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QUANTISING PROPER ACTIONS ON SPIN“-MANIFOLDS*

PETER HOCHS' AND VARGHESE MATHATL#

Abstract. Paradan and Vergne generalised the quantisation commutes with reduction prin-
ciple of Guillemin and Sternberg from symplectic to Spin®-manifolds. We extend their result to
noncompact groups and manifolds. This leads to a result for cocompact actions, and a result for
non-cocompact actions for reduction at zero. The result for cocompact actions is stated in terms of
K-theory of group C*-algebras, and the result for non-cocompact actions is an equality of numerical
indices. In the non-cocompact case, the result generalises to Spin©-Dirac operators twisted by vector
bundles. This yields an index formula for Braverman’s analytic index of such operators, in terms of
characteristic classes on reduced spaces.
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1. Introduction. Recently, Paradan and Vergne [30, 31] generalised the quan-
tisation commutes with reduction principle [13, 25, 26, 28, 36, 39] from the symplectic
setting to the Spin®-setting. In this paper, we extend their result to noncompact
groups and manifolds. Whereas Paradan and Vergne use topological methods, we
generalise Tian and Zhang’s analytic approach [15, 36] to possibly non-cocompact ac-
tions on Spin“-manifolds. This approach generalises to Spin“-Dirac operators twisted
by vector bundles, and implies an index formula for Braverman’s analytic index [7]
of such operators. For cocompact actions, we generalise and apply the K K-theoretic
quantisation commutes with induction methods of [17, 18]. Applications of our re-
sults include a proof of a Spin“version of Landsman’s conjecture [21], and various
topological properties of the index of twisted Spin®-Dirac operators for possibly non-
cocompact actions.

The compact case. Cannas da Silva, Karshon and Tolman noted in [8] that
Spin“-quantisation is the most general, and possibly natural, notion of geometric
quantisation. This version of quantisation has a much greater scope for applications
than geometric quantisation in the symplectic setting. It was shown in Theorem 3
of [8] that Spin®-quantisation commutes with reduction for circle actions on compact
Spin“-manifolds, under a certain assumption on the fixed points of the action. Paradan
and Vergne’s result generalises this to actions by arbitrary compact, connected Lie
groups, without the additional assumption made in [8].

Paradan and Vergne considered a compact, connected Lie group K acting on a
compact, connected, even-dimensional manifold M, equipped with a K-equivariant
Spin“-structure. For a Spin®Dirac operator D on M, they defined the Spin®-
quantisation of the action as

?{pinc (M) — K-indeX(D)a
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which lies in the representation ring of K, and computed the multiplicities m, in

E’(pinc(M) = @ M.

Tref(

These multiplicities are expressed in terms of indices of Spin®-Dirac operators on
reduced spaces

My = (A" () /K,

where £ € £*, and the Spin®-momentum map p: M — € is a generalisation of the
momentum map in symplectic geometry.

The cocompact case. We first generalise this result to proper cocompact ac-
tions by a Lie group G on a manifold M, i.e. actions for which M/G is compact.
This is achieved by applying the quantisation commutes with induction machinery of
[17, 18] to it, together with a Spin®-slice theorem. In the cocompact case, one can
define Spin“-quantisation using the analytic assembly map, denoted by G-index, from
the Baum—Connes conjecture [2]:

%pinc (M) := G-index(D) € K.(C*G),

where K,(C*G) is the K-theory of the maximal group C*-algebra of G. This no-
tion of quantisation was introduced by Landsman [21] in the symplectic setting. He
conjectured that quantisation commutes with reduction at zero in that case.

To obtain a statement for reduction at nonzero values of the momentum map, we
apply the natural map

re: K (C*G) = K (CrG),

where C*G is the reduced C*-algebra of G. The group K,(C!G) has natural genera-
tors [A], which have representation theoretic meaning in many cases. The first main
result in this paper, Theorem 4.7, yields an expression for the multiplicities m) in

r (QEP (M) =D malA]. (1.1)
A

The non-cocompact case. In the symplectic setting, the invariant part of ge-
ometric quantisation was defined in [15] for possibly non-cocompact actions. Braver-
man [7] then combined techniques from [6] and [15] to extend this definition to general
Dirac operators, and proved important properties of the resulting index. We gener-
alise the main result from [15] from symplectic to Spin®-manifolds. In addition, we
obtain a generalisation to Spin®-Dirac operators twisted by arbitrary vector bundles
E — M. This allows us to express Braverman’s index of such operators in terms of
topological data on M.

To be more precise, let Df be the Spin®-Dirac operator on M, twisted by E
via a connection on E, for the Spin®-structure whose determinant line bundle is the
p’th tensor power of the determinant line bundle of a fixed Spin®-structure. Then in
Theorem 6.12, we obtain the index formula

index DF = /M ch(Eg)e?(Fo) A(My), (1.2)
0
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for p € N large enough, where index® denotes Braverman’s index [7]. Here Ey :=
(El(uv)-1(0))/G, and Lo := (L|(,v)-1(0))/G- This equality holds if My is smooth, and
a generalisation of the Kirwan vector field has a cocompact set of zeros. This implies
that My is compact. If M and G are both compact, analogous results were obtained
in [32, 37].

If M/G is noncompact, it is not clear a priori how to define a topological couter-
part to Braverman’s index. Gromov and Lawson [11] face a similar problem in their
study of Dirac operators on noncompact manifolds. They define a relative topological
index, representing the difference of the indices of two operators satisfying their cri-
teria, although these indices are not defined for each operator separately. They prove
that the relative topological index equals the difference of the analytical indices of
the operators in question (Theorem 4.18 in [11]). Localisation to (1Y )~1(0) allows us
to give the topological expression (1.2) for the index of a single twisted Spin®-Dirac
operator, i.e. an ‘absolute’ rather than a relative index formula.

Applications and examples. If M/G is compact, Theorem 6.8 implies that the
main result of [24], which to a large extent solves Landsman’s conjecture mentioned
above, generalises to the Spin©-setting. We give a way to construct examples where our
results apply, from cases where the group acting is compact. The main result (1.1) in
the cocompact case has a purely geometric consequence, not involving K-theory and
C*-algebras. A special case of this consequence is an expression for the formal degree
of a discrete series representation in terms of an A—type genus of the corresponding
coadjoint orbit. Finally, the index formula (1.2) allows us to draw conclusions about
topological properties of the index of twisted Spin®-Dirac operators. These include
an excision property, and a twisted version of Hirzebruch’s signature theorem in the
noncompact case.

Outline of this paper. In Section 2, we first briefly recall the definition of
Spin®-Dirac operators. Then we state the definition of Spin®-reduction as in [30, 31],
and define stabilisation and destabilisation of Spin®-structures in terms of the two
out of three lemma. We give conditions for reduced spaces to have naturally defined
Spin‘-structures in Section 3. We also discuss a Spin®-slice theorem, and its relation
to Spin®-reduction.

Section 4 contains the statements of Paradan and Vergne’s result from [30, 31],
and our main result on cocompact actions, Theorem 4.6. This result is proved in
Section 5.

The main result for untwisted Spin®-Dirac operators for possibly non-cocompact
actions, Theorem 6.8, is stated in Section 6. It is proved in Sections 7 and 8. The
index formula for Spin“-Dirac operators twisted by vector bundles is also stated in
Section 6, and is proved in Section 9.

Finally, in Section 10, we mention some applications of the main results, and a
way to construct examples where they apply.
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Notation and conventions. We will denote the dimension of a manifold Y by
dy . If a group H acts on Y, we denote the quotient map Y — Y/H by g, or by i to
emphasise which group is acting. For a finite-dimensional representation space V' of
H, we write Vy for the trivial vector bundle Y x V' — M, with the diagonal H-action.
(So that, for proper, free actions, Vy /H — Y/H is the vector bundle associated to
the principal fibre bundle Y — Y/H.)

Part I. Preliminaries.

2. Dirac operators and reduced spaces. In this section, we review the
constructions of Spin®-Dirac operators and Spin°-momentum maps. These Spin®-
momentum maps were introduced by Paradan and Vergne [30, 31], and can be used
to define reduced spaces, which play a central role in the results in this paper. We
mention the two out of three lemma, which we will use to construct Spin“-structures
on these reduced spaces in Section 3.

2.1. Dirac operators. Let G be a Lie group, acting properly on a manifold
M. Let E — M be a real, G-equivariant vector bundle of rank r. Then a G-
equivariant Spin®-structure on E is a right principal Spin®(r)-bundle Py — M with a
left action by G, together with a G x Spin®(r)-equivariant buncle map Pr — GLF(FE).
Here GLF(E) is the frame bundle of E, on which Spin®(r) acts via the natural map
m: Spin(r) — SO(r). Then we have a G-equivariant vector bundle isomorphism

Ppx,R"=FE.

The standard orientation and Euclidean metric on R" induce an orientation and metric
on F in this way. We will usually refer to Pg as a Spin‘-structure on FE, without
making explicit mention of the map Pr — GLF(E). A Spin®-structure on M is
by definition a Spin‘-structure on TM. Many, but not all, oriented manifolds have
Spin‘“-structures, see e.g. Appendix D of [22].

If A, is the standard Spin representation of Spin®(r), then the spinor bundle of the
Spin“-structure Pg is the G-equivariant, Hermitian vector bundle P Xgpine(r) &r —
M. Let det: Spin®(r) — U(1) be the map given by [g,2] + 22, for g € Spin(r)
and z € U(1). Then the determinant line bundle of the Spin®-structure is the G-
equivariant, Hermitian line bundle Pr X 4ot C — M.

Suppose M is equipped with a G-equivariant Spin®-structure. Let L — M be the
associated determinant line bundle, and let a G-invariant, Hermitian connection V
on L be given. Let & — M be the spinor bundle associated to the Spin“-structure
on M. The connection V and the Levi-Civita connection on TM (associated to the
Riemannian metric induced by the Spin®-structure), together induce a connection V
on S, as discussed for example in Proposition D.11 in [22]. The construction of the
connection V¢ involves local decompositions

Sly =8P @ L/

on open sets U C M, where S[S]pin is the spinor bundle associated to a local Spin-
structure, to which the Levi—Civita connection lifts.
Let

c¢: TM — End(S)
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be the Clifford action. Identifying T*M = T'M via the Riemannian metric, one gets
an action

c:T"M®S8S — S.

The Spin®-Dirac operator associated to the Spin®-structure on M and the connection
V on L is then defined as the composition

D:T(8) Y2 Q'(M;8) & T(S).

Write dps := dim(M). If {ey,...,eaq, } is a local orthonormal frame for TM, then,
locally,

dnm
D= Z c(ej)ij.
j=1

For certain arguments, we will also need the operator D, on the vector bundle
Sp =S ® LP, defined in the same way by a connection on S, which is induced by the
Levi-Civita connection and V, via local decompositions

Sylu = S5 @ LpH/2, (2.1)
Note that S, is the spinor bundle of the Spin®-structure on M obtained by twisting
the original Spin“-structure by the line bundle L? (see e.g. (D.15) in [22]).

2.2. Momentum maps and reduction. A Spin°-momentum map is a gener-
alisation of the momentum map in symplectic geometry. It was used by Paradan and
Vergne in [30, 31]. (See also Definition 7.5 in [3].)

For X € g, let XM be the induced vector field on M, and let £E be the Lie
derivative of sections of any G-vector bundle £ — M.

DEFINITION 2.1. The Spin®-momentum map associated to the connection V is
the map

WV M= gt
defined by!
omipy = Vxu — L% € End(L) = C*(M), (2.2)
for any X € g. Here uY denotes the pairing of pV with X.

The notion of a Spin®~-momentum map is a special case of the notion of an abstract
moment map, as for example in Definition 3.1 of [12]. This is an equivariant map

M —g*

such that for all X € g, the pairing ®x of ® with X is locally constant on the set
Crit(X M) of zeros of the vector field X™. A Spin°~-momentum map is an abstract
moment map in this sense. This was already noted in the introduction to [28], and fol-
lows from the following well-known fact, whose proof is a straightforward verification.

'In [30, 31], a factor —i/2 is used instead of 27i. Our convention is consistent with [15, 36].
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LEMMA 2.2. For any G-equivariant line bundle L — M and a G-invariant
connection V on L, and any X € g, one has

2miduy = RY (=, X™),
with RV the curvature of V.

Analogously to symplectic reduction [23], one can define reduced spaces in the
Spin‘-setting.

DEFINITION 2.3. For any £ € g*, the space
Mg = (17)7H(€)/Ge = (u7)7H(Ad(G)E) /G

is the reduced space at &.

As in the symplectic case, the stabiliser G¢ acts infinitesimally freely on p=1(¢),
if € is a regular value of V. Since Mg 2 (V)71 (€)/Gg, this implies that the reduced
space M¢ is an orbifold if £ is a regular value of 1V, and the action is proper.

LEMMA 2.4. In the setting of Lemma 2.2, let £ € g* be a regular value of pY .
Then for all m € p=1(€), the infinitesimal stabiliser g, is zero.

Proof. In the situation of the lemma, let X € g,,. Then for all v € T, M, we saw
in Lemma 2.2 that

1
T om

<Tmﬂv(v)7X> = U(M)v()(m) Rrvn(va%) =0,

since XM = 0. Because T,V is surjective, it follows that X = 0. 0

(See Lemma 5.4 in [12] for a version of this lemma where G is a torus and pV is
replaced by any abstract momentum map.)

2.3. Stabilising and destabilising Spin“-structures. To study Spin®-
structures on reduced spaces, we will use the notions of stabilisation and destabil-
isation of Spin®-structures. These will also be used to obtain a Spin©-slice theorem in
Subsection 3.2.

Stabilisation and destabilisation are based on the two out of three lemma.

LEMMA 2.5. Let E.F — M be oriented vector bundles with metrics, over a
manifold M. Then Spin®-structures on two of the three vector bundles E, F and
E& F determine a unique Spin®-structure on the third. The determinant line bundles
Lg, Lr and Lrgr of the respective Spin®-structures are related by

Leper =Lg ® LF.

Proof. See e.g. Section 3.1 of [35]. The uniqueness part of the statement refers to
the constructions given there. O

REMARK 2.6. Suppose a group G acts on the vector bundles £ and F' in Lemma
2.5, and the two Spin‘-structures initially given in the lemma are G-equivariant. Then
the Spin®-structure on the third bundle, as constructed in Section 3.1 of [35], is also
G-equivariant. Here one uses the fact that the actions by G on the spinor bundles
associated to the Spin®-structures on FE, F' and E @ F are compatible, since they are
induced by the actions by G on E and F.
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DEFINITION 2.7. In the setting of Lemma 2.5, suppose E and F have Spin®-
structures. Let Pg be the Spin®-structure on E. Then the resulting Spin°-structure
on F @ F is the stabilisation

StabF(PE) — M.

