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UNIVERSAL COVERING CALABI-YAU MANIFOLDS OF THE
HILBERT SCHEMES OF n POINTS OF ENRIQUES SURFACES*

TARO HAYASHIT

Abstract. The purpose of this paper is to investigate the Hilbert scheme of n points of an
Enriques surface from the following three points of view: (i) the relationship between the small
deformation of the Hilbert scheme of n points of an Enriques surface and that of its universal cover
(Theorem 1.1), (ii) the natural automorphisms of the Hilbert scheme of n points of an Enriques
surface (Theorem 1.4), and (iii) the number of distinct Hilbert schemes of n points of Enriques
surfaces, which has the same universal covering space (Theorem 1.7).
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1. Introduction. Throughout this paper, we work over C, and n is an integer
such that n > 2. A K3 surface K is a compact complex surface with wx ~ Ok
and H'(K,0Ok) = 0. An Enriques surface E is a compact complex surface with
HY(E,OF) = 0, H}(F,0p) = 0, and w$? ~ Op. A Calabi-Yau manifold X is an
n-dimensional compact kahler manifold such that it is simply connected, there is no
holomorphic k-form on X for 0 < k < n, and there is a nowhere vanishing holomorphic
n-form on X. By Oguiso and Schréer [11, Theorem 3.1], the Hilbert scheme of n points
of an Enriques surface E[™ has a Calabi-Yau manifold X as the universal covering
space of degree 2. Recall that when n = 1, E[Yl is an Enriques surface E, and X is a
K3 surface.

In this paper, we study the Hilbert scheme of n points of an Enriques sur-
face E[ from the relationship between E!"™ and its universal covering space X
(Theorem 1.1 and 1.7) and the natural automorphisms of E™ (Theorem 1.4).

Section 2 is a preliminary section. We prepare and recall some basic facts on the
Hilbert scheme of n points of a surface and show that for the universal covering space
X of EI, there is a quotient singular variety Z such that X is a resolution of Z
(Theorem 2.7).

In Section 3, we investigate the relationship between the small deformation of E™
and that of X. When n = 1, El!l is an Enriques surface E, and X is a K3 surface.
An Enriques surface has a 10-dimensional deformation space and a K3 surface has a
20-dimensional deformation space. Thus the small deformation of X is much bigger
than that of E. For n > 2, by using the result of Gottsche and Soergel [7, Theorem 2]
and the properties of the covering space X — E[ we compute the dimension of the
deformation space of X. Consequently, we obtain Theorem 1.1 which is different from
the case of n = 1:

THEOREM 1.1. Forn > 2, let E be an Enriques surface, EI" the Hilbert scheme
of n points of E, and X the universal covering space of E™. Then every small
deformation of X is induced by that of E!").

REMARK 1.2. By Fantechi [4, Theorems 0.1and 0.3], every small deformation
of El" is induced by that of E. Thus for n > 2, every small deformation of X is
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induced by that of FE.
In Section 4, we study the natural automorphisms of E".

DEFINITION 1.3. For n > 2 and S a smooth compact surface, any automorphism
f € Aut(S) induces an automorphism fI" € Aut(S"). An automorphism g €
Aut(S™) is called natural if there is an automorphism f € Aut(S) such that g = fI"l.

When S is a K3 surface, the natural automorphisms of S were studied by
Boissiere and Sarti [3]. They showed that an automorphism of S is natural
if and only if it preserves the exceptional divisor of the Hilbert-Chow morphism
[3, Theorem 1]. We obtain Theorem 1.4 which is similar to [3, Theorem 1]:

THEOREM 1.4. For n > 2, let E be an Enriques surface, and D the exceptional
divisor of the Hilbert-Chow morphism g : EM — EM™ - An automorphism f of E
is natural if and only if f(D) = D.

In Section 5, we compute the number of distinct Enriques surface type quotients
of X for a fixed X.

DEFINITION 1.5. For n > 1, let E be an Enriques surface, E[" the Hilbert
scheme of n points of E, and X the universal covering space of El™. A variety YV
is called an Enriques surface type quotient of X if there is an Enriques surface E’
and a free involution 7 of X such that Y ~ E'lI"l and E'™ ~ X/(r). Here we call
two Enriques surface type quotients of X distinct if they are not isomorphic to each
other.

Recall that when n = 1, EY is an Enriques surface E and X is a K3 surface. In
[12, Theorem 0.1], Ohashi showed the following theorem:

THEOREM 1.6. For any nonnegative integer 1, there exists a K3 surface with
ezactly 211710 distinct Enriques quotients. In particular, there does not exist a universal
bound for the number of distinct Enriques quotients of a K3 surface.

We obtain Theorem 1.7 which is different from Theorem 1.6 in the sense of the
Enriques surface type quotient:

THEOREM 1.7. Forn >3, let E be an Enriques surface, E" the Hilbert scheme
of n points of E, and X the universal covering space of E™. Then the number of
distinct Enriques surface type quotients of X is one.

REMARK 1.8. When n = 2, we do not count the number of distinct Enriques
surface type quotients of X. We compute the Hodge numbers of the universal covering
space X of EP (Appendix A).

In Proposition 5.2, we show that for n > 3, the covering involution of 7 : X — ElM
acts on H2(X, C) as the identity. In Proposition 5.5, by using Theorem 2.7 and 1.4, we
show that for n > 2, if an automorphism ¢ of X acts on H?(X, C) as the identity, then
¢ is a lift of a natural automorphism of El". In Proposition 5.9, by using Proposition
5.5 and checking the action to H'(X, Q3™ '), we classify involutions of X which act
on H?(X,C) as the identity. We prove Theorem 1.7 using those results.

In addition, let Y be a smooth compact Kéhler surface. For a line bundle L on
Y, by using the natural map Pic(Y) —Pic(Y™)), L — L,,, we put

hP(Y L) = dimeHY(YIM, Q8 @ Ly),
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hP9(Y, L) := dimcH(Y, Q8 ® L),

o0

A= Z pPa (Yl L )Py, and
n,p,q=0
(e o) 2 +
1 (=1)PTIRP4(Y,L)
B:=1] 11 (1 — (_1)p+qxp+k—lyq+k—ltk)) :
k=1 p,q=0

In [2, Conjecture 1], S. Boissiere conjectured that
A=B.

In the proof of Theorem 1.1, we obtain the counterexample to this conjecture for Y
an Enriques surface and L = Q3%.. See Appendix B for details.

