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UNIVERSAL COVERING CALABI-YAU MANIFOLDS OF THE

HILBERT SCHEMES OF n POINTS OF ENRIQUES SURFACES∗

TARO HAYASHI†

Abstract. The purpose of this paper is to investigate the Hilbert scheme of n points of an
Enriques surface from the following three points of view: (i) the relationship between the small
deformation of the Hilbert scheme of n points of an Enriques surface and that of its universal cover
(Theorem 1.1), (ii) the natural automorphisms of the Hilbert scheme of n points of an Enriques
surface (Theorem 1.4), and (iii) the number of distinct Hilbert schemes of n points of Enriques
surfaces, which has the same universal covering space (Theorem 1.7).
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1. Introduction. Throughout this paper, we work over C, and n is an integer
such that n ≥ 2. A K3 surface K is a compact complex surface with ωK � OK

and H1(K,OK) = 0. An Enriques surface E is a compact complex surface with
H1(E,OE) = 0, H2(E,OE) = 0, and ω⊗2

E � OE . A Calabi-Yau manifold X is an
n-dimensional compact kähler manifold such that it is simply connected, there is no
holomorphic k-form onX for 0 < k < n, and there is a nowhere vanishing holomorphic
n-form onX . By Oguiso and Schröer [11, Theorem3.1], the Hilbert scheme of n points
of an Enriques surface E[n] has a Calabi-Yau manifold X as the universal covering
space of degree 2. Recall that when n = 1, E[1] is an Enriques surface E, and X is a
K3 surface.

In this paper, we study the Hilbert scheme of n points of an Enriques sur-
face E[n] from the relationship between E[n] and its universal covering space X
(Theorem 1.1 and 1.7) and the natural automorphisms of E[n] (Theorem1.4).

Section 2 is a preliminary section. We prepare and recall some basic facts on the
Hilbert scheme of n points of a surface and show that for the universal covering space
X of E[n], there is a quotient singular variety Z such that X is a resolution of Z
(Theorem 2.7).

In Section 3, we investigate the relationship between the small deformation of E[n]

and that of X . When n = 1, E[1] is an Enriques surface E, and X is a K3 surface.
An Enriques surface has a 10-dimensional deformation space and a K3 surface has a
20-dimensional deformation space. Thus the small deformation of X is much bigger
than that of E. For n ≥ 2, by using the result of Göttsche and Soergel [7, Theorem2]
and the properties of the covering space X → E[n], we compute the dimension of the
deformation space of X . Consequently, we obtain Theorem 1.1 which is different from
the case of n = 1:

Theorem 1.1. For n ≥ 2, let E be an Enriques surface, E[n] the Hilbert scheme

of n points of E, and X the universal covering space of E[n]. Then every small

deformation of X is induced by that of E[n].

Remark 1.2. By Fantechi [4, Theorems 0.1 and 0.3], every small deformation
of E[n] is induced by that of E. Thus for n ≥ 2, every small deformation of X is
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induced by that of E.

In Section 4, we study the natural automorphisms of E[n].

Definition 1.3. For n ≥ 2 and S a smooth compact surface, any automorphism
f ∈ Aut(S) induces an automorphism f [n] ∈ Aut(S[n]). An automorphism g ∈
Aut(S[n]) is called natural if there is an automorphism f ∈ Aut(S) such that g = f [n].

When S is a K3 surface, the natural automorphisms of S[n] were studied by
Boissière and Sarti [3]. They showed that an automorphism of S[n] is natural
if and only if it preserves the exceptional divisor of the Hilbert-Chow morphism
[3, Theorem1]. We obtain Theorem 1.4 which is similar to [3, Theorem1]:

Theorem 1.4. For n ≥ 2, let E be an Enriques surface, and D the exceptional

divisor of the Hilbert-Chow morphism πE : E[n] → E(n). An automorphism f of E[n]

is natural if and only if f(D) = D.

In Section 5, we compute the number of distinct Enriques surface type quotients
of X for a fixed X .

Definition 1.5. For n ≥ 1, let E be an Enriques surface, E[n] the Hilbert
scheme of n points of E, and X the universal covering space of E[n]. A variety Y
is called an Enriques surface type quotient of X if there is an Enriques surface E′

and a free involution τ of X such that Y � E′[n] and E′[n] � X/〈τ〉. Here we call
two Enriques surface type quotients of X distinct if they are not isomorphic to each
other.

Recall that when n = 1, E[1] is an Enriques surface E and X is a K3 surface. In
[12, Theorem0.1], Ohashi showed the following theorem:

Theorem 1.6. For any nonnegative integer l, there exists a K3 surface with

exactly 2l+10 distinct Enriques quotients. In particular, there does not exist a universal

bound for the number of distinct Enriques quotients of a K3 surface.

We obtain Theorem 1.7 which is different from Theorem 1.6 in the sense of the
Enriques surface type quotient:

Theorem 1.7. For n ≥ 3, let E be an Enriques surface, E[n] the Hilbert scheme

of n points of E, and X the universal covering space of E[n]. Then the number of

distinct Enriques surface type quotients of X is one.

Remark 1.8. When n = 2, we do not count the number of distinct Enriques
surface type quotients of X. We compute the Hodge numbers of the universal covering
space X of E[2] (Appendix A).

In Proposition 5.2, we show that for n ≥ 3, the covering involution of π : X → E[n]

acts on H2(X,C) as the identity. In Proposition 5.5, by using Theorem 2.7 and 1.4, we
show that for n ≥ 2, if an automorphism ϕ of X acts on H2(X,C) as the identity, then
ϕ is a lift of a natural automorphism of E[n]. In Proposition 5.9, by using Proposition
5.5 and checking the action to H1(X,Ω2n−1

X ), we classify involutions of X which act
on H2(X,C) as the identity. We prove Theorem 1.7 using those results.

In addition, let Y be a smooth compact Kähler surface. For a line bundle L on
Y , by using the natural map Pic(Y ) →Pic(Y [n])), L �→ Ln, we put

hp,q(Y [n], Ln) := dimCH
q(Y [n],Ωp

Y [n] ⊗ Ln),
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hp,q(Y, L) := dimCH
q(Y,Ωp

Y ⊗ L),

A :=
∞∑

n,p,q=0

hp,q(Y [n], Ln)x
pyqtn, and

B :=
∞∏
k=1

2∏
p,q=0

( 1

1− (−1)p+qxp+k−1yq+k−1tk)

)(−1)p+qhp,q(Y,L)

.

In [2, Conjecture 1], S. Boissière conjectured that

A = B.

In the proof of Theorem 1.1, we obtain the counterexample to this conjecture for Y
an Enriques surface and L = Ω2

Y . See Appendix B for details.

Acknowledgements. I would like to express my thanks to Professor Keiji Ogu-
iso for his advice and encouragement and the referees for a very careful reading and
many helpful suggestions, especially, an improvement of the proof of Proposition 3.1
and the counterexample to the conjecture in [2, Conjecture 1].

2. Preliminaries. Let S be a nonsingular surface, S[n] the Hilbert scheme of
n points of S, πS : S[n] → S(n) the Hilbert-Chow morphism, and pS : Sn → S(n)

the natural projection. We denote the exceptional divisor of πS by D. By Fogarty
[5, Theorem2.4], S[n] is smooth of dimCS

[n] = 2n.
Let Δn be the set of n-uples (x1, . . . , xn) ∈ Sn with at least two xi’s equal, Sn

∗

the set of n-uples (x1, . . . , xn) ∈ Sn with at most two xi’s equal. We put

S
(n)
∗ := pS(S

n
∗ ),

Δ(n) := pS(Δ
n),

S
[n]
∗ := π−1

S (S
(n)
∗ ),

Δn
∗ := Δn ∩ Sn

∗ ,

Δ
(n)
∗ := pS(Δ

n
∗ ), and

F := S[n] \ S[n]
∗ .

