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REPRESENTATION AND DERIVED REPRESENTATION RINGS OF
NAKAYAMA TRUNCATED ALGEBRAS AND A VIEWPOINT
UNDER MONOIDAL CATEGORIES*

MIN HUANG'!, FANG LI¥, AND YICHAO YANGS

Abstract. The main aim of this study is to characterize representation rings and derived
representation rings of a class of finite dimensional Hopf algebras constructed from the Nakayama
truncated algebras K Z,/J?% with certain constraints. For the representation ring r(K Z,/J%), we
completely determine its generators and the relations of generators via the method of the Pascal
triangle. For the derived representation ring dr(K Zp/J?)(i.e., d = 2), we determine its generators
and give the relations of generators. For these two aspects, the polynomial characterizations of the
representation ring and the derived representation rings are both given.

Representation rings are well-known as Green rings from module categories over Hopf algebras.
We have studied Green rings in the context of monoidal categories such that representations of Hopf
algebras can be investigated through Green rings of various levels from module categories to derived
categories from a unified viewpoint. Firstly, as analogues of representation rings of Hopf algebras, we
set up so-called Green rings of monoidal categories, and then we list some such categories including
module, complex, homotopy, derived and (derived) shift categories, and the relationship among their
corresponding Green rings.

Key words. Representation ring, derived representation ring, shift ring, Nakayama truncated
algebra, Pascal triangle, monoidal category.
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1. Introduction. Throughout this paper let K be an algebraically closed field
and all modules left modules. The Grothendieck group Ky(A) plays an important role
for a K —algebra A. If A is not only an algebra, but also a Hopf algebra, we can define
aring structure on Ky(A) using the comultiplication A, that is, the Grothendieck ring.
However, the Grothendieck ring reflects only the relations among irreducible represen-
tations, but not all indecomposable representations. Therefore, in some studies (e.g.
[6] [14]), representation rings of finite groups were introduced to study modular repre-
sentation theory through the structure of representation rings such as semi-simplicity.

Let H be a K-Hopf algebra over K with comultiplication A and counit €. It is
well-known that gmod is a monoidal category with the tensor product ®g. Usually,
the representation ring of H, denoted by r(H) (see [14]), is also called the Green
ring, which we write as gr(gmod). In this case, r(H) is generated by all [V] of
indecomposable H-modules V' € ind(H) with [V] + [W] = [V @ W] and [V][W] =
[V @k W]. Note that

(i) the module structure of V ®@x W is obtained by h(v x w) = > (h'v x h"w)

(R)
forhe HyveV,weW,

(ii) For the identity [K], K is viewed as an H-module by h -k = ¢(h)k for any
he H, ke K,;

(iii) The distributive law of r(H) is due to the bilinearity of ®x;
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(iv) If H is cocommutative, then 7(H) is a commutative ring.

For a representation-finite K-Hopf algebra H, up to isomorphism, let M =
{My,---,M;} be the set of all ¢ indecomposable H-modules. In particular, say
M; = K. The representation ring r(H) can be realized as a quotient of a certain
finitely generated free ring. That is, for the free algebra K(X) on a set of indetermi-
nates X = {x1, 2, - , ¢}, we can define an epimorphism of rings ¢ : K(X) — r(H)
satisfying ¢(1) = [K], p(a;) = [M;] for i =1,--- ,t.

Then, for any 1 < 4, j < t, there are non-negative integers kf] (i <1< t)appearing
as the structure constants of the representation ring r(H) satisfying

[M;][M;] = Z ké,j[Ml]' (1)

1<i<t

Define an ideal I of K (X) generated by {z;x; =Y, ki a1 | 1 <1i,j < t}, then
the representation ring r(H) can be realized as r(H) = K(X)/(I,1 — x1).

Moreover, if H is cocommutative, then 7(H) becomes a commutative ring due to
the definition of a representation ring. In this case, the free algebra K (X) is replaced
by the polynomial algebra K[X] through the relations [M;][M,] = [M;][M;], that is,
r(H) = K[X]/(I,1—x1).

However, in general, using some relations among the ¢ indecomposable modules
of a representation-finite K-Hopf algebra H, it is possible to find a positive integer
s with s < t and s generators consisting of iso-classes of indecomposable modules to
generate r(H) with more relations. Then, we will be able to find Y = {y1,--- ,ys} so
as to obtain an epimorphism K[Y] — r(H). This will be described in Section 4 for
some Nakayama truncated algebras H = K Z,,/J.

Most of this paper is devoted to characterizing representation rings and derived
representation rings of a special class of finite dimensional Hopf algebras, i.e., the
Nakayama truncated algebras K Z,,/J% with d = p™ < n over an algebraically closed
field K of characteristic p. Nakayama algebras, also called generalized uniserial al-
gebras, were introduced by Nakayama who characterized this kind of algebras as an
artinian ring R in which each R-module is a direct sum of quasi-primitive modules (i.e.
those factor modules of primitive one-sided ideals) (see [1],[11],[25]). The Nakayama
truncated algebras, which were also studied in [2],[3], are always basic self-injective
Nakayama algebras. Some well-known algebras can be realized as Nakayama trun-
cated algebras, such as the Taft algebras and the generalized Taft algebras studied
in [17],[26],[29]. Another reason why we consider this kind of Nakayama truncated
algebras is that they have Hopf algebra structures, see Proposition 2.1.

The representation rings of certain Hopf algebras have been computed, such as
finite dimensional semi-simple Hopf algebra, the enveloping algebra of a complex semi-
simple Lie algebra, the polynomial Hopf algebra K [z] and the Sweedler 4-dimensional
Hopf algebra (see [9],[10],[12],[23],[31]). There have also been recent studies by Chen,
Oystaeyen in [8] and Zhang for Taft algebras and by Li and Zhang for the generalized
Taft algebras in [21].

Although all the algebraic structures of Taft algebras, generalized Taft algebras
and Nakayama truncated algebras can be written as the form K Z, /J¢ for an oriented
cycles Z,, in the cases of d = n,d|n and d = p™ < n respectively, their structures as
coalgebras differ substantially.

The Nakayama truncated algebra K Z,,/J¢ is of the finite representation type and
becomes a cocommutative Hopf algebra in the case we discuss. We give the genera-
tors of its representation ring with cardinality less than the number of iso-classes of
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indecomposable modules and determine the relations of these generators. For clearer
expression, we introduce the method of the Pascal triangle. Finally, we use linear
recurrent sequence to obtain the polynomial characterization of the representation
ring (K Z,/J?).

As an application of the polynomial characterization of representation rings, we
give a preliminary discussion of the isomorphism problem on representation rings.
The complexified representation ring R(KZ,/J?) is defined from r(KZ,/J¢) and
then using it, a sufficient condition for two such representation rings R(K Z,, /J%)
and R(KZ,,/J%) with nid; = nady to be isomorphic is given by that, in their
polynomial characterizations, the ideals generated by the relations in the polynomial
rings are both radical ideals.

In essence, representation rings are constructed by (indecomposable) objects from
the module categories of Hopf algebras and then are used as a tool to reflect the
properties of Hopf algebras. Hence, we can apply the same idea to more categories
enjoying similarity, in which monoidal categories seem be the most natural. So, in this
paper, we also introduce the concept of Green rings over monoidal categories which
we regard as the de-categorification of monoidal categories. Conversely, monoidal
categories can be thought of as the categorification of their Green rings.

The viewpoint of Green rings of monoidal categories is important, since under this
we can unify a series of special monoidal categories via Green rings. Representation
rings over module categories are most important. The others include those for a Hopf
algebra H, the complex category Ch(H), the homotopy category K(H ), the derived
category D®(H) and their subcategories Ch*"(H) and D*"(H) with Green rings called
complex rings, derived representation rings and (derived) shift rings, respectively. In
this part, we also give the relations among the Green rings of these special monoidal
categories.

In general, the Green rings mentioned above are non-commutative. However,
when the Hopf algebras are cocommutative, even non-cocommutative for some spe-
cial cases (e.g. (generalized) Taft algebras), Green rings are commutative. We can
characterize these rings via free algebras. In particular, when the Hopf algebras are
cocommutative, we can use polynomial algebras to characterize the Green rings. At
the end of this section, we give the characterizations of shift rings and derived repre-
sentation rings using free algebras and polynomial algebras.

Our other aim is to calculate the derived representation ring of the algebra
KZ,/J?% In fact, the representation ring (K Z,/J%), which is characterized com-
pletely in Section 7, is a sub-ring of the derived ring dr(K Z,,/J?). Another sub-ring
of dr(KZ,/J%) is the shift ring sh(K Z,/J?%), which has a graded structure which
is easy to describe (Proposition 5.1). However, the calculation of the structure co-
efficients of the derived representation ring dr(K Z,/J%) is more difficult than that
of sh(KZ,/J%) and r(KZ,/J?%). Indeed, we have been able to investigate only the
derived representation ring for the case d = 2, i.e. H = KZ,/J?, see Theorem 5.9
where the generators of dr(K Z,/J?), the relations of generators and the polynomial
characterization are given respectively in (i), (ii) and (iii). The remaining problem is
that in Theorem 5.9, for the case s > s’ > 1, the decomposition of the double complex
P*(j'+5s'—1,7 )@ P*(j+s—1,j) has three choices and we still cannot determinate ac-
tually which one is appropriate. For this problem, we conjecture that there can be only
one choice of decomposition of the double complex P*(j'+s — 1,7 )@ P*(j+s—1,7)
(see Conjecture 5.8).

This paper is organized as follows. In Section 2, we review some basic defini-
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tions of Nakayama truncated algebras K Z,,/J? and list all the indecomposable mod-
ules, and then show the Hopf algebra structure of K Z,,/J? according to some results
from [1] and [13]. Moreover, we give an elementary lemma to simplify our proof
in the process, and then for integers 0 < 4,4',1 < d — 1 and a sequence of integers
U = {u;}o<;<1, we describe a combinatorial way to construct the indecomposable sub-
module M (i,4',1,{ug,us, -+ ,u;}) of the tensor product of indecomposable modules
M (i,0)® M(i’,0) via the Pascal triangle. Furthermore, we describe the generators of
the representation ring r(K Z,,/J?) of the Nakayama truncated algebras K Z,,/J¢. In
Section 3, we show the relations between these generators and the representation ring
r(KZ,/J?%) are characterized by the certain quotient ring of the corresponding poly-
nomial ring. As an application of the polynomial characterization of representation
rings, we then discuss the isomorphism problem of representation rings. In Section 4,
we generalize our representation rings over module categories to the viewpoint of a
Green ring from a monoidal category. In Section 5, we first give the structure of the
shift ring sh(K Z,,/J%) and then calculate the derived representation ring dr(K Z,,/.J?)
through the generators and their relations, although the same discussion for general
dr(K Z,/J?) remains problematic.

2. The generators of the representation ring (K Z,/J%).

2.1. Hopf structure and indecomposable modules of Nakayama trun-
cated algebra K Z,,/J¢. The Nakayama truncated algebras, or truncated cycle alge-
bras, were first described by Bardzell et al. in [2]. Let Z,, be an oriented cycle of length
n, which has n vertices {vg,- - ,v,,—7} and n arrows {ag, - ,a,,—1} such that the
origin vertex s(c;) of the arrow «; equals the terminus vertex t(a;—) of a;—7. Here,
the subscript indices of vertices and arrows in Z,, are denoted by {0,1,--- ,n— 1},
the set of elements of the residue class of the abelian group Z/nZ, since in the sequel
we will correspond the set of the vertices of Z,, to the set of the elements of group
G = Z/nZ, see (Proposition 2.1). Let J denote the two-sided ideal of the path algebra
K7, generated by all arrows.

The Nakayama truncated algebras are defined as K Z,,/J? for any positive integers
d, which are called the truncated quotients of the path algebras K Z, for any n.