Acknowledgements. I would like to express my thanks to Professor Keiji Ogu-
iso for his advice and encouragement and the referees for a very careful reading and
many helpful suggestions, especially, an improvement of the proof of Proposition 3.1
and the counterexample to the conjecture in [2, Conjecture 1].

2. Preliminaries. Let S be a nonsingular surface, S the Hilbert scheme of
n points of S, mg : S — S the Hilbert-Chow morphism, and pg : S* — S
the natural projection. We denote the exceptional divisor of mg by D. By Fogarty
[5, Theorem 2.4], S is smooth of dimeS™ = 2n.

Let A™ be the set of n-uples (x1,...,2,) € S™ with at least two x;’s equal, S?
the set of n-uples (z1,...,2,) € S™ with at most two x;’s equal. We put

S = ps(ST),
Al = pg(A™),
si = wgl(Si")),
A" = A" (S,
A = pg(AT), and

F = sl st

When n = 2, §2 = S%2, F = ) and Blowp25%/S; ~ S For n > 3, we have
BlowAf St/S, ~ SL"], and F' is an analytic closed subset and its codimension is 2 in
S by Beauville [1, page 767-768]. Here S,, is the symmetric group of degree n which
acts naturally on S™ by permuting of the factors.

Let E be an Enriques surface, E!" the Hilbert scheme of n points of E, and
7 : X — E[" the universal covering space. Let s : K — FE be the universal covering
space of E where K is a K3 surface, and A the pullback of A by the morphism:

p KM s (21, 20)] — (), ... pl(@,))] € BE™.
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Then we get a 2"-sheeted unramified covering space:
u(n)|K(n)\A . K(")\A N E(")\A(").

Furthermore, let T’ be the pullback of A by the natural projection pg : K™ — K.
Since I' is an algebraic closed set with codimension 2, then

1 opg s KM\ = EC\AM

is the 2"n!-sheeted universal covering space. Since EM\D = E™\A™ where D =
75 (AM), we regard the universal covering space

™ opr : KM\I' — EM\A™
as the universal covering space of E[" \D
1 opg : KM\I' - EM\D.

Since 7 : X \ 7~ (D) — E[™\ D is a covering space, and pu(™ opg : K"\T' — EM\ D
is the universal covering space, there is a morphism

w:K"\T = X\ 7 (D)
such that w : K"\I' — X \7~ (D) is the universal covering space and ;™ opg = mow:
K"\T —=% X\ = '(D)
E\ D.
We denote the covering transformation group of 7 o w by
G:={gecAut(K"\T'g) :mowog=mouw}.

Since deg(u(™ o px) = 2™n!, the order of G is 2"n!. Let o be the covering involution
of p: K — E. For

1<k<n, 1<ip<--<ip<n,

we define automorphisms oy, ;, of K™ in the following way: for z = (z;)", € K",

o(zj) Jje€{ir, .. ik}

the j-th component of oy, ;, (z) = ; ; j
T jg{lla"'alk}a

then S, C G, and {0y, ., }1<k<n, 1<iy<--<ir<n C G. Let H be the subgroup of G
generated by Sn and {Uij}1§i<j§n-

PROPOSITION 2.1. G is generated by Sy, and {04, . 4, F<k<n, 1<i1<...<ix<n-

Proof. We assume that

sot=s ot
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for some s,s" € S, and t,t' € {04, iy M<k<n, 1<is<--<ip<n- If 8§ # 8, then 8’1o s
Idgn. We take an element & = (Z;)f; € K™ with &; # Z; for 1 < i < j < n and
o(Z;) # & for 1 <i < j <n. Since sot =s"ot', we have s 1 os(x) =t ot7(x).
Thus for some ¢ where 1 <1i < n,

o(&i) € {Z;}j-1-

This contradicts the definition of Z. Therefore we get s = s’ and ¢t = t'. Since
|Sn| = 1!, {04, ix J1<k<n, 1<ii<..<iz<n] = 2", and |G| = 2™nl, G is generated by S,
and {04, i, J1<k<n, 1< <<ip<n. O

PROPOSITION 2.2. |H|=2""1nl.
Proof. For s € S,, and 0}, . j, € {0i,...ir }1<k<n, 1<i<--<ip<n, there are positive

numbers uq, . .., u; such that

{ug,...,ux} = {s_l(jl), .. .,s_l(jl)}, and up < - < ug.

Then we get 0j,..j, ©8 = 8§00y, u,. For arbitrary j, (i,j) oco; 0 (i,j) = 0j. Since H
is generated by S, and {0, }1<i<j<n, from Proposition 2.1 we obtain |G/H| = 2, i.e.
|H| =2""1nl. O

Recall that i : K — FE is the universal covering and o is the covering involution
of p. We put

KL, = (") H(ED),
where p™ 1 K™ 3 (z;)1y — (p(;)), € E™,

Tij :=A{(z)izy € KL, o(@) = a5,
Uiy = {(m)j=1 € K, 120 = 25},

T:= |J T, and

1<i<j<n

U .= U U’L]

1<i<j<n

When n = 2, K7, = K?, U = A% and T = {(z,y) € K* : o(z) = y}. By the
definition of K7, H acts on K}},. For an element & := (7;);; € UNT, some i, j, k,
with k # [ such that o(%;) = Z; and &, = Z;. Since o does not have fixed points.

Thus &; # Z;. Therefore u"(Z) ¢ EP. This is a contradiction. We obtain TNU = ().

LEMMA 2.3. Forte€ H and 1 <1i < j<mn, ift € H has a fizred point on Uj,
then t = (i,7) ort =idgn.

Proof. Let t € H be an element of H where there is an element & =
(Z;)'~, € U, such that t(£) = Z. By Proposition 2.1, for ¢ € H, there are
Tir i, €400, i Fi<k<n, 1<ii<--<iz<n a0d (j1,...,71) € S, such that

t=(j1,---,J1) 0 Tiy. iy
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From the definition of Uy, for (z;)]"; € Uyj,

{z1,...,zn N {o(z1),...,0(z,)} = 0.

Suppose oy, ... i, # idgn. Since t(Z) = &, we have

(Z1,.. ., Zn} N {0(F1),. .., 0(Fn)} £ 0.

This is a contradiction. Thus we have t = (j1,...,7). Similarly from the definition
of Ujj, for ()], € Uiy, if xg = x4 (1 < s <t <n), then s =4 and ¢t = j. Thus we
have t = (¢,7) or t = idgn. O

LEMMA 2.4. Fort € H and1 <i < j <mn, ift € H has a fized point on T;,
thent =050 (4,5) ort =idgn.