When n = 2, S2
∗ = S2, F = ∅ and BlowΔ2S2/S2 � S[2]. For n ≥ 3, we have

BlowΔn
∗
Sn
∗ /Sn � S

[n]
∗ , and F is an analytic closed subset and its codimension is 2 in

S[n] by Beauville [1, page 767-768]. Here Sn is the symmetric group of degree n which
acts naturally on Sn by permuting of the factors.

Let E be an Enriques surface, E[n] the Hilbert scheme of n points of E, and
π : X → E[n] the universal covering space. Let μ : K → E be the universal covering
space of E where K is a K3 surface, and Λ the pullback of Δ(n) by the morphism:

μ(n) : K(n) � [(x1, . . . , xn)] �→ [(μ(x1), . . . , μ(xn))] ∈ E(n).



1102 T. HAYASHI

Then we get a 2n-sheeted unramified covering space:

μ(n)|K(n)\Λ : K(n)\Λ → E(n)\Δ(n).

Furthermore, let Γ be the pullback of Λ by the natural projection pK : Kn → K(n).
Since Γ is an algebraic closed set with codimension 2, then

μ(n) ◦ pK : Kn\Γ → E(n)\Δ(n)

is the 2nn!-sheeted universal covering space. Since E[n]\D = E(n)\Δ(n) where D =
π−1
E (Δ(n)), we regard the universal covering space

μ(n) ◦ pK : Kn\Γ → E(n)\Δ(n)

as the universal covering space of E[n] \D

μ(n) ◦ pK : Kn\Γ → E[n]\D.

Since π : X \π−1(D) → E[n] \D is a covering space, and μ(n) ◦pK : Kn \Γ → E[n] \D
is the universal covering space, there is a morphism

ω : Kn \ Γ → X \ π−1(D)

such that ω : Kn\Γ → X\π−1(D) is the universal covering space and μ(n)◦pK = π◦ω:

Kn \ Γ

μ(n)◦pK ���
�
�
�
�
�
�
�
�
�

ω
�� X \ π−1(D)

π

��

E[n] \D.

We denote the covering transformation group of π ◦ ω by

G := {g ∈ Aut(Kn \ ΓK) : π ◦ ω ◦ g = π ◦ ω}.

Since deg(μ(n) ◦ pK) = 2nn!, the order of G is 2nn!. Let σ be the covering involution
of μ : K → E. For

1 ≤ k ≤ n, 1 ≤ i1 < · · · < ik ≤ n,

we define automorphisms σi1...ik of Kn in the following way: for x = (xi)
n
i=1 ∈ Kn,

the j-th component of σi1...ik(x) =

{
σ(xj) j ∈ {i1, . . . , ik}
xj j �∈ {i1, . . . , ik},

then Sn ⊂ G, and {σi1...ik}1≤k≤n, 1≤i1<···<ik≤n ⊂ G. Let H be the subgroup of G
generated by Sn and {σij}1≤i<j≤n.

Proposition 2.1. G is generated by Sn and {σi1...ik}1≤k≤n, 1≤i1<...<ik≤n.

Proof. We assume that

s ◦ t = s′ ◦ t′
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for some s, s′ ∈ Sn and t, t′ ∈ {σi1...ik}1≤k≤n, 1≤i1<···<ik≤n. If s �= s′, then s′−1 ◦ s �=
IdKn . We take an element x̃ = (x̃i)

n
i=1 ∈ Kn with x̃i �= x̃j for 1 ≤ i < j ≤ n and

σ(x̃i) �= x̃j for 1 ≤ i ≤ j ≤ n. Since s ◦ t = s′ ◦ t′, we have s′−1 ◦ s(x) = t′ ◦ t−1(x).
Thus for some i where 1 ≤ i ≤ n,

σ(x̃i) ∈ {x̃j}nj=1.

This contradicts the definition of x̃. Therefore we get s = s′ and t = t′. Since
|Sn| = n!, |{σi1...ik}1≤k≤n, 1≤i1<...<ik≤n| = 2n, and |G| = 2nn!, G is generated by Sn

and {σi1...ik}1≤k≤n, 1≤i1<···<ik≤n.

Proposition 2.2. |H | = 2n−1n!.

Proof. For s ∈ Sn and σj1...jl ∈ {σi1...ik}1≤k≤n, 1≤i1<···<ik≤n, there are positive
numbers u1, . . . , uk such that

{u1, . . . , uk} = {s−1(j1), . . . , s
−1(jl)}, and u1 < · · · < uk.

Then we get σj1...jl ◦ s = s ◦ σu1...uk
. For arbitrary j, (i, j) ◦ σi ◦ (i, j) = σj . Since H

is generated by Sn and {σij}1≤i<j≤n, from Proposition 2.1 we obtain |G/H | = 2, i.e.
|H | = 2n−1n!.

Recall that μ : K → E is the universal covering and σ is the covering involution
of μ. We put

Kn
∗μ := (μn)−1(En

∗ ),

where μn : Kn � (xi)
n
i=1 �→ (μ(xi))

n
i=1 ∈ En,

Tij := {(xl)
n
l=1 ∈ Kn

∗μ : σ(xi) = xj},

Uij := {(xl)
n
l=1 ∈ Kn

∗μ : xi = xj},

T :=
⋃

1≤i<j≤n

Ti,j , and

U :=
⋃

1≤i<j≤n

Uij .

When n = 2, K2
∗μ = K2, U = Δ2, and T = {(x, y) ∈ K2 : σ(x) = y}. By the

definition of Kn
∗μ, H acts on Kn

∗μ. For an element x̃ := (x̃i)
n
i=1 ∈ U ∩ T , some i, j, k, l

with k �= l such that σ(x̃i) = x̃j and x̃k = x̃l. Since σ does not have fixed points.
Thus x̃i �= x̃l. Therefore μ

n(x̃) �∈ En
∗ . This is a contradiction. We obtain T ∩U = ∅.

Lemma 2.3. For t ∈ H and 1 ≤ i < j ≤ n, if t ∈ H has a fixed point on Uij ,

then t = (i, j) or t = idKn .

Proof. Let t ∈ H be an element of H where there is an element x̃ =
(x̃i)

n
i=1 ∈ Uij such that t(x̃) = x̃. By Proposition 2.1, for t ∈ H , there are

σi1...ik ∈ {σi1...ik}1≤k≤n, 1≤i1<···<ik≤n and (j1, . . . , jl) ∈ Sn such that

t = (j1, . . . , jl) ◦ σi1...ik .
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From the definition of Uij , for (xl)
n
l=1 ∈ Uij ,

{x1, . . . , xn} ∩ {σ(x1), . . . , σ(xn)} = ∅.

Suppose σi1,··· ,ik �= idKn . Since t(x̃) = x̃, we have

{x̃1, . . . , x̃n} ∩ {σ(x̃1), . . . , σ(x̃n)} �= ∅.

This is a contradiction. Thus we have t = (j1, . . . , jl). Similarly from the definition
of Uij , for (xl)

n
l=1 ∈ Uij , if xs = xt (1 ≤ s < t ≤ n), then s = i and t = j. Thus we

have t = (i, j) or t = idKn .

Lemma 2.4. For t ∈ H and 1 ≤ i < j ≤ n, if t ∈ H has a fixed point on Tij,

then t = σi,j ◦ (i, j) or t = idKn .

Proof. Let t ∈ H be an element of H where there is an element x̃ =
(x̃i)

n
i=1 ∈ Tij such that t(x̃) = x̃. By Proposition 2.1, for t ∈ H , there are

σi1...ik ∈ {σi1...ik}1≤k≤n, 1≤i1<···<ik≤n and (j1, . . . , jl) ∈ Sn such that

t = (j1 . . . jl) ◦ σi1...ik .

Since (j, j +1) ◦ σi,j ◦ (j, j +1) : Uij → Tij is an isomorphism, and by Lemma 2.3, we
have

(j, j + 1) ◦ σi,j ◦ (j, j + 1) ◦ t ◦ (j, j + 1) ◦ σi,j ◦ (j, j + 1) = (i, j) or idKn .

