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DEFORMATIONS OF HOMOGENEOUS ASSOCIATIVE

SUBMANIFOLDS IN NEARLY PARALLEL G2-MANIFOLDS∗

KOTARO KAWAI†

Abstract. A nearly parallel G2-manifold Y is a Riemannian 7-manifold whose cone C(Y ) =
R>0 × Y has the holonomy group contained in Spin(7). In other words, it is a spin 7-manifold with
a real Killing spinor.

We have a special class of calibrated submanifolds called Cayley submanifolds in C(Y ). An
associative submanifold in Y is a minimal 3-submanifold whose cone is Cayley. We study its de-
formations, namely, Cayley cone deformations, explicitly when it is homogeneous in the 7-sphere
S7.
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1. Introduction. For any Riemannian manifold (Y, g), consider its Riemannian
cone (C(Y ), g) = (R>0 × Y, dr2 + r2g). A Riemannian 7-manifold (Y, g) is called a
nearly parallel G2-manifold if the holonomy group of g is contained in Spin(7). The
existence of a nearly parallel G2-structure is equivalent to that of a spin structure
with a real Killing spinor ([2]), which is also used in supergravity and superstring
theory in physics.

We have a canonical closed 4-form Φ on C(Y ), which defines a calibration. A
3-submanifold M in Y is called associative if its cone C(M) is calibrated by Φ. In
other words, C(M) is a Cayley submanifold in C(Y ). For example, special Legen-
drian submanifolds in Sasaki-Einstein manifolds are associative (Lemma 2.19), and
Lagrangian submanifolds in the sine cones of nearly Kähler 6-manifolds are associative
(Lemma 2.30). Here, Lagrangian submanifolds are defined in terms of the vanishing
of a non-closed 2-form which characterizes nearly Kähler geometry. These are also
called totally real submanifolds.

The deformation of compact calibrated submanifolds was studied by Mclean [19].
Joyce [11, 12, 13, 14, 15] introduced the notion of the stability index of a special
Lagrangian cone to study deformations of a special Lagrangian submanifold with a
conical singularity. Lotay [17] generalized it to the coassociative case. Associative
and Cayley submanifolds behave differently from special Lagrangian and coassocia-
tive submanifolds, and hence it is difficult to generalize it directly to the associative
or Cayley case. Thus in this paper, we focus on the Cayley case and study the defor-
mations of homogeneous Cayley cones explicitly. It may help to develop the general
deformation theory of a Cayley submanifold with a conical singularity. Our approach
is based on the representation theory. This is an analogue of Ohnita’s approach to
special Legendrian submanifolds in [24].

The homogeneous associative submanifolds in S7 are classified by Lotay [16] into
8 types: A1, A2 and A3 not lying in a totally geodesic nearly Kähler S6, Lagrangian
submanifolds L1, L2, L3, and L4 in S6, and the totally geodesic S3 (Proposition 6.1).
Infinitesimal Lagrangian deformations in S6 are studied in [17], and hence we study
the infinitesimal deformations of the others and obtain the following.
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Theorem 1.1. As an associative submanifold, A1 is rigid, while A2 and A3 are
not rigid. The deformation space of A2 is unobstructed, and all non-trivial associative
deformations of A2 are induced by the PGL(4,C)-action on CP 3 via the Hopf lift.

Theorem 1.2. All the associative and non-Lagrangian deformations of the totally
geodesic S3, L1, L2, L3, and L4 are trivial. In other words, such deformations are
induced from Spin(7) \G2.

This paper is organized as follows. In Section 2, we review the fundamental facts
of G2, Spin(7), Sasakian, and nearly Kähler geometry.

In Section 3, we characterize the space of all infinitesimal associative deformations
as an eigenspace of a twisted Dirac operator D (Proposition 3.2).

In Section 4 (5), we compute the difference of the dimension between infinitesimal
associative and special Legendrian (Lagrangian) deformations. These computations
are useful to prove Theorem 1.1 and 1.2 and give the geometrical meanings of some
eigenspaces of some differential operators such as the Laplacian.

In Section 6, according to Lotay’s classification, we calculate the dimensions of
eigenspaces of homogeneous associative submanifolds by the representation theoretical
method in Appendix B, and prove Theorem 1.1 and 1.2.

Notation. Let M be a manifold and E be a vector bundle over M . We denote
by C(M,E) the space of all continuous sections of E → M , and by C∞(M,E) the
space of all smooth sections of E → M . Especially, we write X(M) = C∞(M,TM).

If a Lie group G acts on M , we denote by X∗ the vector field generated by
X ∈ g = Lie(G).

Acknowledgements. The author would like to thank the referee for the careful
reading of an earlier version of this paper and useful comments on it.

2. Preliminaries.

2.1. G2 and Spin(7) geometry.

Definition 2.1. Define a 3-form ϕ0 on R7 by

ϕ0 = dx123 + dx1(dx45 + dx67) + dx2(dx46 − dx57)− dx3(dx47 + dx56),

where (x1, · · · , x7) is the standard coordinate system on R7 and wedge signs are
omitted. The Hodge dual of ϕ0 is given by

∗ϕ0 = dx4567 + dx23(dx67 + dx45) + dx13(dx57 − dx46)− dx12(dx56 + dx47).

Decompose R8 = R⊕R7 and denote by x0 the coordinate on R. Define a self-dual
4-form Φ0 on R8 by

Φ0 = dx0 ∧ ϕ0 + ∗ϕ0.

If we identify R8 ∼= C4 via R8 � (x0, · · · , x7) 	→ (x0+ix1, x2+ix3, x4+ix5, x6+ix7) =:
(z1, z2, z3, z4) ∈ C4, then Φ0 is described as

Φ0 =
1

2
ω0 ∧ ω0 +ReΩ0,

where ω0 = i
2

∑4
j=1 dzjj and Ω0 = dz1234 are the standard Kähler form and the

holomorphic volume form on C4, respectively.
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The stabilizers of ϕ0 and Φ0 are the exceptional Lie group G2 and Spin(7), re-
spectively:

G2 = {g ∈ GL(7,R); g∗ϕ0 = ϕ0}, Spin(7) = {g ∈ GL(8,R); g∗Φ0 = Φ0}.

The Lie group G2 fixes the standard metric g0 =
∑7

i=1(dxi)
2 and the orientation

on R7. They are uniquely determined by ϕ0 via

6g0(v1, v2)volg0 = i(v1)ϕ0 ∧ i(v2)ϕ0 ∧ ϕ0, (2.1)

where volg0 is a volume form of g0, i(·) is the interior product, and vi ∈ T (R7).

Similarly, Spin(7) fixes the standard metric h0 =
∑7

i=0(dxi)
2 and the orientation

on R8. We have the following identities:

Φ2
0 = 14volh0 , (i(w2)i(w1)Φ0)

2 ∧ Φ0 = 6‖w1 ∧ w2‖2h0
volh0 , (2.2)

where volh0 is a volume form of h0 and wi ∈ T (R8).

Definition 2.2. Let Y be an oriented 7-manifold and ϕ a 3-form on Y . A
3-form ϕ is called a G2-structure on Y if for each y ∈ Y , there exists an oriented
isomorphism between TyY and R7 identifying ϕy with ϕ0. From (2.1), ϕ induces the
metric g and the volume form on Y . A G2-structure ϕ is said to be nearly parallel if
dϕ = 4 ∗ϕ. We call a manifold with a nearly parallel G2-structure a nearly parallel

G2-manifold for short. A G2-structure ϕ is called torsion-free if dϕ = d ∗ ϕ = 0.
Let X be an oriented 8-manifold and Φ a 4-form on X . A 4-form Φ is called

a Spin(7)-structure on X if for each x ∈ X , there exists an oriented isomorphism
between TxX and R8 identifying Φx with Φ0. From (2.2), Φ induces the metric h and
the volume form on X . A Spin(7)-structure Φ is called torsion-free if dΦ = 0.

Lemma 2.3. [25] A G2-structure ϕ is torsion-free if and only if Hol(g) ⊂ G2. A
Spin(7)-structure Φ is torsion-free if and only if Hol(h) ⊂ Spin(7).

Lemma 2.4. [1] The following are equivalent:
1. dϕ = 4 ∗ ϕ (i.e. The 3-form ϕ is a nearly parallel G2-structure.),
2. ∇ϕ = 1

4dϕ, where ∇ is the Levi-Civita connection of g,
3. ∇ϕ = ∗ϕ,
4. ∇X(∗ϕ) = −g(X, ·) ∧ ϕ for any X ∈ TY ,
5. i(X)∇Xϕ = 0 for any X ∈ TY ,
6. The Riemannian cone C(Y ) = R>0 × Y admits a torsion-free Spin(7)-

structure Φ = r3dr ∧ ϕ+ r4 ∗ ϕ with the induced cone metric g = dr2 + r2g.

Next, we give a summary of the facts about submanifolds. Let Y be a manifold
with a G2-structure ϕ and the induced metric g.

Lemma 2.5. [8] For every oriented k-dimensional subspace V k ⊂ TpY where
p ∈ Y and k = 3, 4, we have ϕ|V 3 ≤ volV 3 , ∗ϕ|V 4 ≤ volV 4 . An oriented 3-submanifold
L3 ⊂ Y is called associative if ϕ|TL3 = volL3 . An oriented 4-submanifold L4 is called
coassociative if ∗ϕ|TL4 = volL4 .

Lemma 2.6. [8] Define a tangent bundle valued 3-form χ ∈ C∞(Y,∧3T ∗Y ⊗TY )
by

g(v1, χ(v2, v3, v4)) = ∗ϕ(v1, v2, v3, v4)
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for vi ∈ TY . If Lk ⊂ Y is an oriented k-submanifold where k = 3, 4, then

L3: associative ⇔ χ|TL3 = 0 and ϕ|TL3 > 0,

L4: coassociative ⇔ ϕ|TL4 = 0 and ∗ ϕ|TL4 > 0.

Definition 2.7. Define the cross product × : TY × TY → TY by

g(u× v, w) = ϕ(u, v, w)

for u, v, w ∈ TY . This satisfies the following relation:

χ(u, v, w) = u× (v × w) + g(u, v)w − g(u,w)v. (2.3)

Remark 2.8. When L3 is associative, there exists an orthonormal basis
{e1, e2, e3} satisfying e3 = e1 × e2 at any point in L3.

Definition 2.9. Let X be a manifold with a Spin(7)-structure Φ. Then for
every oriented 4-dimensional subspace W ⊂ TxX where x ∈ X, we have Φ|W ≤ volW .
An oriented 4-submanifold N ⊂ X is called Cayley if Φ|TN = volN .

Lemma 2.10. Let (Y, ϕ, g) be a nearly parallel G2-manifold and L ⊂ Y be an ori-
ented 3-submanifold. By Lemma 2.4, C(Y ) is a manifold with a torsion-free Spin(7)-
structure Φ. Then L ⊂ Y is associative if and only if C(L) ⊂ C(Y ) is Cayley.

Lemma 2.11. [16] There are no coassociative submanifolds of a nearly parallel
G2-manifold (Y, ϕ, g).

Proof. If L is a coassociative submanifold, we have ϕ|TL = 0, which implies that
4volL = 4 ∗ ϕ|TL = dϕ|TL = 0. This is a contradiction.

2.2. Sasakian geometry.

Definition 2.12. An odd dimensional Riemannian manifold (S, g) is a Sasakian
manifold if its Riemannian cone (C(S), g) = (R>0×S, dr2+r2g) is a Kähler manifold
with respect to some integrable complex structure J over C(S).

Here, r is a standard coordinate of R>0 and we regard r as the function on C(S).
We identify S with the submanifold {1} × S ⊂ C(S).