For A = KZ,/J% by Theorem V.3.5 in [1], for any indecomposable A-module M,
there exists an indecomposable projective A-module P and an integer ¢ with 1 <t <d
such that M = P/ rad’P. Thus, there is a total of nd indecomposable A-modules

M(i,j) = P;/rad'P;,1 <i<d

where P; is the indecomposable projective A-module at the vertex v;. Denote by S;
the simple A— module at v; and notice that M(1,j) = S5 and M(d, j) = P;.

Green and Solberg(1998) showed in [1] that for a finite dimensional ba-
sic Hopf algebra H over K, there exists a finite group G and a weight se-
quence W = (wy,ws,---,w,) of G (ie., for each ¢ € G, the sequence W and
(qgwig™t, gwag™t, -, gw,g~') are the same up to a permutation), such that H =
KT¢(W)/I as Hopf algebras for an admissible ideal I, where the quiver I'g(W) is
defined as: the vertex set I'q(W)o = {v,4}4ec and the arrow set Tg(W)1 = {(a;,9) =
(Vg=1 = Vy,g-1)|g € G,w; € W}, which is simply the ordinary quiver of H. This
quiver I'¢ (W) is called the covering quiver of H with respect to the weight sequence
w.

Now, we can give the condition for the Nakayama truncated algebra K Z,/J% to
be a cocommutative Hopf algebra with the comultiplication A, the counit € and the
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antipode S, which are defined as follows:

8 , S(op)=vn (2)

A(Uh) = Z Vg, & Vgs, E(’Uh) = { (1)7 Z;

g1+g92=h, g1,92€G )

Alap) = > (g, @ Vg, + Vg, @ rg,), elag) =0, Slap)=—ay (3)
g1+g2=h, g1,92€G

where vy, € (Z,,)0 the vertex set of Z,, and oy, € (Z,,)1 the arrow set of Z,,.

PROPOSITION 2.1.  For the Nakayama truncated algebra KZ,/J% over a field
K of characteristic p, let G = Z/nZ = {0,1,--- ,n — 1} be the residue class group
modulo n with a weight sequence W = {1}. Then,

(i) the covering quiver T'¢:(W) is simply the n-th oriented cycle Z,;

(i) KZ,/J% is a cocommutative Hopf algebra with covering quiver Z,, and Hopf
structure given in (2) and (3) if and only if d = p™ < n for some m > 0.

Proof. (i) It follows directly from the definition of T'¢(W).

(ii) “Only if’: In the oriented cycle T'g(W) = Z,, the vertex set
(Zn)o = {vg}gec and the arrow set (Z,)1 = {ag = (vg = vi,,) | 9 € G}. The
conclusion follows from ([13], Lemma 5.3) and the fact that gcd((cll), (g), I (dil)) =

1, otherwise, in [27).

“If’: If d = p™ < n holds for some m > 0, then J¢ is a Hopf ideal in KT'¢(W)
by the sufficient and necessary condition of Lemma 5.3 in [13], then K Z,,/J¢ becomes
a Hopf algebra due to the results of Corollary 5.4 in [13], whose cocommutativity
follows directly from the definition of the comultiplication A. O

{ p, d is the power of prime p;

There are more results for criterion of K Z,,/J¢ having Hopf structures which are
various with that from (2) and (3), see [7] and [22]. One may discuss, under these
Hopf structures, the same topics in this paper, e.g. derived representation rings in
the sequel.

2.2. Elementary Lemma. First, we define some notations. Denote the basis
of M(i,j) as

{vy, 05, 55105, agmg - g5},
and abbreviate them as v =7, vjl_ =05, UF = Qg Qg0 respectively.
Fig. 1 illustrates the module M (i, j).
0,0 0 K, K K, K , 0 0
V0 U5 — > VoV Vgt — b VUit V- — - Vi




46 M. HUANG, F. LI, AND Y. YANG

From now on, we assume that d = p" for some prime p, m > 0 and charK = p;
dim,® and Hom stand for dimg, ®x and Hompg, respectively. All modules stand
for (KZ,/J%)-modules. For an A-module X, we denote X; as its corresponding
vector space at the vertex v;, dimX as its dimension vector and (dimX); as the
component of dimX at the vertex v;. The following two lemmas are easily proved
from a straightforward verification.

LEMMA 2.2. Foralll <i,i' <d,0<j,j' <n—1, (dim(M(i,j)@M(i', j"))); is
equal to the number of partitions of | = Iy + 1o under the condition (dimM (i N #0
and (dimM (i, j'));; # 0.

Proof. Choose the bases of M(i,j) and M(i',j') as {ng UJI L F} and
{U% v;—,, e ,v;—l,j}, respectively, then the basis of M (i,7) ® M(i',j') is {U ® U K <
k<i—1,0<k <id'—1}.

Additionally, (dim(M (i, 7) @ M(i',57))); = dim(v; - (M (i,5) @ M (i, 7)), and

k k' k K k K
v (vF @ vi7) = Ay (v ®@vg7) = Z (vg, ® v, )(v] @ V)

g1+92=1,91,92€G
= Z 5(]17.74‘795(]2 gtk (v ® U )

g1+92=1,91,92€G

{v;f@v;i', if gy =j+kygo=7 + K

0, otherwise

where §; ; is the Kronecker symbol. Thus, (dimM (i, j) @ M (i, j"));
= t#{the partitions of | = j+ k+ j'+ k¥ such that 0 < k <i—1,0< Kk <¢ —1}.
Denote l; = j+Fk, I = j' + k. By the definition of M (4, j), (dimM (i, j));- # 0 if
and only if j <[y < j+1i—1, (dimM(i’,?))E #0if and only if j/ <ly < 5 +4 —1.
Then, we have l = (j + k) + (' + k') =11 + l2.
Thus, the number of the partitionsof [ = j+k+ 7 + kK with0<k<i—1,0<
k' < ¢ — 1 is equal to the number of the partitions of [ = I; + I with j < [} <
j+i—1,7' <k < j +i —1 and moreover, is equal to the number of partitions of
I =11 + Iy satistying (dimM (i, j));- # 0 and (dimM (i', j7)); # 0}. O

Following this result, in the case that (dim(M (i, j) ® M(i',57))); # 0, the basis
of (M(i,j) @ M(i,5)); is that

{v ﬁ —J ®v’2 Tl 4l = 1 (dimM (4, 7)) # 0, (dimM (&', 7)) # 0}

LEMMA 2.3. If (dimM (i, j));- # 0, (dimM(i’,?))E #0 and l =11 + la, then in
the module M (i,7) @ M(i', '), it holds that

ai'(v?_jégv%:_j,):az (uh = J)®UL2 7 "'Ull @ ag; (v LT,



REPRESENTATION RINGS 47

g1+92=1,91,92€G

= Y Guatunlenl ) @l il g ag, (2 ))

91,017 g2,l2
g1+92=1,91,92€G

_O‘ll(vb J)®Ul2 J’ +Ul1 ]®al (l j’)'

d

The next lemma can express the module M (4, j) as the tensor product of M (i,0)
and M (1,1)’s, which will be used to simplify calculations in the following discussion.
We call this result the elementary lemma.

LEMMA 2.4 (Elementary lemma). For all 1 < i <d,

M(i,j) @ M(1,57) = M(1,j") ® M(i,j) = M (i, + 7).

Proof. By Lemma 2.2, we have (dimM(i,j) ® M(1,5)); =
{1,j+q”§l§j+f+i—1

i+ <1< j4+4 +i-
0, otherwise and for any j +j <1 < j+j +i—1, the

b%m&((pn®Mujnlwﬁﬂﬂ®v

It suffices to check the morphlsm c01nc1d1ng with the morphism of M(i, 5 + j/).
By Lemma 2.3, for j+ 7' <1 <j+j 4+i—1, choosel =13 + 13 = (I — j') + j/, then
we have
o (7 @0%) = ar (o) @0+ 0l @ agr ()
[T
= (s ) ®Uj—/

_{vi.j/+1j®1)70.,, j+j/§l§j+j/+l_2
04 .

otherwise

)

therefore M (i, j) ® M(1,5") = M (i, j + j'). The other one is similar. O

By the elementary lemma we can restrict our study to the form M(i,0),1 <i < d
and M (1,1). Indeed, for any 1 < 4,7’ < d,0 < j,5' <n — 1, we have

M(i,3) ® M(i',77) = M(i,0) © M(i',0) © M(1,T)*U ), (4)
where M(1,1)20+) means M(1,1)® M(1,T) ®--- M(1,T) for simplicity. In the

(7+4")—times
sequel, the meaning of M (i, j)®¥, in general, is the same.
Additionally, if (M (i,0) ® M(i’,0)); # 0, then the basis of M (i,0) ® M (',0) is

{UOE@)U?VC—F]{/:Z,OSkSZ'_LOSk/SZ-/_l}.

For simplicity, from now on, we abbreviate UOE ® UOE' as vF @ v’
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2.3. Indecomposable modules associated with the Pascal triangle . In
this section, we give a combinatorial way to construct the indecomposable submodules

M of M(i,0) ® M(i',0) via the Pascal triangle.

Step 1. First we introduce some notations. We label rows of the Pascal triangle
as 0-th row, 1-st row, - -- from the top to the bottom, label the symmetry axis of the
Pascal triangle as 0-th column; 1-st column, 2-nd column from this axis to the right;
the (—1)-st column, (—2)-nd column from this axis to the left, and call the point in
the i- row and j-th column the (¢, j) position, (Fig. 2).

(-n)-th (-2)-nd(-1)-st0-th 1-st 2-nd n-th
col col col col col col col

. —
\Q ‘ > ——————— —» 1l-strow

\Q \Q \QJ —————— —» 2-nd row

—» (1,1) position

Fia. 2.

Step 2. Next, for the initial data (i,4',1, {u;}o<j<i), we complete the Pascal
triangle by filling one number in each position. More precisely, for 0 < i,7/,1 < d —1
and a sequence of integer coefficients U = {u; }o<;<i, we fill the Pascal triangle in the
following way:

(i) For the entries in the (4, ) position with 0 < i < I, let {(i,5) = 0, where
(%, 7) denotes the number filling the (7, j) position.

(ii) For the entries in the (I,j) position, let $(1,—1) = wo, O, -1 + 2) =
ug, -, O ) = .

(iii) For the entries in the (7, 7) position with ¢ > [, finish the Pascal triangle via
the Pascal triangle rules, that is, if i+ 7 = 0, then let $(i,7) = G(i—1,5+1). If i = 7,
then let (i, j) = O(i— 1,5 —1), otherwise let $(4,5) = G(i—1,7— 1)+ O —1,j+1).

Step 3. Finally, we associate each vertex v a vector space Vi in the following
way. It has basis O(I+k, —1 — k) v * @00 + .-+ O+ K, 1+ k) v9 @ v!TF. Here are
some remarks.

(i) We have k > 0 and v, = vs, s > 0.

(i) If v° is on the left side of the ® symbol and s > 4, then v® = 0.

(iif) If »' is on the right side of the ® symbol and t > i, then v* = 0.
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Now we associate a K Z,/J%module with a given data (i,4',1, {u;}o<j<i) as fol-
lows.

DEFINITION 2.5. Given initial data (i,4’,, {u;}o<;j<i), define a KZ,/J%module
M as follows:
(i) M = @ Vi as vector space;
k>0

ii) For each vertex v+ and its associated vector space V the module action in
k k>
M is defined as

a% . (’UE ® ,U]C—ll) — an(vﬁ) ® ,Uk—ll + ’UH ® ak_[l (,Uk—ll ),
which is just the simplified form of the result of Lemma 2.3.
From this definition, we denote this module by M = M (i,4', 1, {u; }o<j<i)-

The following proposition shows that M is indeed an indecomposable submodule
of M(i,0) ® M(i,0).

PROPOSITION 2.6.  For any 0 < 4,i',1 < d — 1 and a sequence of integer coef-
ficients U = {u;}to<j<i- If I < min{i,d'}, then the module M = M (i,4', 1, {u;}o<j<i)
constructed above is an indecomposable submodule of M(i,0) @ M (i’,0).