If (j, j + 1) ◦ σi,j ◦ (j, j + 1) ◦ t ◦ (j, j + 1) ◦ σi,j ◦ (j, j + 1) = idKn , then t = idKn . If
(j, j + 1) ◦ σi,j ◦ (j, j + 1) ◦ t ◦ (j, j + 1) ◦ σi,j ◦ (j, j + 1) = (i, j), then

t = (j, j + 1) ◦ σi,j ◦ (j, j + 1) ◦ (i, j) ◦ (j, j + 1) ◦ σi,j ◦ (j, j + 1)

= (j, j + 1) ◦ σi,j ◦ (i, j + 1) ◦ σi,j ◦ (j, j + 1)

= (j, j + 1) ◦ σi,j+1 ◦ (i, j + 1) ◦ (j, j + 1)

= σi,j ◦ (i, j).

Thus we have t = σi,j ◦ (i, j).
From Lemma 2.3 and Lemma 2.4, the universal covering map μ induces a local

isomorphism

μ
[n]
∗ : BlowT∪UK

n
∗μ/H → BlowΔn

E∗
En

∗ /Sn = E
[n]
∗ .

Here BlowAB is the blow up of B along A ⊂ B.

Lemma 2.5. For every x ∈ E
[n]
∗ , |(μ[n]

∗ )−1(x)| = 2.

Proof. For (xi)
n
i=1 ∈ Δn

∗ ⊂ En with x1 = x2, there are n elements y1, . . . , yn of
K such that y1 = y2 and μ(yi) = xi for 1 ≤ i ≤ n. Then

(μn)−1((xi)
n
i=1) = {y1, σ(y1)} × · · · × {yn, σ(yn)}.

Since H is generated by Sn and {σij}1≤i<j≤n, for (zi)
n
i=1 ∈ (μn)−1((xi)

n
i=1) if the

number of i with zi = yi is even, then

(zi)
n
i=1 = {σ(y1), σ(y2), y3, . . . , yn} on Kn

∗μ/H, and
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if the number of i with zi = yi is odd, then

(zi)
n
i=1 = {σ(y1), y2, y3, . . . , yn} on Kn

∗μ/H.

Furthermore since σi �∈ H for 1 ≤ i ≤ n,

{σ(y1), σ(y2), y3, . . . , yn} �= {σ(y1), y2, y3, . . . , yn}, on Kn
∗μ/H.

Thus for every x ∈ E
[n]
∗ , we get |(μ[n]

∗ )−1(x)| = 2.

Proposition 2.6. μ
[n]
∗ : BlowT∪UK

n
∗μ/H → BlowΔn

∗
En

∗ /Sn is the universal

covering space, and X \ π−1(F ) � BlowT∪UK
n
∗μ/H. When n = 2, we have X �

BlowT∪UK
2/H.

Proof. Since μ
[n]
∗ is a local isomorphism, from Lemma 2.5 we get that μ

[n]
∗ is a

covering map. Furthermore π : X \ π−1(F ) → E
[n]
∗ is the universal covering space of

degree 2, μ
[n]
∗ : BlowT∪UK

n
∗μ/H → BlowΔn

∗
En

∗ /Sn is the universal covering space. By
the uniqueness of the universal covering space, we haveX\π−1(F ) � BlowT∪UK

n
∗μ/H .

When n = 2, since E2
∗ = E2, K2

∗μ = K2 and BlowΔ2E2/S2 � E[2], we have X �
BlowT∪UK

2/H .

Theorem 2.7. For n ≥ 2, let E be an Enriques surface, E[n] the Hilbert scheme

of n points of E, and π : X → E[n] the universal covering space of E[n]. Then there

is a birational morphism ϕX : X → Kn/H such that ϕ−1
X (Γ/H) = π−1(D).

Proof. When n = 2, this is proved by Proposition 2.6. From here we assume that
n ≥ 3. From Proposition 2.6, we have X \ π−1(F ) � BlowT∪UK

n
∗μ/H . Since the

codimension of F is 2, there is a meromorphim f of X to Kn/H which satisfies the
following commutative diagram:

E[n] \ F πE
�� E(n)

X \ π−1(F )

π

��

f
�� Kn/H

pH

��

where πE : E[n] → E(n) is the Hilbert-Chow morphism, and pH : Kn/H → E(n)

is the natural projection. For an ample line bundle L on E(n), since the natural
projection pH : Kn/H → E(n) is finite, p∗HL is ample. From the above diagram,
we have π∗(π∗

EL) |X\π−1(F )= f∗(p∗HL). Since π−1(F ) is an analytic closed subset of
codimension 2 in X and p∗HL is ample, there is a holomorphism ϕX of X to Kn/H
such that ϕX |X\π−1(F )= f |X\π−1(F ). Since f : X \ π−1(D) ∼= (Kn \ Γ)/H , this is a
birational morphism.

3. Proof of Theorem 1.1. Let E be an Enriques surface, E[n] the Hilbert
scheme of n points of E, and π : X → E[n] the universal covering space of E[n].

Proposition 3.1. For n ≥ 2, we have dimCH
1(E[n],Ω2n−1

E[n] ) = 0.

Proof. For a smooth projective manifold S, we put

hp,q(S) := dimCH
q(S,Ωp

S) and

h(S, x, y) :=
∑
p,q

hp,q(S)xpyq.
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By [7, Theorem2] and [6, page 204], we have the equation (1):

∞∑
n=0

∑
p,q

hp,q(E[n])xpyqtn =
∞∏
k=1

2∏
p,q=0

( 1

1− (−1)p+qxp+k−1yq+k−1tk)

)(−1)p+qhp,q(E)

.

Since an Enriques surface E has Hodge numbers h0,0(E) = h2,2(E) = 1, h1,0(E) =
h0,1(E) = 0, h2,0(E) = h0,2(E) = 0, and h1,1(E) = 10, the equation (1) is

∞∑
n=0

∑
p,q

hp,q(E[n])xpyqtn =
∞∏
k=1

( 1

1− xk−1yk−1tk

)( 1

1− xkyktk

)10( 1

1− xk+1yk+1tk

)
.

It follows that

hp,q(E[n]) = 0 for all p, q with p �= q.

Thus we have dimCH
1(E[n],Ω2n−1

E[n] ) = 0 for n ≥ 2.

Theorem 3.2. For n ≥ 2, let E be an Enriques surface, E[n] the Hilbert scheme

of n points of E, and X the universal covering space of E[n]. Then every small

deformation of X is induced by that of E[n].

Proof. In [4, Proposition4.2 and Theorems 0.3], Fantechi showed that for
a smooth projective surface with H0(S, TS) = 0 or H1(S,OS) = 0, and
H1(S,OS(−KS)) = 0, where KS is the canonical divisor of S, then we get

dimCH
1(S, TS) = dimCH

1(S[n], TS[n]).

Since an Enriques surface E satisfies H0(E, TE) = 0 or H1(E,OE) = 0, and
H1(E,OE(−KE)) = 0, we have dimCH

1(E[n], TE[n]) = 10. Since KE[n] is not trivial
and 2KE[n] is trivial, we have

TE[n] � Ω2n−1
E[n] ⊗KE[n] .

Therefore we have dimCH
1(En,Ω2n−1

E[n] ⊗ KE[n]) = 10. Since KX is trivial, then we

have TX � Ω2n−1
X . Since π : X → E[n] is the covering map, we have

Hk(X,Ω2n−1
X ) � Hk(E[n], π∗Ω

2n−1
X ).

Since X � SpecOE[n] ⊕OE[n](KE[n]) ([11, Theorem3.1]), we have

Hk(E[n], π∗Ω
2n−1
X ) � Hk(E[n],Ω2n−1

E[n] ⊕ (Ω2n−1
E[n] ⊗KE[n])).

