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ANTICYCLOTOMIC IWASAWA INVARIANTS AND
CONGRUENCES OF MODULAR FORMS*

CHAN-HO KIMT

Abstract. The main purpose of this article is to examine how congruences between Hecke eigen-
systems of modular forms affect the Iwasawa invariants of their anticyclotomic p-adic L-functions.
We apply Greenberg-Vatsal and Emerton-Pollack-Weston’s ideas on the variation of Iwasawa invari-
ants under congruences to the anticyclotomic setting. As an application, we establish infinitely many
new examples of the anticyclotomic main conjecture for modular forms, which are not treated by
Skinner-Urban’s work. An explicit example is given.
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1. Introduction.

1.1. Overview. Iwasawa theory of elliptic curves over the anticyclotomic Z,-
extenstion of an imaginary quadratic field has its own arithmetic interest due to the
extensive use of Heegner points, which have played an important role in attacking
Birch and Swinnerton-Dyer conjecture. The essence of Iwasawa theory is encoded in
the Iwasawa main conjectures, and the Iwasawa main conjecture for this setting is
proven under rather strict conditions due to Bertolini-Darmon [BD05] and Skinner-
Urban [SU14]J.

We establish an anticyclotomic analogue of Greenberg-Vatsal’s result [GV00] on
the behavior of Iwasawa invariants of p-adic L-functions of modular forms under con-
gruences. The main idea is to examine how congruences between Hecke eigensystems
of automorphic forms on a definite quaternion algebra affect the Iwasawa invariants
of their anticyclotomic p-adic L-functions by calculating a formula for A-invariants of
Euler factors at a prime ¢ which splits in the imaginary quadratic field and is prime
to p.

Applying the main result of this article, we obtain infinitely many new examples
of the anticyclotomic main conjecture of Iwasawa theory for modular forms, with
more relazed conditions following the philosophy of congruences developed by Vatsal
[Vat99], Greenberg-Vatsal [GV00], Emerton-Pollack-Weston [EPWO06], and Greenberg
[Grel0]. We adapt and refine the setup of Pollack-Weston’s generalization [PW11] of
Bertolini-Darmon’s Euler system divisibility of the anticyclotomic main conjecture of
elliptic curves [BD05].

Note that our setup is more general than the setup of Skinner-Urban’s work in
the following sense.

e The prime p does not necessarily split in the fixed imaginary quadratic field.
e The ramification condition on the residual Galois representation is weaker
than that of Skinner-Urban.

The subsequent work [CKL] joint with F. Castella and M. Longo deals with the
higher weight case via Hida theory for quaternion algebras and big Heegner point

*Received August 2, 2015; accepted for publication December 15, 2015.
TSchool of Mathematics, Korea Institute for Advanced Study, 85 Hoegiro, Dongdaemun-gu, Seoul
02455, Republic of Korea (chanho.math@gmail.com).

499



500 C.-H. KIM

construction of two variable p-adic L-functions. See [CH16], [CH15] for the higher
weight case with certain restrictions.

1.2. Statement of the main result. Let p be a rational prime > 5 and fix
embeddings ¢, : Q — @p and (o : Q — C. Let f be a newform of weight 2 of level
I'o(IN) which is good ordinary at p. Write Ny for the level when we need to specity.
Let F' be a finite extension of the Hecke field of f over Q, and O be its ring of integers,
and p be the maximal ideal of O lying over p (which is compatible with the choice of
the embedding ¢;,). Let w be a uniformizer, and F be the residue field of F'.

Let ps : Gal(Q/Q) — GLa(F) be the p-adic Galois representation attached to
f where V; is the 2-dimensional F-vector space. Assume that its mod p reduc-
tion py is irreducible. Under this irreducibility condition, the mod @ reduction
P+ Gal(Q/Q) — Autp(Ty/wTy) ~ GLy(F) is uniquely determined up to isomor-
phism where T} is a Galois-stable lattice over O in V. Write Ay := V; /T5.

Let K be an imaginary quadratic field with (disc(K),pN) = 1 and K be the
anticyclotomic Z,-extension of K. Then we have decomposition N = Nt - N~ where
a prime divisor of Nt splits in K and a prime divisor of N~ is inert in K.

ASSUMPTION 1.1. Assume that N~ is square-free and the product of an odd
number of primes.

By this parity condition, the sign of functional equation of the Rankin-Selberg
L-function of f and K is +1.

Under this setting, we are able to consider the anticyclotomic p-adic L-function
L,(K, f) a la Bertolini-Darmon ([BD96], [BDO05]), which interpolates the algebraic
part of L-values at s = 1 of the Rankin-Selberg convolution of the newform f and
the theta series associated to a ring class character of p-power conductor over the
imaginary quadratic field K. Note that its nontriviality is proved in [Vat02, Theorem
2.11].

Let K be the anticyclotomic Zy-extension of K and I's = Gal(K/K) ~ Z,,.
Write K, for the unique subfield of K., such that Gal(K,/K) ~ Z/p"Z. Let A =
O[l's] be the anticyclotomic Iwasawa algebra over O.

The anticyclotomic Iwasawa main conjecture predicts a deep relation between
anticyclotomic p-adic L-functions and anticyclotomic Selmer groups.

CONJECTURE 1.2. (Anticyclotomic Iwasawa main conjecture) The following
statements hold:
1. Sel(K«, Af) is A-cotorsion, and
2. the equality of ideals of A

(Lp(K, f)) = charA(Sel(Koo,Af)v)

holds,
where the Selmer group here is the minimal Selmer groups as in [PW11] and (—)V is
the Pontryagin dual.

From now on, we assume that f is not congruent to any p-newform; in other
words,

ASSUMPTION 1.3. Assume that a,(f) # £1 (mod p).

REMARK 1.4. This “non-anomalous” condition on a,(f) indicates that f is not
congruent to any newform of level pN. If a,(f) = £1 (mod p), then the mod p
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reduction of the p-adic L-function (“mod p L-value”) vanishes via the interpolation
formula ([CH16, Theorem A]) due to mod p vanishing of the Euler factor at p. In other
words, this mod p anomalous condition increases p-invariants. It can be also regarded
as a “mod p exceptional zero phenomena.” This condition is also required to prove the
second explicit reciprocity law & la [BD05] because Thara’s lemma for Shimura curves
([DT94, Theorem 2]) is crucially used in the proof. See [CH15, Lemma 5.3] for detail.
The condition p > 5 is required to use the level raising technique of Diamond-Talyor.
See [DT94, Theorem A (page 436)].

Let p >~ p; be a residual modular Galois representation and N(p) be its tame
conductor. Then, as we did before, we decompose

N(p) = N(p)" - N(p)~
using the same K.
We define a rather stringent condition first.

DEFINITION 1.5. (N*-minimality) Let f be a newform of weight 2 and level
['o(N) with residual representation p. The form f is N*-minimal if N* = N(p)*
respectively.

3

Condition CR is a relaxation of N~ -minimality.

DEFINITION 1.6. (Condition CR: [Hel07, Definition 6.4], [PW11, Page 1354]) Let
p: Gal(Q/Q) — GL2(F) be a modular Galois representation where F is a finite field
of characteristic p > 5. Let N~ be a square-free product of an odd number of primes
which is divisible by N(p)~. The pair (p, N ™) satisfies condition CR if
e 7 is irreducible, and
e if ¢| N~ and ¢ = +1 (mod p), then p is ramified at g.

We need a condition on the residual image for the application to the main con-
jecture.

DEFINITION 1.7. (Big image) The residual representation p has big image if the
image of p contains a conjugate of GLa(F),).

REMARK 1.8. Condition CR refines “hypothesis CR” in [PW11], which originates
from the idea to control the multiplicities of Galois representations arising from Ja-
cobians of Shimura curves. See [Hel07] for detail. In [PW11], hypothesis CR requires
that the residual representation is surjective, but it is too restrictive since the deter-
minant of the representation is only the cyclotomic character. Moreover, it turns out
that the surjectivity is not required due to a group-theoretic argument of Chida-Hsieh
unless F = F5. See [CH15, Lemma 6.1, Lemma 6.2 and Theorem 6.3] for detail.

Then the Euler system method provides the one sided divisibility of the main
conjecture.

THEOREM 1.9. (Euler system divisibility [BD05], [PW11, Theorem 4.1],
[KPW17]) Suppose that (py, N; ') satisfies condition CR and py has big image. Then
we have:

1. Sel(K«, Af) is A-cotorsion, and
2. The divisibility of ideals

charA(Sel(Koo,Af)v) | (Lp(Kooa f))
holds.
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REMARK 1.10. (on the Euler system divisibility and congruences) The first proof
of the Euler system divisibility is given in [BD05]. However, their work is not relevant
to the context of congruences because their assumption does not allow any congru-
ence (“p-isolated condition”). Moreover, Pollack-Weston’s generalization [PW11] still
requires the N T-minimality for the freeness of compactified Selmer groups. These re-
strictions are removed introducing condition CR with an Iwasawa-theoretic argument
in [KPW17].

The Eisenstein congruence method a la Ribet implies the opposite divisibility.

THEOREM 1.11. (Eisenstein congruence divisibility [SU14]) If p, is irreducible
and f is N~ -minimal, we have the following divisibility.