If ' and E& F have Spin®-structures, and Pggr is the Spin®-structure on E& F,
then the resulting Spin®-structure on F is the destabilisation

DestabF(PE@p) — M.

The terms stabilisation and destabilisation are motivated by the case where F
is a trivial vector bundle. See also Section 3.2 in [35], Lemma 2.4 in [8] and Section
D.3.2 in [12].

We will use the following properties of stabilisation and destabilisation of Spin®-
structures.

LEMMA 2.8. Let E, F — M be vector bundles with Spin®-structures over a man-
ifold M. Then

Stabg o Destabp = id;
Destabg o Stabp = id;
Stabp o Stabp = Stabpgr;
Destabg o Destabp = Destabgg r .

SRS

~ o~~~
N N NN
o — —

(Here id means leaving Spin®-structures on the relevant bundles unchanged.)

Proof. The relations (2.3) and (2.4) follow from the uniqueness part of Lemma
2.5. The explicit constructions in Section 3.1 of [35] imply that (2.5) and (2.6) hold. O

3. Spin‘-structures on reduced spaces. Consider the setting of Subsection
2.2. One can define quantisation of smooth or orbifold reduced spaces using Spin®-
structures induced by the Spin“-structure on M. If G is a torus, these are described
in Proposition D.60 of [12]. In general, we will see that the Spin“-structure on M
induces one on reduced spaces at Spin®-regqular values of the Spin°-momentum map
uV. In Proposition 3.5, we give a relation between Spin‘-regular values and usual
regular values. We then discuss how Abels’ slice theorem for proper actions can be
used in the Spin®-context, and how it is related to Spin‘-reduction. The proofs of the
main statements in this section will be given Section 5.

3.1. Spin“-regular values. For ¢ € g* we will denote the quotient map
(1Y) ~1(€) = M by q.

DEFINITION 3.1. A value & € puV (M) of Y is a Spin®-regular value if
o (1V)71(¢) is smooth;
e G¢ acts locally freely on (uV)~1(€); and
e there is a G¢-invariant splitting

TM|uvy-1(e) = ¢"TMe © N*,

for a vector bundle N* — (V) ~1(€) with a Ge-equivariant Spin-structure.
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REMARK 3.2. The third point in Definition 3.1 appears to have a choice of the
bundle A¢ in it, but these are all isomorphic; the condition is really that the quotient
bundle

TM|(uoy-1(6)/ 4" TMe

has a G¢-equivariant Spin-structure.

Note that a Spin-structure is equivalent to a Spin®-structure with a trivial de-
terminant line bundle. In the equivariant setting, an equivariant Spin-structure is
equivalent to a Spin“-structure with an equivariantly trivial determinant line bundle.
Indeed, if the determinant line bundle of a Spin®-structure is equivariantly trivial,
then its spinor bundle equals the spinor bundle of the underlying Spin-structure as
equivariant vector bundles.

LEMMA 3.3. If € is a Spin®-regular value of 1V, then the Spin®-structure on M
induces an orbifold Spin®-structure on Mg, with determinant line bundle

Lg = (L|(#V)—1(§))/Gf — Mg

Proof. We generalise the proof of Proposition D.60 in [12] to cases where G may
not be a torus.

We apply the equivariant version of Lemma 2.5 (see Remark 2.6) to the vector
bundles ¢*T' M, and N° €. This yields a Ge-equivariant Spin“-structure on ¢*T' Me, with
determinant line bundle L|(,v)-1(¢). On the quotient Mg, this induces an orbifold
Spin“-structure, with determinant line bundle L¢. O

REMARK 3.4. If G¢ acts freely on (pV)~1(€), then one can also use the Spin®-
structure

(PM|(#V)—1(§))/G£ —>M5, (3.1)

on (T'M|,v)-1(¢))/Ge, where Pyy — M is the given Spin®-structure on M. The
determinant line bundle of (3.1) is L¢. By the assumption on N, Lemma 2.5 yields
a Spin“-structure on T'M, with the same determinant line bundle.

If G¢ only acts locally freely on (1V)~!(€), then one would need an orbifold
version of Lemma 2.5 to use this argument.

In the language of Definition 2.7, the Spin“-structure Py, on M¢ induced by the
Spin“-structure Py; on M equals

PM5 = Destab e (PM|(MV)—1(£))/G5. (3.2)

In Definition 3.1, it was not assumed that & is a regular value of xV in the
usual sense, since this will not necessarily be the case in the situation considered in
Subsection 3.2. If £ is a regular value, then the first two conditions of Definition 3.1
hold by Lemma 2.4. One can use the following fact to check the third condition.

PROPOSITION 3.5. Suppose that & is a reqular value of 1, and that
e G and G¢ are unimodular;
o there is an Ad(Ge)-invariant, nondegenerate bilinear form on g;
o there is an Ad(Ge)-invariant subspace V' C g such that

g=gcDV;

and



QUANTISING PROPER ACTIONS ON SPIN¢-MANIFOLDS 639

o there is an Ad(Ge)-invariant complex structure on V.
Then € is a Spin°-regular value of 1" .

ExXAMPLE 3.6. If g¢ = g, then the last two conditions in Proposition 3.5 are
vacuous. Therefore,
e if G is Abelian, any regular value of 1V is a Spin‘-regular value;
e if 0 is a regular value of 1V, and G is semisimple, then 0 is a Spin‘-regular
value. This holds more generally if G is unimodular and g admits an Ad(G)-
invariant, nondegenerate metric.

EXAMPLE 3.7. If G is unimodular, and G¢ is compact (i.e. { is strongly elliptic),
then one can use an Ad(G¢)-invariant inner product on g. Together with the standard
symplectic form on

V=g =g/gc = Te(G - €),
this induces an Ad(Ge)-invariant complex structure on V' (see e.g. Example D.12 in
[12]).
For semisimple Lie groups, strongly elliptic elements and coadjoint orbits cor-

respond to discrete series representations, under an integrality condition. (See also
[29].)

REMARK 3.8. If the bilinear form in the second point of Proposition 3.5 is positive
definite on g¢, then one can take V = gé‘, and the third condition in Proposition 3.5
holds.

If, on the other hand, the bilinear form is positive definite on V', then one has an
induced Ad(G¢)-invariant complex structure on V (as in Example 3.7), so the fourth
condition in Proposition 3.5 holds.

We will prove Proposition 3.5 in Subsection 5.1.

3.2. Spin“-slices. Let G be an almost connected Lie group, and let K < G be
a maximal compact subgroup. Let M be any smooth manifold, on which G acts
properly. Then Abels showed (see p. 2 of [1]) that there is a K-invariant submanifold
(or slice) N C M such that the map [g,n] — ¢ - n is a G-equivariant diffeomorphism

G xg N =M.
Explicitly, the left hand side is the quotient of G x N by the K-action given by
k- (g,n) = (gk™" kn),

forke K,ge Gandn € N.

Fix an Ad(K)-invariant inner product on g, and let p C g be the orthogonal
complement to €. After replacing G by a double cover if necessary, we may assume
that Ad: K — SO(p) lifts to

Ad: K — Spin(p). (3.3)

Indeed, consider the diagram

K _Ad Spin(p)
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where
K :={(k,a) € K x Spin(p); Ad(k) = n(a)};

ik (k,a) = k;

Ka(k, a) :=a,
for k € K and a € Spin(p). Then for all k € K,

Tt (k) 2 77 H(Ad(K)) & Zs,
so mk is a double covering map. In what follows, we will assume the lift (3.3) exists.
It was shown in Section 3.2 of [17] that a K-equivariant Spin‘-structure Py on

N induces a G-equivariant Spin®-structure Py; on M. In terms of stabilisation of
Spin‘-structures (Definition 2.7), one has

Pyt = G X Staby  (Pw). (3.4)
Here py — N is the trivial vector bundle N x p — N, equipped with the K-action
k(n,X) = (kn,Ad(k)X),
for k€ K, ne€ N and X € p. It has the K-equivariant Spin-structure
N x Spin(p) = N, (3.5)

with the diagonal K-action defined via the lift (3.3) of the adjoint action. To show
that (3.4) defines a Spin®-structure on M, one uses the isomorphism

TM =G xg (TN@]JN) (36)

(see Proposition 2.1 and Lemma 2.2 in [17]).

Analogously to Section 2.4 in [17] in the symplectic setting, the construction (3.4)
is invertible. Indeed, given a G-equivariant Spin®-structure Py; — M on M, consider
the K-equivariant Spin®-structure

Py = Destapr(PM|N) — N (37)
on N. Here we again use (3.6).
LEMMA 3.9. The constructions (3.4) and (3.7) are inverse to one another.

Proof. Starting with a K-equivariant Spin®-structure Py — N on N, we see that
(2.4) implies that

Destaby,, ((G x i Staby (Py))|n) = Destaby, (Staby (Px)) = Pu.

On the other hand, suppose Py; — M is a G-equivariant Spin“-structure on M. Then
we have by (2.3),

G XK Stapr (Destapr(PM|N)) =G XK (PM|N)7
which is ismorphic to Pys via the map [g, f]+— ¢ f, for g € G and f € Py|y. O

Combining Abels’ theorem and Lemma 3.9, we obtain the following Spin®-slice
theorem.

PrOPOSITION 3.10. For any G-equivariant Spin®-structure Py; on a proper G-
manifold M, there is a K-invariant submanifold N C M and a K -equivariant Spin©-
structure Py — N such that M = G xg N, and

PM =G XK Stapr(PN).
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3.3. Reduction and slices. Consider the situation of Subsection 3.2, and fix
N and Py as in Proposition 3.10. To relate Spin“-reductions of the actions by G on
M and by K on N, we will use a relation between Spin°-momentum maps for these
two actions. Let LM — M and LV — N be the determinant line bundles of Py
and Py, respectively. Let VM be a G-invariant Hermitian connection on L™ let
j: N < M be the inclusion map, and consider the connection V¥ := j*V™ on LV,
Let MVM: M — g* and qu: N — £* be the Spin“-momentum maps associated to
these connections. Let Resf: g" — £ be the restriction map.

LEMMA 3.11. One has
1. LN = LM|N,'
2. LM = G xx IV
3. V= Resy ouvM|N;
4. if V" (n) € & for allm € N, then

1Y (lg,n) = Ad* ()Y (n), (3.8)
forallge G andn € N.

In the fourth point of this lemma, and in the rest of this paper, we embed * into
g* as the annihilator of p.

Proof. The Spin-structure (3.5) on py induces a Spin®-structure with equivari-
antly trivial determinant line bundle LP¥ — N. Since

PN = Destapr (PM|N)7
Lemma 2.5 implies that
LN = LN @ LP~y = LM|y.

So the first claim holds, and the second claim follows from this: LM = G - LM|N =
G x K LN.
To prove the third claim, we use the first claim, and note that for all X € ¢,

. N N M . M
oriny =V, — L = (vggM "y )‘mm) = 27ipy |

The fourth claim follows from the third. O

In the symplectic case, it was shown in Proposition 2.8 of [17] that one may take
N = (u¥")~1(¢*). Then the condition in the fourth point of Lemma 3.11 holds, so
one has (3.8). In the Spin®-setting, we use an arbitrary slice N. In Subsection 5.2,
we show that a K-invariant connection VY on LY induces a G-invariant connection
VM on LM such that the condition in the fourth point of Lemma 3.11 is satisfied (see
Lemma 5.3). From now on, we suppose that V* was chosen in this way, so that (3.8)
holds.

In that case, a regular value of ,qu is not necessarily a regular value of ,uvM.
Indeed, any tangent vector to M at [e,n], for n € N, is of the form T\, ,,)q(X,v) =
X, +v, for X € gand v € T,N. Using (3.8) one computes that

Tiean™ " (Xt +v) = ad*(X) (17" (0)) + Tupt™ " (v).

e,n]
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If, for example, qu (n) =0, then T[e)anM can only be surjective if g = €, even if 0

is a regular value of qu. However, all regular values of MVN are Spin‘-regular values
M
of uV .

PrOPOSITION 3.12. If £ is a regular value of ,qu, then it is a Spin‘-regular
value of uvM.

Note that by the third point of Lemma 3.11, £ is a regular value of qu if and
only if it is a regular value of Res} o,uvM. Fix € € £* satisfying this condition, and let
Py, — Mg be the Spin“-structure on Mg as in Lemma 3.3.

There is another way to define a Spin“-structure on M, using the following fact.

PROPOSITION 3.13. Suppose G is reductive. Then for any n € €, the inclusion
map map N — M induces a homeomorphism

N, = M,

Since £ is a regular value of MVN, Proposition 3.5 implies that the Spin®-structure
on N induces a Spin“-structure on N¢, which equals M. In the proof of Theorem
4.6, we will use the fact that the two Spin® structures Pys, and Py, are the same.

PROPOSITION 3.14. The Spin®-structures Py, and Py, on Mg = N¢ are equal.

Propositions 3.12-3.14 will be proved in Subsections 5.2-5.4.

We end this section by mentioning a compatibility property of stabilising and
destabilising Spin-structures with the fibred product construction that appears in the
slice theorem. This property will be used in the proof of Proposition 3.14. Suppose
H < (G is any closed subgroup, acting on a manifold N, and let E — N be an H-vector
bundle with an H-equivariant Spin®-structure Pg — N. Then G xg P — G xg N
is a G-equivariant Spin“-structure for the G-vector bundle G Xy E — G x g N (see
Lemma 3.7 in [17]). In the proof of Proposition 3.14, we will use the fact that this
construction is compatible with stabilisation and destabilisation.

LEMMA 3.15. In the above setting, let F — N be another H-vector bundle.
1. If Pr — N is an H-equivariant Spin®-structure on Pg, then

G XH StabE(PF) = StabGXHE(G XH PF)
2. If Pegr — N is an H-equivariant Spin©-structure on Prgr, then

G xg DestabE(PE@p) = DestabGXHE(G X g PE{BF)-

Proof. The first point follows from the explicit constructions in Section 3.1 of [35].
Here one uses the fact that the spinor bundle associated to G Xy Pr is G Xy Sg,
where Sg — N is the spinor bundle associated to Pg. This is compatible with the
grading operators.

The second point can be proved in a similar way, or deduced from the first point,
by using the fact that destabilisation is the inverse of stabilisation, as in (2.3) and
(24). 0
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REMARK 3.16. We have only considered the principle Spin®(r)-bundle part P —
X of a Spin“-structure on a vector bundle £ — X of rank r over a manifold X, not
the isomorphism

Pg X Spin® (r) R" = FE.