Proof. Let t € H be an element of H where there is an element 7 =
(%;)!~, € Tj; such that ¢(&) = Z. By Proposition 2.1, for ¢t € H, there are
Oy ..y € {Uil...ik}lgkgn, 1<ii<--<ip<n and (jl; . ,jl) € S,, such that

t= (.]1 .. .]l) @] Uil---ik'

Since (j,j+1)oo; 0 (j,j+1):Us; — Tj; is an isomorphism, and by Lemma 2.3, we
have

(ju] + 1) © 04,50 (.77] + 1) oto (.77]+ 1) © 04,50 (.77] + 1) = (Zaj) or 1dK”

If (j,j+1)ooijo(j,j+1)oto(j,j+1)oo;jo(j,j+1)=1idgn, then t =idgn. If
(J,j+1)oeoijo(jj+1)oto(jj+1)ooi;o(jj+1)=/(ij), then
t=0j+1)ooi;o(,j+1)o(ij)o(jj+1)ooi;o(jj+1)
=g+ eagijoli,j+1)eoijo(j+1)
=, j+1ooijrio(i,j+1)o(5i+1)
= 04,5 © (’L,])
Thus we have t = ¢, ; 0 (i,7). O

From Lemma 2.3 and Lemma 2.4, the universal covering map p induces a local
isomorphism

W™ Blowrup K7, /H — Bloway, ET/S, = EI".
Here Blow 4B is the blow up of B along A C B.

LEMMA 2.5. For every x € Ein}, |(ML"])*1(95)| =9,

Proof. For (z;)I, € A} C E™ with x; = x4, there are n elements yi,...,y, of
K such that y; = y2 and u(y;) = z; for 1 <i <n. Then

(L") (@i)iy) = {yr,0(y1)} x -+ x {yn, o (yn)}.

Since H is generated by S,, and {0y, }1<icj<n, for (2:)%; € (™)~ ((z:)7,) if the
number of ¢ with z; = y; is even, then

(Z’i)?ZI = {U(yl)v U(yQ)a Ys, ... 7yn} on K::LH/Ha and
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if the number of 7 with z; = y; is odd, then

(Z’i)?ZI = {U(yl)a Y2,Y3, .- ayn} on K:},u/H

Furthermore since o; ¢ H for 1 <i <mn,

{U(yl)a U(yQ)a Y3y oo 7yn} 7£ {U(y1>a Y2, Y35 - - - ayn}v on K:}#/H

[n]

Thus for every z € EM, we get |(ul)~1(z)| = 2. O

PROPOSITION 2.6. uLn] : Blowrou K, /H — Blowan E'/S, is the universal

covering space, and X \ 7 '(F) ~ BlowrouK7,/H. When n = 2, we have X ~
BIOWTuUK2/H.

Proof. Since pu" is a local isomorphism, from Lemma 2.5 we get that ul" is a

covering map. Furthermore 7 : X \ 7= 1(F) — EL"] is the universal covering space of
degree 2, uL"] : BlowTUUKf#/H — Blowar E]'/S,, is the universal covering space. By
the uniqueness of the universal covering space, we have X \7~!(F) ~ Blow7r,y K. S/ H.
When n = 2, since E? = E?, K2, = K? and Blowa:E?/S; ~ EP?, we have X ~
BIOWTuUK2/H. a

THEOREM 2.7. Forn > 2, let E be an Enriques surface, E™ the Hilbert scheme
of n points of E, and w : X — E" the universal covering space of E™. Then there
is a birational morphism px : X — K"/H such that o' (T/H) = 7='(D).

Proof. When n = 2, this is proved by Proposition 2.6. From here we assume that
n > 3. From Proposition 2.6, we have X \ 7' (F) ~ Blowryy K, /H. Since the

codimension of F' is 2, there is a meromorphim f of X to K™/H which satisfies the
following commutative diagram:

EM\F "2 g0

711\ PHT
X\ 7 Y(F) L Kk"/H

where 75 : E" — E( is the Hilbert-Chow morphism, and pg : K"/H — E™)
is the natural projection. For an ample line bundle £ on E(™, since the natural
projection py : K"/H — E™ is finite, py L is ample. From the above diagram,
we have 7 (15L) [ x\x—1(p)= f*(P};£). Since 7~ (F) is an analytic closed subset of
codimension 2 in X and pj; £ is ample, there is a holomorphism ¢x of X to K"/H
such that ¢x |X\7r*1(F): f |X\7r*1(F)- Since f : X\wfl(D) >~ (K™ \T')/H, this is a
birational morphism. O

3. Proof of Theorem 1.1. Let E be an Enriques surface, El"™ the Hilbert
scheme of n points of E, and 7 : X — E[" the universal covering space of F".
PROPOSITION 3.1. For n > 2, we have dimcH'(EM, Q¥ 1) = 0.

Proof. For a smooth projective manifold .S, we put

hP9(S) := dimcH? (S, Q%) and

h(S,z,y) = Z hP9(S)zPyd.

p.q
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By [7, Theorem 2] and [6, page 204], we have the equation (1):

1 )(_1)P+th,q(E)

Zthq EM YaPylt" = H H (1_ —1)ptagpth—lyath—1tk)

n=0 p,q k=1 p,q=0

Since an Enriques surface E has Hodge numbers h%°(E) = h*%(E) = 1, h'O(E) =
hOL(E) =0, h»°(E) = h%2(E) =0, and h'1(E) = 10, the equation (1) is

- 1 1 10 1
[n] n _
ZZW (B)aPytt H(l_xk Lyk— ltk)(l_xkyktk) (1_$k+lyk+ltk)'
=1

n=0 p,q

It follows that
hPa(EMY = 0 for all p, q with p # q.

Thus we have dim¢H!(EM, Q2171 =0 for n > 2. O

Eln]

THEOREM 3.2. Forn > 2, let E be an Enriques surface, E™ the Hilbert scheme
of n points of E, and X the universal covering space of E™. Then every small
deformation of X is induced by that of E".

Proof. In [4, Proposition4.2 and Theorems0.3], Fantechi showed that for
a smooth projective surface with H°(S,Ts) = 0 or H!(S,0s) = 0, and
H'(S,05(—Ks)) = 0, where Kg is the canonical divisor of S, then we get

dimcHY (S, Ts) = dimcH! (S, Tgpn).

