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SUBMANIFOLDS WITH CONSTANT JORDAN ANGLES AND
RIGIDITY OF THE LAWSON-OSSERMAN CONE*

JURGEN JOSTT, YUANLONG XIN#, AND LING YANG?

Abstract. The Lawson-Osserman cone [24] is a four dimensional coassociative submanifold in

R7 in terms of Harvey-Lawson calibrated geometries [16] and the basic counterexample for Bernstein
type results for minimal graphs of higher codimension in Euclidean space. We shall explore the
geometry of this cone in terms of its basic property of constant Jordan angles and show a rigidity
result within the class of coassociative submanifolds with constant Jordan angles. This will also shed
new light on the higher codimension Bernstein problem.
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1. Introduction. The Lawson-Osserman cone [24] is a cone over the Hopf map
S3 — S? (and analogous constructions are possible for the higher Hopf maps).
Harvey-Lawson [16] showed that the Lawson-Osserman cone is a four dimensional
coassociative submanifold in IR” which can be identified with the imaginary octoni-
ans. It thus is an important example in their theory of calibrated geometries. The
Lawson-Osserman cone has also played an important role as a counterexample to
the higher codimension version of the Bernstein problem for minimal submanifolds in
Euclidean space. Its geometry is surprisingly rich, as we shall explore in this paper.
This should ultimately also contribute to deeper insight into the higher codimension
Bernstein problem.

The Lawson-Osserman cone is defined as follows [24]. Let @ and H denote the
octonions and quaternions, respectively. We have ) = H @ Hle, with e a unit element
orthogonal to Hl, and for any a, b, c,d € H,

(a + be)(c+ de) = (ac — db) + (da + be)e. (1.1)
Denote Sp, := {g € H : |¢| = 1}. Assume a € Im H is a fixed unit element, then
M(a) :={r[(V5/2)qaq + ge] : ¢ € Spy,r € RT} (1.2)

is a 4-dimensional cone in Im @, which is the graph of the function » : H\{0} —
Im H\{0}

n(x) = ig’csx. (1.3)
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Here ¢ € Im H and |e| = 1. Note that 7 is a cone-like function, i.e. n(tx) = tn(z)
for any ¢ and x. It was discovered by Lawson-Osserman [24] that 7 is a Lipschitz
solution to the non-parametric minimal surface equations that is not C'*. While this
thus is an entire solution of the minimal surface system R* — IR? that is not smooth
at the origin, Ding-Yuan [11] constructed a family of 4-dimensional entire minimal
graphs in Im O); the tangent cone at infinity of each one is just the Lawson-Osserman
cone. Thus, in contrast to the case of codimension 1, where by a theorem of Moser
[26] every entire minimal graph with bounded gradient is planar, these constructions
show that in higher codimension, nontrivial such entire minimal graphs exist. And
as we shall explain below, understanding the Lawson-Osserman cone is a key for the
analysis of the higher codimension Bernstein problem

The aim of the present paper then is to understand this cone in geometric terms,
to explore its geometry and to show that it is rigid in some sense to be made precise in
a moment. Our basic geometric tool will be the Jordan angles. Here, the Jordan angles
between two linear subspaces P and @) are the critical values of the angle § between the
nonzero vectors v in P and their orthogonal projection u* in Q. When these Jordan
angles are constant for all the normal spaces of some submanifold M of Euclidean
space and a fixed linear reference subspace, we say that M has constant Jordan
angles. This is the fundamental concept of our paper, and we abbreviate it as CJA.
For a precise statement, refer to Definition 1.1 below. Now it turns out the Lawson-
Osserman counterexample has CJA relative to the imaginary quaternions when viewed
as a subspace of the imaginary octonians. In view of the result of Harvey-Lawson
[16] that the Lawson-Osserman cone is a four dimensional coassociative submanifold
in R7, which can be identified with the imaginary octonians, we shall study such
coassociative submanifolds with CJA and find that a coassociative graph with CJA
relative to the imaginary quaternions and at most two different normal Jordan angles
either is affine linear or a translate of a portion of the Lawson-Osserman cone.

For more precise statements, we now develop some notation and technical con-
cepts.

1.1. Jordan angles and submanifolds with CJA. Let P and Qg be m-
dimensional subspaces (i.e. m-planes) in R"*™. The Jordan angles between P and
Qo are the critical values of the angle # between a nonzero vector v in P and its
orthogonal projection u* in @)y as u runs through P. This concept was first introduced
by Jordan [18] in 1875, and they are also called principal angles in some references,

g. [12]. If 6 is a nonzero Jordan angle between P and @ determined by a unit vector
u in P and its projection u* in Qq, then u is called an angle direction of P relative to
Qo, and the 2-plane spanned by v and u* is called an angle 2-plane between P and
Qo (see [30]).

Denote by Py the orthogonal projection of R™*™ onto Qg and by P the orthog-
onal projection of R"*™ onto P, then P o Py is a nonnegative definite self-adjoint
transformation on P. Moreover, 6 is a Jordan angle between P and Qg if and only
if u := cos? 0 is an eigenvalue of P o Py, and u is an angle direction with respect to
# if and only if u is an eigenvector associated to the eigenvalue p. Therefore, all the
angle directions with respect to 6 constitute a linear subspace of P, which is called
an angle space of P relative to Qg (see [22]) and we denote it by Py. In particular,

Py =PNQy, P =PnNQy. (1.4)

The dimension of Py is called the multiplicity of 6, which is denoted by my. If we
denote by Arg(P, Qo) the set consisting of all distinct Jordan angles between P and
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Qo, then

Pp= P P (1.5)

0eArg(P,Qo)

and

m = Z me. (1.6)

0eArg(P,Qo)

The Jordan angles between two m-planes completely determine their relative
positions. More precisely, if Arg(Py, Q1) = Arg(P2, Q2) and the multiplicities of the
corresponding Jordan angles are equivalent, then there exists a rigid motion of R?*,
carrying Py, Q1 onto P, 2, respectively. And vice versa (see [30]).

The following lemma reveals the close relationship between Arg(P,Qo),
Arg(QOv P) and AI‘g(PJ‘, Q(J)_)

LEMMA 1.1 ([22]). Let P,Qo be m-planes in R"™™  then Arg(P, Qo) =
Arg(Qo, P) and the multiplicities of each corresponding Jordan angles are equivalent.
If we denote

Rg := Py + (Qo)s (1.7)

for each 0 € Arg(P,Qo), then Ry LR, whenever 0 # o, and

P+Q= € Ra (1.8)

o€ Arg(P,Qo)

For any 0 € (0,7/2], 0 € Arg(P+,Qg) if and only if 0 € Arg(P,Qo), and my = my,
Rg = Py Pg-. Moreover, for every § € Arg(P,Qo)N(0,7/2), there exists an isometric
automorphism ®g : Ry — Ry, such that

(i) ®o(Py) = Py, Po(Py") = Pp;

(ii) ®2 = —1Id;

(iii) For any monzero vector u € Py (v € Pi-), ®g(u) (®g(v)) lies in the angle
2-plane generated by w (v); more precisely,

sec Pou = cos u —sinf Pp(u),

1.9
sec Py v =cosf v —sind p(v). (1.9)

Denote

r(P) = Z my = Z my (1.10)

0€Arg(P,Qo)N(0,m/2] 0€Arg(PL,Q4)N(0,7/2]

then 0 € Arg(P,Qo) if and only if r(P) < m, and mg = m — r(P). Similarly
0 € Arg(P+,Qp) if and only if r(P) < n, and mg = n — r(P).

Let M be an n-dimensional submanifold in R"™ and @ be a fixed m-plane in
R"™™. Denote by TM and NM the tangent bundle and the normal bundle along
M, respectively. For any p € M, denote by Arg(N,M, Qo) (Arg(T,M,Qg)) the set
consisting of all the normal (tangent) Jordan angles at p relative to Qo (QF).

Now we can formulate the definition of submanifolds with constant Jordan angles
(CJA), the main subject of this paper.



78 J. JOST, Y. L. XIN, AND L. YANG

DEFINITION 1.1. Let M be an n-dimensional submanifold of R™™ and Qg be a
fized m-plane. If Arg(N,M, Qo) is independent of p € M, and the multiplicity of each
normal Jordan angle 6 (denoted by mp’ ) is constant, then we say M has constant
Jordan angles (CJA) relative to Q.

By Lemma 1.1, M has CJA relative to Qo if and only if Arg(T,M,QZ) is inde-
pendent of p € M, and multiplicity of each tangent Jordan angle 6 (denoted by m)
is constant. In this case, we denote by Arg" (Arg’) the normal (tangent) Jordan
angles relative to Qo (QF).

REMARKS.

e Let v be an arc-length parameterized curve in R3. If v is a constant angle
curve, i.e. the unit tangent vector at every point makes a constant angle
with a fixed straight line in R?, then + is a helix, and vice versa. Let S be a
smooth surface in R3, if the normal vector at every point makes a constant
angle with a fixed straight line in R?, then S is said to be a constant angle
surface in R3. A surface S in R? is a constant angle surface if and only if it is
locally isometric to either a cylinder, a right circular cone, or the tangential
developable of a helix. Moreover, if we additionally assume S to be complete,
then S has to be a cylinder. Recently, many geometers are interested in
constant angle surfaces in other ambient spaces, e.g. S x R [8], H? x R [10],
Heisenberg group [13], Minkowski space [25] and product spaces [9]. Our
notion is a natural generalization of the classical constant angle curves and
surfaces.

o If M™ is a hypersurface of R"t!, then M has CJA if and only if M is a
helix hypersurface [7]. Hence the concept of submanifolds with CJA is a
natural generalization of helix hypersurfaces to higher codimensional cases.
Helix hypersurfaces are closed related to the shadow problem (see [15]) for-
mulated by H. Wente, and another interesting motivation for the study of
helix hypersurfaces comes from the physics of interfaces of liquid crystal (see
[5])-

e Let S be a surface in R*, then S has CJA if and only if S is a surface in
R* with constant principal angles with respect to a plane. This concept was
introduced by Bayard-Di Scala-Castro-Herndndez in [2]. In this paper, the
authors established a local existence theorem and classified all the complete
surfaces in R* with constant principal angles.

Denote

NoM :={v € N,M :p € M,v is an angle direction associated to 6}, (111)
TyM :={veT,M :pe M,vis an angle direction associated to 6}. '

Let Py and ’P&- be orthogonal projections onto Q¢ and Qé‘, ()T and (-)V denote
orthogonal projections onto T, M and N, M, respectively. Then v € NyM if and only
if

(Pov)N = cos? v (1.12)

and similarly v € Tp M if and only if

(Piu)” = cos® Qu. (1.13)
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As shown in [22], NgM (TpM) is a smooth subbundle of NM (T'M), which is said to
be a normal (tangent) angle space distribution associated to §. NM and TM have
the following vector bundle decompositions

NM= @ NeM, TM= P T,M. (1.14)
oeArghN 0cArg”

A curve v : t € (a,b) — ~v(t) € M, all of whose tangent vectors belongs to a
tangent angle space distribution, i.e. §(t) € TyM for every ¢t € (a,b), is called an
angle line of M. More generally, an angle surface is a connected submanifold S of
M, such that for any p € S, T,,S C Ty M.