(Lp(Koo, f)) | chary(Sel(Koo, Af)”)

REMARK 1.12. The N~ -minimality condition is more strict than condition CR.
Thus, we have the equality of the anticyclotomic Iwasawa main conjecture assuming
the N~ -minimality. We do not appeal to the Eisenstein congruence divisibility in this
article.

Our major purpose in this article is to investigate the behavior of anticyclotomic
Iwasawa invariants. First, we recall Vatsal’s result on anticyclotomic u-invariants.

THEOREM 1.13. ([Vat03, Theorem 1.1 and Proposition 4.7], [PW11, Theorem
2.3]) Assume that p; is irreducible and f satisfies Assumption 1.8. Then the -
invariant of anticyclotomic p-adic L-function of f vanishes.

REMARK 1.14. (on vanishing of analytic p-invariants)

e See [PW11, Theorem 2.3 and Remark 2.4] for the relation between analytic
p-invariants and congruence numbers.

e The Euler system divisibility directly implies that the corresponding algebraic
p-invariants also vanish.

o Under vanishing of y-invariants, the A-invariant of L,(Ko, f) can be detected
by looking at “the mod p L-value” L,(Ko, f) (mod w). See [EPWO06, §1.4].

e Vanishing of p-invariants is still an open problem in the cyclotomic case and
is assumed in [GV00] and [EPWOG6].

Our main theorem describes the behavior of A-invaraints of anticyclotomic p-adic
L-functions under congruences. The rest part of this section is very rough, but the
precise statements will be given in §6.

MaIN THEOREM. (THEOREM 6.1) If two newforms of weight 2 are congruent and
satisfy condition CR with the same N, then the difference of A-invariants of their
anticyclotomic p-adic L-functions can be calculated explicitly in terms of “lwasawa-
theoretic Euler factors”.

The Iwasawa-theoretic Euler factors, defined in §4, interpolate Euler factors
twisted by anticyclotomic characters. There is an algebraic counterpart of the main
theorem.

THEOREM 1.15. ([PW11, Theorem 7.1], THEOREM 6.5) If two newforms of
weight 2 are congruent and satisfy condition CR with the same N ~, then the difference
of A-invariants of their anticyclotomic Selmer groups can be calculated explicitly in
terms of local cohomologies.
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REMARK 1.16. (analytic vs. algebraic) The argument of the algebraic counter-
part is completely formal. Comparing local conditions of primitive and non-primitive
Selmer groups directly deduces the conclusion. On the other hand, the analytic side is
more subtle since p-adic L-functions are not described in terms of local data. The key
reason would be that p-adic L-functions do not admit Euler products. For instance,
algebraic u-invariants can be described in terms of local data, Tamagawa exponents,
but analytic u-invariants are only able to be described in terms of congruence num-
bers, which are global data. See [PW11, §6.5, 6.6]. Moreover, removing Euler factors
at inert primes would change the sign of Rankin L-functions, which is also a global
information. See Remark 5.2.(2). These phenomena indicate that the analytic side is
more mysterious in the context of congruences of modular forms.

In §4, we precisely match up Iwasawa-theoretic Euler factors and local cohomolo-
gies. As a result, we can prove a relative statement of the anticyclotomic Iwasawa
main conjecture for modular forms combining with the Euler system divisibility.

COROLLARY 1.17. (COROLLARY 6.7) If two newforms of weight 2 are congruent
and satisfy condition CR with the same N, then the anticyclotomic Iwasawa main
conjecture for one form implies the anticyclotomic Iwasawa main conjecture for the
other form.

1.3. Organization. In §2, we review the basic notion of automorphic forms on
a definite quaternion algebra, Jacquet-Langlnads correspondence, and construction of
p-adic L-functions. In §3, we prove a mod p multiplicity one result for automorphic
forms on a definite quaternion algebra consulting condition CR. In §4, we introduce
Iwasawa-theoretic Euler factors and make a precise connection between Iwasawa-
theoretic Euler factors and local cohomologies. In §5, we investigate the stability of
normalization of automorphic forms stripping out Iwasawa-theoretic Euler factors. In
86, we prove the main theorem putting it all together and discuss the application
of the main theorem to the main conjecture. At the end (§7), we give an explicit
example. In Appendix A, we study Gross periods in more detail.

2. Automorphic forms on a definite quaternion algebra and p-adic L-
functions.

2.1. Integral Jacquet-Langlands correspondence. Let B be the definite
quaternion algebra over Q of discriminant N~ and R be an oriented Eichler order
of level NT in B. For any abelian group A, A := A ®z Z. Then we obtain an
automorphic form on a definite quaternion algebra

¢;: BX\B*/R* = C

via the classical Jacquet-Langlands correspondence. We are able to normalize ¢ to
take values in @Q since the double coset is finite ([Vig80, §5.B of chapitre III]) and it is
an eigenform. Using the embedding ¢, we have p-adically integral normalization ¢ :
B*\B*/R* — O with ¢f(BX\§X/]§X) # 0 (mod w). For a detailed description of
this normalization, see [PW11, §2].

We denote the space of O-valued normalized automorphic forms by
MY (Ko(N*),0) and the subspace which the rank 1 subspace generated by the
constant function is removed by S& (Ko(N7T),0). Note that the constant func-
tion in My(B*\B*/R*, ) is regarded as “Eisenstein series” since the corresponding
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residual representation is reducible. Let TV (K¢(N*1))o be the full Hecke algebra
over O faithfully acting on S (Ko(N*),0).

THEOREM  2.1. (Jacquet-Langlands) There is a (non-canonical)
TN (Ko(N7T))o-equivariant isomorphism

So(To(N), O)YN mew o~ SN (Ko(NT), 0).

Proof. The statement with C-coefficients can be found in [Hid04, §4.3.2] and
[Hid06, §2.3.6]. With the fixed normalizations on both sides, we obtain the conclu-
sion. O

REMARK 2.2. (on the meaning of this integral correspondence) This integral
Jacquet-Langlands correspondence is ad hoc. In some sense, we define our normaliza-
tion to obtain this integral correspondence. This normalization is directly related to
the analytic p-invariant and conjecturally related to the congruence number. For a
more meaningful integral Jacquet-Langlands correspondence, the connection between
this normalization and the congruence number should be clarified. Under condition
CR, the precise connection is proved in [PW11, Proposition 6.7].

2.2. Bruhat-Tits trees, degeneracy maps and p-stabilization. Let ¢ be
an arbitrary prime not dividing N. (e.g. £ can be p.) Let By := B ®g Q; and
X

—

Ry := R®y Zy. We consider double cosets BX\B*/R* and B*\B*/Ry(f) where
Ry (¢™) is an oriented Eichler order of level " NT contained in R. In other words,
Ro(¢™)¢ in Ry ~ M3(Zy) is isomorphic to {(§ i) (mod ¢™)} in Ma(Zy).

These double coset spaces admit a geometric and combinatorial description in
terms of the Bruhat-Tits tree BT for PGL2(Q/)(= B, /Q}) via strong approximation
theorem ([Vig80, §4, Chapitre III] and [Dar04, Theorem 4.5]). We have the following
canonical identification:

I\V(BT;) =——— R[}*\B)' /R — = B*\B*/R*
[bl]}—>["'71;b£;17"'] (1)
T\E (BTy) —— R[L*\B} /Ro(0); —=— B*\B*/Ro(0)

[b[])—)["',l,bg,l,"']

where I' := R[$]*/Z[$]* is a discrete subgroup of B;/Q), V(BTy) is the set of
—

the vertices of the Bruhat-Tits tree, £(BTy) is the set of the oriented edges of the
Bruhat-Tits tree, and the adelic element [---,1,bp,1,---] is only nontrivial at /.
We recall the degeneracy maps.

DEFINITION 2.3. (Degeneracy maps at £) We have the following degeneracy maps
~ —X ~ ~
WgyllBX\BX/Ro(é) %BX\BX/RX

[ byl [oe by

WngSBX\EX/mX %BX\EX/EX
[ bey ] [ b (39),-1]
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where by € GL2(Q¢) ~ B/ is an element in the ¢-th slot.

We use the degeneracy maps at p to define the p-stabilization of automorphic
forms.

DEFINITION 2.4. The p-stabilized automorphic form gb(f%) of ¢y is defined
by
o 1
B (b) = 65 (mp1 (b)) = — - By (T2 (b))

P
~ —X
where «y, is the unit root of the p-th Hecke polynomial of f and b € B*\B*/Ry(p) .

REMARK 2.5.
1. The p-stabilized automorphic form qﬁgc%) is a Hecke eigenform of level pN ™

and of discriminant N~. All prime-to-p Hecke eigenvalues of (bgc%) coincide

with those of ¢ and the Up-eigenvalue of ¢§gp) is oy.
2. Degeneracy maps at £ # p will be used significantly in §5. See Definition 5.3.
Those degeneracy maps are essential to strip out FEuler factors at /.

Note that automorphic forms can be regarded as functions on a finite graph:
¢; : BX\B*/R* ~T\V(BT,) = O.

Degeneracy maps can be interpreted in terms of the graph. Two automorphic forms
¢, and @74 of level pN* and discriminant N~ are defined by

Gfs, Of BX\EX/R/O(J'T)X ~ F\E(BTp) -0

by ¢rs(e) := ¢r(s(e)) and ¢y (e) := ¢y(t(e)) where e is an oriented edge, s(e) is
the source of the edge, and ¢(e) is the target of the edge. The p-stabilization can be
written as follows:

o 1
0" (€) = brile) = - dra(e)
P

= 65(t(e)) — — - b5(s(e))

Qp

—
where e € I'\ € (BT),).