Since an Enriques surface E satisfies H*(E, Tg) = 0 or H'(E,Og) = 0, and
HY(E,Op(—Kg)) = 0, we have dimcH'(E™, Tg.) = 10. Since K g is not trivial
and 2K g is trivial, we have

an l® K

Eln]

Therefore we have dimcH*(E™, QQE?TL ' ® Kpry) = 10. Since Kx is trivial, then we

have Ty ~ Q%g‘_l. Since 7 : X — El" is the covering map, we have
HE (X, Q%71 ~ HR(EM 7,020 1),
Since X ~ Spec Ogim @ Opmi (K gm) ([11, Theorem 3.1]), we have
HA(EM, 7,037 ~ BF BN Q2 @ (020 @ Kgwm)).
Thus
HF (X, Q1) ~ HYEM 025 6 (2! @ Kpm))
~ HH(EM Q2 e HR (BN, Q2 @ Kpgm).
Combining this with Proposition 3.1, we obtain

dimcH' (X, Q3 7") = dimcH' (B, Q217 @ K i)
= 10.
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Let p : ¥ — U be the universal family of E[™ and f : X — Y be the universal
covering space. Then ¢ : X — U is a flat family of X where ¢ := po f. Then we have
a commutative diagram:

Tuo —3 H (Yo, Ty,) == HY(E[", Tp))
x f L’*
Hl(XO,TXO) E— Hl(X, TX).

Since HY(E™ | Tym) ~ HY(X, Tx) by 7*, the vertical arrow 7 is an isomorphism and
dimcH" (X, Tx,) = dimcH' (X, Q3 ")

is a constant for some neighborhood of 0 € U, it follows that ¢ : X — U is the
complete family of Xy = X, therefore ¢ : X — U is the versal family of Xy = X. Thus
every small deformation of X is induced by that of E™. 00

4. Proof of Theorem 1.4. For n > 2, let E be an Enriques surface, El" the
Hilbert scheme of n points of E, m : X — E!" the universal covering space of El",
and D the exceptional divisor of the Hilbert-Chow morphism 7z : EI" — E(™) . First
we show that for an automorphism f of EI"l| f(D) = D if and only if f*(Opwm (D)) =
Opw (D) in H2(E C). Next, we show Theorem 1.4.

PROPOSITION 4.1. For any positive integer | € N we have

dimcH®(E™, O oy (ID)) = 1.

Proof. Since D is effective, we obtain dimcH(E™ Opwi (D)) > 1. Since
EMN\D ~ ECN\A®™ | and Qg (ID) ~ Ogy on EM\ D, we have

(75)+(Opa (ID)) 2 Oy on EMNAM,

where 75 : E" — E( is the Hilbert-Chow morphism. Since the codimension of
A™ is 2, and E™ is normal, we have T(EC\AM™ O py) = T(E™, Opm)). Since
Opgmi(ID)) is a local free sheaf, the restriction map:

D(EM, O (ID))) = T(EM\D, O (1D)))

is injective. Thus we obtain dimcHC(EM™, Op (ID)) = 1. 0

REMARK 4.2. Since H'(El" Op)) = 0, the map Pic(EM™) — H2(EM, C) is
injective. By Proposition4.1, and D is effective, we have that for an automorphism
¢ € Aut(EM), the condition ¢*(Ogm (D)) = Ogm (D) in H2(EM, C) is equivalent
to the condition ¢(D) = D.

Recall that o is the covering involution of i : K — E, mow: K*\T — EM\ D
is the universal covering space, and G := {g € Aut(K" \T') : mrowo g = mow} is the
covering transformation group of 7 o w.

PROPOSITION 4.3. Let f be an automorphism of E"\ D, and g1,...,g, auto-
morphisms of K such that (tow)o (g1 X -+ X gn) = fo(mow), where (g1 X -+ X gp)
is the automorphism of K™. Then we have g; = g1 or g; = g1 oo for each 1 <i < n.
Moreover g1 oo =0 ogj.
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Proof. We show the first assertion by contradiction. Without loss of generality,
we may assume that go # g1 and g2 # g1 0o 0. Let hy and ho be two morphisms of K
where g; 0 h; =idg and h;o0g; = idg for ¢ =1, 2. We define two morphisms H; » and
Hi s, from K to K? by

Hio: K > x s (hy(x), he(x)) € K?

H172)g K>zx— (hl(l'),O'O h2($)) € K2

Let Sy := {(z,y) : y = o(z)} be the subset of K2. Since h; # hy and hy # o o ha,
Hl_zl(Az) U Hizl)U(Sg) do not coincide with K. Thus there is 2’ € K such that
Hia(2') € A% and Hy2,(2') € S,. For 2’ € K, we put x; := h;(z') € K for i = 1,
2. Then there are some elements x3,...,2, € K such that (z1,...,2,) € K™\ T.
We have g((z1,...,2,)) € K™\I' by the assumption of z1 and xs. It is contradiction,
because g is an automorphism of K™\I'. Thus we have g; = g1 or g; = g1 o o for
1<i<n.

We show the second assertion. Since the covering transformation group of 7o w
is G, the liftings of f are given by

{gou:ue G} ={uog:ue G}

Thus for oy o g, there is an element oy,..;, © s of G where s € &, and t €
{Uil...ik}lgkgn, 1<i1<...<ip<n such that op o g = g o0 ., OS. If we think about
the first component of o1 o g, we have s = id and ¢ = 1. Therefore gooy 0g~! = 0y,

we have cog; = g1 00. O

THEOREM 4.4. For n > 2, let E be an Enriques surface, D the exceptional
divisor of the Hilbert-Chow morphism g : E"™ — E™ . An automorphism f of E!™
is natural if and only if f(D) = D, i.e. f*(Ogm (D)) = Opi (D) in H*(E" C).

Proof. Let f be an automorphism of E[ with f(D) = D. Then f induces an
automorphism of £ ["]\D. Since the uniqueness of the universal covering space, there
is an automorphism g of K™\I" such that Towog= fomow:

EW\ DL g\ D

WOWT WOWT

K"\T —2 5 K"\ T.

