hence
Uθσ(v1, v2, v3, v4) = −Uθσ(v2, v1, v3, v4) = −Uθσ(v1, v2, v4, v3) = Uθσ(v3, v4, v1, v2)
and Uθσ = 0 whenever mT

θ ≡ 1. Note, however, that Uθσ does not satisfy a Bianchi
type identity.

Lemma 2.6. Given θ ∈ ArgT taking values in (0, π/2),

∑
σ∈ArgN ,σ �=θ

κθσRθσ(v, w, v, w) = 3
∑

σ∈ArgT ,σ �=θ

κθσUθσ(v, w, v, w) (2.22)

for any v, w ∈ Tp,θM , and moreover

〈(∇vB)ww,Φθ(v)〉 =(1/3)
∑

σ∈ArgN ,σ �=θ

κθσ

(〈Bσ
vv, B

σ
ww〉+ 2|Bσ

vw|2
)

− 2
∑

σ∈ArgT ,σ �=θ

κσθ〈Bσ
vw,Φσ(A

Φθ(v)w)σ〉.
(2.23)

Proof. Let

uσ := (AΦθ(v)w)σ (2.24)

for each σ ∈ ArgT , then Lemma 2.1 tells us

(AΦθ(w)v)σ = −(AΦθ(v)w)σ = −uσ (2.25)

and moreover

Uθσ(v, w, v, w) =
〈
(AΦθ(v)v)σ, (A

Φθ(w)w)σ
〉− 〈

(AΦθ(w)v)σ, (A
Φθ(v)w)σ

〉
= |uσ|2.

(2.26)

In particular, combining the Weingarten equations and Lemma 2.2 gives

|uθ|2 = 〈uθ, A
Φθ(v)w〉 = 〈Buθw,Φθ(v)〉 = 0,
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i.e. uθ = 0.
Let Y, Z be local sections of TθM such that Yp = v, Zp = w. By Lemma 2.2,

〈BZZ ,Φθ(Y )〉 ≡ 0, hence

〈(∇vB)ww,Φθ(v)〉 = ∇v〈BZZ ,Φθ(Y )〉 − 〈Bww ,∇vΦθ(Y )〉 − 2〈B∇vZ,w,Φθ(v)〉

= −〈Bww ,∇vΦθ(Y )〉 − 2〈B∇vZ,w,Φθ(v)〉

:= −I − 2II

(2.27)

where

I =
∑

σ∈ArgN

〈Bσ
ww,∇vΦθ(Y )〉 =

∑
σ∈ArgN ,σ �=θ

(SN
θσ)Φθ(v),Bσ

ww
(v)

=
∑

σ∈ArgN ,σ �=θ

(
κθσ〈Bv,Φ2

θ
(v), B

σ
ww〉 − κσθ〈Bv,Φσ(Bσ

ww),Φθ(v)〉
)

= −
∑

σ∈ArgN ,σ �=θ

κθσ〈Bσ
vv, B

σ
ww〉

(2.28)

(Lemma 2.2, Lemma 2.1, Lemma 2.5 and Φ2
θ = −Id have been used in this calculation)

and

II = 〈B∇vZ,w,Φθ(v)〉 =
∑

σ∈ArgT

〈∇vZ, uσ〉 =
∑

σ∈ArgT ,σ �=θ

(Sθσ)wuσ
(v)

=
∑

σ∈ArgT ,σ �=θ

(κσθ〈Bvw ,Φσ(uσ)〉 − κθσ〈Bvuσ
,Φθ(w)〉)

=
∑

σ∈ArgT ,σ �=θ

(
κσθ〈Bvw,Φσ(uσ)〉+ κθσ|uσ|2

)
.

(2.29)

(Here we have used the Weingarten equations, (2.25) and Lemma 2.4.) Substituting
(2.28) and (2.29) into (2.27) implies

〈(∇vB)ww,Φθ(v)〉 =
∑

σ∈ArgN ,σ �=θ

κθσ〈Bσ
vv, B

σ
ww〉 − 2

×
∑

σ∈ArgT ,σ �=θ

(
κσθ〈Bvw,Φσ(uσ)〉+ κθσ|uσ|2

)
.

(2.30)

Again applying Lemma 2.2 gives 〈BZY ,Φθ(Y )〉 ≡ 0, hence

〈(∇wB)wv,Φθ(v)〉 =∇w〈BZY ,Φθ(Y )〉 − 〈Bwv,∇wΦθ(Y )〉
− 〈B∇wZ,v,Φθ(v)〉 − 〈Bw,∇wY ,Φθ(v)〉

=− 〈Bwv,∇wΦθ(Y )〉 − 〈Bw,∇wY ,Φθ(v)〉
:=− I − II

(2.31)

where

I =
∑

σ∈ArgN

〈Bσ
wv,∇wΦθ(Y )〉 =

∑
σ∈ArgN ,σ �=θ

(SN
θσ)Φθ(v),Bσ

wv
(w)

=
∑

σ∈ArgN ,σ �=θ

(
κθσ〈Bw,Φ2

θ
(v), B

σ
wv〉 − κσθ〈Bw,Φσ(Bσ

wv)
,Φθ(v)〉

)

=
∑

σ∈ArgN ,σ �=θ

(−κθσ|Bσ
wv|2 − κσθ〈uσ,Φσ(B

σ
wv)〉

)
(2.32)
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and

II =〈Bw,∇wY ,Φθ(v)〉 =
∑

σ∈ArgT

〈∇wY, uσ〉 =
∑

σ∈ArgT ,σ �=θ

(Sθσ)vuσ
(w)

=
∑

σ∈ArgT ,σ �=θ

(κσθ〈Bwv,Φσ(uσ)〉 − κθσ〈Bwuσ
,Φθ(v)〉)

=
∑

σ∈ArgT ,σ �=θ

(
κσθ〈Bwv,Φσ(uσ)〉 − κθσ|uσ|2

)
.

(2.33)

If σ 	= 0, π/2, then Φσ is isometric and Φ2
σ = −Id. Hence

〈uσ,Φσ(B
σ
wv)〉 = 〈Φσ(uσ),Φ

2
σ(B

σ
wv)〉 = −〈Bσ

wv,Φσ(uσ)〉.

On the other hand, Φσ = 0 whenever σ = 0 or π/2. Therefore

−
∑

σ∈ArgN ,σ �=θ

κσθ〈uσ,Φσ(B
σ
wv)〉 =

∑
σ∈ArgT ,σ �=θ

κσθ〈Bwv,Φσ(uσ)〉. (2.34)

Substituting (2.32)-(2.34) into (2.31) yields

〈(∇wB)wv,Φθ(v)〉 =
∑

σ∈ArgN ,σ �=θ

κθσ|Bσ
wv|2

+
∑

σ∈ArgT ,σ �=θ

(
κθσ|uσ|2 − 2κσθ〈Bwv,Φσ(uσ)〉

)
.

(2.35)

The Codazzi equations imply (∇vB)ww = (∇wB)wv. Hence by comparing the
right hand sides of (2.30) and (2.35) we arrive at

∑
σ∈ArgN ,σ �=θ

κθσ

(〈Bσ
vv, B

σ
ww〉 − |Bσ

vw|2
)
= 3

∑
σ∈ArgT ,σ �=θ

κθσ|uσ|2 (2.36)

and then (2.22) immediately follows from the definition of Rθσ and Uθσ. Finally (2.23)
is obtained by substituting (2.36) into (2.35).

Lemma 2.7. We consider θ ∈ ArgT taking values in (0, π/2) and σ ∈ ArgT such
that θ 	= σ. If Uθσ(v1, v2, v1, v2) = 0 holds for any v1, v2 ∈ Tp,θM , then

〈(∇vB)ww,Φθ(v)〉 =− 2
∑

τ∈ArgT ,τ �=θ

κτθ〈Bτ
vw,Φτ (A

Φθ(v)w)τ 〉

+
∑

τ∈ArgN ,τ �=θ

κθτ |Bτ
vw|2 +

∑
τ∈ArgT ,τ �=θ

κθτ |(AΦθ(v)w)τ |2
(2.37)

for any v ∈ Tp,θM and w ∈ Tp,σM .

Proof. In the sequel we make use of the abbreviation uτ := (AΦθ(v)w)τ for any
τ ∈ ArgT . By the definition of Uθσ,

0 = Uθσ(uθ, v, uθ, v)

=
〈
(AΦθ(uθ)uθ)σ, (A

Φθ(v)v)σ
〉− 〈

(AΦθ(v)uθ)σ, (A
Φθ(uθ)v)σ

〉
= |(AΦθ(v)uθ)σ|2
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i.e. (AΦθ(v)uθ)σ = 0. Hence

0 = 〈AΦθ(v)uθ, w〉 = 〈AΦθ(v)w, uθ〉 = |uθ|2

i.e. uθ = 0. Similarly, one can deduce that Bθ
vw = 0.

