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COMPARING THE 7-PRIMARY SUBMODULES OF THE DUAL
SELMER GROUPS*

MENG FAI LIMT

Abstract. In this paper, we compare the structure of Selmer groups of certain classes of
Galois representations over an admissible p-adic Lie extension. Namely, we show that the m-primary
submodules of the Pontryagin dual of the Selmer groups of two Galois representations have the
same elementary representations when two Galois representations in question are either Tate dual
to each other or are congruent to each other. In the first situation, our result gives a partial answer
to the question of Greenberg on whether the Pontryagin dual of the Selmer groups of two Galois
representations that are Tate dual to each other are pseudo-isomorphic (up to a twist of the Iwasawa
algebra). In the second situation, our result will be applied to study the variation of the w-primary
submodules of the dual Selmer groups of certain specialization of a big Galois representation. One
of the important ingredient in our proofs is an asymptotic formula for 7-primary modules over a
noncommutative Iwasawa algebra which can be viewed as a generalization of a weak analog of the
classical Iwasawa asymptotic formula.
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1. Introduction. Throughout the paper, p will always denote a rational prime.
Let O be the ring of integers of a fixed finite extension K of Q,, and let m be a
local parameter of O. Let F' be a number field and F,, an admissible p-adic Lie
extension of F' with Galois group G. For a Galois representation defined over a
number field F' with coefficients in O, one can attach a Selmer group to these data,
and the resulting Selmer group has a natural module structure over O[G] which is the
Iwasawa algebra of the Galois group of the given admissible p-adic Lie extension. For a
module over such an Iwasawa algebra, Howson [Hol] and Venjakob [V1] independently
developed the notion of a generalized p-invariant which extends the classical notion
of the p-invariant. Building on this notion of the p-invariant, they have established
a structural description of the w-primary submodules of modules defined over such
an Iwasawa algebra (see [Ho2, V1]). To be precise, they are able to show that the
m-primary submodules can be expressed uniquely in term of a product of factors of
the form O[G]/7* (up to pseudo-isomorphism). Following the classical situation, we
call this the elementary representation of the m-primary submodule. In the midst
of establishing their structural theorem, they also show that the p-invariant can be
expressed as a sum of the a’s appearing in the elementary representation. The aim
of this article is to compare the m-primary submodules of the Pontryagin dual of the
Selmer groups of two Galois representations in the two situations as mentioned in the
abstract. We briefly describe these situations in the next two paragraphs.

The main conjecture of Iwasawa theory is a conjecture on the relation between a
Selmer group and a conjectural p-adic L-function (see [CFT, FK, Grl]). This p-adic
L-function is expected to satisfy a conjectural functional equation in a certain sense.
In view of the main conjecture and this conjectural functional equation, one would
expect to have certain algebraic relationship between the Selmer group attached to
a Galois representation and the Selmer group attached to the Tate twist of the dual
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of the Galois representation which can be thought as an algebraic manifestation of
the functional equation. In particular, an immediate consequence of this algebraic
functional equation is that the Selmer group attached to a Galois representation and
the Selmer group attached to the Tate twist of the dual representation have the
same generalized Iwasawa p-invariants. In the case of a cyclotomic Z,-extension,
this study on the p-invariants has been undertaken in [Grl, Mat]. (Actually, in
[Gr1], Greenberg also established the full “algebraic” functional equation of the Selmer
groups, which we will not treat in this article. Readers interested in this subject may
refer to [BZ, Hs, JP, LLTT, Z1, Z2].) For a noncommutative p-adic Lie extension, this
equality has been verified for Selmer groups of an abelian variety without complex
multiplication (see [Bh]). In a previous unpublished note [Lim], the author has also
verified the equality of the u-invariants. In this paper, we will show an even stronger
relation, namely, the 7m-primary submodules of the dual Selmer groups in question
have the same elementary representations. In particular, our result will imply the
equality of the generalized Iwasawa p-invariants. We like to emphasize that although
this latter result is motivated by the main conjecture of Iwasawa and the functional
equation of the conjectural p-adic L-functions, we do not assume these conjectures in
all our argument. We also mention that our result answers the m-primary part of the
question of Greenberg on whether the Pontryagin dual of the Selmer groups of two
Galois representations are pseudo-isomorphic (up to a twist of the Iwasawa algebra).

The second situation is concerned with comparing the Selmer groups of two con-
gruent Galois representations, or in general, a family of Galois representations with
suitable congruence relations. Such studies were carried out over the cyclotomic
Z,-extension in [EPW, Gr2, GV, Ha, We| and over noncommutative p-adic Lie exten-
sions in [Ch, SS]. One of the motivations behind these studies lies in the philosophy
that the “Iwasawa main conjecture” should be preserved by congruences. We should
mention that in the cyclotomic case, this philosophy is rather well understood (see
[EPW, GV, Oc]), although the general noncommutative situation still seems much
of a mystery (for instance, see [B, CS]). An important observation made in most of
the above cited works is that if the Iwasawa p-invariant of one of the Selmer groups
vanishes, so does the other. It is then natural to consider the situation when the said
Iwasawa p-invariants are nonzero and ask if one can relate the Iwasawa p-invariants.
To the best of the author’s knowledge, such studies have only been considered in
[B, BS]. As observed in these works and as we will see in this paper, to be able to
even compare the Iwasawa p-invariants meaningfully, we require the congruence of the
Galois representations to be high enough. In this paper, we will show the stronger
assertion, namely, that the 7m-primary submodules of the Selmer groups of congruent
Galois representations have the same elementary representations.

We now describe briefly the idea behind the comparison of the m-primary submod-
ules of the dual Selmer groups of two Galois representations defined over some number
field F'. Let A and B be quotient modules of the two Galois representations. Here the
quotient module is obtained from the Galois representation by taking the quotient
of the representation by a Galois-invariant lattice. Then one can attach dual Selmer
groups to these quotient modules (see Section 3) which we denote to be X (A/F.,)
and X (B/F), where F is an admissible p-adic Lie extension whose Galois group
is a uniform pro-p group of dimension r. It follows from the theory developed in
Subsection 2.4 that to compare 7-primary submodules of the dual Selmer groups, we
need to show the equality

nofar (X (4/Fu)/7") = nojey (X (B/Fu) /")
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for enough n (see Propositions 2.4.6 and 2.4.7 for details). To prove the above equality,
we proceed by establishing the following estimate

toge) (X (A/Fs) /7") — pofay (X (B/Fx) /") )p™| = O(p"~H™)
( )

for each fixed n. If we denote F),, to be the intermediate extension of F' in F.,
corresponding to fixed field of the (m + 1)-term of the lower p-series of Gal(F/F),
we then have the following inequality
’ (MOHG]] (X(A/F)/m") = poger (X(B/Foo)/ﬂn))]fm’ <
‘M(’)[{G]} (X(A/Fw)/wn)me — ord, (S(A/FOO)[W”]GM)

+oter (X (B/Fuoc) /7)™ — ord, (S(B/ Fuo)[5"]5) |
+ord, (S(A[7"]/F,n)) — ord, (S(A/Fm)[ﬁn]Gm)]
+|ord, (S(BIx")/Fyn)) — ordy (S(B/ o) a1
+lord, (S(A[7"]/ Fyn)) — ord, (S(B[x"] /Fm))‘.

Therefore, we are reduced to showing that the five quantities on the right are
O(p"=1™) (for a fixed n). The estimates for the first and second quantities are
where we require the asymptotic formulas for w-primary modules. The estimates for
the third and fourth quantities follow from a descent argument. The estimate of the
final quantity is where we make use of the facts that A and B are either Tate dual to
each other or congruent to each other for a high enough power. In the case that A and
B are Tate dual to each other, our argument follows the approach of Greenberg in
[Grl]. We like to highlight that in the situation of a cyclotomic Z,-extension, the error
quantities have bounded order in the intermediate sub-extensions of the cyclotomic
Z.,-extension. However, since we may have infinite decomposition of primes over a
p-adic Lie extension of dimension r > 1, the error quantities may not be bounded,
and therefore, we will need a slightly more careful argument.

We now give a brief description of the layout of the paper. In Section 2, we
recall certain algebraic notion which will be used subsequently in the paper. It is
also here where we develop a method to compare the m-primary submodules of two
O[G]-modules. In the final subsection, we will prove an asymptotic formula for 7-
primary modules over an Iwasawa algebra of a (possibly noncommutative) uniform
pro-p group. As seen in the previous paragraph, this asymptotic formula is crucial in
establishing our main results.

In Section 3, we introduce the Selmer groups which are the main object of study
in this paper. These Selmer groups are defined for a set of data which arises from
an ordinary Galois representation. Actually, to be precise, the Selmer group that
we consider is called the strict Selmer group in Greenberg’s terminology [Grl]. We
will also introduce another variant of the Selmer group (called the Greenberg Selmer
group) and an appropriate Selmer complex closely related to the strict Selmer group
we are working with. In Section 4, we will prove our main theorems for the strict
Selmer groups. But it will follow from the discussion of Section 3 that all our main
results also hold for the Greenberg Selmer group and the Selmer complex. In Section
5, we will apply our main results to study the variation of the 7w-primary submodules
of the dual Selmer groups of the specializations of a big Galois representation. When
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the p-adic Lie extension is of dimension 2, we will also apply our main results to study
the variation of the 9y (G)-property of the dual Selmer groups.
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2. Algebraic preliminaries. In this section, we recall some algebraic prelimi-
naries that will be required in the later part of the paper. Namely, we gather various
notation and definitions which will be required for the discussion of the paper. In
Subsection 2.4, we develop various criterions which allow us to compare the structure
of the m-primary submodules of two modules. In the final subsection of this section,
we will prove a asymptotic formula over an Iwasawa algebra of a uniform pro-p group
which is a generalization of a weak analog to the classical Iwasawa asymptotic formula
over an Iwasawa algebra of I' = Z,, [Iw].

2.1. Compact p-adic Lie group. Fix a prime p. In this subsection, we recall
some facts about compact p-adic Lie groups. The standard references for the material
presented here are [DS+, Laz|.

For a finitely generated pro-p group G, we write G?" = (¢P'| g € G), that is, the
group generated by the p’th-powers of elements in G. The pro-p group G is said to
be powerful if G/GP is abelian for odd p, or if G/G* is abelian for p = 2. We define
the lower p-series by P;(G) = G, and

Pi+1(G) = PZ(G)p[PZ(G),G], for 4 Z 1.