2.3. Construction of p-adic L-functions. We sketch the construction of an-
ticyclotomic p-adic L-functions of modular forms. We closely follow [BD05] with
correction consulting [BD01] and [BDIS02]. In this section, modular form f is not
necessarily a newform; it is just an eigenform which is N~ -new.

The triple (f, K,p) determines the element L,(Ko, f) € A, which interpolates
the special values of the Rankin L-function L(f/K, x, 1) for all finite order characters
x of I's of p-power conductors.

REMARK 2.6. The construction of measures involves various choices and is given
only up to multiplication by an element of the Galois group. However, all the ambi-
guities will be removed in §2.3.7.
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2.3.1. The Galois group. Let Ok be the ring of integers of K and Ok |[+] be

1
p
the maximal Z[%]—order in K. Let

Goo = KR /@ ][ OK%];).
t#£p

Using global class field theory, this group is the Galois group of the union of the ring
class fields of K of all p-power conductors over K, which contains the anticyclotomic
Zy,-extension of K.

2.3.2. Optimal embeddings and the ‘“partial” Galois action.

CHOICE 2.7. Fiz an oriented optimal embedding ¥ : K — B such that ¥(K) N
R[%] = \I!(OK[%]) where R is an oriented Eichler order of level NT.

The decomposition N = NT .- N~ ensures the existence of such an embedding
U ([Vig80, §3 of chapitre IT and §5.C of chapitre I1I]). The oriented optimal embed-
ding induces the p-adic embedding ¥, : K /Q) — B)/Q, = PGL2(Q,). Hence,
this embedding yields the action of K/Q. on the Bruhat-Tits tree BT, via left
translation.

We describe the structure of éoo:

K /Qp

|

1—— Goo = K JQF Ok [2])* — Goo —— CUOK [L]) —— 1

|

'

REMARK 2.8. The class group Cl(O K[}—lj]) permutes oriented optimal embeddings
transitively. For § € Cl(Og[L]), the permuted optimal embedding W by § is explicitly

1
P
defined in [BDIS02, §2.3].

2.3.3. Measures on K, /Q; and Gross points on the tree. We define
the measure on K¢ / Q, attached to f and W. Consider the decreasing filtration of

Ky /Qp
o CUp1 €U, CU, 1 C---CUL CUp C K /Qy

where Up is the maximal compact subgroup of K, /Q) and U, = (1 + p"Ok ®z
Zp)/(1+ p"Z,) for each n > 1.

CHOICE 2.9. Choose a sequence of consecutive vertices vy, va,vs, - of V(BT))
with the coherent orientation and without backtracking such that Stab\yp(pr Q) (vg) =
U, for alln > 1.
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Each vertex vy, is called a Gross point of conductor p" (at level 0). The
O-valued measure iy v on KX /Q) is defined by the value

Up) = = (Qbf(‘l/p(a) “Un) — alp(bf(‘l/p(a) ‘ ”nl))

ffw(o
! : ((;55(%)(\1/1,(0) : en))

where o € (KX/Q ) /U, and e,, is the oriented edge from v,,_1 to v,. Each oriented

edge e, is called a Gross point of conductor p™ (at level 1). Since (;5 o) g U,-
eigenform with p-adic unit eigenvalue o, the distribution relation follows 1mmed1ately
The measure on K*/Q," on naturally induces mea-

2.3.4. Measures on G.
sure (17, on the quotient G, = KX /(Q) OK[%]X) as follows:
:= Goo/U,. Then we define

Let U,, C G be the image of U,, in G and G
ppw(o-Un) = fiw(@ - Uy)

where 0 € G,, and ¢ is any lift of o to (K)/Q) /Uy,. The value is independent of
[1]*-invariant and \IJ(OK[%]) - R[%].

the choice of this lifting because ¢ is
2.3.5. Measures on G, and theta elements. We extend the measure on G

to éoo.
CHOICE 2.10. We choose a lifting of C1(Ok[1/p]) to Gs. For § € Cl(Ok[1/p]),

write & for the lifting of § to Goo
Consider a coset decomposition

Goo = [[ 9G
5
For o € éoo, write & = 0 - o with o € Goo using

where § runs over Cl(Og[1/p]).
Choice 2.10. Then we define the measure ¢ g on G by

uf,KGUn) = /Lf)\lﬂg—l (UUn)
See also [BDO1, §4.1.Step 5]. Note that this extended measure is defined up to mul-

tiplication by an element of G, due to Choice 2.10
(Theta elements) Let én = éoo/Un. Let

afyq;_’n = Z ,ufyxp(O'Un) '0'71 S O[Gn]

oeGp

DEFINITION 2.11.

and
gf,n = Z (af,\lﬁfl,n ’ 571)
deCHOk[1/p])

= >

0€G,, §€Cl(Ok[1/p])

=Y px(@U,)5

5667@

LI Lt

L e 0[G,)].
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Using the distribution relation, we have

7, . (r&na@ c O[]

where the inverse limit is taken under natural projection. Define the n-th layer of
the theta element 6;, of f and the theta element 6; of f to be the images of

0., and 07 in O[T',,] and O[], respectively.

REMARK 2.12. (on choices and ambiguities)
1. The element gf depends on Choice 2.7 only up to sign and up to multiplication
by an clement of Go. See [BDO1, Lemma 4.5].
2. Choice 2.9 does not harm the definition since Go acts on Gross points simply
transitively. See [BD01, Lemma 4.3].
3. In [BDO05, §1.2], the construction argument tacitly assumes p { #Cl(OK[%])
to avoid Choice 2.10.

2.3.6. “Galois action” on measures with the adelic map. Let R®) =

R ®g, Z® where Z® is the ring of finite prime-to-p_integral adeles. The chosen

optimal embeddlng U also induces the adelic map T Gy — B* \BX / R®):* and the
“action” of Goo on BX\BX/RX as follows.
Consider the composition of two maps

N0 W : Goo = KX\K*/(Q* Tl Ok[2);) —— B*\B* /RW* — BX\B* | R*
(2)
where the second map 7 is the natural quotient. This yields the “Galois action” of
Goo via left translatlon
Let v € Goo and write v = Sr using Choice 2.10 with » € G. Then we have
the equation ([BDO1, §4.1.Step 5)):

noW(y) =n oW (r) (3)

up to multiplication by an element of G, where o' : B)/Q) — R[1/p]*\B,*/Q, is
the natural quotient map and the identity uses the identification (1). Equation (3)
shows the explicit relation between ¥,, and v,

Let 0 € éoo and e, be a Gross point of conductor p™ at level 1 and U,, be the
stabilizer of e,. Then we define the action of éoo on iy i as follows.

1 -

(s, |o) Tn) = p.x(0Un) = — 6 (0 T(o)en). (4)

Ap

2.3.7. Cleaning up all the choices and p-adic L-functions. Consider the
natural involution on the Iwasawa algebra A = O[]

(_)* 1 O[l'] — O[T

GZZCLUJ»—)G* :Zaga_l
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DEFINITION 2.13. (The anticyclotomic p-adic Rankin L-functions) The anti-

cyclotomic p-adic Rankin L-function attached to f and K is the element
L,(Kw, f) € O[] defined by

Ly(Koo, f) := 040%.

PROPOSITION 2.14. The element L,(Koo, f) is a well-defined element in A.
Proof. Straightforward. O
For the interpolation formula, see [CH16, Theorem A].

3. Congruences and mod p multiplicity one. In this section, we provide
necessary tools to prove the first part of the main theorem (Theorem 6.1). We focus
on the modular forms whose residual Hecke eigensystems are completely the same.

3.1. Congruences of automorphic forms. We first consider a concept of
stronger congruences.

DEFINITION 3.1. (Fully congruent forms) Let f and g be eigenforms. We say f
and g are fully congruent if a;(f) = as(g) (mod p) for all primes ¢ where p is the
prime ideal of O, a finite extension of the compositum of the Hecke fields of f and g.

Because of the construction of the p-adic L-functions, the following theorem di-
rectly implies the congruences between p-adic L-functions (Theorem 6.2.(1)).

THEOREM 3.2. (Congruences between automorphic forms) Assume (p, N~ )
satisfies condition CR. Let f,g € Sa(To(N))N " such that p ~ p; ~ p, and
N~ = N(ps)~ = N(pg)~. If f and g are fully congruent, we have the congruence
between the corresponding automorphic forms

dr=u-¢g (mod p)

where p is the prime ideal of O (which is compatible with the embedding tp) and
ue O0*.

Note that automorphic forms are well-defined only up to a p-adic unit due to the
normalization. The proof will be given in §3.4. We review the necessary material for
the proof in next two sections.

3.2. Ingredients from arithmetic of Shimura curves. In the classical case,
the mod p multiplicity one result can be proved using the g-expansion principle in
characteristic p ([Wil95, §2.1]), but the g-expansion principle is not available in the
quaternionic setting because Gross and Shimura curves have no cusps. Nevertheless,
we have the following multiplicity one result for Shimura curves under condition CR.

Let XN /"(Ko(rN*)) be the Shimura curve of level rN+ and discriminant N~ /r
over F,: with a prime divisor r | N~ and X,.(rN*, N~ /r) be the character group
of the maximal torus of the bad reduction of the Néron model of the Jacobian of
XN/ (Ko (rNF)).