Lemma 2.13. Let (S, g) be a Sasakian (2m + 1)-manifold. If g is Einstein, the
cone (C(S), g) is Ricci-flat. In addition, if there exists a holomorphic volume form
Ω ∈ Ω(m+1,0)(C(S)) such that

ωm+1/(m+ 1)! = (−1)m(m+1)/2(i/2)m+1Ω ∧ Ω, (2.4)

where ω = g(J ·, ·) is the associated Kähler form on C(S), we call (C(S), g, J, ω,Ω) a
Calabi-Yau manifold.

Lemma 2.14 ([4, Corollary 11.1.8]). If S is a compact simply-connected Sasaki-
Einstein manifold, C(S) is a Calabi-Yau manifold.

Remark 2.15. The holomorphic volume form Ω is not unique. For any θ ∈ R,
eiθΩ also satisfies (2.4).
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Let (S, g) be a Sasaki-Einstein 7-manifold with a Calabi-Yau structure on C(S).

Lemma 2.16. There exists a 3-form ϕ ∈ Ω3(S) such that (S, ϕ, g) is a nearly
parallel G2-manifold.

Proof. Fix a holomorphic volume form Ω. Then a 4-form

Φ =
1

2
ω ∧ ω +ReΩ ∈ Ω4(C(S)) (2.5)

gives a torsion-free Spin(7)-structure on C(S). A 3-form ϕ ∈ Ω3(S) defined by

Φ(r,p) = r3dr ∧ ϕp + r4 ∗ ϕp, where (r, p) ∈ R>0 × S,

gives the nearly parallel G2-structure on S.

Next, we summarize the facts about submanifolds in Sasakian manifolds.

Definition 2.17. An m-submanifold L ⊂ S is called Legendrian if C(L) ⊂
C(S) is Lagrangian: ω|TC(L) = 0. Fix a holomorphic volume form Ω on C(S).
An m-submanifold L ⊂ S is called special Legendrian if C(L) ⊂ C(S) is special
Lagrangian: ReΩ|TC(L) = volC(L) ⇔ ω|TC(L) = 0, ImΩ|TC(L) = 0 and ReΩ|TC(L) >
0.

The following is a well-known fact. For example, see [21, Proposition 4.5].

Lemma 2.18. Let L ⊂ S be a Legendrian submanifold. Then L is minimal if and
only if Im(eiθΩ) = 0 for some θ ∈ R.

By definition, we obtain the following result.

Lemma 2.19. Let L ⊂ S be an oriented 3-submanifold. If L is special Legendrian
or if the cone C(L) is a complex submanifold in C(S), L is associative.

Proof. If L is special Legendrian, we have 1
2ω ∧ ω|TC(L) = 0 and ReΩ|TC(L) =

volC(L). If C(L) is a complex submanifold, we have 1
2ω ∧ ω|TC(L) = volC(L) and

ReΩ|TC(L) = 0. By (2.5) and Lemma 2.10, we see that L is associative in both
cases.

2.3. Infinitesimal deformation of special Legendrian submanifolds. Let
(S, g) be a Sasaki-Einstein (2m + 1)-manifold with a Calabi-Yau structure on C(S).
Fix a holomorphic volume form Ω and let L ⊂ S be a special Legendrian submanifold.

Lemma 2.20 ([24]). The vector space of all infinitesimal special Legendrian de-
formations of L is identified with

{f ∈ C∞(L);Δ+f = (2m+ 2)f} , (2.6)

where Δ+ is the Hodge Laplacian for functions on L.

We write the subscript + of Δ+ since every eigenvalue of this Laplacian is non-
negative if L is compact.

Proof. Let ν be the normal bundle of L in S. Since L is Legendrian, there is
a canonical isomorphism ν � v 	→ (

g(v, J(r ∂
∂r )|r=1),−g(Jv, ·)) ∈ R ⊕ T ∗L. Via this
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identification, suppose that V ∈ C∞(L, ν) corresponds to (f, α) ∈ C∞(L) ⊕ Ω1(L).
Then we have

0 = LV

(
i

(
r
∂

∂r

)
ω

)∣∣∣∣
TL

= −2α+ df, (2.7)

0 = LV

(
i

(
r
∂

∂r

)
ImΩ

)∣∣∣∣
TL

= d ∗ α+ (m+ 1)fvolL, (2.8)

which implies the proof.

The same result is obtained in [6] by using the fact that a cone C(L) of L is
special Lagrangian in C(S) and applying the deformation theory of special Lagrangian
submanifolds in [19].

2.4. Nearly Kähler geometry.

Definition 2.21. Let (N, k, J, σ) be a real 6-dimensional almost Hermitian
manifold with a Hermitian metric k, an almost complex structure J and an associated
Kähler form σ. Let ψ± ∈ Ω3(N) be 3-forms on N . A quintuple (k, J, σ, ψ±) is called
an SU(3)-structure if we have ‖ψ±‖ = 2 and Ψ := ψ+ +

√−1ψ− is a (3, 0)-form
with respect to J .

Remark 2.22. The SU(3)-structure with a Kähler structure and a holomorphic
(3, 0)-form Ψ is a Calabi-Yau structure. In fact, we can prove

σ ∧ ψ± = 0, σ3/3! = (−1)
3(3−1)

2 (i/2)3Ψ ∧ Ψ̄.

Definition 2.23. An SU(3)-structure satisfying dσ = 3ψ+ and dψ− = −2σ2 is
called nearly Kähler.

Lemma 2.24 ([5]). Let (N, k, J, σ) be a real 6-dimensional almost Hermitian
manifold. It admits a nearly Kähler structure if and only if (∇XJ)X = 0 for every
vector field X on N and ∇XJ �= 0 for every 0 �= X ∈ TN , where ∇ is the Levi-Civita
connection of k.

Lemma 2.25. Let (N, k, J, σ, ψ±) be a nearly Kähler manifold. Then C(N) =
R>0 ×N admits a torsion-free G2-structure (ϕ, k) with

k = dr2 + r2k,

ϕ = r2dr ∧ σ + r3ψ+ = 1
3d(r

3σ),

∗ϕ = r3ψ− ∧ dr + 1
2r

4σ2 = − 1
4d(r

4ψ−).

Lemma 2.26 ([4]). Let (N, k, J, σ, ψ±) be a nearly Kähler manifold. Then
Cs(N) = (0, π) × N (a sine cone of N) admits a nearly parallel G2-structure (ϕ̃, k̃)
with

k̃ = dt2 + (sin2 t)k,

ϕ̃ = (sin2 t)dt ∧ σ + (cos t sin3 t)ψ+ − (sin4 t)ψ−,

∗ϕ̃ = 1
2 (sin

4 t)σ2 + (sin3 t cos t)ψ− ∧ dt− (sin4 t)dt ∧ ψ+.
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We canonically identify N with the submanifold N × {π
2 } ⊂ Cs(N).

Remark 2.27. Since C(N) admits a torsion-free G2-structure, R×C(N) admits
a torsion-free Spin(7)-structure. The nearly parallel G2-structure on Cs(N) is induced
via the identification C(Cs(N)) = R>0 × (0, π) × N � (r, t, x) 	→ (r cos t, r sin t, x) ∈
R× R>0 ×N = R× C(N).

Lemma 2.28 ([20]). Let (N, k, J, σ, ψ±) be a nearly Kähler manifold. Define a
map G : TN × TN → TN by k(G(u, v), w) = ψ+(u, v, w) for u, v, w ∈ TN . Then we
have

(∇XJ)(Y ) = G(X,Y ), ∇Xψ+ = −k(X, ·) ∧ σ,

where ∇ is the Levi-Civita connection of k and X,Y ∈ X(N).

Lemma 2.29. Let (N, k, J, σ, ψ±) be a nearly Kähler manifold. From Lemma
2.25, the cone C(N) = R>0 × N admits a torsion-free G2 structure. Let Σ ⊂ N
(L ⊂ N) be an oriented 2(3)-submanifold. Then we have

• C(Σ) ⊂ C(N) is associative if and only if Σ is a J-holomorphic curve.
• C(L3) ⊂ C(N) is a coassociative 4-fold if and only if L is Lagrangian: σ|TL =

0.

Lemma 2.30. Let (N, k, J, σ, ψ±) be a nearly Kähler manifold. From Lemma
2.26, the sine cone Cs(N) = N × (0, π) admits a nearly parallel G2 structure. Let
Σ ⊂ N (L ⊂ N) be an oriented 2(3)-submanifold. Then it follows that

• Cs(Σ) ⊂ Cs(N) is associative if and only if Σ is a J-holomorphic curve.
• L× {π

2 } ⊂ Cs(N) is associative if and only if L is Lagrangian: σ|TL = 0.

Remark 2.31. On a nearly Kähler manifold, we know that dσ = 3ψ+, which
implies that a Lagrangian submanifold L satisfies ψ+|TL = 0. Thus Lagrangian
submanifolds in a nearly Kähler manifold are regarded as “special Lagrangian”(with
phase −i).

We know the following as Lemma 2.20.

Lemma 2.32. The vector space of all infinitesimal Lagrangian deformations of L
in a nearly Kähler manifold is identified with

{v ∈ X(L); rot(v) = 3v}, (2.9)

where rot(v) =
∑3

i=1 ei×∇�
eiv, ∇� is the Levi-Civita connection of the metric kL on

L induced from (N, k) and {ei}i=1,2,3 is the local orthonormal frame of TL.

Proof. Since L is Lagrangian, there is a canonical isomorphism between the
tangent bundle TL and the normal bundle of L in N via v 	→ Jv. Then a vector field
v ∈ X(L) on L corresponds to an infinitesimal Lagrangian deformation of L if and
only if

0 = LJvσ|TL = 3i(v)volL − d(kL(v, ·)).

Note that ψ−|TL = −volL. Then the equations ∗(i(v)volL) = kL(v, ·) and
∗d(kL(v, ·)) = kL(rot(v), ·) imply the proof.
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3. Associative deformations in nearly parallel G2-manifolds. Let (Y, ϕ, g)
be a nearly parallel G2-manifold, ι : M3 ↪→ Y be an associative immersion, and
{ιt : M ↪→ Y }t∈(−ε,ε) be a smooth family of immersions with ι0 = ι.

Definition 3.1. A family {ιt} is called an associative deformation of ι if
ιt is an associative immersion for each t. An associative deformation {ιt} is called
trivial if {ιt} is induced by a one-parameter family of automorphisms of (Y, ϕ, g). If
all infinitesimal associative deformations of M come from trivial deformations, M is
called rigid.

First, we characterize the space of infinitesimal associative deformations of M .

Proposition 3.2. Let (Y, ϕ, g) be a nearly parallel G2-manifold, and M3 ⊂ Y
be an associative submanifold. Denote by ν the normal bundle of M in Y and by ∇⊥

the connection on ν induced by the Levi-Civita connection ∇ of (Y, g).
Taking any local orthonormal frame {e1, e2, e3} of TM , define the operator D :

C∞(M, ν) → C∞(M, ν) by

Dψ :=
3∑

i=1

ei ×∇⊥
eiψ.

Then the vector space of all infinitesimal associative deformations of M3 ↪→ Y is
identified with

{ψ ∈ C∞(M, ν);Dψ = −ψ}.

Remark 3.3. [19] There exists a rank 4 vector bundle E → M satisfying
ν ∼= S⊗H E, where S → M is a spinor bundle. Then D is a twisted Dirac operator.

The proof of Proposition 3.2 comes from the following general theory of associative
deformations.

Proposition 3.4 ([7, 19]). Let (Y, ϕ, g) be a manifold with a G2-structure and
M3 ⊂ Y be an associative submanifold. Then the vector space of all infinitesimal
associative deformations of M3 ↪→ Y is identified with ker D̃, where D̃ : C∞(M, ν) →
C∞(M, ν) is defined by

D̃ψ := −
3∑

i=1

ei ×∇⊥
eiψ +

4∑
k=1

(∇ψ ∗ ϕ)(ηk, ω)ηk.