It follows from [DS+, Thm. 3.6] that if G is a powerful pro-p group, then G =
P;+1(G) and the p-power map

Pi(G)/Pis1(G) = Pit1(G)/ Pir2(G)

is surjective for each i > 1. If the p-power maps are isomorphisms for all i > 1, we
say that G is uniformly powerful (abrev. uniform). Note that in this case, we have
an equality |G : P(G)| = |Pi(G) : Piy1(G)] for every ¢ > 1. In fact, it is not difficult
to see that |G : Piyq(G)| = p'", where r = dim G.

We now recall the following characterization of compact p-adic Lie groups due to
Lazard [Laz| (see also [DS+, Cor. 8.34]): a topological group G is a compact p-adic Lie
group if and only if G contains a open normal uniform pro-p subgroup. Furthermore,
if G is a compact p-adic Lie group without p-torsion, it follows from [Ser, Corollaire
1] (see also [Laz, Chap. V Sect. 2.2)]) that G has finite p-cohomological dimension.

2.2. Torsion modules and pseudo-null modules. As before, p will denote a
fixed prime. Let O be the ring of integers of a finite extension of Q,. For a compact
p-adic Lie group G, the completed group algebra of G over O is given by

O[G] = lim O|G/U],

—
U
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where U runs over the open normal subgroups of GG and the inverse limit is taken with
respect to the canonical projection maps.

When G is pro-p and has no p-torsion, it is well known that O[G] is an Auslander
regular ring (cf. [V1, Theorem 3.26]; for the definition of Auslander regular rings, see
[V1, Definition 3.3]). Furthermore, the ring O[G] has no zero divisors (cf. [Neu]), and
therefore, admits a skew field Q(G) which is flat over O[G] (see [GW, Chapters 6 and
10] or [Lam, Chapter 4, §9 and §10]). If M is a finitely generated O[G]-module, we
define the O[G]-rank of M to be

rankopgy M = dimg ey Q(G) Ropay M-

We will say that an O[G]-module M is torsion if rankojgy M = 0. As we will also
need to work with various equivalent formulations of a torsion O[G]-module, we state
the following.

LEMMA 2.2.1. Let A be a Auslander regular ring with no zero divisors. Let M
be a finitely generated A-module. Then the following are equivalent.

(a) The canonical map ¢ : M — Homp (Homp (M, A), A) is zero.
() Q(A) ®@a M =0, where Q(A) is the skew field of A.
(¢) Homy (M, A) = 0.

Proof. The equivalence of (a) and (c) follows from [V1, Remark 3.7]. Suppose that
Q(A) @AM =0. Let f € Homa (M, A) and x € M. Then since Q(A) ®x M = 0, there
exists A € A\ {0} such that Az = 0. This in turn implies that Af(z) = f(Az) = 0.
Since A has no zero divisor, we have f(x) = 0. This shows that Homa (M,A) = 0
and the implication (b)=-(c). Conversely, suppose that Homa (M, A) = 0. Write
M** = Homy (Homa (M, A), A). By [V1, Proposition 2.5] and the Auslander condi-
tion, the canonical map ¢ : M — M ™1 has kernel and cokernel which are A-torsion.
Therefore, ¢ induces an isomorphism

Q(A) pa M = Q(A) QA M™T.
Now if ¢ = 0, then it will follow that Q(A) ®x M = 0. This establishes (a)=(b). O

Therefore, if GG is pro-p and has no p-torsion, it follows from the above lemma that
a finitely generated O[G]-module M is torsion if and only if Homegy (M, O[G]) = 0.
Now if M is a finitely generated torsion O[G]-module, we say that M is pseudo-
null if Ext%g[[G]] (M,0O[G]) = 0. For an equivalent definition, we refer readers to
[V1, Definitions 3.1 and 3.3; Proposition 3.5(ii)]. For the purpose of this article, the
definition we adopt will suffice. Finally, we mention that every subquotient of a torsion
O[G]-module (resp., pseudo-null O[G]-module) is also torsion (resp. pseudo-null).

2.3. p-invariant. Let O be the ring of integers of a fixed finite extension K of
Q, as defined in the preceding subsection. Fix a local parameter 7 for O and denote
the residue field of O by k. The completed group algebra of G over k is given by

k[G] = 11<7m k[G/U],
where U runs over the open normal subgroups of GG and the inverse limit is taken with
respect to the canonical projection maps.
For a compact p-adic Lie group G without p-torsion, it follows from [V1, Theorem
3.30(ii)] that k[G] is an Auslander regular ring. Furthermore, if G is pro-p without p-
torsion, then the ring k[G] has no zero divisors (cf. [AB, Theorem C]). Therefore, one
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can define the notion of k[G]-rank as above when G is pro-p without p-torsion. We will
say that that the module N is a torsion k[G]-module if rank,js; N = 0. By Lemma
2.2.1, we have that NV is a torsion k[G]-module if and only if Homyjgy(NV, k[G]) = 0.

For a given finitely generated O[G]-module M, we denote M () to be the O[G]-
submodule of M which consists of elements of M that are annihilated by some power
of 7. Since the ring O[G] is Noetherian, the module M () is finitely generated over
O[G]. Therefore, one can find an integer » > 0 such that 7" annihilates M ().
Following [Hol, Formula (33)], we define

Moﬂgﬂ (M) = Zrankk[[g]] (FiM(F)/Fi+1).
i>0

(For another alternative, but equivalent, definition, see [V1, Definition 3.32].) By the
above discussion and our definition of k[G]-rank, the sum on the right is a finite one.
It is clear from the definition that poje)(M) = pogap(M (7). Also, it is not difficult
to see that this definition coincides with the classical notion of the p-invariant for
I'modules when G =1" = Z,.

We now record certain properties of the ppjgj-invariant which will be required
in the subsequent of the paper.

LEMMA 2.3.1. Let G be a compact pro-p p-adic Lie group with no p-torsion and
let M be a finitely generated O[G]-module. Then we have the following statements.
(a) For every finitely generated O[G]-module M, one has

pe(M) => " (=1)'ord, (Hi(G, M(r)))
i>0

where q is the cardinality of k.
(b) Suppose that G has a closed normal subgroup H such that G/H = Z,. If
M is a O[G]-module which is finitely generated over O[H], then one has

Ho[G] (M) = 0.
(¢) Suppose that we are given a short exact sequence of finitely generated O[G]
modules

0— M — M — M"— 0.

(1) One has poja)(M) < pogay(M') + pogay(M"). Moreover, if M, and
hence also M' and M", is O[G]-torsion, the inequality is an equality.
(2) If poge(M") =0, then one has pojay(M’) = pojay(M).
(d) Suppose that G has a closed normal subgroup H such that G/H = Z,, and sup-
pose that we are given an exact sequence of finitely generated O]G]-modules

A—B-—C—D

such that A is finitely generated over O[H] and pug(D) = 0. Then one has
the equality pa(B) = pe(C).
(e) noray(M) =0 if and only if M(r) is pseudo-null.

Proof. Statements (a), (b) and (¢)(1) are proven in [Hol, Corollary 1.7], [Hol,
Lemma 2.7] and [Hol, Proposition 1.8] respectively. Statement (e) is shown in [V1,
Remark 3.33]. The remaining statements can be deduced from the previous statements
without too much difficulties. O
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2.4. m-primary modules. Throughout this subsection, G will always denote a
pro-p p-adic Lie group without p-torsion. Therefore, both rings O[G] and k[G] are
Auslander regular and have no zero divisors. For a finitely generated O[G]-module
M, it then follows from [Ho2, Proposition 1.11] (see also [V1, Theorem 3.40]) that
there is a O[G]-homomorphism

o M(r) — @O[{Gﬂ/waa

whose kernel and cokernel are pseudo-null O[G]-modules, and where the integers s
and «; are uniquely determined. We will call @;_; O[G]/m* the elementary repre-
sentation of M (). In fact, in the process of establishing the above, one also has that

poja)(M) = Z a; (see loc. cit.). We will set
i=1

9(9[[G]] (M) = max {Ozz}

1<i<s

The following fundamental lemma gives a relationship between the uojay-
invariant and O[G]-rank of a finitely generated O[G]-module.

LEMMA 2.4.1. Let M be a finitely generated O[G]-module. Suppose that there is
a O[G]-homomorphism

o M(x) — @ O[C]/,
i=1
whose kernel and cokernel are pseudo-null O[G]-modules. Then we have
poja)(M /") = nrankoje (M) + imin{n, ;b forn > 1.
i=1
In particular, we have pojay(M/n"™) < nrankoja)(M)+poje)(M) which is an equal-

ity if and only if n > Oopa(M).
Proof. Write My = M /M (m). Consider the following commutative diagram

0 M () M M; 0
FTT
0 M () M M; 0

with exact rows, and the vertical maps are given by multiplication by 7". Since My
has no w-torsion, the rightmost vertical map is injective, and therefore, we have an
exact sequence

0 — M(m)/n" — M/x" — M;/7" — 0
of torsion O[G]-modules. By Lemma 2.3.1(c)(1), we have

pofa(M/7") = pogay(M(7)/7") + pogay (Mys/7").
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To prove the lemma, it therefore suffices to show the following two equalities.

(1) pofr(M(m)/x") = S2_, min{n, o).

(2) poga)(My/m") = nrankog)(My) = nrankopgy(M).

To see that (1) holds, note that since any subquotient of a pseudo-null module is
also pseudo-null, it follows that ¢ induces an O]G]-homomorphism

M(m)/7" — @ O[G]/mmin{mei},

i=1

whose kernel and cokernel are pseudo-null O[G]-modules. The equality in (1) will
now follow by combining this observation with statements (c)(1) and (e) of Lemma
2.3.1.