THEOREM 3.3. ([PW11, Theorem 6.2], [Hel07]) Suppose that (p;, N™) satisfies
condition CR. Then the completion of the character group (X, (rN*, N~ /r) @z O)m,

at my is free of rank one over the completed Hecke algebra (TN (Ko(N1))o)m, -
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REMARK 3.4. Condition CR is optimal for this multiplicity one theorem. See
[Rib90a] for a counterexample without condition CR.

Using Ribet’s argument of changing indefinite and definite quaternion algebras,
we transplant the above multiplicity one result to the definite quaternionic setting.

Let Z[B*\B*/R*] be the free abelian group generated by B*\B*/R* and
Z[B*\B*/R*]" be its subgroup which is the kernel of the augmentation map
Z[B*\B*/R*] — Z defined by 3", a-b — Y, ap where b € BX\B*/R* and a;, € Z.

THEOREM 3.5. ([PW11, Proposition 6.5], [Rib90b]) For each prime divisor r |
N~ , there is a canonical TV (Ko(NT))o-equivariant isomorphism

Z|B*\B*/R*]® ®7 O ~ X,.(rN* N~ /r) ®7 O

and this isomorphism takes the intersection pairing on Z|B*\B*/R*]° to the mon-
odromy pairing on X.(rNT N~ /r).

3.3. Mod p multiplicity one. With Theorem 3.3 and 3.5, we prove the follow-
ing “mod p multiplicity one” result for automorphic forms on a definite quaternion
algebra.

LEMMA 3.6. (Mod w multiplicity one for automorphic forms) Assume that
(py, N~ ) satisfies condition CR, and let my be the mazimal ideal of the Hecke al-

gebra TN (Ko(N*1))o corresponding to py. Then
SéVi (KO(NJr)v ]F)mf [mf] ~ F.

Proof. First, we simplify notation:
o T=TN (K¢(NT))o, the Hecke algebra over O
o p=ker(my : T — O;Ty — ae(f)) C T, the height 1 prime corresponding to
an automorphic eigenform ¢
e m = my = the maximal ideal of T containing p and w

o 5(0) =53 (Ko(N*),0)
o S3(F) =53 (Ko(NF),F).
Consider a canonical isomorphism

Homo (T /pTw, O) ~ Home (T, O)[p].

Since the m-adic completion of the character group (X,.(rNT, N~ /r) @z O)n is free
of rank one over Ty, (Theorem 3.3), we have

Homo (T, O)[p] ~ Home ((X,.(rNt, N~ /1) @z O)m, O)[p].
By Theorem 3.5,
Homo (X, (rN", N~ /1) @7, O)m, 0)[p] ~ Homo (Z[B*\B* /R*]" @7 O)m, O)[p].

By the (twisted) Hecke-equivariant self-duality of automorphic forms (e.g. [BD05,
§1.1], [SW99, §3.2]), we have

Homo ((Z[B*\B* /R*]° @7 O)m, O) ~ Home (Z[B*\B* /R*]° 22 0, O)m = S2(O)m.
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Thus, we have
S2(O)m[p] =~ Homo (T /pTwm, O).

Since Ty /pTy ~ O, its O-dual Homp (T, /pTm, O) is also free of rank one over O.
Taking mod w reduction of all the forms in LHS and all the homomorphisms in RHS,
we have

So(F)m[p] =~ Home (T /pTw, F).

Also, we automatically have Sa(F)m[p] = S2(F)m[m] and Homo(Tw/p;Tw,F) =
Homo (T /mTy, F) = Homp(Ty, /mTy, F). Since Ty, /mT,, ~ F, we get the conclusion

3.4. Proof of Theorem 3.2. We give a proof of Theorem 3.2.

Proof of Theorem 3.2. Let f and g be fully congruent classical forms. Then the
corresponding height 1 primes py and p, are contained the same maximal ideal m.
By Lemma 3.6, we know S (Ko(N71),F)yn[m] is one-dimensional over F where F is
a finite extension of the compositum of residue fields of the Hecke fields of f and g¢.
This implies that one automorphic form, say ¢, is a constant multiple of the other
form ¢4. Since both are nonzero modulo @ due to the normalization, the constant is
a unit. Thus, we have the congruence

or=u-¢, (mod w)

where © is a unit in @. 0

4. Local pieces of the main conjecture. In this section, we introduce
Iwasawa-theoretic Euler factors and focus on “the Iwasawa main conjecture for one
Euler factor.” More precisely, we state and prove an explicit relation between the
Euler factor at a prime ¢ which splits in K and the corresponding algebraic invariant,
the local cohomology group at ¢.

Let £( p) be a prime which splits in K. Write £ = [[ in K.

4.1. Cohomological and cyclotomic Iwasawa-theoretic Euler factors.

DEFINITION 4.1. (Cohomological Euler factors: [GV00]) We define the coho-
mological Euler factor E,(f, X) at {(# p) of the L-function attached to p-adic
modular Galois representation V; by

E(f,T) = det((1 — Fr¢ - T) |(v;),,) € O[T]
where Fry is the arithmetic Frobenius at £ in Gal(Q/Q).

CONVENTION 4.2. In the definition, we take the maximal unramified quotient of
Vr at ¢ following [Gre89, (5)] and [GV00, Proposition 2.4].

Let I'¥® = Gal(Qw/Q) be the Galois group of the cyclotomic Z,-extension over
Q and A% = O[] be the cyclotomic Iwasasa algebra.

DEFINITION 4.3. (Cyclotomic Iwasawa-theoretic Euler factors) The Iwasawa-
theoretic Euler factor £/(Q, f) at ¢ is defined by

5@(@00,f) = Ef(f, E—lw) e AOve



512 C.-H. KIM
where vy is the arithmetic Frobenius at ¢ in I'%°.
THEOREM 4.4. (J[GV00, Proposition 2.4])

charyeye (B H' (Qoo,0s Af)") = Ee(Qos, f) - AYE.

REMARK 4.5. The Iwasawa-theoretic Euler factor & (Qo, f) satisfies the in-
terpolation property: X(E¢(Quo, f)) = Eo(f, x(€)¢~1) where x : TY¢ — Q". Note
that we identify v, and ¢ via class field theory. See [GV00, Proposition 2.4] for the
Iwasawa-theoretic properties of the Euler factor.

4.2. Anticyclotomic Iwasawa-theoretic Euler factors. The Euler factor at
£ of the Rankin-Selberg L-function attached to f and K twisted by an anticyclotomic
character x is given by

o for ¢ with £t N,

Eé(f/Ku X S)
= (1= ae(AXWE) (1 = ael XA = Bl () A = Bl (D)

where
Ef(f/K,x,s) = (1= ae(f)x(DE*)(1 = Be(f)x(DE)
E(f/K,x,8) = (1 = ar(/)x(D*) (1 = Be(/)x(HE™?),
e for ¢ with ¢|| N,
Eo(f/K,x;s) = (1= ae(/)x(0*) (1 = ar(f)x (1))
= El(f/KaX7S) ' Ef(f/Kv)(a S)
where
El(f/K,x,s) = (1 —a(f)x(D€*)
Ef(f/Kv)(a S) = (1 - ae(f)x(_[)ﬁ_s)7
o for ¢ with ¢2 | N,

El(f/KaX7S) =1

DEFINITION 4.6. (Iwasawa-theoretic Euler factors at primes which split in K)
Let ¢ be a prime which splits in K and N be the level of f. The Iwasawa-theoretic
Euler factor at ¢ of the Rankin L-function in A is defined by

(1= e ) (1 = ae()0 ) (X = Be( )€ ) (L = Be(f)e M) if L4 N
E(Koo, [) =4 (T—ae(f) )1 — ac(f)e %) i£ §|\1|VN
1 A

where ¢ = [[ in K, and v, and ~; are the arithmetic Frobenii at [ and [, respectively,
inI's.
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Similarly, we have

(1- oce(f)f‘llm)(l = Be(f)e ) LN

E(Keo, f) =9 (I —a(f)l'm) if f|N
1 if 2 | N
and
(L —ae(S) ) (L= Be(f) 1) i L4N
E(Kuo, [) =1 (1 —af)l ) if £||N
1 if 2| N

THEOREM 4.7. (Anticyclotomic analogue of Theorem 4.4) Let K be an imaginary

quadratic field and ¢ be a prime which splits in [l in K. Then
chary (@' (G Ap)”) = EKo, £) - A
where v runs over all primes of Ko, dividing £.
Proof. Since £ splits in K, we have Ky = K ® K; ~ Q¢ ® Q. This implies that

Koou ~ Kooy = Qo where u, v, or w is a prime of Ko, K, or Qo lying above I,

[, or £, respectively.
Note that first two fields Ko, and K , are the completions of the anticyclotomic
Zp-extension Ko, of K but Q. is the completion of the cyclotomic Z,-extension

Qoo of Q. Thus, if implies that
Dl H (G s Ap) = (B H (Koo,ws Af)) @ (@ H! (Koo,us Af))
= (GueH (Qoo,0, A7) @ (Bo)eH (Qoo s Af)).
We also obtain a similar decomposition and identification for Euler factors:
Et(Koo, [) = &Koo, f) - E( Ko, )

and

gl(Kooa f) = gT(Koov f) = gl(@ooa f)
By Theorem 4.4, we have the conclusion. O

4.3. Congruences and an algebraic interpretation of Euler factors. We
record an anticyclotomic version of an argument in [EPWO06] without any serious
modification. We use this result for the application of the main theorem to the main
conjecture (Corollary 6.7).