Proof. Firstly, since | < min{i,4'}, V5 is a subspace of (M (i,0) @ M (i’,0));.

Moreover, M inherits the module structure of M (i,0) ® M (i’,0) and M is generated

by wo = uovi @0 + ulvm @ vl + -+ w® @ ol Hence, M is a submodule of
M (i,0) ® M (', 0).
Moreover, the indecomposability of M can be obtained as a consequence of the

actions of the morphisms a7, aj 7, -+ on the vector spaces Vj, V17, - -+, according to
the construction of M = Vizz- In fact, by the definition of M, it is generated by
k>0

the element wy, which is a basis of V5. If M is decomposable, write M = M' @ M",

then wg € M or wg € M". Assume wo € M'. Thus M'NV; # {0}. But dimV; = 1, we

obtain V; C (M');. So, M = @ Vi1 is a submodule of M’ since M is generated by
k>0

wo. This means that M = M’ and M" = 0, which implies that M is indecomposable.

By Proposition 2.6, the coefficient of v @ v/ is stored in the (i + j, j — i) position.
Therefore from now on, we write this phenomenon as ¢(i, j) = {(i+j,j — i) for short.

We end this section with the following example for constructing module M =
M(iv ilv L, {uj}OSjSZ)-

ExaMPLE 2.7. Let i = ¢ = 2,1l = 0,ugp = 1,n = 6,d = p = 5, then
M(2,2,0,{1}) = &}_,V; is an indecomposable submodule of M (2,0) ® M(2,0) by
Proposition 2.6. Through the Pascal triangle we have the following processes.

(i) Vg =span{o’ @’} = K;

(i) V§=span{v! ® v’ + ' @ v'} = K, since ag - (v° ® %) =o' @ v + 0% @ vl

(iti) V5 = span{2v! @ v'} = K, since a7 - (0! @ 00 + 00 @ v!) =12 @00 + 20’ ®
v+ 00 ®@0? = 20t @ v! with v? = agag =0 in M(2,0);

(iv) Vg=V;=Ve=0,since az- (2v' @ v!') =202 @ v + 20! ® v2 = 0.

Thus, M(2,2,0,{1}) = span{t® ® v°, v @ v* + v @ o1, 20" @ v'}.

In Fig. 3, the figure on the right expresses M (2,2,0,{1}), in which the coefficients
occurring in the basis of M (2,2,0,{1}) are surrounded by the dotted line; the figure
on the left expresses M(3,0). The figure on the right can be induced from the figure on
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the left under the action of arrows; conversely, the figure on the left is directly obtained
from the figure on the right. Hence, from Fig. 3, we have shown that M (2,2,0,{1}) =
M (3,0), which is an indecomposable submodule of M (2,0) ® M(2,0).

R e R e 0 @ @

: QIGO0
@®@@@@@@@®®

Fia. 3.

2.4. The generators of r(K Z,,/J%) . This section is devoted to calculating the
generators of representation ring r(K Z,,/J%).
First, we give the following Lemma which is similar to Lemma 3.8 given by Chen

et al. in [8]. Here, we give another verification by the notation introduced in Section
d.

LEMMA 2.8. (i) Forall1<i<d,0<j<n-1,

M,

7 ®
(i) M(2,0)® M(t,0) =2 M(t+1,0)® M(t—1,1) forallt>2,pft.
(iii) M(2,0) ® M(t,0) = M (t,0) & M(t,1) for all t > 0,p|t.

Proof. (i) follows directly from Lemma 2.4.

(ii) For t > 2,p { t, by Proposition 2.6 we have two submodules M; =
M(2,t,0,{1}) and My = M(2,t,1,{1 —¢,1}) of M(2,0) ® M(t,0). The coefficients of
the bases of (M), (Mz);, 0 <1 < n —1 are given in the following table:

M(1,0) = M(1,0) ® M(i,7) = M(i,7), M(1,1)®™ = M(1,0).

Rows in 0 1 I t—1 ¢ t+1 |- | n—1
Pascal triangle

M 0,1 | (1,1) |- Gy |- | @=1L1) | (+,0) | (0,0) | --- | (0,0)

M, 00 =ty |- |e=t1) ]| =1,1) [0 [ @©0 - |00

where the coefficient pair (c1, ) in the s-position means that ¢; = ¢(1,s — 1), ¢ =
¢(0, s), which are stored in the upper-right two diagonals of the Pascal triangle.

Thus, for p { ¢, we have My = M(t + 1,0), My = M(t — 1,1), dim (My); +
dim (Ma); = dim (M(2,0) ® M (t,0)); and (M;); N (M2); = {0} for any 0 <1 <n—1.
Therefore,

M(2,0) ® M(t,0) = My & My = M(t+1,0)® M(t—1,1).

(iii) Similarly with (11) M(t O) M(2 t,0,{1}), M(t,1) = M(2 t,l,{l 0}).
The basis of M (t,0); is v’ @ v' +1 v! ® v!~! and the basis of M (¢,1); is v* @ v!~! for
1<1<t.0
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To determine the generators of the Green ring r(K Z, /J¢), we need more obser-
vations.

LEMMA 2.9.  For any 1 < wu < d, the isomorphism class [M(u,0)]

of the indecomposable module M (u,0) can be expressed as a polynomial of
(1, D)), [M(2,0)), [M(p! +1,0)] for 1 <1< m—1 in (K Zn/J%)

Proof. In the case that u — 1 is a power of p, the conclusion follows at once.

Otherwise, in the case that © — 1 is not a power of p, we prove this conclusion by
induction on wu.

When u = 1, the conclusion is trivial.

When v > 1 and u — 1 is not a power of p, assuming that for any 1 < v <
M (v,0) can be expressed as a polynomial of [M(1,1)],[M(2,0)], [M (p' + 1,0)],V1
I <m—1inr(KZ,/J?%. Because ged((*]"), (“3"). -, (“73)) = 1 in [20], the
exists w, 1 < w < u — 2 such that (“;1) # 0 in K with charK = p.

Now, we will prove the result on M (u,0) by the induction hypotheses. For this
purpose, consider the decomposition of M (u—w,0)®M (w+1,0) into indecomposables.

Firstly, since (“,") # 0 in K, M(u — w,w + 1,0, {1}) is a submodule of M (u —
w,0) ® M(w+ 1,0), generated by v° @ v and the corresponding figure in the Pascal
triangle is the rectangle with points at (0,0), (v —w — 1,0), (0,w), (v —w — 1,w)
positions. Then, it is clear that M (u,0) = M (u — w,w + 1,0, {1}).

Given the decomposition of M (u — w,0) ® M(w + 1,0) into the direct sum of
indecomposables as M (u—w,0)® M (w+1,0) = My @& Ms - - - & My, since dim (M (u —
w,0)®@M (w+1,0))5 = 1, there exists a unique s with 1 < s < ¢ such that dim (M,)g =
1. Without loss of generality, say s = 1, then it follows that v ® v* € M;. Then,
M (u,0) becomes a submodule of M; since M (u,0) is generated by v° @ v°.

Because M; is a submodule of M (u—w,0) ® M (w+1,0), we have dim (M7); =0
for u <l <mn—1. Thus, dim M; < (u—1) =0+ 1 = = dim M (u,0).

Therefore, M; = M (u,0) and then we have M (u—w,0)® M (w+1,0) = M (u,0)®
My - -~ @ My. From this, in 7(KZ,/J?%), we find that

u7
<
re

(M (u,0)] = [M (v — w,0)][M(w+1,0)] = [Ma] — -+ — [M]. (5)

For any 2 < s < t, there are 1 < iy, j, < u — 2 such that My = M(is, js) and by
the elementary lemma, M (is, js) = M (is,0) ® M(1,1)%%. Thus [M] = [M (is, js)| =
[M(is, 0)][M (1, 1) _

Hence, from the induction hypotheses, all of [M(u — w,0)],[M(w +
1,0)],[Ms],--- , [M;] can be expressed as a polynomial of [M(1,1)],[M(2,0)], [M (p' +
L0),V1<I<m—1inn(KZ,/J%. By (5), so can [M(u,0)]. O

By Lemma 2.4, we have [M (u,w)] = [M(u,0)][M(1,1)]* for 1 <u <d,0 <w <
n — 1. By this fact and Lemma 2.9, we obtain the following.

THEOREM 2.10. Let charK = p and n > d = p™. Then, the representa-
tion ring (K Z,/J%) of the Nakayama truncated algebra K Z,/J¢ is generated by
ML), [M(2,0)] and [M(p+1,0),1 <1 <m—1.

The following corollary is more precise.

COROLLARY 2.11.  For any 1 < u < pl,l <1 <m,0<r<n-—1, then the
element [M (u,7)] in (K Z,/J%) can be expressed as a polynomial of

[M(lai)]a [M(2a6)]7 [M(p—Fl,ﬁ)], [M(p2+1,6)], T [M(pl_1+1a0)]'
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Proof. We may use the induction on [. When [ =1, by Lemma 2.4, we have

[M (i, j)] = [M(i,0)][M(1, )] = [M(i,0)][M(1,1)

[M(2,0)][M(2,0)] = [M(3,0)] + [M(1,T)],
[M(276)][M(376)] = [M 476)] + [M(27T)]7 )
[M(2,0)][M(p - 1,0)] = [M(p,0)] + [M(p —2,1)]

It follows that for any 1 <u < p,0 <r <n—1, [M(u,T)] can be expressed as a
polynomial of [M(1,1)], [M(2,0)].

Assume the result is true for [ — 1. Now consider it for I. Let 1 <u < pl, 0<sr<
n—1.

If 1 <wu < p'~!, then the result follows by the induction hypothesis. So, we need
only to consider the case p'~! + 1 < u < p! by using induction again on w.

Firstly, if u = p'~! + 1, then the result is trivial since we have [M(u,7)] =
[M(p'=1+1,0)][M(1,1)]" by Lemma 2.4. Now, suppose the result holds for all u’ < u
and then consider [M (u, 0)].

In this case p' ! +2 < u < p!, u — 1 is not a power of p. According to the proof
of Lemma 2.9, there exists 1 < w < u — 2 such that (“;1) # 0 in K and the following
holds:

[M (u,0)] = [M(u = w,0)][M(w +1,0)] = [Ma] — -+ — [M]. (6)

where for any 2 < s <t, My = M (i, js) for some iy, js with 1 <ig,js < u— 2.
_Finally, the result follows by the induction hypotheses applied to the terms [M (u—
w,O)], [M(w + 130)]7 [MQ]a Ty [Mt] O

From this result, there is a unique ring epimorphism ¢ :
Zly, 2, w1, W] — (K Zn/J9) with 6(1) = [M(1,0)], 6(y) = [M(1, 1)}, 6(2) =
[M(2,0)] and ¢(w;) = [M(p' +1,0)], for 1 <1< m — 1.

In the next section, we start to show the relations among the generators
[M(1,1)],[M(2,0)], [M(p'+1,0)],V1 < I < m—1 of the representation ring (K Z,/J%)
and their corresponding pre-images vy, 2, w1y, -+ + , Wyp—1.

3. Polynomial characterization of (K Z,/J?%) and its application.

3.1. Polynomial characterization . This section is devoted to a discussion of
the relations among the generators of the representation ring r(KZn/J%). We will
need the following facts.

LEMMA 3.1. Let R be a unital ring and N1, No be two unital R-modules. If
N1 @& Ny has a simple submodule S, then either N1 or Nao has a simple submodule
isomorphic to S.