Here {e1, e2, e3} is an oriented local orthonormal frame of TM , ω = e1 ∧ e2 ∧ e3, and
{η1, η2, η3, η4} is a local orthonormal frame of ν.

Proof. We give an outline of the proof. Define a map F : C∞(M, ν) →
C∞(M,TY |M ) as F (σ) = exp∗σ χ(ω), where χ is defined in Lemma 2.6. We know
that expσ(M) is associative if and only if F (σ) vanishes. For any ψ ∈ C∞(M, ν), we
may consider

(dF )0(ψ) = 0.

By a direct computation, the left hand side is equal to −∑3
i=1 ei×∇⊥

eiψ+
∑4

k=1(∇ψ ∗
ϕ)(ηk, ω)ηk, and hence the statement is proved.
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By Lemma 2.4, we see the following lemma, which implies Proposition 3.2.

Lemma 3.5. If (Y, ϕ, g) is nearly parallel, then
∑4

k=1(∇ψ ∗ ϕ)(ηk, ω)ηk = −ψ.

Remark 3.6. We can prove Proposition 3.2 by using the the fact that a cone
C(M) of M is a Cayley submanifold in C(Y ) with a torsion-free Spin(7)-structure.
Applying the deformation theory of Cayley submanifolds in [19], we consider the
Cayley cone deformation of C(M). This is an analogue of the proof of Lemma 2.20
given by [6].

The operator D has the following properties.

Lemma 3.7. The operator D is elliptic. There exists a vector field X ∈ X(M)
on M satisfying

g(Dψ,ψ′) = −div(X) + g(ψ,Dψ′) (3.1)

for any ψ, ψ′ ∈ C∞(M, ν). In particular, when M is compact, D is self-adjoint.

Proof. The ellipticity of D is shown in [7]. For any ψ, ψ′ ∈ C∞(M, ν), we compute
by Definition 2.7 and Lemma A.1

g(Dψ,ψ′) = g

(
3∑

i=1

ei ×∇eiψ, ψ
′
)

= −
3∑

i=1

g(∇eiψ, ei × ψ′)

=

3∑
i=1

(−ei(g(ψ, ei × ψ′)) + g(ψ,∇eiei × ψ′)) + g(ψ,Dψ′).

Define the vector field X ∈ X(M) on M by g(X, v) = g(ψ, v× ψ′) for v ∈ TM . Then
we obtain (3.1).

Since D is a twisted Dirac operator, there is a close relation between D2 and
the Laplacian. Choose a local orthonormal frame {e1, e2, e3} of TM and define the
operators ∇⊥∗∇⊥,R,A : C∞(M, ν) → C∞(M, ν) by

∇⊥∗∇⊥ =

3∑
i=1

(−∇⊥
ei∇⊥

ei +∇⊥
∇�ei ei

), R = πV(
3∑

i=1

R(ei, ·)ei),A = tA ◦A,

where ∇⊥ is the connection on the normal bundle ν induced by the Levi-Civita
connection∇ of (Y, g), ∇� is the orthogonal projection of∇ to TM , R is the curvature
tensor of g, πV is the orthogonal projection to ν, A : ν � ψ 	→ (u 	→ −∇�

u ψ) ∈ SM :=
{T : TM → TM ; tT = T } (the second fundamental form), and tA is the transpose of
A.

Proposition 3.8. Let (Y, ϕ, g) be a nearly parallel G2-manifold and M3 ⊂ Y be
an associative submanifold. Then we have

(D − 3idν)(D + idν) = ∇⊥∗∇⊥ +R−A.

The proof is given in the appendix. The right hand side J := ∇⊥∗∇⊥+R−A is
called a Jacobi operator, and kerJ is known to be the space of infinitesimal minimal
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deformations ([26]). By this formula, Dψ = −ψ implies Jψ = 0, which ensures that
associative deformations are minimal deformations.

Remark 3.9. When M is compact, the space of all infinitesimal minimal and
non-associative deformations of M is identified with {ψ ∈ C∞(M, ν);Dψ = 3ψ}.

Proof. Since D is elliptic self-adjoint, there is an orthonormal basis {ψi}∞i=1 ⊂
C∞(M, ν) of L2(M, ν) consisting of eigensections of D. The set of eigenvalues is
discrete and the each eigenspace is finite dimensional. We may assume that Dψi =
λiψi for λi ∈ R. For any ψ =

∑∞
i=1(ψ, ψi)L2ψi ∈ C∞(M, ν) where (·, ·)L2 is the L2

inner product, we have

(D − 3idν)(D + idν)ψ =

∞∑
i=1

((D − 3idν)(D + idν)ψ, ψi)L2ψi

=
∞∑
i=1

(ψ, (D − 3idν)(D + idν)ψi)L2ψi

=

∞∑
i=1

(λi − 3)(λi + 1)(ψ, ψi)L2ψi.

Since {ψi}∞i=1 is an orthonormal basis, we see that (D − 3idν)(D + idν)ψ = 0 if and
only if (λi−3)(λi+1)(ψ, ψi)L2 = 0 for each i. Thus elements of ker(D−3idν)(D+idν)
are linear combinations of elements of ker(D − 3idν) and ker(D + idν).

4. Associative deformations of special Legendrian submanifolds in

Sasaki-Einstein manifolds. Let (S, g) be a Sasaki-Einstein 7-manifold with a
Calabi-Yau structure (g, J, ω,Ω) on C(S). Let M ⊂ S be a special Legendrian sub-
manifold. By Lemmas 2.16 and 2.19, (S, ϕ, g) admits a nearly parallel G2-structure
for some ϕ ∈ Ω3(S) and M is associative. We study the infinitesimal associative
deformations of M .

4.1. Associative deformations of special Legendrians. Let ν → M be the
normal bundle of M . First, we rewrite the operator D : C∞(M, ν) → C∞(M, ν) in
Proposition 3.2 in the special Legendrian case. Since M is special Legendrian, there
exists canonical isomorphism TM ⊕ R � (v, x) 	→ Jv + xJ(r ∂

∂r )|r=1 ∈ ν. Via this
identification, we obtain the following.

Proposition 4.1. The corresponding operator D : X(M)⊕ C∞(M) → X(M)⊕
C∞(M) is described as

D(v, f) = (−grad(f) + rot(v) + v, div(v) + 3f) ,

where gM (grad(f), ·) = df , div(v) = tr(∇�v), and rot(v) =
∑3

i=1 ei × ∇�
eiv.

Here, we denote by gM the metric on M induced from (Y, g), by ∇� the Levi-
Civita connection of gM , by {ei}i=1,2,3 the local orthonormal frame of TM , and
gM (v × w, ·) = ϕ(v, w, ·) = volM (v, w, ·) (v, w ∈ TM).

We first give all the statements in this section and then prove them.

Corollary 4.2. We have

dim{the infinitesimal associative deformations of M}
=dim{f ∈ C∞(M);Δ+f = 8f}+ dim{v ∈ X(M); rot(v) = −2v}.
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Remark 4.3. From Lemma 2.20, dim{v ∈ X(M); rot(v) = −2v} gives the
dimension of infinitesimal associative and non-special Legendrian deformations.

We have the same equations as in the vector analysis.

Lemma 4.4. For any f ∈ C∞(M) and v ∈ X(M), we have

rot(grad(f)) = 0, div(rot(v)) = 0,

rot(rot(v)) = ∇�∗∇�v + grad(div(v)) +
3∑

i=1

R(v, ei)ei,

where {ei}i=1,2,3 is the local orthonormal frame of TM , R is the curvature tensor,

and ∇�∗∇� =
∑3

i=1(−∇�
ei∇�

ei +∇�
∇�ei ei

) is the rough Laplacian.

This lemma implies the following, which corresponds to Proposition 3.8.

Corollary 4.5.

D
2(v, f) =

(
−4grad(f) + v + rot(v) +∇�∗∇�

v +
3∑

i=1

R(v, ei)ei, Δ+f + 4div(v) + 9f

)
.

Now, we give proofs.

Proof of Proposition 4.1. Let {e1, e2, e3} ⊂ TM be a local oriented orthonormal
frame. Set e4 := r ∂

∂r |r=1 and ηj := J(ej) for 1 ≤ j ≤ 4. Then {ηj}1≤j≤4 is a local
oriented orthonormal frame of ν. Let {e1, · · · , e4, η1, · · · , η4} be the dual coframe,
then we have

ω =

4∑
i=1

ei ∧ ηi, Ω = (e1 + iη1) ∧ · · · ∧ (e4 + iη4).

Denoting ∇�
eiej =

∑3
k=1 Γ

k
ijek and ∇⊥

eiηa =
∑4

b=1 Γ̃
b
iaηb for 1 ≤ i, j ≤ 3 and

1 ≤ a ≤ 4, we see the following by a direct computation.

Lemma 4.6. We have

(ei × ηa) =

⎛⎝ η4 η3 −η2 −η1
−η3 η4 η1 −η2
η2 −η1 η4 −η3

⎞⎠ ,

Γ̃k
ij = Γk

ij , Γ̃4
ij = −δij , Γ̃k

i4 = δik, Γ̃4
i4 = 0,

for 1 ≤ i, j, k ≤ 3, 1 ≤ a ≤ 4.

Then via the identificationX(M)⊕C∞(M) � (
∑3

j=1 vjej , f) 	→
∑3

j=1 vjηj+fη4 ∈
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C∞(M, ν) where vj , f ∈ C∞(M), we have

D

(
3∑

j=1

vjηj + fη4

)

=
3∑

i=1

ei ×∇⊥
ei

(
3∑

j=1

vjηj + fη4

)

=
3∑

i,j=1

ei(vj)ei × ηj +
3∑

i,j=1

vjei ×
(

3∑
k=1

Γk
ijηk − δijη4

)
+

3∑
i=1

ei(f)ei × η4 +
3∑

i=1

fei × ηi

=

{
e2(v3)− e3(v2) +

3∑
j=1

vj(Γ
3
2j − Γ2

3j)

}
η1 +

{
e3(v1)− e1(v3) +

3∑
j=1

vj(Γ
1
3j − Γ3

1j)

}
η2

+

{
e1(v2)− e2(v1) +

3∑
j=1

vj(Γ
2
1j − Γ1

2j)

}
η3 +

{
3∑

i=1

ei(vi) +
3∑

i,j=1

vjΓ
i
ij

}
η4

+

3∑
i=1

viηi −
3∑

i=1

ei(f)ηi + 3fη4,

which gives the proof.

Proof of Lemma 4.4. The first two equations are easy to prove. We only prove
the third equation. By Lemma A.1 and the fact that M is associative, it follows that

rot(rot(v)) =

3∑
i,j=1

ei × (∇�
eiej ×∇�

ejv + ej ×∇�
ei∇�

ejv).

From (2.3) , we have u × (v × w) = −g(u, v)w + g(u,w)v for u, v, w ∈ TM on an
associative submanifold M . Hence we have

rot(rot(v))

=
3∑

i,j=1

(
Γj
ii∇�

ejv + g(ei,∇�
ejv)∇�

eiej − δij∇�
ei∇�

ejv + g(ei,∇�
ei∇�

ejv)ej

)

=∇�∗∇�v +
3∑

i,j=1

g((∇�
ei∇�

ej −∇�
∇�eiej

)v, ei)ej ,

where we use the fact that Γj
ii = −Γi

ij since {ei}i=1,2,3 is the local orthonormal frame
of TM . On the other hand, we have

grad(div(v)) =

3∑
i,j=1

ei(g(∇�
ejv, ej))ei =

3∑
i,j=1

g((∇�
ei∇�

ej −∇�
∇�ei ej

)v, ej)ei,

which implies the proof.

The proof of Corollary 4.5 is straightforward and we omit it.