Since M(w) is clearly a torsion O[G]-module, we have rankopg(My) =
rankopgp(M). Therefore, it remains to verify the first equality in (2). In other
words, we are reduced to showing that if M is a finitely generated O[G]-module with
M(mw) = 0, then popgp(M/n") = nrankepgy(M). We shall proceed by induction.
Suppose that n = 1. Then we have

rank@[[G]] (M) = rankk[[G]] (M/ﬂ') = Z(—l)l dimk (Hl(G, M/ﬂ')) = /LO[[G]] (M/ﬂ'),
>0

where the first equality follows from [Hol, Corollary 1.10] and the assumption that
M[r] = 0, the second equality follows from [Hol, Proposition 1.6], and the third
equality follows from Lemma 2.3.1(a). Therefore, we have established the n = 1 case.

Now suppose that n > 1, and suppose that popgy(M/7""') = (n —
1) rankpey(M). Then consider the following commutative diagram

M = M
J/ﬂ,nl \ﬂ.’ﬂ
0 M-—"5M M/x 0

with exact bottom row (note that injectivity follows from the assumption that M |[r] =
0). By the snake lemma, we have an exact seqeuence

0— M/7" ! — M/72"™ — M/7 — 0
of torsion O[G]-modules which in turn yields

roga)(M/7™)

pojay(M/m) + pogay(M/x"~1)
= rankopgy(M) + (n — 1) rankepgp (M) = nrankejey(M).

The proof of the lemma is completed. O

REMARK 2.4.2. When G = Zj,, one can prove the above lemma by appealing
directly to the structure theory (cf. [NSW, Proposition 5.1.7]).

We record the following lemma which enables one to relate M (7) and N(7) in
certain situation.

LEMMA 2.4.3. Suppose that H is a closed normal subgroup of G with G/H = Z,,.
Let ¢ : M — N be a homomorphism of finitely generated O[G]-modules, whose



COMPARING 7-PRIMARY SUBMODULES OF DUAL SELMER GROUPS 1161

kernel and cokernel are finitely generated over O[H]. Then M () and N(m) have the
same elementary representations.

Proof. The statement will follow if it holds in the two special cases of exact
sequences

0—P—M-—N—0,
0—M—N—P —0,

where P is a finitely generated O[H]-module. We will prove the first case, the second
case has a similar argument. Choose a sufficiently large n such that 7™ annihilates
M (7) and N (m). Consider the following commutative diagram

0 P M N 0
0 P M N 0

with exact rows, and the vertical maps are given by multiplication by 7. Applying
the Snake Lemma, we obtain

0 — P[r"] — M(w) — N(7) — P/7"

By Lemma 2.3.1(b) and (e), we have that P[r"] and P/7" are pseudo-null O[G]-
modules. Let

f:N(m) — @O[[Gﬂ/wai

be a homomorphism of O[G]-modules, whose kernel and cokernel are pseudo-null
O[G]-modules. Then

fop:M(w) — @O[[G]]/ﬂ'ai

is a homomorphism of O[G]-modules, whose kernel and cokernel are pseudo-null.
Therefore, M () and N(m) have the same elementary representations. O

PROPOSITION 2.4.4. Let M and N be two finitely generated torsion O[G]-
modules such that pojgy(M/m%te1)) = ooy (N/mbete1M)) - Then we have

pofa)(M) < pogep(N).
Proof. By Lemma 2.4.1, we have

toja)(M) = pogey(M /%1610y = o161 (N/m?01e1M)) < prap (N).
O

Now for a given finitely generated torsion O[G[]-module M, the elementary rep-
resentation of M (7) can be rewritten as

0

D orcr/x)

i=1
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for some nonnegative integers s;. Here 6 = 0pjc(M). Then for every 1 <n < 6, we
have

pojap(M/m™) = s1+ 2524+ + (n— 1)sp—1 + n(sy + - 59).

Putting these equations into a matrix form, we have

Moﬂgﬂ(M/ﬂ') 1 1 1 1 S1
pogey(M/m*) 1 2 2 2| | s2
ILL(Q[[GH(M/TFB) 1 2 3 3 53
p,@[[GH(M/We) 1 2 3 0 S0

It is a simple linear algebra exercise to verify that the square matrix in the above
equation is invertible. Therefore, the integers s;, and hence the elementary repre-
sentation of M(m), are determined by the values of pojey(M /7). We record this
observation in the next proposition.

PROPOSITION 2.4.5. Let M and N be two finitely generated torsion O[G]-
modules. Then the following are equivalent.
(a) Oogay(M) = bopc)(N), and pojey(M/m") = pojey(N/x*) for every 1 <i <
fojay(M).
(b) M(m) and N(r) have the same elementary representations.
Proof. The discussion before the proposition establishes the implication (a) = (b).
The reverse implication is obvious. O

The preceding proposition may be difficult to apply due to the condition
Bopc1(M) = 0oy (N) which is perhaps not easy to check. However, one can build
on the proposition to obtain the following which is perhaps easier for application.

PROPOSITION 2.4.6. Let M and N be two finitely generated O[G]-modules such
that M s a torsion O[G]-module and such that poja) (M/7%) = HO[G] (N/7%) for
every 1 < i < fopey(M) + 1.

Then N is torsion over O[G] and we have the equality Opjay(M) = Oopap(N).
In particular, M (m) and N () have the same elementary representations.

Proof. We first prove the proposition for the case when 0pjgy(M) = 0. Then
by the hypothesis of the proposition, we have poje)(N/7) = poje)(M/m) = 0. By
Lemma 2.4.1, this in turns implies that rankpjg)(V) = 0 and pepe(NV) = 0. There-
fore, we have that N is torsion over O[G] and fp[gy(N) = 0. Hence we have that
M(7) and N(m) are both pseudo-null by Lemma 2.3.1(e), and therefore, have the
same elementary representations.

Now suppose that 0oy (M) > 1. Suppose that the elementary factor of N () is
given by

t
& olcl/=*.
i=1

Write a = rankp[g (V). By Lemma 2.4.1, we then have

t
pogel(M) = pojel(M/7") = poje(N/7") =na+»_ min{n, 8}
i=1
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for n = 0pa)(M), Oopep(M) + 1. This in turn implies that

t t
i=1 i=1

Since one always has Opjg(M)a < (fogep(M) + 1)a and min{fpjc(M), 3;} <
min{foey (M) + 1, 8;}, in order for the above equality to hold, we must have a = 0
and min{foey(M), Bi} = min{fojgy(M) + 1, 8;} for 1 < i < t. The formal equality
then shows that N is a torsion O[G]-module, and the latter equalities show that
Bi < Oopay(M) for all 4, or in other words, fopap(N) < Ooey(M). Therefore, we
may repeat the above argument (noting that we have shown that N is O[G]-torsion)
replacing Oopap(M) by 0opep(N) and interchanging the roles of M and N to obtain
the reverse inequality 0ojay(M) < 0opap(N). The remaining assertion will now follow
from an application of Proposition 2.4.5. O

In particular, it follows from Proposition 2.4.6 that if M and N are two finitely
generated torsion O[G]-modules such that pojey(M/7%) = poe)(N/x%) for every
i > 1, then M(w) and N(m) have the same elementary representations. In fact, we
can even establish the following stronger statement.

PROPOSITION 2.4.7. Let M and N be two finitely generated O[G[-modules such
that poray(M/7*) = pogay(N/m*) for every i > 1.

Then we have that rankpey(M) = rankopqp(N) and that M(n) and N () have
the same elementary representations.

Proof.  For n > max{fo[a)(M),001c1(N)}, it follows from the assumption
poja)(M/7") = pojey(N/7") and Lemma 2.4.1 that

nrankoje)(M) + pogay(M) = nrankojay (V) + pogap(NV).

In other words, we have

1 1
rankofg)(M) + - noge)(M) = rankoyey(N) + — noge)(NV)-
Letting n — oo, we obtain

ranko[[g]] (M) = ranko[[cﬂ (N)

This proves the first assertion.
As seen in the proof of Lemma 2.4.1, we have

pogay(M /") = pogay(M () /7") + irankopey (M).

One has a similar equality for N. It then follows from these equalities and what we
proved in the preceding paragraph that

pogay(M(m)/m") = popey(N(w)/x")

for all 4 > 1. The second assertion will now follow from an application of Proposition
2.4.6 on M (m) and N(m). O
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2.5. An asymptotic formula. In this subsection, G will always denote a pro-p
p-adic Lie group without p-torsion. We denote by r the dimension of G. We fix an
open normal uniform subgroup Gy of G (such a group exists by virtue of Lazard’s
theorem [Laz]). In the event that G is already a uniform group, we take Gy = G. We
now write Gy, for Py, 41(Go) which is defined as in Subsection 2.1. As before, O is the
ring of integers of a finite extension K of Q,, 7 is a local parameter of O and k is the
residue field of O. Denote ¢ to the order of k. Every finite O-module can be viewed
as a O/n"-module for some n. Since O/7™ has order of a power of ¢, so is every finite
O-module. For a finite O-module, we will denote ord, (M) to be the exponent of ¢ in
the order of M, i.e., |M| = q°"da(M),

We take this opportunity to introduce a notion which will used in this paper.
A sequence of real numbers (a,,)m>1 is said to satisfy O(Q™) for some nonnegative
number Q if |a,,| < CQ™ for some constant C' (independent of m) for all sufficiently
large m. We will write a,, = O(Q™). If (by,)m>1 is another sequence of real numbers,
we will write @, = by, + O(Q™) to mean a,, — by, = O(Q™).

We can now state the main theorem of this subsection.

THEOREM 2.5.1. Let G be pro-p p-adic Lie group without p-torsion. Write
r=dimG. Let M be a finitely generated O[G]-module such that M = M (w). Then
we have

ordy(Mg,,) = [G : Golpogay(M)p™ + O(pr—1m)
and
ordy (Hi(Gp, M)) = O(p=D™)
for every i > 1.

REMARK 2.5.2. The first asymptotic formula in the above result is a weak analog
of the asymptotic formula of Iwasawa [Iw, Theorem 4] (see also [NSW, Proposition
5.3.17]). When G = Zy, this can also be viewed as a weak analog of the asymptotic
formula of Cucuo and Monsky [CM, Theorem 4.13] (see also [Mon, Theorem 3.12]).

It seems possible that the above formula might be known among the experts.
Despite so, due to a lack of proper reference, we will include a proof here. (In fact,
as we shall see, the tools required for the proof are available from [Harl, Har2, Hol,
Ho2, V1].) For our purpose in this paper, we will only require the first asymptotic
formula. Despite so, we have included the proof of the asymptotic formulas for the
higher cohomology groups for completeness.