Let Y be a local smooth section of TθM and Z be a local smooth section of TσM ,
such that Yp = v, Zp = w. Lemma 2.1 implies 〈BY Z ,Φθ(Y )〉 ≡ 0, hence

〈(∇vB)ww,Φθ(v)〉 =〈(∇wB)vw,Φθ(v)〉
=〈∇w〈BY Z ,Φθ(Y )〉 − 〈Bvw,∇wΦθ(Y )〉
− 〈B∇wY,w,Φθ(v)〉 − 〈Bv,∇wZ ,Φθ(v)〉

=− 〈Bvw,∇wΦθ(Y )〉 − 〈B∇wY,w,Φθ(v)〉
:=− I − II

(2.38)

where

I =
∑

τ∈ArgN

〈Bτ
vw,∇wΦθ(Y )〉 =

∑
τ∈ArgN ,τ �=θ

(SN
θτ )Φθ(v),Bτ

vw
(w)

=
∑

τ∈ArgN ,τ �=θ

(
κθτ〈Bw,Φ2

θ
(v), B

τ
vw〉 − κτθ〈Bw,Φτ (Bτ

vw),Φθ(v)〉
)

= −
∑

τ∈ArgN ,τ �=θ

(
κθτ |Bτ

vw|2 + κτθ〈Φτ (B
τ
vw), uτ 〉

)

=
∑

τ∈ArgN ,τ �=θ

κτθ〈Bτ
vw,Φτ (uτ )〉 −

∑
τ∈ArgN ,τ �=θ

κθτ |Bτ
vw|2

(2.39)

and

II =
∑

τ∈ArgT

〈∇wY, uτ 〉 =
∑

τ∈ArgT ,τ �=θ

(Sθτ )v,uτ
(w)

=
∑

τ∈ArgT ,τ �=θ

(κτθ〈Bvw ,Φτ (uτ )〉 − κθτ 〈Bwuτ
,Φθ(v)〉)

=
∑

τ∈ArgT ,τ �=θ

κτθ〈Bτ
vw,Φτ (uτ )〉 −

∑
τ∈ArgT ,τ �=θ

κθτ |uτ |2.

(2.40)

Substituting (2.39) and (2.40) into (2.38) yields (2.37).

Lemma 2.8. If θ ∈ ArgT ∩ ArgN and θ ≡ 0 or π/2, then for any v ∈ Tp,θM ,
ν ∈ Γ(NθM) and w ∈ TpM ,

〈(∇vB)ww, ν〉 = −2
∑

σ∈ArgT

κσθ〈Bσ
vw,Φσ(A

νw)σ〉. (2.41)

Proof. Let Y be a local section of TθM and Z be a local section of TM , such that
Yp = v and Zp = w, then Lemma 2.3 tells us 〈BY Z , ν〉 ≡ 0. Therefore

〈(∇vB)ww, ν〉 =〈(∇wB)vw, ν〉
=∇w〈BY Z , ν〉 − 〈Bvw ,∇wν〉 − 〈B∇wY,w, ν〉 − 〈Bv,∇wZ , ν〉
=− 〈Bvw,∇wν〉 − 〈B∇wY,w, ν〉
:=− I − II

(2.42)
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where

I =
∑

σ∈ArgN ,σ �=θ

〈Bσ
vw,∇wν〉 =

∑
σ∈ArgN ,σ �=θ

(SN
θσ)ν,Bσ

vw
(w)

= −
∑

σ∈ArgN ,σ �=θ

κσθ〈Bw,Φσ(Bσ
vw), ν〉 = −

∑
σ∈ArgN

κσθ〈Φσ(B
σ
vw), uσ〉

=
∑

σ∈ArgT

〈Bσ
vw,Φσ(uσ)〉

(2.43)

and

II =
∑

σ∈ArgT ,σ �=θ

〈∇wY, uσ〉 =
∑

σ∈ArgT ,σ �=θ

(Sθσ)vuσ
(w)

=
∑

σ∈ArgT ,σ �=θ

κσθ〈Bwv,Φσ(uσ)〉 =
∑

σ∈ArgT

κσθ〈Bσ
vw,Φσ(uσ)〉.

(2.44)

Here uσ := (Aνw)σ , and uθ = Bθ
vw = 0 is a direct corollary of Lemma 2.3. Substitut-

ing (2.43) and (2.44) into (2.42), we arrive at at (2.41).

2.4. Vanishing theorems. With the above lemmas, we can now derive vanish-
ing theorems for the second fundamental form of submanifolds with CJA.

Theorem 2.1. Let Mn be a submanifold of Rn+m with CJA relative to a fixed
m-plane Q0 (M need not be complete), then

(i) If gT = gN = 1, then M has to be an affine linear subspace;
(ii) If gT = 1, gN = 2, π/2 /∈ ArgT and M has parallel mean curvature, then M

is affine linear;
(iii) If gT = 2, gN = 1, π/2 /∈ ArgN , and M has parallel mean curvature, then M

is affine linear;
(iv) If gT = gN = 2, ArgN 	= {0, π/2}, and M is minimal, then M is affine

linear.

Remarks.

• Let S1 := {(x1, x2, x3) ∈ R3 : x2
1 + x2

2 = 1, x3 = 0} be a circle whose tangent
vectors are all orthogonal to the x3-axis, then S1 has CJA and ArgT = {π/2},
ArgN = {π/2, 0}. It is easy to check that S1 has parallel mean curvature.
Hence the condition ’π/2 /∈ ArgT ’ cannot be dropped in (ii).

• Let S := S1×R be a circular cylinder, whose normal vectors are all orthogonal
to the x3-axis, then S has CJA and ArgN = {π/2}, ArgT = {π/2, 0}. Its
mean curvature vector field is parallel along S. Hence the condition ’π/2 /∈
ArgN ’ cannot be dropped in (iii).

• Let S be a nonflat minimal surface in R3, then M := S × R is a minimal
submanifold in R3 ×R2 = R5. It is easily-seen that M has CJA relative to
Q0 := R2 (the second factor in the product R3 ×R2), and ArgN = ArgT =
{0, π/2}. Hence the condition ’ArgN 	= {0, π/2}’ cannot be dropped in (iv).

Proof. (i) Denote gT = gN = {θ}, then Lemma 2.2 and 2.3 tell us

〈Bvw, ν〉 = 0

for any v, w ∈ Tp,θM = TpM and ν ∈ Np,θM = NpM . Hence M is totally geodesic.
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(ii) As shown in Section 1, there exists θ0 	= 0, π/2, such that ArgT = {θ0},
ArgN = {0, θ0}.

By Lemma 2.6,

κθ00

(〈B0
vv, B

0
ww〉 − |B0

vw|2
)
= κθ00Rθ00(v, w, v, w)

=
∑

σ∈ArgN ,σ �=θ0

κθ0σRθ0σ(v, w, v, w) = 3
∑

σ∈ArgT ,σ �=θ0

κθ0σUθ0σ(v, w, v, w)

=0

(2.45)

for any v, w ∈ Tp,θ0M = TpM . In conjunction with κθ00 = sin 2θ0
cos 2θ0−1 	= 0, we have

〈B0
vv, B

0
ww〉 = |B0

vw|2. Substituting it into (2.23) implies

〈(∇vB)ww,Φθ0(v)〉 = (1/3)κθ00

(〈B0
vv, B

0
ww〉+ 2|B0

vw|2
)

= κθ00|B0
vw|2.

(2.46)

Let {e1, · · · , en} be an orthonormal basis of Tp,θ0M = TpM . Since M has parallel
mean curvature,

0 =

n∑
i=1

〈∇vH,Φθ0(v)〉 =
n∑

i=1

〈(∇vB)eiei ,Φθ0(v)〉 = κθ00

n∑
i=1

|B0
vei |2 (2.47)

which forces |B0
vei | = 0 for any 1 ≤ i ≤ n. Thus B0

vw = 0 for any v, w ∈ TpM . On the
other hand, Lemma 2.2 implies Bθ0

vw = 0. Therefore B ≡ 0 on M .

(iii) Denote ArgN = {θ0}, ArgT = {0, θ0} with θ0 	= 0, π/2. Again applying
Lemma 2.6 gives

κθ00Uθ00(v, w, v, w) = (1/3)
∑

σ∈ArgN ,σ �=θ0

κθ0σRθ0σ(v, w, v, w) = 0 (2.48)

i.e. Uθ0(v, w, v, w) = 0 for any v, w ∈ Tp,θ0M . This means

0 = 〈(AΦθ0
(v)v)0, (A

Φθ0
(w)w)0〉 − 〈(AΦθ0

(w)v)0, (A
Φθ0

(v)w)0〉
=

∣∣(AΦθ0
(v)w)0

∣∣2. (2.49)

Since Φθ0 : Tp,θ0M → Np,θ0M = NpM is an isomorphism, (Aνw)0 = 0 holds for every
ν ∈ NpM . On the other hand, (Aνw)θ0 = 0 is a direct corollary of Lemma 2.2. Thus
Aνw = 0 for every w ∈ Tp,θ0M .