Let ¢ be a rational prime which splits in K. Let

. G oo,V G oo,V
6u(f) = dimg (A7 jma =)
where v is a prime of Ko lying over £. Write 0¢(f) 1= 3_,, 60 (f), 6:1(f) == 22,1 60 (f),
and 6¢(f) := >_,10u(f). Then we have 6,(f) = di(f) + &7(f).
THEOREM 4.8. ([EPWO06, Lemma 5.1.5]) Let f and g be fully congruent eigen-
forms mod w. Then, for any prime £ # p which splits in K,
Z (6v(f) - 611(9)) = )‘(gf(Kooag)) - /\(gf(Kooa f))
vl
where the sum runs over all primes v of Ko lying over £.

Proof. 1dentical with the cyclotomic case. O
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5. Thara’s lemma and stripping out Euler factors. In general, the same
residual modular representation does not imply the full congruence of two congruent
eigenforms in the sense of Definition 3.1. Finitely many residual Hecke eigenvalues
may differ. In order to remove this difference, we raise the levels of two congruent
modular forms to make them fully congruent. In the aspect of L-functions, it corre-
sponds to removing Euler factors of L-functions of two eigenforms at primes dividing
their levels.

The goal of this section is to prove the following theorem.

THEOREM 5.1. (Removing the Euler factor at a splitting prime) Let f =
> n>1ang" be an eigenform of level T'o(N) which is N~ -new. Assume that (py, N~ )
satisfies condition CR. Let ¢ be a rational prime which splits in K and is prime to
p. Let fO) = Z(n,e):1 anq™ be the eigenform of level To(NE?) (if £ is prime to N)
or To(N?O) (if £ exactly divides N ) whose prime to £ Hecke eigenvalues coincide with
those of [ and Uyg-eigenvalue is 0. Then the anticyclotomic p-adic L-functions of f
and f© have the following property:

Ly(Koo, f9) =u- E(Keo, f) - Lp(K e, f)

where u € O*.

REMARK 5.2. (on the interpolation formula and inert primes)

1. Note that this formula is compatible with the interpolation formula although
p-adic L-functions do not admit an Euler product decomposition.

2. Removing an Euler factor at an inert prime is a completely different situation.
For a prime ¢ dividing N, the Euler factors of two congruent forms exactly
coincide, so we do not have to remove them. For a prime not dividing N~ and
inert in K, the context is completely different since the forms of level NV and
N/{ may have different signs of functional equations. This phenomena can
be explained in the context of Jochnowitz congruences [BD99], comparing
Rankin L-values with derivatives of Rankin L-values. The corresponding
phenomena in the algebraic side is observed in [PW11, Lemma 3.4]. See also
[PW11, Theorem 7.3 and Remark 7.4] for a more myterious behavior in this
setting.

In §5.1, we reduce the proof of Theorem 5.1 to mod w nonvanishing of gb(fé). We

give the statement of mod w nonvanishing of ¢§f) (Theorem 5.10 and 5.11) in §5.2,
study the relevant Thara’s lemma, which is a crucial tool for proof, in §5.3. Finally,
we give proofs of Theorems 5.10 and 5.11 in §5.4.

5.1. Reduction. In this section, we explain why the content of Theorem 5.1
is that u is a unit in O and the reduction of the proof of this theorem to mod w
nonvanishing of a “¢-deprived” automorphic forms.

We introduce more degeneracy maps

— X

e B\BY /Ro(®) — BX\B*/Ro(0)
[ by [ bey o],

T B\BX/Ro(®) — B\B*/Ro(l)
[ boyee ] [ be(59), -]
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where the right matrix action is local at /.
DEFINITION 5.3. (¢-deprived automorphic forms)
1. If ¢ is prime to N, then we define

1
¢§cw) =¢pom — o G o2,

1
(b(fBE) = ¢yom — 3 @ © T2,

and
1
Be

where ay, B are the roots of the /-th Hecke polynomial 2% — as(f)x + £ of f.
2. If £||N T, then

¢§c£) = ¢fae) O3 — o ¢§ca[) 04,

a
qﬁgf) =¢rompz — —Z “romy
where ay is the Uj-eigenvalue of f.

REMARK 5.4. (on the properties of the above forms)
1. qﬁgco“‘]) and ¢§J8"]) are of level /Nt under assumption (¢, N*) = 1.
2. (bgcg) is of level 2N (if £ is prime to NT) or (N (if £ divides NT exactly).
3. All ¢y, qﬁgca‘), qﬁgfj %) and ¢+ have the same prime-to-¢ Hecke eigensystem. The

(Be)
f

U, eigenvalues of (bgca‘), ¢y, and ¢§f) are ay, B¢, and 0, respectively.

We fix notation which is compatible with the one given in [EPWO06, §3.8]. Let
3;2,1 = 75,3 o 7TZ1
By =T 40mp) = T30y
Bp g i=mj 0m
BZl = Wzl
BZZ = w}‘)2.
We define the “/-th Euler factor removing operator” on the space of automorphic
forms following [EPWO06, §3.8].

DEFINITION 5.5. Define a map
el): SN (NT,0) = SN (meNT, 0)
by

1 if mg=0 (2| N*)
()= (Biu—t B, 000 if my =1 (¢ N)
foa— 0B oTe+ (T Bl ) ifme =2 (L1 NY).
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Let ¢y € S (Ko(NT)) be a normalized automorphic eigenform and ¢ be a prime
which splits in K. Then the fully ¢/-deprived automorphic form (;5 is defined to
be €(¢)¢;. We investigate how €(¢) acts on measures constructed from automorphic
forms in the following lemma. It also proves an anticyclotomic analogue of the latter
part of [EPWO06, Theorem 3.6.2] explicitly.

LEMMA 5.6. The measure attached to the fully (-deprived automorphic form ¢§f)
defines the theta element (Koo, f) - 05, so the corresponding p-adic L-function is

gZ(KOOa f) ' L;D(Koovf)'

Proof. Recalling the construction in §2.3, consider the measure constructed from
¢§f) = ¢({)¢¢. Note that the optimal embedding ¥ satisfies (K )N Ro(¢£?) = O[1/p]
in this setting. In this calculation, we consider the m, = 2 case, but the other case is
similar. Formal computation shows that

Hi (0 Tn)

_ % ( (Z) ) ¢(Z)( ( )"Unfl))

e ()( 61(0(0) 1) = (0 ()vm)

= (Bin =7 B 0Tt 7 B ) (05(00(0) - 0) = s (0(0) )

= e(Opsu(o-Un).

To consider the action of B;g)l, BZ‘M, and Bz‘ug clearly, we regard ¥,(o) - v, and

V,(0) - vp—1 as elements of BX\BX/I/%X as well as vertices of the Bruhat-Tits tree.
Another formal computation shows that

(Bi2p0 1) (Up(0) -vn) := (B2 g 0 ¢5) (¥p(0) - vn - diag(1, £))
= (Bj2.1 0 ¢5) (Up(0) - diag(L, £) - diag(1,£ ") - vy - diag(1, £))

where diag(a, b) is the diagonal 2 x 2 matrix with entries a, b and the action of diagonal
matrices is local at £. Under identification (1) under the strong approximation, the
prime-to-p part of the Gross points is trivial, so we have diag(1,¢~1) - v,, - diag(1, /) =
vn,. We continue the calculation:

= (B2 0 ¢5) (¥,y(0) - diag(1,£) - vy).

Since the left translation by diag(1, ¢) corresponds to the action of arithmetic Frobe-
nius y( at [in G (more precisely, its image in G ») where [ is a place of K lying over
£ via the adelic map n o ¥ given in (2), we have:

= (Bi10¢r) (Tp(0) - (0 T)(1) - vn).
Similar computation shows that

(Biz iz © ¢5) (p(0) - va) = (Biz,y 0 65) (Up(0) - (0 W)(37) - va)
(Bii o d5) (p(0) - vn) = (Biy 0 ¢5) (Wp(0) - (0 T)(y) - va).
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Using the above computation with Equation (4), the n-th layer of the theta element
of ¢§f) can be calculated as follows:
0]

fn:Z Z ”;231,5 . 71371

K] oceGn

UEGn

= > Opsx(EUL)F "
5eln

= (urx@UT " —ae €7 pp i (GNUR)G "+ 07y (GPUR)T )
5ely

=D wpx@UT T —ae €7 Y ppk(@nUa)T 0 Y pp k(67T R)E
5cGn FeGn FeGn

= > ppk(@U)T —ac- € Y ppk(FUR)T i+ Yk (6UR)T
HEén HEén geén

= &Koo, f) O

where ugf)K (cU,) = u?ya , (¢U ) with decomposition & = §-o under Choice 2.10. 0

Now we go back to the theorem.

Reduction of a proof of Theorem 5.1 to mod w nonvanishing of (;5(;). In the state-

ment, the theta element to construct L,(K., f*)) is defined by the values of the
normalized automorphic form ¢ ) of the fully ¢-deprived classical form f (©), Lemma

5.6 shows that the values of of the fully ¢-deprived automorphic form gb(fé) defines
E(Koo, f) -0y, so we have (Koo, f) - Lp(Koo, f). Now we compare the Hecke eigen-

systems of ¢ ¢« and (b(fg). By definition, the mod w prime-to-¢ Hecke eigensystems of

¢ and gb(fé) coincide. It suffices to show that the Uy-eigenvalue of gb(fé) is zero. We
check the my = 2 case. The other case is similar.