The proof of Theorem 2.5.1 will take up the remainder of this subsection. As a
start, we note that [G : Golpoa)(M) = poje,(M). Since a O[G]-module can be
viewed as a O[Gy] by restriction of scalars, it suffices to prove the theorem under the
assumption that G is uniform. In view of this, we therefore can and do assume that
G is uniform for the subsequent of this subsection. For the preparation of the proof,
we require a few lemmas.

LEMMA 2.5.3. Let M be a finitely generated torsion k[G]-module. Then
ord, (Mgm) = O(p(’ul)m).

Proof. Since M is finitely generated torsion over k[G], there is a surjective map

D +ICY/KICL; — M
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for a finite set of non-zero and non-unital elements f; € k[G]. Therefore, one is
reduced to the case M = k[G]/k[G]f for some non-zero and non-unital f. The
remainder of the proof then proceeds as in the proofs of [Harl, Lemma 1.10.1] and
[Har2, Theorem 1.10], where one passes to the graded ring of k[G] and appeals to the
theory of Hilbert polynomials. O

We will also require an estimate for ordg(H;(Gpm, M)). Before showing this, we
need the following lemma.

LEMMA 2.5.4. Let f be a nonzero nonunital element of k[G], and set M =
E[G]/k[G]f. Then for every m, we have

ord, (Hl(Gm, M)) = ord, (MGm)
and H; (G, M) =0 fori > 2.

Proof. Since k[G] has no zero divisors, we have an exact sequence

0 — k[G] -5 k[G] — M — 0.

Since H;(Gp, k[G]) = 0 for i > 1, it follows from considering the G,,-homology that
we obtain an exact sequence

0— Hi(Gp, M) — k|G/Gp] — k|G/G)] — Mg, — 0,

and the vanishing of H;(G,,, M) for i > 2. The first conclusion of the lemma is now
immediate from the four term exact sequence. O

We can now give an estimate for ordy (H;(Gp,, M)).

LEMMA 2.5.5. Let M be a finitely generated torsion k[G]-module. Then for every
i > 1, we have

Ol“dq (Hi(va M)) = O(p(r_l)m)v
where r denotes the dimension of G.
Proof. As above, we have a exact sequence
00— N— @k[[G]]/k[[G]}fj — M —0
J

of torsion k[G]-modules. Taking the G,,-homology, we have an exact sequence

H; (Gons @ KIGI/KIGLS; ) — Hil Gy M) — Hi1(Gon, N).

The required estimates will follow from the previous two lemmas. O

We now establish our estimates for the case when M = M () is a finitely gener-
ated pseudo-null O[GJ-module. Note that the said module has trivial po[gp-invariant
by Lemma 2.3.1(e).

LEMMA 2.5.6. Let G be a uniform pro-p group of dimension r. Suppose that
M = M(x) is a finitely generated pseudo-null O[G]-module. Then for each i > 0, we
have

ordy (H;(Gyn, M)) = O(p"=Hm).
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Proof. Since M is annihilated by a power of m, it is a finite successive extension
of subquotients 7 M /mi+1. Therefore, it suffices to bound each of these subquotients.
Since subquotients of a pseudo-null O[G]-module are also pseudo-null, we are reduced
to showing that if M is a finitely generated pseudo-null O[G]-module with 7M = 0,
then ord,(Mg,,) = O(p"~Y™). Since 7M = 0, we may also view M as a k[G]-
module. By a standard spectral sequence argument (for instance, see [V1, Section
3.4]), we have

Extjay (M, k[G]) = Extge (M, O[G])
for any integer ¢. In particular, we have
Homy gy (M, k[G]) = Extoper(M, O[G]) =0,

where the last equality follows from the fact that M is pseudo-null over O[G]. Hence
M is a torsion k[G]-module. The first estimate then follows from Lemma 2.5.3. The
estimates for the higher cohomology groups can be proven similarly making use of
Lemma 2.5.5. O

‘We record one more lemma.

LEMMA 2.5.7. Suppose that M and N are two finitely generated O[G]-modules
with M = M(w) and N = N(mw). Assume that there is a O[G]-homomorphism
@ : M — N which has pseudo-null kernel and cokernel. Then for i > 0, we have

OI‘dq (Hz(Gm7 M)) = OI‘dq (Hz(Gm, N)) + O(p(T—l)m)
Proof. The statement will follow if it holds in the two special cases of exact
sequences

00— M -—N—P—0,
0—P—M—N —0,

where P is a pseudo-null O[G]-module. Note that P = P(r). Taking G,,-homology
of the first exact sequence, we have

H,(Gp, P) — Mg, — Ng,, — Pg,, — 0.
By Lemmas 2.5.3 and 2.5.5, we have
Ordq (Hl(Gm7 P)) = Ol“dq (PGyn) = O(q(ril)m)'

The cases for the higher cohomology groups and for the second exact sequence can
be proven similarly. O

We can now prove our theorem.

Proof of Theorem 2.5.1. Let

p: M — @(’)[[G]]/ﬂ'o”

=1

be a O[G]-homomorphism whose kernel and cokernel are pseudo-null (recall that we
are assuming M = M (7)). By Lemma 2.5.7, we have

ordy (H; (G, M)) Zord ( Gm,O[[G]}/WO”)) + O(pr=Hm),
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Therefore, we are reduced to showing that
ap™ ifi=0,
dy (H: (G, OIG) /7)) =
ordy (i (Gm, O[GY/ %) {0 iti>1.

Since O[G] has no zero divisors, we have an exact sequence

0 — 0[G] =5 0[G] — O[G]/x* — 0.
Since H; (G, O[G]) = 0 for i > 1, it follows from considering the G,,-homology that
H;(Gp, O[G]/7%) =0

for ¢ > 1. It remains to show the first equality, and this is immediate from the facts
that O[G/G,]/m™ = (O/7*)P"" (as abelian groups) and that |O/7¢| = ¢*. O

3. Arithmetic preliminaries. In this section, we introduce the Selmer groups
and Selmer complexes. Here, we fix the notation that we shall use throughout this
section. To start, let p be a prime. We let F' be a number field. If p = 2, we assume
further that F' has no real primes. Denote O to be the ring of integers of some finite
extension K of Q,, and fix a local parameter 7 for O. Suppose that we are given the
following datum (A, {A,}o)p, {AF }or) defined over F:
(a) A is a cofinitely generated cofree O-module of O-corank d with a continuous,
O-linear Gal(F'/F)-action which is unramified outside a finite set of primes
of F.

(b) For each prime v of F above p, A, is a Gal(F,/F,)-submodule of A which is
cofree of O-corank d,. B

(¢) For each real prime v of F, we write A} = AG2(F/Fo) which is assumed to
be cofree of O-corank d;.

(d) The following equality

> (d—dy)[Fy : Q) = dra(F)+ Y (d—dyf) (3.0.1)

v|p v real

holds. Here r3(F') denotes the number of complex primes of F.

We now consider the base change property of our datum. Let L be a finite
extension of F. We can then obtain another datum (A, {Auw }uw|p, {4 }wjr) over L as
follows: we consider A as a Gal(F'/L)-module, and for each prime w of L above p, we
set A, = A,, where v is a prime of F' below w, and view it as a Gal(F,,/L,,)-module.
Then d,, = d,. For each real prime w of L, one sets AGa(Lw/Lw) = AGal(Fu/Fu) apd
writes df = d, where v is a real prime of F' below w. In general, the d,,’s and d;}’s
need not satisfy equality (3.0.1). We now record the following lemma which gives some
sufficient conditions for equality (3.0.1) to hold for the datum (A, {Aw}wip {48 wir)
over L.

LEmMA 3.0.1. Suppose that (A, {AU}U‘p,{Aj}U“R) is a datum defined over F.
Suppose further that at least one of the following statements holds.
(i) All the archimedean primes of F are unramified in L.
(1) [L: F] is odd
(#i7) F is totally imaginary.
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(iv) F is totally real, L is totally imaginary and

> df =d[F:Q]/2.
v real
Then we have the equality

D (d—du)[Ly s Q) = dra(L) + Y (d—df).

wlp w real

Proof. Note that if either of the assertions in (ii) or (iii) holds, then the assertion
in (i) holds. Therefore, to prove the lemma in these cases, it suffices to prove it under
the assumption of (i). We first perform the following calculation

Z(d_ duw)[Lw : Qp] = ZZ(d_ do)[Luw : FV][Fy 1 Q)

wlp vlp wlv
= (d—d)[Fs: Q)Y [Lu : F)]
v|p wlv
=[L:F]) (d—dy)[F,: Qp
vlp

=d[L: Flra(F) +[L: F] Y (d—d).

v real

Now if (i) holds, then every prime of L above a real prime (resp., complex prime) of
F is a real prime (resp., complex prime). Therefore, one has [L : F|ry(F) = r2(L)
and

L:F] ) (d-df)= > (d—d}).

v real w real

The required conclusion then follows.
Now suppose that (iv) holds. Then r9(F) = 0 and we have

D (d=du)[Lw: Q) =[L:F] Y (d—df) =[L:F] > d—[L:F] Y df

wlp v real v real v real

=[L:F|[F:Q]d—[L:F|d[F:Q]/2
=d[L: Q]/2 = dry(L).

a

We now describe briefly the arithmetic situation, where we can obtain the above

set of data from. Let V be a d-dimensional K-vector space with a continuous

Gal(F/F)-action which is unramified outside a finite set of primes. Suppose that

for each prime v of F' above p, there is a d,-dimensional K-subspace V,, of V' which is

invariant under the action of Gal(F,/F,), and for each real prime v of F, VGal(Fv/Fu)

has dimension d;. Choose a Gal(F/F)-stable O-lattice T of V (Such a lattice exists

by compactness). We can obtain a data as above from V by setting A = V/T and

A, =V,/TNV,. Note that A and A, depends on the choice of the lattice T. We
mention some concrete examples.