Let {e1, · · · , emθ0
} be an orthonormal basis of Tp,θ0M , and {emθ0

+1, · · · , en} be
an orthonormal basis of Tp,0M . For any v ∈ Tp,θ0M , by (2.23) and (2.37),

〈(∇vB)eiei ,Φθ0(v)〉 =
{

0 if 1 ≤ i ≤ mθ0 ,

κθ00

∣∣(AΦθ0
(v)ei)0

∣∣2 if mθ0 + 1 ≤ i ≤ n.
(2.50)

Hence

0 = 〈∇vH,Φθ0(v)〉 =
n∑

i=1

〈(∇vB)eiei ,Φθ0(v)〉

=

n∑
i=mθ0

+1

κθ00

∣∣(AΦθ0
(v)ei)0

∣∣2
(2.51)
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and then (Aνei)0 = 0 for any ν ∈ NpM . On the other hand, 〈Aνei, v〉 = 〈Aνv, ei〉 = 0
holds for any v ∈ Tp,θ0M . Therefore Aνei = 0 for each mθ0 + 1 ≤ i ≤ n.

In summary, Aν ≡ 0 for any smooth section ν of NM and then M has to be
affine linear.

(iv) Denote ArgN = ArgT = {θ1, θ2}. Without loss of generality one can assume
θ1 ∈ (0, π/2). Let {e1, · · · , em} be an orthonormal basis of Tp,θ1M and {em+1, · · · , en}
be an orthonormal basis of Tp,θ2M . By Lemma 2.6, for any 1 ≤ i, j ≤ m,

〈Bθ2
eiei , B

θ2
ejej 〉 − |Bθ2

eiej |2 = Rθ1θ2(ei, ej , ei, ej)

=3 Uθ1θ2(ei, ej, ei, ej) = 3
∣∣(AΦθ1

(ej)ei)
∣∣2

i.e.

〈Bθ2
eiei , B

θ2
ejej 〉 = 3

∣∣(AΦθ1
(ej)ei)

∣∣2 + |Bθ2
eiej |2. (2.52)

On the other hand, Lemma 2.2 and Lemma 2.3 tell us Bθ2
eiej = 0 for every m + 1 ≤

i, j ≤ n. Since M is a minimal submanifold,

0 = |Hθ2 |2 =
∣∣ n∑
i=1

Bθ2
eiei

∣∣2

=
∣∣ m∑
i=1

Bθ2
eiei |2 =

m∑
i,j=1

〈Bθ2
eiei , B

θ2
ejej 〉

=

m∑
i,j=1

(
3|(AΦθ1

(ej)ei)θ2 |2 + |Bθ2
eiej |2

)
.

(2.53)

Hence (AΦθ1
(ej)ei)θ2 = Bθ2

eiej = 0 for all 1 ≤ i, j ≤ m. In other words, Bθ2
v1v2 = 0 for

any v1, v2 ∈ Tp,θ1M , and Bθ1
vw = 0 for any v ∈ Tp,θ1M and w ∈ Tp,θ2M , which follows

from the Weingarten equations.
If θ2 ∈ (0, π/2), then similarly one can deduce that Bθ1

w1w2
= 0 for any w1, w2 ∈

Tp,θ2M and Bθ2
vw = 0 for any v ∈ Tp,θ1M and w ∈ Tp,θ2M . In conjunction with

Bθ1
v1v2 = 0 for any v1, v2 ∈ Tp,θ1M and Bθ2

w1w2
= 0 for any w1, w2 ∈ Tp,θ2M , we have

B ≡ 0 on M and M has to be totally geodesic.
If θ2 = 0 or π/2, then (2.23) implies

〈(∇vB)eiei ,Φθ1(v)〉 = (1/3)κθ1θ2

(〈Bθ2
eiei , B

θ2
vv〉+ 2|Bθ2

eiv|2
)
= 0 (2.54)

for any v ∈ Tp,θ1M and each 1 ≤ i ≤ m. Since Uθ1θ2(v1, v2, v1, v2) = 0 for any
v1, v2 ∈ Tp,θ1M , (2.37) tells us

〈(∇vB)eiei ,Φθ1(v)〉 = κθ1θ2 |Bθ2
vei |2 + κθ1θ2 |(AΦθ1

(v)ei)θ2 |2, (2.55)

for each m+ 1 ≤ i ≤ n. Thus

0 = 〈∇vH,Φθ(v)〉 =
n∑

i=1

〈(∇vB)eiei ,Φθ(v)〉

=
n∑

i=m+1

κθ1θ2

(
|Bθ2

vei |2 + |(AΦθ1
(v)ei)θ2 |2

)
,

(2.56)
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which forces Bθ2
vei = (AΦθ1

(v)ei)θ2 = 0 for each m + 1 ≤ i ≤ n. In other words,
Bθ2

vw = 0 for any v ∈ Tp,θ1M and w ∈ Tp,θ2M , and Bθ1
w1w2

= 0 for any w1, w2 ∈ Tp,θ2M .
Therefore B ≡ 0 on M and M has to be affine linear.

Let f : D ⊂ Rn → Rm be a smooth vector-valued function, then for any p ∈
M := graph f , any Jordan angle between NpM and the coordinate m-plane takes
values in [0, π/2) (see [32]). Hence Theorem 2.1 implies Theorem 1.1 mentioned in
§1.3.

3. Coassociative submanifolds with CJA.

3.1. Associative subspace of Im O. Let O denote the octonions, which is an
8-dimensional normed algebra over R with multiplicative unit 1. More precisely, O
is equipped with an inner product 〈·, ·〉, whose associated norm | · | satisfies

|xy| = |x||y| (3.1)

for any x, y ∈ O. Denote by Re O the 1-dimensional subspace spanned by 1, and
by Im O the orthogonal complement of Re O. Then every x ∈ O has a unique
decomposition

x = Re x+ Im x

with Re x ∈ Re O, Im x ∈ Im O. The conjugation of x is defined by

x̄ = Re x− Im x. (3.2)

For w ∈ O, let Rw (Lw) denote the linear operator of right (left) multiplication by
w, respectively. With the aid of (3.1) and (3.2), one can easily deduce the following
fundamental formulas (see Appendix IV.A of [16]):

〈Rwx,Rwy〉 = 〈x, y〉|w|2, 〈Lwx, Lwy〉 = 〈x, y〉|w|2, (3.3)

〈x,Rwy〉 = 〈Rw̄x, y〉, 〈x, Lwy〉 = 〈Lw̄x, y〉, (3.4)

¯̄x = x, xy = ȳx̄, xx̄ = |x|2, 〈x, y〉 = Re xȳ. (3.5)

Let P be a 3-dimensional real subspace of Im O, if A := Re O⊕P is a quarternion
subalgebra of O (i.e. A is isomorphic to H), then P is said to be associative.

Lemma 3.1. Let P be an associative subspace of Im O and x, y be unit elements
in P that are orthogonal to each other, then {x, y, z := xy} is an orthonormal basis
of P , and

xy = −yx = z, yz = −zy = x, zx = −xz = y. (3.6)

Conversely, if {x, y, z} is an orthonormal basis of an associative subspace P , then
z = xy or −xy.

Proof. Since Re O⊕P is a subalgebra of O, xy ∈ Re O⊕P . By (3.2) and (3.5),

Re (xy) = −Re (xȳ) = −〈x, y〉 = 0,
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i.e. xy ∈ P . Applying (3.3) and (3.1) gives

〈xy, x〉 = 〈Lxy, Lx1〉 = 〈y, 1〉|x|2 = 0,

〈xy, y〉 = 〈Ryx,Ry1〉 = 〈x, 1〉|y|2 = 0,

|xy| = |x||y| = 1.

Hence {x, y, z := xy} is an orthonormal basis of P .
Similarly, one can show yx is also a unit element in P orthogonal to span{x, y},

hence yx = z or −z. If yx = z, then

(x+ y)(x− y) = x2 − y2 + yx− xy

=− xx̄+ yȳ + z − z = −|x|2 + |y|2
=0.

(3.7)

On the other hand, since x and y are linearly independent, x + y, x − y 	= 0 and it
follows from (3.1) that |(x + y)(x− y)| = |x+ y||x− y| 	= 0, which contradicts (3.7).
Hence yx = −z and it follows that

yz =y(−yx) = −y2x
=yȳx = |y|2x = x.

Similarly one can prove zy = −x and zx = −xz = y.
Conversely, if {x, y, z} is an orthonormal basis of P , then z and xy are both unit

elements orthogonal to span{x, y}, which implies z = xy or −xy.
Lemma 3.2. Let A be a quarternion subalgebra of O, ε ∈ A⊥ with |ε| = 1, then

Aε⊥A, O = A⊕Aε and

(x+ yε)(v + wε) = (xv − w̄y) + (wx + yv̄)ε (3.8)

for any x, y, v, w ∈ A.

Proof. The lemma immediately follows from Lemma A.8 in [16].

3.2. Jordan angles between associative subspaces. Now we explore the
Jordan angles between an associative subspace P and Im H.

Case I. 0 ∈ Arg(P, Im H) and m0 ≥ 2. This means there exist 2 unit elements
a, b ∈ P ∩ Im H that are orthogonal to each other, then it follows from Lemma
3.1 that {a, b, ab} is an orthonormal basis of P ∩ Im H. Hence P = Im H and
Arg(P, Im H) = {0}.