Since I' is an analytic set of codimension 2, and K™ is projective, g can be extended to
a birational automorphism of K™. By Oguiso [10, Theorem4.1], ¢ is an automorphism
of K™, and there are some automorphisms g1, ..., g, € Aut(K) and s € S,, such that
g=S0g1 X -+ X gy Since S, C G, we can assume that ¢ = g1 X -+ X g,. By
Proposition 4.3, we have g; = g1 or g1o0 for 1 <i <nand g;o0 = gog;. We denote

ggn] the induced automorphism of E[ given by g;. Then gl[”]|E[n]\D = flgrmnp-

Thus g%"] = f, i.e. f is natural. The other implication is obvious. O
5. Proof of Theorem 1.7. Let E be an Enriques surface, El" the Hilbert
scheme of n points of E, and 7 : X — E[" the universal covering space of El".

In Proposition 5.2, we shall show that for n > 3, the covering involution of
7 : X — E[ acts on H?(X,C) as the identity. In Proposition 5.5, by using Theorem
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2.7 and 1.4, we shall show that for n > 2, if an automorphism ¢ of X acts on H?(X, C)
as the identity, then ¢ is a lift of a natural automorphism of E[™. In Proposition 5.9,
by using Proposition 5.5 and checking the action to H'(X, Q3 ") = H>"~11(X), we
classify involutions of X which act on H?(X,C) as the identity. We prove Theorem
1.7 using those results.

LEMMA 5.1. Let X be a smooth complex manifold, Z C X a closed submanifold
whose codimension is 2, T : Xz — X the blow up of X along Z, E = 7=Y(Z) the
exceptional divisor, and h the first Chern class of the line bundle Ox, (E).

Then 7 : H?(X,C) — H2?(Xz, C) is injective, and

H?*(Xy,C) ~ H?(X,C) @ Ch.

Proof. Let U := X \ Z be an open set of X. Then U is isomorphic to an open
set U' = Xz \ E of Xz. As 7 gives a morphism between the pair (Xz,U’) and the
pair (X,U), we have a morphism 7* between the long exact sequence of cohomology
relative to these pairs:

H*(X,U,C) — H¥(X,C) —— H¥(U, C) ——— H¥1(X, U, C)
lT;(,U lf;c lﬁ*/ lT;(,U
H*(X;,U’,C) —— H¥(X4,C) — H*(U',C) —— H* (X4, U, C).

By Thom isomorphism, the tubular neighborhood Theorem, and Excision theorem,
we have

HY(Z,C) ~ H9™ (X, U, C), and

HY(E,C) ~ H1"?(X 4, U’,C).
In particular, we have

HY(X,U,C) =0 for  =0,1,2,3, and

H/ (X7, U',C)=0forl=0,1.
Thus we have
0 —— HY(X,C) —— HY(U,C) ————0
lT})U lﬁ*{ lﬁ*} JT},U
0 —— HY(Xz,C) —— HY(U’,C) —— HY(E, C),
and
0——H%(X,C) —— H3(U,C) —— 0

* * * x
J{Tx U L"x l"'u J{Tx U

HY(E,C) —— H?(Xz,C) —— H*(U’,C) —— H3(Xz,U’, C).
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Since 7 |y: U' =5 U, we have isomorphisms 777 : H*(U, C) ~ H*(U’, C). Thus we
have

dimcH?(X 7, C) = dimcH?*(X,C) + 1, and

7 H*(X,C) — H?(Xz,C) is injective,
and therefore we obtain
H?*(Xz,C) ~ H*(X,C) @ Ch.
a

PROPOSITION 5.2. Suppose n > 3. For the covering involution p of the universal
covering space ™ : X — EM | the induced map p* : H*(X,C) — H?*(X,C) is the
identity.

Proof. Since the codimension of 7=1(F) is 2, we get
H?(X,C) 2 H*(X \ n ! (F),C).

By Proposition 2.6, X \ 7' (F) ~ Blowruu K7, /H.
Let 7 : Blowpyy K}, — K7, be the blow up of K, along TUU,

hi; the first Chern class of the line bundle Opiow v K7, (r~H(Uy))),
and
kij the first Chern class of the line bundle Oglowroy K7, (77 H(Ty)).

By Lemma 5.1, we have
H?(Blowr y KT,,C) = H*(K",C) @ ( &b Chij>@( 45 (Ckz-j)
1<i<j<n 1<i<j<n
Since n > 3, there is an isomorphism
(J,j+ 1D ooijo(4,j+1):U; ;Tij.
Thus we have dimcH?*(Blowruy K2, /H,C) = 11, ie.dim¢H?*(X,C) = 11. Since
H2(EM,C) = H2(X,C)*", p* is the identity. O

PROPOSITION 5.3. For any positive integer | € N we have

dimcH® (X, Ox (In*(D))) = 1.

Proof. From Propositin 4.1 we obtain dimcH°(X,Ox(I7*(D))) > 1. Like the
proof of Proposition 4.1, we have dimcH?(X, Ox (I7*(D))) = 1. from Theorem 2.7. [

REMARK 5.4. Since H'(X,Ox) = 0, the map Pic(X) — H?(X,C) is injec-
tive. By Proposition5.3, and 7=1(D) is effective, for an automorphism ¢ € Aut(X),
the condition p*(Ox(7*D)) = Ox(7*D) in H?(X, C) is equivalent to the condition
p(r~ (D)) = =~ 1(D).
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Recall that w : K™\ T' — X \ 7~ (D) is the universal covering space.

PROPOSITION 5.5. Forn > 2, let E be an Enriques surface, E™ the Hilbert
scheme of n points of E, 7 : X — E" the universal covering space of E!", and D
the exceptional divisor of the Hilbert-Chow morphism wg : EM — B,

For an automorphism ¢ of X with f*(O(r*D)) = O(r*D) in H*(X,C), there
is an automorphism ¢ of E such that ¢ is a lift of ¢[™ where ¢!™ is the natural
automorphism of E™ induced by ¢. Furthermore, if the order of ¢ is 2, then the
order of ¢ is at most 2.

Proof. Let ¢ be an automorphism of X with p*(O(r* D)) = O(7*D) in H?(X, C).
By Remark 5.4, 30|X\W71(D) is automorphism of X \ 7~!(D). By the uniqueness of the
universal covering space, there is an automorphism g of K™\I" such that pow =wog:

X\ 7 YD) —= X\ 7 YD)

| |

K"\T —2 5 K" \T.

Like the proof of Proposition 4.3, we can assume that there are some automorphisms
g; of K such that g = g1 X -+ X g, foreach 1 <i <mn, g = g1 or g; = g1 o 0, and
groo =0o0g. Since g; 00 =0 ogi, g1 induces an automorphism ¢ of E. Let ¢ is
the natural automorphism of E[™ induced by ¢. Then we have rowo g = @™ omow:

[n]
Eln] \D¢—>E["] \ D

FOWT TFO(—U/{\

K"\T —2— K" \T.
Since p ow = w o g, we have ¢ o 7w = 7o

¢[”]
EM\D——— FE"I\ D

| |

X\ 7 YD) —= X\ 7 1(D).