(1) Let B be an abelian variety of dimension g defined over a number field F.
For simplicity, we assume that F' is totally imaginary and that the abelian variety B
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has semistable reduction over F. We define a set of data (A,{A4,}) by first setting
A = B[p™]. For each prime v of F above p, let F, be the formal group attached to
the Neron model for B over the ring of integers Of, of F),, and we assume that F,
is a formal group of height ¢ for all v|p. For instance, this latter condition is satisfied
if B has good ordinary reduction at all v|p. We then set A, = F,(m)[p], where m
is the maximal ideal of the rings of integers of F',,. Note that A, = (Q,/Z,)? as an
abelian group by our height assumption. It is easy to see that (A, {A,}) satisfies the
condition in Section 3 by taking d = 2¢g and d, = ¢. It is worthwhile mentioning
that the (strict) Selmer groups attached to this set of data coincide with the classical
Selmer groups of the abelian variety, when the Selmer groups are considered over an
admissible p-adic Lie extension (see [CG]).

(2) More generally, a source of examples where we can obtain such a datum is
that of a nearly ordinary Galois representation in the sense of Weston [We]. This is
a finite-dimensional K-vector space equipped with a K-linear action of the absolute
Galois group Gal(F/F) such that for each prime v of F dividing p, there is sequence

OZVU,Ong,lg"'g%,n:V

of nearly ordinary Gal(F,, /F,)-subspace of V, where V,, ; has K-dimension i. Following
[We], a set of Selmer weights for V' is a choice of integers ¢, (0 < ¢, < d) for each v
dividing p such that

ch[Fv : Q;D] :dr2(F)+ Z (d_dj)v

v|p v real

where r5(F') denotes the number of complex primes of F'. Set V,, =V}, 4—c,. (In other
words, our d, is d — ¢,.) For more concrete examples, we refer readers to [Grl, §9]
and [We, Section 1.2].

3.1. Selmer groups. We now introduce the Selmer groups. Let S be a finite
set of primes of F' which contains all the primes above p, the ramified primes of A
and all the infinite primes of F. Denote Fs to be the maximal algebraic extension of
F unramified outside S and write Gg(L) = Gal(Fs/L) for every algebraic extension
L of I’ which is contained in Fs. Let L be a finite extension of F' contained in Fg
such that the data (A, {Au}wpp, {Af}wr) satisfies (3.0.1). For a prime w of L lying
over S, set

ker (H*(Ly, A) — H"(Ly, A/Ay)) if w divides p,

Hl (L, A) =
str( ) {ker (H'(Ly, A) — HY (LY, A)) if w does not divide p,

where LY is the maximal unramified extension of L,,. The (strict) Selmer group
attached to the data is then defined by

S(A/L) := Sel*'" (A/L) := ker (Hl(GS(L),A) — P Hsl(Lw,A)),

weS,

where we write H!(Lq,, A) = H'(Ly, A)/HY, (L, A) and S7, denotes the set of primes
of L above S. Tt is straightforward to verify that S(A/L) = h_n;S(A[w"]/L), where

S(A[r™]/L) is the Selmer group defined similarly as above by replacing A by A[x"]
and A, by A,[7"]. Here the direct limit is taken over the maps S(A[x"]/L) —
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S(A[x"*1]/L) which are induced by the natural injections A[x"] — A[x"*1] and
Ap[r"] = Ayp[r" 1], We will write X (A/L) for its Pontryagin dual.

We shall say that F., is an S-admissible p-adic Lie extension of F if (i)
Gal(Fs /F) is compact p-adic Lie group, (ii) Fu contains the cyclotomic Z, ex-
tension Feye of F' and (iii) Fi is unramified outside S. Write G = Gal(F/F),
H = Gal(F /Feyc) and T' = Gal(Feye /F). We define S(A/Fx) = H_I>DS(A/L)7 where

L

the limit runs over all finite extensions L of F' contained in F.,. We write X (A/F.)
for the Pontryagin dual of S(A/F,). By a similar argument to that in [CS, Corollary
2.3], one can show that X(A/F.) is independent of the choice of S as long as S
contains all the primes above p, the ramified primes of A, the primes that ramify in
F/F and all infinite primes.

We introduce another variant of the Selmer groups which is usually called the
Greenberg Selmer group. Now set

ker (H'(F,, A) — HY(F'", A/A,)) if v|p,

HL (F,, A) =
Gr(Fu, A) {ker(Hl(Fv,A)—>H1(F3T,A)) if vtp.

The Greenberg Selmer group attached to these data is then defined by

Sel°"(A/F) = ker (Hl(GS(F), A) — P HE, A)),

veES

where we write H, (F,,A) = H'(F,, A)/H,.(F,, A). For an S-admissible p-adic Lie

extension Fs,, we define Sel®"(A/F.,) = h_n;SelGT(A/L) and denote X% (A/F.)
L

to be the Pontryagin dual of Sel°"(A/F.,). The following lemma compares the two

Selmer groups of Greenberg.

LEMMA 3.1.1. We have an exact sequence
0 — S(A/Fy) — Sel®"(A/Fy) — N — 0,

where N is a cofinitely generated O[H]-module.

Proof. Now consider the following commutative diagram

0—— S(A/Fs) —— HY(Gs(Fx),A) —— P, cs Jo(A/Fx)

| | i

0——Sel (A/Fy) — HY(Gs(Fx), A) — @pes IS (A/Fx)
with exact rows, where JO"(A/F,) = H_I>D@H;(Lw,z4). It therefore remains to
L wv
show that ker a is cofinitely generated over O[H]. Clearly, J,(A/Fy) = JS(A/Fy)
for v t p. For each v|p, fix a prime w of Fy above v. Write I, for the inertia
subgroup of Gal(F oo/ Foow) and Uy = Gal(Foow/Foow)/loo,w- It then follows
from the Hochschild-Serre spectral sequence that we have

0 — H'(Uy, (AJA,) ) — HY(Hy, AJAy) — H (T, AJAL) V™.
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Since U,, is topologically cyclic, H'(U,, (A/A,)=w) = ((A/AU)Iva)Uv and so is
cofinitely generated over O. Since F, contains F'°¥¢, the decomposition group of G
at v has at least dimension one for each v|p. Hence it follows that ker «v is cofinitely
generated over O[H], as required. O

LEMMA 3.1.2. One has
rank@[[G]] (X(A/Foo)) = rank@[[G]] (XGT(A/FOO)),

and X (A/Fy)(r) and X" (A/F.)(n) have the same elementary representations.

Proof. By the preceding lemma, one has an exact sequence
0— N — X9 (A/Fy) — X(A/Fyx) — 0

for some finitely generated O[H]-module N’. The first equality is immediate, and
the second assertion follows from Lemma 2.4.3. O

3.2. Selmer complexes. We now consider the Selmer complex associated to
the data (A, {Av}olps {Aj}UUR). The notion of a Selmer complex was first conceived
and introduced in [Nek]. In our discussion, we consider a modified version of the
Selmer complex as given in [FK, 4.2.11]. Write T* = Homes(A, pipee) and T,F =
Homygis(A/Ay, pipe). For every finite extension L of F' and w a prime of L above p,
write T, = T, where v is the prime of F' below w. For any profinite group G and
a topological abelian group M with a continuous G-action, we denote by C(G, M)
the complex of continuous cochains of G with coefficients in M. Let F,, be an S-
admissible extension of F' with Galois group G. We define a (O[G])[Gs(F')]-module
Fa(T*) as follows: as an O-module, F¢(T*) = O[G] ®o T*, and the action of Gg(F)
is given by the formula o(r ® t) = 26! ® ot, where & is the canonical image of o in
G C O[G]. We define the (O[G])[Gal(F,/F,)]-module Fg(T;*) in a similar fashion.

For every prime v of F, we write C(F,,Fa(T*)) = C(Gal(F,/F,), Fa(T")).
For each prime v not dividing p, denote C (Fv,Fg(T*)) to be the subcomplex of
C(Fv,]-"g(T*)), whose degree m-component is 0 unless m # 0,1, whose degree 0-
component is C° (Fv, Fa (T*)), and whose degree 1-component is

ker (C(Fy, Fa(T"),,_y — H'(FL", Fo(T™)) ).

d

The Selmer complex SC(T*,T) is then defined to be
Cone (C(GS (F), Fa(T"))

— P O(F,, Fo(T") | Fe(T))) ® D C(Fo, Fo(T)) /Oy (FU,FG(T*))) [—1].

vlp vip

Here [—1] is the translation by —1 of the complex. We will write H*(SC(T*,Ty)) for
the ith cohomology group of the complex SC(T*,T). We now state the following
proposition which is proven in [FK, Proposition 4.2.35].

PROPOSITION 3.2.1. Let G be the kernel of Gal(F/F) — G. For a place v of
F, fiving an embedding F — F,, let G(v) be the kernel of Gal(F,/F,) — G and let
Gy C G be the image. Then the following statements hold.

(a) H'(SC(T*,T})) =0 fori#1,2,3.
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(b) We have an exact sequence
0 — X(A/Fx) — H*(SC(T*,T}))
— @O[[G]] ®O[[Gv]} (T;(_l))g(v)

vlp

— (T*(-1)), — H*(SC(T*,T})) — 0.

g

Since Fu contains Feyc, it follows that for every prime v|p, the group G, has
dimension at least 1. Therefore, @, , O[G] ®ojq,] (T;(—l))g(v) is finitely generated

over O[H], and one can apply Lemma 2.4.3 to obtain the following statement.

LEMMA 3.2.2. X(A/Fy)(r) and H?*(SC(T*,T}))(w) have the same elementary
representations.

We end the section with the following remark.

REMARK 3.2.3. It is clear from the exact sequence in Proposition 3.2.1 that
o3 (SC (T*, T )) is finitely generated over . In particular, this implies that
H3(SC(T*,T}))(w) is pseudo-null. Now assume further that X (A/F) satisfies the
M (G)-property in the sense of [CFT, CS, FK] (see also Subsection 5.1). Note that
when F., is of dimension 1, this is equivalent to saying that X (A/F.) is a torsion
module. Then it follows from [FK, Proposition 4.3.11] that H' (SC(T*,T}) = 0 (resp.,
H'(SC(T*,Ty) is finitely generated over O) if Fy is of dimension > 1 (resp., dimen-
sion 1). In either cases, we have that H'(SC(T*,T;))(n) is pseudo-null. Therefore,
it follows from the above discussion, Proposition 3.2.1(a) and Lemma 3.2.2 that the
m-primary submodule of X (A/F.,) essentially captures the “m-primary component”
of the Selmer complex SC(T*,Ty).