Ueo) (b) = Us (e(0)64 (b))
- Z (§9)0 (Bpay =4 B yoTy+ 07" B p2)) d5(b)

where a = 0,--- ,£ — 1. A more computation shows that it coincides with:
=Z¢f°w1°w3(b'(5‘1’ - Z¢fo7félows(b (6%))

Z¢fongoWg3 (b (ée;a))

:Zsbfoﬂ,loﬂ,s(b'(é‘f —%'Z%OWJOWB b (69 (62))

Using ¢yomg10me3(b) = ¢pomp10mes (b~ (é 2)) and ¢romgi1omes(b) =¢romp o
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me,3 (b (4 %F)), we continue the computation:

:Zd)fOTrl-,l O7Tg73 (b (5‘{’))—&2-(}5]0071'&107'([73 (b)+¢j’07‘(¢_’1 O7Tg73 (b (62))
=0.

Applying mod w multiplicity one (Lemma 3.6), we obtain Gpey = u- qﬁgf) for some
u € O. Note that condition CR is used here. Thus, (bgf) is normalized if and only if

u € O*. Therefore, mod w nonvanishing of gb(fé) implies the conclusion. O

In other words, we compare

¢-deprivation integral Jacquet-Langlands

Y4
f AR OO
up to a p-adic unit?
f integral Jacquet-Langlands (b ¢-deprivation (b(g)
f f

and we ask whether the latter one is also normalized.
If one iteratively applies Theorem 5.1, we obtain the following corollary.

COROLLARY 5.7.  Assume that (p, N~ ) satisfies condition CR. Let f =
Yons1nq™ € S2(p, N7). Let ¥ be a finite set of rational primes which split in K and

are prime to p. Let f* is the eigenform (of an appropriate level) whose q-expansion
18

Z anq”.

(n,0)=1,4e%

Then we have

LP(KOOufE) =u- <H gf(KOm f)) ’ LP(KOW f)

lex

where u € O*. Moreover, we have
o j(Ly(Keo, ) = (Ly(Koo, f)) =0, and
° /\(L;D(Kom fz)) = /\(L;D(Kom )+ Eéez AME(Koo, f))-

REMARK 5.8. (on the non-rational coefficient case in [GV00]) With the strategy
of this section, [Wil95, Lemma 2.5], and the language of modular symbols, one can
extend the results in [GV00] to the non-rational coefficient case without appealing to
the delicate Hecke algebra argument in [EPWO06].

5.2. Mod w nonvanishing of automorphic forms under stripping out
Euler factors. As we have seen, it suffices to consider the following question for a
proof of Theorem 5.1.

QUESTION 5.9. (bgf) #0 (mod w)?

The following two theorems give an affirmative answer. The first theorem deals
with the case £ Nt and the second one covers the case (|| N*.
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THEOREM 5.10. Let £ be a prime which splits in K and is prime to N*. Let ¢
be an automorphic eigenform of weight 2, level N and discriminant N~ (attached
to a classical eigenform f). Let ay, B¢ be the roots of 2% — ae(f)x + €. Suppose that

py is irreducible. Then (b(fg) are nonzero (mod w).

THEOREM 5.11. Let ¢ be a prime which splits in K and (||NT. Let g be a
classical eigenform of weight 2 and level N which is new at (N, and ¢4 be the

corresponding automorphic eigenform. Let ay be the Uy-eigenvalue of g. Let qﬁg) =
Ggome3— Y pg0me s be the automorphic eigenform of level INT whose Ug-eigenvalue

0. Then (bgf) is nonzero (mod w).

REMARK 5.12. (on the relation with p-invariants) Question 5.9 can be interpreted
in terms of p-invariants. In this context, the answer means that their y-invariants are
stable under stripping out FEuler factor at a prime which splits in K.

We give proofs of Theorem 5.10 and 5.11 in §5.4. The proofs depend heavily on
Thara’s lemma.

5.3. Ihara’s lemma. Let ¢ be a prime of Q such that R ~ GL3(Z). Let
Ro(¢)* € R* be its Iwahori subgroup as in §2.2. The degeneracy map for the space

of automorphic forms M (Ko(N1),O) is defined by
ig: MY (Ko(NT),0) x MY (Ko(NT),0) = My (Ko({NT),0)
(0,9) = w1 () + 72 ()

where 77 | (¢) = ¢ o1 and 77 ,(¢) = P o 7y 2.

THEOREM 5.13. (Residual Thara’s lemma for automorphic forms: [DT94, Lemma

2]) Let m C TN (Ko(N*))o be a non-FEisenstein mazimal ideal. Then the ideal m is
not in the support of the kernel of the reduction of ie:

ipp: MY (Ko(NT),F) x My (Ko(NT),F) = My (Ko(¢NT),F).

We develop an analogue of [Wil95, Lemma 2.5] for the quaternionic setting. Let

o mx C R* where RO(0) C GLa(Zy) is the lower triangular matrices mod
¢ and the prime-to-¢ part coincides with that of R* and
° E(\é)x C R* where R(l); € GL2(Zy) is the diagonal matrices mod ¢ and the
prime-to-¢ part coincides with that of R*.
Let

Blzmx/}?@)x
Bz:mx/ﬁ@x

A:ﬁX/}?@)X.
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Consider the natural isomorphisms

L

A HY (m*,mmw@w) i <§(7)X’H°m(z[3 X\EX]’I@)BI

1w

_—x ~ — X B,
AL HO (RO(E) ,Hom(Z[BX\BX],IF)) H° (R(Z) ,Hom(Z[BX\EX],F)>

1w

A
HO (EX,Hom(Z[BX\EX],F)) HO (R(E)X,Hom(Z[BX\fBX],IE‘)> .
Then im(A;) Nim(\!) € HY (R(f) ,Hom(Z[BX\BX],IE‘)> since A is generated by

By and Bs,. Consider the sequence:
0 — HO(EX,Hom(Z[BX\EX],F))
resi X res’ o (R/()@X,Hom(Z[BX\EX],F)> x HO (WX,Hom(Z[BX\EX],F)>

where the map res; x —res® is given by ¢ — (res1(¢), —res'(¢)), and res;, res! are the
natural maps.

PRrOPOSITION 5.14. This sequence s exact.
L is obvious. We compare the image of
1 we have (the

Proof. The injectivity of res; X —res
res; x —res' and the kernel of \; + A'. By definition of res; x —res
image of res; x —rest) C (the kernel of A\; + A!).

Let ¢ c HO (mX,Hom(Z[BX\EX],F)> and ¢ c

oo <mX,Hom(Z[BX\§X],F)). Suppose that Ai(¢) + AM(y) = 0. Since
A1 (¢) = =AY (y), we know

— X ~ A
Ai(g) € H° (R(E) ,Hom(Z[BX\BX],IF)) .

Thus /\1 ((25

)
- resl(qﬁ’)
—rest(¢'). O

PROPOSITION 5.15. We have the following exact sequence

comes from a unique element ¢’ of H° (}A%X ,Hom(Z[B*\B%|, F)) Then
is in the kernel of A; but ker(A1) = 0, i.e. ¢ = resi(¢’). Thus, ¢ =

0 — SN (Ko(NT),F)
— Sé\ﬁ (KO(£N+)7F) X Sév* (K0(€N+)7F)
— SN (Ko(?NT),F)

where the second arrow is ¢ — (7 1($), =7} 5(¢)) = (po M1, —pomp2) and the third
arrow is (11,2) = 7 ,(P1) + 75 3(Y2)) = th1 0 Mg +h2 0 Ty 3.
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Proof. The idea comes from the conjugation appeared in in the proof of [Wil95,
Lemma 2.5]. Consider isomorphisms

T (R/@X ,Hom(Z[B*\B*], IF)) — MY (Ko(¢N),F)

¢ P
HO (E(?)X,Hom(Z[BX\EX],F)) — MY (Ko((*N*),F)
Yt

where ¢* (b) := ¢(diag(1,¢71)-b-diag(1,£)) and *(b) := 1(diag(1, £~ 1) - b-diag(1, £)).
Using these isomorphisms, we “twist” the exact sequence in Proposition 5.14 to obtain
the exact sequence of the space of automorphic forms including the constant function,
which is similar to the sequence in the statement. Also one can directly check that
the morphisms in the twisted sequence become the ones in the statement. Excluding
the constant function, we get the conclusion. O

5.4. Proofs of Theorems 5.10 and 5.11. In this section, we give an answer
to Question 5.9 by proving Theorems 5.10 and 5.11.

Proof of Theorem 5.10. Nonvanishing of (b(fa’f) and (b(fBE) (mod w) is a direct
consequence of Theorem 5.13. ' '

Suppose that qﬁgf) =0 (mod w). Since (—é -¢§§”)7 (bgca,g)) maps to ¢§f)7 Propo-
sition 5.15 shows that (—é-qﬁgca[)ﬁg‘.ae)) = (Pompy,—P ompy) for some & €

S (Ko(NT),F). Since ® o m; is a constant multiple of (b(fa‘), O itself is a mod
w eigenform for all Hecke operators at g # ¢. We have '

1 o 1
(I)O7Tg7lE—E-¢§‘. Z)I—E

o 1
Dompg = —qﬁgc 0 — —¢romey + Oé_e ~¢prome (mod w)

1
“¢rome1+ 7 ¢fomgo (mod w)

as mod @ forms of level /NT. Thus we have the congruence of level N* forms
Be-®(B*-b-R*)=®B*-b(19)-R*) (mod ).