Proof. Since S is a simple module, then S = Rb for some b # 0 in N7 & Ns. Let
b= by + by for by € Ny, bs € No. Without loss of generality, say b; # 0. Then, the
annihilator of b, that is, Ann(b) = {r € R | rb = 0} is a maximal left ideal of R, since
R/Ann(b) = Rb is simple as R-module.
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However, Ann(by) is a proper left ideal of R and Ann(b;) 2 Ann(b). Therefore,
Ann(by) = Ann(b) due to the maximum of Ann(b). Then, as a submodule of Ny, we
have Rby =2 R/Ann(by) = R/Ann(b) = S. 0O

Wi, if k=—1(mod p)
LEMMA 3.2. M(p' +1,0) @ M(kp! +1,0) = Wa, if k=0(mod p)  where
Ws, otherwise

Wy = M(kp' +p,0) © M(kp! +p',T) @ (685" M(kp', 7)) © M(kp! —p' + 1,0,
Wa = M(kp! +p + 1,0) @ (®_, M(kp', 7)),
Wy = M(kp!+p' +1,0)@ M(kp! +p' — 1, T) @ (@75 M (kp', ) ® M (kp! —p! + 1, ).

Proof. Here, we give the precise proof only for the W3 case with [ = 1,p > 2. For
the remaining cases, the proofs are similar.

Firstly, we construct a sequence of submodules {M; }o<;<, of M (p+1,0)@ M (kp+
1,0) via the Pascal triangle, and then prove that

MO gM(kp'i_p—i_lvﬁ)le gM(k,‘p—i—p— 171)7MP gM(kp_p—i_laﬁ)u (7)

MQ%M(kP,é),Mg gM(kpvg)v aM;Dfl = (kp,p—l) (8)

Lastly, we show that M (p+1,0) ® M(kp+1,0) = @"_, M;.
Step 1. We define the submodules {M;}o<;<, as follows:

M= Mp+1,kp+1,1,{0,---,0,1,0,---,0}), if [ is even;
T Mp+1,kp+1,1,{0,---,0,1,—k,0,---,0}), iflisodd

where the numbers of 0 on the left-side and the right-side of 1 are the same, as are
those on the left-side and the right-side of {1, —k}.

Step 2. Claim that My = M(kp + p + 1,0) and for even | = 2,4,--- ,p — 1,
M; = M(kp,1). For odd [, the proof is similar.

Indeed, the Pascal triangle associated with My is given on the left of Fig. 4, where
the coeflicients are surrounded by a red dotted rectangle.

For example, since (g) = (g) =1 and (’;) =0in K for1 <i<p-—1, we see
that the p-row of the Pascal triangle associated with My is {1,0,---,0,1}. By the
definition of M (kp + p + 1,0), it follows that My = M (kp + p + 1,0) at once.

Furthermore, operating My’s Pascal triangle by going down 1 unit, we obtain
the Pascal triangle associated with Ms, shown on the right-side of Fig. 4, where the
coefficients are again surrounded by a red dotted rectangle. It is clear that My ==
M (kp,2) by the definition of M (kp,2).

Continuing this process, through applying Mj’s Pascal triangle by going down
2,3,---, p2;1 units, it follows that M; = M (kp,1) for even [ =4,--- ,p — 1.

Step 3. It remains to be shown that M (p+1,0) ® M (kp+1,0) = @]_, M.

By Proposition 2.6, all M;, as well as »_]_, M;, are submodules of M(p+1,0) ®
M (kp+ 1,0). Next, we claim by induction that Y ,_, M; is indeed a direct sum.

For any 7 with 0 < ¢ < n — 1, we denote by 3, the basis of the vector space
{(M;);} when (M;); # 0 and denote by P; the Pascal triangle corresponding to the
module M.

It is easy to see that Ty = SW’ T, = Sm, T, = Sm,VQ <i<p-1,
T, = SE is respectively the unique simple submodule of My, My, M;, V2 <i<p—1,
M,,.
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) /_k )= > (kp+p)-th row

w )= > (kp+p+2)-th row
Fia. 4.

When p = 1, we have My N M; = {0} since Ty 2 T1. Hence My + M is a direct
sum.
Assume that for p — 1 the result holds, that is, Z?;g M, is a direct sum for
any subset {lo,l1, - ,lp—1} of {0,1,---,p}. Now consider the case of p for the sum
oM.
By Lemma 3.1 and the induction assumption, the direct sum Z?;é M, =

f;é M, has all p simple submodules T}, - -+, T} all of which are not isomorphic

p—17
to T, the unique simple submodule of M, for [,,. Thus, J —0 Ml has no any simple
submodule isomorphic to Tj,. It follows that for any [, € {0,1,---, p},

p—1

(@ Mlj) n Mlp = {0}

P P
Therefore, - M; = >° M, = @_, My, is a direct sum.
1=0 Jj=0
Finally, let us show that the dimension vectors of M(p + 1,0) ® M (kp + 1,0)
and @]_, M; are the same. It follows from the equation below, that for each i with
0<i<p,

i+ 1, if 0<i<p-1;
: a ) p+1 if p<i<kp;
dim (M(p+1,0) ® M(kp+1,0)); = kptp+l—i if kptl<i<kp+p:
0, otherwise.
p
Z 1m Ml (9)
1=0

In fact, the basis of M (p+1,0)®@M (kp+1,0) is {v°®v![0 < s < p,0 < ¢ < kp} and
for each case on 4, dim (M (p+1,0)® M (kp+1,0)); can be easily calculated to obtain
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the value in (9) by partition of the rectangle (0,0), (0,p), (kp,0), (kp,p) in the z-y-
coordinate system via the diagonals 2 +y = [. On the other hand, dim (}_)_, M;); =
Y7o dim(M;);, which is equal to the middle value in (9) for each case on i according
to the isomorphisms

Mo = M(kp+p+1,0), My =M(kp+p—1,1), M,=M(kp—p+1,p)

MQgM(kp7§)7 M3%’M(kp7§)u R Mp—lgM(kpﬂp_l)
O

Now, we can realize the representation ring (K Z,/.J?) as the quotient of a poly-
nomial ring by using Lemma 3.2. In preparation, we first give the formula of a linear
recurrent sequence. Given two initial values a1, a2 and the recursion relation

(p = 20p_1 — Yap_2, N> 2

with fixed y, z satisfying 22 — 4y # 0, by the well-known result on linear recurrence
sequences, we have

I 2a2—(z—\/Z)a1(z+\/Z)n_1+(z—i—\/Z)al—Qag(z—\/Z)n_l
" 2VA 2 2VA 2 '
and further write the right side of (10) as a polynomial g of a1, as, denoted a,, by

g(n,a1,az2).
For the following discussion, we first define the order

(10)

y<z<w <wy<- < Wpo1 (11)

in the polynomial ring Z[y, z, w1, - - - , wy,—1] and then consider the order of the mono-
mials according to the dictionary order.

For a monomial az'---z» of a polynomial f(z1,--,2,), denote by
I(az® ---zir) = (i1,---,i,), which is called the index series of the monomial
azfl <.zl Arranging its monomials in descending order, the leading term of the
polynomial f is the largest monomial, denoted by lt(f). Meanwhile, we denote I(f)
as the index series of the leading term [t(f) of the polynomial f under the descending
order, i.e. I(f) = I(lt(f)).

Now we are in the position of determining the relations among the generators
[M(1,1)],[M(2,0)] and [M(p' + 1,0)](V1 <1 < m — 1) of the Nakayama truncated
algebra K Z,,/J<.

Step 1. Determine the relations among [M (1

By Lemma 2.8 (i), the relation [M(1,1)]" =
toy" —1=0.

By Lemma 2.8 (iii), the relation ([M(2,0)] — [M(1,1)] — [M(1,0)])[M(p,0)] =0
holds, which corresponds to (z —y — 1)g(p,1,z) = 0.

Now define

,1)] and [M(2,0)].
[M(1,0)] holds, which corresponds

gO(yvszlv e 7wm—1) = yn - 1; gl(yvszla e ,’(Um_l) = (Z - Y- 1)g(p7 152)

Note the leading terms of go(y, z, w1, ,wm—1) and ¢1(y, z, w1, - ,Wym—1) are y"
and zP, respectively.
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Step 2. Determine the relations among [M (p! + 1,0)] for 1 <1 < m — 1.
Firstly, choosing £k = 1,2,--- ;p — 1 in Lemma 3.2 successively, we obtain the
following equalities:
[M(p' +1,0)]? = [M(2p' + 1,0)] +-
|=

[M(p' + 1,0)][M(2p" +1,0)] = [M (3p +1L,0)]+

[M(p' + 1,0)][M((p — 2)p' +1,0)] = [M((p - 1_) +1L0)]+-

MG+ DM ((p— ! + 1,0)] = [M(p1,0)] + [M(p1,T)] +

Then, from the first formula, we have [M(2p +1,0)] = [M(p' + 1,0)]2 — e
By substituting it into the second formula, we find that [M(3p! + 1,0)] = [M(p' +
1,0)]® — -+, then by substituting [M(3p' + 1,0)] into the third formula, ---- - , by

continuing this process, we obtain that [M((p —1)p' +1,0)] = [M(p' +1,0)]P~! —
By substituting it into the last formula, we finally obtain a polynomial g;4; such that
the formula

holds.
Then after substituting [M(1,1)] by v, [M(2,0)] by z and [M(p* + 1,0)] by ws,
1 < s < lrespectively, we have the polynomials g;+1(y, 2z, w1, -+ ,w;) for 1 <1 < m—1.
Step 3. Finally, we construct the ideal I of Z[y, z, w1, -+ , wy,—1] generated by
the polynomials g;(y, z, w1, -+, Wm—1),0 < i < m.

The following observations are crucial.

LEMMA 3.3. Given [, s satisfying 1 <1 <m,2 < s<p,letp<u< spl,O <
r <mn—1 and denote by f,r the corresponding polynomial of [M (u,T)] generated by
[M(1,1)],[M(2,0)] and [M(p' +1,0)],1 <1< m—1 in Theorem 2.10. Then f,r is a
polynomial in Zly,z, w1, -+ ,wy), however, no wi (t > s) appears in any monomials

Of fu T

Proof. 1t is obvious that the polynomial f, 7 is a polynomial in Z[y, z, w1, - - - , w]
according to Corollary 2.11 and the correspondence among [M(1,1)],[M ( 0)],
[M(p' +1,0)] and , z, w; for 1 <1 <m — 1.

Now we need only to prove that w] (¢ > s) will not appear in any monomials
of fuz It is sufficient to prove the result for [M(u,0)] instead of [M(u,T)] since
I(fur)=1(f,0) +(0,0,---,0,7) for u < p. We will prove the result by induction on
s satisfying 2 < s < p.

When s = 2, we have p < u < 2p'. We will claim that I(fu5) < I(w}).

In the case p < u < p', the result follows from Corollary 2.11 since w; does not
appear in the polynomial f, 5.

In the case p' +1 < u < 2p', we will use the induction on u. Firstly if u = p' +1,
then I(fu0) = I(w;) < I(w?). Now we assume the result holds for u/, p! + 1 <
u' < u < 2pl. Since in this case u — 1 is not a power of p, we have [M(u,0)] =
[M(u —w,0)][M(w+ 1,0)] — [Ma] — -+ — [M] for some w such that 1 < w < u —2
and (";1) # 0 in K, due to the proof of Lemma 2.9. Moreover, My = M (iy, ji) for
any 2 < k <t with 1 <, <u—2.

By the induction hypotheses on u, we have I(f; =) < I(w?) for 2 < k < t. Thus,
it remains to prove that I(f,_,, 5fuy10) < I(w}). Since (u—w) + (w+1) =u+1<
2p! + 1, we find that either u —w < p' + 1 or w+ 1 < p! + 1. Assume the former
case is true, then by Corollary 2.11, we have I(f,_,5) < I(w), i.e,, w; does not
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appear in f, . 0. Again by the induction hypotheses on u, since w + 1 < u, we have
I(fyy10) < I(w}). Therefore,

I(fu—w,ﬁ w+1,6) = I(fu—w,ﬁ) + I(fw-i—l,a) < I(le)

In the latter case, i.e. w+ 1 < p! + 1, a similar discussion can be given.

Hence, the result is proved when s = 2.

Now we assume for all integers s’ with 2 < s’ < s, the result is true. Then, if p <
u < (s —1)p', by the induction hypotheses on s, we have I(f, 5) < I(wi™Y) < I(wy),
which means the result is true in this case.