By Lemma 1.1, it is easy to derive the following conclusion:

PROPOSITION 1.1. Let 0 € Arg™ and 6 # 0,7/2, then there exists a smooth
mapping Py : RgM — RoM , where

RoM := NgM & TyM, (1.15)

such that:
(i) @y keeps each fiber invariant;
(i) the length of each vector in RgM s invariant under ®q;
(iii) @5 = —1Id;
(1V) q)g (NQM) T@M q)g (T@M) NQM,'
(v) for any v € NgM and u € TyM,

sec Pov = cosf v —sinf Dy(v), (1.16)
sec Poru = cosd u — sinf g(u). '

Dy is called the anti-involution associated to 6.

Denote

ra= Z mp = Z mp . (1.17)

0€ArgN 040 0cArgT 040

As shown above, 0 € Arg" (0 € Arg”) if and only if » < m (r < n), and the
multiplicity of 0 equals m —r (n —r). Let

V= |Arg™| g7 = |ArgT| (1.18)

be the numbers of distinct normal Jordan angles and tangent Jordan angles, respec-
tively, then gV = g7 + 1 whenever r = n < m, g* = g + 1 whenever r = m < n,
and otherwise gV = g7

1.2. Minimal submanifolds with CJA and the Bernstein problem. In
this section, we shall explain the connection with the higher codimension Bernstein
theorem. While this is not strictly necessary for the technical aspects of the present
paper, it may put them into some perspective. In fact, the concept of CJA subman-
ifolds that we have just introduced arises from our systematic investigation of the
Bernstein problem in higher codimension. The classical Bernstein theorem [3] states
that any entire minimal graph in R3 has to be affine linear. This result has been
extended by J. Simons [28] to such entire minimal graphs in R"*! for n < 7, whereas
Bombieri-de Giorgi-Giusti [4] constructed counterexamples in higher dimensions. But
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for any dimensions, there is a weak version of the Bernstein type theorem, obtained
by J. Moser [26] who proved that any entire solution f : R™ — R to the minimal
surface equation

div(\/lfifivfp) -0 (1.19)

has to be affine linear, provided that

=V1+|Vf? (1.20)

is a bounded function. v is a significant quantity here for various reasons. First,
the boundedness of v ensures that (1.19) is a uniformly elliptic equation, so that a
Bernstein type result can be obtained by Moser’s iteration. Secondly, for any f :
R" - R,z = (2%, -+ ,2") € R" = (z, f(x)) € graph f is a global coordinate chart
of the graph of f, and a straightforward calculation shows that the volume form of
graph f is vdz' A--- Ada™, i.e. v equals the ratio of the volume form of graph f and
the coordinate plane. Thirdly, v has a close relationship with Jordan angles. A direct
computation shows

of of

@,... ’_8?’1) where w := v~ ! (1'21)

vi=w(—
is a unit normal vector field on graph f. Thus the angle between v and the z"*!-
axis is arccosw, which is smaller than a fixed acute angle whenever the v-function
is bounded. Therefore, Moser’s theorem can be restated as: Let M be a complete
minimal hypersurface in R"*! and 6y € (0,7/2). If the angle between the normal
vector and x"T!-axis is smaller than 6y everywhere, then M has to be an affine n-
plane.
Now we consider an n-dimensional entire minimal graph M in R"™™, generated
by a smooth vector-valued function f: R®™ — R™

x:(xlv"' 7xn)'_>f(x):(fl(x>a 7fm(x))

Then f satisfies the minimal surface equations

0
8$Z( gw):O Vj::l? » 1,
o Lof o (1.22)
> 5279 ) = a=1--,m
2y

Here g;jdz’dz’ is the induced metric on M, ( i7) denotes the inverse matrix of (gi;),
and vdzt A -+ Ada™ = det(gi;)/?dxt A -+ Ada™ is the volume form of M. More
precisely,

« « /
[det 5. +Z ‘ZJ;Z % }1 . (1.23)

Similarly to the case of codimension 1, the v-function has a close relationship with
Jordan angles. At any point p € M, denote by
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the Jordan angles between N, M and the coordinate m-plane, then a calculation shows
(see [32][20])

v = Hsec O (1.25)
i=1
We note that
wi=v ! = Hcos Om (1.26)
i=1

is the inner product of the normal m-plane and the coordinate m-plane. Here all the
m-planes are viewed as vectors in a Euclidean space of larger dimension, via Pliicker
embedding (see [21]).

It is natural to ask whether Moser’s theorem can be generalized to the higher
codimensional case. In other words, given an entire minimal graph M = graph f C
R"™™ with f : R® — R™, does the boundedness of the v-function ensure that M
has to be an affine n-plane? The answer is "Yes’ for the cases of dimension 2 [6][23]
and dimension 3 [1][14], but it is 'No’ for dimension 4, according to the works of
Lawson-Osserman [24] and Ding-Yuan [11], because the Lawson-Osserman cone [24] is
a Lipschitz solution to the non-parametric minimal surface equations, and Ding-Yuan
[11] then constructed a family of 4-dimensional entire minimal graphs in Im O whose
tangent cones at infinity are Lawson-Osserman cones. Therefore, Moser’s theorem
does not fully extend to higher codimension.

Via Jordan angles, a new geometric property of the Lawson-Osserman cone was
explored in the Appendix of [21]:

PROPOSITION 1.2. The Lawson-Osserman cone M (a) is a 4-dimensional subman-
ifold in Im O with CJA relative to Im H, and Arg" = {arccos(2/3), arccos(v/6/6)},
Arg" = {arccos(2/3), arccos(v/6/6),0}. Moreover, an arbitrary angle line with respect
to arccos(2/3) is a ray of M(a), and vise versa.

In [24], Lawson-Osserman raised the following question: What is the largest con-
stant C' such that an entire minimal graph of arbitrary dimension and codimension
with v < C has to be affine linear? Up to now, the best positive answer to this
question in a successive series of achievements by several mathematicians (see [17],
[19], [29], [32], [20]) is gotten in [22], which says that for any entire minimal graph
M = {(z, f(z)) : 2 € R"} ¢ R"™™ with f: R" — R™, if v < 3, then M has to
be an affine n-plane. The v-function of the Lawson-Osserman cone is constant; it
equals 9 on M (a). The v-functions of the Ding-Yuan examples take values in [1,9).
Thus, there is still a large quantitative gap between 3 and 9, that is, between known
Bernstein type theorems and the counterexamples.

The Lawson-Osserman problem can be viewed as the first gap problem of the
v-function for entire minimal graphs of higher codimension. To study the gap phe-
nomena of the v-function, it is natural to consider minimal graphs whose v-function is
constant. Observing that the v-function is a function of all Jordan angles (see (1.25)),
the v-function on any minimal graph with CJA relative to the coordinate plane (e.g.
the Lawson-Osserman cone) is constant. So one can propose the following problem:

PrROBLEM 1.1. Let M be a nonflat minimal graph with CJA relative to the
coordinate plane, does the v-function takes values in a discrete set? Does any minimal
graph in Euclidean space with constant v-function have to be a submanifold with CJA?
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1.3. Main results. This paper will be organized as follows.

In Section 2, the second fundamental form B of submanifolds with CJA in Eu-
clidean space shall be studied. At first, differentiating the Jordan angle functions not
only gives some nullity properties of B, but also reveals the relationship between the
induced tangent (normal) connection and the second fundamental form. Taking the
covariant derivative of the formulas obtained in the previous step, one can compute
some components of VB in terms of B. With the aid of the Codazzi equations, we
can derive a constraint equation for the second fundamental form (see Lemma 2.6),
which is nontrivial when the multiplicity of a tangent Jordan angle 6 € (0,7/2), i.e.
mHT, is strictly larger than 1. This conclusion will play an important part in Section
3. Based on these formulas, it is easy to get some vanishing theorems for the second
fundamental form B of submanfolds with CJA, including the following one.

THEOREM 1.1. Let f be an R™-valued function on an open domain D C R™. If
M = graph f is a minimal submanifold with CJA relative to R™, and g~, g7 < 2,
then f has to be affine linear, i.e. M has to be an affine n-plane.

Note that the example of Lawson-Osserman cone implies that the condition
g, g7 < 2" in Theorem 1.1 cannot be omitted.

Harvey-Lawson [16] introduced a new concept of coassociative submanifolds, as an
important example of calibrated geometries, and showed that the Lawson-Osserman
cone is a coassociative submanifold. Observing that coassociative submanifolds con-
stitute an important class of 4-dimensional minimal submanifolds in R7, it is natural
to study the structure of coassociative submanifolds with CJA, which is the main topic
of Section 3. With the aid of the algebraic properties of octonions, one can obtain
several interesting conclusions on the Jordan angles and the second fundamental form
of coassociative submanifolds. In conjunction with Lemma 2.6, a structure theorem
for coassociative submanifolds with CJA is deduced as follows.

THEOREM 1.2. Let f be a smooth function from an open domain D C H into
Im H. If M = graph [ is a coassociative submanifold with CJA relative to Im H, and
gV < 2,97 <3, then f is either an affine linear function or f(x) = n(x — x¢) + yo,
where zo € H, yo € Im H and

with € an arbitrary unit element in Im H. In other words, M is an affine 4-plane or
a translate of an open subset of the Lawson-Osserman cone.

Theorem 1.1 and 1.2 give a partial positive answer to Problem 1.1.

2. On the second fundamental form of submanfolds with CJA. Let M
be an n-dimensional submanifold in R*™ with CJA relative to a fixed m-plane Q.
We use the notations Po, Py, Arg™, Arg”, NgM, TyM, RoM, my, my, gV, g"
established in Section 1. For p in M, we put

N, oM = N,M N NoM,  T,oM :=T,M N TyM. (2.1)

The second fundamental form B is a pointwise symmetric bilinear form on 7, M
(p € M) with values in N, M defined by

Bxy = (VxY)V¥
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with V the Levi-Civita connection on R"*™. The induced connections on TM and
NDM are

VxY = (VxY)7, Vxv = (Vxv)V

Here X,Y are smooth sections of TM and v denotes a smooth section of NM. The
second fundamental form, the curvature tensor of the submanifold, the curvature
tensor of the normal bundle and the curvature tensor of the ambient manifold satisfy
the Gauss, Codazzi and Ricci equations (see [31] for details).

Let A be the shape operator defined by

A (v) = (-V,»)T  YweTl(NM),veT,M. (2.2)
A” is a symmetric operator on T, M and satisfies the Weingarten equations
(Bxy,v) = (AY(X),Y) VX,Y e T(TM). (2.3)

The trace of the second fundamental form gives a normal vector field H on M,
which is called the mean curvature vector field. If VH = 0, then we say that M has
parallel mean curvature. Moreover if H = 0, M is called a minimal submanifold.

2.1. Nullity lemmas. Let 6 € Arg™ (0 # 0,7/2) and ®g : RgM — RgM denote
the anti-involution associated to 6, then (1.16) gives

(Pyv)T = cos? 0 v, (Pyv)N = —cosOsind dy(v), (2.4)
(Pop)™ = cos? 0 u, (Pop)T = — cosOsin® Bg(p). '

for any v € Ty M and p € NogM.
Based on the above formulas, one can easily deduce the following nullity lemmas
for the second fundamental form of M.

LEMMA 2.1. For each 0 € Arg" which takes values in (0,7/2),
(Buv, ®o(w)) + (Buw, Po(v)) =0 (2.5)
holds pointwise for any v € T,M and v,w € T, g M. In particular,
(Buv, ®4(v)) =0 (2.6)
for every v € T), g M.