Proof of Corollary 4.2. By Proposition 4.1, D(v, f) = −(v, f) is equivalent to
rot(v)+2v = grad(f), div(v) = −4f. Considering the divergence of the first equation,
we have Δ+f = −2div(v), which implies that D(v, f) = −(v, f) is equivalent to{

rot(v) + 2v = grad(f),

Δ+f = 8f.
(4.1)
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The second equation is given in (2.6). For any f ∈ C∞(M) satisfying Δ+f = 8f ,
(v, f) = (12grad(f), f) is the solution of (4.1), which corresponds to the infinitesimal
special Legendrian deformations of M . (See (2.7)).

4.2. Associative deformation of homogeneous special Legendrians. The
method and the notation in this subsection are summarized in the appendix. We
give an explicit description of the operator rot when M is the reductive homogeneous
space G/K, where G ⊂ Aut(S, ϕ, g) and K ⊂ G is a closed subgroup. Take an
Ad(K)-invariant vector subspace of p ⊂ g satisfying g = k⊕ p.

It is well-known that there is an one-to-one correspondence between Ad(K)-
invariant inner products on p and G-invariant metrics on M = G/K. Since
G ⊂ Aut(S, ϕ, g), there exists a G-invariant metric gM on M induced from (S, g). De-
note by 〈·, ·〉 the corresponding Ad(K)-invariant inner product and by {e1, e2, e3} ⊂ p

an oriented orthonormal basis of p. Then we have the following.

Lemma 4.7. The map G ×Ad p � [g,X ] 	→ d
dtg · exp(tX)K|t=0 ∈ TM is an

isomorphism. Thus the tangent bundle TM of M is a homogeneous vector bundle.

Proposition 4.8. The operator rot : X(M) → X(M) is a homogeneous differ-
ential operator and induces the map r̃ot : C∞(G, p)(K,Ad) → C∞(G, p)(K,Ad). If we
define rot ∈ (End(p)⊗ U(g))K by

rot =
∑
i∈Z/3

e∗i ⊗ (ei+1 ∧ ei+2)−
∑
i∈Z/3

〈[ei+1, ei+2]p, ·〉ei ⊗ 1,

where {e∗i }i=1,2,3 is the dual basis of {ei}i=1,2,3, we have

rot|C∞(G,p)(K,Ad) = r̃ot. (4.2)

Remark 4.9. Set [ei, ej]p =
∑3

k=1 c
k
ijek. Then with respect to {e1, e2, e3}, rot

is described as the following U(g)-valued matrix:

rot =

⎛⎝ 0 −e3 e2
e3 0 −e1
−e2 e1 0

⎞⎠−
⎛⎝ c123 c223 c323

c131 c231 c331
c112 c212 c312

⎞⎠ .

Proof of Proposition 4.8. It is straightforward to show that rot is a homogeneous
differential operator. Since rot is independent of the choice of {ei}i=1,2,3 and Ad(K)
preserves the orientation and the metric, we see that rot is K-invariant.

From Remark B.8, a homogeneous differential operator is completely determined
by its value at a point, and so we only have to compute rot at eK ∈ G/K = M .

For any ṽ =
∑3

i=1 viei ∈ C∞(G, p)(K,Ad) where vi ∈ C∞(G), denote by v ∈ X(M)
the induced vector field:

v(gK) =
d

dt
g · exp

(
t

3∑
i=1

vi(g)ei

)
·K
∣∣∣∣∣
t=0

.

Take local coordinates (y1, y2, y3) around eK defined by (y1, y2, y3) 	→
exp
(∑3

i=1 yiei

)
. Let π : G → G/K = M be the projection and τg : M → M
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for g ∈ G be the left translation. Denoting ∇�
∂

∂yi

∂
∂yj

=
∑3

k=1 Γ
k
ij

∂
∂yk

, we see the

following.

Lemma 4.10 ([9, 22]). For a sufficiently small X ∈ p, we have(
∂

∂yi

)
exp(X)·K

=((τexp(X))∗)eK(π∗)e

( ∞∑
m=0

(−ad(X))m

(m+ 1)!
ei

)

=((τexp(X))∗)eK

( ∞∑
m=0

(−ad(X))m

(m+ 1)!

(
∂

∂yi

)
eK

)
,

gM

(
∂

∂yi
,

∂

∂yj

)
eK

=δij , Γk
ij(eK) =

1

2
(cjki + cikj).

Now we compute rot(v) at eK ∈ G/K = M . First, we compute (∇�
∂

∂yi

v)eK . Since

the metric gM is G-invariant, we have

〈ei, ej〉 = gM

(
∂

∂yi
,

∂

∂yj

)
eK

= gM

(
((τexp(X))∗)eK

(
∂

∂yi

)
eK

, ((τexp(X))∗)eK

(
∂

∂yj

)
eK

)

for any X ∈ p. Then for sufficiently small t ∈ R, it follows that

gM

(
v,

∂

∂yj

)
exp(tei)·K

= gM

(
3∑

k=1

vk(exp(tei))(τexp(tei))∗

(
∂

∂yk

)
eK

,

(
∂

∂yj

)
exp(tei)·K

)

=

3∑
k=1

vk(exp(tei))

〈
ek,

∞∑
m=0

(−t · ad(ei))m
(m+ 1)!

ej

〉
,

gM

(
∇�

∂
∂yi

v,
∂

∂yj

)
eK

=

(
∂

∂yi

)
eK

gM

(
v,

∂

∂yj

)
− gM

(
v,∇�

∂
∂yi

∂

∂yj

)
eK

=

3∑
k=1

(
ei(vk)δkj + vk

〈
ek,−1

2
[ei, ej ]

〉)
− gM

(
v,

3∑
k=1

Γk
ij(eK)

∂

∂yk

)

= ei(vj)− 1

2

3∑
k=1

vk(c
k
ij + c

j

ki + c
i
kj).

Hence we obtain

(∇�
∂

∂yi

v)eK =

3∑
j=1

ei(vj)
∂

∂yj
− 1

2

3∑
j,k=1

vk(c
k
ij + cjki + cikj)

∂

∂yj
.

Thus we compute

(rot(v))eK =

(
∂

∂yi

)
eK

× (∇�
∂

∂yi

v)eK

=

⎛⎝−e3(v2) + e2(v3)−
3∑

j=1

cj23

⎞⎠ ∂

∂y1
+

⎛⎝e3(v1)− e1(v3)−
3∑

j=1

cj31

⎞⎠ ∂

∂y2

+

⎛⎝−e2(v1) + e1(v2)−
3∑

j=1

cj12

⎞⎠ ∂

∂y3
,

which implies the proof.
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5. Associative deformations in the sine cone of nearly Kähler mani-

folds. Let (N, k, J, σ, ψ±) be a nearly Kähler manifold and L ⊂ N be a Lagrangian
submanifold. From Lemma 2.26 and 2.30, the sine cone Cs(N) = (0, π) ×N admits
nearly parallel G2-structure (ϕ̃, k̃) and {π

2 }×L ⊂ Cs(N) is associative. We study the
infinitesimal associative deformations of {π

2 } × L.
Let ν → {π

2 }×L be the normal bundle of {π
2 }×L ⊂ Cs(N). First, we rewrite the

operatorD : C∞({π
2 }×L, ν) → C∞({π

2 }×L, ν) in Proposition 3.2 in this case. Since L

is Lagrangian, there exists canonical isomorphism TL⊕R � (v, x) 	→ Jv+x ∂
∂t |t=π

2
∈ ν.

Via this identification, we obtain the following.

Proposition 5.1. The corresponding operator D : X(L) ⊕ C∞(L) → X(L) ⊕
C∞(L) is described as

D(v, f) = (−grad(f)− rot(v) + 2v, div(v)) ,

where we use the notation in Proposition 4.1.

By Proposition 5.1, we prove Corollary 5.2 as in the case of Corollary 4.2.

Corollary 5.2. We have

dim{the infinitesimal associative deformations of {π
2 } × L}

=dim{f ∈ C∞(L);Δ+f = 3f}+ dim{v ∈ X(L); rot(v) = 3v}.

Remark 5.3. From Lemma 2.32, dim{f ∈ C∞(L);Δ+f = 3f} gives the
dimension of infinitesimal associative and non-Lagrangian deformations.

Proof of Proposition 5.1. Let {e1, e2, e3} ⊂ TL be a local oriented orthonormal
frame such that ψ−(e1, e2, e3) = −1. Set ηj := J(ej) for 1 ≤ j ≤ 3 and η4 := ∂

∂t |t=π
2
.

Then {ηj}1≤j≤4 is a local oriented orthonormal frame of ν. Let {e1, · · · , e3, η1, · · · , η4}
be the dual coframe, then we have

σ =

3∑
i=1

ei ∧ ηi, Ψ = ψ+ + iψ− = −i(e1 + iη1) ∧ (e2 + iη2) ∧ (e3 + iη3).

Hence at a point of L× {π
2 }, we have

ϕ̃ = η4 ∧
3∑

i=1

ei ∧ ηi + e1(e23 − η23)− η1(e2 ∧ η3 + η2 ∧ e3).

As in the Sasakian case, the definition of the Levi-Civita connection gives the
following.

Lemma 5.4. For any X,Y ∈ X(N × {π
2 }), we have

∇Cs(N)
X Y |N×{π

2 } = ∇N
XY, ∇Cs(N)

X

∂

∂t
|N×{π

2 } = 0, ∇Cs(N)
∂
∂t

X |N×{π
2 } = 0,

where ∇Cs(N) and ∇N are the Levi-Civita connections of k̃ on Cs(N) and k on N ,
respectively.

Denoting ∇�
eiej =

∑3
k=1 Γ

k
ijek for 1 ≤ i, j ≤ 3, we see the following from the

computations above and Lemma 2.28.
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Lemma 5.5.

(ei × ηa) =

⎛⎝ η4 −η3 η2 −η1
η3 η4 −η1 −η2
−η2 η1 η4 −η3

⎞⎠ , ∇⊥
eiηj =

3∑
k=1

(εijk + Γk
ij)ηk,

where εijk is the permutation symbol and 1 ≤ i, j ≤ 3.

Via the identification X(L) ⊕ C∞(L) � (
∑3

j=1 vjej, f) 	→ ∑3
j=1 vjηj + fη4 ∈

C∞(L×{π
2 }, ν) where vj , f ∈ C∞(L), we can calculate as in the proof of Proposition

4.1.

6. Computation in the standard sphere S7. By Definition 2.1, C4 admits a
torsion-free Spin(7)-structure (Φ0, h0), which induces the nearly parallel G2-structure
(ϕ, g) on S7 by Lemma 2.16. In this section, we study the deformation spaces of
homogeneous associative submanifolds in S7, and prove Theorem 1.1 and 1.2.

6.1. Classification of homogeneous associative submanifolds in S7.

Mashimo [18] classified homogeneous Lagrangian submanifolds in S6. Applying this
classification, Lotay [16] classified homogeneous associative submanifolds in S7.

Proposition 6.1 ([16, 18]). Let A be a connected associative 3-fold in S7 ⊂ C4

which is the orbit of a closed 3-dimensional Lie subgroup of Spin(7). If A does not lie
in a totally geodesic S6, then, up to the Spin(7)-action, A is either

1. A1
∼= T 3 given by Example 6.2,

2. A2
∼= SU(2)/Z3, or A3

∼= SU(2) given by Example 6.3,

If A lies in a totally geodesic S6, then, up to the G2-action, A is either
1. the totally geodesic S3 ∼= SU(2),
2. L1

∼= SU(2) given by Example 6.5,
3. L2

∼= SO(3) ∼= SU(2)/Z2 given by Example 6.6, or
4. L3

∼= SU(2)/A∗
4, or L4

∼= SU(2)/D∗
3 given by Example 6.7.

Note that the automorphism group of nearly parallel S7 is Spin(7) and that of
nearly Kähler S6 is G2.