If F is the tangent bundle to X, then this isomorphism determines the Riemannian
metric on X induced by the Spin“-structure. For cocompact actions, where we will
apply the material in this subsection, the index of the Spin®-Dirac operator is inde-
pendent of this metric, however.

Part II. Cocompact actions.

4. The result on cocompact actions. The main result on cocompact actions
is Theorem 4.6, which states that that Spin°-quantisation commutes with reduction
at K-theory generators. In this section, we state Paradan and Vergne’s result for
compact groups and manifolds in [30, 31], and Theorem 4.6 for cocompact actions.
We will deduce Theorem 4.6 from Paradan and Vergne’s result in Section 5.

We keep using the notation of Section 2.

4.1. The compact case. First of all, we define Spin°-quantisation of sufficiently
regular reduced spaces, which will always be compact in the settings we consider. Let
¢ be a Spin‘-regular value of uV. Then by Lemma 3.3, the reduced space M is
a Spin“-orbifold. Suppose that M is compact and even-dimensional. Let Dy be
the Spin®-Dirac operator on Mg, defined with the connection on the determinant
line bundle L¢ — M induced by a given connection on the determinant line bundle
L — M.

DEFINITION 4.1. The Spin‘-quantisation of M is the index of Dy,

QP (M) := index(Dyy,) € Z.

This index is the usual one if M¢ is smooth, and the orbifold index [19] in general.

Now suppose that G = K is compact and connected. Suppose that M is even-
dimensional, and also compact and connected. Since M is even-dimensional, the
spinor bundle S splits into even and odd parts, sections of which are interchanged by
the Spin®-Dirac operator D. Because M is compact, this Dirac operator has finite-
dimensional kernel, and one can define

(M) = K-index(D) = [ker D¥] — [ker D7] € R(K), (4.1)

where DT are the restrictions of D to the even and odd parts of S, repectively, and
R(K) is the representation ring of K.

Let T < K be a maximal torus, with Lie algebra t C €. Let t} C t* be a choice
of (closed) positive Weyl chamber. Let R be the set of roots of (fc,tc), and let RT
be the set of positive roots with respect to t} . Set

1
PK = 3 Z Q.
aeRt
Let F be the set of relative interiors of faces of t} . Then

t = Ua,

oceF
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a disjoint union. For o € F, let £, be the infinitesimal stabiliser of a point in o. Let
R, be the set of roots of ((EU)C, t(c), and let R} := R, N RT. Set

pU::% Z a.

aeRj

Note that, if o is the interior of t} , then p, = 0.
For any subalgebra b C €, let (h) be its conjugacy class. Set

He = {(te); € € £}
For (h) € He, write

F(h) :={o e Fi(t;) = ()}

Let (8M) be the conjugacy class of the generic (i.e. minimal) infinitesimal stabiliser
£M of the action by K on M. Note that by Lemma 2.4, one has (¢) = 0 if ¥ has
regular values.

Let Ay C it" be the set of dominant integral weights. In the Spin®-setting, it is
natural to parametrise the irreducible representations by their infinitesimal characters,
rather than by their highest weights. For A € A, + pg, let 7& be the irreducible
representation of K with infinitesimal character A, i.e. with highest weight A\ — px.
Then one has, for such A,

QSpinC (K- \) = ﬂ-i(’

see Lemma 2.1 in [30] or Lemma 4.1 in [33].
Write

Py = P malrkl,

>\€A++PK

with my € Z. Then Paradan and Vergne proved the following expression for my in
terms of reduced spaces.

THEOREM 4.2 ([30], Theorem 3.4; [31], Theorem 1.4). Suppose ([tM £M]) =
([bv b])) fOT (b) S HE. Then

ma= Y Q¥ (Myy,). (42)

oceF(h) s.t.
A—ps €0

Here the quantisation Q5P (M,_, ) of the reduced space? M,_,_ is defined in
Section 4 of [30] and Section 5 of [31], which includes cases where Lemma 3.3 does
not apply, and reduced spaces are singular.

If the generic stabiliser £V is Abelian, Theorem 4.2 simplifies considerably. As
noted above, this occurs in particular if 4V has a regular value. More generally, this
simplification holds if [, €] is Abelian, which is true if there is a & € pV (M) N €*
such that €¢ is Abelian.

2for ¢ € it*, we write Mg := Mg ;.
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COROLLARY 4.3. If [eM €M] is Abelian, then

my = QSpinC (M)\)

Proof. If one takes h =t in Theorem 4.2, then F(h) only contains the interior of
t} . Hence p, = 0, for the single element o € F(h). O

In particular, if 0 is a regular value of uV, then the invariant part of the Spin-
quantisation of M is

WK = Q5P (M), (4.3)

K

sice T‘—PK

is the trivial representation.

4.2. The cocompact case. Now suppose M and G may be noncompact, but
M/G is compact. Then Landsman [14, 21] defined geometric quantisation via the
analytic assembly map from the Baum—Connes conjecture [2]. This takes values in the
K-theory of the maximal or reduced group C*-algebra C*G or C}G of G. Landsman’s
definition extends directly to the Spin® case.

DEFINITION 4.4. If M/G is compact, the Spin®-quantisation of the action by G
on M is

P (0) = G-index(D) € K.(C*Q), (4.4)
where G-index denotes the analytic assembly map.

In this definition, the maximal C*-algebra C*G of G was used. By applying the
map

ry: K (C*'G) = K. (CrG)

induced by the natural map r: C*G — C}G, one obtains the reduced® Spin°-
quantisation

SGpinc (M), = r.( %pinc (M)) € K.(C:G).

(This is equal to (4.4), if G-index denotes the assembly map for C*G, but we include
the map r, to make the distinction clear.) If G is compact, then K,(C*G) and
K. (CrG) equal the representation ring R(G) of G. Then the above definitions of
Spin‘-quantisation and reduced Spin“-quantisation both reduce to (4.1).

Landsman used the reduction map

Ry: K. (C"G) = Z
induced on K-theory by the continuous map
C*'G — C,

which on C.(G) C C*G is given by integration over G. If G is compact, then
Ry: R(G) — Z is taking the multiplicity of the trivial representation. Landsman
conjectured that

Ro(Qc(M)) = Q(Mo), (4.5)

3Note that the word ‘reduced’ and the map 7. used here have nothing to do with reduction; this
is just an unfortunate clash of terminology.
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in the symplectic case (if M is smooth). Here quantisation is defined as in Definition
4.4, where D is a Dirac operator coupled to a prequantum line bundle.

This conjecture was proved by Hochs and Landsman [14] for a specific class of
groups G, and by Mathai and Zhang [24] for general GG, where one may need to
replace the prequantum line bundle by a tensor power. As a special case of Theorem
6.8, we will obtain a generalisation to the Spin“-setting of Mathai and Zhang’s result
on the Landsman conjecture (see Corollary 10.1). This asserts that (4.5) still holds
for Spin“-quantisation, for large enough powers of the determinant line bundle, and
a connection on this bundle. (See Subsection 6.3 for questions about p-shifts in this
context. )

4.3. Reduction at nonzero values of ;Y. Landsman’s conjecture was ex-
tended to reduction at K-theory classes corresponding to nontrivial representations
in [17, 18]. Here one works with reduced quantisation, with values in K,(C}QG).

Because we will deduce the result in this subsection from Paradan and Vergne’s
result in [30, 31], we now adopt their convention concerning the definition of the
momentum map:

1

2#; = VXZ\/I - Eg‘(

Le., the factor 27 in (2.2), which was chosen for consistency with [15, 36], is replaced
by —i/2. We use this convention in the present subsection, and in Section 5.

Suppose G is almost connected, and let K < G be a maximal compact subgroup.
For now we suppose that the lift (3.3) exists. In Subsection 4.4 we explain how to
remove this assumption by using a double cover of G. With notation as in Subsection
4.1, one has

REK)= P zf]

)\GA++PK

Set d := dim(G/K). By the Connes—Kasparov conjecture, proved in [9] for almost
connected groups, the Dirac induction map

D-Ind% : R(K) — K4(C*G)

is an isomorphism of Abelian groups, while K;41(C*G) = 0. In other words, the
K-theory group K.(C}@G) is the free Abelian group generated by

[A] := D-Ind% [x%], (4.6)

for A € AL + pk, and these generators have degree d. For G semisimple with discrete
series, ‘most’ of the generators [\] are associated to discrete series representations
[20]. If G is complex-semisimple, they are associated to families of principal series
representations [34]. See also [18].

Since Kq+1(C:G) = 0, it follows that Q%pinc (M), = 0 if dp; and d have different
parities. (Recall that we set dps := dim(M).) So assume dpr — d is even. In [18], the
case where M carries a (pre)symplectic form was considered. It was conjectured that
quantisation commutes with reduction at any A € Ay + pg, in the sense that

Spin’ (A1), = Z Q(My)[N € Kq(CrG). (4.7)

)\GA+ +pK
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It was assumed that the momentum map image has nonzero intersection with the
interior of a positive Weyl chamber, to simplify the p-shifts that occur (analogously
to the way Theorem 4.2 simplifies to Corollary 4.3). We will not make this assumption
in Theorem 4.6.

In the symplectic setting, a formal version of quantisation, defined as the right
hand side of (4.7), was extended to non-cocompact actions and studied in [16].

Replacing G by a double cover if necessary, we may assume the lift (3.3) of the
adjoint action by K on p exists. Let the slice N C M and the Spin®-structure Py — N
be as in Proposition 3.10. Since M/G is compact, N is compact in this case. We
choose a connection VM on LM such that (3.8) holds.

To quantise singular reduced spaces for actions by reductive groups, we extend
Definition 4.1 by using the homeomorphism of Proposition 3.13 and Paradan and
Vergne’s definition in the singular case. Recall that qu is the Spin“-momentum map
for the action by K on N.

DEFINITION 4.5. If GG is reductive and £ € £* is a singular value of ,uVN, then
CgSpimC (Mg) — QSpinc (Ng),

where Q5P"°(N¢) is defined as in Section 4 of [30] and Section 5 of [30].

Note that different choices of IV lead to homeomorphic reduced spaces by Propo-
sition 3.13. If £ is a regular value of MVN, then Definition 4.1 applies by Proposition
3.12. Because of Proposition 3.14, one has QSPin (Mg) = QSpin* (N¢) in that case, so
Definitions 4.1 and 4.5 are consistent.

Paradan and Vergne’s result generalises to the cocompact setting in the following
way.

THEOREM 4.6 (Spin® quantisation commutes with reduction; cocompact case).
If M and G are connected, G is reductive, dyy — d is even, and the lift (3.3) exists,
then

QP (M) = > malN, (4.8)

)\€A++PK
with my given by (4.2).

As noted before, if dy; — d is odd, then QSGpinc (M), = 0. The case where the lift
(3.3) does not exist is treated in Subsection 4.4.

This result will be proved in Section 5. We will use the constructions in Subsec-
tions 3.2 and 3.3 and a quantisation commutes with induction result to deduce it from
Paradan and Vergne’s result. In the symplectic setting, an additional assumption was
needed in [17] to apply a similar kind of reasoning. The authors view this as a sign
that it is very natural to study the quantisation commutes with reduction problem in
the Spin‘-setting.

4.4. Double covers of G. So far, we assumed that the lift (3.3) exists, and
noted this is true for a double cover of G. Theorem 4.6 also holds without this
assumption, however, as we will explain now. _

Let 7g: G — G be a double cover for which (3.3) exists. Write K := 7' (K).
Let u € ker mg be the nontrivial element. Set

Repin(K) :={V € R(IN();u acts trivially on V @ A, }.
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Then for V' € Rgpin(K), we can view V ® A, as a (virtual) representation of K. For
such V, we can define the Dirac operator Dg/K on the vector bundle Gx g (V®A,) —

G/K, as in the definition of Dirac induction. Its image under the assembly map is by
definition the element

D-Ind%[V] € K4(CIG).
Let Ay C 4t* be the dominant weight lattice as in Subsection 4.1. Let K+ C ait”
be the dominant weight lattice for (K, 7" (T)). Set
AP (e Ay ml @ Ay € Repin(K)}.

Here, as before, wf\? is the irreducible representation of K with infinitesimal character
A If X e Aipm + pk, then we write
[\ := D-Ind$ [75] € K4(C*G).
Theorem 4.6 generalises as follows.

THEOREM 4.7. If M and G are connected, G is reductive, and dp; — d is even,
then

FUO = 30 mal,
XEASPP 4 p e
with my given by (4.2).
To deduce this theorem from Theorem 4.6, we use the map
(ng)«: CFG — CIG (4.9)
given by
((ma)«f)(g) = () + f(ug),

for f € Cc(é), g € Gand § € n;'(g). We denote the induced map on K-theory by
(7G )« as well.
On K-homology, we have the map

(rc)e: KG(M) — KG(M/kernc),

as defined in Section 3.2 of [27] (see Section 3.1 in [14] for the non-discrete case).
Without going into this definition, we can say that since ker mg acts trivially on M
and S, the codomain of this map is K& (M), and we have

(mc)«[Dm] = [Dum]. (4.10)

It was shown in Section 3.2 of [27] (see Appendix A in [14] for the nondiscrete case)
that the following diagram commutes:

~ G -
K& (M) M K, (C*G) (4.11)

(wc)*l l(wc)*
l"gf

KS(M) "> K.(C:G).
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Here u]\% and u%i[ denote the analytic assembly maps for G and G, respectively.
One step in the proof of Theorem 4.7 is that the map (4.9) relates Dirac induction
for the groups G and G to each other.

LEMMA 4.8. The following diagram commutes:

. D-Ind$ _
R(K) K.(CrG)

J\ l(ﬂ'c)*
D-Ind§

RSpin(K) — K*(C:G)

Proof. Since kermg C K, this group acts trivially on (~¥/I~( =G/K. Let V €
Rspin(K). Then, as in (4.10), we have

(me)«[DE, 5] = [D&yi] € KZ(G/K).
Using (4.11) with M replaced by G/K, we find that

(WG)*Mg/f{[Dg/;}] = /J'g/K[Dg/K] € K.(C7G).

a
Proof of Theorem 4.7. By (4.10) and commutativity of (4.11), we have
DM, = (1) (QF™ (M),) (4.12)
For \ € KJF + pK, write
N = D-IndS K] € Ky(Cr@).
Theorem 4.6 implies that the right hand side of (4.12) equals
S° iame)N (4.13)

NeAt+px

with 7y given by (4.2), for reduced spaces by G. By the Connes—Kasprov conjecture,
we have

& (M), € K.(C;G) = D-Ind§ (Rspin(K)).