Thus

Hk(X,Ω2n−1
X ) � Hk(E[n],Ω2n−1

E[n] ⊕ (Ω2n−1
E[n] ⊗KE[n]))

� Hk(E[n],Ω2n−1
E[n] )⊕Hk(E[n],Ω2n−1

E[n] ⊗KE[n]).

Combining this with Proposition 3.1, we obtain

dimCH
1(X,Ω2n−1

X ) = dimCH
1(E[n],Ω2n−1

E[n] ⊗KE[n])

= 10.
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Let p : Y → U be the universal family of E[n] and f : X → Y be the universal
covering space. Then q : X → U is a flat family of X where q := p ◦ f . Then we have
a commutative diagram:

TU,0

ρq
���

�
�
�
�
�
�
�
�
�

ρp
�� H1(Y0, TY0)

τ

��

H1(E[n], TE[n])

π∗

��

H1(X0, TX0) H1(X,TX).

Since H1(E[n], TE[n]) � H1(X,TX) by π∗, the vertical arrow τ is an isomorphism and

dimCH
1(Xu, TXu

) = dimCH
1(Xu,Ω

2n−1
Xu

)

is a constant for some neighborhood of 0 ∈ U , it follows that q : X → U is the
complete family of X0 = X , therefore q : X → U is the versal family of X0 = X . Thus
every small deformation of X is induced by that of E[n].

4. Proof of Theorem 1.4. For n ≥ 2, let E be an Enriques surface, E[n] the
Hilbert scheme of n points of E, π : X → E[n] the universal covering space of E[n],
and D the exceptional divisor of the Hilbert-Chow morphism πE : E[n] → E(n). First
we show that for an automorphism f of E[n], f(D) = D if and only if f∗(OE[n](D)) =
OE[n](D) in H2(E[n],C). Next, we show Theorem 1.4.

Proposition 4.1. For any positive integer l ∈ N we have

dimCH
0(E[n],OE[n](lD)) = 1.

Proof. Since D is effective, we obtain dimCH
0(E[n],OE[n](lD)) ≥ 1. Since

E[n]\D � E(n)\Δ(n), and OE[n](lD) � OE[n] on E[n] \D, we have

(πE)∗(OE[n](lD)) � OE(n) on E(n)\Δ(n),

where πE : E[n] → E(n) is the Hilbert-Chow morphism. Since the codimension of
Δ(n) is 2, and E(n) is normal, we have Γ(E(n)\Δ(n),OE(n)) = Γ(E(n),OE(n)). Since
OE[n](lD)) is a local free sheaf, the restriction map:

Γ(E[n],OE[n](lD))) → Γ(E[n]\D,OE[n](lD)))

is injective. Thus we obtain dimCH
0(E[n],OE[n](lD)) = 1.

Remark 4.2. Since H1(E[n],OE[n]) = 0, the map Pic(E[n]) → H2(E[n],C) is
injective. By Proposition4.1, and D is effective, we have that for an automorphism
ϕ ∈ Aut(E[n]), the condition ϕ∗(OE[n](D)) = OE[n](D) in H2(E[n],C) is equivalent
to the condition ϕ(D) = D.

Recall that σ is the covering involution of μ : K → E, π ◦ ω : Kn \ Γ → E[n] \D
is the universal covering space, and G := {g ∈ Aut(Kn \ Γ) : π ◦ ω ◦ g = π ◦ ω} is the
covering transformation group of π ◦ ω.

Proposition 4.3. Let f be an automorphism of E[n] \D, and g1, . . . , gn auto-

morphisms of K such that (π ◦ω) ◦ (g1 × · · · × gn) = f ◦ (π ◦ω), where (g1 × · · · × gn)
is the automorphism of Kn. Then we have gi = g1 or gi = g1 ◦ σ for each 1 ≤ i ≤ n.
Moreover g1 ◦ σ = σ ◦ g1.
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Proof. We show the first assertion by contradiction. Without loss of generality,
we may assume that g2 �= g1 and g2 �= g1 ◦ σ. Let h1 and h2 be two morphisms of K
where gi ◦hi = idK and hi ◦ gi = idK for i = 1, 2. We define two morphisms H1,2 and
H1,2,σ from K to K2 by

H1,2 : K � x �→ (h1(x), h2(x)) ∈ K2

H1,2,σ : K � x �→ (h1(x), σ ◦ h2(x)) ∈ K2.

Let Sσ := {(x, y) : y = σ(x)} be the subset of K2. Since h1 �= h2 and h1 �= σ ◦ h2,
H−1

1,2 (Δ
2) ∪ H−1

1,2,σ(Sσ) do not coincide with K. Thus there is x′ ∈ K such that

H1,2(x
′) �∈ Δ2 and H1,2,σ(x

′) �∈ Sσ. For x′ ∈ K, we put xi := hi(x
′) ∈ K for i = 1,

2. Then there are some elements x3, . . . , xn ∈ K such that (x1, . . . , xn) ∈ Kn \ Γ.
We have g((x1, . . . , xn)) �∈ Kn\Γ by the assumption of x1 and x2. It is contradiction,
because g is an automorphism of Kn\Γ. Thus we have gi = g1 or gi = g1 ◦ σ for
1 ≤ i ≤ n.

We show the second assertion. Since the covering transformation group of π ◦ ω
is G, the liftings of f are given by

{g ◦ u : u ∈ G} = {u ◦ g : u ∈ G}.
Thus for σ1 ◦ g, there is an element σi1···ik ◦ s of G where s ∈ Sn and t ∈
{σi1...ik}1≤k≤n, 1≤i1<...<ik≤n such that σ1 ◦ g = g ◦ σi1...ik ◦ s. If we think about
the first component of σ1 ◦ g, we have s = id and t = σ1. Therefore g ◦ σ1 ◦ g−1 = σ1,
we have σ ◦ g1 = g1 ◦ σ.

Theorem 4.4. For n ≥ 2, let E be an Enriques surface, D the exceptional

divisor of the Hilbert-Chow morphism πE : E[n] → E(n). An automorphism f of E[n]

is natural if and only if f(D) = D, i.e. f∗(OE[n](D)) = OE[n](D) in H2(E[n],C).

Proof. Let f be an automorphism of E[n] with f(D) = D. Then f induces an
automorphism of E[n]\D. Since the uniqueness of the universal covering space, there
is an automorphism g of Kn\Γ such that π ◦ ω ◦ g = f ◦ π ◦ ω:

E[n] \D f
�� E[n] \D

Kn \ Γ
π◦ω

��

g
�� Kn \ Γ.
π◦ω

��

Since Γ is an analytic set of codimension 2, and Kn is projective, g can be extended to
a birational automorphism ofKn. By Oguiso [10, Theorem4.1], g is an automorphism
of Kn, and there are some automorphisms g1, . . . , gn ∈ Aut(K) and s ∈ Sn such that
g = s ◦ g1 × · · · × gn. Since Sn ⊂ G, we can assume that g = g1 × · · · × gn. By
Proposition 4.3, we have gi = g1 or g1 ◦σ for 1 ≤ i ≤ n and g1 ◦σ = σ ◦g1. We denote

g
[n]
1 the induced automorphism of E[n] given by g1. Then g1

[n]|E[n]\D = f |E[n]\D.

Thus g
[n]
1 = f , i.e. f is natural. The other implication is obvious.

5. Proof of Theorem 1.7. Let E be an Enriques surface, E[n] the Hilbert
scheme of n points of E, and π : X → E[n] the universal covering space of E[n].

In Proposition 5.2, we shall show that for n ≥ 3, the covering involution of
π : X → E[n] acts on H2(X,C) as the identity. In Proposition 5.5, by using Theorem
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2.7 and 1.4, we shall show that for n ≥ 2, if an automorphism ϕ of X acts on H2(X,C)
as the identity, then ϕ is a lift of a natural automorphism of E[n]. In Proposition 5.9,
by using Proposition 5.5 and checking the action to H1(X,Ω2n−1

X ) ∼= H2n−1,1(X), we
classify involutions of X which act on H2(X,C) as the identity. We prove Theorem
1.7 using those results.