Example 6.2. Define the action of T 3 ∼= (R/2πZ)3 on C4 by

(θ1, θ2, θ3) · t(z1, z2, z3, z4) = t(eiθ1z1, e
iθ2z2, e

iθ3z3, e
−i(θ1+θ2+θ3)z4),

where θi ∈ R/2πZ and zi ∈ C. Then

A1 := T 3 · 1
2
t(1, 1, 1, i) ∼= T 3

is special Legendrian given in [8].

Example 6.3. Define the SU(2)-action on C4 by

(
a −b
b a

)
·

⎛
⎜⎜⎝

z1
z2
z3
z4

⎞
⎟⎟⎠ =

⎛
⎜⎜⎜⎝

a3 −√3a2b
√
3ab

2 −b3√
3a2b a(|a|2 − 2|b|2) −b(2|a|2 − |b|2) √

3ab
2

√
3ab2 b(2|a|2 − |b|2) a(|a|2 − 2|b|2) −√3a2b

b3
√
3ab2

√
3a2b a3

⎞
⎟⎟⎟⎠
⎛
⎜⎜⎝

z1
z2
z3
z4

⎞
⎟⎟⎠ ,

(6.1)
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where zi ∈ C and a, b ∈ C such that |a|2 + |b|2 = 1. Set

A2 = SU(2) · t(1, 0, 0, 0) ∼= SU(2)/Z3, A3 = SU(2) · 1√
2
t(0, 1, i, 0) ∼= SU(2),

where Z3 =

{(
ζ 0

0 ζ

)
∈ SU(2); ζ3 = 1

}
. Then A2 is the Hopf lift of the Veronese

curve in CP 3:

{[x3 :
√
3x2y :

√
3xy2 : y3] ∈ CP 3; [x : y] ∈ CP 1},

and hence associative. However, A3 is an associative submanifold which does not arise
from other known geometries.

Remark 6.4. Set A2(θ) = SU(2) · t(cos θ, 0, 0, sin θ) for θ ∈ [0, π4 ]. It is known
that all the A2(θ) are congruent up to the Spin(7)-action to A2 = A2(0), which is
U(2)-invariant. In [10], A2(

π
4 ) is shown to be special Legendrian.

Next, we give examples of homogeneous Lagrangian submanifolds in S6.

Example 6.5. Define the SU(2)-action on R7 = R⊕ C3 by

(
a −b
b a

)
·

⎛⎜⎜⎝
x1

z1
z2
z3

⎞⎟⎟⎠ =

⎛⎜⎜⎝
(|a|2 − |b|2)x1 − 2Im(abz1)

2iabx1 + a2z1 + b2z1
az2 − bz3
bz2 + az3

⎞⎟⎟⎠ , (6.2)

where a, b ∈ C such that |a|2 + |b|2 = 1. Then

L1 := SU(2) · t(
√
5
3 , 0, 2

3 , 0)
∼= SU(2), (6.3)

where t(
√
5
3 , 0, 23 , 0) ∈ R⊕C3, is Lagrangian in S6 given in [8]. Moreover, L1 is invariant

under a U(2)(⊂ G2) action.

Example 6.6. Let L2 ⊂ S6 be given by

L2 =
{
(0, z1, z2, z3) ∈ R⊕ C3; |z1|2 + |z2|2 + |z3|2 = 1, z21 + z22 + z23 = 0

}
. (6.4)

Since L2 is the link of an complex cone, it is Lagrangian in S6. Define the SO(3)-
action on R7 = R ⊕ C3 by the trivial action of R and the standard (real) action on
C3. Let � : SU(2) → SO(3) be a standard double covering:

� :

(
a −b
b a

)
	→
⎛⎝ |a|2 − |b|2 2Im(ab) −2Re(ab)

−2Im(ab) Re(a2 + b2) Im(a2 + b2)
2Re(ab) Im(−a2 + b2) Re(a2 − b2)

⎞⎠ , (6.5)

where a, b ∈ C such that |a|2 + |b|2 = 1. By composing these actions, SU(2) acts on
R7, and we have

L2 = SU(2) · 1√
2
t(0, 0, 1, i) ∼= SU(2)/Z2 = SO(3).
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Example 6.7. Let {ε1, · · · , ε7} be a standard basis for R7. Identify R7 with the
homogeneous harmonic cubics H3(R3) on R3 by:

ε1 	→
√
10

10
x(2x2 − 3y2 − 3z2); ε2 	→ −

√
6xyz; ε3 	→

√
6

2
x(y2 − z2);

ε4 	→ −
√
15

10
y(4x2 − y2 − z2); ε5 	→ −

√
15

10
z(4x2 − y2 − z2);

ε6 	→ 1

2
y(y2 − 3z2); ε7 	→ 1

2
z(z2 − 3y2).

Let SU(2) act on H3(R3) ∼= R7 as A · f(x, y, z) = f((x, y, z)�(A)), where A ∈ SU(2)
and f ∈ H3(R3) ∼= R7. Set

L3 := SU(2) · ε2, L4 := SU(2) · ε6.

Then L3
∼= SU(2)/A∗

4 and L4
∼= SU(2)/D∗

3 are Lagrangian, where A∗
4 is a binary

tetrahedral group of order 24 generated by

k1 =

(
i 0
0 −i

)
, k2 =

(
0 −1
1 0

)
, k3 =

1√
2

(
e

πi
4 −e

−πi
4

e
πi
4 e

−πi
4

)
, (6.6)

and D∗
3 is a binary dihedral group of order 12 generated by

k4 =

(
0 −1
1 0

)
, k5 =

(
e

πi
3 0

0 e−
πi
3

)
. (6.7)

6.2. Computations on SU(2). For the convenience of the following computa-
tions, we summarize formulas on SU(2). Define the basis of the Lie algebra su(2) of
SU(2) by

E1 =

(
0 1
−1 0

)
, E2 =

(
0 i
i 0

)
, E3 =

(
i 0
0 −i

)
, (6.8)

which satisfies the relation [Ei, Ei+1] = 2Ei+2 for i ∈ Z/3. We see the following by
Proposition B.5 and Lemma B.6.

Lemma 6.8. Let Vn be a C-vector space of all complex homogeneous polynomials
with two variables z1, z2 of degree n(n ≥ 0) and define the representation ρn : SU(2) →
GL(Vn) as (

ρn

(
a −b
b a

)
f

)
(z1, z2) = f

(
(z1, z2)

(
a −b
b a

))
.

Define the Hermitian inner product 〈 , 〉 of Vn such that{
v
(n)
k =

1√
k!(n− k)!

zn−k
1 zk2

}
0≤k≤n

is a unitary basis of Vn. If we denote by ŜU(2) the set of all equivalence classes

of finite dimensional irreducible representations of SU(2), we know that ŜU(2) =
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{(Vn, ρn);n ≥ 0}. Then every C-valued continuous function on SU(2) is uniformly
approximated by the C-linear combination of the following functions:{

〈ρn(·)v(n)i , v
(n)
j 〉;n ≥ 0, 0 ≤ i, j ≤ n

}
,

which are mutually orthogonal with respect to the L2 inner product.

By a direct computation, we see the following.

Lemma 6.9. Identify X ∈ su(2) ⊂ U(su(2)) with the left invariant differential

operator on SU(2). For u =
∑n

l=0 Clv
(n)
l ∈ Vn, set

u∗ =
n∑

l=0

(−1)n−lCn−lv
(n)
l ∈ Vn.

Then for any n ≥ 0, 0 ≤ k, l ≤ n, u, v ∈ Vn, X ∈ su(2), we have

X〈ρn(·)v, u〉 = 〈ρn(·)dρn(X)v, u〉,

(dρn(X)v)(z1, z2) =

(
∂v

∂z1
,
∂v

∂z2

)
tX

(
z1
z2

)
,

〈ρn(·)v(n)k , u〉 = (−1)k〈ρn(·)v(n)n−k, u
∗〉,

(−iE1 + E2)〈ρn(·)v(n)k , u〉 =
{

2i
√
(k + 1)(n− k)〈ρn(·)v(n)k+1, u〉, (k < n)

0, (k = n)

(iE1 + E2)〈ρn(·)v(n)k , u〉 =
{

2i
√
k(n− k + 1)〈ρn(·)v(n)k−1, u〉, (k > 0)

0, (k = 0)

iE3〈ρn(·)v(n)k , u〉 = (−n+ 2k)〈ρn(·)v(n)k , u〉.

The next lemma is useful for the later computations.

Lemma 6.10. Suppose that {e1, e2, e3} = {pE1, pE2, qE3} where 0 �= p, q ∈ R

is an oriented orthonormal basis of su(2) for some metric and orientation. For v =∑3
i=1 viei ∈ C∞(SU(2), su(2)), rot(v) = αv for 0 �= α ∈ R is equivalent to

(ie3 − (2q + α)) (v1 + iv2) + (−ie1 + e2)v3 = 0, (6.9)

(ie1 + e2)(v1 + iv2) +

(
α+

2p2

q
+ ie3

)
v3 = 0. (6.10)

These equations imply that{
Δ+ +

(
4p2

q
− 4q

)
ie3 +

(
−α− 2p2

q
+ 2q

)
(2q + α)

}
(v1 + iv2) = 0, (6.11){

Δ+ − α

(
α+

2p2

q

)}
v3 = 0, (6.12)

where Δ+ = −∑3
i=1 e

2
i is a Laplacian. Especially, for any n ≥ 0, 0 ≤ k ≤ n, u ∈ Vn,
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we have

Δ+〈ρn(·)v(n)k , u〉 = {(−p2 + q2)(n− 2k)2 + p2(n2 + 2n)
} 〈ρn(·)v(n)k , u〉, (6.13){

Δ+ +

(
4p2

q
− 4q

)
ie3 +

(
−α− 2p2

q
+ 2q

)
(2q + α)

}
〈ρn(·)v(n)k , u〉

=

{
(−p2 + q2)(n− 2k + 2)2 + p2(n2 + 2n)− α

(
α+

2p2

q

)}
〈ρn(·)v(n)k , u〉. (6.14)

Remark 6.11. In the case of SU(2)/Γ for some finite subgroup Γ, we have to
consider the Γ equivariant solutions of (6.9) and (6.10).

Proof. Note that [e1, e2] =
2p2

q e3, [e1, e3] = −2qe2, [e2, e3] = 2qe1. Then from

Remark 4.9, rot(v) = αv is equivalent to

ie3(v1 + iv2) + (−ie1 + e2)(v3) = (2q + α)(v1 + iv2), (6.15)

Re((ie1 + e2)(v1 + iv2)) = −
(
α+

2p2

q

)
v3. (6.16)

It is clear that (6.9) and (6.10) imply (6.15) and (6.16). Conversely, suppose that
(6.15) and (6.16) hold. Applying (ie1 + e2) to (6.15), we obtain

(ie3 − α)(ie1 + e2)(v1 + iv2) +

(
e21 + e22 +

2p2

q
ie3

)
v3 = 0.

Considering the real and imaginary parts, we obtain from (6.16)

−e3Im((ie1 + e2)(v1 + iv2)) + α

(
α+

2p2

q

)
v3 + (e21 + e22)(v3) = 0, (6.17)

−αe3(v3)− αIm((ie1 + e2)(v1 + iv2)) = 0. (6.18)

The equations (6.16) and (6.18) imply (6.10), and hence we obtain the first statement.
Substituting (6.18) into (6.17), we have (6.12). Applying (−ie1 + e2) to (6.10),

we obtain from (6.9)(
e21 + e22 −

2p2

q
ie3

)
(v1 + iv2)

=

(
−α− 2p2

q
+ 2q − ie3

)
(−ie1 + e2)v3

=

{
−e23 +

(
4p2

q
− 4q

)
ie3 +

(
−α− 2p2

q
+ 2q

)
(2q + α)

}
(v1 + iv2),

which imply (6.11). Then from Lemma 6.9, we obtain (6.13) and (6.14).

6.3. The case A1, A2, and A3. First, we study the deformation of homogeneous
associative submanifolds which do not lie in a totally geodesic S6.