We assume that the order of ¢ is 2. Since w = p? ow = w o g%, we get g € H. Now
g=g1 X -+ Xgp, foreachl1 <i<n,g;=g¢g10rg,=g100,and gioo =ocog;. Thus
we have g? = idg or 0. By [9, Lemma1.2], we have g7 = idg. Therefore the order of
¢ is at most 2. O

DEFINITION 5.6. Let S be a smooth surface. An automorphism ¢ of S is numeri-
cally trivial if the induced automorphism ¢* of the cohomology ring over Q, H*(S, Q)
is the identity.

We suppose that an Enriques surface E' has numerically trivial involutions. By
[9, Proposition 1.1], there is just one numerically trivial involution of F, denoted wv.
For v, there are just two involutions of K which are liftings of v, one acts on H? (K, Q%)
as the identity, and another acts on H?(K, Q%) as —idgo(x,qz2 ), We denote by vy and
v_, respectively. Then they satisfies v, = v_ o 0.
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Let v[™ be the automorphism of E[ which is induced by v. For vl there are
just two automorphisms of X which are liftings of v, denoted ¢ and ¢’, respectively:

oln]

El Uy plnl
T C(Cl) T
X—X.

Then they satisfies ¢ = ¢’ oo. As the proof of Proposition 5.5, each order of ¢ and ¢’ is
2. From here, we classify involutions acting on H?(X,C) as the identity by checking
the action to H2"~1L1(X, C).

LEMMA 5.7. dimcH?"~ (K" /H,C) = 10.
Proof. Let o be the covering involution of y: K — E. Put
HEY(K,C) := {a € H*Y(K,C) : 0" () = £a} and

RPYK) := dimcHYY(K, C).
Since K is a K3 surface, we have

h(K) =1, h"(K) =0, B*°(K) =1, k" (K) = 20,
ROO(K) =1, hY(K) = 0, h2°(K) = 0 b} (K) = 10,

Let
Ai=A{(s1,- sn,t, - tn) € 222% DX =2n—1, %7 4t; = 1}.
From the Kiinneth Theorem, we have
H2n71,1(Kn,(C) ~ @ <® Hsi,ti(K, (C))
(51,7 y8nyt1, e sty )EA Ni=1

We take a base o of H*Y(K, C) and a base {3;}72, of H"}(K,C) such that {3;}12, is
a base of HY'(K, C) and {6;}72,, is a base of HY'' (K, C). Let

Bi = ®6j

Jj=1

where €; = « for j # i and ¢; = §; for j =4, and

v =P B
j=1

Then {7;}?°, is a base of H>""L1(K™ C)%*. Since o*a = —a, o*f; = —f; for
1 <i<10,and o*3; = f; for 11 <1 < 20, we obtain

O':‘J")/Z =i fOI‘ 1 S 7 S 10, and
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U;‘j% = —; for 11 <1 < 20.

Since H*"~L1(K"/H,C) ~ H>" LY (K", C)" and H = (S, {0ij }1<i<j<nT), We ob-
tain

10
H*" =YK /H,C) = P Cyi.
1=1

Thus we get dimcH?"~bY(K™/H,C) =10. 0

REMARK 5.8. By Theorem 2.7, there is a resolution ¢x : X — K"/H. Then
oy  HPY(K"/H,C) — H?(X,C) is an injective (see [13]). By Lemma 5.7, % :
H?~LY(K"/H,C) — H?*"~L1(X, C) is an isomorphism.

Recall that 7 ow : K™\ T' — E[™\ D is the universal covering space.

PROPOSITION 5.9. We suppose that E has a numerically trivial involution, de-
noted v. Let vl™ be the natural automorphism of EM™ which is induced by v. Since
the degree of m: X — EM is 2, there are just two involutions ¢ and ¢’ of X which
are lifts of vI™. Then ¢ and ' do not act on H**~11(X,C) as —idp2n-1.1(x,c)-

Proof. Since v["(D) = D, v[”]|E[n]\D is an automorphism of E[™ \ D. By the
uniqueness of the universal covering space, there is an automorphism g of K™\ T such
that v omow =mowoyg:

ol
E"I\ D 2 — EM\ D
K"\T —2 5 K" \T.

By Proposition 4.3, there are some automorphisms g; of K such that g = g1 x--- X g,
foreach 1 <i<m,g;=g10rg, =g100,and g oo = 0o g;. By Theorem 2.7, we
get K" \T'/H ~ X \ 7~ }(D). Put

Ut even = Ul X =+ X Up
where
u; = vy or u; = v_ and the number of ¢ with u; = vy is even.

U even 18 an automorphism of K™ and induces an automorphism ’U:;;Zn of K™\
I'/H. We define automorphisms U odd, U— evens and v_ oqq of K™ \T'/H in the same
way. Since 0;; € H for 1 <i < j <n, and vy =v_ oo, if n is odd,

U4 ,0dd = V— even; U4 ,even — U— odd, and V4 odd 7£ Vi evens

and if n is even,

U+ 0dd = U= odd; U+,even = U— cven and U4 odd 7é U4 even-

Since v(™ o = g ovl™ and K" \T'/H ~ X \ 7~1(D), we have v or = 100} Lau
and v om = 7o U:;;n where 7 : E"l — E( is the Hilbert-Chow morphism, and
v(" is the automorphism of E(™ induced by v. Since the degree of 7 is 2, we have
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{6,5"} = {04 odds Ut oven }- By [9, page 386-389], there is an element a+ € H"' (K, C)
such that v% (at) = £ay. We fix a basis o of H*%(K, C), and let

n

a4, 1= ®€j

Jj=1

where €; = a for j # i and €; = ot for j =1, and

n
ax = Paz,.
Jj=1

Since K" \T/H ~ X \ 7~ (D), and by the definition of U, g4 and v} cyen, we have

*

Uroad (9 (03)) = ¢ (a3) and 0% cen (0% (a2)) = i (aZ).