Lemma 5.1. Let X be a smooth complex manifold, Z ⊂ X a closed submanifold

whose codimension is 2, τ : XZ → X the blow up of X along Z, E = τ−1(Z) the

exceptional divisor, and h the first Chern class of the line bundle OXZ
(E).

Then τ∗ : H2(X,C) → H2(XZ ,C) is injective, and

H2(XZ ,C) � H2(X,C)⊕ Ch.

Proof. Let U := X \ Z be an open set of X . Then U is isomorphic to an open
set U ′ = XZ \ E of XZ . As τ gives a morphism between the pair (XZ , U

′) and the
pair (X,U), we have a morphism τ∗ between the long exact sequence of cohomology
relative to these pairs:

Hk(X,U,C) ��

τ∗

X,U

��

Hk(X,C) ��

τ∗

X

��

Hk(U,C)

τ∗

U

��

�� Hk+1(X,U,C)

τ∗

X,U

��

Hk(XZ , U
′,C) �� Hk(XZ ,C) �� Hk(U ′,C) �� Hk+1(XZ , U

′,C).

By Thom isomorphism, the tubular neighborhood Theorem, and Excision theorem,
we have

Hq(Z,C) � Hq+4(X,U,C), and

Hq(E,C) � Hq+2(XZ , U
′,C).

In particular, we have

Hl(X,U,C) = 0 for l = 0, 1, 2, 3, and

Hj(XZ , U
′,C) = 0 for l = 0, 1.

Thus we have

0 ��

τ∗

X,U

��

H1(X,C) ��

τ∗

X

��

H1(U,C)

τ∗

U

��

�� 0

τ∗

X,U

��

0 �� H1(XZ ,C) �� H1(U ′,C) �� H0(E,C),

and

0 ��

τ∗

X,U

��

H2(X,C) ��

τ∗

X

��

H2(U,C)

τ∗

U

��

�� 0

τ∗

X,U

��

H0(E,C) �� H2(XZ ,C) �� H2(U ′,C) �� H3(XZ , U
′,C).
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Since τ |U ′ : U ′ ∼−→ U , we have isomorphisms τ∗U : Hk(U,C) � Hk(U ′,C). Thus we
have

dimCH
2(XZ ,C) = dimCH

2(X,C) + 1, and

τ∗ : H2(X,C) → H2(XZ ,C) is injective,

and therefore we obtain

H2(XZ ,C) � H2(X,C)⊕ Ch.

Proposition 5.2. Suppose n ≥ 3. For the covering involution ρ of the universal

covering space π : X → E[n], the induced map ρ∗ : H2(X,C) → H2(X,C) is the

identity.

Proof. Since the codimension of π−1(F ) is 2, we get

H2(X,C) ∼= H2(X \ π−1(F ),C).

By Proposition 2.6, X \ π−1(F ) � BlowT∪UK
n
∗μ/H .

Let τ : BlowT∪UK
n
∗μ → Kn

∗μ be the blow up of Kn
∗μ along T ∪ U ,

hij the first Chern class of the line bundle OBlowT∪UKn
∗μ
(τ−1(Uij)),

and

kij the first Chern class of the line bundle OBlowT∪UKn
∗μ
(τ−1(Tij)).

By Lemma 5.1, we have

H2(BlowT∪UK
n
∗μ,C) ∼= H2(Kn,C)⊕

( ⊕
1≤i<j≤n

Chij

)
⊕
( ⊕

1≤i<j≤n

Ckij

)
.

Since n ≥ 3, there is an isomorphism

(j, j + 1) ◦ σij ◦ (j, j + 1) : Uij
∼−→ Tij .

Thus we have dimCH
2(BlowT∪UK

n
∗μ/H,C) = 11, i.e. dimCH

2(X,C) = 11. Since

H2(E[n],C) = H2(X,C)ρ
∗

, ρ∗ is the identity.

Proposition 5.3. For any positive integer l ∈ N we have

dimCH
0(X,OX(lπ∗(D))) = 1.

Proof. From Propositin 4.1 we obtain dimCH
0(X,OX(lπ∗(D))) ≥ 1. Like the

proof of Proposition 4.1, we have dimCH
0(X,OX(lπ∗(D))) = 1. from Theorem 2.7.

Remark 5.4. Since H1(X,OX) = 0, the map Pic(X) → H2(X,C) is injec-
tive. By Proposition5.3, and π−1(D) is effective, for an automorphism ϕ ∈ Aut(X),
the condition ϕ∗(OX(π∗D)) = OX(π∗D) in H2(X,C) is equivalent to the condition
ϕ(π−1(D)) = π−1(D).
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Recall that ω : Kn \ Γ → X \ π−1(D) is the universal covering space.

Proposition 5.5. For n ≥ 2, let E be an Enriques surface, E[n] the Hilbert

scheme of n points of E, π : X → E[n] the universal covering space of E[n], and D
the exceptional divisor of the Hilbert-Chow morphism πE : E[n] → E(n).

For an automorphism ϕ of X with f∗(O(π∗D)) = O(π∗D) in H2(X,C), there

is an automorphism φ of E such that ϕ is a lift of φ[n] where φ[n] is the natural

automorphism of E[n] induced by φ. Furthermore, if the order of ϕ is 2, then the

order of φ is at most 2.

Proof. Let ϕ be an automorphism of X with ϕ∗(O(π∗D)) = O(π∗D) in H2(X,C).
By Remark 5.4, ϕ|X\π−1(D) is automorphism of X \π−1(D). By the uniqueness of the
universal covering space, there is an automorphism g of Kn\Γ such that ϕ◦ω = ω ◦g:

X \ π−1(D)
ϕ

�� X \ π−1(D)

Kn \ Γ
ω

��

g
�� Kn \ Γ.

ω

��

Like the proof of Proposition 4.3, we can assume that there are some automorphisms
gi of K such that g = g1 × · · · × gn, for each 1 ≤ i ≤ n, gi = g1 or gi = g1 ◦ σ, and
g1 ◦ σ = σ ◦ g1. Since g1 ◦ σ = σ ◦ g1, g1 induces an automorphism φ of E. Let φ[n] is
the natural automorphism of E[n] induced by φ. Then we have π ◦ω ◦ g = φ[n] ◦π ◦ω:

E[n] \D φ[n]

�� E[n] \D

Kn \ Γ
π◦ω

��

g
�� Kn \ Γ.
π◦ω

��

Since ϕ ◦ ω = ω ◦ g, we have φ[n] ◦ π = π ◦ ϕ:

E[n] \D φ[n]

�� E[n] \D

X \ π−1(D)
ϕ

��

π

��

X \ π−1(D).

π

��

We assume that the order of ϕ is 2. Since ω = ϕ2 ◦ ω = ω ◦ g2, we get g2 ∈ H . Now
g = g1 × · · · × gn, for each 1 ≤ i ≤ n, gi = g1 or gi = g1 ◦ σ, and g1 ◦ σ = σ ◦ g1. Thus
we have g21 = idK or σ. By [9, Lemma1.2], we have g21 = idK . Therefore the order of
φ is at most 2.

Definition 5.6. Let S be a smooth surface. An automorphism ϕ of S is numeri-
cally trivial if the induced automorphism ϕ∗ of the cohomology ring over Q, H∗(S,Q)
is the identity.

We suppose that an Enriques surface E has numerically trivial involutions. By
[9, Proposition1.1], there is just one numerically trivial involution of E, denoted υ.
For υ, there are just two involutions ofK which are liftings of υ, one acts on H0(K,Ω2

K)
as the identity, and another acts on H0(K,Ω2

K) as −idH0(K,Ω2
K
), we denote by υ+ and

υ−, respectively. Then they satisfies υ+ = υ− ◦ σ.
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Let υ[n] be the automorphism of E[n] which is induced by υ. For υ[n], there are
just two automorphisms of X which are liftings of υ[n], denoted ς and ς ′, respectively:

E[n] υ[n]
�� E[n]

X

π

��

ς (ς′)
�� X.