Proof. By linearity, it suffices to prove (2.6) for any unit vector v € T}, g M.
Let X be a smooth local section of Ty M, such that X, = v and |X| = 1, then

(Po-X, Py X) = |Pg-X|* = cos? 0. (2.7)
Differentiating both sides with respect to u yields
(1/2)Vu(Py X, Py X) = (Vu(Py X), Py v)
= (Pg" (VuX), Pov) = (Pg"(VuX), Py-v) + (Py Buw, P v)
= (VuX, (Pgv)") + (Buv, (Pyv)")
co
(

s2 (V. X, v) — cosOsin (B, ®s(v))
1/2) cos® 0V, | X|? — cos 0 sin 6(B.,.,, P (v))
= —cos0sin (B, Pg(v))
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(where we have used (2.4)) and then we arrive at (2.6). O

LEMMA 2.2. For each € Arg" taking values in (0,7/2),
(Buy,v) =0 (2.8)

for any u,v € T, oM and v € Ny gM.

Proof. Let w := —®g(v), then w € T, gM and ®g(w) = —P%(v) = v. Applying
Lemma 2.1 gives

and (2.8) immediately follows from the above equation. O

LEMMA 2.3. If6 € Arg™ 0 Arg" and 0 = 0 or /2, then
<Buv; V> =0 (29)

foranyuw € T,M,veT,oM andv € Ny oM.

Proof. 1f = 0, let X be a smooth local section of Ty M such that X, = v, then
X, € Qg for any ¢. Thus (V,X), C Qf. On the other hand, v € N, ¢M implies
v € Qo, hence

(Buy,v) = (Vo X,v) =0.

The proof for § = 7/2 is similar. O

2.2. Connections. Let 0,0 € Arg’, 0 # o, X a local section of TM,Y and Z
local sections of Ty M and T, M, respectively. Define

(Sgg)yz(X) = <VX§/, Z> (210)

Then for any smooth function f defined on M, (Sor)yz(fX) = f(Sos)vz(X),
(So0)v.r2(X) = f(S9s)yz(X) and
(So00) rv.2(X) = (Vx(fY), Z) = f[(VxY, Z) + (Vx )Y, Z)
= f(So0)y z(X).
This means Sy, is a smooth tensor field on M of type (3,0). More precisely, Sy, is a
smooth section of the tensor bundle T*M @ Ty M @ T;M. Since V is a Levi-Civita
connection on M,
(Soo)yvz(X)=(VxY,Z)=Vx(Y,Z) - (VxZ)Y)

= —(VxZ)Y) = —(S50) zv (X). @11

Now we additionally define

Dylr,m =0 whenever 6 = 0 or 7/2, (2.12)
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then (2.4) still holds when 6§ = 0 or 7/2. Let
sin 260
07 0820 — cos 20 (2.13)

be a constant depending only on 6 and o. The following result reveals the relationship
between Sy, and the second fundamental form.

LEMMA 2.4. Let 0,0 € Arg’, 0 # o, then for any u € T,M, v € T, oM and
we T, M,

(S06)vw () = Kgo(Buw, Po(w)) — Ko (Buw, Po(v)). (2.14)
Proof. Let Y, Z be smooth local sections of Ty M and T, M, respectively, such
that Y (p) = v, Z(p) = w, then (Py-Y)T =cos?0 Y, (Pi-Z)T = cos? o Z. Hence
0=cos’ (Y, Z) = (P¢Y)T, 2)
= (PyY, Z) = (Py'Y, Py Z).
Differentiating both sides of the above equation with respect to u € T, M yields
0=Vu(PyY, Py Z) = (Vu(PsY),Psw) + (Ps v, Vu(Py Z))
= (Py (VuY), Py w) + (Pyv, Py (VuZ))
= (Pg (VuY),Po w) + (Pyv, Py (VuZ)) + (Ps Buv, Py w) + (Py v, Po Buuw)
= (VY (Pow)") + (VuZ, (Pov)") + (Buw, (Po w)") + (Buw, (P 0)")
cos” 0 (V,Y,w) + cos® 0(V,Z,v) — cos o sin 0{Byw, Po(w)) — cos O sin 8By, Po(v))
(cos® o — c0s” 0)(So )vw (1) — cos 0 8in 0 (Buy, P (w)) — cos 0 sin (Byw, g (v))
= (1/2)(cos 20 — 08 20)(Sps)vw(u) — (1/2) sin 20 (Buw, Po(w)) — (1/2) sin 20(Buw, P (v))
(we have used (2.4) and (2.11)), which is equivalent to (2.14). O

Similarly, given u € T,M, u € T(NgM), v € T(N,M) with 6,0 € Arg" and
0 # o, one can define

(S5 ) (1) = (Vups, ). (2.15)
Then S§! is a smooth section of T*M ® NjM @ N M, and

(St%)uu(u) = <VuVa .U> = vu<Va .U> - <Va vu,“>

(2.16)
= —(Vup,v) = _(Sé\g)uu(u)'
Let p, v be local section of NgM and N, M respectively, then
0 :C0820<,UH V> = <(P0/L)N7V> (217)

= (Pop,v) = (Pop, Pov).

Differentiating both sides of the above equality with respect to u € T}, M, one can use
(2.4) to get the following result, as in the proof of Lemma 2.4.

LEMMA 2.5. Given 0,0 € Arg", 0 # o,

(Sé\zrj)#l/(u) = K90’<Bu,<1>9(u)7 V> — Koo <Bu,<I>(,(V)a :u> (218)
for any v € TyM, € NyoM and v € Np oM.
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2.3. Computation of VB and related results. Let § € Arg’, o € Arg”",
and (+)? be the orthogonal projection of N,M onto N, ,M. Define

Ros(v1,v2,v3,v4) = (By ., By ) —(Bg ., By ,.) (2.19)

v1v3 Puavy v1vg 0 Pusvg

for any vi,v2,v3,v4 € Tp oM. Then Ry, is a smooth section of the tensor bundle
TyM Ty M Ty M @ TyM. Obviously R, (v1,v2,v3,v1) = —Ras(v2,v1,03,04) =
—Ryo(v1,v2,v4,v3) = Roo(vs,v4,v1,02), and

Ryo(v1,v2,v3,v4) + Roo(v2,v3,v1,v4) + Roo (v, v1,v2,04)

:<Bgl’v37B’32'U4> - <B’31'U47 Bgz'U3> + <BgQU17ng’L)4> (220)
- <ngv47 ngv1> + <ngv27Bglv4> - <B1(173'U45 Bglv2>
=0.

T —
0 =

Hence Ry, is a curvature type tensor. Note that Ry, = 0 whenever m
Let 0,0 € Arg”, and define

Upo (v1,v2,v3,v1) =: (A% 01) g, (AP0 05), ) — (A% D), (AP C3)0y), ) (2.21)

for any vi,vs,vs,v4 € T oM. Here (-), denotes the orthogonal projection of T, M
onto T}, M. Due to Lemma 2.1, APy 4 A®e W)y = 0 for any v, w € Tp,0M, hence
Ubo(v1,v2,03,v1) = —Upo(v2,v1,v3,01) = —Ugo(v1,v2,v4,v3) = Upo(vs, va,v1,02)
and Uy, = 0 whenever mg = 1. Note, however, that Uy, does not satisfy a Bianchi
type identity.

LEMMA 2.6. Given 6 € Arg" taking values in (0,7/2),
Z Koo Roo (0, w,v,w) = 3 Z Koo Uso (U, w, v, w) (2.22)
o€ ArgN 0460 o€ ArgT 040
for any v,w € T, M, and moreover

(VoB)uww, @9(1)» :(1/3) Z Koo (<ng ng> + 2|ng 2)
o€ ArgN ,o#0

(2.23)
—2 Y Rea(BL, 2o (A Vw),).
o€ ArgT 040

Proof. Let

Uy = (A% W), (2.24)
for each o € Arg”, then Lemma 2.1 tells us

(AP0 W)y = — (A% ), = —u, (2.25)

and moreover
Uspo (v, w,v,w) = (A% ), (A% M), ) — (A% W), (AP w), ) (2.26)

= |ug|2.
In particular, combining the Weingarten equations and Lemma 2.2 gives

|’U,9|2 = <u97A<D9(U)w> = <Bu9w,(1)9(’0)> =0,
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ie. ug = 0.
Let Y, Z be local sections of Ty M such that Y, = v, Z, = w. By Lemma 2.2,
(Bzz,%4(Y)) =0, hence

(VoB)ww, ®o(v)) = Vu(Bzz, ®o(Y)) — (Buww, VoPo(Y)) — 2(Bv, z,uw, Po(v))

= —(Buww, Vo P9 (Y)) — 2(Bv, z,w, Po(v)) (227)
=1 =211
where
I= 3 (Blu:Ve®s(Y) = D (S0)asw).nz, )
ocArgh o€ArgN 040
= Z (“00<Bv,@g(v)a Biw) = to6(Bua, (Bg,): (I)O(U)>) (2.28)
o€ArgN ,0#6
- Z H90<B3U7ng>
oc€ArgN 0#0
(Lemma 2.2, Lemma 2.1, Lemma 2.5 and ®2 = —Id have been used in this calculation)
and

II = (Bv, 2w, ®e(v)) = Z (VoZ,us) = Z (o0 )wu, (V)

ocArg” ocArgT 040
= Z (ﬁae <B'uwu o, (UG» — Koo <BU’U«U , @o (’LU)>) (229)
o€ArgT ,0#0
= > (koo(Bouws @ulun)) + roolusl?)
o€ArgT o#0

(Here we have used the Weingarten equations, (2.25) and Lemma 2.4.) Substituting
(2.28) and (2.29) into (2.27) implies

(VoB)uww, ®o(v)) = Y Koo(BY,, BY,) —2
ocArgl ,0#£0 (2 30)
X Z (ﬁae <B'uw7 (I)U (u0)> + ’i90|u0|2) .
ocArgT 0#6
Again applying Lemma 2.2 gives (Bzy, ®p(Y)) = 0, hence
<(va)w'uu q)@(v)> :vw <BZY7 (I)O(Y» - <Bwv7 qu)e(y)>
— (Bv, 70, ®0(v)) — (Buw,v,v,Pg(v)) (2.31)
= — (Buw, Vu®9(Y)) = (Bu,v,, v, Po(v))
=TI
where
I= Z <BZ]U,VU,(I)9(Y)> = Z (Sé\;)@e(v),ngv (’LU)
o€Argh oeArgN 040
= Z (590<Bw,<1>§(v)7 B’ZJ'U> — Koo <Bw,<I>U(Bﬂw)a (1)9(’0») (232)
ocArgN ,0#60

= Y (h0olBLP — ronluo 0 (B7))
o€ArgN ,0#60
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and

II=Byyv,v.®%) = > (VoY= > (Soe)ou, (w)

ocArgT oeArgT o#£0
= Z (’10'9 <Bwva (I)cr(ua')> - ’190’<Bw7¢gv (1)9(1})>) (233)
ocArgT 0#0
= Z (500<Bwv7q)a(u0')> - ’i90|u0|2) .
ocArgT 0#6

If o # 0,7/2, then ®, is isometric and ®2 = —Id. Hence
(g, ®o(By,)) = (Po(us), ®5(B,)) = —(Bg,, Po(us)).
On the other hand, ®, = 0 whenever ¢ = 0 or 7/2. Therefore
= > Rep(ue, 6 (BL)) = > Feo(Buw @o(us)). (2.34)
ocArgh 040 ocArgT 040
Substituting (2.32)-(2.34) into (2.31) yields

(VuBluww: ®o(v)) = Y kool BT,
o€ArgN oc#£6

+ Z (’i90|u0|2 - 2509<Bwvﬂq)<7(u‘7)>) )
o€ArgT ,0#0

(2.35)

The Codazzi equations imply (V,B)ww = (VwB)wys. Hence by comparing the
right hand sides of (2.30) and (2.35) we arrive at

> ke ((BLBLw) = 1BLP) =3 > kaoluol? (2.36)
ocArg 040 ocArg” o460

and then (2.22) immediately follows from the definition of Ry, and Up,. Finally (2.23)
is obtained by substituting (2.36) into (2.35). O

LEMMA 2.7. We consider § € Arg" taking values in (0,7/2) and o € Arg" such
that 0 # o. If Uy (v1, v2,v1,v2) = 0 holds for any vi,vs € T, oM, then

(VoBluww, Po(v) = =2 Y rro(B,, &,(A%w),)
T€ArgT , 740

+ > RelBLPEH D ker(AT M), ?