Therefore, only terms with \ € Aipin contribute to (4.13). We find that

Spin® ~ ™1
S(M), = > aia(me)s[A.
AEATP 4o

By Lemma 4.8, we have (1g)«[A] = [A] € K4(C;G). The claim therefore follows from
the fact that

Thk = Mm).

This equality holds because ker g acts trivially on M, so the momentum maps and
the reduced spaces for the actions by G' and G are the same. Also, the coadjoint
action by ker mg preserves coadjoint orbits of G, so the coadjoint orbits of G and G
are the same. O
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5. Spin‘-structures on reduced spaces and fibred products. In this sec-
tion, we prove the statements in Section 3. Together with a generalisation of the
quantisation commutes with induction results in [17, 18], this allows us to deduce
Theorem 4.6 from Paradan and Vergne’s result, Theorem 4.2. Note that in Subsec-
tions 3.1 and 3.2, group actions were not asumed to be cocompact. So the statements
made there apply more generally (and many will also be used in Part 5.5). The
cocompactness assumption will only be made in Subsection 5.5.

Propositions 3.5 and 3.12-3.14 are proved in Subsections 5.1-5.4. In Subsection
5.5, we show that quantisation commutes with induction in the Spin®-setting, and use
this to prove Theorem 4.6.

In this section, we assume that the lift (3.3) of the representation Ad: K — SO(p)
exists. We saw in Subsection 4.4 how to remove that assumption.

5.1. Spin“-reduction at regular values. We start by proving Proposition 3.5.
Suppose £ € g* is a regular value of V. Then by Lemma 2.4, G¢ acts locally freely
on (uV)71(). Let q: (uV)71(€) — Mg be the quotient map. The restriction of TM
to (uV)71(¢) decomposes as follows.

LEMMA 5.1. There is a G¢-equivariant isomorphism of vector bundles
TM|(vy-1e) = ¢'TMe © " @ ge, (5.1)
where G¢ acts on the right hand side by
g((m,v),n, X) = ((gm,v), Ad"(g)n. Ad(9)X),

forge Ge,me (uV)HE), v e Tg,mMe, n€g* and X € ge.

Proof. See (5.6) in [12] for the case where G is a torus. In general, since ¢ is a
regular value of 1V, we have the short exact sequence

TuY _ "
0— ker(Tuv) — TMl(HV)—l(f) L> (/J,V) 1(5) x g —0. (52)
Now ker(TuV) =T ((nV)~*(£)) fits into the short exact sequence

0 — ker(Tq) — T((1¥) (&) ~% TM, — 0. (5.3)

Since ker(T'q) is the bundle of tangent spaces to G¢-orbits, and ge acts locally freely
on (V)~1(€) by Lemma 2.4, we have

ker(Tq) == (1Y)~ (€) * ge, (54)
via the map
(m, X) —~ XM,

for (m, X) € (1¥) 7' (€) x ge.
Combining (5.2), (5.3) and (5.4), we obtain the desired vector bundle isomor-
phism. O

Because of Lemma 5.1, Proposition 3.5 follows from the following fact.

LEMMA 5.2. If the conditions in Proposition 3.5 hold, then the sub-bundle

(L¥)7HE) * (6" @ ge) = (17)7(9) (5:5)
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of (5.1) has a Ge¢-equivariant Spin-structure.

Proof. Using the given Ad(G¢)-invariant, nondegenerate bilinear form on g, and
the subspace V' C g, we obtain an Ad(G¢)-equivariant isomorphism

9 Dge = (geDoge) OV (5.6)

Identifying ge ®ge = ge+ig¢ = (g¢)c, and using the given complex structure on V', one
gets an Ad(Ge)-invariant complex structure on (5.6). This induces a G¢-equivariant
Spin®-structure on the vector bundle (5.5), with determinant line bundle

1)@ x AL (e @ V) > (17) @) (5.7)

Since G' and G¢ are unimodular, the adjoint action by G¢ on g, g and hence V, has
determinant one. Therefore, G¢ acts trivially on

/\Tcop(gf)c ® /\:COPV = /\:Cop((gf)c aV),

so that the determinant line bundle (5.7) is equivariantly trivial. Hence the Spin®-
structure on (5.5) is induced by a G-equivariant Spin-structure. (Compare this
with the fact that the natural embedding of U(n) into Spin®(2n) maps SU(n) into
Spin(2n).) O

5.2. Induced connections and momentum maps. In the rest of this section,
we fix a slice N C M and a K-equivariant Spin®-structure Py — N as in Proposition
3.10.

To prove Proposition 3.13, we will choose the connection V™ in such a way
that the Spin°-momentum maps are related as in (3.8). Let V¥ be a K-equivariant
Hermitian connection on the determinant line bundle LY — N. We will use the
connection VM on LM = G xx LY induced by V¥, as discussed in Section 3.1 in
[17]. We briefly review the construction of this connection.

Let pny: G x N — N be projection onto the second factor. For a K-invariant
section s € (G x N, pi L), one has the section o € I'™°(LM) given by

olg,n] = lg,s(g,n)]. (5-8)

(Here s is viewed as a map G x N — L¥.) For such an s, and for g € G and n € N,
write

sqg(n) :==s(g,n) =:s"(g) € LY.

This defines s, € I'*°(LY) and s, € C*(G, LY) = C*(G).
Let g: G x N — M be the quotient map. Note that

LM =py LN =G x LV - G x N,

and that under this isomorphism, ¢*o corresponds to s. For X € g, n € N and
v € T, N, one has

Tq(X, 1)) S T[q)n]M

Write X = X + X, according to the decomposition g = £ @ p. Then the connection
VM is defined by the properties that it is G-invariant, and satisfies

(VA . y0)esn] = [e, (VA se)(n) + X (s™)(e) + 2minY, (n)s(e,n)], (5.9)
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for X eg,ne N,veT,N, and o and s as above.
Let MVN: N — £ be the Spin°~-momentum map associated to V¥, and let

,uvM : M — g* be the Spin®-momentum map for the induced connection VM.

LEMMA 5.3. For alln € N, one has u¥" (n) € &*.
Recall that we consider £* as a subspace of g* by identifying it with the annihilator

of p.
Proof. As in (5.8), let s € I'°(G x N,pyxL™)X, and let o € T>°(LM) be the

associated section of LM. Let X € g, and n € N. Then one has

exp(tX)[exp(—tX), s(exp(—tX),n)]

M d
L e
(K ool = |

d
o7 . le, s(exp(—tX),n)]
=le,X(s")(e)] € L[I‘e/{n].

Since T'q(X,0) = XM in (5.9), one therefore has
(VXwo)len] = (L5 o)le,n] + 2mipY, (n)ole, n].
Here X = X + X, according to the decomposition g = ¢ ® p. The claim follows. O
Ther assumption that G is reductive is used in the following step in the proof of

Proposition 3.13.
LEMMA 5.4. If G is reductive and n € €, then

(G-m)ne =K -n.
Proof. If G is reductive, we may assume g = € @ p is a Cartan decomposition.

Fix X € p. Let a C p be a maximal commutative subalgebra, containing X. For a
restricted root « for (g,a), we denote the corresponding restricted root space by ge.

We set po := (ga @ g—a) Np. Consider the function

_sinh(h) o 2%
o R tER)

T -
j=0

Since it is even, we have for all Y, € p,,
f@d(X)Ya = f({a, X))Ya. (5.10)
Now suppose that Ad*(exp X)n € €*. This element equals
e (X = cosh(ad” (X))n + sinh(ad* (X))n.
The first term on the right hand side lies in ¢*, while the second lies in p*. The
assumption that Ad*(exp X)n € €* is therefore equivalent to
f(ad*(X))ad*(X)n = sinh(ad*(X))n = 0.
Note that ¢ := ad”(X)n € p*. Identifying p = p* via the Killing form, we write

€= &

a>0
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where £, € p,, and the sum runs over a choice of a positive restricted root system.
Then by (5.10),

Z f(<04, X>)€a = 0.

Since f(x) > 1 for all € R, this implies that £ = 0. Hence Ad*(exp(X))n = n. The
claim follows. O

Proof of Proposition 3.13. Let n € ¥* be given. By Lemma 5.3 and the fourth

point in Lemma 3.11, we have the relation (3.8) between MVN and MVM. This implies
that the map

(V) HE ) K = (1Y) NG - 0)/G

mapping K -n to G - n, for n € (qu)_l(K - 1), is well-defined. To see that it is
injective, let n,n’ € (,qu)’l(K - 1), and suppose G -n = G -n’. Since the only
elements in G preserving N lie in K, we then must have K -n = K - n/, so the map
is indeed injective.

For surjectivity, we use the fact that, since G is reductive, Lemma 5.4 implies
that

G-nnt"=K-n. (5.11)

Let m € (MVM)_I(G-U) be given; fix a g € G such that pV (m) = g-n. Write m = g'n,
for ¢ € G and n € N. Then

N

g-n=gn" (n),

so g'~tgn lies in the left hand side of (5.11). Since this equals the right hand side, we
have n € (u¥" )"H(K - 7). O

5.3. Spin“-reduction for fibred products. We now turn to a proof of Propo-
sition 3.12. For any group H acting on a manifold Y, we use the notation ¢p for the
quotient map Y — Y/H. If H < K, we will write py for the trivial bundle Y xp — Y,
on which H acts via the adjoint representation on p.

Proof of Proposition 3.12. Let £ € £* be a regular value of MVN. Since (3.8) holds,
we have

(V") HGE) = G xx (1Y) THEKE). (5.12)

Because of this relation, it will be convenient to initially consider the restriction of
TM to (V" )~1(GE), rather than to (1" )~1(€). Let

¥ K
TN| (v -1 ey = G TNe D Ny ¢ (5.13)
be a K-invariant splitting. By Lemma 5.5 below, we have a G-invariant splitting
TM|(uv)-1(ce) = 46T Me ® Nyf',
with

./\/'J\Czif = (G xk N]{/'(g) ® (G XKp(uVN)’l(K@)'
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By Lemma 5.6, the vector bundles
G x K ./\/'JIV(g
and

GXK PN ) (ke)
over (u¥")HGE) = G xx (u¥"
Lemma 2.5 and Remark 2.6, these induce a G-equivariant Spin®-structure on N Acf
with equivariantly trivial determinant line bundle, i.e. a G-equivariant Spin-structure.
Restricting all bundles from (V" )~1(G¢) to (u¥")~1(€), and group actions from G
to G¢, we obtain a G¢-equivariant splitting

)"H(K€) have G-equivariant Spin-structures. By

TM|(#V)—1(§) = qgsTMg @Nf/l,

where Nfd has a G¢-equivariant Spin-structure. 0
It remains to prove Lemmas 5.5 and 5.6, used in the proof of Proposition 3.12.

LEMMA 5.5. One has
TM|(uv)-1(qe) = 46T Me © Ny’ (5.14)
with
G¢ _ K¢
Ny = (Gxx Ny®) & (G XK Pov )1 ke))s

and Nu ¢ as in (5.13).
Proof. Because of (3.6) and (5.12), we see that
TM|(wa)-1(6ey = G %5 (TN] o)1) © Plus™)-1xc6))
= G Xk (qxTNe ® Ny S Pon )1 (xe)
= qeTM: ® (G xxg Ny %) @ (G xg P )1 (k)
]

LEMMA 5.6. For a choice of the bundle N]{,Q as in (5.13), and hence for any
such bundle, the vector bundles

G XK le\fg
and
G XK PN )1 (k)

over (V") U GE) = G x i (V)" KE) have G-equivariant Spin-structures.

Proof. Since K is compact, and ¢ is a regular value of ,uVN, Proposition 3.5 and
Example 3.7 imply that

TN|( v y-1¢) = Gic. TNe ® N,
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where /\/’ﬁ, has a K¢-equivariant Spin-structure Pf\,. Set
N, J{,( S.= K- NC.
Then we have a K-equivariant vector bundle isomorphism
K xg, Ny 2 NG,

given by [k,v] — Thk(v), for n € (u¥")71(&), v € (N§)n and k € K. This extends
to a G-equivariant isomorphism

G xg Ny =G xxg Nt (5.15)

Now

1%

PGS = G xie, Py = G xie, (0¥ )7HO) = (u7)TH(GE)

defines a Spin-structure on (5.15).
Furthermore, since the adjoint action by K on p lifts to Spin(p), the vector bundle
PuvN)-1 (k) has a K-equivariant Spin-structure

(V") LK) x Spin(p).

As above, this induces a G-equivariant Spin-structure on

M. _
G xk PvNy-1ke) = (1Y)~ (Ge).
0

5.4. Spin“-structures on N¢ and M. The last statement from Section 3 we

prove is Proposition 3.14. As before, let £ € £* be a regular value of MVN, and let let
the Spin“-structure Py — N be as in Proposition 3.10. To prove Proposition 3.14,
we must show that the Spin“-structures induced on N¢ and Mg, induced by Py and
Py respectively, via Propositions 3.5 and 3.12, coincide.

We first give a slightly different description of Spin®-structures induced on reduced
spaces from the expression (3.2).

LEMMA 5.7. In the setting of Lemma 3.8, the Spin‘-structure Py, induced on
M equals
PMg = Destachg (PM|(;LV)*1(GE))/Ga
where NG¢ — (i) ~H(GE€) is a vector bundle with the property of N\, in (5.14), and
with a G-equivariant Spin-structure.

Proof. By (3.2) and Lemma 3.15, we have

Py, = Destab e (PM|(;LV)*1(E))/G§
= (G x g, Destabye (Pur](uv)-1(¢)) ) /G
= Destangcgj\/s (G XGe (PM|(;LV)*1(E)))/G'

Here N — (V) 71(€) has a Ge-equivariant Spin-structure Ppe.
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Similarly to the proof of Lemma 5.6, set N¢¢ := G - N'¢. Then
G X G, NE = ./V'Gg.
The left hand side has the G-equivariant Spin-structure G' x g, Pye. Since also

G xa, (Puluvy-1(e) = Puluv)-1(ce)-
the claim follows. O

Proof of Proposition 3.14. Let Py, — N¢ be the Spin“-structure on N¢ induced
by Py because of Proposition 3.5, and let Py, — Mg be the Spin“-structure on Mg
induced by Pps because of Proposition 3.12. We saw in Proposition 3.10 that

PM =G XK Stapr(PN).
Let Nﬁg and NJI\fg be as in Lemma 5.5. Then, by Lemma 5.7,

Pare = Destabyee (Parl, o)1) /G
= Destab ¢ ((G xk Stabyy (Py)) |(;NM)*1(G£))/G
= Destab ¢ (Stabax xpy (G X K (PNl(#VN)fl(Kg))))/G
= DestabGXKNJ{[cg (G X K (PN|(HVN)71(K5)))/G'
In the third equality, we have used the first point of Lemma 3.15 and (5.12). In the

last equality, we applied Lemmas 2.8 and 5.5. By the second point of Lemma 3.15,
we conclude that

Py, = G Xk (DestabNJ{[cg (PN|(MVN)71(K5)))/G
= (DestabNga(PN|(MVN)71(K5)))/K
= PNga
by Lemma 5.7 (applied to the action by K on N). O

5.5. Quantisation commutes with induction. Together with the construc-
tions of Spin‘-structures proved so far in this section, the quantisation commutes with
induction techniques of [17, 18] allow us to deduce Theorem 4.6 from Paradan and
Vergne’s result, Theorem 4.2.