π

��

Then they satisfies ς = ς ′ ◦σ. As the proof of Proposition 5.5, each order of ς and ς ′ is
2. From here, we classify involutions acting on H2(X,C) as the identity by checking
the action to H2n−1,1(X,C).

Lemma 5.7. dimCH
2n−1,1(Kn/H,C) = 10.

Proof. Let σ be the covering involution of μ : K → E. Put

Hp,q
± (K,C) := {α ∈ Hp,q(K,C) : σ∗(α) = ±α} and

hp,q
± (K) := dimCH

p,q
± (K,C).

Since K is a K3 surface, we have

h0,0(K) = 1, h1,0(K) = 0, h2,0(K) = 1, h1,1(K) = 20,

h0,0
+ (K) = 1, h1,0

+ (K) = 0, h2,0
+ (K) = 0 h1,1

+ (K) = 10,

h0,0
− (K) = 0, h1,0

− (K) = 0, h2,0
− (K) = 1, andh2,0

− (K) = 10.

Let

Λ := {(s1, · · · , sn, t1, · · · , tn) ∈ Z2n
≥0 : Σn

i=1si = 2n− 1, Σn
j=1tj = 1}.

From the Künneth Theorem, we have

H2n−1,1(Kn,C) �
⊕

(s1,··· ,sn,t1,··· ,tn)∈Λ

( n⊗
i=1

Hsi,ti(K,C)

)
.

We take a base α of H2,0(K,C) and a base {βi}20i=1 of H1,1(K,C) such that {βi}10i=1 is
a base of H1,1

− (K,C) and {βi}20i=11 is a base of H1,1
+ (K,C). Let

β̃i :=

n⊗
j=1

εj

where εj = α for j �= i and εj = βi for j = i, and

γi :=

n⊕
j=1

β̃j .

Then {γi}20i=1 is a base of H2n−1,1(Kn,C)Sn . Since σ∗α = −α, σ∗βi = −βi for
1 ≤ i ≤ 10, and σ∗βi = βi for 11 ≤ i ≤ 20, we obtain

σ∗
ijγi = γi for 1 ≤ i ≤ 10, and
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σ∗
ijγi = −γi for 11 ≤ i ≤ 20.

Since H2n−1,1(Kn/H,C) � H2n−1,1(Kn,C)H and H = 〈Sn, {σij}1≤i<j≤nτ〉, we ob-
tain

H2n−1,1(Kn/H,C) =
10⊕
i=1

Cγi.

Thus we get dimCH
2n−1,1(Kn/H,C) = 10.

Remark 5.8. By Theorem 2.7, there is a resolution ϕX : X → Kn/H. Then
ϕ∗
X : Hp,q(Kn/H,C) → Hp,q(X,C) is an injective (see [13]). By Lemma 5.7, ϕ∗

X :
H2n−1,1(Kn/H,C) → H2n−1,1(X,C) is an isomorphism.

Recall that π ◦ ω : Kn \ Γ → E[n] \D is the universal covering space.

Proposition 5.9. We suppose that E has a numerically trivial involution, de-

noted υ. Let υ[n] be the natural automorphism of E[n] which is induced by υ. Since

the degree of π : X → E[n] is 2, there are just two involutions ζ and ζ′ of X which

are lifts of υ[n]. Then ς and ς ′ do not act on H2n−1,1(X,C) as −idH2n−1,1(X,C).

Proof. Since υ[n](D) = D, υ[n]|E[n]\D is an automorphism of E[n] \ D. By the
uniqueness of the universal covering space, there is an automorphism g of Kn \Γ such
that υ[n] ◦ π ◦ ω = π ◦ ω ◦ g:

E[n] \D υ[n]
�� E[n] \D

Kn \ Γ
π◦ω

��

g
�� Kn \ Γ.
π◦ω

��

By Proposition 4.3, there are some automorphisms gi of K such that g = g1×· · ·×gn
for each 1 ≤ i ≤ n, gi = g1 or gi = g1 ◦ σ, and g1 ◦ σ = σ ◦ g1. By Theorem 2.7, we
get Kn \ Γ/H � X \ π−1(D). Put

υ+,even := u1 × · · · × un

where

ui = υ+ or ui = υ− and the number of i with ui = υ+ is even.

υ+,even is an automorphism of Kn and induces an automorphism υ̃+,even of Kn \
Γ/H . We define automorphisms υ̃+,odd, υ̃−,even, and υ̃−,odd of Kn \Γ/H in the same
way. Since σij ∈ H for 1 ≤ i < j ≤ n, and υ+ = υ− ◦ σ, if n is odd,

υ̃+,odd = υ̃−,even, υ̃+,even = υ̃−,odd, and υ̃+,odd �= υ̃+,even,

and if n is even,

υ̃+,odd = υ̃−,odd, υ̃+,even = υ̃−,even, and υ̃+,odd �= υ̃+,even.

Since υ(n) ◦πE = πE ◦ υ[n] and Kn \Γ/H � X \π−1(D), we have υ[n] ◦π = π ◦ υ̃+,odd

and υ[n] ◦π = π ◦ υ̃+,even where πE : E[n] → E(n) is the Hilbert-Chow morphism, and
υ(n) is the automorphism of E(n) induced by υ. Since the degree of π is 2, we have
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{ς, ς ′} = {υ̃+,odd, υ̃+,even}. By [9, page 386-389], there is an element α± ∈ H1,1
− (K,C)

such that υ∗
+(α±) = ±α±. We fix a basis α of H2,0(K,C), and let

α̃±i :=

n⊗
j=1

εj

where εj = α for j �= i and εj = α± for j = i, and

α̃± :=

n⊕
j=1

α̃±i.

Since Kn \ Γ/H � X \ π−1(D), and by the definition of υ̃+,odd and υ̃+,even, we have

υ̃+,odd
∗
(ϕ∗

X(α̃+)) = ϕ∗
X(α̃+) and υ̃+,even

∗
(ϕ∗

X(α̃−)) = ϕ∗
X(α̃−).

Thus ς and ς ′ do not act on H2n−1,1(X,C) as −idH2n−1,1(X,C).

Definition 5.10. For n ≥ 1, let E be an Enriques surface, E[n] the Hilbert
scheme of n points of E, and X the universal covering space of E[n]. A variety Y
is called an Enriques surface type quotient of X if there is an Enriques surface E′

and a free involution τ of X such that Y � E′[n] and E′[n] � X/〈τ〉. Here we call
two Enriques surface type quotients of X distinct if they are not isomorphic to each
other.

Theorem 5.11. For n ≥ 3, let E be an Enriques surface, E[n] the Hilbert scheme

of n points of E, and X the universal covering space of E[n]. Then the number of

distinct Enriques surface type quotients of X is one.

Proof. Let ρ be the covering involution of π : X → E[n] for n ≥ 3. Since
for n ≥ 3 dimCH

2(E[n],C) =dimCH
2(X,C) = 11, dimCH

2n−1,1(E′[n],C) = 0, and
dimCH

2n−1,1(X,C) = 10, we obtain that ρ∗ acts on H2(X,C) as the identity, and
H2n−1,1(X,C) as −idH2n−1,1(X,C).

Let ϕ be an involution of X , which acts on H2(X,C) as the identity and on
H2n−1,1(X,C) as −idH2n−1,1(X,C). By Proposition 5.5, for ϕ, there is an automorphism

φ of E such that ϕ is a lift of φ[n] where φ[n] is the natural automorphism of E[n]

induced by φ. Furthermore since the order of φ is at most 2, the order of ϕ is 2. Since
φ[n] ◦ π = π ◦ ϕ, φ[n]∗ acts on H2(E[n],C) as the identity. Thus φ∗ acts on H2(E,C)
as the identity. If E does not have numerically trivial automorphisms, then φ = idE .
Thus ϕ = ρ.