TEATGN T#6 TEArgT ,TH46

(2.37)

for any v € T, oM and w € T, ;M.
Proof. In the sequel we make use of the abbreviation u, := (A% w), for any
7 € Arg”. By the definition of Up,,
0 = Ugo(ug,v, ug,v)
= (A% p) . (AP ) ) = (A% ) (A% 0), )
= (A% g),
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ie. (A%™Wayg), = 0. Hence
0= <A‘I’9(”)ue,w> = (A%(”)w,ug) = |ug|?

i.e. ug = 0. Similarly, one can deduce that BY,, = 0.
Let Y be a local smooth section of Ty M and Z be a local smooth section of T, M,
such that Y, = v, Z, = w. Lemma 2.1 implies (By z, ®¢(Y")) = 0, hence

(VoB)ww, ®o(v)) =((VwB)vw, Pa(v))

(Vu(Byz, ®9(Y)) = (Bow, VuPs(Y))

—(Bv,vuw, ®o(v)) — (Bu,v,z, Po(v)) (2.38)
= — (Bow; Vu P (Y)) — (Bv, v,uw: Po(v))

=—1-1I

where

I= 3" (Bl,,Vu®e(Y) = D (Sh)ayw),sr5, W)

TeArgN TEArgN ,T#0

- Z (597<Bw,¢§(v)7B;—w> - HTH<Bw,<I>T(B;'w)7(I)9(v)>)
TeArgN 7#60

== Y (0Bl + kea(@r (B, u)
TEArgN T#0

= Z 579<B;w7 (I)T(UT» - Z “07|ng|2

TeArgN T#60 TeArgN 7#£0

(2.39)

and

11

Z (VuY,ur) = Z (SGT)U,UT (w)

T€Arg” TeArgT 740

- Z (HTO<va7 (I)T(UT)> - HOT<Bwu7.7 (1)9(1})>) (240)
T€ArgT ,T#£0

= Z Krg (B, Pr(ur)) — Z Kor|ur|?.

TEArgT TH#0 TeArgT T#0
Substituting (2.39) and (2.40) into (2.38) yields (2.37). O

LEMMA 2.8. If 0 € Arg" N ArgY and 6 = 0 or /2, then for any v € Tp oM,
ve'(NgM) and w € TyM,

(VoB)ww v) = =2 > koo(BG,, 0o (A w),). (2.41)

oc€ArgT

Proof. Let Y be a local section of Ty M and Z be a local section of T'M, such that
Y, = v and Z, = w, then Lemma 2.3 tells us (Byz,v) = 0. Therefore

(VoB)ww V) =((VwB)ow, V)
va<Byz, I/> — <va, VwV> - <vay)w, I/> — <Bv)vwz, V>
= — <va, le/> — <vay)w, V>
=—1—-1I

(2.42)
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where
I= Y (Bl,Vu)= Y (Shlusg, (W)
o€ArglN 040 o€ArglN 0#£0
== D> feolBua,mr ) == D fe0(@(BlL)us) (g3
oc€ArgN 040 oeArgN
= Z (Byw: o (ug))
ocArgT
and

Il = Z <Vw§/, ug) = Z (SOU)vua (w)

o€ArgT 040 o€ArgT 040

= Z KUG<Bwv7(I)U(uU)> = Z ’10’9<ng7(1)0(“’0’>>'

ocArgT 040 ocArg”

(2.44)

Here u, := (AYw),, and ug = BY, = 0 is a direct corollary of Lemma 2.3. Substitut-

ing (2.43) and (2.44) into (2.42), we arrive at at (2.41). O

2.4. Vanishing theorems. With the above lemmas, we can now derive vanish-
ing theorems for the second fundamental form of submanifolds with CJA.

THEOREM 2.1. Let M™ be a submanifold of R ™™ with CJA relative to a fized
m-plane Qo (M need not be complete), then

(i) If g¥ = gV =1, then M has to be an affine linear subspace;

(ii) If g7 =1,V = 2,7/2 ¢ Arg" and M has parallel mean curvature, then M
is affine linear;

(iii) If g7 = 2,9V = 1,7/2 ¢ ArgN, and M has parallel mean curvature, then M
1s affine linear;

(iv) If g7 = gV = 2, Arg™ # {0,7/2}, and M is minimal, then M is affine
linear.

REMARKS.

o Let S := {(z1,22,73) € R®: 2% + 23 = 1,23 = 0} be a circle whose tangent
vectors are all orthogonal to the zz-axis, then S* has CJA and Arg” = {r/2},
Arg" = {n/2,0}. Tt is easy to check that S' has parallel mean curvature.
Hence the condition '7/2 ¢ Arg”’ cannot be dropped in (ii).

o Let S := S'xR be a circular cylinder, whose normal vectors are all orthogonal
to the zz-axis, then S has CJA and Arg" = {r/2}, Arg” = {x/2,0}. Its
mean curvature vector field is parallel along S. Hence the condition 'w/2 ¢
Arg™’ cannot be dropped in (iii).

e Let S be a nonflat minimal surface in R3, then M := S x R is a minimal
submanifold in R? x R? = R®. It is easily-seen that M has CJA relative to
Qo := R? (the second factor in the product R? x R?), and Argl = Arg? =
{0,7/2}. Hence the condition ’Arg™ # {0,7/2}’ cannot be dropped in (iv).

Proof. (i) Denote g7 = gV = {6}, then Lemma 2.2 and 2.3 tell us
(Byw,v) =0

for any v,w € T, oM =T, M and v € N, oM = N,M. Hence M is totally geodesic.
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(ii) As shown in Section 1, there exists 6y # 0,7/2, such that Arg’ = {6},
Arg" = {0,6,}.
By Lemma 2.6,

’{900(<B8va B?uw> - |ng|2) = K900R900(va w, v, w)

= Z IQQDURQDU(’U,’LU,'U,'LU) =3 Z HHOUU‘%U(’U”LU”U”LU) (245)

oeArg 0#£00 oeArgT o400
=0
for any v,w € T}, 9,M = T, M. In conjunction with kg0 = Cossiggfﬂl # 0, we have
(BY,,BY ) =|BY,|?. Substituting it into (2.23) implies
((TuB)uws By (0)) = (13 o(BL, Bl +2BLL)
= K900|ng|2' '

Let {e1,--- , ey} be an orthonormal basis of T}, g, M = T, M. Since M has parallel
mean curvature,

n n

0= Z<VUH7 (1)90(’0)> = Z«VUB)GWN Dy, (U)> = Koo0 Z |Bgel
i=1

i=1 i=1

2 (2.47)

which forces |BY,, | = 0 for any 1 < i < n. Thus BY),, = 0 for any v, w € T,M. On the
other hand, Lemma 2.2 implies B% = 0. Therefore B =0 on M.

(iii) Denote Arg™ = {6p}, Arg’ = {0,600} with 6y # 0,7/2. Again applying
Lemma 2.6 gives

Koo0Upo0(v, w, v, w) = (1/3) Z Koo Rogo (0, w, v, w) =0 (2.48)
o€ArgN o#£00

i.e. Upo(v,w,v,w) =0 for any v,w € T}, 9, M. This means

0 = (A% M v)q, (A% o) — (AP0 @)y, (A% Pap)o)

2.49
_ |(A<D90(v)w)0}2_ ( )

Since @y, : T, M — Ny g, M = N, M is an isomorphism, (A”w)y = 0 holds for every
v € NpyM. On the other hand, (A”w)g, = 0 is a direct corollary of Lemma 2.2. Thus
AYw = 0 for every w € T} 9, M.

Let {e1, "+, €m,, } be an orthonormal basis of T}, g, M, and {€m, +1, -+ ,en} be
an orthonormal basis of T, oM. For any v € T}, 9, M, by (2.23) and (2.37),

0 if 1 <i<my,,
’UB 6-6-7(1) 0 = . - 0 2.50
(OB = { s stm 1 ez )
Hence
0= <VUH7 (1)90 (U)> = Z«VUB)&L@N (1)90 (U)>
., = (2.51)

= Z Hgoo‘(Aq>90 (”)ei)0|2

’i:mgo +1
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and then (A”e;)o = 0 for any v € N, M. On the other hand, (A%¢;,v) = (A"v,e;) =0
holds for any v € T}, g, M. Therefore A”e; = 0 for each my, +1 < i < n.

In summary, A¥ = 0 for any smooth section v of NM and then M has to be
affine linear.

(iv) Denote Arg" = Arg” = {0;,605}. Without loss of generality one can assume
01 € (0,7/2). Let {e1,- - ,em} be an orthonormal basis of T}, g, M and {e41, -+ ,€n}
be an orthonormal basis of 7}, 9, M. By Lemma, 2.6, for any 1 <14,j < m,
(B, B,,) — |BE., | = Royo,(eir e, e, e5)

€€’
2

=3 Uy, 0, (ei, €j, €4, ej) = 3}(14(1)91 (ej)ei)’
i.e.

(B2, B%, ) = 3|(A%(De)|* + |B

e;e;) "eje;j

(2.52)

ele]| .

On the other hand, Lemma 2.2 and Lemma 2.3 tell us Bgfej =0 for every m+1 <
1,7 <n. Since M is a minimal submanifold,

0=|H"” = !ZB%

= !ZBZZI 2= (B, .B%, ) (2.53)
= Z 3|(A% C)e;)g, | + | B, ).

i,j=1

V1V2
any v, vz € Tp g, M, and BS: = 0 for any v € T) 9, M and w € T}, 9, M, which follows
from the Weingarten equations.

Hence (A%01(¢i)e;)q, = ngej =0 for all 1 < 4,5 < m. In other words, B%, =0 for

If 05 € (0,7/2), then similarly one can deduce that Bf! =0 for any wi,wy €
Tpo,M and B = 0 for any v € T}, 9, M and w € Tp,M. In conjunction with
Bf1, =0 for any vy, vy € Ty 9, M and B2, = 0 for any wy,wy € Tp g, M, we have

B =0on M and M has to be totally geodesic.
If 65 = 0 or 7/2, then (2.23) implies
<(V'UB)€'L€'L7®01 (U)> = (1/3)’€9192 (<Be2 Bg121> + 2|Bgfv|2) =0 (254)

€ieq’?

for any v € T, 9, M and each 1 < i < m. Since Up,g,(v1,v2,v1,v2) = 0 for any
v1,v2 € Tp g, M, (2.37) tells us

<(V'UB)€'L€'L7(I)01 (U)> = ’i9192|3321| + 59192|(Aq>91 (v)ei)92|27 (255)
for each m+1 <4 <n. Thus
0= <V H, ‘be Z V B elela ( )>
=1

. (2.56)
= 3 o, (1BE, 2 + (A% Deia, 2),
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which forces B%2 = (A%1("e;)g, = 0 for each m + 1 < i < n. In other words,
BY2 =0 for any v € T, 9, M and w € T}, 9, M, and BY}. .. = 0 for any wy, wy € Ty g, M.