Case II. π/2 ∈ Arg(P, Im H) and mπ/2 ≥ 2. Then there exists 2 unit elements

ae, be ∈ P ∩ (Im H)⊥ = P ∩ He that are orthogonal to each other. By Lemma
3.1, (ae)(be) = −b̄a is a unit vector in P , and −b̄a ∈ H ∩ Im O = Im H. Hence
Arg(P, Im H) = {0, π/2}, m0 = 1, mπ/2 = 2, and P is spanned by ae, be and −b̄a,
which are the angle directions of P relative to Im H.

Case III. m0 ≤ 1 and mπ/2 ≤ 1. (Note that m0 = 0 (mπ/2 = 0) means 0 /∈
Arg(P, Im H) ( π/2 /∈ Arg(P, Im H)), respectively.) First, we claim m0 +mπ/2 ≤ 1.
If not, there exist unit elements a ∈ P ∩ Im H and be ∈ P ∩He; by Lemma 3.1, P is
spanned by a, be and a(be) = (ba)e ∈ He; hence mπ/2 = 2, contradicting mπ/2 ≤ 1.

Hence there exist mutually orthogonal elements x1, x2 ∈ P that are unit an-
gle directions of P relative to Im H associated to θ1, θ2 ∈ Arg(P, Im H) ∩ (0, π/2),
respectively. More precisely,

(P ◦ P0)xα = cos2 θαxα ∀α = 1, 2. (3.9)
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Here P0 denotes the orthogonal projection of Im O onto Im H and P denotes the or-
thogonal projection of Im O onto P . As in Section 1, we denote by P⊥

0 the orthogonal
projection of Im O onto He = (Im H)⊥, then

xα = P0xα + P⊥
0 xα

= cos θαaα + sin θαyα
(3.10)

with aα := sec θα P0xα ∈ Im H and yα := csc θα P⊥xα ∈ He, satisfying |aα| = |yα| =
1 for each α = 1, 2. Let ε be the unique element in O satisfying y1 = a1ε, then for
every c ∈ H,

〈ε, c〉 = 〈La1
ε, La1

c〉 = 〈a1ε, a1c〉
= 〈y1, a1c〉 = 0,

which implies ε ∈ He. And |ε| = 1 directly follows from y1 = a1ε and |y1| = |a1| = 1.
Similarly, one can prove that there exists a unique b ∈ H which satisfies y2 = bε, and
moreover |b| = 1.

Let x3 := x1x2, then Lemma 3.2 enables us to obtain

x3 =(cos θ1a1 + sin θ1a1ε)(cos θ2a2 + sin θ2bε)

=(cos θ1 cos θ2a1a2 − sin θ1 sin θ2b̄a1)

+ (cos θ1 sin θ2ba1 + sin θ1 cos θ2a1ā2)ε.

(3.11)

By Lemma 3.1, {x1, x2, x3} is an orthonormal basis of P , thus for each α = 1, 2,

0 = cos2 θα〈xα, x3〉 = 〈(P ◦ P0)xα, x3〉
= 〈P0xα, x3〉 = 〈P0xα,P0x3〉.

(3.12)

When α = 1, the above equation gives

0 = 〈P0x1,P0x3〉 = 〈cos θ1a1, cos θ1 cos θ2a1a2 − sin θ1 sin θ2b̄a1〉
= cos2 θ1 cos θ2〈a1, a1a2〉 − cos θ1 sin θ1 sin θ2〈a1, b̄a1〉
= cos2 θ1 cos θ2〈1, a2〉 − cos θ1 sin θ1 sin θ2〈1, b̄〉
= − cos θ1 sin θ1 sin θ2〈b̄, 1〉.

In conjunction with θ1, θ2 ∈ (0, π/2) we have 〈b̄, 1〉 = 0, therefore b ∈ Im H. Letting
α = 2 in (3.12) yields

0 = 〈P0x2,P0x3〉 = 〈cos θ2a2, cos θ1 cos θ2a1a2 − sin θ1 sin θ2b̄a1〉
= cos θ1 cos

2 θ2〈a2, a1a2〉 − cos θ2 sin θ1 sin θ2〈a2, b̄a1〉
= − cos θ2 sin θ1 sin θ2〈a2, b̄a1〉

and moreover

0 = 〈a2, b̄a1〉 = 〈a2, Ra1
b̄〉 = 〈Rā1

a2, b̄〉
= 〈a2ā1, b̄〉 = 〈−a2a1,−b〉 = 〈a2a1, b〉.

Observing that a1, a2 and a2a1 form an orthonormal basis of Im H, we have b ∈
span{a1, a2}.
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By the definition of angle directions,

〈P⊥
0 x1,P⊥

0 x2〉 = 〈P⊥
0 x1, x2〉 = 〈(P ◦ P⊥

0 )x1, x2〉
=〈P(x1 − P0x1), x2〉 = 〈x1, x2〉 − 〈(P ◦ P0)x1, x2〉
=〈x1, x2〉 − cos2 θ1〈x1, x2〉 = 0,

(3.13)

which implies

0 = 〈sin θ1y1, sin θ2y2〉 = sin θ1 sin θ2〈a1ε, bε〉
= sin θ1 sin θ2〈a1, b〉

i.e. 〈a1, b〉 = 0. Therefore b = a2 or −a2.
If b = a2, then (3.11) shows

x3 = (cos θ1 cos θ2a1a2 − sin θ1 sin θ2ā2a1) + (cos θ1 sin θ2a2a1 + sin θ1 cos θ2a1ā2)ε

= (cos θ1 cos θ2 − sin θ1 sin θ2)a3 − (cos θ1 sin θ2 + sin θ1 cos θ2)a3ε

= cos(θ1 + θ2)a3 − sin(θ1 + θ2)a3ε.
(3.14)

Noting that x3 is also an angle direction of P relative to Im H, θ3 := arccos | cos(θ1 +
θ2)| ∈ Arg(P, Im H). In other words,

θ3 =

{
θ1 + θ2 if θ1 + θ2 ≤ π/2,

π − (θ1 + θ2) if θ1 + θ2 > π/2.

Otherwise, b = −a2 and (3.11) gives

x3 =(cos θ1 cos θ2a1a2 − sin θ1 sin θ2(−ā2)a1)
+ (cos θ1 sin θ2(−a2a1) + sin θ1 cos θ2a1ā2)ε

=(cos θ1 cos θ2 + sin θ1 sin θ2)a3 − (− cos θ1 sin θ2 + sin θ1 cos θ2)a3ε

=cos(θ1 − θ2)a3 − sin(θ1 − θ2)a3ε,

(3.15)

which implies θ3 := arccos | cos(θ1 − θ2)| = |θ1 − θ2| ∈ Arg(P, Im H). Without loss of
generality, one can assume θ1 ≥ θ2, then θ3 = θ1 − θ2. Now we put

θ′1 := θ2, θ′2 := θ3, θ′3 := θ1,

a′1 := a2, a′2 := a3, a′3 := a1,

x′
1 := x2, x′

2 := x3, x′
3 := x1

and ε′ := −ε, then
x′
1 = cos θ′1a

′
1 + sin θ′1a

′
1ε

′,

x′
2 = cos θ′2a

′
2 + sin θ′2a

′
2ε

′,

x′
3 = cos θ′3a

′
3 − sin θ′3a

′
3ε

′,

(3.16)

which satisfy θ′3 = θ′1 + θ′2, a
′
3 = a′1a

′
2 and x′

3 = x′
1x

′
2.

Altogether, we have shown

Proposition 3.1. Let P be an associative subspace of Im O, and 0 ≤ θ1 ≤ θ2 ≤
θ3 ≤ π/2 be the Jordan angles between P and Im H, then

θ3 =

{
θ1 + θ2 if θ1 + θ2 ≤ π/2,

π − (θ1 + θ2) if θ1 + θ2 > π/2.
(3.17)
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Moreover, there exist an orthonormal basis {a1, a2, a3} of Im H satisfying a3 = a1a2,
and a unit element ε ∈ He, such that

x1 := cos θ1a1 + sin θ1a1ε,

x2 := cos θ2a2 + sin θ2a2ε,

x3 := cos(θ1 + θ2)a3 − sin(θ1 + θ2)a3ε

(3.18)

are unit angle directions of P relative to Im H, and x3 = x1x2.