We assume that φ does not the identity map. Then φ is numerically trivial.
Then φ = υ and ϕ ∈ {ζ, ζ′}. By Proposition 5.9, we obtain that ϕ does not act on
H2n−1,1(X,C) as −idH2n−1,1(X,C). This is a contradiction. Thus φ = idE , and we get
ϕ = ρ. This proves the theorem.

Theorem 5.12. For n ≥ 2, let π : X → E[n] be the universal covering space.

For any automorphism ϕ of X, if ϕ∗ is acts on H∗(X,C) :=
⊕2n

i=0 H
i(X,C) as the

identity, then ϕ = idX .

Proof. By Proposition 5.5, for ϕ, there is an automorphism φ of E such that ϕ is a
lift of φ[n] where φ[n] is the natural automorphism of E[n] induced by φ. Since ϕ∗ acts
on H2(X,C) as the identity, φ∗ acts on H2(E,C) as the identity. From [9, page 386-
389] the order of φ is at most 4.
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If the order of φ is 2, by Proposition 5.9 ϕ does not act on H2n−1,1(X,C) as the
identity. This is a contradiction.

If the order of φ is 4, there is an element α′ ∈ H1,1
− (K,C) such that g∗1(α

′
±) =

±√−1α′ from [9, page390-391]. Like the proof of Proposition 5.9, ϕ does not act
on H2n−1,1(X,C) as the identity. This is a contradiction. Thus we have φ = idE
and ϕ ∈ {idX , ρ}. Since ρ does not act on H2n−1,1(X,C) as the identity, we have
ϕ = idX .

Corollary 5.13. For n ≥ 2, let π : X → E[n] be the universal covering space.

For any two automorphisms f and g of X, if f∗ = g∗ on H∗(X,C), then f = g.

Theorem 5.14. For n ≥ 3, let E be an Enriques surfaces, E[n] the Hilbert

scheme of n points of E, π : X → E[n] the universal covering space. Then there is an

exact sequence:

0 → Z/2Z → Aut(X) → Aut(E[n]) → 0.

Proof. Let f be an automorphism f of X . We put g = f−1 ◦ρ◦f . Since for n ≥ 3
ρ∗ acts on H2(X,C) as the identity and on H2n−1,1(X) as −idH2n−1,1(X), we get that
g∗ = ρ∗ as automorphisms of H2(X,C) ⊕ H2n−1,1(X). Like the proof of Theorem
5.12, we have g = ρ, i.e. f ◦ ρ = ρ ◦ f . Thus f induces a automorphism of E[n], and
we have an exact sequence:

0 → Z/2Z → Aut(X) → Aut(E[n]) → 0.

6. Appendix A. We compute the Hodge number of the universal covering space
X of E[2]. Let σ be the covering involution of μ : K → E, and τ : BlowΔ∪TK

2 → K2

the natural map, where T = {(x, y) ∈ K2 : y = σ(x)} and Δ = {(x, x) ∈ K2}. By
Proposition 2.6, we have

X � BlowΔ∪TK
2/H.

We put

DΔ := τ−1(Δ) and

DT := τ−1(T ).

For two inclusions

jDΔ : DΔ ↪→ BlowΔ∪TK
2, and

jDT
: DT ↪→ BlowΔ∪TK

2,

let j∗DΔ be the Gysin morphism

j∗DΔ : Hp(DΔ,C) → Hp+2(BlowΔ∪TK
2,C),

j∗DT
the Gysin morphism

j∗DT
: Hp(DT ,C) → Hp+2(BlowΔ∪TK

2,C), and
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ψ := τ∗ + j∗DΔ ◦ τ |∗DΔ
+ j∗DT

◦ τ |∗DT

the morphism from Hp(K2,C) ⊕ Hp−2(Δ,C) ⊕ Hp−2(T,C) to Hp(BlowΔ∪TK
2,C).

From [14, Theorem7.31], we have isomorphisms of Hodge structures by ψ:

Hk(K2,C)⊕Hk−2(Δ,C)⊕Hk−2(T,C) � Hk(BlowΔ∪TK
2,C).

Furthermore, for automorphism f of K, let f̄ (resp. f̄σ) be the automorphism of
BlowΔ∪TK

2 which is induced by f × f (resp. f × (f ◦ σ), fΔ the automorphism of Δ
which is induced by f × f , fT the automorphism of T which is induced by f × f , and
f̃ the isomorphism from T to Δ which is induced by f × (f ◦ σ). For α ∈ H∗(K2,C),
β ∈ H∗(Δ,C), and γ ∈ H∗(T,C), we obtain

f̄∗(τ∗α) = τ∗((f × f)∗α),

f̄∗(j∗DΔ ◦ τ |∗DΔ
β) = j∗DΔ ◦ τ |∗DΔ

(f∗
Δβ),

f̄∗(j∗DT
◦ τ |∗DT

γ) = j∗DT
◦ τ |∗DT

(f∗
Tγ),

f̄∗
σ(τ

∗α) = τ∗((f × (f ◦ σ)∗α),

f̄∗
σ(j∗DΔ ◦ τ |∗DΔ

β) = j∗DT
◦ τ |∗DΔ

(f̃∗β),

in H∗(BlowΔ∪TK
2,C).

Theorem 6.1. For the universal covering space π : X → E[2], we have h0,0(X) =
1, h1,0(X) = 0, h2,0(X) = 0, h1,1(X) = 12, h3,0(X) = 0, h2,1(X) = 0, h4,0(X) = 1,
h3,1(X) = 10, and h2,2(X) = 131.

Proof. Since X � BlowΔ∪TK
2/H , we have

hp,q(X) = dimC{α ∈ Hp,q(BlowΔ∪TK
2,C) : h∗α = α for h ∈ H}.

Let σ be the covering involution of μ : K → E. We put

Hp,q
± (K,C) := {α ∈ Hp,q(K,C) : σ∗(α) = ±α} and

hp,q
± (K) := dimCH

p,q
± (K,C).

From E = K/〈σ〉, we have

Hp,q(E,C) � Hp,q
+ (K,C).

Since K is a K3 surface, we have

h0,0(K) = 1, h1,0(K) = 0, h2,0(K) = 1, and h1,1(K) = 20, and

h0,0
+ (K) = 1, h1,0

+ (K) = 0, h2,0
+ (K) = 0, andh1,1

+ (K) = 10, and

h0,0
− (K) = 0, h1,0

− (K) = 0, h2,0
− (K) = 1, andh2,0

− (K) = 10.
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Recall that H is generated by S2 and σ1,2. Since σ × σ(Δ) = Δ and σ × σ(T ) = T ,
from E = K/〈σ〉 we have Δ/H � E and T/H � E. Thus we have

h0,0(Δ/H) = 1, h1,0(Δ/H) = 0, h2,0(Δ/H) = 0, h1,1(Δ/H) = 10,

h0,0(T/H) = 1, h1,0(T/H) = 0, h2,0(T/H) = 0, andh1,1(T/H) = 10.

From the Künneth Theorem, we have

Hp,q(K2,C) �
⊕

s+u=p,t+v=q

Hs,t(K,C)⊗Hu,v(K,C), and

Hp,q(K2/H,C) � {α ∈ Hp,q(K2,C) : s∗(α) = α for s ∈ S2 and σ∗
1,2(α) = α}.

Thus we obtain

h0,0(K2/H) = 1, h1,0(K2/H) = 0, h2,0(K2/H) = 0, h1,1(K2/H) = 10,

h3,0(K2/H) = 0, h2,1(K2/H) = 0, h4,0(K2/H) = 1,

h3,1(K2/H) = 10, andh2,2(K2/H) = 111.