Now we consider the result in the case (s —1)p'+1 < u < sp!, using the induction
on u simultaneously.

Actually, for any u, (s — 1)p! + 1 < u < sp', since u — 1 is not a power of p, we
again have the equation [M (u,0)] = [M(u — w,0)][M (w + 1,0)] — [Ma] — -+ — [My]
for some w satisfying 1 < w < u — 2 and (“; ) # 0 in K. In this case the remaining
proof is similar to that of the case s = 2 by replacing I(w}?) with I(w;). Indeed, we
will use the fact that (u—w)+ (w+1) = u+1 < sp' +1 and the induction hypotheses
on u. O

LEMMA 3.4. Under the order y < z < w1 < way < +++ < Wy—1, the leading
terms of the polynomials go, g1, g2, - , gm constructed above are y", 2P, wy, -+ jwh
respectively.

Proof. The leading terms of go, g1 are y™, zP due to the definitions of g, g1.

Due to Step 2 in this section, for 2 < s < m, we have a series of equalities in the
form [M(p*~! +1,0)]? = S [M(r,?)] with » < p®, which correspond respectively to
the equalities w?_; = > -7 satisfying r < p®. Then according to the construction of
gs in Step 2, the polynomial g; = w?_; — > Jr7- By Theorem 2.10 and Lemma 3.3,
all the terms f,; with » < p® on the right side of the equations can be represented
by a polynomial with variables y, z, wy,- - - ,ws_; and I(f,7) < I(w?_;). Thus, the
result follows at once. O

With the above constructions, we have the following main theorem.

THEOREM 3.5. Let charK = p and n > d = p™, then the representation ring
r(KZ,/J% of the Nakayama truncated algebra K Z,,/J¢ is isomorphic to the quotient
ring Zy, z, w1, -+, Wm—1]/1, induced by the ring epimorphism

¢ Zly, zw1, - wm1] — (K Zy ) JY)

satisfying 9(1) = [M(LO)],é(y) = MLT)],é(z) = [M(2,0)] and é(wr) =
[M(p! +1,0)],¥ 1 <1 < m — 1, where the ideal I is generated by the polynomials
9i(y,z, w1, -+, Wrm—1),0 < i <m defined as above.

Proof. Firstly, by the construction of the ideal I, the ring epimorphism ¢ can
induce a ring epimorphism

oLy, z,wi, - ,wm_l]/I%T(KZn/Jd) (12)

such that ¢(7) = ¢(v) for all v € Zly, z, w1, -+ , Wiy —1].

To prove that ¢ is a ring isomorphism, it is enough to claim that the ranks of two
sides of the epimorphism ¢ in (12) are equal.
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By Lemma 3.4, the leading terms of the polynomials gg,g1,92, " ,9m are
y", 2P wl, - wh | respectively. Thus it is easy to see that

B={yZuwl wlr 10<i<n0<j<p0<ly<pk=1-,m—1}

forms a Z-basis of Z[y, z, w1y, - ,wp_1]/I.

Since the ranks of two sides of the epimorphism ¢ in (12) are both np™ = nd, the
conclusion follows from the fact that two free abelian groups are isomorphic if and
only if both have the same rank. 00

Finally, we will give the following example to illustrate our result precisely.

EXAMPLE 3.6. Let n = 10, then the representation ring (K Z19/.J?) is shown as
follows:

Case 1. When char K; = 2, then

r(K1Z10/J?) 2 Ly, 2]/ (y"* = 1,(z —y — 1)z).

r(K1Z10/J*) 2 Ly, z,wi]/(y*° = L, (z =y = )z, (w1 — y) (w1 +y — 2 — yz)).

r(K1Z10/J%) = Zly, z, w1, wa] /(¥ =1, (z—y—1)z, (w1 —y) (w1 +y— 2 —yz), w3 —
yt = z(w —y)(L+y) (w2 + 2% — y?2 — yz)).

Case 2. When char Ky = 3, then

r(KaZ10/J%) 2 Zly, 2 /(5 — 1, (z =y — 1)(z2 — ).

r(K2Z10/J°%) 2 Zly, 2,01/ (y" = 1, (z =y = 1)(2* = y), (w1 +y +y* +yz — 2* -
y22)(w? — 3 — 2yzwy + y222)).

Case 3. When char K3 = 5, then

r(K3Z10/J°) = 2y, 2]/ (y"° — 1, (2 —y — 1)(2* = 3y2* + y?)).

Case 4. When char K, = 7, then

r(K4Z1o/J7) 2 Zly, 2]/ (y"° = 1, (2 — y = 1)(° = byz" + 6y°2* — °)).

3.2. Application to isomorphism problem. At the end of this section, we
apply the polynomial characterization in Theorem 3.5 and discuss the isomorphic
problem on representation rings, that is, what conditions should be satisfied for two
Nakayama truncated algebras K Z,,/J% and KZ,,/J% such that r(KZ,,/J%) =
(K Z,,/J%) as rings?

In fact, we have to replace r(KZ,/J%) by its complezified representation al-
gebra R(KZ,/J%) = C ®z r(KZ,/J?) and then discuss the conditions in which
R(KZ,,/J") = R(K Z,,/J%) holds.

Recall that for a field K, a positive integer ¢ and the polynomial algebra
Kl[xy,-++ , 2], let V be a subset of K, then denote I(V) = {f € K|z, -, 2| f(v) =
0 for all v € V} which is an ideal of K[x1,--- ,x], known as the corresponding ideal
of V'; conversely for an ideal I of K[z, -+, ], denote V(1) = {v € K'|f(v) = 0 for
all f € I} C K which is called an algebraic set of K* corresponding to I.

A subset V C K? is called an affine variety if it is an irreducible closed subset
of K in terms of Zariski topology; and an ideal I of K[zy, - , ;] is called a radical
ideal if \/T = I for /T = {f|f* € I for some integer s > 0}.

It is well-known that there exists a one-to-one correspondence between affine
varieties V of K* and radical ideals I of K[z, -+ ,x].

Furthermore, we will denote K[V] as the homogeneous coordinate ring of the
affine variety V. For details, see [16],[28].

LEmMA 3.7 (Corollary 4.5, [28]).  For two affine varieties V and W in K¢,
a polynomial map f 'V — W is an isomorphism if and only if the dual map f* :
K[W] — K[V] is an isomorphism.
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We know K|[V] def- {f :V — K]|f is a polynomial function}; for a polynomial

function g € K[W], f* is defined by f*(g) = go f. For two finite sets V, W in K?,
there exists a polynomial isomorphism between V and W if and only if |V| = |[W].
Then, we have the following;:

COROLLARY 3.8. Let charK = p and n; > d; = p™i,i = 1,2 satisfying nid; =
nads, and I, I’ be the ideals of Z[y, z, w1, - ,wm,—1] and Zly, z,wy, -+ , Wmy—1] TE-
spectively, given in Theorem 3.5 in the process of polynomial characterization of
the representation rings r(KZ,, /J™), r(KZ,,/J%). If both I and I' are radi-
cal ideals, then their complexified representation algebras are isomorphic, that is,

R(KZp, /J%) 2= R(K Zy, | J%).

Proof. Denote N = njdy = nads, then the algebraic sets V(I),V(I’) both have
N points, i.e. N = |V(I)| = [V(I’)]. In fact, by the Grobner basis theory, since
the degree of ¢o, 91,92, -+ , gm, in Theorem 3.5 are ny,p,p,--- ,p respectively, in the
order y < z < wy < wy < +++ < Wy, —1, it follows that the algebraic set V(I) has
ny-p-p---p=mny-dp = N points. So does V(I').

It follows that N = |[V(VI)| = |[V(I)| = [V(I")| = |V(V/T')| < oo, and then there
exists a polynomial isomorphism f from V(v/I) to V(+/I'), which means by Lemma
3.7 there exists a K-algebra isomorphism f*, as the dual of f, from the homogeneous
coordinate ring C[V (v/I')] to C[V (V/T)].

Since both I and I’ are radical ideals, we have C[V(VI) =
Cly, z, w1, -+ 7wm1*1]/1(v(\/7)) — Cly, z, w1, -+ 7wm1*1]/\/7 -
Cly, z, w1, W, 1]/I = R(KZ,,/J%), similarly the isomorphism C[V(\/I")] =
R(KZ,,/J%) holds. Hence, we find that R(KZ,,/J") = R(KZ,,/J%), which
completes the proof. O

From this result, it is possible to find some different Nakayama truncated algebras
whose complexified representation algebras are isomorphic.

However, in general, the ideal I in Theorem 3.5 is not always a radical ideal.
For instance, if we choose n = 10,d = p = 2, then in Example 3.6 we find that
r(K1Z10/J?%) = Zy, 2]/ (y*° — 1,(z — y — 1)z). That is, the ideal I = (y'° — 1, (2 —
y — 1)z), but, by calculation using Maple 17 software, it is easy to see that /I =

(WO —1,(z—y—1)z, %z) 2 I, which shows that I is not a radical ideal.

Moreover, although two complexified representation algebras R(K Z,,/J%) =
R(K Z,,/J%), their original representation rings can still be not isomorphic, in gen-
eral. For example, let A = Z[x]/(z* — 1) and B = Z[z]/(2® + 1). First, note
that A and B are not isomorphic as Z-algebras. Indeed, for any homomorphism
f: A — B, we have (f(%))?> = (ax+b)*> = 1 in B, hence a = 0,b = +1, so
f(T) = axz +b = +1, which can not be an isomorphism. However, it is easy to see
that f : C[z]/(2? — 1) — C[z]/(2? + 1) which shows that T to iZ is an isomorphism.
Therefore, A and B are not isomorphic as Z-algebras themselves, but are isomorphic
as C-algebras after complexification.

4. Green rings from monoidal categories and some special cases.

4.1. General theory. In this section, we describe the theory of representation
rings (i.e. Green rings) of module categories in the context of monoidal categories.

Monoidal categories (also called tensor categories) were introduced by Bénabou
[5] in 1963 and are used to define the concept of a monoid object and an associated
action on the objects of the category. They are also used in enriched categories.
The theory of monoidal categories has numerous applications, for example, to define



60 M. HUANG, F. LI, AND Y. YANG

models for the multiplicative fragment of intuitionistic linear logic, and to form the
mathematical foundation for the topological order in condensed matter. Braided
monoidal categories have applications in quantum field theory and string theory.

We will review the method of Green rings in the context of monoidal categories
and then introduce analogue methods via module, complex, homotopy, derived and
(derived) shift categories, where derived shift categories can be viewed as full subcat-
egories of complex categories (bounded derived categories).

A monoidal category (C,®,1,a,l,r)is a category C equipped with a tensor product
® : C x C — C, an object I, called the unit of C, an associativity constraint a, a left
unit constraint | and a right unit constraint r with respect to I such that the Pentagon
Axiom and the Triangle Axiom are satisfied, see [20].

Throughout this paper, we assume the monoidal category C to be an additive
Krull-Schmidt category and its tensor product ® to be an additive bifunctor.

DEFINITION 4.1. Assume a monoidal category (C,®, I, a,l,r) is an additive Krull-
Schmidt category with ® as an additive bifunctor. Denote by [C] the isomorphism
class of an object C' in C. Then the Green ring gr(C) of C is defined as the ring
with identity [I] which is an additive abelian group generated by all [C] modulo the
relations [C] 4 [D] = [C' @ D] with multiplication given by [C][D] = [C' ® D] for any
C, D € Ob(C).

There have been some references, e.g. [19][18], where Green rings were introduced
and studied for some special monoidal categories.

Indeed, the Green ring ¢r(C) can be viewed as the de-categorification of the
monoidal category C in categorification theory, as we will show below.

Recall that an additive 2-category is a category enriched over the category of
additive categories, i.e. for any two objects 7, j, the morphism set between ¢ and j is
endowed with an additive category structure which satisfies some axioms. For details,
refer to [24].