3.3. On the second fundamental form of coassociative submanifolds.

Let M be a 4-dimensional submanifold in Im O. If the normal space at every point of
M is associative, then we call M a coassociative submanifold (see [16]). Let p be an
arbitrary point of M , denote by 0 ≤ θ1 ≤ θ2 ≤ θ3 ≤ π/2 the Jordan angles between
NpM (an associative subspace) and Im H, then by Proposition 3.1,

θ3 =

{
θ1 + θ2 if θ1 + θ2 ≤ π/2,

π − (θ1 + θ2) if θ1 + θ2 > π/2.
(3.19)

Denote {a1, a2, a3} to be the orthonormal basis of Im H satisfying a3 = a1a2 and ε
to be the unit element in He, such that

ν1 := cos θ1a1 + sin θ1a1ε,

ν2 := cos θ2a2 + sin θ2a2ε,

ν3 := cos(θ1 + θ2)a3 − sin(θ1 + θ2)a3ε

(3.20)

are all unit angle directions of NpM relative to Im H, and ν3 = ν1ν2. Denote

e1 := −ν1ε = sin θ1a1 − cos θ1a1ε,

e2 := −ν2ε = sin θ2a2 − cos θ2a2ε,

e3 := −ν3ε = − sin(θ1 + θ2)a3 − cos(θ1 + θ2)a3ε,

e4 := ε,

(3.21)

then it is easy to check that 〈ei, να〉 = 0 and 〈ei, ej〉 = δij for each 1 ≤ i, j ≤ 4 and 1 ≤
α ≤ 3. Hence {e1, e2, e3, e4} is an orthonormal basis of TpM . Whenever θα ∈ (0, π/2),
let Φp,θα denote the isometric automorphism of Rp,θαM := Np,θαM ⊕ Tp,θαM as in
§1.1, then it follows from (1.9) that

sec θ1P⊥
0 e1 = cos θ1e1 − sin θ1Φp,θ1(e1).

Hence

Φp,θ1(e1) = cot θ1e1 − sec θ1 csc θ1P⊥
0 e1

= cot θ1(sin θ1a1 − cos θ1a1ε)− sec θ1 csc θ1(− cos θ1a1ε)

= cos θ1a1 + sin θ1a1ε

= ν1

and similarly Φp,θ2(e2) = ν2; in conjunction with (3.19),

Φp,θ3(e3) = cot θ3e3 − sec θ3 csc θ3P⊥
0 e3

= − cos θ3a3 + sgn
(
cos(θ1 + θ2)

)
sin θ3a3ε

=

{ −ν3 if θ1 + θ2 < π/2,
ν3 if θ1 + θ2 > π/2.
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In summary we get a proposition as follows.

Proposition 3.2. Let M be a coassociative submanifold in Im O, p ∈ M and
0 ≤ θ1 ≤ θ2 ≤ θ3 ≤ π/2 be the Jordan angles between NpM and Im H, then there exist
an orthonormal basis {ν1, ν2, ν3} of NpM and an orthonormal basis {e1, e2, e3, e4} of
TpM , such that

(i) For each 1 ≤ α ≤ 3, να (eα) is an angle direction of NpM (TpM) relative to
Im H (or He), corresponding to the Jordan angle θα;

(ii) e4 ∈ He;
(iii) eα = −ναe4 for each 1 ≤ α ≤ 3;
(iv) Φp,θα(eα) = να for any 1 ≤ α ≤ 2 satisfying θα ∈ (0, π/2);

(v) Φp,θ3(e3) =

⎧⎨
⎩
−ν3 if θ1 + θ2 < π/2,
ν3 if θ1 + θ2 > π/2,
0 if θ1 + θ2 = π/2.

Remark. Here we additionally define Φp,0 = Φp,π/2 = 0, as in §2.2.
Now we extend {ν1, ν2, ν3} as an orthonormal normal frame field on U , a neigh-

borhood of p, such that ∇vνα = 0 for every v ∈ TpM . Lemma 3.1 implies
ν3(q) = ν1(q)ν2(q) or −ν1(q)ν2(q) for an arbitrary q ∈ U . Due to the continuity,
ν3 = ν1ν2 on U and differentiating both sides with respect to ei ∈ TpM gives

−h3,ijej = ∇eiν3 = ∇ei(ν1ν2)

= (∇eiν1)ν2 + ν1(∇eiν2)

= −h1,ijejν2 − h2,ijν1ej,

i.e.

h3,ijej = h1,ijejν2 + h2,ijν1ej . (3.22)

With the aid of Lemma 3.1, Lemma 3.2 and Proposition 3.2, a straightforward calcu-
lation shows

LHS of (3.22) = h3,iαeα + h3,i4e4

= −h3,iαναe4 + h3,i4e4
(3.23)

and

RHS of (3.22) =h1,iαeαν2 + h1,i4e4ν2 + h2,iαν1eα + h2,i4ν1e4

=− h1,iα(ναe4)ν2 − h1,i4ν2e4 − h2,iαν1(ναe4) + h2,i4ν1e4

=h1,iα(ναν2)e4 − h1,i4ν2e4 − h2,iα(ναν1)e4 + h2,i4ν1e4

=h1,i1ν3e4 − h1,i2e4 − h1,i3ν1e4 − h1,i4ν2e4

+ h2,i1e4 + h2,i2ν3e4 − h2,i3ν2e4 + h2,i4ν1e4

=(−h1,i2 + h2,i1)e4 + (−h1,i3 + h2,i4)ν1e4

+ (−h1,i4 − h2,i3)ν2e4 + (h1,i1 + h2,i2)ν3e4.

(3.24)

Comparing with (3.23) and (3.24), we arrive at the following conclusion.

Proposition 3.3. Let M be a coassociative submanifold in Im O, p ∈ M . Let
{ei : 1 ≤ i ≤ 4} and {να : 1 ≤ α ≤ 3} be as in Proposition 3.2. Then for each
1 ≤ i ≤ 4,

h3,i1 = h1,i3 − h2,i4, (3.25)
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h3,i2 = h1,i4 + h2,i3, (3.26)

h3,i3 = −h1,i1 − h2,i2, (3.27)

h3,i4 = −h1,i2 + h2,i1. (3.28)

Here {hα
ij := 〈Beiej , να〉(p) : 1 ≤ i, j ≤ 4, 1 ≤ α ≤ 3} are the coefficients of the second

fundamental form at p.

3.4. The characterization of the Lawson-Osserman cone. Now we addi-
tionaly assume M has CJA relative to Im H. Let p0 ∈M , 0 ≤ θ1 ≤ θ2 ≤ θ3 ≤ π/2 be
the Jordan angles between Np0

M and Im H, {ν1, ν2, ν3} be the orthonormal basis of
Np0

M and {e1, e2, e3, e4} be the orthonormal basis of Tp0
M , satisfying the properties

in Proposition 3.2. Then (2.6) and Lemma 2.3 implies

hα,αi = 0 ∀1 ≤ α ≤ 3, 1 ≤ i ≤ 4 (3.29)

and substituting it into (3.25)-(3.28) gives

h1,23 = h2,31 = h3,12; (3.30)

h1,22 = −h3,24, h1,33 = h2,34, h1,44 = −h2,34 + h3,24; (3.31)

h2,33 = −h1,34, h2,11 = h3,14, h2,44 = −h3,14 + h1,34; (3.32)

h3,11 = −h2,14, h3,22 = h1,24, h3,44 = −h1,24 + h2,14. (3.33)

Furthermore, applying Lemma 2.6 and 2.7 yields the following propositions.

Proposition 3.4. Let M be a coassociative submanifold in Im O, with CJA
relative to Im H. If gN ≤ 2, π/2 /∈ ArgN and ArgN 	= {arccos(√6/6), arccos(2/3)},
then M has to be affine linear.

Proof. Let p0 be an arbitrary point in M , and the notations θα, να, ei, hα,ij are
same as above.

Case I. θ1 = 0 and θ2 = θ3 < π/2. Then gT = gN ≤ 2 and the equality holds
if and only if θ2 	= 0. It is well-known that coassociative submanfolds are absolutely
area-minimizing (see [16] §IV.2.B). By Theorem 2.1, M has to be an open set of an
affine 4-plane.

Case II. θ1 = θ2 ∈ (0, π/4) ∪ (π/4, π/3) and θ3 =

{
2θ1 if θ1 < π/4,

π − 2θ1 if θ1 > π/4.

Denote θ := θ1, then ArgN = {θ, θ3}, ArgT = {0, θ, θ3}; Tp0,θM = span{e1, e2} and
Np0,θM = span{ν1, ν2} with να = Φθ(eα) for each 1 ≤ α ≤ 2; Tp0,θ3M = span{e3},
Np0,θ3M = span{ν3} and

Φθ3(e3) =

{
ν3 if θ1 > π/4,
−ν3 if θ1 < π/4;

Tp0,0 = span{e4}. Lemma 2.2 implies

h1,22 = h2,11 = 0. (3.34)

Substituting the above equation into (3.31) and (3.32), we get

h3,24 = h3,14 = 0. (3.35)
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Applying Lemma 2.1 gives

0 = h1,23 + h2,13 = h1,24 + h2,14. (3.36)

In conjunction with (3.30), we have

h1,23 = h2,31 = h3,12 = 0. (3.37)

Let Rθσ and Uθσ be tensors of type (4, 0), defined in (2.19) and (2.21), respectively.
Then

Rθθ3(e1, e2, e1, e2) = 〈Bθ3
e1e1 , B

θ3
e2e2〉 − 〈Bθ3

e1e2 , B
θ3
e2e1〉

= h3,11h3,22 − h3,12h3,21

= −h2,14h1,24 = h2
1,24,

(3.38)

Uθθ3(e1, e2, e1, e2)

=〈(AΦθ(e1)e1)θ3 , (A
Φθ(e2)e2)θ3〉 − 〈(AΦθ(e2)e1)θ3 , (A

Φθ(e1)e2)θ3〉
=〈Aν1e1, e3〉〈Aν2e2, e3〉 − 〈Aν2e1, e3〉〈Aν1e2, e3〉
=h1,13h2,23 − h2,13h1,23 = 0

(3.39)

and

Uθ0(e1, e2, e1, e2)

=〈(AΦθ(e1)e1)0, (A
Φθ(e2)e2)0〉 − 〈(AΦθ(e2)e1)0, (A

Φθ(e1)e2)0〉
=〈Aν1e1, e4〉〈Aν2e2, e4〉 − 〈Aν2e1, e4〉〈Aν1e2, e4〉
=h1,14h2,24 − h2,14h1,24 = h2

1,24.