Thus ¢ and ¢’ do not act on H?"~11(X C) as —idpzn-11(x,c)- O

DEFINITION 5.10. For n > 1, let E be an Enriques surface, E!" the Hilbert
scheme of n points of E, and X the universal covering space of El™. A variety YV
is called an Enriques surface type quotient of X if there is an Enriques surface E’
and a free involution 7 of X such that ¥ ~ E'["l and E'™ ~ X/(r). Here we call
two Enriques surface type quotients of X distinct if they are not isomorphic to each
other.

THEOREM 5.11. Forn > 3, let E be an Enriques surface, E'" the Hilbert scheme
of n points of E, and X the universal covering space of EM™. Then the number of
distinct Enriques surface type quotients of X is one.

Proof. Let p be the covering involution of 7 : X — El™ for n > 3. Since
for n > 3 dimcH?(EM,C) =dimcH?*(X,C) = 11, dimcH?>"~L1(E'" C) = 0, and
dimcH?" =11 (X, C) = 10, we obtain that p* acts on H?(X,C) as the identity, and
Hznfl’l()(7 (C) as —idH2nfl,1(X_’C).

Let ¢ be an involution of X, which acts on H?(X,C) as the identity and on
H?~L1(X, C) as —idgzn-11(x,c)- By Proposition 5.5, for ¢, there is an automorphism
¢ of E such that ¢ is a lift of ¢l where ¢[ is the natural automorphism of F™
induced by ¢. Furthermore since the order of ¢ is at most 2, the order of ¢ is 2. Since
oMo =mo g, ¢IM* acts on H?(E!™ C) as the identity. Thus ¢* acts on H?(E, C)
as the identity. If F does not have numerically trivial automorphisms, then ¢ = idg.
Thus ¢ = p.

We assume that ¢ does not the identity map. Then ¢ is numerically trivial.
Then ¢ = v and ¢ € {(,¢’}. By Proposition 5.9, we obtain that ¢ does not act on
H2~L1(X, C) as —idp2n-1.1(x,c)- This is a contradiction. Thus ¢ = idg, and we get
@ = p. This proves the theorem. O

THEOREM 5.12. Forn > 2, let 7 : X — E™ be the universal covering space.
For any automorphism ¢ of X, if ©* is acts on H*(X,C) := @?20 HY(X,C) as the
identity, then ¢ =idx.

Proof. By Proposition 5.5, for ¢, there is an automorphism ¢ of E such that ¢ is a
lift of ¢[™ where ¢[™ is the natural automorphism of E" induced by ¢. Since ¢* acts
on H2(X,C) as the identity, ¢* acts on H?(FE,C) as the identity. From [9, page 386-
389] the order of ¢ is at most 4.
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If the order of ¢ is 2, by Proposition 5.9 ¢ does not act on H2"~11(X,C) as the
identity. This is a contradiction.

If the order of ¢ is 4, there is an element o/ € H"'(K,C) such that g¥(o/,) =
+v/—1a’ from [9, page390-391]. Like the proof of Proposition 5.9, ¢ does not act
on H?>"~L1(X C) as the identity. This is a contradiction. Thus we have ¢ = idg
and ¢ € {idx,p}. Since p does not act on H**~11(X C) as the identity, we have
Y = idx. ]

COROLLARY 5.13. Forn > 2, let 7 : X — E be the universal covering space.
For any two automorphisms f and g of X, if f* = g* on H*(X,C), then f = g.

THEOREM 5.14. For n > 3, let E be an Enriques surfaces, E™ the Hilbert
scheme of n points of E, m: X — E the universal covering space. Then there is an
exact sequence:

0 — Z/27Z — Aut(X) — Aut(EM) = 0.
Proof. Let f be an automorphism f of X. We put g = f~topo f. Since forn >3
p* acts on H*(X,C) as the identity and on H**~"!(X) as —idgzn-1.1(x), we get that
g* = p* as automorphisms of H?(X,C) @ H?>"~%(X). Like the proof of Theorem

5.12, we have g = p, i.e. fop=po f. Thus f induces a automorphism of EI", and
we have an exact sequence:

0 — Z/27 — Aut(X) — Aut(EM) — 0.
a

6. Appendix A. We compute the Hodge number of the universal covering space
X of EPl. Let o be the covering involution of y: K — E, and 7 : Blowaur K2 — K?
the natural map, where T = {(z,y) € K? : y = o(z)} and A = {(z,2) € K?}. By
Proposition 2.6, we have

X ~ BlowaurK?/H.

We put

For two inclusions

iDA : DA — BlowAuTKQ, and

ipy : Dr = BlowaurK?,
let j.p, be the Gysin morphism
jupa : HP(Da,C) — HPT2(Blowaur K2, C),
j«Dy the Gysin morphism

Jupy : HP(Dp,C) — HPT?(BlowaurK?,C), and



1116 T. HAYASHI

Y :=T"+jupa 0 T|py + JeDr © T|Dy

the morphism from HP(K?2 C) & HP~2(A,C) & HP~2(T,C) to HP(BlowaurKk?,C).
From [14, Theorem 7.31], we have isomorphisms of Hodge structures by :

H*(K?,C) @ H*3(A,C) @ H* (T, C) ~ H*(Blowaur K2, C).

Furthermore, for automorphism f of K, let f (resp. f,) be the automorphism of
Blowau7r K? which is induced by f x f (resp. f x (f o), fa the automorphism of A
which is induced by f x f, fr the automorphism of 7" which is induced by f x f, and
f the isomorphism from 7" to A which is induced by f x (f o o). For a € H*(K2,C),
B € H*(A,C), and v € H*(T, C), we obtain

() =7 ((f x ) a),

f*Gepa 0 TIDyB) = Juna © TIDA (FAD),

f*(j*DT © T|BT’7) = j*DT © TlET(f;”V)a

fo(rma) =7°((f x (fo0) ),

f;(j*DA o TlEAﬁ) = j*DT o TlEA (f*ﬁ)v
in H*(Blowaur K2, C).

THEOREM 6.1. For the universal covering space 7 : X — EP we have h®°(X) =
1, h2O(X) =0, h*°(X) =0, hMY(X) =12, B39(X) =0, R21(X) =0, K*O(X) =1,
h31(X) =10, and h*?(X) = 131.