We check ® is an eigenform for 7y. Applying Ty to ®, we have

() (B* b R) §@(Bx~b(€‘f)~ﬁx)+@(Bx-b(é%)ﬁx)

£—1

Y vom (BX -b(gt;)-R/o@X> 4B - ®(B* -b-R*) (mod w)
a=0

= U (®om) <BX -b-mx> +Be-®(B* b RY)

=, (-é .¢§f‘”> (BX .b.R/O(\e)X> 4+ Be-®(B*-b-R*) (mod w)

=y - <_%,¢;ae)) <B>< ,b.mx) +ﬂ£'¢'(BX .b.ﬁx)
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—a (Pom) (Bx-b-mx>+6e-¢(BX-b-}§x) (mod =)
b R

:al.cp(BX RX)+Be-¢(BX-b~}§X)

><).

=)

=aqa;-P (BX b
Thus, we obtain
(T,®) (BX -b-ﬁzX) :ag-q)(BX -b-ﬁzX).

The computation shows that ® and ¢, have the same mod @ Hecke eigensystem. By
mod w multiplicity 1 (Lemma 3.6), we have ® = u - ¢ for some v € F*. Then we
have

1 1
U-Qpomp1 =——ppomp1+ 5 Pf oM.
Be l
If u = —%, then % - ¢y oy o vanishes but it cannot happen due to the surjectivity

of mgo. If u# —é, Thara’s lemma says that it cannot happen. Thus, (b(fg) does not
vanish mod w. O '

Proof of Theorem 5.11. Suppose that
a
o) = dgoma— -

7 pgompa =0 (mod w).

By Proposition 5.15, we have
¢pg=Pom; (mod w)

for some ® € S (Ko(N*),F). By the argument in the proof of Theorem 5.10, the
mod w form ® admits a mod w Hecke eigensystem. Thus, the corresponding residual
Galois representation is unramified at £. Note that ® cannot be a form of level N* /¢
if pg is ramified at £.

Now we may assume the residual representation is unramified at £. Then by level
lowering (¢f. [Rib90b]), there exists an N ~-new eigenform f of level N/{ = NTN~ /¢
such that p; ~ p,. Thus, the corresponding automorphic form ¢y is defined on

B*\B*/R*, and it satisfies the congruence:
g =u- (;55(‘”) (mod w)

where u € F* and ay is the Up-eigenvalue of g. This congruence implies that the proof
reduces the proof of Theorem 5.10, so we get the conclusion. O

6. The main theorem and its application to the anticyclotomic main
conjecture.

6.1. The set of congruent newforms. Let (p, N7) be a pair satisfying con-
dition CR (Definition 1.6) and S2(p, N ™) be the set of p-ordinary newforms of weight
2 such that

o if f € S2(p, N7), then p~p,.

o if f € S2(p,N7), then N~ = N

o if f € Sy(p,N7), then a,(f) # £1 (mod p).
The existence of infinitely many newforms in S2(p, N7) is ensured by a Chebotarev
density type argument and [DT94].
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6.2. The main theorem. The main theorem describes the behavior of analytic
A-invariants under congruences.

THEOREM 6.1. (MAIN THEOREM) Suppose that (p, N~ ) satisfies condition CR.
Then we have the following:
1. MLp(Keo, f)) is the same for all f € Sa(p, N™) such that N(ps)™ = N(p)*;
we call it \X*™(p).
2. For f,g € So(p, N™), we have

MIp(Koos ) + D ME(Koo, [)) = MLp(Ko, 9) + > MEe(Koo, 9))
4 4

where the first and second sums rTun over the primes { dividing
lem(N (ps)*, N(pg)™)-
Before proving the main theorem, we prove the following theorem, which plays
the key role in the proof.

THEOREM 6.2. (Congruences between “L-values”) Suppose that (p, N~ ) satisfies
condition CR. Let f and g be N~ -new eigenforms with the same residual represen-
tation p. Further, assume that f and g are fully congruent. Then the following
statements hold:

1. The congruence between their anticyclotomic p-adic L-functions holds, i.e.

L;D(Koovf) EU'LP(KOOag) (mOd p)

where u € O*.
2. MLp(Koo, f)) = MLp(Kso, 9))-

Proof.

1. Theorem 3.2 directly implies Theorem 6.2.(1) with definition of theta elements
in §2.3.

2. Because of vanishing of p-invariants (Theorem 1.13), two mod p L-functions
L,(Kw, f) (mod p) and L,(K~,g) (mod p) encode their A-invariants in the
degree of (the reduction of) their distinguished polynomials. Hence, the con-
clusion follows.

O
REMARK 6.3. (on the meaning of the congruence)

e The anticyclotomic p-adic L-function is well-defined only up to a p-adic unit
due to the choice of normalization.

e With the interpolation formula, Theorem 6.2.(1) can be regarded as an anticy-
clotomic analogue of the weight 2 case of a theorem of Vatsal on congruences
between modular L-values with cyclotomic twists in [Vat99].

Proof of Main Theorem (Theorem 6.1). Let f and g be arbitrary two forms
in Sa(p, N7). Let ¥ be the set of rational primes dividing lem(N(ps)™, N(pg)™).
Consider fully ¥-deprived eigenforms f* and g* as in Corollary 5.7. Since their mod
w prime-to-¥ Hecke eigensystems coincide and their Uj-eigenvalues are zero for all
e, f¥ and g% are fully congruent. Theorem 6.2.(1) implies that

Ly(Keo, f¥) =u- Ly(Koo,g™) (mod @)
where u € O*. Then, by Theorem 6.2.(2), we have the equality of A-invariants

/\(L;D(Kom fz)) = /\(Lp(Koo,gE)).
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By Corollary 5.7, we have

AMLp (Koo, 1)) + Y ME( Koo, 1)) = MLp(Kooy 9)) + D ME(Koo, 9))

tex tex
For the first statement, assume that f,g € Sa(p, N7) with N(p)* N(p,c)"r =
N(py)t. Then we take ¥ to be the set of rational primes dividing N(ﬁ) N(pf)
N(pg)™. Also, since deg(E¢(Koo, f)) = deg(E¢(Koo,g)) for all ¢ € we get the

conclusion. O
We state the algebraic counterpart of the main theorem.

NOTATION 6.4. Write A(Sel(Koo, Af)) = A(chary(Sel(Ks,Af))Y) for conve-
nience.

THEOREM 6.5. ([PW11, Theorem 7.1]) Suppose that (p, N~ ) satisfies condition
CR and p has big image. Then we have
1. MNSel(K oo, Af)) is the same for all f € Sa(p, N~ ) such that N(ps)™ = N(p)*t;
we call it \*'8(p).
2. Let f € Sa(p, N™). Then we have

A(Sel(Koo, Af)) = X¥8(p +Z(5

where the sum runs over the primes v of Koo dividing N(ps)™.
3. For two f,g € Sa(p, N™), we have

A(Sel (Koo, Af)) Za A(Sel(Koo, Ag) Za

where the first and second sums run over the primes v of Ko dividing
lem(N(ps)*, N(pg)™).

REMARK 6.6. (on the algebraic counterpart)
1. In [PW11], it is assumed that the level is squarefree; however, their work
naturally extends to our setting without changing any argument.
2. The algebraic counterpart requires the big image assumption since the Euler
system divisibility is required to deduce vanishing of algebraic p-invariants.

6.3. Application to the anticyclotomic main conjecture. We give an ap-
plication of the main theorem (Theorem 6.1) to the main conjecture. Combining
Theorem 1.9 and 6.5, we obtain the following Greenberg-Vatsal type result:

COROLLARY 6.7. (Application to the anticyclotomic main conjecture) Suppose
that (p, N~ ) satisfies condition CR. Let f1, fa € S2(p, N7).
1. Then we have

)‘(LP(Koou fl)) - /\(Sel(KomAfl)) = /\(L;D(Komf?)) - )‘(Sel(KomAfz))

2. Further, assume that p has big image. If the main conjecture holds for one
form in Sa(p, N7), then the main conjectures for all forms in Sa(p, N~) hold.
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Proof. Let f1, fo € Sa(p, N7). Then we have

(Sel Koo,Afl 26 fl Sel KOO?‘A‘fQ 26 f2

by Theorem 6.5 and

MIp(Koos f1)) + D ME(K ooy 1) = MLp(Kos, f2)) + D MEe(Ko, f2))
4 14

by the main theorem (Theorem 6.1). Thus, we have

MIp (Koo, 1)) = M(Sel(Koo, Af)) + D ME(Koos 1)) + D 6u(f1)
¢ v

“A(Lp(Koo, f2)) = MSel(Koo, Ap,)) + > ME(Kooy f2) + Y Sul(f2)-
¢ v

Since two terms Yy A€ (Koo, /1)) + 32, 6,(f1) and Y, A(E(Kuo, f2)) + 3, 60(f2)
depend only on the residual representation (Theorem 4.8), they coincide. Therefore,
by Theorem 1.9, conclusion (1) follows. Combining with the Euler system divisibility
(Theorem 1.9), we have conclusion (2). O

REMARK 6.8. (Comparison with the work of Skinner-Urban [SU14]) In [SU14],
they proved the three variable Iwasawa main conjecture for a large class of modular
forms. See [SU14, Theorem 3.37] for the anticyclotomic specialization. In [SU14,
§2.1.1], it is assumed that p splits in K. Also, Hida’s canonical periods are used in
the interpolation formula [SU14, §3.4.5.(3.1.3)], and vanishing of the anticyclotomic
p-invariants with Hida’s canonical periods is crucially used in the proof of [SU14,
Proposition 12.9].