(3.40)

By (2.22),

0 =
∑

σ∈ArgN ,σ �=θ

κθσRθσ(e1, e2, e1, e2)− 3
∑

σ∈ArgT ,σ �=θ

κθσUθσ(e1, e2, e1, e2)

= κθθ3Rθθ3(e1, e2, e1, e2)− 3κθθ3Uθθ3(e1, e2, e1, e2)− 3κθ0Uθ0(e1, e2, e1, e2)

= (κθθ3 − 3κθ0)h
2
1,24

where

κθθ3 − 3κθ0 =
sin 2θ

cos 2θ − cos 2θ3
− 3 sin 2θ

cos 2θ − 1

=
sin 2θ

cos 2θ − cos 4θ
+

3 sin 2θ

1− cos 2θ
=

2 cos θ sin θ

2 sin 3θ sin θ
+

6 cos θ sin θ

2 sin2 θ

=
cos θ(sin θ + 3 sin 3θ)

sin 3θ sin θ
> 0.

Hence h1,24 = 0 and moreover

h3,22 = h1,24 = 0, h3,11 = −h2,14 = h1,24 = 0, h3,44 = −h1,24 + h2,14 = 0. (3.41)

In conjunction with (3.29), (3.35) and (3.37), we obtain

Aν3 = 0. (3.42)
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Putting v = w = e3 in (2.23) gives

〈(∇e3B)e3e3 ,Φθ3(e3)〉 =(1/3)κθ3θ

(〈Bθ
e3e3 , B

θ
e3e3〉+ 2|Bθ

e3e3 |2
)

− 2κθθ3〈Bθ
e3e3 ,Φθ(A

Φθ3
(e3)e3)〉

=κθ3θ|Bθ
e3e3 |2 = κθ3θ(h

2
1,33 + h2

2,33)

=κθ3θ(h
2
2,34 + h2

1,34)

(3.43)

(where we have used (3.42), (3.31) and (3.32)). By Lemma 2.7,

〈(∇e3B)e4e4 ,Φθ3(e3)〉
=− 2κθθ3〈Bθ

e3e4 ,Φθ(A
Φθ3

(e3)e4)θ〉
+ κθ3θ|Bθ

e3e4 |2 + κθ3θ|(AΦθ3
(e3)e4)θ|2 + κθ30|(AΦθ3

(e3)e4)0|2
=κθ3θ(h

2
1,34 + h2

2,34),

(3.44)

〈(∇e3B)e1e1 ,Φθ3(e3)〉
=− 2κθθ3〈Bθ

e3e1 ,Φθ(A
Φθ3

(e3)e1)θ〉
+ κθ3θ|Bθ

e3e1 |2 + κθ3θ|(AΦθ3
(e3)e1)θ|2 + κθ30|(AΦθ3

(e3)e1)0|2
=κθ3θ(h

2
1,31 + h2

2,31) = 0

(3.45)

and similarly

〈(∇e3B)e2e2 ,Φθ3(e3)〉 = 0. (3.46)

Combining (3.43)-(3.46) gives

0 = 〈∇e3H,Φθ3(e3)〉 =
4∑

i=1

〈(∇e3B)eiei ,Φθ3(e3)〉

= 2κθ3θ(h
2
1,34 + h2

2,34),

which forces h1,34 = h2,34 = 0 (since κθ3θ = sin 2θ3
cos 2θ3−cos 2θ 	= 0) and moreover

h1,33 = h2,34 = 0, h1,44 = −h2,34 + h3,24 = 0;

h2,33 = −h1,34 = 0, h2,44 = −h3,14 + h1,34 = 0.
(3.47)

In conjunction with (3.29), (3.34), (3.37), (3.41) and (3.42), we have B(p0) = 0. The
arbitrariness of p0 implies B ≡ 0, i.e. M is totally geodesic.

Case III. θ1 = θ2 = θ3 = π/3. Then gN = 1, gT = 2 and Theorem 2.1 implies
M is affine linear.

Case IV. θ2 = θ3 ∈ (π/3, arccos(
√
6/6))∪ (arccos(

√
6/6), π/2) and θ1 = π− 2θ2.

Denote θ := θ2, then ArgN = {θ, θ1}, ArgT = {0, θ, θ1}; Tp0,θM = span{e2, e3} and
Np0,θM = span{ν2, ν3} with να = Φθ(eα) for each 2 ≤ α ≤ 3; Tp0,θ1M = span{e1}
and Np0,θ1M = span{ν1} with ν1 = Φθ1(e1); Tp0,0M = span{e4}. Applying Lemma
2.1 and 2.2 gives

h2,33 = h3,22 = 0, 0 = h2,31 + h3,21 = h2,34 + h3,24. (3.48)

Substituting the above equations into (3.30)-(3.33) yields

h1,23 = h2,31 = h3,12 = 0; (3.49)
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h1,22 = −h3,24 = h2,34 = h1,33, h1,44 = −2h2,34; (3.50)

h1,34 = 0, h2,11 = h3,14 = −h2,44; (3.51)

h1,24 = 0, h3,11 = −h2,14 = −h3,44. (3.52)

A straightforward calculation shows

Rθθ1(e2, e3, e2, e3) = 〈Bθ1
e2e2 , B

θ1
e3e3〉 − 〈Bθ1

e2e3 , B
θ1
e3e2〉

= h1,22h1,33 − h1,23h1,32 = h2
2,34,

(3.53)

Uθθ1(e2, e3, e2, e3)

=〈(AΦθ(e2)e2)θ1 , A
Φθ(e3)e3)θ1〉 − 〈AΦθ(e3)e2)θ1 , A

Φθ(e2)e3)θ1〉
=h2,21h3,31 − h3,21h2,31 = 0,

(3.54)

Uθ0(e2, e3, e2, e3)

=〈AΦθ(e2)e2)0, A
Φθ(e3)e3)0〉 − 〈AΦθ(e3)e2)0, A

Φθ(e2)e3)0〉
=h2,24h3,34 − h3,24h2,34 = h2

2,34,

(3.55)

and then Lemma 2.6 implies

0 =
∑

σ∈ArgN ,σ �=0

κθσRθσ(e2, e3, e2, e3)− 3
∑

σ∈ArgT ,σ �=θ

κθσUθσ(e2, e3, e2, e3)

= κθθ1Rθθ1(e2, e3, e2, e3)− 3κθθ1Uθθ1(e2, e3, e2, e3)− 3κθ0Uθ0(e2, e3, e2, e3)

= (κθθ1 − 3κθ0)h
2
2,34,

(3.56)

where

κθθ1 − 3κθ0 =
sin 2θ

cos 2θ − cos 2θ1
− 3 sin 2θ

cos 2θ − 1

=
sin 2θ

cos 2θ − cos 4θ
+

3 sin 2θ

1− cos 2θ
=

cos θ(sin θ + 3 sin 3θ)

sin 3θ sin θ

=
2 cos θ(5− 6 sin2 θ)

sin 3θ
.

(3.57)

Since θ 	= arccos(
√
6/6), sin2 θ 	= 5/6 and then κθθ1 − 3κθ0 	= 0. Hence h2,34 = 0 and

moreover

h1,22 = h1,33 = h1,44 = h3,24 = h2,34 = 0. (3.58)

In conjunction with (3.29), (3.49), (3.51) and (3.52), we have Aν1 = 0. With the aid
of Lemma 2.7, one can then proceed as in Case II to deduce that B(p0) = 0. Since
p0 is arbitrary, M has to be affine linear.

Proposition 3.5. Let M be a coassociative submanifold of Im O. Assume M
has CJA relative to Im H, and ArgN = {arccos(√6/6), arccos(2/3)}, then either M
is affine linear, or there exists a0 ∈ Sp1, such that M is a translate of an open subset
of M(a0). Here M(a0) denotes the Lawson-Osserman cone, see (1.2).