Proof. Since X ~ BlowaurK?/H, we have
hP4(X) = dime{a € H?4(BlowaurK?,C) : h*a =a for h € H}.
Let o be the covering involution of y: K — E. We put

HEY(K,C) := {a € H*Y(K,C) : 0" () = £a} and

RBPYK) := dimcHY (K, C).
From E = K/(o), we have
HP(E,C) ~ HR(K,C).
Since K is a K3 surface, we have

ROYK) =1, %K) =0, h*°(K) =1, and h"'(K) = 20, and
ROO(K) =1, LK) = 0, h2°(K) = 0, and h' (K) = 10, and

ROY(K) =0, hY(K) =0, h*°(K) =1, and h*°(K) = 10.
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Recall that H is generated by Sy and o7 2. Since 0 x 0(A) = A and 0 x o(T) =T,
from E = K/{c) we have A/H ~ E and T/H ~ E. Thus we have

ROYA/H) =1, h°(A/H) =0, B*°(A/H) =0, W' (A/H) = 10,

RONT/H) =1, WO(T/H) = 0, W*°(T/H) = 0, and (T /H) = 10.
From the Kiinneth Theorem, we have

HM(K?,C)~ €  HY(K,C)@H""(K,C), and
st+u=p,t+v=q

HP(K?/H,C) ~ {a € H?Y(K?,C) : s*(a) = v for s € Sy and 07 5(a) = .
Thus we obtain

ROO(K?/H) =1, h"(K?/H) =0, h*°(K?/H) = 0, h"'(K?/H) = 10,
R¥O(K?/H) =0, h*Y(K?/H) =0, h*°(K?/H) =1,

Y K?/H) =10, and h**(K?/H) = 111.
We fix a basis 8 of H*?(K,C) and a basis {7;}12, of H"'(K, C), then we have
10
H* (K?/H,C) ~ (P CB Y +7 © B).
i=1
By the above equation, we have

hO0(BlowaurK2/H) = 1, h"°(Blowaur K2 /H) = 0,
h*°(BlowaurK?/H) = 0, kb (Blowaur K2 /H) = 12,
R3O BlowaurK?/H) = 0, h*!' (BlowaurK?/H) = 0,
0 (Blowaur K2/H) = 1, h*'(Blowaur K2/H) = 10, and
h*?(BlowaurK?/H) = 131.

Thus we obtain A%0(X) = 1, h19(X) = 0, h20(X) = 0, K1} (X) = 12, B30(X) = 0,
h21(X) =0, h40(X) =1, k¥ (X) = 10, and h>2(X) = 131. O
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7. Appendix B. Now we show that the conjecture in [2, Conjecture 1] is not
established for Y an Enriques surface and L = Q3.

Let Y be a smooth compact Kéhler surface. Recall that Y™ is the Hilbert scheme
of n points of Y, 7y : Y — Y (") the Hilbert-Chow morphism, and py : Y — Y™
the natural projection. For a line bundle L on Y, there is a unique line bundle £ on
Y (™ such that L =Qr, p™ L. By using pull back we have the natural map

Pic(Y) — Pic(Y!"™), L — L, :=n}.L.
we put

pP(Y L) = dimcHY(YM, Q7 ) @ Ly),

hP4(Y, L) := dimcHY(Y, Q8 ® L),

A= Z Ry L) 2Py, and
n,p,q=0
o0 2 +
1 (~1P R (Y.L
5= 11 (1 _ (_1)p+qxp+k—1yq+k—1tk)) :

k=1p,q=0
Then in [2, Conjecture 1] S. Boissiere conjectured that
A= B.

For Y an Enriques surface and L = Q%., as in the proof on Theorem 3.2 and the Serre
duality, we have

PPt Y (03),) = dimeH' (Y, Q20 @ OF1))
= dimcH (Y™, Ty 1))
= 10.

for n > 2. Tt follows that the coefficient of z3yt? of A is 10.
We show that the coefficient of z3yt? of B is not 10.

RO(Y, Q%) = dimcHO(Y, Oy ® QF) = dimcH"(Y, 03 ) = 0.
ROHY, 03) = dimcH' (Y, Oy ® QF) = dimcH (Y, Q3) = 0.

h2(Y,Q5) = dimcH?*(Y, Oy ® QF) = dimcH?*(Y,Q3) = 1.
By Serre duality, we get
Oy @ Q3 ~ Ty.
Since Y is an Enriques surface, we have

REO(Y, 03 ) = dimcHY(Y, Qy ® QF) = dimcH?(Y, Ty) = 0.
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REY(Y,03) = dimcHY (Y, Qy ® Q3) = dimcH' (Y, Ty) = 10.

RE2(Y,03) = dimcH?(Y, Qy ® QF) = dimcH*(Y, Ty) = 0.
Since Y is an Enriques surface, we obtain

22 @0 ~Oy.
h20(Y, %) = dimcHY(Y, 0% © Q%) = dimcHO(Y, Oy) = 1.
REHY, Q%) = dimcHY (Y, Q2 ® Q%) = dimcH' (Y, Oy ) = 0.

R*2(Y,0%) = dimcH?(Y, Q3 ® Q3) = dimcH?*(Y, Oy) = 0.

Thus we obtain

B

)<—1>P+%P’Q<E,9%>

p+q P+k 1 q+k 1 tk
,q=0 €z y )

I
3

>
Il
—

I
8

~
Il
—

I
8

P
1 10 1
(1 xh-1 k+1tk))(1—xkyktk)) (l—x’”lyk*ltk))

i k—1 k+1tk )(i(xkyktk)b)10(i(xk+lyk—ltk)c>'

b=0 c=0

E
Il

—
o

a=

Thus we have

(1 4 xkflykJrltk 4 $2k72y2k+2t2k) % (1 4 .’L’kyktk 4 $2ky2kt2k)10><

s
Il
—

$k+1yk71tk 4 x2k+2y2k72t2k) (mod t3)

—_
=l
+ =

1+ %+ ) x (1 + xy3t2)) X

1+ 10(xyt + 22y2t%) + 45(xyt + 22y%t3)?) x (1 + x2y2t2)) X

—_ T~ T~

1+ 2%t 4 2%?) x (1 + x?’th)) (mod %)
1+ y%t + (ay® + y4)t2) X (1 +10zyt + 56x2y2t2) X

1+ 2%t + (2%y + x4)t2) (mod t3)

Il
N T N T NN TN TN

1+ (10zy + )t + (562%y* + 11zy® + y4)t2) X

(1 + 22t + (23y + x4)t2) (mod t3)
=1+ (2 + 10zy + yH)t + (2 + 1123y + 562%y> + 11zy® + y*)t? (mod t3).

Therefore the coefficient of 23yt? of B is 11. The conjecture in [2, Conjecture 1] is not
established for Y an Enriques surface and L = Q3.
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