The split Grothendieck category [€]qe of a 2-category € is the category which
has the same objects as that of ¢" and for any i,j € [¢], we have Hom¢, (4,7) =
[€(i, 7))@, where [€(4, j)]e denotes the split Grothendieck group of € (¢, 7). That is,
the quotient of the free abelian group generated by the isomorphic classes of (i, j)
modulo the relations [Y] — [X] — [Z] when Y = X & Z, with the multiplication of
morphisms given by [M] o [N] = [M o N].

An additive 2-category ¥ is called a categorification of a K-linear category
2 if K ®z [¢] is isomorphic to 2. 1In this case, the category 2 is called a K-
decategorification of €.

Clearly, an additive Krull-Schmidt monoidal category C with an additive bifunctor
® can be regarded as an additive 2-category ¥ which has only one object ¢ and the
morphism class €(i,47) = C with the multiplication of morphisms as M o N = M @ N
for any M, N € C. We denote this 2-category as %¢. Moreover, a K-algebra A can
be regarded as a linear K-category A which has only one object ¢ and the morphism
class A(i,i) = A with the multiplication of morphisms as a o b = ab for any a,b € A.

From these viewpoints, for a monoidal category C in Definition 4.1 and its corre-
sponding 2-category %¢, we have the ring isomorphism gr(C) & [6¢]g. After expand-
ing gr(C) to be over K, denoted by gri(C) = K ®z gr(C) (called the K-Green ring)
as a K-linear category, we find that gri (C) = K ®z [6¢]e. In summary, we have:

THEOREM 4.2.  For a monoidal category C, its K-green ring gri(C) is a K-
de-categorification of C; this is equivalent to saying that C is a categorification of the
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K-Green ring gri (C).

Some properties of the Green ring gr(C) of a monoidal category C are listed as
follows:

(i) gr(C) is an associative ring with identity [I] for the unit object I in C. [I] is
the identity of gr(C) since I is the unit object of C. The associativity of gr(C) follows
the associativity constraint a of C; its distributive law is true because ® is an additive
bifunctor.

(ii) Under the addition, gr(C) is a free abelian group with a Z-basis {[D]: D €
indC} where indC denotes the subcategory consisting of indecomposable objects in C.

For an arbitrary K-Hopf algebra H, the finitely generated module category mmod,
the complex category Ch(H), the homotopy category K (H ), and the bounded derived
category D?(H) are all monoidal categories. Meanwhile, we will construct the new
monoidal categories, that is, two full subcategories Ch*"(H) and D*"(H) of Ch(H)
and DP(H) respectively, where Ob(Ch*"(H)) = Ob(D*"(H)) = M®[s],s € Z, M €
ind(gmod) and their Green rings are the same, known as the shift ring sh(H).

Besides the module category gmod and its representation ring (H ), in the sequel,
we will also study the categories D*(H), Ch*"(H) and D*"(H) and their special Green
rings. That is, the derived representation ring dr(H) and its sub-ring, and the shift
ring sh(H).

4.2. On derived representation rings of bounded derived categories.
Recall that in general, for a K-algebra A, Ch(A) denotes the complex category of A,
K (A) the homotopy category of A, D(A) the derived category of A and D?(A) the
bounded derived category of A. For details of derived categories, see [15],[30].

For a complex M*® = {M;, d;} in these categories, we call M® an A-complezx since
all M; are A-modules.

For two indecomposable complexes M*® = {M;,d;}, N®* = {N;,d.} in D*(A), the
tensor product of chain complexes M*® ® N* is given by [30] as follows:

Constructing the double complex Care yo = {M; ® N;} together with the maps
d = d;®idy, : Mi@N; = M;_1®@N;;  dY = (—1)"idw, ®d : Mi@N; — M;@Nj_1,

J

the total complex Tot®(M®, N*®) is defined by (Tot®(M®,N*)), = @ M; ® N;
i+j=n
with the maps d, = @ (d +dy).
i+j=n

We call Tot®(M®, N*) the tensor product of chain compleves M*® and N*. That is,
define M*® N* = Tot® (M*, N*), where d,, is said to be the differentials of M*® N*®.

For an arbitrary algebra A, we can only define M; ® N; as a left A-module via
the left A-action on M;, which is not related to the module structure of N;. So, we
do not think of M*® ® N*® as a complex in D’(A), in general.

We always assume that A = H is a K-Hopf algebra with comultiplication A.
Then, for two complexes M*® = {M;,d;}, N® = {N;,d}} € DP(H), based on the H-
module structures of M; and N;, we can define canonically an H-module structure
on all terms. That is, for any a € H, m; € M;, n; € N;, define a(m; ® n;) =
> a'm; ® a’’nj. From this, we have the following:

(a)

LEMMA 4.3. Let M*® = {M;,d;}, N® = {N;,d.} be two H-complezes in D*(H).
Then the tensor product M® @ N*® is also an H-complex in D°(H).
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Proof. We know all M; ® N; are H-modules given the above. So, we need only to
claim all differentials d, = @ (d]'+d}) are H-module morphisms among {M;® N, }.
i+j=n
In particular, it suffices to prove d? + dj are H-module morphisms. In fact, for any
aEH,miEMi,njENj,

(d! + d¥)(a(m; ®@ny)) = Z di(a'm;) ®a'"n; + Z a'm; @ djj(a"ny)
(a) (a)
- Z a'di(m;) ®a'"n; + Z a'm; @ a" dn;
(a) (a)
= a((d] + dj)(m; @ ny)).

d

Now let us recall that a morphism f : M*® — N*® is called a quasi-isomorphism if
it induces group isomorphisms between all homology groups of M*® and N°®, written

/
as M* = N°. We denote by [M*®] the isomorphism class of a chain complex M*® in
D(H).
The mapping cone of f, denoted as Cone(f), is defined as a complex M*[1]® N°,

with the differentials
—difl 0 .
( fi d ) , forall ieZ.

LEMMA 4.4. Let f: M® — M'® and g : N®* — N'® be two quasi-isomorphisms
in Ch(H), then f @ g: M®* @ N®* — M'* ® N'® is also a quasi-isomorphism.

Proof. We know from [30] that a morphism between two complexes is a quasi-
isomorphism if and only if its mapping cone is acyclic. So, it is enough to prove
that the complex Cone(f ® g) is acyclic. Due to symmetry, we consider only the
exactness of Cone(f ® id). But, we have Cone(f ® id) = Cone(f) ® N°®. Since the
double complexes are row and column bounded, we need only to prove that each row
or column is exact by the Acyclic Assembly Lemma of [30]. The row exactness of the
double complex Cone(f) ® N*® follows from the exactness of Cone(f). O

Now by Lemma 4.3 and 4.4, the bounded derived category D°(H) is a monoidal
category.

DEFINITION 4.5. Let H be a K-Hopf algebra. The derived representation ring
dr(H) of a K-Hopf algebra H is defined as the Green ring gr(D°(H)) of the monoidal
category D°(H). Concretely, for a bounded H-complex M*® in D(H), we denote by
[M*®] the isomorphism class of M*.

(1) dr(H) is the abelian group generated by all isomorphism classes of bounded
complexes in D*(H) with addition defined by the relations [M*] + [N®] = [M* © N*]
for any bounded complexes M*®, N*® in D’(H);

(2) Indr(H), the multiplication is defined by the relations [M°®][N°®] = [M*®N"*].

Note that

(i) The multiplication of dr(H) is well-defined due to Lemma 4.4;

(ii) [K*] is the identity of dr(H), since K®* ® M®* = M®* ® K* = M* for any
M?® € D’(H), where K* is the stalk complex of the trivial H-module K at the 0-
position;
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(iii) The associativity of dr(H) holds since for any L®, M*, N® in D(H),
(ILMEDIN®] = ([L° @ MP])[N®] = [L* @ M* @ N°] = [L°]([M* @ N*]) = [L*]([M*][N"]).

(iv) The distributive law of dr(H) holds since (L® & M*®) @ N°® = (L* @ N°®) &
(M* @ N*);

(v) The abelian group dr(H) is free with a Z-basis {[M*] | M* € ind(D*(H))}
by the Krull-Schmidt property of D®(H);

(vi) If H is cocommutative, then dr(H) is a commutative ring.

4.3. On shift rings of (derived) shift categories. For any indecomposable
module M € ind(gmod), its stalk complex M*® and shift objects M®[n],n € Z are
indecomposable complexes in Ch(H) and DY(H), where [1] means the shift functor.
It is clear that for all M, N € ind(ygmod),i,j € Z, in Ch(H) and D*(H), we have

Me[i] @ N*[j] = (M* @ N*)[i+j] = (M ®@ N)°[i + j]. (13)

The isomorphism in (13) on stalk complexes can be extended to any indecom-
posable objects in DY(H). That is, for any M*® N*® € indD®(H), m,n € Z, the
isomorphism holds:

M*[m] ® N*[n] 2 (M* ® N*)[m + n]. (14)

Define Ch*"(H) as the full subcategory of Ch(H) whose objects are all
M®[n),YM € gmod,n € Z. M?®[n] is indecomposable in Ch*"(H) if and only if
M € ind(gmod). Because M®* @ N® = (M ® N)* in Ch(H) and Ch*"(H) is closed
under ® by (13), we see that Ch*"(H) is a monoidal subcategory of Ch(H) with the
same tensor product ®.

We call the monoidal category Ch*"(H) the shift category of H, whose Green ring
is said to be the shift ring of H, denoted as sh(H).

Analogously, we define D*"(H) as the full subcategory of D’(H) whose objects
are M®[n] for any M € gmod,n € Z, which is known as the derived shift category of
H. Also, D*"(H) is a monoidal category.

Hom po gy (M®[n], M*[n]) is local when M is an indecomposable H-module, since

Hom po gy (M®[n], M*[n]) = Hompg (M, M).

Therefore, the indecomposable objects in D*"(H) are all M®n] for M &
ind(gmod),n € Z.

Hence, from the above, indecomposable objects of Ch*" (H) are the same as those
of D*"(H). That is, all M*[n] for M € ind(zmod),n € Z. Tt follows that the Green
ring of D*"(H) is the same as that of Ch*"(H), that is, the shift ring sh(H).

According to the definition, the following facts are obtained:

Fact 4.6. Let H be a K-Hopf algebra. Then,

(i) The shift ring sh(H) is a sub-ring of the derived representation ring dr(H)
generated by [M°®[n]],VM € ind(gmod), n € Z;

(ii) sh(H) is a free abelian group with basis [M*®[n]] for M € ind(gmod), n € Z;

(iii) The shift ring sh(H) has a Z-graded structure, more precisely, for n € Z,
whose component of n-degree sh(H)(,) is the free abelian subgroup generated by
[M*®[n]] for all M € ind(gmod);

(iv) sh(H)@ysh(H) )y = sh(H)tj for any i, j € Z;



64 M. HUANG, F. LI, AND Y. YANG

(v) The representation ring r(H) is indeed the 0-component of sh(H), that is,
T‘(H) = Sh(H)(O).

Among of these facts, (iv) is from the isomorphism (13) and (v) can be easily
seen from the fact that [M*®] = [M*[0]] for all M € ind(gmod).
Now we can give the connection among r(H ), sh(H), dr(H) as visualised in Fig. 5.

R tati Subring Subring
epresentalion —————» Qhift ring sh(H) —> Derived ring dr(H)
l‘lﬂg I'(H) 0-component

Fia. 5.

4.4. Polynomial characterizations of shift rings and derived representa-
tion rings. Throughout this part, H refers to a representation-finite K-Hopf algebra.
Following the above discussion, as the analogue of polynomial characterizations of rep-
resentation rings in Section 1, we can draw the following conclusions about shift rings
and derived representation rings.

THEOREM 4.7. For a representation-finite K-Hopf algebra H, assume the num-
ber of the indecomposable modules of H is t up to isomorphism. Then, the following
statements hold:

(i) The shift ring sh(H) = K(X')/(I',1 — X1), where

X/ = {Xl[il]7X2[i2]7"' 7Xt[it] | il,"' 7it S Z}

is the set of the indeterminates, and in particular, denote Xy = Xi[0],V1 < k <°¢,
the ideal I' is generated by

{X,[r - Y K Xir+s] [1<ij<trsecZ}
1<i<t

with k! (1 <i,5,1 <) the structure constants of r(H) in (1).