Proof. Let θ1 := arccos(2/3), θ2 = θ3 := arccos(
√
6/6) and θ := θ2. For an

arbitrary point p0 ∈M , let {e1, e2, e3, e4} be an orthonormal tangent frame field and
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{ν1, ν2, ν3} be an orthonormal normal frame field on U , a neighborhood of p0, such
that for any p ∈ M , ei(p) and να(p) satisfy the properties in Proposition 3.2. In
particular, να = Φα(eα) for each 1 ≤ α ≤ 3. With the aid of Lemma 2.1, Lemma 2.2
and Proposition 3.3, one can proceed as above to get some pointwise relations between
the coefficients of the second fundamental form, see (3.29), (3.48)-(3.52). Denote

h := h1,22, (3.59)

then h can be seen as a smooth function on U , and

h1,33 = h2,34 = h, h3,24 = −h, h1,44 = −2h. (3.60)

Step I. Prove

h2,11 = h3,11 = h2,14 = h3,14 = h2,44 = h3,44 = 0. (3.61)

By (2.23),

〈(∇e1B)e1e1 ,Φθ1(e1)〉 =(1/3)κθ1θ

(〈Bθ
e1e1 , B

θ
e1e1〉+ 2|Bθ

e1e1 |2
)

− 2κθθ1〈Bθ
e1e1 ,Φθ(A

Φθ1
(e1)e1)〉

=κθ1θ(h
2
2,11 + h2

3,11).

(3.62)

Applying Lemma 2.7, we have

〈(∇e1B)e4e4 ,Φθ1(e1)〉
=− 2κθθ1〈Bθ

e1e4 ,Φθ(A
Φθ1 e4)θ〉

+ κθ1θ|Bθ
e1e4 |2 + κθ1θ|(AΦθ1

(e1)e4)θ|2 + κθ10|(AΦθ1
(e1)e4)0|2

=− 2κθθ1(h2,14h1,42 + h3,14h1,43)

+ κθ1θ(h
2
2,14 + h2

3,14) + κθ1θ(h
2
1,42 + h2

1,43) + κθ10h
2
1,44

=κθ1θ(h
2
2,14 + h2

3,14) + 4κθ10h
2,

(3.63)

〈(∇e1B)e2e2 ,Φθ1(e1)〉
=− 2κθθ1〈Bθ

e1e2 ,Φθ(A
Φθ1 e2)θ〉

+ κθ1θ|Bθ
e1e2 |2 + κθ1θ|(AΦθ1

(e1)e2)θ|2 + κθ10|(AΦθ1
(e1)e2)0|2

=− 2κθθ1(h2,12h1,22 + h3,12h1,23)

+ κθ1θ(h
2
2,12 + h2

3,12) + κθ1θ(h
2
1,22 + h2

1,23) + κθ10h
2
1,24

=κθ1θh
2
1,22 = κθ1θh

2

(3.64)

and similarly

〈(∇e1B)e3e3 ,Φθ1(e1)〉 = κθ1θh
2
1,33 = κθ1θh

2. (3.65)

Adding (3.62)-(3.65) gives

0 = 〈∇e1H,Φθ1(e1)〉 =
4∑

i=1

〈(∇e1B)eiei ,Φθ1(e1)〉

= κθ1θ(h
2
2,11 + h2

3,11 + h2
2,14 + h2

3,14) + 2(2κθ10 + κθ1θ)h
2,
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where

2κθ10 + κθ1θ =
2 sin 2θ1

cos 2θ1 − 1
+

sin 2θ1
cos 2θ1 − cos 2θ

=
2 sin 2θ1

cos 2θ1 − 1
+

sin 2θ1
cos 2θ1 + cos θ1

=
sin 2θ1

[
2(cos 2θ1 + cos θ1) + cos 2θ1 − 1

]
(cos 2θ1 − 1)(cos 2θ1 + cos θ1)

=
2 sin 2θ1(3 cos θ1 − 2)(cos θ1 + 1)

(cos 2θ1 − 1)(cos 2θ1 + cos θ1)
= 0.

(3.66)

Hence h2,11 = h3,11 = h2,14 = h3,14 = 0 and substituting it into (3.51)-(3.52) implies
h2,44 = h3,44 = 0.

Step II. Calculation of the connection coefficients.
Denote

Γk
ij := 〈∇eiej , ek〉, Γ̄β

iα := 〈∇eiνα, νβ〉. (3.67)

Then differentiating both sides of 〈ei, ek〉 = δjk with respect to ei gives Γ
k
ij +Γj

ik = 0.

In particular, Γj
ij = 0. Similarly Γ̄β

iα + Γ̄α
iβ = 0 and especially Γ̄α

iα = 0.
Based on Lemma 2.4, a direct calculation shows

Γ4
i1 = (Sθ10)e1e4(ei) = κ0θ1〈Beie1 ,Φ0(e4)〉 − κθ10〈Beie4 ,Φθ1(e1)〉
= −κθ10h1,i4,

(3.68)

Γ2
i1 = (Sθ1θ)e1e2(ei) = κθθ1〈Beie1 ,Φθ(e2)〉 − κθ1θ〈Beie2 ,Φθ1(e1)〉

= κθθ1h2,i1 − κθ1θh1,i2,
(3.69)

Γ4
i2 = (Sθ0)e2e4(ei) = κ0θ〈Beie2 ,Φ0(e4)〉 − κθ0〈Beie4 ,Φθ(e2)〉

= −κθ0h2,i4

(3.70)

and similarly

Γ3
i1 = (Sθ1θ)e1e3(ei) = κθθ1h3,i1 − κθ1θh1,i3, (3.71)

Γ4
i3 = (Sθ0)e3e4(ei) = −κθ0h3,i4. (3.72)

By Lemma 2.5,

Γ̄3
21 = (SN

θ1θ)ν1ν3(e2) = κθ1θ〈Be2,Φθ1
(ν1), ν3〉 − κθθ1〈Be2,Φθ(ν3), ν1〉

= κθθ1h1,23 − κθ1θh3,21 = 0.
(3.73)

Step III. Proof that the angle lines with respect to θ1, i.e. integral curves of the
vector field e1, must be straight lines in Euclidean space.

This is equivalent to ∇e1e1 = 0 holding everywhere, which follows from the fol-
lowing straightforward calculation.

∇e1e1 = Be1e1 +∇e1e1 = hα,11να + Γi
11ei =

3∑
i=2

Γi
11ei + Γ4

11e4

=

3∑
i=2

(κθθ1hi,11 − κθ1θh1,1i)ei − κθ10h1,14e4 = 0.
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Step IV. Proof that there exists a hypersurface N of U , such that p0 ∈ N and
e1(p)⊥TpN for every p ∈ N .

By the Frobenius theorem, it suffices to prove that the subbundle e⊥1 of TU is
integrable; more precisely, given arbitrary smooth sections X,Y of e⊥1 , [X,Y ] takes
values in e⊥1 as well.

Now we write X =
∑4

i=2 X
iei and Y =

∑4
j=2 Y

jej, then

[X,Y ] = X iY j [ei, ej ] +X i(∇eiY
j)ej − Y j(∇ejX

i)ei

and hence

〈[X,Y ], e1〉 = X iY j〈[ei, ej], e1〉.

Hence it is necessary and sufficient for us to show 〈[ei, ej], e1〉 = 0 for any 2 ≤ i < j ≤
4.

Since ∇ is torsion-free,

〈[e2, e3], e1〉 =〈∇e2e3, e1〉 − 〈∇e3e2, e1〉 = Γ1
23 − Γ1

32 = −Γ3
21 + Γ2

31

=− (κθθ1h3,21 − κθ1θh1,23) + (κθθ1h2,31 − κθ1θh1,32)

=0,

〈[e2, e4], e1〉 =〈∇e2e4, e1〉 − 〈∇e4e2, e1〉 = Γ1
24 − Γ1

42 = −Γ4
21 + Γ2

41

=κθ10h1,24 + (κθθ1h2,41 − κθ1θh1,42)

=0

and similarly

〈[e3, e4], e1〉 = κθ10h1,34 + (κθθ1h3,41 − κθ1θh1,43) = 0.

Then the claim is proved.

Without loss of generality, we can assume that the closure of N is contained in U .
Then there exists δ > 0, such that X(p)+te1 ∈ U for every p ∈ N and any t ∈ (−δ, δ),
where X(p) denotes the position vector of p in Im O. Define φ : N × (−δ, δ)→ U

(p, t) 
→ X(p) + te1, (3.74)

then φ is a diffeomorphism between N×(−δ, δ) and a neighborhood of p0 in M , which
is denoted by W .

Step V. The function h defined in (3.59) is constant on N .

Applying the Codazzi equations,

∇e4h = ∇e4h1,22 = ∇e4〈Be2e2 , ν1〉
= 〈(∇e4B)e2e2 , ν1〉+ 2Γi

42h1,2i + Γα
41hα,22

= 〈(∇e4B)e2e2 , ν1〉 = 〈(∇e2B)e2e4 , ν1〉
= ∇e2h1,24 − Γi

22h1,i4 − Γi
24h1,2i − Γ̄α

21hα,24

= 2Γ4
22h− Γ2

24h+ Γ̄3
21h = 3Γ4

22h

= −3κθ0h2,24h = 0,
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∇e2h = ∇e2h1,33 = ∇e2〈Be3e3 , ν1〉
= 〈(∇e2B)e3e3 , ν1〉+ 2Γi

23h1,3i + Γ̄α
21hα,33

= 〈(∇e2B)e3e3 , ν1〉 = 〈(∇e3B)e2e3 , ν1〉
= ∇e3h1,23 − Γi

32h1,i3 − Γi
33h1,2i − Γ̄α

31hα,23

= −Γ3
32h− Γ2

33h = 0

and similarly

∇e3h = ∇e3h1,22 = −Γ2
23h− Γ3

22h = 0.