In our work, Gross’ periods are used for the normalization, and Gross’ and Hida’s
ones are different in general. They coincide (up to a p-adic unit) if and only if the

residual representation p is ramified at all prime divisors of N . For more detail, see
[PW11, Theorem 2.3].

We end this section with a simple corollary.

COROLLARY 6.9. Under the same assumptions as in Corollary 6.7.(2), if there
exists a form f € Sa(p, N7) such that L(K«, f) € A* (equivalently, \**(p) = 0),
then the main conjecture holds for all forms in Sa(p, N7).

7. An explicit example. All the computation is done with [ST13].
Let p = 5. Consider an elliptic curve E over Q defined by the following (minimal)
equation:

E:y? +y=a>+ 2> + 40332 — 337456.

Then we have the following information:
15

o j(F)= 23—5
The root number of £ = 1.

E[5] is surjective.

as(FE) = 2, so ordinary at 5 but not anomalous.

Tams(E) = 5. (See [PW11, Definition 3.3]) for the definition.)
N = Np = 109771203 = 3 - 232 - 2632.
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o Ap = —53784486562707 = —1- 35 - 233 - 2633.
Let K = Q(v/—19) so that N~ = 3 and N* = 232 . 2632 Note that 5 splits in K.
Then E[5] is unramified at 3 by the Tate curve argument for F/Qs. Thus, Skinner-
Urban’s result does not apply in this situation. Condition CR is satisfied since 3 # 1
(mod 5).
Let x be the quadratic character associated to K. Then the quadratic twist of E
by x is given by the following (minimal, again) equation:

EX:y? 4y =2® — 2% + 14557932 — 2323343999.

Then we have the following L-values:

L(E,1
(;)=20=22-5
QE

L(EX,1
(+7 ):4:22
Q.

where QE and QEX are their real Néron periods, respectively.
We show the calculation and explain each step. The relation ~ means that they
are equal up to a 5-adic unit.

L(E,1) L(EX,1) L(E,1) L(EX,1) L(E,1) . L(EX,1)

24 .5 = . ~ . AN : o
QE QEX QE Oy —2772(2"ka —2meE
L(E,1)- L(EX,1) L(E,1)- L(EX,1) L(E,1)- L(EX,1)
(f:)ry () ~ (fsF) vy ~ (fif)rgv)y N
Ny (N) ey (N) nN T (N)
LLBD)LENY o DED LN o
(f,f)rg () NN (fsF)ro vy N
N NN+ N—

The first equality is just SAGE calculation. The second line to compare the
periods QEX and Q, follows from the formula given in [Pall12]. The third equivalence
comes from [GV00, Proposition 3.1 and Remark 3.4]. The fourth equivalence is a
property of Hida’s canonical periods for I'1(N). See Appendix A and also [Vat03,
Remark 2.7] and [Wil95, Proposition 4.4 and 4.5]. Since the index [To(N) : T'1(N)] =
@(109771203) = 69732872 is prime to 5, the fifth one trivially holds. In the sixth one,
Ny is the congruence number for T'o(N). Since I';(N) C T'o(N), we have Sa(T'o(N)) C
So(I'1(N)), so nn | mr, (n)- The fact x| nr, vy implies that w is integral. The
sixth and seventh ones follow from this. The last equivalence follows from the u-
invariant formula of Pollack-Weston ([PW11, Theorem 6.8]). The calculation implies
that the L-value

(fsf)rg ()

N+, N—

is a 5-adic unit. Using the interpolation formula, we obtain the A-invariant of
Ly(Koo,E) = Lp(Koo, f) is 0. Thus, the anticyclotomic main conjecture for this
elliptic curve trivially holds. Then, by Corollary 6.7, the anticyclotomic main con-
jectures for all forms in S3(E[5],3) hold although many forms in Se(E[5],3) have
nonzero A-invariants.
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Appendix A. Comparison of periods. The aim of this section is to compare
various normalizations of the periods which appeared in the literature. We thank
Nike Vatsal for his encouragement to write this appendix.

A.1. Gross’ periods.

A.1.1. Gross. ([Gro87, Page 148]) Let f(z) be a (normalized) newform of weight
2 and T'o(N) where N is a prime. Let wy = 2mwif(z)dz = >, amqm%q be the
holomorphic differential associated to f(z) on X(V). Then the Gross’ normalization
of period is given as follows:

(f f)Gross— f f To(N)

// wy A (1 -wy)

Xo(N)

= 87 // )d:vdy
Lo (N)\

Note that no congruence number appears in Gross’ original formula since N is prime.

A.1.2. Vatsal and Pollack-Weston. Vatsal’s normalization follows Gross’
one. Although the explicit normalization of the Petersson inner product is not given
in [Vat03], the special value formulas of Gross and Vatsal coincide when the character
is unramified and O} = {£1}. Thus, we deduce (f, f)vatsal = ([, )Gross- See [Vat03,
(2.3) and (2.4)] and [Gro87, Proposition 11.2]. Gross’ period is defined by

qCross . _(f, f)Gross
PNT g (NH,NT)

where £f(NT,N7) is defined in [PW11, §2]. In [PW11, §6.6], it is proved that the
quantity £;(NT,N7) and the corresponding congruence number coincide up to a
p-adic unit under condition CR.

REMARK A.1l. In [CH16], an half of Q?r]@sf is used in the interpolation formula.

However, it does not cause any problem because 7(NT, N7) is defined only up to a
p-adic unit and p is odd.

A.2. Hida’s canonical periods and congruence numbers.
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A.2.1. To(N). In [Vat03, §2.4], Hida’s canonical periods for I'y(V) is defined
by

Qean . (fv f)Gross
1§ (Lo(N))
where 17 (T'o(V)) is the congruence number of f in So(T'o(IN)).
A.2.2. Ty(N). In [Vat03, Remark 2.7], Hida’s canonical periods for I';(N)
is defined by
QHida L (f7 f)Fl(N
! 1y (C1(N))

where 1, (I'1(N)) is the congruence number of f in So(I'y1(N)).
The Petersson inner product for I'y (IV) is normalized as follows:

, L :87r2-F dxd
(fs Fr vy [Co(N //FON)\h f(z)dzdy
:¢(N) . (f7 f)Gross

where ¢ is the Euler totient function. We also have

Hida __ (fvf)Fl Uy JITL(N) +.0-
=y "

where Q? are the canonical periods given in [Vat99] and [Vat13]. For a proof of the
last decomposition, see [Wil95, Proposition 4.4 and 4.5].

A.3. Gross’ periods revisited. We give another description of Gross’ periods
as in [CH16]. We follow the notation in [CH16] and focus on the case of weight 2.
Their Gross’ period in the interpolation formula [CH16, Theorem A] is defined by

A7) fllrg(v)
QjN* «— 7_.
' gf(N-i_vN )

This period is calculated in terms of automorphic representations as follows ([CH16,

(4.3)]):

S 47‘—2”9077”F0(N)'

N <f7r/vf7r/>R

It is known that (N, N7) = (fr, fx)r (up to a p-adic unit) due to [PW11]. This
quantity comes from the normalization of automorphic forms on a definite quaternion
algebra. The term ||¢x||r, () is given as follows ([CH16, §3.3]):

[oxllre(v) := vol(Uo(N),d'g) ™" | exlg) > d'g

/AX GL2(Q)\GL2(4)

where d'g is the Tamagawa measure on GLg, and Up(N) = O(2,R) x []
The normalization of the Tamagawa measure is given by

Up(N)g.

q<oo

vol(A*GL2(Q)\GL2(A),d'g) =
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Note that
- - 1
vol(Uo(N), d'g) ™ = o@N [[(1+471) = — - T - [SLa(Z) : To(N)]
alN
™ 1 dxdy
=5 [SL2(Z) : To(N)] = 5 -vol(SL2(Z)\b, /2 ) - [SL2(Z) : T'o(N)]
where (g(s) is the complete Riemann zeta function so that
1 72
2)=C(?2)-¢2)=——.
Go2) = a(2) - ((2) = -
Then we have
[ fxllro vy = llemllro(m)
1 dxd
= 5+ vol(SL2(Z)\b, =) [SLa(Z) : To(N)] / | orlg) > d'g.
Y AXGLy(Q)\GLa(A)

Here, the normalization in LHS is
elvoy = [ [ u( T Gldady
To(N)\b
so that

1
||f7r||Fo(N) = W ' (fﬂ')fTr)GI‘OSS'

This normalization explains Remark A.1, i.e.

2
(Gross _ (f7 f)GrOSS —9. QfN —9x dm ”f”Fo(N)
N— — -~ = LN- = -
! §(NT,N7) §(NT,N7)
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