4. m-submodules of dual Selmer groups. Throughout this section,
(A, {Au}yp, {Af}or) is a datum defined as in Section 3 over a number field F'. As
before, S will denote a finite set of primes that contain the primes of F' above p, the
ramified primes of A and the archimedean primes of F. Let F, be an S-admissible
p-adic Lie extension of F' whose Galois group G = Gal(F /F) is a pro-p torsion-free
p-adic Lie group of dimension . We also recall that G is a fixed open normal uniform
subgroup of G, and G,, is denoted to be the (m + 1)-term of the lower p-series of Gy
which is defined by

Gm+i1 =GP |G, G, for m > 0.

Denote F,, to be the fixed field of G,,,. Note that this is a finite Galois extension of
F of degree [G : Golp™.

For the remainder of the paper, we will work with X (A/F.). In view of Lemmas
3.1.2 and 3.2.2, all our main results (Theorem 4.1.1 and Theorem 4.2.1) also hold for
the Greenberg Selmer groups and the second cohomology of the Selmer complexes as
defined in Subsection 3.2.

If G is a pro-p group, we write hi(G) = dimgy, (H'(G,Z/p)) and he(G) =
dimg,, (H*(G,Z/p)). If M is a cofinitely generated O-module, we denote Mg, to
be the maximal O-divisible submodule of M. We now record a useful lemma which
allows us to estimate the order of certain cohomology groups, whose easy proof is left
to the reader.
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LEMMA 4.0.1. Let G be a pro-p group, and let M be a discrete G-module which
is cofinitely generated over O. Let n be a positive integer. If hy(G) is finite, then for
every n > 1, HY(G, M)[r"] is finite and

ord, (H' (G, M)[n"]) < nhy(G)(coranke (M) + ordy (M /Maiy)).

If ho(Q) is finite, then for every n > 1, H*(G, M)[x"] is finite and we have the
following inequality

ord, (H*(G, M)[n"™]) < nha(G)(coranke (M) + ordy(M/Maiy)).

4.1. Tate dual. In this subsection, we prove our first main result of the paper.
For a given set of data (A, {Ay},p, {Af }or), we define its (Tate) dual data as fol-
lows. For a O-module N, we denote T, (N) to be its m-adic Tate module, i.e., T (N) =
@N[Fi]. We then set A* = Homes(T5 (A), ipo). Similarly, for each v|p (resp., v

real), we set A% = Homeys (T (A/Ay), ppee) (vesp., (A*)F = Homes (Tr (A/AL), pipe)).
It is an easy exercise to verify that (A*, {4}y, {(A%)F }or) satisfies equality (3.0.1).
Therefore, we can attach Selmer groups to this dual data which we denote by
S(A*/Fy) and S(A*[n"|/Fs). We then denote X (A*/F.) to be the Pontryagin
dual of S(A*/F). We are now in the position to state the first main theorem of the
paper.

THEOREM 4.1.1. Let F5 be an admissible p-adic Lie extension such that G =
Gal(Fw/F) is pro-p torsion-free p-adic Lie group. Then X(A/Fx) and X(A*/Fx)
have the same O[G]-ranks, and X (A/Fx)(m) and X (A*/Fs)(m) have the same ele-
mentary representations.

For data coming from (nearly) ordinary representations, it is expected that
X(A/Fy) is a torsion O[G]-module (see [Grl, Conjecture 1] or [We, Conjecture
1.7]). We therefore record the following important corollary.

COROLLARY 4.1.2. Let F, be an admissible p-adic Lie extension such that G =
Gal(Fw/F) is a pro-p torsion-free p-adic Lie group. Then X(A/Fx) is a torsion
O[G]-module if and only if X (A*/F) is a torsion O[G]-module.

The remainder of the subsection will be devoted to the proof of Theorem 4.1.1.
By Proposition 2.4.7, we are reduced to proving the following proposition.

PrRoOPOSITION 4.1.3. For every n > 1, we have
nora)(X(A/Fo)/m") = noger (X (A" /Foc) /7).
Proof. Let n be an arbitrary fixed positive integer. Then for every m > 1, we have

<

’[G : Go) (M(’)[G]] (X(A/Fx)/m") = poga (X(A*/Foo)/ﬁn))PTm <
G = Goluorar (X (A/ Fsc)/7)p™ = ordy(S(A/ Fuo) 1))
+[[6 : Golhoren (X (A*/Fuc) /x")p™ = ord, (S(A”/ Fuc)"] )|
+|ord, (S(A[T"]/Fn)) = ordy (S(4/Foo)["16)|

{ordy (S(A™ 7"/ Fyn)) = ord, (S(A"/ o))

|ord, (S(A[T"]/Fn)) = ordy (S(A” 7"}/ Fo)) .
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The required equality of the proposition will follow once we can show that each of
the five quantities on the right is O(p("~Y™). The first two quantities are O(p("=1™)
by Theorem 2.5.1. We now proceed to show that the third and fourth quantities
are O(p("=Y™). To show this, we first need to estimate the order of the kernels and
cokernels of the maps

S(A[r™]/Fp) 22 S(A)Fy)[n™] 22 (S(A/Foo)[w"])G"‘.

One sees easily that kerr,, C A(F,,)/7™ and ker s, C H* (G, A(Fx))[7"]. Tt is clear
that one has ord,(kerr,,) < nr for every m, and therefore, ord,(kerr,,) = O(1). On
the other hand, it follows from Lemma 4.0.1 that ord, (Hl(Gm, A(Fx))[m"]) = 0(1)
(noting that h1(G,,) is a constant function in m). Thus, one has ord,(ker s,,) = O(1).

To estimate cokerr,, and cokers,,, one first observes that ord,(cokerr,,) <
ordg(ker7!,) and that ord,(cokers,,) < ord,(kers!,) + ord,(H?*(Gm, A(Fx))[m"]),
where 7/, and s, are given by

T‘:n mvm @ H m’Um7 @ H m’Um7 )[ ];

’UmESFm ’UmESFm

= ()t D E D] — (1 @ H (B A1)

Vm €ESF,, m v, €SF,

By Lemma 4.0.1, one has that ord, (H?(Gym, A(Fx))[7"]) = O(1) (noting that ha(Giy)
is a constant function in m; in fact, one has hao(G,,) = 7(r — 1)/2 by [DS+, Theorem
4.35]). To estimate cokerr) ., we first observe that

er), o, € {ker (H' (o, A/Au, [171) —> H' (o A/, )5 i vnlp,

ker (H(Fy,, . Ale"]) — HY(Fgr,  A)lr")) if v 11,
{A/A o (P, )] if v p,
A(Fr, "] if v 1,

It is now clear from the above that ord,(kerr;, , ) is bounded independently
of m and v, (for a fixed n). Combining these estimates with the fact that the
decomposition group of v in G has dimension > 1 for every v € S (since F, contains
F°), one then has the estimate ord, (kerr/,) = O(p(r=1m).

To estimate coker s/, we observe that

ke F[l (Gm 'Um7A/AUm( mvm))[7 ] if ’U7n|p7
I"S
mvm 1( € Ebl( o] Um/l #Lrvm) ‘1(1 m,vm))[7 n] if Um 'fp

By appealing to Lemma 4.0.1, one verifies easily that kers;, , —is bounded inde-
pendent of m and v, (for a fixed n). As before, combining these estimates with the
fact that the decomposition group of v in G has dimension > 1 for every v € S (since
F. contains F¥°), we obtain ord, (kers],) = O(p"=Y™). In conclusion, we have

ordy (S(A["]/Fn)) = ordy(S(A/Fu)[x"]%") + O(p=H™).
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By a similar argument, one also has
ordy (SR i) = ordy (S(A° P [")5) + 0",

Therefore, we have shown that the third and fourth quantities are O(p"=Y™). For
the estimate of the final quantity, we require the following lemma.

LEMMA 4.1.4. For every n and m, we have

S(A[r"]/Fy, : )
|H()|(G(S([Frj)/,x4[7)'r|"])| X vl_]|:p|HO(Fm,vm7A[p ]/Avm [7T ])|
|S(A*[7"]/F,

= Gty A * T H Fon A145, 57D

'Um‘P
where the product is taken over all the primes of F,, above p.

Proof. (Sketch of the proof) This is proven in the same way as [Grl, Formula
(53)] and we give the general idea behind the calculations, leaving the details to the
readers. By appealing to the fact that our datum satisfies equality (3.0.1), one can
verify the following

|HO(Gs(Fm), Alx" )| H*(Gs (Fm), Alr"])|
[HY (Gs(Fn), Alm"])]|
“ 11 | HO(Fin v, A/ Av,, [T DI H? (Fin v, A/ Av,, [7°])]
|HY (Fin 0,0, A Ay, [1])]

by a global-local Euler characteristic argument. The required equality of the lemma
will follow by combining the above with a Poitou-Tate duality argument. O

We continue the proof of our main theorem.

Proof of Theorem 4.1.1 (cont’d). Clearly, the quantities |H°(Gs(Fn), Alp"])|,
|HY(Gs(Fn), A*[p"])], [H(Fin,,, Aln"]/Ao[m"])| and |H®(Fo,,, A*[7"]/AS[7"])]
are bounded independently of m and v, (for a fixed n). Since there are only fi-

nite number of primes of F'¥¢ above p, the decomposition group of v in G has at
least dimension 1. Therefore, it follows that ], ., [H O(Fm v, Alm"]/Ap[7"])| and

IL.,. |HO(Fo 0, , A*[77] /A% [7"])| are both g°®" """ Therefore, in conclusion, we
have

Ordq (S(A[ﬂ'n]/Fm)) = OI'dq (S(A* [ﬂn]/Fm)) + O(p(’l“fl)m),
as required. This completes the proof of the theorem. 0

REMARK 4.1.5. (1) If F is a general p-adic Lie extension of F' (that does not
contain F°¥¢) which has the property such that for each prime v € S, the decompo-
sition group of Gal(F/F) at v has dimension > 1, then the argument of Theorem
4.1.1 carries over to give the same conclusion.