6.3.1. The case A1
∼= T 3. Define the basis of the Lie algebra t3 of T 3 by

e1 = (
√
2, 0, 0), e2 = (0,

√
2,−

√
2), e3 = (−1, 1, 1) ∈ R3 ∼= t3,
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which is an oriented orthonormal basis of t3 with respect to the orientation and the
metric induced from A1.

Define the smooth function fγ ∈ C∞(T 3,C) for γ = (γ1, γ2, γ3) ∈ Z3 on

T 3 ∼= (R/2πZ)3 by fγ(θ1, θ2, θ3) = exp(i
∑3

j=1 γjθj). By a Fourier series expansion,

every C-valued continuous function on T 3 is uniformly approximated by the C-linear
combination of fγ ’s. By a direct computation, we obtain the following.

Lemma 6.12. Identifying ei ∈ t3 with the left invariant differential operator on
T 3, we have

e1(fγ) =
√
2γ1ifγ , e2(fγ) =

√
2(γ2 − γ3)ifγ , e3(fγ) = (−γ1 + γ2 + γ3)ifγ ,

Δ+(fγ) = {2γ2
1 + 2(γ2 − γ3)

2 + (−γ1 + γ2 + γ3)
2}fγ .

Then we deduce the following.

Proposition 6.13. dimR{f ∈ C∞(T 3);Δ+f = 8f} = 12.

Proposition 6.14. dimR{v ∈ C∞(T 3, t3); rot(v) = −2v} = 6.

By Corollary 4.2, these imply that associative deformations of A1 are trivial since
Spin(7) induces 18(= dimR(Spin(7)/T

3))-dimensional associative deformations of A1.
Now, we give proofs.

Proof of Proposition 6.13. For (γ1, γ2, γ3) ∈ Z3, we know that

2γ2
1 + 2(γ2 − γ3)

2 + (−γ1 + γ2 + γ3)
2 = 8

⇔(γ1, γ2, γ3) = ±(2, 1, 1),±(0, 1,−1),±(1, 2, 1),±(1, 1, 2),±(1,−1, 0),±(1, 0,−1),

which gives the proof by Lemma 6.12.

Proof of Proposition 6.14. Take any v =
∑3

i=1 viei ∈ C∞(T 3, t3) where vi ∈
C∞(T 3). Then from Remark 4.9, rot(v) = αv for α ∈ R is equivalent to

(ie3 − α)(v1 + iv2) + (−ie1 + e2)(v3) = 0, (6.19)

Re((ie1 + e2)(v1 + iv2)) = −αv3. (6.20)

Eliminating v3, we have

−α(ie3 − α)(v1 + iv2) + (−ie1 + e2)Re((ie1 + e2)(v1 + iv2)) = 0. (6.21)

Set v1 + iv2 =
∑

γ∈Z3 Cγfγ where Cγ ∈ C. Since fγ = f−γ , (6.21) is equivalent to

Cγ

(−γ2
1 − (γ2 − γ3)

2 + α(−γ1 + γ2 + γ3 + α)
)
+ C−γ(γ1 + (γ2 − γ3)i)

2 = 0. (6.22)

Take the complex conjugation of (6.22) and replace γ by −γ, then we obtain

Cγ(γ1 + (−γ2 + γ3)i)
2 + C−γ

(−γ2
1 − (γ2 − γ3)

2 + α(γ1 − γ2 − γ3 + α)
)
= 0. (6.23)

Eliminating Cγ from (6.22) and (6.23), we have

α2
{−2(γ2

1 + (γ2 − γ3)
2)− α2(−γ1 + γ2 + γ3)

2 + α2
}
Cγ = 0.

Set α = −2. Since we know that −2(γ2
1 + (γ2 − γ3)

2) − (−γ1 + γ2 + γ3)
2 + 4 =

0 ⇔ (γ1, γ2, γ3) = ±(1, 1, 0),±(1, 0, 1),±(0, 1, 1), we deduce by (6.22) that

v1 + iv2 =C(1,1,0)f(1,1,0) − iC(1,1,0)f(−1,−1,0) + C(1,0,1)f(1,0,1) + iC(1,0,1)f(−1,0,−1)

+ C(0,−1,−1)f(0,−1,−1).

Thus v1+iv2 depends 3 complex parameters C(1,1,0), C(1,0,1), C(0,−1,−1), which implies
Proposition 6.14.
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6.3.2. The case A2
∼= SU(2)/Z3. By Remark 6.4, A2 = A2(0) is congruent to

A2(
π
4 ), which is special Legendrian. We may compute the dimension of the infinites-

imal associative deformations of A2(
π
4 ) by Corollary 4.2. The action (6.1) induces an

inclusion su(2) ↪→ su(4), where E1, E2, E3 in (6.8) correspond to⎛⎜⎜⎝
0

√
3 0 0

−√
3 0 2 0

0 −2 0
√
3

0 0 −√
3 0

⎞⎟⎟⎠ ,

⎛⎜⎜⎝
0

√
3i 0 0√

3i 0 2i 0

0 2i 0
√
3i

0 0
√
3i 0

⎞⎟⎟⎠ ,

⎛⎜⎜⎝
3i 0 0 0
0 i 0 0
0 0 −i 0
0 0 0 −3i

⎞⎟⎟⎠ ,

respectively. Set p0 = 1√
2
t(1, 0, 0, 1) ∈ C4. Then we have

(E∗
1 )p0 =

√
3

2
t(0,−1, 1, 0), (E∗

2 )p0 =

√
3

2
t(0, i, i, 0), (E∗

3 )p0 =
3i√
2
t(1, 0, 0,−1),

Hence if we set e1 := E1/
√
3, e2 := E2/

√
3, e3 := E3/3, {ei}1≤i≤3 is an oriented

orthonormal basis of su(2) with respect to the orientation and the metric induced
from A2.

Proposition 6.15. dimR{f ∈ C∞(A2);Δ+f = 8f} = 19.

Proposition 6.16. dimR{v ∈ X(A2); rot(v) = −2v} = 11.

On the other hand, Spin(7) induces 17(= dimR(Spin(7)/U(2)))-dimensional as-
sociative deformations of A2. By Corollary 4.2 and Remark 6.4, we have a 30-
dimensional infinitesimal associative deformation space of A2, and hence A2 can have
non-trivial associative deformations. In fact, we obtain the following.

Proposition 6.17. All non-trivial associative deformations of A2 are induced
by the PGL(4,C)-action on CP 3 via the Hopf lift.

Remark 6.18. ([24, 3]) As a special Legendrian submanifold, A2(
π
4 ) is not

rigid, either. By a non-standard projection p2 : S7 → CP 3, p2(A2(
π
4 )) is a horizontal

holomorphic curve in CP 3, and for any horizontal holomorphic curve Σ, p−1
2 (Σ) ⊂ S7

is a special Legendrian submanifold.
Since the group of biholomorphic maps which preserve the horizontal distribution

is PSp(2,C), all non-trivial special Legendrian deformations of A2(
π
4 ) are given by

the induced action of PSp(2,C) on CP 3.

Now, we give proofs. First, we prove the following lemma.

Lemma 6.19. Let {(v(n)l )∗ = 〈·, v(n)l 〉} be the dual basis of {v(n)l }. Then we have

HomZ3(Vn, su(2)⊗R C)

= {L ∈ HomC(Vn, su(2)⊗R C);L(ρn(k)v) = Ad(k)L(v) for any k ∈ Z3, v ∈ Vn}

=spanC

⎧⎨⎩(v
(n)
i )∗ ⊗X ;X =

⎧⎨⎩
e3 (n− 2i ∈ 3Z)
e1 + ie2 (n− 2i ∈ 3Z+ 1)
e1 − ie2 (n− 2i ∈ 3Z+ 2)

⎫⎬⎭ ,

HomZ3(Vn,C) = spanC

{
(v

(n)
i )∗;n− 2i ∈ 3Z

}
.
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Proof. Take any v ∈ Vn and k =

(
ζ 0

0 ζ

)
∈ Z3 where ζ3 = 1. By definition, we

see that

Ad(k)e1 = Re(ζ)e1 − Im(ζ)e2,

Ad(k)e2 = Im(ζ)e1 +Re(ζ)e2,

Ad(k)e3 = e3,

ρn(k)v
(n)
l = ζn−2lv

(n)
l .

Setting L =
∑n

l=0

∑3
i=1 Cli(v

(n)
l )∗ ⊗ ei ∈ HomC(Vn, su(2) ⊗R C) where Cki ∈ C, we

know that L ∈ HomZ3(Vn, su(2)⊗R C) if and only if

ζn−2l
3∑

i=1

Cliei = Cl1(Re(ζ)e1 − Im(ζ)e2) + Cl2(Im(ζ)e1 +Re(ζ)e2) + Cl3e3

for any 0 ≤ l ≤ n and ζ3 = 1. This is equivalent to

(ζn−2l − 1)Cl3 = 0,

(ζn−2l+1 − 1)(Cl2 − iCl1) = 0,

(ζn−2l+2 − 1)(Cl2 + iCl1) = 0,

which implies the first statement. The second is proven in the same way.

Proof of Proposition 6.15. From (6.13), the solution f of Δ+f = 8f is contained in

spanC

{
〈ρn(·)v(n)k , v

(n)
l 〉; (n, k) = (6, 0), (6, 6), (4, 2), 0 ≤ l ≤ n

}
, which are Z3 invari-

ant. Hence we obtain Proposition 6.15.

Proof of Proposition 6.16. First, we consider dimR{v ∈ X(A2); rot(v) = −2v}.
Set (p, q, α) = ( 1√

3
, 1
3 ,−2) in Lemma 6.10. Since we know that

−2

9
(n− 2k + 2)2 +

1

3
(n2 + 2n) = 0 ⇔ (n, k) = (4, 0),

−2

9
(n− 2k)2 +

1

3
(n2 + 2n) = 0 ⇔ (n, k) = (0, 0),

we have v1 + iv2 = 〈ρ4(·)v(4)0 , u〉 for u ∈ V4 and v3 is constant. We see that v =∑3
i=1 viei satisfies (6.9), (6.10), and is Z3 equivariant. Hence we obtain dimR{v ∈

X(A2); rot(v) = −2v} = 11.

Proof of Proposition 6.17. We find 13(= 30−17)-dimensional family of non-trivial
associative deformations.

Let p1 : S7 → CP 3 be the Hopf fibration. By Lemma 2.19, for any holomorphic
curve Σ ⊂ CP 3, the Hopf lift p−1

1 (Σ) ⊂ S7 of Σ is an associative submanifold. Since
p1(A2) is a holomorphic curve in CP 3, the group of biholomorphic map of CP 3, which
is known to be PGL(4,C), induces the associative deformations of A2 via the Hopf
lift.

The PGL(4,C)-action included in the Spin(7)-action is the standard SU(4)-action
on S7. Thus the dimension of non-trivial associative deformations of A2 induced by
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PGL(4,C) is given by

dimR PGL(4,C)− dimR{g ∈ PGL(4,C); g · p1(A2) ⊂ p1(A2)}
− (dimR SU(4)− dimR{h ∈ SU(4);h · A2 ⊂ A2})

=dimR PGL(4,C)− dimR PGL(2,C)− dimR SU(4) + dimR U(2)

=30− 6− 15 + 4 = 13,

which gives the proof.