Hence ∇h ≡ 0 on N . Without loss of generality, we can assume h|N ≡ h0, with h0 a
nonnegative constant.

Step VI. W is a cone whenever h0 > 0.
Define ψ : N → Im O

ψ(p) = X(p) +R0e1(p),

where R0 is a constant to be chosen. Then

ψ∗ei = ei +R0∇eie1

= ei +R0

(
Beie1 +∇eie1

)
= ei +R0Γ

j
i1ej

= ei +R0

[ 3∑
j=2

(κθθ1hj,i1 − κθ1θh1,ij)ej − κθ10h1,i4e4
]

for each 2 ≤ i ≤ 4. More precisely,

ψ∗e2 = (1−R0κθ1θh1,22)e2 = (1 −R0κθ1θh0)e2,

ψ∗e3 = (1−R0κθ1θh1,33)e3 = (1 −R0κθ1θh0)e3,

ψ∗e4 = (1−R0κθ10h1,44)e4 = (1 + 2R0κθ10h0)e4.

(3.75)

Now we put

R0 := (κθ1θh0)
−1,

then combining (3.75) and (3.66) implies ψ∗ei = 0 for each 2 ≤ i ≤ 4. Hence ψ is a
constant map on N . Without loss of generality, we can assume ψ ≡ 0, i.e. F (p) =
−R0e1(p) for every p ∈ N . In other words, N lies in the Euclidean sphere centered
at 0 and of radius R0, and an arbitrary normal line of N , i.e. {F (p) + te1 : t ∈ R}
with p ∈ N , must go through the origin. Therefore W is a cone.

Step VII. M is an open subset of M(a0) provided that h0 > 0 and ψ ≡ 0.
Let

S := {x ∈ Im O : |x| = R0, |P⊥
0 x| = cos θ1R0} (3.76)

be a submanifold of Im O. For any x ∈ S, there exist a unit element b ∈ Im H and a
unit element ε ∈ He, such that

x = R0(− sin θ1b+ cos θ1bε).
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Define

Ex = Rε⊕ {sin θc− cos θcε : c ∈ Im H, 〈b, c〉 = 0}, (3.77)

then Ex is a 3-dimensional subspace of TxS. Furthermore

E := {Ex : x ∈ S} (3.78)

is a 3-dimensional distribution on S.
For any p ∈ N , e1(p) is a unit tangent angle direction associated to θ1. Hence

there exist b ∈ Im H and ε ∈ He satisfying |b| = |ε| = 1, such that

e1(p) = sin θ1b− cos θ1bε.

Moreover,

X(p) = ψ(p)−R0e1(p) = −R0e1(p)

= R0(− sin θ1b+ cos θ1bε).

Therefore N ⊂ S.
Denote

ν1 :=Φθ1(e1) = (− tan θ1P⊥
0 + cot θ1P0)e1

=cos θ1b+ sin θ1bε,

then ν1 is a unit angle direction of NpM with respect to Im H. On the other hand,
Proposition 3.1 implies the existence of an orthonormal basis {b1, b2, b3} of Im H

satisfying b3 = b1b2 and a unit element ε′ ∈ He, such that

ν′α := cos θαbα + sin θαbαε
′ ∀1 ≤ α ≤ 3

are all unit angle directions of NpM relative to Im H. Since mθ1 = 1, ν′1 = ±ν1, and
then one can assume b1 = b, ε′ = ε without loss of generality, which implies

NpM = Rν1 ⊕ {cos θc+ sin θcε : c ∈ Im H, 〈b, c〉 = 0}.
Noting that TpN⊥NpM and TpN⊥e1, it is easy to deduce that TpN = Ep, i.e. N is
an integral manifold of E.

For any a ∈ Sp1, M(a) is a coassociative cone, which has CJA with ArgT =
{θ1, θ, 0}, and each ray is an angle line with respect to θ1 (see 1.2). As above, one
can show that M(a) ∩B(R0) ⊂ S and that it is also an integral manifold of E.

Now we write

X(p0) = R0(sin θ1b0 + cos θ1c0e) = (2/3)R0

[
(
√
5/2)b0 + c0e

]
(3.79)

with b0 ∈ Im H, c0 ∈ H satisfying |b0| = |c0| = 1. Then choosing

a0 := c0b0c̄0, q0 := c̄0 (3.80)

gives

X(p0) = (2/3)R0

[
(
√
5/2)q0a0q̄0 + q̄0e

] ∈M(a0).

ThereforeN andM(a0)∩B(R0) are both integral manifolds ofE. SinceM(a0)∩B(R0)
is complete, applying the Frobenius theorem implies N ⊂M(a0) ∩B(R0), and hence
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W ⊂ M(a0). Finally, because minimal submanfolds in Euclidean space are analytic
manifolds, M has to be an open subset of M(a0).

Step VIII. M is affine linear whenever h0 = 0.
First, h0 = 0 implies B ≡ 0 on N . Denote by B̃ the second fundamental form of

N in Im O, then

〈B̃eiej , να〉 = 〈∇eiej, να〉 = 〈Beiej , να〉 = 0

for any 2 ≤ i, j ≤ 4 and 1 ≤ α ≤ 3,

〈B̃eiej , e1〉 = 〈∇eiej, e1〉 = 〈∇eiej, e1〉 = Γ1
ij

= −Γj
i1 = −(κθθ1hj,i1 − κθ1θh1,ij) = 0

for any 2 ≤ j ≤ 3 and

〈B̃eie4 , e1〉 = Γ1
i4 = −Γ4

i1 = κθ10h1,i4 = 0.

Thus B̃ ≡ 0, i.e. N is totally geodesic.
Since

∇eie1 =
4∑

j=2

〈∇eie1, ej〉ej +Beie1

=

4∑
j=2

Γj
i1ej +Beie1 = 0

for each 2 ≤ i ≤ 4, e1 is parallel along N . Therefore W is an open subset of an affine
linear subspace of Im O. Due to the analyticity of minimal submanifolds, M has to
be affine linear. And the proof is completed.

Proposition 3.4 and Proposition 3.5 together imply the following theorem.

Theorem 3.1. Let M be a coassociative submanifold in Im O. Assume M has
CJA relative to Im H. If gN ≤ 2 and π/2 /∈ ArgN , then either M is affine linear, or
there exists a0 ∈ Sp1 and w0 ∈ Im O, such that M is an open subset of

M(a0, w0) := {r
[
(
√
5/2)qa0q̄ + q̄e

]
+ w0 : q ∈ Sp1, r ∈ R+}.

In other words, M is a translate of a portion of the Lawson-Osserman cone.

Theorem 1.2 in §1.3 is a direct corollary of Theorem 3.1.
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[25] R. López and M. L. Munteanu, Constant angles surfaces in Minikowski space, Bull. Belg.

Math. Sic. Simon Stevin, 18 (2011), pp. 271–286.
[26] J. Moser, On Harnack’s theorem for elliptic differential equations, Comm. Pure Appl. Math.,

14 (1961), pp. 577–591.
[27] K. Nomizu, Characteristic roots and vectors of a differentiable family of symmetric matrices,

Linear and Multilinear Algebra, 1 (1973), pp. 159–162.
[28] J. Simons, Minimal varieties in Riemannian manifolds, Ann. Math., 88 (1968), pp. 62–105.
[29] M.-T. Wang, On graphic Bernstein type results in higher codimension, Trans. AMS., 355:1

(2003), pp. 265–271.
[30] Y.-C. Wong, Differential geometry of Grassmann manifolds, Proc. N.A.S., 57 (1967), pp. 589–

594.
[31] Y. L. Xin, Minimal submanifolds and related topics, World Scientic Publ., 2003.
[32] Y. L. Xin and L. Yang, Convex functions on Grassmannian manifolds and Lawson-Osserman

Problem, Adv. Math., 219:4 (2008), pp. 1298–1326.



110 J. JOST, Y. L. XIN, AND L. YANG



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.7
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.1000
  /ColorConversionStrategy /CMYK
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments true
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects true
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<

    /BGR <>
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /CZE <>
    /DAN <>
    /DEU <>
    /ESP <>
    /ETI <>
    /FRA <>
    /GRE <>

    /HRV (Za stvaranje Adobe PDF dokumenata najpogodnijih za visokokvalitetni ispis prije tiskanja koristite ove postavke.  Stvoreni PDF dokumenti mogu se otvoriti Acrobat i Adobe Reader 5.0 i kasnijim verzijama.)
    /HUN <>
    /ITA <>
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /LTH <>
    /LVI <>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /POL <>
    /PTB <>
    /RUM <>
    /RUS <>
    /SKY <>
    /SLV <>
    /SUO <>
    /SVE <>
    /TUR <>
    /UKR <>
    /ENU (Use these settings to create Adobe PDF documents best suited for high-quality prepress printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