(2) When F,, = F<¢, Greenberg claimed that X" (A/F¢) and X" (A*/F¢)
might be pseudo-isomorphic up to an t-twist (see [Grl, P. 130, Equation (66)]) and
gave some examples where this pseudo-isomorphism can be shown (see discussion after
[Grl, P. 130, Equation (66)]). In view of Lemma 3.1.2, Theorem 4.1.1 may therefore
be viewed as providing a positive answer to the w-primary part of the assertion of
Greenberg. (In fact, our result also establishes higher analog of this.)
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4.2. Congruent Galois representations. As before, let Fl, be an admissible
p-adic Lie-extension of I’ whose Galois group is a pro-p torsion-free p-adic Lie group
of dimension r. We write G = Gal(F/F). To state our result, we introduce another
datum (B, {By}u|p, {B }o/r) which satisfies the conditions (a)-(d) as in Section 3.
To compare the Selmer groups, we need to expand the set S of primes to contain the
ramified primes of B. We introduce the following important congruence condition on
A and B which allows us to be able to compare the Selmer groups of A and B.

(Congy) : There is an isomorphism A[r"] = B[r"] of Gs(F")-modules which induces
a Gal(F,/F,)-isomorphism A,[7"] & B,[r"] for every v|p.

Clearly, (Congy,) implies (Cong;) for i < n. To simplify notation, we will write
0c(A) = 06 (X(A/Fx)) and 0¢(B) = 0c(X(B/Fx)). The following is the second
main theorem of the paper.

THEOREM 4.2.1. Let F, be an admissible p-adic Lie extension of F whose Galois
group is a pro-p torsion-free p-adic Lie group . Suppose that (Conggg (a)+1) holds and
suppose that X (A/Fw) is torsion over O[G]. Then X (B/F) is torsion over O[G],
and X(A/Fx)(m) and X (B/Fu)(m) have the same elementary representations.

Proof. By Proposition 2.4.6, it suffices to show that

notar (X (4/Fu)/7") = nojey (X (B/Fu)/x")

for 1 <n <60g(A)+ 1. Fix such an arbitrary n. Then for m > 1, we have

’[G : Go](ﬂo[[c;]] (X(A/Fx)/m™) = poja) (X(B/Foo)/ﬂn)>prm’ <

G+ Golpoge) (X (4 Fac) [7)p"™ — o1, (S(A/ Foc) 5]
+[(6 : Golhogar (X (B/Fuc)/7")p™ — o1, (S(B/Fuo) w1
|ord, (S(A[r"]/ Fyn)) — ordy (S(A/ Fuo "] )|
+|ord, (S(BIx")/ Fyn)) = ord, (S(B/Fu) (w1
+{ordy (S(A[T"]/ Fn)) = ordy (S(BIx"]/ Fn) |

As seen from the argument in the proof of Theorem 4.1.1, the first four quantities on
the right of the inequality are O(p(rfl)m). It remains to estimate the last quantity. By
the discussion before this theorem, we have that (Congy ) holds for 1 <n < 0g(A)+1.
This in turn implies that

S(A[r"]/Fm) = S(B[r"]/F)

for all m. In particular, the final quantity on the right of the inequality is zero. Hence
we have that

‘[G : Gol(ﬂoucu (X(A/F)/m") = pofey (X(B/Foo)/w"))prm‘ — O(p(r=1m)
which implies that

nota1 (X(A/Fw)/x") = nogey (X (B/Fu)/x"),
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as required. O

REMARK 4.2.2. If Fi, is a general p-adic Lie extension of F' (that does not contain
F¥¢) which has the property such that for each prime v € S, the decomposition group
of Gal(Fw/F) at v has dimension > 1, then the argument of Theorem 4.2.1 carries
over to give the same conclusion.

5. Miscellaneous.

5.1. Some remarks on the 9y (G)-property. Let F., be an admissible p-
adic Lie extension. As before, we write G = Gal(F/F), H = Gal(Fu/F°) and
I' = Gal(F*¢/F). We say that an O[G]-module M satisfies the My (G)-property if
My := M/M () is finitely generated over O[H]. It has been conjectured for certain
Galois representations coming from abelian varieties with good ordinary reduction at
p or cuspidal eigenforms with good ordinary reduction at p, the dual Selmer group
associated to such a Galois representation satisfies the 9y (G)-property (see [CFT,
CS, FK]).

For the remainder of this subsection, we will assume that G is a pro-p group of
dimension 2 and has no elements of order p. As before, (A, {Ay},(p, {AF }or) denotes
a set of data as defined in Section 3. In preparation for further discussion, we record
the following lemma which has a similar proof to that in [CS, Corollary 3.2].

LeEMMA 5.1.1. Let Fy be an S-admissible p-adic Lie extension whose Galois
group 18 a pro-p group of dimension 2 and has no elements of order p. Suppose that
A(F%¢) is finite. Then the following statements are equivalent.

(a) X(A/Fx) satisfies the My (G)-property.

(b) X(A/F%°) is a torsion O[I']-module, X(A/Fx) is a torsion O[G]-module

and

o] (X (A/Fs)) = pory (X (A/F¥°)).

We should mention that the finiteness condition on A(F°) has been verified
in many cases, and therefore, the discussion in this subsection may apply to these
situations. In the case of an abelian variety with good ordinary reduction at p, this is
verified in [Im] and for a cuspidal eigenform with good ordinary reduction at p, this is
done in [Su, Proof of Lemma 2.2]. For a more general result on the finiteness condition
for A arising from the Galois representation attached to an étale ith-cohomology group
(for i odd) of a smooth proper variety with potentially good reduction, we refer readers
to [CSW, KTJ.

We now state the next result which compares the structural properties of
X(A/Fy) and X(A*/F), where X(A/F.) is the Selmer group associated to the
set of data (A, {Ay}yp, {AT }or) and X (A*/Fy) is the Selmer group associated to

(A% LA opps {(A) o) -

PRrROPOSITION 5.1.2. Let Fy, be an admissible p-adic Lie extension of F', whose
Galois group is a pro-p group of dimension 2 and has no elements of order p. Fur-
thermore, suppose that A(F¢) and A*(F°) are finite. Then X(A/F.) satisfies the
My (G)-property if and only if X(A*/Fy) satisfies the My (G)-property.

Proof. Tt suffices to show that if X(A/F.) satisfies the 9y (G)-property, then
X (A*/Fy) also satisfies the My (G)-property. Suppose that X (A/F) satisfies the
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My (G)-property. Then by Lemma 5.1.1, we have that X (A/F°) is a torsion OI']-
module, X(A/Fy) is a torsion O[G]-module and

pofa)(X(A/Fyx)) = popry (X (A/FY°)).

By virtue of Theorem 4.1.1, we then have that X (A*/F%°) is a torsion O[I']-module,
X (A*/Fy) is a torsion O[G]-module and

el (X(A*/FOO)) = [io[r] (X(A*/FCYC))'

By appealing to Lemma 5.1.1 again, this in turn implies that X (A*/F.) satisfies the
My (G)-property. O

We also have a similar result as above for congruent representations. Let
(B, {By}olps {BJ}U“R) be another set of data defined as in Section 3. The next propo-
sition can be proven similarly by combining Theorem 4.2.1 and Lemma 5.1.1.

PROPOSITION 5.1.3. Let Fi, be an admissible p-adic Lie extension of F', whose
Galois group is a pro-p group of dimension 2 and has no elements of order p. Assume
that A(F°) and B(F°) are finite. Suppose that (Conggy1) holds, where 6 =
max{fory(A4),0o1c)(A)}. Then if X(A/Fy) satisfies the My (G)-property, so does
X(B/Fy).

5.2. Comparing specializations of a big Galois representation. We apply
the main result in Subsection 4.2 to compare the Selmer groups of specializations of
a big Galois representation. As before, let p be a prime. We let F' be a number field.
If p = 2, we assume further that F' has no real primes. Denote O to be the ring of
integers of some finite extension K of Q,. We write R = O[T] for the power series
ring in one variable. Suppose that we are given the following set of data:

(a) A is a cofinitely generated cofree R-module of R-corank d with a continuous,

R-linear Gal(F/F)-action which is unramified outside a finite set of primes
of F.

(b) For each prime v of F' above p, A, is a Gal(F,/F,)-submodule of A which is

cofree of R-corank d,. )

(¢) For each real prime v of F, we write A} = AS(Fv/Fo) which we assume to

be cofree of R-corank d .

(d) The following equality

> (A= dy)[Fy: Q) =dra(F)+ > (d—d)

v|p v real

holds. Here ry(F') denotes the number of complex primes of F.
For any prime element f of O[T] such that O[T]/f is a maximal order, then we
can obtain a data (A[f], {Au[f]}o|p: {AS[f]}or) in the sense of Section 3. The next
lemma has a easy proof which is left to reader.

LEMMA 5.2.1. Let f and g be prime elements of O[T] with ©"|(f — g) such that
O[T]/f and O[T]/g are maximal orders. Then A[f,n"] = Alg,n"]. One also has
similar conclusions for A, and A;.

The next proposition compares the m-primary submodules of the dual Selmer
groups of various specializations of a big Galois representation. For a real number x,
we denote [z] to be the smallest integer not less than x.
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PROPOSITION 5.2.2. Let F be an admissible p-adic Lie extension of F such
that G = Gal(Fw /F) is uniform pro-p group. Let f be a prime element of O[T] such
that O' := O[T/ f is a maximal order. Set A = A[f] and suppose that X (A/Fx) is
torsion over O'[G]. Set

Oorjo) (X (A/Fx)) +1

3

e

where e is the ramification index of O'/O. Then for every prime element g of O[T
with 7" |f — g such that O[T]/g is isomorphic to O, we have that X (Alg]/Fso) is
torsion over O'[G], and that X (A/Fx)(r") and X (Alg]/Fs)(n') have the same ele-
mentary representations.

Note that by Lemma 3.2.2; this proposition may be viewed as a refinement of [B,
Theorem 1.2(1), Corollary 4.37(1)]). We now give the proof.

Proof of Proposition 5.2.2. Let g be a prime element of O[T which satisfies the
hypothesis in the proposition. Let 7’ be a prime element of @’ and write B = A[g|. It
follows from Lemma 5.2.1 that there is an isomorphism of Gg(F)-modules A[r'"] =
B[r'*"] which induces an isomorphism of Gal(F,/F,)-modules A,[r"*"] = B,[r'*"]
for each prime v of F above p. By our hypothesis of n, we have en > 0p/jg(A) + 1.
In particular, the congruence hypothesis (Cy,, i A)+1) holds for A and A[g]. Hence
the conclusion of the proposition is now immediate from Theorem 4.2.1. O

We end the paper with a proposition which is immediate from an application of
Proposition 5.1.3. This proposition is a refinement of [SS, Proposition 8.6] and [B,
Corollary 4.37] when the admissible p-adic Lie extension is of dimension 2.