Therefore B =0 on M and M has to be affine linear. 0

Let f : D C R — R™ be a smooth vector-valued function, then for any p €
M := graph f, any Jordan angle between N,M and the coordinate m-plane takes
values in [0,7/2) (see [32]). Hence Theorem 2.1 implies Theorem 1.1 mentioned in
§1.3.

3. Coassociative submanifolds with CJA.

3.1. Associative subspace of Im O. Let O denote the octonions, which is an
8-dimensional normed algebra over R with multiplicative unit 1. More precisely, O
is equipped with an inner product (-, -), whose associated norm | - | satisfies

|yl = [[]y] (3.1)

for any z,y € O. Denote by Re O the 1-dimensional subspace spanned by 1, and
by Im O the orthogonal complement of Re O. Then every x € O has a unique
decomposition

r=Rex+Imx
with Re z € Re O,Im = € Im O. The conjugation of z is defined by
Z=Rexz —Im z. (3.2)

For w € O, let R, (L, ) denote the linear operator of right (left) multiplication by
w, respectively. With the aid of (3.1) and (3.2), one can easily deduce the following
fundamental formulas (see Appendix IV.A of [16]):

(Ryw, Ryy) = <$uy>|w|27 (Lwz, Lwy) = <xvy>|w|27 (3.3)
<$,Rwy> - <R7I}xay>7 <$,Lwy> - <L7le7y>a (34)
I =ux, Ty = yT, zz = |z|*, (z,y) = Re z7. (3.5)

Let P be a 3-dimensional real subspace of Im O, if A := Re O® P is a quarternion
subalgebra of O (i.e. A is isomorphic to H), then P is said to be associative.

LEMMA 3.1. Let P be an associative subspace of Im O and xz,y be unit elements
in P that are orthogonal to each other, then {x,y,z := xy} is an orthonormal basis

of P, and
TY=-—-Yyr =2z, Yr=—2Yy==, 2Zxr=—TZ=7Y. (3.6)

Conversely, if {x,y,z} is an orthonormal basis of an associative subspace P, then
zZ =y or —xy.

Proof. Since Re O @ P is a subalgebra of O, zy € Re O @ P. By (3.2) and (3.5),

Re (zy) = —Re (2y) = —(z,y) = 0,
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i.e. xy € P. Applying (3.3) and (3.1) gives
(xy,2) = (Loy, La1) = (y, 1)|z* =0,
(zy,y) = (Ryz, Ry1) = (z, 1>|y|2 =0,
lzy| = |z[ly| = 1.
Hence {z,y, z := zy} is an orthonormal basis of P.

Similarly, one can show yx is also a unit element in P orthogonal to span{z,y},
hence yxr = z or —z. If yz = 2, then

(+y)(@—y) =2 —y*+yz —ay
=—aZ+yy+z—z=—lz* + [yl (3.7)
—0.

On the other hand, since z and y are linearly independent, = + v,z — y # 0 and it
follows from (3.1) that |(z + y)(z — y)| = |x + y||x — y| # 0, which contradicts (3.7).
Hence yr = —z and it follows that

yz =y(—yz) = —y’x
—ypz = |yl = a.

Similarly one can prove zy = —x and zz = —xz = y.
Conversely, if {z,y, z} is an orthonormal basis of P, then z and xy are both unit
elements orthogonal to span{z,y}, which implies z = zy or —zy. O

LEMMA 3.2. Let A be a quarternion subalgebra of O, ¢ € At with |¢| = 1, then
Acl A, O =A@ Ae and

(x + ye)(v + we) = (xv — wy) + (wx + yv)e (3.8)
for any x,y,v,w € A.
Proof. The lemma immediately follows from Lemma A.8 in [16]. O

3.2. Jordan angles between associative subspaces. Now we explore the
Jordan angles between an associative subspace P and Im H.

Case I. 0 € Arg(P,Im H) and mg > 2. This means there exist 2 unit elements
a,b € PN ImH that are orthogonal to each other, then it follows from Lemma
3.1 that {a,b,ab} is an orthonormal basis of P N Im H. Hence P = Im H and
Arg(P,Im H) = {0}.

Case II. 7/2 € Arg(P,Im H) and m,/, > 2. Then there exists 2 unit elements
ae,be € PN (Im H)* = P N He that are orthogonal to each other. By Lemma
3.1, (ae)(be) = —ba is a unit vector in P, and —ba € HNIm O = Im H. Hence
Arg(P,Im H) = {0,7/2}, mg = 1, my /o = 2, and P is spanned by ae, be and —ba,
which are the angle directions of P relative to Im H.

Case III. mp < 1 and m,/, < 1. (Note that mg = 0 (my/, = 0) means 0 ¢
Arg(P,Im H) ( /2 ¢ Arg(P,Im H)), respectively.) First, we claim mg + m,/, < 1.
If not, there exist unit elements a € P NIm H and be € P N He; by Lemma 3.1, P is
spanned by a, be and a(be) = (ba)e € He; hence m, /o = 2, contradicting m /o < 1.

Hence there exist mutually orthogonal elements x;,x2 € P that are unit an-
gle directions of P relative to Im H associated to 61,02 € Arg(P,Im H) N (0,7/2),
respectively. More precisely,

(P oPy)re = cos? Oaza Va =1,2. (3.9)
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Here Py denotes the orthogonal projection of Im O onto Im H and P denotes the or-
thogonal projection of Im O onto P. As in Section 1, we denote by Pg- the orthogonal
projection of Im O onto He = (Im H)*, then

1
To = Poxa + Py za

. (3.10)
= cosbya, + sin b,y

with a, = secf, Poxo € Im H and y, := cscl, Prx, € He, satisfying |ao| = |ya| =
1 for each @ = 1,2. Let € be the unique element in O satisfying y; = a;¢, then for
every ¢ € H,

<E,C> = <La157La1C> = <a155alc>
- <y1;alc> - 07
which implies £ € He. And |¢| = 1 directly follows from y; = ai¢ and |y1| = |a1| = 1.
Similarly, one can prove that there exists a unique b € H which satisfies y2 = be, and

moreover |b| = 1.
Let x3 := x1x9, then Lemma 3.2 enables us to obtain

x3 =(cosbray + sin bya1¢)(cos Oaas + sin O2be)
=(cos 0 cos Baayas — sin by sin Ozbay) (3.11)

+ (COS 91 sin 92()&1 + sin 91 COS 920,1&2)6.
By Lemma 3.1, {x1, z2, 23} is an orthonormal basis of P, thus for each a = 1,2,

0 = cos® 0o (o, m3) = (P 0 Po)2a, 3)

= (Poxa,x3) = (Poa, Poxs).

(3.12)

When a = 1, the above equation gives

0 = (Pox1, Poxs) = (cos byay, cosfy cosBaaras — sin by sin Obay)
= cos? 0 cos Oz (a1, araz) — cos by sin 0y sin Oz (ay, bay )
= cos? 0 cos fz(1, az) — cos b sin 6y sin 63 (1, b)
= — COS 91 sin 91 sin 92<B, 1>
In conjunction with 6,65 € (0,7/2) we have (b, 1) = 0, therefore b € Im H. Letting
a =2 1in (3.12) yields
0 = (Poxa, Poxs) = (cos faas, cos B cos Baaias — sin by sin Obay)
= cos 0 cos? Oz (az, ajas) — cos By sin 0y sin O3 (as, bay )

= — COS 92 sin 91 sin 92 <a2, l_)a1>

and moreover

0= <a2,5a1> = <a2,Ra15> = <R(11a2,5>

= <a26_L1,b> = <—a2a1, —b> = <a2a1,b>.

Observing that ai,as and asa; form an orthonormal basis of Im H, we have b €
Span{al, CLQ}.
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By the definition of angle directions,

(Pya1, Pyaz) = (Py a1, z2) = (P o Py )z, xa)
=(P(z1 — Por1), v2) = (21, 22) — (P 0 Po)1, T2) (3.13)

=(x1,29) — cos® Oy (w1, 22) = 0,
which implies

0 = (sinf1y;,sin bays) = sin by sin Oz (a1, be)
= sin 0 sin f2{aq, b)

ie. (a1,b) = 0. Therefore b = as or —as.
If b = ag, then (3.11) shows

x3 = (cos 0 cosbraias — sin b sin Oaagar) + (cos 61 sin bzazaq + sin 61 cos Oaaqasg)e
= (cos 07 cos By — sin by sin Oz)as — (cos O sin Oy + sin 01 cos bs)ase
= cos(by + 02)as — sin(6; + 02)aze.
(3.14)

Noting that x5 is also an angle direction of P relative to Im H, 63 := arccos| cos(6; +
02)| € Arg(P,Im H). In other words,

0. — 01 + 02 if 61 4+ 05 <m/2,
3= 7T—(91+92) if 61 4+ 03 > /2.

Otherwise, b = —ay and (3.11) gives

x3 =(cos 01 cos Oaa1as — sin 6y sin Oo(—ag)aq)

+ (cos 0 sin fa(—agaq ) + sin 01 cos Ozaqas)e (3.15)
=(cos 0 cos O3 + sin 0y sin Oz)as — (— cos O sin B + sin O cos O2)ase '

=cos(f; — b2)as —sin(b, — O2)ase,
which implies 03 := arccos|cos(61 — 02)| = |61 — 62| € Arg(P,Im H). Without loss of
generality, one can assume 61 > 0, then 3 = 6, — 6. Now we put
6‘/1 = 6‘2, 6‘; = 6‘3, 9’3 = 6‘1,

ay :=as, ahy:=as, aj:=a,

— - A
Ty = T2, Ty = I3, Ty = T1

and ¢’ := —¢, then

/ ) : AN,
xy = cosba; +sinbaie’,

xh = cos Bhal + sin Ohahe’, (3.16)
;o /o sl 1
xy = cos O3a5 — sin Osase’,
which satisfy 05 = 0] + 05, a5 = a}ah and x5 = 2] x5,
Altogether, we have shown

PROPOSITION 3.1. Let P be an associative subspace of Im O, and 0 < 0 < 63 <
03 < /2 be the Jordan angles between P and Im H, then

%:{ 01+06,  if by 40, <72,

7= (004 0s) if 01 + 02 > /2. (3.17)
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Moreover, there exist an orthonormal basis {ay, az,a3} of Im H satisfying as = ayas,
and a unit element € € He, such that
r1 :=cosbia; +sinfbiae,
To := cos Byas + sinbsase, (3.18)
T3 1= COS(91 + 92)&3 — sin(91 + 92)0,38

are unit angle directions of P relative to Im H, and x3 = z112.