We now suppose that M/G, and hence N is compact. The connections V¥ and
VM induce Dirac operators on N and M, which can be used to define the quantisations
of these manifolds. After the quantisation commutes with induction results of [17] (in
the symplectic setting) and [18] (in the presymplectic setting), the following Spin®-
version of this principle is perhaps the most natural and general.

THEOREM 5.8 (Spin®-quantisation commutes with induction). In the setting of
Proposition 3.10, the Dirac induction map D-Ind% maps the Spin®-quantisation of N
to the Spin‘-quantisation of M :

D-Ind% (Q™ (N)) = Q™ (M), € K.(C}G).
Proof. Let KX (N) and K& (M) be the equivariant K-homology groups [2] of N
and M, respectively. In Theorem 4.6 in [17] and Theorem 4.5 in [18], a map
K-Ind% : KX(N) - K¢ (M)
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is constructed, such that the following diagram commutes:

r.oG-index

K (M) K.(CrG)
K-IndgT TD—Indg
Kf(N) K-index R(K)

Here, as before, G-index is the analytic assembly map. The map K-index is the
analytic assembly map for the action by K on NN, which coincides with the usual
equivariant index.

In Section 6 of [17], it is shown that the map K-Ind% maps the class

[Dn] € K¢ (N)
of to the Spin®-Dirac operator Dy on N, to the class
[Du] € Kg (M)

of the Spin®-Dirac operator Djy; on M. Although in [17] the symplectic setting is
considered, the arguments in Section 6 of that paper are stated purely in terms of
Spin“-structures. Hence they apply in this more general setting, and we conclude that

D-Ind% (Q3P™ (N)) = D-Ind% (K-index[Dy])
= r, o G-index(K-Ind% [Dy])
= r, o G-index[Dy|
= zpiﬂ (M)T"
0

Theorem 4.6 follows by combining Theorem 5.8, Proposition 3.10, Proposition
3.14, and Paradan and Vergne’s Theorem 4.2.

Proof of Theorem 4.6. By Proposition 3.10, Theorem 5.8 and Theorem 4.2, we have

P(M), = D-Ind§ (QPF™ (V) = Y ma,
)\GA++PK

with my as in (4.2), where QP (M) is replaced by QSP™"(N;) for all ¢ that occur.
By Definition 4.5, these two quantisations are equal if £ is a singular value of qu.
If ¢ is a regular value of this map, they are equal by Proposition 3.14, and the claim
follows. O

Part III. Non-cocompact actions.

6. The results on non-cocompact actions. The main result in this paper for
untwisted Spin“-Dirac operators, for possibly non-cocompact actions and reduction at
zero, is Theorem 6.8. We state it in Subsection 6.2, and prove it in Sections 7 and 8.
The generalisation of this result to Spin°-Dirac operators twisted by vector bundles,
Theorem 6.12, is stated in Subsection 6.4. It is proved in Section 9.

While the proof of Theorem 4.6 in Section 5 was based on Paradan and Vergne’s
result in [30], our proofs of Theorems 6.8 and 6.12 are independent of their result.

To state a Spin“-quantisation commutes with reduction result without assuming
that M/G is compact, we recall some facts about the G-invariant, transversally L>-
index introduced in Section 4 of [15]. We now suppose that G is unimodular, and fix
a left- and right-invariant Haar measure dg on G.
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6.1. The invariant, transversally L?-index. The definition of the invariant,
transversally L2-index involves cutoff functions.

DEFINITION 6.1. Let G be a unimodular locally compact group acting properly
on a locally compact Hausdorff space X. A cutoff function is a continuous function
f on X such that the support of f intersects every G-orbit in a compact set, and for
all z € X, one has

/ flgz)?dg =1,
G

with respect to a Haar measure dg on G.

It is shown in Proposition 8 in Section 2.4 of Chapter 7 in [5] that cutoff functions
exist.

Let E — M be a G-equivariant vector bundle, equipped with a G-invariant metric.
Let L?(E) be the L2-space of sections of E, with respect to this metric, and the density
on M associated to the Riemannian metric induced by the Spin®-structure.

DEFINITION 6.2. The space L% (E) of transversally L?-sections of E is the space
of measurable sections s of E such that fs € L?(E) for all cutoff functions f on M,
up to equality almost everywhere.

One can show that for a G-invariant transversally L2-section s € L4 (E)“, the
L?-norm of fs does not depend on the cutoff function f (see Lemma 4.4 in [15]). This
turns the G-invariant part L2.(E)“ of L4 (F) into a Hilbert space.

Let D be a G-equivariant (differential) operator on I'*°(E). Suppose E is Zs-
graded, and that D is odd with respect to this grading.

DEFINITION 6.3. The transversally L?-kernel of D is
kery2 (D) := ker(D) N L4(E).

If the G-invariant part kerpz (D)Y of kerpz (D) is finite-dimensional, then the G-
invariant, transversally L?-index of D is the integer

indexng (D) := dim(kerLzT (DM — dim(kerLzT (D)),
where D¥ is the restriction of D to the even or odd part of ' (E).

REMARK 6.4. If G is compact, then the transversally L?-index of D is the G-
invariant part of its L2-index. If M /G is compact, then the transversally L2-index of
D is the index of D restricted to G-invariant smooth sections.

6.2. Invariant quantisation. As shown in [15], the transversally L2-index of
Definition 6.3 allows one to make sense of quantisation and reduction without assum-
ing M, G or M/G to be compact. There will only be a cocompactness assumption
on the set of zeros of a vector field on M. This vector field is defined in terms of the
momentum map and a family of inner products on g*, by which we mean a metric on
the vector bundle

gy =M xg" — M,



QUANTISING PROPER ACTIONS ON SPIN¢-MANIFOLDS 659

with a certain G-invariance property. Using such a family of inner products, rather
than a single one, allows us to define a suitable G-invariant vector field, despite the
fact that g does not admit an Ad(G)-invariant inner product in general.

Let {(—, =)m }mem be a G-invariant metric on the vector bundle g},, with respect
to the G-action given by

g- (m,{) = (g : m,Ad*(g)f),

for g € G, m € M and £ € g*. Such a metric exists by Lemma 2.1 in [15]. Consider
the map

(uV) =M =g
defined by
(€ (V) (m)) = (& ¥ (m)),,,, (6.1)
for all ¢ € g* and m € M. This induces a G-invariant vector field vV on M, given by
of =2y )Y =2 | exp(t(u¥ ) (m))m, (6.2)

dt|,_,

for m € M. (The factor 2 was included for consistency with [15, 36].) A central
assumption we make is that the critical set Crit(v"Y) of zeros of vV is cocompact. This
implies that M is compact.

Recall the definition of the Dirac operator D,, in Subsection 2.1, for a p € N. We
will apply the invariant, transversally L2-index to a Witten-type deformation of D,,.

DEFINITION 6.5. For p € N and t € R, the deformed Dirac operator D, ; is the
operator

)t
D,,:=D,+ %c(vv)

on I'*°(S,).
Note that

Dl,l =D+ %C(’Uv).

In general, D, ; is G-equivariant, by G-invariance of vV. Suppose that M is even-
dimensional. Then S, is Zy-graded, and D, ; is odd with respect to this grading.

Suppose M is complete in the Riemannian metric induced by the Spin“-structure.
It turns out that in this non-cocompact setting, the invariant, transversally L2-index
of D, is well-defined for large enough ¢.

THEOREM 6.6. One can choose the metric on g3, in such a way that for allt > 1,
the G-invariant part of kerLzT (Dp.t) is finite-dimensional, for all p € N.

This allows us to define the G-invariant part of Spin°-quantisation.

DEFINITION 6.7. The G-invariant Spin©-quantisation of M with respect to the
given Spin“-structure, and the connection V on L, is

Q%P (M)© = index{ (D11).
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Suppose 0 is a Spin‘-regular value of V. By Proposition 3.5 and Example 3.6, this
is true for example if 0 is a regular value of 1V and G is semisimple or Abelian. Alter-
natively, by Proposition 3.12, it is enough that 0 is a regular value of a Spin°~-moment
map qu: N — £ on a Spin®slice N. Since My is compact by cocompactness of
Crit(vY), Definition 4.1 applies, and one has

Q5P (M) = index(Dyy, ).

Analogously to the symplectic case [15] and the compact case (4.3), one expects Spin°®-
quantisation to commute with reduction in this non-cocompact setting. We will prove
the following version of this statement.

THEOREM 6.8 (Spin‘-quantisation commutes with reduction; non-cocompact
case). Suppose G acts freely* on (u¥)~1(0) (rather than just locally freely). Then
there exists a G-equivariant Spin©-structure on M and a connection on the corre-
sponding determinant line bundle, such that, for these choices,

QSpinc (M)G — QSpinC (MO) c 7. (63)

REMARK 6.9. The choice of Spin®-structure in Theorem 6.8 amounts to taking
large enough tensor powers of the determinant line bundle of a given Spin®-structure.
L.e. one starts with an initial Spin®-structure P — M with determinant line bundle
L — M, and the result holds for Spin“-structures with determinant line bundle L? —
M, for p large enough. So if L is not a torsion class in H?(M;Z), then the result
holds for infinitely many Spin®-structures.

The connection on the determinant line bundle LP used can be any connection
induced by a connection on L (and the minimal value of p depends on this inital
connection on L).

REMARK 6.10. We could prove Theorem 6.6 by referring to [7] and using the
elliptic regularity arguments in [15]. We will give an independent proof of finite-
dimentionality of kerLzT (Dp,t)G, however, as a by-product of the localisation argu-
ments needed to prove Theorem 6.8.

6.3. p-shifts and asymptotic results. If M and G are compact, one may take
to = 0 in Definition 6.7. Then QSP™°(M)% is the invariant part of (4.1), which by
(4.3) equals Q(M,,). On the other hand, Theorem 6.8 states that, for a certain
G-equivariant Spin‘-structure on M and a connection on its determinant line bundle,

C)Spi]ﬂC (M)G _ C)Spi]ﬂC (MO)
Hence, apparently, one has
Q(Mo) = Q(M,,) (6.4)
for this choice of Spin‘-structure and connection.

41t will turn out that, for a natural choice of V' on the determinant line bundle of the Spin®-
structure used, the Spin®-momentum maps for V and V'’ differ by a nonzero factor, so that the
condition that G acts freely on (¢V)~'(0) is the same for the two connections.
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This potential contradiction can be resolved, by noting that, for the Spin®-
structure and the connection V’ used, one has
pY = pp¥,
for a connection V on the determinant line bundle of a Spin®-structure initially given,
and a large enough integer p. (See (8.9) in the proof of Proposition 8.6.) For any

£ €g”, let Mg and Mg’ be the reduced spaces at ¢ for the momentum maps Y and

uvl , respectively. Then

M¢ = Mg,

In particular, Mg = My, and M, = M, /.
The statement (6.4) is therefore that

Q(MpK/p) = Q(MO)v

for p large enough. In the symplectic setting, this follows from the fact that Q(My)
is independent of small variations of ¢ (see Theorem 2.5 in [26] if the action is free
on (1V)71(€), or [41] for a holomorphic version). More generally, if M is of the form
M = G X N as in Subsection 4.3, then by Proposition 3.14, one has

Q(Mg) = Q(Ne),

which is independent of small variations of ¢ if N is a compact Hamiltonian K-
manifold (but M is not necessarily symplectic).

In the general non-cocompact setting of Subsection 6.2, this leads one to expect
that, if uV is G-proper (in the sense that the preimage of any cocompact set is
cocompact), there is an open neighbourhood U of 0 in g*, such that for all Spin°-
regular values ¢ € U of uV,

Q(M¢) = Q(Mo).

The above arguments show that, for ‘asymptotic’ quantisation commutes with re-
duction results, reduction at zero (or possibly a nearby regular value of the momentum
map) is really the only natural case to consider.

6.4. An index formula for twisted Spin°-Dirac operators. The main re-
sults on Spin“-Dirac operators in the non-cocompact case, Theorems 6.6 and 6.8,
generalise to Spin®-Dirac operators twisted by arbitrary vector bundles. We use this
to obtain an index formula for Braverman’s analytic index of such operators, Theorem
6.12, expressing it in terms of characteristic classes on My. A potentially interesting
feature of this formula is that it involves localisation to (uV)~%(0). In the setting we
consider, where the manifold M, the group G acting on it, and the quotient M /G may
all be noncompact, it is unlikely that there is a topological expression for the index
of (twisted) Spin®-Dirac operators in terms of characteric classes on M. However,
localisation to (#V)~1(0) allows us to still define a meaningful topological index, as
an integral over the compact space M.

In the compact setting, the index of any elliptic operator on a Spin“-manifold
equals the index of a twisted Spin®-Dirac operator. Hence index formulas for the latter
kind of operators immediately generalise to the former. In the noncompact setting
we consider here, such a principle is not (yet) available. Still, the index formula we
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obtain for twisted Spin“-Dirac operators strongly suggests a more general underlying
equality of topological and analytic indices.

Fix p € N. We retain all other notation used previously. In particular, we
have the connection V°» on S,, and the Spin®-moment map p¥: M — g* induced
by a connection V on the determinant line bundle L — M. In addition, consider a
Hermitian, G-equivariant vector bundle £ — M. Let V¥ be a Hermitian, G-invariant
connection on E. Consider the connection

VHOE = VS @ 1p + 15, @ VP
onS,®F.

DEFINITION 6.11. The twisted Spin®-Dirac operator associated to V and V¥ is
the composition

SpRE e
DE.T>(S, ® E) ~— QY(M;S, @ E) 22, 1°(S, © E).
For t € R, the deformed Spin®-Dirac operator twisted by E via V¥ is the operator

it
Dgt = Df + EC(’UV) ®1g,

Theorems 6.6 and 6.8 generalise to the operator Df as follows.

THEOREM 6.12. Suppose that 0 is a Spin®-reqular value of uV, and that G acts
freely on (u¥)~1(0). Then there are a G-invariant metric on g4, and a pg € N such
that if p > pg, then

ENG
(keI'L% Dp,l)
18 finite-dimensional, and one has

indexs Dyy = index Dy = /M ch(Eq)e2 (b0 A(My).
0

Here E() = (E|(#V)71(0))/G and L() = (L|(#V)71(0))/G.