(11) Let {Nx, X € A} be the set of representatives of the orbits of indecomposable
complezes in D*(H) under the shift functor [1]. Then the derived representation
ring dr(H) = K(Y')/(J',1 = Y1), where Y = {Y\[s] | A € A,s € Z} is the set of
the indeterminates, and in particular, Y1 a fixed indeterminate with 1 € A, denote
Y\ = Y\[0],VA € A, the ideal J' is generated by

{Y,\]s] Z VLYol + s+t | A p€ A, s, t € Z},
neN,rez

and k" " is the multiplicity of Ny[r] in the decomposition of Nx ® N, for \,pu,n €
Are Z

(iii) Purthermore, when H is cocommutative, then sh(H) = K[X']/(I',1 — X1)
and dr(H) 2 K[Y']/(J',1-Y1).

Proof. For (i), we define a ring homomorphism ¢ : K(X’) — sh(H) such that
o(X;[s]) = [M2]s]] for any 1 <i <t, s € Z and (1) = [M?[0]]. It is clear that kerp
is an ideal of K (X’) generated by I’ and 1 — X[0], then (i) follows at once, from (13).
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The proof of (ii) is similar to that of (i) from (14), only note that to define a ring
homomorphism ¢ : K(Y’) — dr(H) such that ¢ (Yx[s]) = [Na[s]] forany A € A, s € Z.

Now (iii) follows from (i) and (ii), and the fact that the cocommutativity of H
implies the commutativity of dr(H) and sh(H) directly. O

REMARK 4.8. In Theorem 4.7 (i), the structure constants of the shift ring sh(H)
are the same as those of the representation ring r(H). Similarly, for the derived repre-
sentation ring dr(H) in Theorem 4.7 (ii), the structure constants ky",, in Y)[s|V,[t] =

ZneA,reZ k;:;Yn[T + s + t] are the same as those in Y)Y, = ZUGA,TEZ k;:;Yn [r].

From the next section, we will embed the representation rings of the Nakayama
truncated algebras into the corresponding shift rings and derived representation rings.
For these Nakayama truncated algebras as cocommutative Hopf algebras, the poly-
nomial characterizations of shift rings and derived representation rings will be given
by fewer numbers of indeterminates.

5. Shift rings and derived representation rings of Nakayama truncated
algebra K7, /J<.

5.1. The shift ring sh(KZ,/J¢). For the Nakayama truncated algebra H =
K7, /J% with charK = p,n > d = p™, m > 0, recall that the indecomposable modules
M(i,j) = P;/radin, 0<i:<n-1,1<j<d,s€Z, where P; is the indecomposable
projective H-module at the vertex j. To calculate the shift ring sh(KZ,/J?), it

suffices to compute the structure constants kl

i i the decomposition

M(i,5)"[s] ® M(i', 7)*[s') 3 KL MG T s + 6]

0,4, ]
0<i<n—1,1<j"<d

for 0 < 4,4¢',i" < n —1 1<4,4,7" <d,s,s € Z. However, by the formula (13) in

Section 2, these k9 are just the structure constants in the decomposition

131’3

MGEHeME )= Y kM)

0<i"”<n—1,1<j"<d

for 0 <i,i,i" <n—1,1<774, 5" <din the module category, which we have already
proved by Lemma 2.8 and Lemma 3.2. Hence we can give the generators and relations
of the shift ring r*"(K Z,,/J?) as follows.

ProrosITION 5.1. Let charK =p,n>d=p",m > 0. Then

(i) The shift ring sh(KZ,/J?) is generated by [M(1,1)*[r]],[M(2,0)*[r]] and
[M(p' +1,0)°[r]], where r € Z,1 <1 <m — 1.

(i) The relations in shift ring sh(K Z,,/J%) can be determined using the following
formulas:

M (i, 7)°[r] @ M(1,0)*[s] = M(1,0)°[s] @ M(z,5)°[r] = M (i, 5)*[r + s],
M(1,T)°[r]®" = M(1,0)%[nr], N

M(2,0)°[r] ® M(t,0)°[s] = M(t +1,0)[r + 5] ® M(t — 1,1)°[r +s] Vt>2,ptt,
M(2,0)°[r] ® M(t,0)°[s] = M (t,0)°[r + s] ® M (¢, 1)*[r +s] for allt>0,plt,

Whlr+s|, if k=—1(mod p)
M(p' +1,0)°[r] @ M(kp' +1,0)%[s] =2 { Wa[r+s], if k=0(mod p)
Ws[r+s|, otherwise
where v, s € Z. and Wy, Wo, W3 are defined in Lemma 3.2.
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(ili) Let I" be the ideal of Z[y[r], z[r], wi[r]]rez1<i<m—1 generated by the relations
which are given from (i) through replacing [M(1,1)*[r]], [M(2,0)*[r]], [M (p'+1,0)*[r]]
by the indeterminates y[r], z[r], wi[r],r € Z,1 <1 < m — 1, respectively. Then there
is the ring isomorphism:

sh(K Zn/J?%) = Zlylr], 2[r), wi[r]lreza<icm—1/T

Proof. (i) follows from Theorem 2.10 and (ii) from Lemma 2.8 and Lemma 3.2.
Additionally, (iii) follows from Theorem 3.5. Concretely, we can define a ring homo-
morphism

¢ : Zly[r], z[r], wir]lreza<icm—1 — SW(K Zy/J?)

by ¢(ylr]) = [M(L1)*[r]], ¢(z[r]) = [M(2,0)*[r]] and ¢(wi[r]) = [M(p' + 1,0)*[r]],
the remaining is similar. O

5.2. The derived representation ring dr(KZ,/J?) . So far, it is difficult to
obtain all indecomposable objects in the bounded derived category D°(H), in gen-
eral, for an arbitrary representation-finite K-Hopf algebra H, even for the Nakayama
truncated algebra H = K Z,,/J.

When d = 2, however, we can list all the indecomposable objects of D*(H) using
the method introduced by Bautista and Liu in [3] since H = KZ,/J? is a gentle
algebra, or more generally, an elementary algebra with a 2-nilpotent radical. All the
notations and terminologies can be found in [3].

5.2.1. Construction of the indecomposable objects in D*(K Z,/J?).
LEMMA 5.2. The set of indecomposable objects of D*(K Z,,/J?) is given by

ind(D*(KZ,/J?%)) = {P*(i,j)[l] | —o0<j<i<+oo,l€Z},
where the complex
P*(i,j): =02 PPy P20

with the morphisms P — Py defined by the action of arrows for all j < a <.

Proof. Our proof is dependent on Theorem 3.11 in [3], where the composition of
arrows is from left to right, which differs from the composition in this paper. Here,
we will use the dual conclusion for the converse composition, that naturally follows
from that in [3].

Firstly, it is easy to see that the minimal grading covering @ of @ is just the
infinite Dynkin graph A, with the universal covering map sends m to m(under the
relation of modulo n), see Fig. 6. We may further denote the vertices of A, as

e—=2,-1,0,1,2,---.

Since KQ/J? is an elementary algebra with a 2-nilpotent radical, by Theorem
3.11 in [3] there is a functor .Z : rep~?(Q) — DY(KQ/J?) which preserves isomor-
phism classes and indecomposability, where rep™? (@) denotes the fully subcategory

of rep(Q) consisting of the bounded-above truncated injective representations. More-

over, by ([3], Lemma 3.4), there exists an indecomposable object N in rep™?(Q) and
an integer n such that M = % (N)[n] for any indecomposable object in D*(K Z,,/J?).
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Fic. 6.

Hence, to characterize the indecomposable objects of D*(K Z,,/.J?), it suffices to com-
pute the indecomposable objects of rep™?(Q).
Secondly, as the quiver Q = A, with linear orientation, all the indecomposable

bounded-above objects in repP(Q) are {L(%,j)}—co<j<i<+oo, Where L(i,j) for any
1,7 satisfies

LG 5)a = { 0, otherwise, L(i, f)a—at1 = 0, otherwise.

Finally, we consider the images of L(7,j) under the action of the functor #. By
the definition of L(i,j) above, we find that Z(L(i + 1,7 + 1)) = P°*(i,J), where
P*(i,j) are defined in this lemma. Because P*®(i,j) has bounded homology for any
—00 < j < i < 400, each such L(i,j) is included in rep~?(Q) by ([3], Proposition
3.8). Therefore, the set of all indecomposable objects of D?(K Z,,/J?) is just the set
{P*(i, )]} —so<j<i<+too,icz by Proposition 3.1 and Theorem 3.11 in [3]. O

In particular, we have P*(i,—o0) =--- -0 — P; - P,—y — ---. since S;H[i] is

quasi-isomorphic to P*(i, —oo) in the complex category Ch(H ). Hence,

P*(i,—00) = S*[i] in D"(H). (15)

Note that if we choose j = 4, then % (L(i,4)) is the stalk complex P; in the i-th
position.

5.2.2. Structure constants of the derived representation ring
dr(KZ,/J?). The derived representation ring dr(KZ,/J?) is generated by all ob-
jects in ind(Db(H)) = {(P*(i,i)[] | —o0 < j < i < 400,l € Z}. From (15), we
have

P(i', —00)[l'] @ P*(i, —oo)[l] = S5 [i' + 1] ® S=[i +1]

~ o -/ - /
=Sl Hi+ U+

& P i+ 1, —co)[l' +1—1], (16)

So, it remains to consider the structure constants associated with the tensor product
Pe(i',j)[l'] ® P*(i,7)[l] where at least one of j/ and j is not equal to —oo. For
simplicity, we may further assume that [ =1’ = 0.
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To calculate the decomposition of P*(i,j') ® P*(i,j) in the case that one of j’
and j is equal to —oo and the other is not —oo, we need the following lemma about
P;®5;.

LEMMA 5.3. There is a complex isomorphism from

o, ®id
= 0= Py 1®Sfi>Pi—,®S;—>O—>--~

to

= 0= P——

U Pl 70—

where o is defined by the action of the corresponding arrows for j =i’ i+ 1i'.

Proof. Note that P; = M(2,5),5; = M(1,j) for any j € Z. By Lemma 2.4,
we have P; ® S; = Plﬂ Denote this isomorphism by f; for j = 4',i + 1. Hence
filez@e; ) ey filag®@e;) = ajpy for j =4',i’ + 1, where e; denotes the primitive
1dempotent element correspondmg to vertices j = 4/,i’ + i, respectively. Now by
calculation, we obtain the following commutative diagram.

Prmes 2% poes;

K2

fz"+1l fi’J{ ’

P 2t p
i+i’ 41 i+’

then the complex isomorphism follows at once. O

PROPOSITION 5.4.
P ) @ P*(i,—o0)l] 2 P*(i' +i+ 1,5 +i+ DI’ +1-1] (17

for any —oo < j <4’ < o0, 4,1\l €Z.

Proof. Firstly, in the case for j' = —oco, the result follows from (16).
Next, in the case for —oo < j’ <4/, by Lemma 5.3 we have the following complex
isomorphism

f——— 0 ——— P53 QS; —— P5;—Q 55 P7®S: —— 0 ————— -
k2 k2

71 7 37 7

0| fr | fir | ] o]

v — 0

P P ce P
il i il i—1 3+

ie., P*(i',j") ® S2[i] = P*(i' +i,j' +i). From (15), we have the isomorphisms

P*(i',5') @ P*(i, —o00) = P*(, j') © 57

Sl =P i1, it 1)1

Finally the result follows by M®[l']| ® N°[]] & M*® @ N°®[I' + 1] for any M*,N°® €
DMK Zy)J?), Ul € Z. O

Now we consider the decomposition of P*(i', j")[I] ® P*(i,7))['] in the case j,j’
are both not —oo. Firstly, we calculate all of its homological groups.