6.3.3. The case A3
∼= SU(2). Since A3 is not special Legendrian, we cannot

apply Corollary 4.2 to this case. First, we describe the operator D explicitly. Define
Ei ∈ su(2) as (6.8). We denote by e1, e2, e3 the left invariant vector fields on SU(2) ∼=
A3 induced by 1√

7
E1,

1√
7
E2, E3, respectively. If we define the vectors ηk for 1 ≤ k ≤ 4

as

η1 =

√
7

3

(
Je1 +

2√
7
e4

)
, η2 =

√
7

3

(
Je2 +

2√
7
e3

)
,

η3 =

√
7

3

(
Je3 − 2√

7
e2

)
, η4 =

√
7

3

(
Je4 − 2√

7
e1

)
,

where J is the standard complex structure on C4 and e4 is the position vector, then
{e1, · · · , e3} is the orthonormal frame of TA3 and {η1, · · · , η4} is the orthonormal
frame of ν. At p0 = 1√

2
t(0, 1, i, 0), we have

e1 =
1√
14

⎛⎜⎜⎝
√
3

2i
−2

−√
3i

⎞⎟⎟⎠ , e2 =
1√
14

⎛⎜⎜⎝
√
3i

−2
2i

−√
3

⎞⎟⎟⎠ , e3 =
1√
2

⎛⎜⎜⎝
0
i
1
0

⎞⎟⎟⎠ , e4 =
1√
2

⎛⎜⎜⎝
0
1
i
0

⎞⎟⎟⎠ ,

η1 =
1√
2

⎛⎜⎜⎝
i
0
0
1

⎞⎟⎟⎠ , η2 =
1√
2

⎛⎜⎜⎝
−1
0
0
−i

⎞⎟⎟⎠ , η3 =
1√
42

⎛⎜⎜⎝
−2

√
3i

−3
3i

2
√
3

⎞⎟⎟⎠ , η4 =
1√
42

⎛⎜⎜⎝
−2

√
3

3i
−3

2
√
3i

⎞⎟⎟⎠ .

Lemma 6.20. We have

∇�
eiei = 0 for i = 1, 2, 3, [e1, e2] =

2

7
e3, [e1, e3] = −2e2, [e2, e3] = 2e1,

(∇⊥
eiηj) =

3

7

⎛⎝ −η4 −η3 η2 η1
η3 −η4 −η1 η2
7η2 −7η1 −5η4 5η3

⎞⎠ , (ei × ηj) =

⎛⎝ η4 η3 −η2 −η1
−η3 η4 η1 −η2
η2 −η1 η4 −η3

⎞⎠ .

Proof. Since the SU(2)-action preserves the G2-structure on S7, we only have
to consider at p0. The equations of ∇�

eiei and [ei, ej] is shown easily. By a direct
computation, we have

(∇C
4

ei ηj) =
3

7

⎛⎝ −η4 −η3 η2 η1
η3 −η4 −η1 η2
7η2 −7η1 −5η4 5η3

⎞⎠+
2
√
3

7

⎛⎝ −e1 −e2 2e3 0
e2 −e1 0 −2e3
0 0 2e1 −2e2

⎞⎠ ,
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and hence we obtain ∇⊥
eiηj . To prove the equations of ei × ηj , let h0 be the stan-

dard metric on C4, ω0 be the standard Kähler form on C4, and Ω0 be the stan-
dard holomorphic volume form on C4. Define ei = h0(ei, ·), ηj = h0(ηj , ·). Then
{e1, · · · , e4, η1, · · · , η4} is the dual coframe of {e1, · · · , e4, η1, · · · , η4}. We compute⎛
⎜⎜⎝

e1(J ·)
e2(J ·)
e3(J ·)
e4(J ·)

⎞
⎟⎟⎠ =

2√
7

⎛
⎜⎜⎝

e4

e3

−e2
−e1

⎞
⎟⎟⎠−

√
3

7

⎛
⎜⎜⎝

η1

η2

η3

η4

⎞
⎟⎟⎠ ,

⎛
⎜⎜⎝

η1(J ·)
η2(J ·)
η3(J ·)
η4(J ·)

⎞
⎟⎟⎠ =

√
3

7

⎛
⎜⎜⎝

e1

e2

e3

e4

⎞
⎟⎟⎠+

2√
7

⎛
⎜⎜⎝
−η4

−η3

η2

η1

⎞
⎟⎟⎠ .

Since we know h0 =
∑4

i=1((e
i)2 + (ηi)2), we obtain

ω0 = h0(J ·, ·) =
√

3

7

4∑
i=1

ei ∧ ηi +
2√
7
(−e14 − e23 + η14 + η23).

The holomorphic volume form Ω0 is of the form C ·(e1+ig(e1, ·))∧· · · (e4+ig(e4, ·)) =
C ·(e1−ie1(J ·))∧· · · (e4−ie4(J ·)) for C > 0, and from the relation ω4

0/4! = (i/2)4Ω0∧
Ω0, we have C = 7/3. Hence the G2-structure ϕ ∈ Ω3(S7) on S7 is described as

ϕ = i(e4)

(
1

2
ω2
0 +ReΩ0

)
= −e123 + e1 ∧ (η14 + η23) + e2 ∧ (−η13 + η24) + e3 ∧ (η12 + η34),

which implies the lemma.

Proposition 6.21. By the trivialization of ν via {η1, · · · , η4}, D :
C∞(SU(2),R4) ∼= C∞(A3, ν) → C∞(A3, ν) ∼= C∞(SU(2),R4) is described as follows:

D

⎛⎜⎜⎝
ψ1

ψ2

ψ3

ψ4

⎞⎟⎟⎠ =

⎧⎪⎪⎨⎪⎪⎩
⎛⎜⎜⎝

0 −e3 e2 −e1
e3 0 −e1 −e2
−e2 e1 0 −e3
e1 e2 e3 0

⎞⎟⎟⎠+

⎛⎜⎜⎝
− 15

7
− 15

7
3

3

⎞⎟⎟⎠
⎫⎪⎪⎬⎪⎪⎭
⎛⎜⎜⎝

ψ1

ψ2

ψ3

ψ4

⎞⎟⎟⎠ .

Setting Ψ1 = ψ1 + iψ2, Ψ2 = ψ3 − iψ4, we have

D

(
Ψ1

Ψ2

)
=

{(
ie3 −ie1 + e2

−(ie1 + e2) −ie3

)
+

( − 15
7

3

)}(
Ψ1

Ψ2

)
.

Proof. Take ψ =
∑4

a=1 ψaηa ∈ C∞(A3, ν) for ψa ∈ C∞(A3). By the lemma
above, we see

Dψ =
∑
i,a

(ei(ψa)ei × ηa + ψaei ×∇⊥
eiηa)

= (−e3(ψ2) + e2(ψ3)− e1(ψ4)− 15
7 ψ1)η1 + (e3(ψ1)− e1(ψ3)− e2(ψ4)− 15

7 ψ2)η2

+ (−e2(ψ1) + e1(ψ2)− e3(ψ4) + 3ψ3)η3 + (e1(ψ1) + e2(ψ2) + e3(ψ3) + 3ψ4)η4,

which gives the proof.

From these descriptions, we compute the following.

Proposition 6.22. dimR{ψ ∈ C∞(SU(2),R4);Dψ = −ψ} = 34.
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On the other hand, Spin(7) induces 18(= dimR Spin(7)/SU(2))-dimensional as-
sociative deformations of A3, and hence A3 could potentially have 16-dimensional
nontrivial associative deformations. However, we do not know whether there exists
actual 16-dimensional nontrivial deformations.

Proof of Proposition 6.22. By Proposition 6.21, Dψ = αψ for α ∈ R is equivalent
to (

ie3 −
(
15

7
+ α

))
Ψ1 + (−ie1 + e2)Ψ2 = 0, (6.24)

−(ie1 + e2)Ψ1 + (−ie3 + (3− α))Ψ2 = 0. (6.25)

Applying (ie1 + e2) to (6.24), we obtain(
ie3 −

(
1

7
+ α

))
(ie1 + e2)Ψ1 +

(
e21 + e22 +

2

7
ie3

)
Ψ2 = 0. (6.26)

Substituting (6.25) into (6.26), we have (−7Δ+ + 24ie3 + (7α+ 1)(α− 3))Ψ2 = 0.
By using the notation in Lemma 6.8 and Lemma 6.9, we obtain

(−7Δ+ + 24ie3 + (7α+ 1)(α− 3)) 〈ρn(·)v(n)k , u〉
=
{−6(n− 2k + 2)2 − n2 − 2n+ 24 + (7α+ 1)(α− 3)

} 〈ρn(·)v(n)k , u〉,

for n ≥ 0, 0 ≤ k ≤ n, u ∈ Vn.
Set α = −1. Since we know that −6(n− 2k + 2)2 − n2 − 2n+ 48 = 0 ⇔ (n, k) =

(6, 4), (4, 2), (4, 4), we deduce that

Ψ2 = 〈ρ6(·)v(6)4 , u1〉+ 〈ρ4(·)v(4)2 , u2〉+ 〈ρ4(·)v(4)4 , u3〉,

for u1 ∈ V6, u2, u3 ∈ V4. From (6.24), we see that

Ψ1 = −i

√
7

10
〈ρ6(·)v(6)5 , u1〉 − 2i

√
7

6
〈ρ4(·)v(4)3 , u2〉.

Hence we obtain dimR{ψ ∈ C∞(SU(2),R4);Dψ = −ψ} = 14 + 2 · 10 = 34.

6.4. The case S3, L1, L2, L3 and L4. Next, we study the deformations of homo-
geneous associative submanifolds which lie in a totally geodesic S6. These Lagrangian
deformation spaces are studied in [17]. Hence we only consider associative and non-
Lagrangian deformations by Remark 5.3.

6.4.1. The totally geodesic S3 ∼= SU(2). In this case, {e1, e2, e3} =
{E1, E2, E3} gives an orthonormal basis of su(2) with respect to the induced met-
ric from the totally geodesic S3. We easily see the following by (6.13).

Proposition 6.23. dimR{f ∈ C∞(S3);Δ+f = 3f} = 4.

This implies that associative and non-Lagrangian deformations of the totally
geodesic S3 are trivial since G2 induces 8(= dimR G2/SO(4))-dimensional Lagrangian
deformations of S3 and Spin(7) induces 12-dimensional associative deformations of
S3, whose space is known to be Spin(7)/K, where K ∼= SU(2)3/Z2 is a Lie subgroup
of Spin(7) ([8, Theorem.IV.1.38]).
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6.4.2. The case L1
∼= SU(2). Set p0 =

√
5
3 ε1 +

2
3ε4 = t(

√
5
3 , 0, 23 , 0) ∈ R ⊕ C3.

Then we have

(E∗
1 )p0 = −2

√
5

3
ε3 − 2

3
ε6, (E∗

2 )p0 = −2
√
5

3
ε2 − 2

3
ε7, (E∗

3 )p0 =
2

3
ε5.

Thus {e1, e2, e3} = {
√
6
4 E1,

√
6
4 E2,

3
2E3} gives an orthonormal basis of su(2). We easily

see the following by (6.13).

Proposition 6.24. dimR{f ∈ C∞(S3);Δ+f = 3f} = 7.

This implies that associative and non-Lagrangian deformations of L1 are trivial
since Spin(7) \G2 induces 7-dimensional associative deformations of L1.

6.4.3. The case L2
∼= SU(2)/Z2. Set p0 = 1√

2
(ε4+ε7) =

1√
2
t(0, 0, 1, i) ∈ R⊕C3.

Then we have

(E∗
1 )p0 =

√
2ε3, (E∗

2 )p0 =
√
2ε2, (E∗

3 )p0 =
√
2(ε5 − ε6).

Thus {e1, e2, e3} = { 1√
2
E1,

1√
2
E2,

1
2E3} gives an orthonormal basis of su(2).

Lemma 6.25. If n is even, we have

HomZ2(Vn, su(2)⊗R C) = HomC(Vn, su(2)⊗R C), HomZ2(Vn,C) = HomC(Vn,C).

If n is odd, both spaces are {0}.
From this Lemma, we see the following by (6.13).

Proposition 6.26. dimR{f ∈ C∞(L2);Δ+f = 3f} = 6.

This implies that associative and non-Lagrangian deformations of L2 are trivial
since Spin(7) \ G2 induces 6-dimensional associative deformations of L2. Note that
L2 is invariant under the action of {diag(e−3it, eit, eit, eit); t ∈ R} ⊂ Spin(7) \G2.