In the compact case, results analogous to Theorem 6.12 were obtained in [32, 37].
Theorem 6.12 will be proved in Section 9. Some applications are given in Subsection
10.4.

7. The square of the deformed Dirac operator. We now turn to proving
Theorems 6.6 and 6.8. As in [15, 36], the starting point is an explicit formula, given
in Theorem 7.1, for the square of the deformed Dirac operator D), ; of Definition 6.5.
This is the basis of the localisation estimates, Propositions 8.1 and 8.2, that will be
used to prove Theorems 6.6 and 6.8.

We continue using the notation of Section 2 and Subsection 6.2. We will also write
dpr and dg for the dimensions of M and G, respectively. We denote the Riemannian
metric on M induced by the given Spin®-structure by (—, —). The associated Levi—
Civita connection on TM will be denoted by VM,
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7.1. A Bochner formula. Let us fix some notation that will be used in the
expression for D2 ;. Let {hi,..., h4s} be an orthonormal frame for g}, with respect
to a given G-invariant metric. (Such a frame can be obtained for example by applying
the Gram-Schmidt procedure to a constant frame.) Let {hj,...,h]_ } be the dual
frame of M x g — M. Let puy, ... ,,udvc € C*°(M) be the functions such that

da
p¥ =" uyhy, (7.1)
j=1
so that
dg
(uV) =>_ pyhs,
j=1
and

da
oV =23 YV, (7.2)
j=1

where Vj is the vector field given by

V(m) = (Bi(m)).), (7.3)

at a point m € M. Consider the norm-squared function HV of pV, given by

dg
HY (m) = |n¥ (m)|[7, =D uy (m)*. (7.4)
j=1
Here || - || is the norm on g* induced by (—, —)m.

We will use the operators Efj on I'°(S,) given by

(Ei;i’s) (m) = (EST’ )s) (m).

hj(m

Finally, for any vector field v on M, consider the commutator vector field [u, (h;)M 1,
given by

[, (R)M](m) = [u, b5 (m)™] (m).

Here h;} (m)M is the vector field induced by hi(m) € g, and [—, —] is the Lie bracket
of vector fields. Importantly, for fixed m, the vector fields V; and h} (m)M are equal
at the point m, but not necessarily at other points.

The square of Dy, ; has the following form.

THEOREM 7.1. One has

dg
2 . s
DZQJ,t = Df) +tA+ (2p+ 1)27Tt7_[v + ZHUVHQ _ 2”2#jv£h§,
j=1
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where A is a vector bundle endomorphism of Sp, given in terms of a local orthonormal
frame {ey,...,eq, } of TM by

. dy . dg
i )
A= 1 cler)c(VEMVY) + 3 Zc(gradujv)c(‘/-)
k=1 Jj=1
i da dm
=5 2 > my eler)e(lens ()M = V). (7.5)
Jj=1k=1

7.2. Lie derivatives of spinors. An important ingredient of the proof of The-
orem 7.1 is an expression for the Lie derivative of sections of S,,.

LEMMA 7.2. Let X € g. Then, as operators on I'°(S,), one has

LY =V — Bx — (2p + Dmip,

where, in terms of a local orthonormal frame {e1,...,eq,, } of TM,
1 dn
— M
Bx = 1 kgl(vekX ,er)c(ex)cler).

Proof. Let X € g be given. We give a local argument on an open subset U C M,

using the decomposition (2.1) of Sp|y. Let VEIY? be the connection on L|1U/2 —-U
induced by V. We first note that

1/2
LY

Ly

L|1/2 . v
= VX}J[ - ’LT‘—/,Lx|U. (7.6)
Indeed, if t1,t € I'™® (L|,1J/2), then by definition of 1V,

(LY ) @ty + 1y @ (L9 7t)
=Yt @ ty)
= (VXM - 271’1'/1;)(151 ® ta)

Liy? .y Liy* .y
= <(VX}(1 — m’ux)tl) Rta+11 @ <(VXA’} — Zﬂ'ux)tg) .
Let s € F“(S[S]pin). Then
Spin Spin
LY s =V, s — Bxs. (7.7)

Let t1, ..., topp1 € T°(L|;/?). Then

SRH @ Rtapyr € FOO(S[Sinn ®L|1[7]+1/2) _ Foo(Sp|U)-
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Because of (7.6) and (7.7), one has

Ef{'(s @t @ ®topy1)

. 2p+1
Spin 1/2
= (LY ) @0h® Dty +s® | D 0@ (LYY t;) @ D tapy
j=1
gSpin 2p+1 L\1/2
= (Vi 8) @t @ @ty +50 | > 1@ @ (Vyh t;) @ @lappa
j=1

—(Bx + (2p+ D)7ipx)s @ t1 @ -+ @ tops1
= (V‘;PM —Bx —(2p+ 1)7Tiu§)) St Q- D topii.

[

7.3. Proof of the Bochner formula. Using Lemma 7.2, we can prove Theorem
7.1.

As in the equality (1.26) in [36], the fact that VS satisfies a Leibniz rule with
respect to the Clifford action (see e.g. Proposition 4.11 in [22]) implies that
it do S 12
Dfm5 = Df) + 3 Z c(ek)c(VZkav) — itV e + ZHUVHQ. (7.8)

k=1

The main part of the proof of Theorem 7.1 is a computation of an expression for the
first-order term Vf@.

By (7.2), we have
da
v ~23%7v3
j=1

By Lemma 7.2, one has for all s € ['*°(S,), all m € M and all j,

S

(VV8)(m) = (V32 uyue8) (m) = ((£f§<m> + Biym) + (20 + Dmipy ) S) (m).

J

Multiplying this identity by QMJV(m) and summing over j, we obtain

(V5% 5)(m) = (2§ufci;)s (m)

da
+ (2Zuy3h;(m))s (m) + ((2p + 1)2miH Y s)(m).  (7.9)
j=1
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Lemma B.2 in [15] allows us to compute

da
(2 Z MJ-VBh; (m)) s | (m)
j=1

1 da dnr

7 Z (Vek h; (m)™, el)C(ek)C(e[)

I

N |
ing
RS

1 dnr 1 da
(Z cler)e(VEMVY) — 3 Zc(gradujv)c(i/})
k=1 j=1

330 neleneen. 05 = Vi) )s | m)

Theorem 7.1 follows from this equality and (7.8) and (7.9).

REMARK 7.3. Lemma B.3 in [15] does not apply in the general Spin“-case, so
that grad ujv, which appears in the expression for the operator A, cannot be worked
out further in the present setting.

7.4. An estimate for the operator A. To prepare for the localisation esti-
mates in Section 8, we show that the operator A in Theorem 7.1 satisfies a certain
estimate with respect to a rescaling of the metric on g}, by a function.

For any positive, G-invariant smooth function 1) € C°°(M)%, consider the metric

{w(m)(_v _)m}mGM (710)

on gj,. Let AY be the operator in Theorem 7.1, defined with respect to this metric. In
the choice of the metric on g3, in Proposition 8.3, we will use the following property
of the dependence of the operator A% on ).

LEMMA 7.4. There are G-invariant, posilive, continuous functions Fy,Fy €
C(M)C such that for all G-invariant, positive smooth functions 1) € C>(M), one
has the pointwise estimate

|AY || < Fiy + By||dy]|. (7.11)

Proof. Let ¢p € C(M)% be a G-invariant, positive smooth function. With
respect to the metric (7.10) rescaled by 1, we use the orthonormal frame of g}, made
up of the functions

Bo=

The dual frame of M x g — M consists of the functions
PYyx 1 1/27 %
(h})" = 0'/2h3.

Let (ujv)w be defined like the functions ,ujv in (7.1), with h; replaced by h}p. Analo-

gously, let ij be the vector field defined like V; in (7.3), with the same replacement.
Then

(1 )Y = 2y

(7.12)
VJ?/’ = /2.
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It follows for example from the latter two equalities and (7.2) that the vector field
(vV)¥, defined like vV with the metric on g}, rescaled by 1, equals

(V)Y =V (7.13)

We start with some local computations for each term in the definition (7.5) of the
operator AY. Let {e1,...,eq,, } be a local orthonormal frame for TM. By (7.13), we
have for all k,

VIM@V)Y = pVIMYY +ep(v)oV.

Hence
i d]\/[ 1 dZ\/I
HZ eler)e(VEM@)?) | < 7 30 (@IVEM Y + flexw)] 07 )
k=1 k=1
< a1 + az||di ||,
with

ZHVTM V

a9 = ZdMH’UVH

Note that the function a; is not defined globally, and is not G-invariant on its domain
in general. We will come back to this later.
Secondly, because of (7.12), we have

. dg
2
5> clgrad(uy)”)e(V})
j=1
_IE
< 5> (vllgradud Vil + 6y |62 | grad 2V ). (7.14)
Jj=1

Since ¢'/2|| grad)'/?|| = L||di||, (7.14) is at most equal to

b1y + ba|dy ||,

with

Z [l grad 3| [V

Zlu LIV

Finally, Lemma C.8 in [15] implies that

[eka ((h;)w)M B V]w] _ 77/}1/2[@,67 (h;)M —Vi] - ek(l/il/z)Vj
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Therefore,

i MQ

i
2

1 G
<§g

ZM Je([ex. (") = v,*)

(1S flers (DM = V[l + 2 llex@ T [IV;11) - (7.15)

I Mg

Since
1
2 lex(?)]| = Hek( <5 lldvll,

we find that (7.15) is at most equal to

e + ea|dy |,
with
de dm
= 350> I lews 0™ = Vil
J 1 k=1

dar &
=9 Z|Ngv| V3l
j=1

The functions a;, b; and ¢; are not all defined globally and/or G-invariant. To
get a global estimate for A, let W C M be an open subset that intersects all G-orbits
in nonempty, relatively compact sets. By Lemmas C.1 and C.2 in [15], there are
G-invariant, positive, continuous functions F} and F» on M, and local orthonormal
frames of T'M around each point in W, such that on W, with respect to these frames,
one has

ay + by +c1 < Fi;
as + ba + co < Fh.

Then the estimate (7.11) holds on W. Since both sides of (7.11) are G-invariant, and
the definition of A is independent of the local orthonormal frame chosen, we get the
desired estimate on all of M. O

8. Localisation estimates. Two localisation estimates are at the cores of the
proofs of Theorems 6.6 and 6.8. These are Propositions 8.1 and 8.2 below. In the
proofs of these estimates, we will not use the assumption that 0 is a Spin“regular
value of ;1V. They therefore also hold in the singular case. The regularity assumption
is only needed to apply the arguments near (1V)~1(0) to obtain Theorem 6.8.

The localisation estimates are stated in terms of certain Sobolev norms.

8.1. Sobolev norms and estimates for D, ;. Theorem 6.6 follows from the
fact that for large ¢, the operator D,,; induces a Fredholm operator between certain
Sobolev spaces. By an elliptic regularity argument, the index of this operator is
precisely the G-invariant transversally L?-index indexfgr of D, +. These Sobolev spaces

and the index theory on them that we will use, were introduced in Section 4 of [15].
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We will not need to go into the details of these spaces, but will refer to the relevant
results in [15]. We do need certain ingredients of the definition of these spaces.

One of these is a smooth cutoff function f on M (see Definition 6.1). We will also
consider transversally compactly supported sections of vector bundles, by which we
mean sections whose support is mapped to a compact set by the quotient map M —
M/G. Let I'2(S,)Y be the space of G-invariant, smooth, transversally compactly
supported sections of S,. For k € N, and s, s’ € ['22(S,)Y, we set

k

(fs, 5 )k == > _(FDds, [ D}s") 12(s,)- (8.1)

=0

(Note that fDJs and fDjs' are compactly supported for all j.) By Lemma 4.4 in
[15], this inner product is independent of f, since s and s’ are G-invariant. We will
write || - || for the induced norm on fI'$(S,)¢.

These Sobolev norms allow us to state the localisation estimates we will use. Fix
a G-invariant open neighbourhood V' of the set Crit(vY) of zeros of vV. We assumed
that Crit(vV) is cocompact, so we may assume that V' is relatively cocompact, in the
sense that V/G is a relatively compact subset of M/G.

PROPOSITION 8.1. There is a G-invariant metric on g3,, and there are tg, C, b >
0, such that for all t > to, all p € N, and all G-invariant s € T$2(S,)¢ with support
disjoint from V', one has

1 Dypeslls = C(IF 51T+ (¢ = D)1 f5115)- (8.2)

PROPOSITION 8.2. The metric on g3, used in Proposition 8.1 can be chosen such
that, in addition to the conclusions of that proposition, for every G-invariant open
neighbourhood U of (uV)~1(0), there are po € N and to,C,b > 0, such that for all
t > to and p > po, and all G-invariant s € T52(S,)Y with support disjoint from U,
the estimate (8.2) holds.

So the estimate holds for all s supported outside V for all p, and for all s supported
outside the smaller set U for large p.

It is important that the metric on g}, used in Propositions 8.1 and 8.2 is the
same. They therefore actually form one result, with two conclusions.

In addition, note that the condition that ¢ > tg can be absorbed into the choice of
the metric on g}, since multiplying this metric by a constant results on multiplying
the vector field vy by the same constant. The parameter ¢ was just introduced to
make the arguments that follow clearer.

8.2. Choosing the metric on M x g*. One advantage of using a family of inner
products on g*, i.e. a metric on g3,, is that this allows us to define the G-invariant
vector field vV and the G-invariant function HY. Another advantage that is very
important for our arguments is that choosing this metric in a suitable way allows us
to control the terms that appear in the Bochner formula in Theorem 7.1.

To make this precise, consider the G-invariant, positive, continuous function 7 on
M defined by”®

wmzéﬂwmmmm@, (8.3)

5What follows holds for any G-invariant, positive, continuous function 7.
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for m € M.

PROPOSITION 8.3. The G-invariant metric on the bundle g}, can be chosen in
such a way that for allm e M\'V,

HY (m) > 1; (8.4)
[og ]l = 14 n(m), (8.5)

and there is a positive constant C, such that for all m € M, the operator A,, on
(Sp)m is bounded below by

Ap 2 —|og|* - C. (8.6)

Proof. Fix any G-invariant metric {(—, —=)m }mem on g3,;. Let the G-invariant,
positive, continuous functions F; and F» be as in Lemma 7.4. Set

v v |2

— mnin (7 1 07IF

01 .—mln(H T 2R
I
2F,

This defines G-invariant, continuous functions ¢; and @9 on M, which are posi-
tive outside Crit(vV). Since Crit(vY)/G is compact, the functions ¢; have uniform
lower bounds outside the neighbourhood V of Crit(vV). Hence there are positive,
G-invariant, continuous functions ¢; on M, such that

ilany = @jlm\v,

for j = 1,2. By Lemma C.3 in [15], there is a G-invariant, positive, smooth function
1 on M, such that

Consider the metric {¥)(m)(—, —)m}mem on gy, obtained by rescaling the given
metric by ¥. We claim that this metric has the desired properties.