3.3. On the second fundamental form of coassociative submanifolds.
Let M be a 4-dimensional submanifold in Im O. If the normal space at every point of
M is associative, then we call M a coassociative submanifold (see [16]). Let p be an
arbitrary point of M, denote by 0 < 67 < 03 < 03 < 7/2 the Jordan angles between
N, M (an associative subspace) and Im H, then by Proposition 3.1,

0 { 91—|—92 1f91—|—92§7‘(/2,
3 =

T (01 +05) Oy + 05> /2. (3.19)

Denote {a1,as2,a3} to be the orthonormal basis of Im H satisfying a3 = aja2 and &
to be the unit element in He, such that

V1 :=cosbia; + sinfiaq ¢,
Vo :=cos Bsas + sin frase, (3.20)
V3 1= COS(91 + 92)0,3 — sin(91 + og)agé‘

are all unit angle directions of N, M relative to Im H, and v3 = v1v2. Denote

€1 = —lV1E = sin 91&1 — COS 91&16,

€o := —Use = sinfyas — cosbsase, 391
€3 = —V3E = — sin(91 + 92)0,3 - COS(91 + 92)0,36, ( . )
€4 =€,

then it is easy to check that (e;, Vo) = 0 and (e;, e;) = d;5 foreach 1 <4,j <4 and 1 <
a < 3. Hence {e1, €2, €3, €4} is an orthonormal basis of T, M. Whenever 0, € (0,7/2),
let ®, ¢, denote the isometric automorphism of R, 9 M = Npg M ©Tp 9 M as in
§1.1, then it follows from (1.9) that

sec 91,POL€1 = COS 9161 — sin 91(1);0791 (61).
Hence
), 9, (e1) = cot 01e1 — sec b csc 91733‘61
= cot 01 (sinf1a1 — cosBraie) — sec by csc by (— cosbrare)
= cosfiay +sinbiaqe
= ]/1
and similarly @, ¢,(e2) = v2; in conjunction with (3.19),

D, 0, (e3) = cot Bzes — sec b3 csc 93’P&‘€3
= —cosf3as + sgn( cos(fy + 92)) sin fsase

N —V3 if91—|—92<ﬂ'/2,
N V3 1f91—|—92>ﬂ'/2
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In summary we get a proposition as follows.

PROPOSITION 3.2. Let M be a coassociative submanifold in Im O, p € M and
0 <6y <0y <05 <7/2 bethe Jordan angles between NyM and Im H, then there exist
an orthonormal basis {v1,ve,v3} of NyM and an orthonormal basis {e1, ez, e3,e4} of
Tp,M, such that
(i) For each 1 < o < 3, vy (eq) is an angle direction of NyM (T,,M ) relative to
Im H (or He), corresponding to the Jordan angle 6, ;
(ii) eq € He;
(iil) eq = —Vaeq for each 1 < a < 3;
(iv) ®po, (ea) = Vo for any 1 < a < 2 satisfying 0, € (0,7/2);
—U3 if91—|—92<7T/2,
(V) (I)p)gg (63) = V3 Zf 01+ 65 > 7'1'/27
0 if91+92:7r/2.

REMARK. Here we additionally define ®, 0 = ®, ;5 = 0, as in §2.2.

Now we extend {v1, 12,3} as an orthonormal normal frame field on U, a neigh-
borhood of p, such that V,v, = 0 for every v € T,M. Lemma 3.1 implies
v3(q) = vi(q)va(q) or —v1(q)r2(q) for an arbitrary ¢ € U. Due to the continuity,
v3 = v1p on U and differentiating both sides with respect to e; € T, M gives

V3 = Ve, (vi1n)
(Ve,v1)va 4+ 1v1(Ve, 1)

= —hijev2 — ho 1€,

—h37ij6j = Ve

ie.
hgﬁijej = hlyijej‘l/z + h21ijV16j. (322)

With the aid of Lemma 3.1, Lemma 3.2 and Proposition 3.2, a straightforward calcu-
lation shows

LHS of (3.22) = h3 jn€a + h3 464

(3.23)
= —h3iaVaCa + h3ae4
and
RHS of (3.22) =hy ja€alV2 + h1iaeaV2 + haialV1€0 + hoav1€4
= — 1 ia(Va€a)Va — R javaes — haial1 (Vaeq) + hajariey
=h1 i (Val)es — h1javoes — haia(Var1)es + haiavreq
=h11v3€4 — hii2eq — by g3v1e4 — hyjavoey (3.24)

+ ha1eq + hosovses — ho ssvoes + hoavie4
=(—ha2 + ha)eq + (—his + haia)rres
+ (—ha,a — hous)vaes + (h1,i1 + hoi2)vses.

Comparing with (3.23) and (3.24), we arrive at the following conclusion.

PRrROPOSITION 3.3. Let M be a coassociative submanifold in Im O, p € M. Let
{e; : 1 < i <4} and {vy : 1 < « < 3} be as in Proposition 3.2. Then for each
1<i<4,

h3i1 = his — haia, (3.25)
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h3i2 = h1a + hos, (3.26)
h3is = —hi,i1 — h2 o2, (3.27)
h3ia = —hii2 + ho 1. (3.28)

Here {h; == (Be,e;, Va)(p) : 1 < 4,5 < 4,1 < a < 3} are the coefficients of the second
fundamental form at p.

3.4. The characterization of the Lawson-Osserman cone. Now we addi-
tionaly assume M has CJA relative to Im H. Let pg € M, 0 < 6y <0 <65 < 7/2be
the Jordan angles between Ny, M and Im H, {11, v2, 3} be the orthonormal basis of
Npo M and {e1, e2, e3, e4} be the orthonormal basis of T, M, satisfying the properties
in Proposition 3.2. Then (2.6) and Lemma 2.3 implies

hoai=0 Vi<a<3,1<i<4 (3.29)

and substituting it into (3.25)-(3.28) gives

hi,23 = ha31 = hg12; (3.30)
hi22 = —h324, hi3s=hozs, hiaa = —hozs+ h3ou; (3.31)
ho3z = —h134, ho11 = h314, hoas = —h3 14+ h134; (3.32)
hsi1 = —ho14, hsoo =hioa, hsaa=—hi24+ ho14. (3.33)

Furthermore, applying Lemma 2.6 and 2.7 yields the following propositions.

PROPOSITION 3.4. Let M be a coassociative submanifold in Im O, with CJA
relative to Im H. If gV < 2, 7/2 ¢ Arg" and Arg™ # {arccos(v/6/6), arccos(2/3)},
then M has to be affine linear.

Proof. Let pg be an arbitrary point in M, and the notations 0., vy, €;, ha,j are
same as above.

Case I. §; = 0 and 6, = 03 < 7/2. Then g7 = gV < 2 and the equality holds
if and only if 65 # 0. It is well-known that coassociative submanfolds are absolutely
area-minimizing (see [16] §IV.2.B). By Theorem 2.1, M has to be an open set of an

affine 4-plane.
_ B 20, if 6; < /4,
Case II. 0; = 05 € (0,7/4) U (w/4,7/3) and 05 = { T 20, if > 1/d.

Denote 6 := 0y, then Arg" = {0,063}, Arg” = {0,6,03}; T,,, oM = span{e;, ez} and
Npo.oM = span{vq, 2} with v, = ®g(e,) for each 1 < a < 2; T}, 9, M = span{es},
Npo.0sM = span{rs} and

- V3 if 61 > 7T/4,
oy (cs) = { —vg if 6 < 7/4;

Tyo,0 = span{es}. Lemma 2.2 implies
hi,22 = ha11 = 0. (3.34)
Substituting the above equation into (3.31) and (3.32), we get

h3.24 = h3 14 = 0. (3.35)
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Applying Lemma 2.1 gives

0 = hi23 + h2,13 = h1,24 + h2,14. (3.36)

In conjunction with (3.30), we have

h1,23 = ha31 = h312 = 0. (3.37)
Let Ry, and Uy, be tensors of type (4,0), defined in (2.19) and (2.21), respectively.
Then
R003 (617 €2, €1, 62) = <B§1361 ) ng?’e2> - <Bgf€2 ) ngel>
= h311h3,20 — h3,12h3,01 (3.38)
= —hg14h1,24 = hi247
Usgo, (€1, €2, €1, €2)
(A e oy (AP Do) — (A ey (A et} o
:<AU161, 63><AV2 €2, €3> - <AU261, 63><AV1 €2, 63> '
=h1,13h2,23 — h2,13h1,23 = 0
and
Ugo(e1, e2,€1,€2)
=((A%Vey)g, (A% ey)o) — ((AT(eq)g, (AT ey)o) (3.40)
=(A" ey, eq) (A eq,eq) — (A%e1, e4) (A€o, e4) '
=h1,14h2,24 — ho14h1 24 = h%)24.
By (2.22),
0= Z koo Ros(€1,€2,€1,€2) — 3 Z kooUgo (€1, €2, €1, €2)
ocArgl 040 ocArgT 040
= Koo, Roa, (€1, €2, e1, e2) — 3rgg,Upg, (€1, €2, €1, e2) — 3kaoUgo(€1, €2, €1, €2)
= (Koo, — 3kg0)h7 24
where

3 sin 260 3sin 26
K — 9K = —
865 90 05260 — cos 205 cos260 —1
sin 26 3sin 26 2cosfsinf 6 cosfsinf

T 0820 — cos 46 + 1—cos20  2sin3fsind + 2sin 0
 cosf(sinf + 3 sin 36) 50
a sin 30 sin @ ’

Hence hj 24 = 0 and moreover

h3oo =hi124 =0, hzi11=—hota=hi2a=0, hgaa=—hioa+ho1a=0. (3.41)

In conjunction with (3.29), (3.35) and (3.37), we obtain

A = 0. (3.42)
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Putting v = w = e3 in (2.23) gives

<(VB3B)6383a (1)93 (63)> :(1/3)’{939 (<B(§3637B(§363> + 2|B33e3 |2)
— 2Kg0,4 <B€ (I)Q(Aq)e3 (63)63»

ezez’
(3.43)
=050 BYy o |* = Koo (I3 33 + D3 33)
:”939(h§,34 + hi34)
(where we have used (3.42), (3.31) and (3.32)). By Lemma 2.7,
<(VesB)€4€47 (1)93 (63)>
= = 2600, (Bl o (A" (“es)y) (3.44)
+ Ko30| B o, P + Kool (A% 2 es)o|? + Kpyol (AT () eq)o|? .
:“030(]1%,34 + h%,34)7
<(VesB)€1€17(I)93 (63)>
= — 2Kgg, <B£361 , Dy (Aq>93 (63)61)9>
0 2 A@g (83) 2 A@g (83) 2 (345)
+ K650|Bege, | + Kos0| (A7 e1)o|” + ka0l (A% eq)o]
:“030(]1%,31 + h§,31) =0
and similarly
<(VesB)€282a (1)93 (63)> = 0. (346)
Combining (3.43)-(3.46) gives
4
0= <v€3H7 Dy, (e3)) = Z<(VGSB)61'€'L7(I)03 (e3))
i=1
= 2’1930(%,34 + h%,34)7
which forces hq 34 = ha g4 = 0 (since kg 0 = ws;g;% # 0) and moreover
h =ho34 =0, hi4as=—ho3s+ h3os =0;
1,33 2,34 1,44 2,34 3,24 (3.47)

h233=—h134=0, haas=—h314+h134=0.

In conjunction with (3.29), (3.34), (3.37), (3.41) and (3.42), we have B(py) = 0. The
arbitrariness of pg implies B =0, i.e. M is totally geodesic.

Case III. 0, = 0, = 03 = 7/3. Then gV =1, g7 = 2 and Theorem 2.1 implies
M is affine linear.