PROPOSITION 5.2.3. Let F, be an admissible p-adic Lie extension of F', whose
Galois group is a pro-p group of dimension 2 and has no elements of order p. Let f be
a prime element of O[T such that O" := O[T]/[ is a mazimal order. Set A = A[f]
and suppose that X (A/Fs) belongs to My (G). Set

{9“}
n:= ,
e

where 0 = max{0o/r)(4),001a1(A)} and e is the ramification index of O'/O. Then
for every prime element g of O[T with n"|f — g such that O[T]/g is isomorphic to
O, we have that X (Alg|/Fx) belongs to My (G).

REFERENCES

[AB] K. ArRDAKOV AND K. A. BROWN, Primeness, semiprimeness and localisation in Iwasawa
algebras, Trans. Amer. Math. Soc., 359:4 (2007), pp. 1499-1515.

[BZ] T. BACKHAUSZ AND G. ZABRADI, Algebraic functional equations and completely faithful
Selmer groups, Int. J. Number Theory, 11 (2015), pp. 1233-1257.

[BS] R. BARMAN AND A. SAIKIA, A note on Iwasawa p-invariants of elliptic curves, Bull Braz
Math Soc, New Series, 41:3 (2010), pp. 399-407.

B] P. BArTH, [wasawa theory for one-parameter families of motives, Int. J. Number Theory,
9:2 (2013), pp. 257-319.

[Bh] A. BHAVE, Comparison of the p-invariants of an abelian variety and its dual abelian

variety, arXiv:1305.3444v1 [math.NT].
[Ch] A. CHANDRAKANT SHARMA, [wasawa invariants for the False-Tate extension and congru-
ences between modular forms, J. Number Theory, 129 (2009), pp. 1893-1911.



1180

[CF¥]

[CM]
[DS+]
[EPW]
[FK]
[GW]

(Grl]

[Har1]
[Har2]
[Hot]
[Ho2]

[Hs]

J.

J.

J.

A.

J.

M.

R.

R.

M.

M.

S.

S.

M

3 oA <

M.
1. F. LM, Comparing the Selmer group of a p-adic representation and the Selmer group

K.

P.

M. F. LIM

Coates, T. Fukaya, K. KaTo, R. SUJATHA, AND O. VENJAKOB, The GL2 main conjec-
ture for elliptic curves without complex multiplication, Publ. Math. IHES, 101 (2005),
pp- 163-208.

. COATES AND R. GREENBERG, Kummer theory for abelian varieties over local fields,

Invent. Math., 124 (1996), pp. 129-174.

CoOATES AND R. SUJATHA, On the Mg (G)-conjecture, in “Non-abelian fundamental
groups and Iwasawa theory”, ed. J. Coates, M. Kim, F. Pop, M. Saidi and P. Schneider,
London Math. Soc. Lecture Note Ser. 393, Cambridge Univ. Press, 2012, pp. 132-161.

COATES, R. SUJATHA, AND J.-P. WINTERBERGER, On the Euler-Poincaré characteristics
of finite dimensional p-adic Galois representations, Publ. Math. THES, 93 (2001),
pp. 107-143.

Cucuo AND P. MoNsSKY, Class numbers in Zg—eztensions, Math. Ann., 255:2 (1981),
pp. 235-258.

Dixon, M. P. F. Du SauToy, A. MANN, AND D. SEGAL, Analytic Pro-p Groups, 2nd
edn, Cambridge Stud. Adv. Math. 38, Cambridge Univ. Press, Cambridge, UK, 1999.
EMERTON, R. POLLACK, AND T. WESTON, Variation of Iwasawa invariants in Hida
families, Invent. Math., 163 (2006), pp. 523-580.

. Fukaya AnND K. KaTo, A formulation of conjectures on p-adic zeta functions in non-

commutative Twasawa theory, Amer. Math. Soc. Transl. Ser. 2, 219 (2006), pp. 1-85.

. R. GOODEARL AND R. B. WARFIELD, An introduction to non-commutative Noetherian

rings, London Math. Soc. Stud. Texts 61, Cambridge University Press, 2004.

GREENBERG, [wasawa theory for p-adic representations, in “Algebraic Number Theory—
in honor of K. Iwasawa”, ed. J. Coates, R. Greenberg, B. Mazur and I. Satake, Adv.
Std. in Pure Math., 17 (1989), pp. 97-137.

GREENBERG, [wasawa theory for p-adic deformations of motives, Proc. Sympos. Pure
Math., 55 (Part 2) (1994), pp. 193-223.

GREENBERG AND V. VATSAL, On the Iwasawa invariants of elliptic curves, Invent.
Math., 142 (2000), pp. 17-63.

HACHIMORI, [wasawa M\-invariants and congruence of Galois representations, J. Ra-
manujan Math. Soc., 26:2 (2011), pp. 203-217.

HARRIS, p-adic representations arising from descent on abelian varieties, Comp. Math.,
39 (1979), pp. 177-245.

HARRIS, Correction to p-adic representations arising from descent on abelian varieties,
Comp. Math., 121 (2000), pp. 105-108

HowsON, Euler characteristic as invariants of Iwasawa modules, Proc. London Math.
Soc., 85:3 (2002), pp. 634-658.

Howson, Structure of central torsion Iwasawa modules, Bull. Soc. Math. France, 130:4
(2002), pp. 507-535.

.-L. HsieH, The algebraic functional equation of Selmer groups for CM fields, J. Number

Theory, 130 (2010), pp. 1914-1924.
IMmAL, A remark on the rational points of abelian varieties with values in cyclotomic
Zy-extensions, Proc. Japan Acad., 51 (1975), pp. 12-16.

. Iwasawa, On I'-extensions of algebraic number fields, Bull. Amer. Math. Soc., 65 (1959),

pp. 183-226.

. JHA AND A. PAL, Algebraic functional equation for Hida family, Int. J. Number Theory,

10:7 (2014), pp. 1649-1674.

KuBO AND Y. TAGUCHI, A generalization of a theorem of Imai and its applications to
Iwasawa theory, Math. Z., 275(3-4) (2013), pp. 1181-1195.

F. LAl I. LonGHI, K.-S. TAN, AND F. TRIHAN, Pontryagin duality for Iwasawa modules
and abelian varieties, arXiv:1406.5815 [math.NT].

Y. LAM, Lectures on Modules and Rings, Grad. Texts in Math., 189, Springer, 1999.
LAZARD, Groups analytiques p-adiques, Pub. Math. IHES, 26 (1965), pp. 389-603.

of the Tate dual of the representation, unpublished note, available at arXiv:1405.5289
[math.NT].

MATSUNO, Finite A-submodules of Selmer groups of abelian varieties over cyclotomic
Zy-extensions, J. Number Theory, 99:2 (2003), pp. 415-443.

MONSKY, Fine estimate for the growth of ey in Zg—eztensions, in “Algebraic Number
Theory—in honor of K. Iwasawa”, ed. J. Coates, R. Greenberg, B. Mazur and I. Satake,
Adv. Std. in Pure Math. 17, 1989, pp. 309-330.

. NEKOVAR, Selmer Complexes, Astérisque 310, 2006.
. NEUKIRCH, A. SCHMIDT, AND K. WINGBERG, Cohomology of Number Fields, 2nd edn,



COMPARING 7-PRIMARY SUBMODULES OF DUAL SELMER GROUPS 1181

Grundlehren Math. Wiss. 323, Springer 2008.
[Neu] A. NEUMANN, Completed group algebras without zero divisors, Arch. Math., 51:6 (1988),

pp. 496-499.

[Oc] T. OcHial, On the two-variable Iwasawa main conjecture, Comp. Math., 142 (2006),
pp. 1157-1200.

[Ser] J.-P. SERRE, Sur la dimension cohomologique des groupes profinis, Topology, 3 (1965),
pp. 413-420.

[SS] S. SHEKHAR AND R. SUJATHA, On the structure of Selmer groups of A-adic deformations
over p-adic Lie extensions, Doc. Math., 17 (2012), pp. 573-606.

[Su] R. SUJATHA, Twasawa theory and modular forms, Pure Appl. Math. Q., 2:2 (2006), pp. 519—
538.

V1] O. VENJAKOB, On the structure theory of the Iwasawa algebra of a p-adic Lie group, J.
Eur. Math. Soc., 4:3 (2002), pp. 271-311.

V2] O. VENJAKOB, A non-commutative Weierstrass preparation theorem and applications to
Iwasawa theory, J. reine angew. Math., 559 (2003), pp. 153-191.

[We] T. WESTON, [wasawa invariants of Galois deformations, Manuscripta Math., 118:2 (2005),
pp. 161-180.

[Z1] G. ZABRADI, Characteristic elements, pairings and functional equations over the false Tate
curve extension, Math. Proc. Camb. Phil. Soc., 144 (2008), pp. 535-574.

[22] G. ZABRADI, Pairings and functional equations over the GLo-extension, Proc. London

Math. Soc., 101:3 (2010), pp. X893-930.



1182 M. F. LIM




<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.7
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /CMYK
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments true
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<

    /BGR <>
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /CZE <>
    /DAN <>
    /DEU <>
    /ESP <>
    /ETI <>
    /FRA <>
    /GRE <>

    /HRV (Za stvaranje Adobe PDF dokumenata najpogodnijih za visokokvalitetni ispis prije tiskanja koristite ove postavke.  Stvoreni PDF dokumenti mogu se otvoriti Acrobat i Adobe Reader 5.0 i kasnijim verzijama.)
    /HUN <>
    /ITA <>
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /LTH <>
    /LVI <>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /POL <>
    /PTB <>
    /RUM <>
    /RUS <>
    /SKY <>
    /SLV <>
    /SUO <>
    /SVE <>
    /TUR <>
    /UKR <>
    /ENU (Use these settings to create Adobe PDF documents best suited for high-quality prepress printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