First of all, the function ’Hg and the vector field (vV)¥ associated to this metric
satisfy, outside V/,

Hy =yHY > o' HY > 15
1Y) 1 = dlloY (| = 7 oV > 1 4.

Furthermore, by Lemma 7.4, the operator AY in Theorem 7.1, associated to the
metric on g}, rescaled by 1, satisfies, outside V/,

1A% B + Fa|ldy|
[@Y)“l1? = 2 oV)?
P Fy .

<1
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Hence [|[AY] < [[(vV)¥]|?, on M \ V. Since V is relatively cocompact and A¥ is
G-equivarant, it is bounded on V. So

AY > -C
on V, for a certain C' > 0. We conclude that
AV > V)P - C
on all of M. O

REMARK 8.4. A priori, the choice of metric on g3, could influence indexng (Dpy),
if Crit(vV) changes (while staying cocompact). Multiplying a metric by a function
¥ as in Proposition 8.3 does not change Crit(vY), however, and the second point
in Theorem 2.15 in [7] implies that index%;T (Dp,) is independent of . It follows
from Theorem 6.8 that this index is independent of the metric in general, as long as
Crit(vV) is cocompact, for large enough p.

Also note that one may take to = 1 in Theorem 6.6, since, in the notation of the
proof of Proposition 8.3,

it vy _ b e
Ec((v )¥) = 50((1} ).

8.3. Proofs of the localisation estimates. Proposition 8.3 allows us to prove
Propositions 8.1 and 8.2. Fix a G-invariant metric on g}, as in Proposition 8.3, and
a smooth cutoff function f. It will be useful to consider the operator

Dyt T3(S,)C = T5(S,)C,
defined by
lﬂqutfs - po,tSa (87)

for s € I'2(S,)Y. We will write Ep = D,o.
We need some arguments to account for the fact that, unlike D, ;, the operator

ﬁp,t is not symmetric with respect to the L2-inner product. Let Dy ; be its formal
adjoint. Combining Theorem 7.1 and Proposition 8.3, one obtains the following key

estimate for the operator E;VtDpyt.

COROLLARY 8.5. One has
- o~ PR 2
D} Dypy =D, D, +tB+ (2p+ 1)2mtHY + ZH’UVHQ,

where B is a vector bundle endomorphism of S, for which there is a constant C > 0
such that one has the pointwise estimate

B> —C(Jo% | +1).

Proof. This was proved in the symplectic setting in Proposition 6.7 in [15]. The
arguments remain the same, however. References to Theorem 5.1 and to Proposition
6.6 in the proof of Proposition 6.7 in [15] should be replaced by references to Theorem
7.1 and Proposition 8.3 in the present paper, respectively. Note that the last term in
the Bochner formula of Theorem 7.1 vanishes on G-invariant sections. O

The proofs of Propositions 8.1 and 8.2 are now the same as the proofs of Propo-
sitions 6.1 and 6.3 in [15], with Corollary 8.5 playing the role of Proposition 6.7 in
[15].
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8.4. Proofs of Theorems 6.6 and 6.8. Theorem 6.6 follows from Proposition
8.1, in the way that Theorem 3.4 in [15] follows from Proposition 6.1 in [15]. Indeed,
for ¢ > b+ 1 and any p in Proposition 8.1, one has

1£ Dp.ellg = €153,

for G-invariant sections s € I'29(S,)¢ with support disjoint from the set V. By

Proposition 4.7 in [15], the operator D, ; therefore extends to a Fredholm operator
between Sobolev spaces. By Proposition 4.8 in [15], keryz (D,¢)€ is finite-dimensional,
and the index of the Fredholm operator induced by Epyt equals indexggT (Dpy) - It
is noted in part 2 of Theorem 2.15 in [7] that this index is independent of ¢, so that
Theorem 6.6 follows.

To prove Theorem 6.8, we apply Proposition 8.2. This proposition shows that the
arguments in Sections 6.5 and 7 of [15] apply to the operator D, ,, for large enough
p and t. Therefore, the techniques from Sections 8 and 9 in [4] can be used as in
[15, 24, 36]. Tt follows that, for large enough p and ¢,

index{s (D 1) = index(DY}, ), (8.8)

where DX[Z is the Spin“-Dirac operator on the reduced space My associated to the

Spin°®-structure of Lemma 3.3, and the connection V° on the line bundle Lgp o My
induced by the connection V on L. Theorem 6.8 therefore follows from the proposition
below.

PROPOSITION 8.6. For all p € N, there exists a G-equivariant Spin®-structure
on M, and a connection on the associated determinant line bundle, such that the
corresponding invariant Spin°-quantisation is

Q%™ (M) = indexfs (Dy,1),
for t large enough, and

QP (Mj) = index(DY;, ).

Proof. Let P — M be the given G-equivariant principal Spin®-structure on M.
Let P’ — M be the G-equivariant Spin®-structure with determinant line bundle L' =
L?r+1, Explicitly,

Pl =P XU(l) IJF(L:D)7

where UF denotes the unitary frame bundle. (See e.g. part (2) of Proposition D.43
n [12].) Let V'’ be the connection on L’ induced by V.

Let &' — M be the spinor bundle associated to P’. Then &' = S, (see e.g.
(D.15) in [22]). Hence the connection VS on & induced by ¥V’ and the Levi-Civita
connection on T'M equals the connection on S, used to define the Dirac operator D,,.
Therefore, the Spin®-Dirac operator D’ on S” equals the operator D,. Furthermore,
the Spin“-momentum map uvl : M — g* associated to V' is given by

omipy = Viwn — Lgpﬂ =2mi(2p + 1)y, (8.9)
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for all X € g. It follows that the induced vector field oV’ equals
oV = (2p+ 1)V,
We conclude that the deformed Dirac operator on 8’ associated to V' is

(2p + 1)it

.
D, =D +%cwY) =D, + ;

2 C(vv> = Dp,(2p+1)t-

Let to,ty € R be as in Theorem 6.6, for he operators D, ; and D), ,, respectively.
This theorem states that index%;T (Dp,) does not depend on ¢ > ty. Hence, if

t > to;
t' > t(; and
(2p+ 1)t = to,
then, with respect to the Spin®-structure P’ and the connection V',
Q¥ (M)¢ = indexT2 (D} ) = indexs (Dy (2p4 1)) = indexFa (D).

Finally, by (8.9), one has

My = (n¥')710)/G = (u¥)71(0)/G.

And the connection (V')? on L) = L3**" is the one induced by the connection V° on
Ly, so the second claim follows as well. O

9. Twisted Spin“-Dirac operators. Theorem 6.12 can be proved by generalis-
ing the steps in the proofs of Theorems 6.6 and 6.8 to twisted Spin®-Dirac operators.

9.1. A Bochner formula for twisted Dirac operators. As in the case for
untwisted Dirac operators, the proof of Theorem 6.12 starts with an expression for
the square of the deformed Dirac operator Df)t. This expression will be deduced
from Theorem 7.1 by comparing the square of Df)t to the square of D, ;. The main
difference between these two involves the generalised moment map

p¥ € g* @ End(E),
defined by
omipy = LY — V. € End(E),

for all X € g, where L% is the Lie derivative of sections of E with respect to X. Using
the metric on g3,, we obtain

(1Y, u") € End(E).

PROPOSITION 9.1. On G-invariant sections of S, ® E, one has

t2
(DF)? = (DY) +tA® 1p + (2p+ 1)21tHY + ZHUVHQ +drtls @ (u¥, u),
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with A € End(S,) as in Theorem 7.1.

The first step in the proof of Proposition 9.1 is a simple relation between the
operators Df and D,. Fix a local orthonormal frame {ej};lfl of TM. The operator

dnr

Pg = Zc(ej) ® ij

j=1
on I'°(S, ® E) is independent of this frame, and hence globally defined.

LEMMA 9.2. One has

D} =D, + Pg.
Proof. In terms of the frame {e; ;lfl, we have
dn
DJ = (cle) ® 1) (Ve @ 1 + 15, @ VE)
j=1
dM dM
= Zc(ej)fo ®1p+ Z clej) ® ij
Jj=1 j=1
= Dp + Pg.

LEMMA 9.3. For all vector fields v on M,

(c(v) ® 1g) o Pg + Pr ® (c(v) ® 1) = —2(1s, ® V).

Proof. Since

c(v)e(ej) + c(v)e(e;) = —2(v, €5)
for all j, we see that
dn

(c(v) ® 1) 0 Py + Pr @ (c(v) ® 1) = »_(c(v)cle;) + cle;)e(v)) @ VE

Jj=1

dn
=-2 Z(’U,ej)lsp ® ij
j=1

= —2(1s, ® VY.

=3

d

Let (1V)*: M — g be dual to ¥ with respect to a given metric on g%,. For any
G-equivariant vector bundle F' — M, consider the Lie derivative operator E{L v). on

I'*°(F), defined by
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for s € '°°(F) and m € M.

PROPOSITION 9.4. One has

t2
(DF,)? = (DEY? +tA® 1 + (2p+ 1)2mtHY + Z||vV|\2 +dntls @ (uY, 1)
; Sp E
—2it(Lly. ® 1 +1s, ® L{,v).),

with A € End(S,) as in Theorem 7.1.
Since for all X € g,

LY @1p+1s, © L

is the Lie derivative on S,®E with respect to X, the operator Efiv)* ®1E+1SP®£(L;V)*
equals zero on G-invariant sections. Hence Proposition 9.4 implies Proposition 9.1.

Proof of Proposition 9.4. First note that

(W)@ 1) + %(Df o (c(w¥) @ 1g) + (c(v¥) @ 15) 0 DE).

(DE)? = (DF) + (')

Because of Lemma 9.2 and 9.3, we have

DY o (c(vY)®1p) + (c(v¥) ® 1g) o DY
= (DyocvV)+c(wY)oD,) @1+ (c(vV)®1g) o Pp + Pr® (c(vY) ® 1E)
= (Dpoc(wY)+c(wY)oD,) ®1lg —2(ls, ® V).
Furthermore,

1t 1t
(%c(vv))2 + %(Dp o c(vv) + c(vv) o Dp) = Df))t — Dg.

The right hand side of this equality was computed in Theorem 7.1. Using the expres-
sion obtained there and the above computations, we find that

t2
(DF)? = (DY) +tAe1g+ (2p+ 1)2thV+ZHUVHQ—%M‘(S:V)* ®1lp—itls, @ V.
Now for all m € M,
E E _ E - B
Vs = 2V empar = 2(£69)- m) = 2T ) (my (M)

Since 'U(EHV)*(m) (m) = (1, pF)(m), the claim follows. O
9.2. Localisation. Proposition 8.2, which is the key step in the proof of Theo-
rem 6.8, generalises to twisted Dirac operators in the following way.

PROPOSITION 9.5. There is a metric on gy, such that for every G-invariant open
neighbourhood U of (u¥)~1(0), there are pp € N and to,C,b > 0, such that for all
t >ty and p > pp, and all G-invariant s € T (Sp ® E)E with support disjoint from
U,

17 D583 > C(I 51T+ (¢ =)l fs]3)-

Here || - || denotes the Sobolev norm defined by the operator DY, as in (8.1).
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Theorem 6.12 follows from Proposition 9.5 in the same way that Theorems 6.6
and 6.8 follows from Propositions 8.1 and 8.2, as described in Subsection 8.4. The
topological expression for the index of Dy, then follows from the Atiyah—Singer index
theorem. We now do not use an analogue of Proposition 8.1 (localisation to neigh-
bourhoods of Crit(vV) for p = 1), because for twisted Dirac operators we always use
large enough powers of L.

It therefore remains to prove Proposition 9.5. This proof is based on a generali-
sation of Proposition 8.3.

LEMMA 9.6. There is a G-invariant metric on g3, such that, in addition to
the properties in Proposition 8.3, there is a C' > 0 such that the operator (uV, u")
satisfies the pointwise estimate

Ls, ® (7, 17) = — 0|2 = ¢’ (0.1)

(for any p € N).

Proof. As in Section 8, choose a relatively cocompact, G-invariant neighbourhood
V of Crit(vV). Choose a G-invariant, positive function ¢p € C°°(M)% such that,
outside V,

s, ® (1Y, 1) < vplo¥]*.

Fix any G-invariant metric {(—, —=)m }mem on g3,. Consider the metric {¢g(m)(—
, —)m tmen rescaled by ¥g, and let (vV)¥2 = rvY be the vector field associated to
this metric. Then, outside V,

s, ® vp(u”, 1®) < [|(7)"|?

Furthermore, the function ||1s, ® (1", u)|| is G-invariant, and hence bounded on
V. So there is a C’ > 0 such that, on all of M,

Its, @ ¥u(Y, k2 < V)72 + ¢
~ Lety e (M )& be as in the proof of Proposition 8.3. Choose a positive function
Y € C®°(M)® such that
Y7t <min(y Tt vgh);
=] < [ldp -

(This is possible by Lemma C.3 in [15].) Then the metric {t)(m)(—, —)m }mens has
the properties in Proposition 8.3, and also satisfies (9.1). O

Let f € C°°(M) be a cutoff function. Analogously to (8.7), we define the operator
Dﬁt on fI'$(S, ® E)Y by

Egtfs = fD{fts

for all s € T$9(S, ® E)“. Corollary 8.5 now generalises as follows.

COROLLARY 9.7. One has

n * 7 m * 77 t2
(DY) DY, = (DF)*DF +tB + (2p + 1)2mtHY + ZH’UVHQ,

p,it
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where B is a vector bundle endomorphism of S, ® E for which there is a constant
C > 0 such that one has the pointwise estimate

B> —C(Jo% | +1).