PROPOSITION 5.5. For j,j',s,s' € Z and —oc0 < s’ < s, let

L=P*(j'+s -1, )@ P*(j+s—1,7).

- s 0 - ...
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Then the homological groups H,,(L) of L for all m € Z are listed as follows:

Srirats, ifm=j+j +s+s 2,5 #1
S s fm=j3+7 +s—1,s#5,8#1;
Sy ifm=j+j+s—Ls#s s #1;
Sivis ®Sigen fm=j+j+s—1ls=s#1;
Hy (L) = ¢ P fm=7+j +s—1,s#s =1; (18)
S5 ifm=j+j.,s #1;
P, fm=j+j,s#s =1;
Pt © Py, fm=0,s=s=1;
0, otherwise.

Proof. For the notations in relation to spectral sequence, refer to ([30], §5.6). As
there exists a double complex C,. such that £ = Tot¥(C,.), we can calculate the
homological groups H,, (L) through C.. using the method of spectral sequences.

When s > s’ > 1, since C,, is bounded, we obtain a spectral sequence {IE;Q},
which converges to Hpi,(L) via the natural filtration by columns. More precisely,
the spectral sequence starts with {{E) = C,,} and the differentials dj = d¥,,
where dy, (Vp, q € Z) are the vertical differentials of C.. and denote d” = {d},}; ¢ez,
d° = {d, }p,qEZ' Now we find that

Pry® Sy ) <p<j+s—1qg=j+s-1

IE;,Q_H;(CE*): Py ® 55, ifj/<p<j'+s—-1,q9=73
0, otherwise.
Furthermore, the maps dzqu : IE; IEzl) 1,4 are induced by the horizontal

differentials dgq of C,.. Hence we find that the 2-piece I E;q is as follows:

Sm@Sm:Sm, ifp=j+s—-1,q=j+s—1;
| GEes e
g J’ Jts T Miti+s? p=3,9q=7+s—1;

S5 @ S5 = Si57 if p=j'q=7;

0, otherwise.

Since s > s, there exist no p, ¢ such that both IEg)q and IE§_27q+1 are not zero.
Thus the maps d2 : 1E2 IE2 _9.4+1 are zero maps, which implies that IEQ

1E3 = IEm IE"Oq Slnce the spectral sequence {IET } converges to Hp+q(£
it follows that H (£) has a filtration {F, H,, (L)} such that Fp,H,,,(L)/Fp—1Hm (L)
Tpoo for any m € N.

~—

1>

p.m—p

In case s # s’, for any m, there is at most one py such that IEgom » 7 0. Hence
by the filtration of H,, (L), we have H,,(L) =" Ex° po-

In case s = ¢/, by the filtration of Hs_1(L), there is an exact sequence

0— SH-J s 7 Hj+j/+5_1(£) — SH-J T¥s 7 0.
: 1

Moreover, since Exty (S7775: S75773) = 0, we have Hjpjys1(L) = S5 @
S’m. Additionally, for m # s—1, there is at most one py such that IE;? m—po 7 0-

Hence by the filtration of H,, (L), we obtain H,, (L) = E®

Po,m—po”
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In a word, when s # s, we have

Sirsren Um=j+j +s+s -2
S m=j+i +s—1;
Sigi it m=j+j;
0, otherwise;
when s = s’, we have
SW ifm=j+j5+s+s -2
S— S . ifm=j+7 —1;
H, (L) = SJ+] O Ss ;fzij.-f—j./'-f— 5 (20)
J+i" =J+7;
0, otherwise.

The proof in the case s’ = 1 is similar following the explanation below.
When s > s’ = 1, the first piece of the spectral sequence {I } can be calculated
as:

. Py ® S5 = P, %fp:yj,q:j}s—l;
B = P ® 55 = Py if p=7',q=7;
O, otherwise.

Since there exists no p, ¢ such that both IE; and 'E! are non-zeros, the maps

p—1l,q

il;q : IE; IE; 1,4 are zero maps, which implies that IE;yq = IEqu =.. ~IE;’?q =
Eps,. Thus,
0, otherwise.
Finally, when s = s’ =1, £ = P5[j'| ® P;[j'] 2 Przli + 5| © Prz7[j +4']. O

Through Proposition 5.5 and some calculations, we can characterize objects in
DP(H) whose homological groups are isomorphic to H,,(£) in two cases.
(I) When s’ = 1, an object R in D’(H) satisfies H,,(R) = H,, (L) for all m € Z

. 1] -/
if and only if R & P []+]]@PJ+7+S[j+j +s—1].

(II) When s" > 1 an object R in D*(H) satisfies H,,(R) = H,, (L) for all m € Z
if and only if one of the following four cases holds:
Case 1: R has a direct summand with the form S’E[m] for some 0 < k <n—1 and
m € Z;
Case 2: RE¥Ro=P(j+j+s—-1j+j)pP(J+ji+s+s—1,7+75+3s)[-1];
Case 3: R R3=P°(j+j+s—1,j+7 )P (G+j +s+s—1,j+7+5)-1];
Case 4: RE¥Ry=P°(j+j+s+s—-1j+)eP(G+i+s—1,j+7+5)-1].
This case applies only if s > s'.

Obviously the isomorphic objects in D?(H) must have isomorphic homological
groups. Therefore, from (I), when s’ = 1, we have the decomposition

L=P(j+s-1,7 )P (j+s—1,j) =P li+i1® P i+ +s—1]; (22)

when s’ > 1, the decomposition of £ must be equal to one of R’s in the above four
cases. However, the following Proposition 5.7 tells us that the decomposition of L is
impossible when it takes the form in Case 1 above in (II).
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LEMMA 5.6. A chain map f: P*(i, —00) — P*(i, —00) is null homotopic if and
only if f=0.

Proof. If f = (f;)jez is null homotopic, then there exist s; : P; — Py such that
fj =sj_1dj+d;q1s; for all j € Z, where d; denote the differentials of P*(i, —00). By
the definition of H, it is easy to see that Homg(Pj, Piy) = 0. Therefore s; = 0 for
all j € Z. Hence f; =0 for all j € Z. The converse is trivial. O

PROPOSITION 5.7. L=P°*(j'+s —1,j)@ P*(j + s —1,7) contains no direct
summand as the form S%[m] for0<k<n-—1andmeZ.

Proof. Otherwise, there exists m € Z, 0 < k < n — 1 such that S’%[m] is
a direct summand of £. Since K~ (Z) = D'(H), P*(k — 1,—0c0) is the minimal
injective resolution of S; and K~ (Z) is the bounded-above homotopy category of
injective complexes, which is a subcategory of a homotopy category consisting of
bounded-above injective complexes, thus P®(k — 1,—o0)[m] is a direct summand
of £ in K~(Z). Therefore, there exists f € Homg- (z)(£,P*(k — 1,—00)[m]) and
g € Homg- (7)(P*(k— 1, —00)[m], £) such that fg = id in K~ (Z). Equivalently, there
exists f € Homey gy (£, P®(k — 1, —00)[m]) and g € Homcy,x) (P*(k — 1, —o0)[m], £)
such that fg—id is null homotopic in Ch(H). By Lemma 5.6, fg—id = 0, so fg = id.
Then we deduce that P®(k—1, —oco0)[m] is a direct summand of £ in Ch(H). But this
is impossible because P*(j +s—1,7) @ P*(j' + s —1,j') is a bounded complex. O

From Proposition 5.7, we know that the decomposition of £ cannot be in Case 1
when s > 1.

Additionally, when s = s’ > 1, Case 2 coincides with Case 3 and Case 4 does not
appear. Hence in this condition, we have the decomposition:

L=P(+j+s -1+ )P (G+j+s+s—1j+5+s)[-1] (23)

Therefore, we need only to consider the decomposition of £ when s > s > 1.
Unfortunately, so far we cannot determine the decomposition of £ in the form of
Cases 2, 3 and 4 exactly in general. We conjecture that only Case 2 can occur in the
decomposition of £, according to several decompositions we have already calculated.
We can summarize the above discussion in the following conjecture.

CONJECTURE 5.8. Using the above notations in D*(K Z,/J?) for all j,j',s,s" €
Z and s' < s, we always have the following decomposition of indecomposable com-
plexes:

L=P*(j+s—-1,j)@P*(j+s—1,5)
2P+ + =1+ )eP(+i +s+s -1+ +s)[-1. (24

From the above discussion, we know that this conjecture has been affirmed except
for the case s > s’ > 1.

Lastly, we give a summary of the derived representation ring dr(KZ,/J?) as
follows.

THEOREM 5.9. For charK = p =2,n > 2, the following statements hold:

(i) The derived representation ring dr(K Z,,/J?) is generated by [P*(i, 7)[l]], where
leZl,—0 <j<i<+o0.

(ii) The relations of the generators of dr(K Z,/J?) in (i) can be determined by:
(a) P*(i",7)[1) @ P*(i, —o0)[l] = P*(i, ~o0)[l] & P*(i" /)] = P*(i' + i+ 1,4 +i+
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DI +1—=1] for all —o0 < j' <i' < o0, i,1,I' € Z;
(b) for all j,j',s,8' € Z and s' < s:
(1) when s" =1, the decomposition

P+ =L@ P +s—1,5)]

. ./ ° -/ ! .
=P+ 4o P i+ 5 + s+ 1+ = 1;

(2) when s =s" > 1, the decomposition:

P+ = 1,50 @ P*(j +s—1,5)[]
=P(j+j+s-1Lj+i)l+U]oP(G+5 +2s—1,7+7 +s)l+1" -1}

(3) when s > s" > 1, one of the three possible decompositions:

P(j + s =1, P*(j +s—1,))[]
=P(j+j +5 —1 g+ +eP G+ +s+s —1,5+5 +s)l+1' —1];

(
(
P'(J +5' =1 e P (j+5s— 1)
(
(
(

"U

G+ +s—1Li+)I+UoP G+ +s+s 1,5+ +s)1+1'—1];
G+ =L@ PG +s—1,5)[]
=P+ +s+s—1Li+i)Nl+UeoP G+ +s—1,j+5+s)+1'-1]

3

(i) For the indeterminates v(i,j)[l], let I" be the ideal of the polynomial ring
Z[v(i, §)[N]iez,—co<j<i<+oo generated by the relations given in (i) in this theorem
through replacing [P®(i,7)[1]] by v(i,5)[], forl € Z,—oc0 < j < i < 4+00. Then there
is the ring isomorphism

dr(K Z,/J?) = Zlv (i, j) ez, —co<j<ictoo /T

Proof. (i) follows by Lemma 5.2. For the proof of (iii), in detail, it suffices to note
that all the indecomposable objects of D(KZ,/J?) are P*(i,)[l] —co<j<i<+ooicz
and the ring homomorphism v : Z[v(i, j)[l]]icz,—co<j<i<too — dr(KZ,/J?) can be
defined by 4(v(i, j)[1]) = [P*(i, /) [}

For (ii), (a) follows from Proposition 5.4; and (b) is according to the above dis-
cussion with (22), (23) and the cases 2,3 and 4 in (II). O

Furthermore, if Conjecture 5.8 is confirmed, we can unify (1), (2) and (3) of
Theorem 5.9 (ii) with the decomposition (24) in Conjecture 5.8.

REMARK 5.10. In Proposition 5.1, when d = 2 = p, then m = 1 and thus
the shift ring sh(KZ,/J?) is generated by [M(1,1)*[r]],[M(2,0)*[r]] for r € Z. As
we know, sh(KZ,/J?) is a sub-ring of dr(KZ,/J?). And, M(1,1)%[r] = Sp[r] =
P*(0, —00)[r] and M (2,0)*[r] = P3[r] = P*(0,0)[r]. So, the generators [M(1,1)*[r]]
and [M(2,0)°[r]] of sh(KZ,/J?) in Proposition 5.1 are simply those P*(0, —00)[r]
and P*(0,0)[r] of dr(K Z,/J?) for r € Z in Theorem 5.9.
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