We fix a basis β of H2,0(K,C) and a basis {γi}10i=1 of H1,1
− (K,C), then we have

H3,1(K2/H,C) �
10⊕
i=1

C(β ⊗ γi + γi ⊗ β).

By the above equation, we have

h0,0(BlowΔ∪TK
2/H) = 1, h1,0(BlowΔ∪TK

2/H) = 0,

h2,0(BlowΔ∪TK
2/H) = 0, h1,1(BlowΔ∪TK

2/H) = 12,

h3,0(BlowΔ∪TK
2/H) = 0, h2,1(BlowΔ∪TK

2/H) = 0,

h4,0(BlowΔ∪TK
2/H) = 1, h3,1(BlowΔ∪TK

2/H) = 10, and

h2,2(BlowΔ∪TK
2/H) = 131.

Thus we obtain h0,0(X) = 1, h1,0(X) = 0, h2,0(X) = 0, h1,1(X) = 12, h3,0(X) = 0,
h2,1(X) = 0, h4,0(X) = 1, h3,1(X) = 10, and h2,2(X) = 131.
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7. Appendix B. Now we show that the conjecture in [2, Conjecture 1] is not
established for Y an Enriques surface and L = Ω2

Y .
Let Y be a smooth compact Kähler surface. Recall that Y [n] is the Hilbert scheme

of n points of Y , πY : Y [n] → Y (n) the Hilbert-Chow morphism, and pY : Y n → Y (n)

the natural projection. For a line bundle L on Y , there is a unique line bundle L on
Y (n) such that p∗Y L =

⊗n
i=1 p

i∗L. By using pull back we have the natural map

Pic(Y ) → Pic(Y [n]), L �→ Ln := π∗
Y L.

we put

hp,q(Y [n], Ln) := dimCH
q(Y [n],Ωp

Y [n] ⊗ Ln),

hp,q(Y, L) := dimCH
q(Y,Ωp

Y ⊗ L),

A :=

∞∑
n,p,q=0

hp,q(Y [n], Ln)x
pyqtn, and

B :=

∞∏
k=1

2∏
p,q=0

( 1

1− (−1)p+qxp+k−1yq+k−1tk)

)(−1)p+qhp,q(Y,L)

.

Then in [2, Conjecture 1] S. Boissière conjectured that

A = B.

For Y an Enriques surface and L = Ω2
Y , as in the proof on Theorem 3.2 and the Serre

duality, we have

h2n−1,1(Y [n], (Ω2
Y )n) = dimCH

1(Y [n],Ω2n−1
Y [n] ⊗ Ω2n

Y [n])

= dimCH
1(Y [n], TY [n])

= 10.

for n ≥ 2. It follows that the coefficient of x3yt2 of A is 10.
We show that the coefficient of x3yt2 of B is not 10.

h0,0(Y,Ω2
Y ) = dimCH

0(Y,OY ⊗ Ω2
Y ) = dimCH

0(Y,Ω2
Y ) = 0.

h0,1(Y,Ω2
Y ) = dimCH

1(Y,OY ⊗ Ω2
Y ) = dimCH

1(Y,Ω2
Y ) = 0.

h0,2(Y,Ω2
Y ) = dimCH

2(Y,OY ⊗ Ω2
Y ) = dimCH

2(Y,Ω2
Y ) = 1.

By Serre duality, we get

ΩY ⊗ Ω2
Y � TY .

Since Y is an Enriques surface, we have

h1,0(Y,Ω2
Y ) = dimCH

0(Y,ΩY ⊗ Ω2
Y ) = dimCH

0(Y, TY ) = 0.
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h1,1(Y,Ω2
Y ) = dimCH

1(Y,ΩY ⊗ Ω2
Y ) = dimCH

1(Y, TY ) = 10.

h1,2(Y,Ω2
Y ) = dimCH

2(Y,ΩY ⊗ Ω2
Y ) = dimCH

2(Y, TY ) = 0.

Since Y is an Enriques surface, we obtain

Ω2
Y ⊗ Ω2

Y � OY .

h2,0(Y,Ω2
Y ) = dimCH

0(Y,Ω2
Y ⊗ Ω2

Y ) = dimCH
0(Y,OY ) = 1.

h2,1(Y,Ω2
Y ) = dimCH

1(Y,Ω2
Y ⊗ Ω2

Y ) = dimCH
1(Y,OY ) = 0.

h2,2(Y,Ω2
Y ) = dimCH

2(Y,Ω2
Y ⊗ Ω2

Y ) = dimCH
2(Y,OY ) = 0.

Thus we obtain

B =

∞∏
k=1

2∏
p,q=0

( 1

1− (−1)p+qxp+k−1yq+k−1tk)

)(−1)p+qhp,q(E,Ω2
E)

=

∞∏
k=1

( 1

1− xk−1yk+1tk)

)( 1

1− xkyktk)

)10( 1

1− xk+1yk−1tk)

)
=

∞∏
k=1

( ∞∑
a=0

(xk−1yk+1tk)a
)( ∞∑

b=0

(xkyktk)b
)10( ∞∑

c=0

(xk+1yk−1tk)c
)
.

Thus we have

B ≡
2∏

k=1

(1 + xk−1yk+1tk + x2k−2y2k+2t2k)× (1 + xkyktk + x2ky2kt2k)10×

(1 + xk+1yk−1tk + x2k+2y2k−2t2k) (mod t3)

≡
(
(1 + y2t+ y4t2)× (1 + xy3t2)

)
×(

(1 + 10(xyt+ x2y2t2) + 45(xyt+ x2y2t2)2)× (1 + x2y2t2)
)
×(

(1 + x2t+ x4t2)× (1 + x3yt2)
)
(mod t3)

≡
(
1 + y2t+ (xy3 + y4)t2

)
×
(
1 + 10xyt+ 56x2y2t2

)
×(

1 + x2t+ (x3y + x4)t2
)
(mod t3)

≡
(
1 + (10xy + y2)t+ (56x2y2 + 11xy3 + y4)t2

)
×(

1 + x2t+ (x3y + x4)t2
)
(mod t3)

≡ 1 + (x2 + 10xy + y2)t+ (x4 + 11x3y + 56x2y2 + 11xy3 + y4)t2 (mod t3).

Therefore the coefficient of x3yt2 of B is 11. The conjecture in [2, Conjecture 1] is not
established for Y an Enriques surface and L = Ω2

Y .
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[11] K. Oguiso and S. Schröer, Enriques Manifolds, J. Reine Angew. Math., 661 (2011), pp. 215–

235.
[12] H. Ohashi, On the number of Enriques quotients of a K3 surface, Publ. Res. Inst. Math. Sci.,

43:1 (2007), pp. 181–200.
[13] J. Steenbrink, Mixed Hodge structures on the vanishing cohomology, in “Real and Complex

Singularities”, Oslo, 1976, Sijthoff-Noordhoff, Alphen a/d Riln, pp. 525–563 (1977).
[14] C. Voisin, Hodge Theory and Complex Algebraic Geometry, I, Cambridge Studies in Advanced

Mathematics 76, Cambridge University Press, 2003.



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.7
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /CMYK
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments true
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<

    /BGR <>
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /CZE <>
    /DAN <>
    /DEU <>
    /ESP <>
    /ETI <>
    /FRA <>
    /GRE <>

    /HRV (Za stvaranje Adobe PDF dokumenata najpogodnijih za visokokvalitetni ispis prije tiskanja koristite ove postavke.  Stvoreni PDF dokumenti mogu se otvoriti Acrobat i Adobe Reader 5.0 i kasnijim verzijama.)
    /HUN <>
    /ITA <>
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /LTH <>
    /LVI <>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /POL <>
    /PTB <>
    /RUM <>
    /RUS <>
    /SKY <>
    /SLV <>
    /SUO <>
    /SVE <>
    /TUR <>
    /UKR <>
    /ENU (Use these settings to create Adobe PDF documents best suited for high-quality prepress printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