Case IV. 0y = 05 € (71/3,arccos(v/6/6)) U (arccos(v/6/6),7/2) and 6, = m — 205.
Denote 6 := 0y, then Arg" = {0,6,}, Arg” = {0,60,0,}; T,, oM = span{es,e3} and
Npo.oM = span{vs, v3} with v, = ®g(e,) for each 2 < a < 3; T}, 9, M = span{e;}
and Ny, o, M = span{vy } with 11 = Py, (e1); Tpy,0M = span{es}. Applying Lemma
2.1 and 2.2 gives

ha33 = h3 20 =0, 0=ha31+h321 = ho3s+ h3o4. (3.48)
Substituting the above equations into (3.30)-(3.33) yields
hi,23 = ha31 = h3 12 = 0; (3.49)
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hi22 = —h3 24 = ho 34 = h133, hi14a = —2hg 345 (3.50)
hi34 =0, ho11 = h314 = —h2aa; (3.51)
hi24 =0, hs11 = —ha14 = —h344. (3.52)

A straightforward calculation shows

R991 (62; €3, €2, 63) = <B(§2162 ) Bz;eg> - <ngleg ) Bg;€2>

; (3.53)
= h1,22h1,33 — h1 230132 = h3 34,

Ugo, (2, €3, €2, €3)
=((A%0(2ey)g , AP ez)p ) — (AP0(ea)ey),  APo(e2)eg)y ) (3.54)

:h2,21h3,31 - h3,21h2,31 = Oa

Upo(e2, €3, €2, €3)
:<Aq>9 (62)62)0, A‘I’e (63)63)0> - <Aq>9(e?’)€2)0, A¢9(62)63)0> (355)

2
:h2,24h3,34 - h3,24h2,34 = h2,347

and then Lemma 2.6 implies

0= Z koo Ros(€2,€3,€2,€3) — 3 Z kooUgo (€2, €3, €2, €3)
ocArgl ,0#£0 ocArgT 040
¢ ¢ (3.56)
= Koo, Roo, (€2, e3, e2, e3) — 3kp0, Ugs, (€2, €3, €2, €3) — 3rgoUso (€2, €3, €2, €3)
= (Koo, — 3k60)h3 34,
where
3 sin 260 3sin 26
Koo, — 3Kgo = —
o0 90 0520 — cos 207 cos20 —1
_ sin 26 n 3sin 20 _ cos 9(s.1n9 +'3 sin 36) (3.57)
cos20 —cos4f 1 — cos20 sin 36 sin f
~ 2cos0(5 — 6sin® 0)
N sin 360 '

Since 0 # arccos(\/6/6), sin’ 0 # 5/6 and then rgg, — 3xgo # 0. Hence hg 34 = 0 and

moreover
hi22 = h1,33 = h1,44 = h3 .24 = ha 34 = 0. (3.58)

In conjunction with (3.29), (3.49), (3.51) and (3.52), we have A** = 0. With the aid
of Lemma 2.7, one can then proceed as in Case II to deduce that B(pg) = 0. Since
po is arbitrary, M has to be affine linear. O

PROPOSITION 3.5. Let M be a coassociative submanifold of Im O. Assume M
has CJA relative to Im H, and Arg" = {arccos(v/6/6),arccos(2/3)}, then either M
is affine linear, or there exists ag € Spy, such that M is a translate of an open subset
of M(ag). Here M(ag) denotes the Lawson-Osserman cone, see (1.2).

Proof. Let 61 := arccos(2/3), 62 = 03 := arccos(v/6/6) and 6 := 6. For an
arbitrary point pg € M, let {e1, ea, €3, €4} be an orthonormal tangent frame field and
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{v1,v2,v3} be an orthonormal normal frame field on U, a neighborhood of pg, such
that for any p € M, e;(p) and v4(p) satisfy the properties in Proposition 3.2. In
particular, v, = ®,(es) for each 1 < a < 3. With the aid of Lemma 2.1, Lemma 2.2
and Proposition 3.3, one can proceed as above to get some pointwise relations between
the coefficients of the second fundamental form, see (3.29), (3.48)-(3.52). Denote

h = hy 22,
then h can be seen as a smooth function on U, and
hi3s =h2sa=h, hg2a=—h, hia=-2h
Step I. Prove

ho11 = h3,11 = ho,14a = h314 = hoaa = h3 44 = 0.

By (2.23),
<(velB)€161 ) (1)91 (61)> :(1/3)’{919 (<B21€1 ) Bglel> + 2|Bgle1 |2)
— 2546, (B, ®a (A% (Vey))

:’1919(}15,11 + hg,ll)'
Applying Lemma 2.7, we have

(Vey Begea Po, (e1))
= — 2kgo, (B .,, Po(A%1e4)0)

+ 10,0\ BY o, |* + Koy0| (AT D eg)g|? + kg, ol (AT (D ey)o|?
= — 2kgg, (h2,14h1 42 + h3 1401 43)

+ ”919(h§,14 + hg,m) + “010(h%,42 + h%,43) + ”Gloh%,m

:“010(]1%,14 + hg,m) + 4’€910h2=

(Ve B)eses, o, (€1))
= — 2Kpp, <331627¢0(A%1 €2)0)

+ 10,0 BY oy P + K010 (A% (D ea)g|* + kg0 (A% (e
= — 2kgg, (h2,12h1,22 + h3 1201 23)

+ ’it‘hé)(hg,u + hg,u) + “010(h%,22 + h%,zs) + ’ié)lohiﬂ

2 2
=r0,0h1 22 = Ko, 0h
and similarly

<(VelB)€3€3aq)91 (61)> = 5919}1%,33 = ’{919}12'
Adding (3.62)-(3.65) gives

4
0= <v61H7 o, (61)> = Z«VQB)GI‘GN(I)Q (61)>

i=1
= ”Gle(hg,u + hg,u + hg,u + hg,m) +2(2k9,0 + Ko,0)h7,

(3.59)

(3.60)

(3.61)

(3.62)

(3.63)

(3.64)

(3.65)
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where
s + Koo = 2 sin 26, sin 26,
cos20; —1 = cos26; — cos26
__2sin26, sin 26, _ sin 261 [2(cos 26, + cos ;) + cos 20, — 1] (3.66)
cos20; —1 = cos26, + cos b (cos20; — 1)(cos 201 + cos6q) '

~ 2sin260;(3cosfy —2)(cosby +1) 0
~ (cos26; — 1)(cos26; +cosby)

Hence ho 11 = h3 11 = h2,14 = hs 14 = 0 and substituting it into (3.51)-(3.52) implies
ho,.44 = h3 44 = 0.

Step II. Calculation of the connection coeflicients.

Denote

Ffj = (Ve, €, er), f‘?a = (Ve,Va, vg). (3.67)

Then differentiating both sides of (e;, ex) = d,, with respect to e; gives I‘fj + I’gk =0.
In particular, ng = 0. Similarly f‘fa + f‘?ﬁ = 0 and especially T'¢, = 0.
Based on Lemma 2.4, a direct calculation shows

F?l = (5910)6164 (61) = Koo, <B€i€17q)0(e4)> - 5910<B€i€47 q)el (61)>

3.68
= —Ko,0N1,i4, (3.68)
T? = (S0,0)eres(€:) = K00, (Beser, Pole2)) — k0,0(Be,e o, (€1)) (3.60)
= rgg, h2,i1 — Ke,0h1,i2,
Ty = (S60)eses (€5) = K00 (Be,ea, Poles)) — ko0(Be, ey, Pole2)) (3.70)
= —rgoh2,i4 :
and similarly
U7 = (S0,0)eres (€:) = Koo, hai1 — Koyohi i3, (3.71)
Tis = (S00)eses (€5) = —Raoha,ia. (3.72)
By Lemma 2.5,
fgl = (Sé\lze)lfll% (62) = ’{919<B62,<I>91 (v1)» V3> — K66, <Bez,<I>e(V3)7 V1> (3 73)

= kgo, 1,23 — Kg,9h3,21 = 0.

Step III. Proof that the angle lines with respect to 61, i.e. integral curves of the
vector field e1, must be straight lines in Euclidean space.

This is equivalent to V¢, e; = 0 holding everywhere, which follows from the fol-
lowing straightforward calculation.

3
i i 4
Veie1 = Bejey, + Ve, e1 = ha11Va + 176 = E :Fllei +Tieq
i—2

3
= E (Koo, hia1 — Keyohi,1i)€ei — Kool 1ae4 = 0.
i—2
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Step IV. Proof that there exists a hypersurface N of U, such that pg € N and
e1(p)LT,N for every p € N.
By the Frobenius theorem, it suffices to prove that the subbundle ei of TU is

integrable; more precisely, given arbitrary smooth sections X,Y of ei, [X,Y] takes

values in ef as well.

Now we write X = Z?:z Xie; and Y = Z?:z Y7e;, then
[(X,Y] = XY [es, e5] + X' (Ve, Y7 )e; — Y (Ve, X )e;
and hence
((X,Y],e1) = XY ([ei, €j], e1).

Hence it is necessary and sufficient for us to show ([e;, e;],e1) = 0 forany 2 <i < j <
4.
Since V is torsion-free,

<[62a 63]7 €1> :<V€263a 61> - <V€362a 61> = F%S - Filﬂ = _Fgl + Fgl
= — (Koo, h3,21 — Ko 0h1,23) + (Koo, ha,31 — Ko 0h1 32)

(le2,ea], €1) =(Veyea,e1) — (Ve,ez,e1) =Tgy — Ty = '3, + 175
=rg,0h1,24 + (Koo, ha a1 — Ko,0h1,42)
=0

and similarly
([es, ea],e1) = Ko 01,34 + (Koo, ha,a1 — Ko,0h1,43) = 0.

Then the claim is proved.

Without loss of generality, we can assume that the closure of IV is contained in U.
Then there exists § > 0, such that X (p)+te; € U for every p € N and any t € (—0,0),
where X (p) denotes the position vector of p in Im O. Define ¢ : N x (=6,0) = U

(p,t) = X(p) + tex, (3.74)

then ¢ is a diffeomorphism between N X (=6, ¢) and a neighborhood of pg in M, which
is denoted by W.

Step V. The function h defined in (3.59) is constant on N.

Applying the Codazzi equations,

Ve,hh = Ve, hi 2o = Ve, (Beyeys 1)
= ((Vey B)egeys V1) + 2T 01 0i + T8 haoo
= ((VesBesess V1) = (Vey Begess 1)
= Ve, hi24 — Dhohiia — Thyhioi — T9 haoa
= 21'5,h — T'3,h + T4, h =3T3,
= —3kgoh2,24h =0,
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Vesh = Ve,hi 33 = Ve, (Beges, V1)
= ((Vey Beses> 1) + 20531 35 + 161 ha 33
= ((Vey B)eges V1) = (Vey B)eges, V1)
= Veshio3 — Thoht iz — Thshioi — 151 ha 03

= —T5h—T5h=0
and similarly
Vesh = Veshigo = —T33h — Tayh = 0.

Hence Vh =0 on N. Without loss of generality, we can assume h|y = hg, with kg a
nonnegative constant.

Step VI. W is a cone whenever hy > 0.

Define ¢ : N — Im O

Y(p) = X(p) + Roex(p),

where Ry is a constant to be chosen. Then

Vie; = €; + RoVe,e1
= ei + RO(Beiel + veiel)
=e; + Rol“{lej

3
=e;+ Ry E (Koo, hji1 — Koyohiij)e; — Ko,ohaiaea]
i=2

for each 2 <1 < 4. More precisely,

yes = (1 — Rokg,ahi,22)ea = (1 — Rokg,eho)ea,
Yuez = (1 — Roka,0h133)e3 = (1 — Roka,eho)es, (3.75)
1/)*64 = (1 — R05910h1744)64 = (1 + 2R0/€910h0)64.