Proof. As in Lemma 6.8 of [15], one has for s € I'23(S, ® E)¢,
(ﬁgt)*fs = lN)f)tfs +2(c(df) @ 1g)s.
Hence, as in Lemma 6.9 of [15], one deduces from Proposition 9.1 that for such s,
(DE,)"DE fs = (DEY'DEfs+t (A®1p + (2p+ 1)2ntHY +4rls @ (u¥, 1)) fs
+§||vv|\2fs +it(c(df)e(vV) @ 15)s

with A € End(S,) as in Theorem 7.1.
Write

Bfs:= (A®1lg+4rls ® (¥, pn")) fs+i(c(df)c(vY) @ 1g)s,

for s as above. By Lemma 9.6, the metric on g}, can be chosen such that there is a
C’" > 0 for which

AR1p+anls @ (1Y, p") > (1 +4m) |0V ||> - C".
By Lemma 6.10 in [15], there is a C” > 0 such that for all s € T°(S, ® E)¢
Re(i(c(df)c(vv) ®1g)s, fs)o > —C’”((HUVH2 +1)fs, fs)o.
This implies that
B> —(C"+C" +1+4n)(|oV > + 1).
a

The proof of Proposition 9.5 (and hence of Theorem 6.12) can now be finished as
in the proof of Proposition 6.3 in Section 6.4 of [15], with Corollary 9.7 playing the
role of Proposition 6.7 in [15].

10. Applications and examples. Let us mention some applications and ex-
amples of Theorems 4.6, 6.8 and 6.12. We will see that Theorem 6.8 reduces to a
Spin®-version of the result in [24] in the cocompact case, and discuss how to gener-
ate examples of Theorems 4.6 and 6.12. We show how formal degrees of classes in
K.(Cr@G), generalising formal degrees of discrete series representations, and related
to certain charcteristic classes on M. Finally, we use the index formula for twisted
Spin“-Dirac operators in Theorem 6.12 to draw conclusions about Braverman’s ana-
lytic index of such operators.

As before, we assume G is unimodular.
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10.1. Generalising Landsman’s conjecture to Spin“-manifolds. As noted
in Subsection 4.2, Theorem 6.8 implies that the main result in [24] generalises to the
Spin‘-setting.

COROLLARY 10.1. In the situation of Theorem 6.8, suppose that M /G is com-
pact. Then, in the notation of Subsection 4.2,

Ro(QEFP™ (M) = Q(My),

for the Spin®-structures on M and a connections on their determinant line bundles

for which Theorem 6.8 holds.

Proof. 1f M/G is compact, one may take tg = 0 in Theorem 6.6. (By using
V = M in Proposition 8.1.) As noted in Remark 6.4, the fact that all smooth sections
are transversally L? in this case implies that

QP (M) = dim(ker D7) — dim(ker D7),

Bunke shows in the appendix to [24] that this equals Ry ( SGpinc (M)). O

In other words, an extension of Landsman’s conjecture (4.5) to the Spin®-case
holds for suitable choices of Spin®-structures and connections. In fact, Theorem 6.12
can be used to generalise this result to twisted Spin®-Dirac operators.

10.2. Generating examples. Using the constructions in Subsection 3.2, one
can generate a large class of examples of Theorems 4.6 and 6.12 from cases where the
group acting is compact. Indeed, let K be a compact, connected Lie group, and let N
be a manifold equipped with an action by K and a K-equivariant Spin“-structure. Let
qu: N — £* be the Spin“-momentum map associated to a K-invariant Hermitian
connection V¥ on the determinant line bundle LY — N of the Spin®-structure on
N. Let vV be the vector field on N associated to qu as in (6.2), with respect to a
single Ad*(K)-invariant inner product on €*. Suppose it has a compact set Crit(va)
of zeros. As noted in Lemma 3.24 in [29], and on page 4 of [38], this is true if N is
real-algebraic and ,qu is algebraic and proper. (And also, of course, if N is compact.)

Let G be a connected, unimodular Lie group containing K as a maximal compact
subgroup. Suppose the lift Ad in (3.3) exists, which is true if one replaces G by
a double cover if necessary. We saw in Subsections 3.2 and 3.3 that the manifold
M := G xi N has a G-equivariant Spin“-structure with determinant line bundle
LM = G x i L. Furthermore, by Proposition 3.10, all G-equivariant Spin®-manifolds
arise in this way (though possibly not all Riemannian metrics on such manifolds). In
Subsection 5.2, a connection VM on LM was constructed, such that the associated
Spin“-momentum map uvM is given by (3.8).

If N is compact and even-dimensional, then Theorem 4.6 applies, and yields
a decomposition of QP™ (M), € K.(C;G). If N is possibly noncompact, then
Theorem 6.12 applies for a suitable metric on g},.

COROLLARY 10.2. Suppose the dimension of M is even. Let E — M be a
G-equivariant, Hermitian vector bundle, equipped with a G-invariant, Hermitian con-
nection. If 0 € ¥* is a regular value of MVN, and K acts freely on (,qu)_l(O), then
there are a metric on g3, and a pg € N such that for all p > pg,

indexf> Dy, :/ ch(Eg)e s (F0) A(My).
My
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Proof. By Proposition 3.12, zero is a Spin“regular value of uvM. By (5.12), G
acts freely on (MVM)’l(O). To apply Theorem 6.12, it therefore only remains to show
that the vector field vV on M, induced by the momentum map MVM as in (6.2), has
a cocompact set Crit(va) of zeros. This follows from the fact that

Crit(va) =G xg Crit(va),

for a suitable metric on g},. This is proved in Lemma 10.4 below. Therefore, Theorem
6.12 implies the claim. O

REMARK 10.3. In the setting of Corollary 10.2, Proposition 3.14 implies that

Q5P (M)E = QP (My) = Q3P (Ny) = Q5P (N)K.

LEMMA 10.4. There is a G-invariant metric on gy, such that the set of zeros of
the vector field oV on M, used in the proof of Corollary 10.2, equals

Crit(v¥") = G xx Crit(®¥"). (10.1)

Proof. Let (—,—)x be an Ad*(K)-invariant inner product on g* that extends

the inner product on £* used to define vV" . Consider the G-invariant metric on O
defined by

(57 g)[q,n] = (Ad* (g)ilga Ad” (g)ilgl)Kv

for £,¢' € g*, g € Gand n € N. Let vV" be defined via this metric. We will show
that va|N = va, where we embed N into M via the map n — [e,n]. Then (10.1)
follows by G-invariance of both sides.
The dual map (uvM)*: M — g, defined with respect to the above metric on g3/,
satisfies
M * N *
17" o] = (1) (),
for all n € N, where (qu)* is the map dual to MVN with respect to the restriction
of (—,—)k to €*. Here £* is embedded into g* via the inner product (—,—)x (i.e.
p C g is defined as the orthogonal complement to £ with respect to the induced inner

product on g). Hence

M N M
’U[Z,n] = 2((/Lv ) (n))[e)n]

[exp (1™ )" (n)), ]

2 —
dt
d

=92 —

dt

_ v
_Un )

t=0

~ [e.exp(t(u™)" ()]

so the claim follows. O
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10.3. Characteristic classes and formal degrees. Theorem 4.6 is stated in
terms of K-theory of C*-algebras, but it has purely geometric consequences. In par-
ticular, it yields an expression for the formal degrees of discrete series representations
of semisimple groups in trems of characteristic classes on coadjoint orbits.

Let 7: CG — C be the von Neumann trace, determined by

r(R(¢)*R(g)) = /G (g Pdg,

for p € LY (G)NL*(G), where R denotes the right regular representation. This induces
a morphism 7,.: K,(C;G) — R. Wang showed in Proposition 4.4 and Theorem 6.12
in [40] that

o (QSP (M), = /M fera @A),

Here f is a cutoff function as in Definition 6.1. For A € A} + pk, let [A] € K4(CG)
be as in (4.6). (As before, d is the dimension of G/K.) We define the formal degree
of [\ as

dy =7\ €R.
Theorem 4.6 has the following consequence.

COROLLARY 10.5. In the setting of Theorem 4.6, we have

/ fe%CI(LM)A(M) = Z madax,
M

)\GA++PK
where my € Z is given by the quantisation commutes with reduction relation (4.2).

This corollary is a noncompact generalisation of the equality

/ e%m(LN)A(N) = Z my dim(V}),
N

)\GA++PK

in the compact case. Here V) is the representation space of Wf\( .

Now suppose G is semisimple with discrete series, and let A € Ay + px. Let
dr be the formal degree of the discrete series representation m with Harish—Chandra
parameter A. Then by (5.3) in [18] and the remarks in Section 2.3 in [20], we have

dy = (—1)¥2d,.

(This motivates the term ‘formal degree’ for the number d) in general.) In part
(iii) of Proposition 7.3.A in [10], Connes and Moscovici gave a decomposition of the
L% index of the Spin°-Dirac operator on a homogeneous space of G into the formal
degrees d,. The left-hand side of the equality in Corollary 10.5 is the L2-index of
the Spin®-Dirac operator on M by Theorem 6.12 in [40]. Therefore, Corollary 10.5
is a version of quantisation commutes with reduction for an index as in Connes and
Moscovici’s result, if M is a homogeneous space.

For specific choices of such homogeneous spaces, one actually only picks up a
single formal degree. Using Proposition 4.4 in [40] along with Theorem 6.12 in that
paper, or Connes and Moscovici’s index theorem, Theorem 5.3 in [10], one obtains

dy = (—1)4/? fch(G x g Va)A(G/K).
G/K
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(Also compare this with Corollary 7.3.B in [10].) In a similar way, Corollary 2.8 in
[18] implies that

dﬂ—(—l)d/QLAfe2°1 A(G - ).

Corollary 10.5 is a generalisation of the latter equality from strongly elliptic coadjoint
orbits to arbitrary manifolds (satisfying the hypotheses of Theorem 4.6).

10.4. Consequences of the index formula for twisted Dirac operators.
The index formula for twisted Spin®-Dirac operators in Theorem 6.12 implies some
properties of the index of such operators, which are not a priori clear from Braverman’s
analytic definition of this index.

Braverman’s cobordism invariance result, Theorem 3.6 in [7], implies the excision
property that the index only depends on data near Crit(vV), as in Lemma 3.12 in [7].
Because of Theorem 6.12, the index has a more refined excision property for twisted
Spin®-Dirac operators, namely that it only depends on data near the subset (V) ~1(0)
of Crit(vV).

COROLLARY 10.6 (Excision). For j = 1,2, let M; be a G-equivariant Spin‘-
manifold, with spinor bundle Sy, — M;. Let V5% be a G-invariant Hermitian con-
nection on the determinant line bundle L; — M;. Let E; — M; be a G-equivariant
Hermitian vector bundle, equipped with a G-invariant Hermitian connection. Suppose
these data satisfy the conditions of Theorem 6.12 for j =1,2.

In addition, suppose there are G-invariant neighbourhoods U; of (uvLj )~1(0), and
a G-equivariant, isometric diffeomorphism

p: Uy — Uy,
such that
P((¥")7H0) = (1) 71 0);
(8M2|U2) = S, |y
0" (VP2 u,) = V5 oy
¢* (E2|u,) = Eilu, -

Then there are G-invariant metrics on gy, and g}, and there is a po € N such that
for all p > po,

1ndexL2 DEy =

1= 1ndexL2 DE2 (10.2)

Proof. Under the conditions stated, one has
(W) 0)/G = (u7)7H0)/G = Mo
(Lll(ule)’l 0))/G &= (L2|( VLQ)*l(O )/G =: L
(Ell(#le )/G (B2 |(#VL2 )/G : Ep.
Furthermore, because Sy, and Sy, coincide on a neighbourhood of (ule )7L(0) =

(MVLZ)_l(O)7 the Spin®-structures on M defined by these spinor bundles are equal.
Hence by Theorem 6.12, if p > max(pg,,pg,), both sides of (10.2) equal

/ ch(Eg)e2t(F) A(My). O
My
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A direct consequence of Theorem 6.12 is that indexf% DF. when defined, depends

polynomially on p. "
COROLLARY 10.7. In the setting of Theorem 6.12, there is a pp € N such that
for allp > pg,
(dim Mo) /2
index%;T D£1 = Z arp”,
k=0

with rational coefficients

1 R
ay == k—/ ch(Eg)er (Lo)* A(Mo).
2kE! Mo

In particular,

(dim My)/2

index%T D;DE:1 — Z akpk = /M Ch(Eo)A(MQ)
k=1 0

1s independent of p.

Finally, certain topological invariants of My can be recovered as indices on M.
We illustrate this for a twisted version of the signature.
Let 7 be the involution of A T*M ® C equal to

y o (i M=) /2,

on /\j T*M ® C, where * is the Hodge operator. Consider the de Rham operator
B:=d-+d*

on '°(AT*M & C). Tt satisfies By = —yB, and hence defines the signature operator
+ —
B:T*(\ ' T"M&C) »T>(\ T"M&C)

where the + and — signs denote the +1 and —1 eigenspaces of 7. (See e.g. Example
6.2 in [22].)

For any integer p, let BL” be the signature operator B, twisted by L? via the
given connection on L. Write

vap .= B 4+ %c(vv).

Let N'— (1V)71(0) be the normal bundle to ¢*T' My in T M |(,v)-1(0). 1f 0 is a Spin®-
regular value of 1V, then N has a G-equivariant Spin-structure, with spinor bundle
SN = (uY)7H0). Let SY = (SN|(,v)-1(0))/G — My be the induced vector bundle
over My. Then Theorem 6.12 implies a version of Hirzebruch’s signature theorem in
this setting.

COROLLARY 10.8 (Twisted signature theorem). Suppose that 0 is a Spin®-regular
value of 1V, and that G acts freely on (uV)~1(0). Then there is a G-invariant metric
on gh; such that for large enough integers p,

indexfs Ble = / ch(SY)eP=2)e1(Lo) [ (My).
Mo
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Here L(My) is the L-class of My.
Proof. For all Spin“-manifolds U, with spinor bundles Sy — U, one has

/\T*U = Cl(TU) = End(Sy) = Sy ® Sf; = Sy @ Sy.

If U is Spin, then under this identification, the signature operator By equals the
Spin-Dirac operator twisted by Sy

By = DV

(See e.g. below Proposition 3.62 in [3].) In our setting, M is only Spin®. But as in
(2.1), we have on small enough open sets U C M,

Splu = S @ LI/,

where Slsjpin is the spinor bundle of a local Spin-structure. Hence, locally, we have for
all p e N,

. /2
Dp|U _ (szm)L\’[’J ’

the local Spin-Dirac operator Dgpin coupled to L|1£]/ % via the given connection. Twist-
ing D, by S, we therefore obtain

i / i in ( )/ ( )/
DSy = (D) SlwsL? = (pfpm) S ety ™ — ()t

If p+1 is even, then BL""V"? ig defined globally, and by the above local argument,
it equals Df . This means that for all £ € N, in the notation of Definition 6.11,

L* _ s
BvV = D2k71,1-

Under the conditions stated, Theorem 6.12 therefore yields the equality

index{s Bl = / ch(Sp)e*=2)erlo) A(My),
Mo

for k large enough. Since Sy = Sy, ® SY and ch(Saz, ) A(My) = L(Mj), the claim
follows. O
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