Now we put
Ry = (Hglgho)il,

then combining (3.75) and (3.66) implies 1,e; = 0 for each 2 < i < 4. Hence 1) is a
constant map on N. Without loss of generality, we can assume ¢ = 0, i.e. F(p) =
—Rpeq(p) for every p € N. In other words, N lies in the Euclidean sphere centered
at 0 and of radius Rp, and an arbitrary normal line of N, i.e. {F(p)+te; :t € R}
with p € N, must go through the origin. Therefore W is a cone.

Step VII. M is an open subset of M (ag) provided that hg > 0 and ¢ = 0.

Let

S:={xcIm O: |z| = Ry, |Ps x| = cos1 Ry} (3.76)

be a submanifold of Im O. For any = € S, there exist a unit element b € Im H and a
unit element ¢ € He, such that

x = Ro(—sinb1b + cos b be).
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Define
E, =Re @ {sinfc — cosfce : c € Im H, (b, c) = 0}, (3.77)
then F, is a 3-dimensional subspace of T,.S. Furthermore
E:={E,:z€S} (3.78)

is a 3-dimensional distribution on S.
For any p € N, e;(p) is a unit tangent angle direction associated to 6. Hence
there exist b € Im H and ¢ € He satisfying |b] = |¢| = 1, such that

e1(p) = sin ;b — cos b1 be.
Moreover,
X(p) = ©(p) — Roe1(p) = —Roex(p)
= Ro(—sin6,b + cos b be).

Therefore N C S.
Denote

vy =Dy, (61) e (— tan 91730L + cot 91730)61
=cos#1b + sin 0, be,

then v; is a unit angle direction of N, M with respect to Im H. On the other hand,
Proposition 3.1 implies the existence of an orthonormal basis {b1,bs,b3} of Im H
satisfying b3 = b1by and a unit element ¢’ € He, such that

vl = cosOuby + sin O, by’ Vi<a<3

are all unit angle directions of N, M relative to Im H. Since mg, = 1, v| = £, and
then one can assume by = b, ¢/ = ¢ without loss of generality, which implies

N, M =Ry & {cosOc+sinfce : c € Im H, (b,c) = 0}.

Noting that T, N LN,M and T,N Ley, it is easy to deduce that T,N = FE,, i.e. N is
an integral manifold of F.

For any a € Sp,, M(a) is a coassociative cone, which has CJA with Arg’ =
{61,0,0}, and each ray is an angle line with respect to 67 (see 1.2). As above, one
can show that M (a) N B(Ry) C S and that it is also an integral manifold of E.

Now we write

X (po) = Ro(sin 01bo + cosficoe) = (2/3)Ro[(V5/2)bo + coe] (3.79)
with by € Im H, ¢y € H satisfying |bg| = |co| = 1. Then choosing
ag = coboCy, qo := Co (3.80)
gives
X(po) = (2/3)Ro[(V5/2)q0a0d0 + Goe] € M (aq).

Therefore N and M (ag)NB(Ry) are both integral manifolds of E. Since M (ag)NB(Ro)
is complete, applying the Frobenius theorem implies N C M (ag) N B(Ry), and hence
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W C M(ap). Finally, because minimal submanfolds in Euclidean space are analytic
manifolds, M has to be an open subset of M (ag).
Step VIII. M is affine linear whenever hg = 0.

First, hg = 0 implies B = 0 on N. Denote by B the second fundamental form of
N in Im O, then

<-Beiej71/o¢> = <ve¢€ju Voz> = <Beiejuyoz> =0

forany 2<i¢,j<4and 1 <a <3,
(Beye;r 1) = (Ve,ej,€1) = (Ve ej,e1) =T

_ i _
= —IY, = — (Koo, hj,i1 — Ko,oh1,i5) =0

for any 2 < j <3 and

1 4
(Bejesse1) = Iy = =T = Kg,0h1,ia = 0.

Thus B =0, i.e. N is totally geodesic.
Since

4
veiel = Z<v€z‘el7 ej>ej + Beiel

<.
I|
S

4
= Thej+ Bee, =0
j=2

for each 2 <7 <4, e; is parallel along N. Therefore W is an open subset of an affine
linear subspace of Im O. Due to the analyticity of minimal submanifolds, M has to
be affine linear. And the proof is completed. O

Proposition 3.4 and Proposition 3.5 together imply the following theorem.

THEOREM 3.1. Let M be a coassociative submanifold in Im O. Assume M has
CJA relative to Im H. If gV <2 and 7/2 ¢ Arg" | then either M is affine linear, or
there exists ap € Sp; and wy € Im O, such that M is an open subset of

M(ag,wp) := {r[(\/g/Z)qaotj—l— tje} +wo:q€ Spy,r e RTY.

In other words, M is a translate of a portion of the Lawson-Osserman cone.

Theorem 1.2 in §1.3 is a direct corollary of Theorem 3.1.

REFERENCES

[1] J. L. M. BARBOSA, An extrinsic rigidity theorem for minimal immersion from S? into S™, J.
Diff. Geom., 14 (1980), pp. 355-368.

[2] P.BAYARD, A. J. D1 Scara, O. OsuNA CASTRO, AND G. RUIzZ-HERNANDEZ, Surfaces in R* with
constant principal angles with respect to a plane, Geom. Dedicate., 162 (2013), pp. 153-176.

[3] S. BERNSTEIN, Sur un théoréme de géométrie et ses application auzx équations aux dérivés
partielles du type elliptique, Comm. de la Soc Math. de Kharkov (2¢ sér.), 15 (1915-1917),
pp. 38-45.

[4] E. BoMBIERI, E. DE GIORGI, AND E. G1USTI, Minimal cones and the Bernstein problem, Invent.
Math., 7 (1969), pp. 243-268.

[5] P. CERMELLI AND A. J. D1 ScaLa, Constant-angle surfaces in liquid cristals, Philos. Mag., 87
(2007), pp. 1871-1888.



LAWSON-OSSERMAN CONE 109

S. S. CHERN AND R. OSSERMAN, Complete minimal surfaces in Fuclidean n—space, J. d’Anal.
Math., 19 (1967), pp. 15-34.

A. J. D1 ScALA AND G. RUIZ-HERNANDEZ, Heliz submanifolds of euclidean spaces, Monatsh
Math., 157 (2009), pp. 205-215.

F. DiLLEN, J. FASTENAKELS, J. VAN DER VEKEN, AND L. VRANCKEN, Constant angle surfaces
in S? x R, Monatsh. Math., 152 (2007), pp. 89-96.

F. DILLEN AND D. KowALCzYK, Constant angle surfaces in product spaces, J. Geom. Phys., 62
(2012), pp. 1414-1432.

F. DILLEN AND M. L. MUNTEANU, Constant angle surfaces in H? x R, Bull. Braz. Math. Soc.,
40 (2009), pp. 85-97.

W. Y. DING AND Y. YUAN, Resolving the singularities of the minimal Hopf cones, J. Partial
Diff. Equations, 19 (2006), pp. 218-231.

7. DRMAC, On principal angles between subspaces of Fuclidean space, SIAM J. Matrix Anal.
Appl., 22 (2000), pp. 173-194.

J. FASTENAKELS, M. L. MUNTEANU, AND J. VAN DER VEKEN, Constant angle surfaces in the
Heisenberg group, Acta Math. Sin. (Engl. Ser.), 27 (2011), pp. 747-756.

D. FisCHER-COLBRIE, Some rigidity theorems for minimal submanifolds of the sphere, Acta
Math., 145 (1980), pp. 29-46.

M. GHowml, Shadows and convezity of surfaces, Ann. Math., 155 (2002), pp. 281-293.

R. HARVEY AND H. B. LawsoN, Calibrated geometries, Acta Math., 148 (1982), pp. 47-157.

S. HILDEBRANDT, J. JosT, AND K. WIDMAN, Harmonic mappings and minimal submanifolds,
Invent. Math., 62 (1980), pp. 269-298.

C. JORDAN, Essais Sur la Géométrie ¢ n Dimensions, Bull. Soc. Math. France, 3 (1875),
pp- 103-174.

J. JosT AND Y. L. XIN, Bernstein type theorems for higher codimension, Calc. Var. PDE, 9
(1999), pp. 277-296.

J. Jost, Y. L. XIN, AND L. YANG, The Gauss image of entire graphs of higher codimension
and Bernstein type theorems, Calc. Var. PDE, 47 (2013), pp. 711-737.

J. Jost, Y. L. XIN, AND L. YANG, The geometry of Grassmannian manifolds and Bernstein
type theorems for higher codimension, Ann. del. Scu. Norm. Sup. di Pisa, XVI (2016),
pp. 1-39.

J. JosT, Y. L. XiN, AND L. YANG, A spherical Bernstein theorem for minimal submanifolds of
higher codimension, arXiv: 1405.5952.

J. Jost, Y. L. XIN, AND L. YANG, Curvature estimates for minimal submanifolds of higher
codimension and small G-rank, Tran. Amer. Math. Soc., 367 (2015), pp. 8301-8323.

H. B. LAWSON AND R. OSSERMAN, Non-existence, non-uniqueness and irreqularity of solutions
to the minimal surface system, Acta Math., 139 (1977), pp. 1—17.

R. LOPEZ AND M. L. MUNTEANU, Constant angles surfaces in Minikowski space, Bull. Belg.
Math. Sic. Simon Stevin, 18 (2011), pp. 271-286.

J. MOSER, On Harnack’s theorem for elliptic differential equations, Comm. Pure Appl. Math.,
14 (1961), pp. 577-591.

K. Nomizu, Characteristic roots and vectors of a differentiable family of symmetric matrices,
Linear and Multilinear Algebra, 1 (1973), pp. 159-162.

J. SIMONS, Minimal varieties in Riemannian manifolds, Ann. Math., 88 (1968), pp. 62-105.

M.-T. WANG, On graphic Bernstein type results in higher codimension, Trans. AMS., 355:1
(2003), pp. 265-271.

Y.-C. WoONG, Differential geometry of Grassmann manifolds, Proc. N.A.S., 57 (1967), pp. 589—
594.

Y. L. XIN, Minimal submanifolds and related topics, World Scientic Publ., 2003.

Y. L. XiN AND L. YANG, Convez functions on Grassmannian manifolds and Lawson-Osserman
Problem, Adv. Math., 219:4 (2008), pp. 1298-1326.



110 J. JOST, Y. L. XIN, AND L. YANG




<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.7
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.1000
  /ColorConversionStrategy /CMYK
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments true
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects true
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<

    /BGR <>
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /CZE <>
    /DAN <>
    /DEU <>
    /ESP <>
    /ETI <>
    /FRA <>
    /GRE <>

    /HRV (Za stvaranje Adobe PDF dokumenata najpogodnijih za visokokvalitetni ispis prije tiskanja koristite ove postavke.  Stvoreni PDF dokumenti mogu se otvoriti Acrobat i Adobe Reader 5.0 i kasnijim verzijama.)
    /HUN <>
    /ITA <>
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /LTH <>
    /LVI <>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /POL <>
    /PTB <>
    /RUM <>
    /RUS <>
    /SKY <>
    /SLV <>
    /SUO <>
    /SVE <>
    /TUR <>
    /UKR <>
    /ENU (Use these settings to create Adobe PDF documents best suited for high-quality prepress printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