6.4.4. The case L3
∼= SU(2)/A∗

4. We have

(E∗
1 )ε2 =

√
10ε4 −

√
6ε6, (E∗

2 )ε2 =
√
10ε5 −

√
6ε7, (E∗

3 )ε2 = −4ε3.

Thus {e1, e2, e3} = {E1/4, E2/4, E3/4} gives an orthonormal basis of su(2).

Lemma 6.27.

HomA∗4
(V6,C) = C

(
(v

(6)
1 )∗ − (v

(6)
5 )∗

)
.

Proof. Recall that A∗
4 is generated by k1, k2, k3 in (6.6). Take L =∑10

l=0 Cl(v
(10)
l )∗ ∈ HomC(V10,C) where Cli ∈ C and consider the condition

L(ρ10(k)v) = L(v), (6.27)

for k ∈ A∗
4 and v ∈ V10. As for k = k1, k2, (6.27) is equivalent to

(−1)li6Cl = Cl, (−1)lC6−l = Cl.

Thus L is of the form C
(
(v

(6)
1 )∗ − (v

(6)
5 )∗

)
for C ∈ C, and we see that (v

(6)
1 )∗−(v

(6)
5 )∗

is invariant by k3.
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Proposition 6.28. dimR{f ∈ C∞(L3);Δ+f = 3f} = 7.

This implies that associative and non-Lagrangian deformations of L3 are trivial
since Spin(7) \G2 induces 7-dimensional associative deformations of L3.

Proof. The solution f of Δ+f = 3f is contained in

spanC

{
〈ρ6(·)v(6)a , v

(6)
b 〉; 0 ≤ a, b ≤ 6

}
from (6.13). From Lemma 6.27, A∗

4 in-

variant solutions of Δ+f = 3f are of the form f = 〈ρ6(·)(v(6)1 − v
(6)
5 ), u〉 for u ∈ V6.

Imposing that f is R-valued, we have dimR{f ∈ C∞(L3);Δ+f = 3f} = 7.

6.4.5. The case L4
∼= SU(2)/D∗

3. We have

(E∗
1 )ε6 =

√
6ε2, (E∗

2 )ε6 =
√
6ε3, (E∗

3 )ε6 = 6ε7.

Thus {e1, e2, e3} = {E1/
√
6, E2/

√
6, E3/6} gives an orthonormal basis of su(2).

Lemma 6.29. The space HomD∗3
(Vn,C) is spanned by the following functions:

1. In case n = 6m where m ∈ Z≥0,

(v
(n)
3j )∗ + (−1)j(v

(n)
n−3j)

∗ for 0 ≤ j ≤ m.

2. In case n = 6m+ 2,

(v
(n)
3j+1)

∗ + (−1)j+1(v
(n)
n−(3j+1))

∗ for 0 ≤ j ≤ m.

3. In case n = 6m+ 4,

(v
(n)
3j+2)

∗ + (−1)j(v
(n)
n−(3j+2))

∗ for 0 ≤ j ≤ m.

In case n ∈ 2Z+ 1, we have HomD∗3
(Vn,C) = {0}.

Proof. Recall that D∗
3 is generated by k4, k5 in (6.7). Take L =

∑n
l=0 Cl(v

(n)
l )∗ ⊗

ei ∈ HomC(Vn,C) where Cli ∈ C. Consider the condition (6.27) for k = k4, k5, it is
equivalent to

(−1)n−lCn−l = Cl, (e
πi
3 )n−2lCl = Cl.

Then we easily see Lemma 6.29.

Proposition 6.30. dimR{f ∈ C∞(L4);Δ+f = 3f} = 7.

This implies that associative and non-Lagrangian deformations of L4 are trivial
since Spin(7) \G2 induces 7-dimensional associative deformations of L4.

Proof. From (6.13), the solution f of Δ+f = 3f is contained in the space spanned

by 〈ρ6(·)v(6)j , v
(6)
a 〉 where j = 0, 6 and 0 ≤ a ≤ 6. From Lemma 6.29, D∗

3 invariant

solutions of Δ+f = 3f are of the form f = 〈ρ6(·)(v(6)0 + v
(6)
6 ), u〉 for u ∈ V6. Imposing

that f is R-valued, we have dimR{f ∈ C∞(L3);Δ+f = 3f} = 7.

Appendix A. Proof of Proposition 3.8. We follow the proof of [7]. First, we
show the following lemma.

Lemma A.1. For any vector fields u, v, w, z,X ∈ X(Y ), we have

∇X(u × v) =(∇Xu)× v + u× (∇Xv)− χ(X,u, v),

R(w, z)(u × v) =(R(w, z)u)× v + u× (R(w, z)v) + ϕ(z, u, v)w − ϕ(w, u, v)z

− g(w, u)v × z − g(w, v)z × u+ g(z, u)v × w + g(z, v)w × u.
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When M3 ⊂ Y is associative, we have TM × TM ⊂ TM , TM × ν ⊂ ν, and ν × ν ⊂
TM . Thus for any X,u, v ∈ C∞(M,TM), η ∈ C∞(M, ν), we have

∇�
X(u× v) =(∇�

Xu)× v + u× (∇�
Xv)− (χ(X,u, v))�,

∇⊥
X(u× η) =(∇�

Xu)× η + u× (∇⊥
Xη)− (χ(X,u, η))⊥.

Proof. Let {fk}k=1,··· ,7 be any local orthonormal frame of TY . Then

∇X(u× v) =
7∑

i=1

{(∇Xϕ)(u, v, fi)fi + ϕ(∇Xu, v, fi)fi + ϕ(u,∇Xv, fi)fi}

= −χ(X,u, v) + (∇Xu)× v + u× (∇Xv)

since ∇g = 0 and ∇ϕ = ∗ϕ. For R(w, z) = ∇w∇z − ∇z∇w − ∇[w,z] , we see the
following by a direct computation.

R(w, z)(u× v) = (R(w, z)u)× v + u× (R(w, z)v)− (∇wχ)(z, u, v) + (∇zχ)(w, u, v).

Then, the equation ∇wχ =
∑

k i(fk)(∇w ∗ ϕ) ⊗ fk = −∑k i(fk)(g(w, ·) ∧ ϕ) ⊗ fk =
−ϕ⊗ w +

∑
k(g(w, ·) ∧ i(fk)ϕ)⊗ fk proves the lemma.

Next, we compute D2. Let {ei}i=1,··· ,3 be any local orthonormal frame satisfying
e3 = e1 × e2 and {ηk}k=1,··· ,4 be any local orthonormal frame of ν. Then by Lemma
A.1, it follows that

D2ψ =

3∑
i,j=1

ei ×∇⊥
ei(ej ×∇⊥

ejψ) = I1 + I2,

where

I1 =

3∑
i,j=1

ei × (∇�
eiej ×∇⊥

ejψ + ej ×∇⊥
ei∇⊥

ejψ),

I2 = −
3∑

i,j=1

ei × (χ(ei, ej ,∇⊥
ejψ))

⊥.

From (2.3), the following holds:

I2 =
∑
i,j

ei × ((ei × ej)×∇⊥
ejψ)

= −
∑
i,j

(ei × (ei × ej))×∇⊥
ejψ = 2

∑
j

ej ×∇⊥
ejψ = 2Dψ.

By the computation in [7], we have I1 = ∇⊥∗∇⊥ψ + πV(I3) + I4, where

I3 = −1

2

∑
i,j

(ei × ej)×R(ei, ej)ψ, I4 =
∑
i,j,k

g(A(ei×ej)×ηk
ei, Aψej)ηk.

From the next lemma, we obtain Proposition 3.8.
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Lemma A.2.

I3 =
3∑

i=1

R(ei, ψ)ei + 3ψ, I4 = −Aψ.

Proof. By using the relation ei×ei+1 = ei+2 for i ∈ Z/3 and the Bianchi identity,
we have

I3 =−
∑
i∈Z/3

ei ×R(ei+1, ei+2)ψ

=
∑
i∈Z/3

ei × (R(ψ, ei+1)ei+2 +R(ei+2, ψ)ei+1) ,

ei+2 ×R(ei+1, ψ)ei =R(ei+1, ψ)ei+1 − (R(ei+1, ψ)ei+2)× ei

− ϕ(ψ, ei+2, ei)ei+1 + ϕ(ei+1, ei+2, ei)ψ

=R(ei+1, ψ)ei+1 + ei × (R(ei+1, ψ)ei+2) + ψ,

since ei × ei+1 = ei+2 for i ∈ Z/3, g(ei, ψ) = 0, and ϕ(ei, ei+1, ei+2) = 1. Hence we

obtain I3 =
∑3

i=1 R(ei, ψ)ei + 3ψ. For I4, we have by Lemma A.1

A(ei×ej)×ηk
ei =−∇�

ei ((ei × ej)× ηk)

=−∇⊥
ei (ei × ej)× ηk − (ei × ej)× (∇�

eiηk) + χ(ei, ei × ej , ηk)
�

=− {(∇⊥
eiei)× ej + ei × (∇�

eiej)} × ηk + (ei × ej)×Aηk
ei

+ χ(ei, ei × ej, ηk)
�.

Since an associative submanifold is minimal, it follows that
∑

i ∇⊥
eiei = 0. Moreover,

we see
∑

i ei ×∇⊥
eiej = 0 for j = 1, 2, 3 by the relation e3 = e1 × e2. Hence we obtain

I4 = I5 + I6, where

I5 =
∑
i,j,k

g((ei × ej)×Aηk
ei, Aψej)ηk, I6 =

∑
i,j,k

g(χ(ei, ei × ej , ηk)
�, Aψej)ηk.

It is shown that I5 = −Aψ in [7]. As for I6, we compute χ(ei, ei× ej, ηk) = ηk × (ei×
(ei×ej)) = ηk×(−ej+δijei), and obtain

∑
i ηk×(−ej+δijei) = −2ηk×ej ∈ C∞(M, ν),

which implies that I6 = 0.

Appendix B. Harmonic analysis on a homogeneous vector bundle. We
give a summary of harmonic analysis on a homogeneous vector bundle from [27].

B.1. Homogeneous vector bundles.

Definition B.1. Let G be a Lie group and let K be a closed subgroup of G.
Set M := G/K. A vector bundle E → M is called a homogeneous vector bundle

if G acts on E on the left and the G-action satisfies:
1. g · Ex = Eg·x for g ∈ G, x ∈ M ,
2. g· : Ex → Eg·x is linear for g ∈ G, x ∈ M ,

where Ex is the fiber of E at x ∈ M .

Lemma B.2. Let (τ, E0) be a finite dimensional representation of K. Then the
associated vector bundle E := G ×τ E0 = G × E0/ ∼, where (g, v) ∼ (g · k, τ(k)−1v),
is a homogeneous vector bundle over M .
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All homogeneous vector bundles are described as above by the following lemma.

Lemma B.3. Let E → M be a homogeneous vector bundle. Let E0 = EeK and
τ : K → End(E0) be the induced action from 2 of Definition B.1. Then we have
E ∼= G×τ E0.

B.2. Fourier series expansion. Let G be a compact Lie group, K be a closed
subgroup of G, (τ, E0) be a finite dimensional unitary representation of K, and E →
M be the homogeneous vector bundle associated with (τ, E0). Assume thatM = G/K
is orientable. Setting

C(G,E0)
(K,τ) := {f ∈ C(G,E0); f(g · k) = τ(k)−1f(g) for any g ∈ G, k ∈ K)},

we have the following.

Lemma B.4. For f ∈ C(M,E), define f̃ ∈ C(G,E0)
(K,τ) by f̃(g) = g−1f(gK) ∈

EeK
∼= E0. Then the map f 	→ f̃ gives an isomorphism C(M,E) ∼= C(G,E0)

(K,τ).

The map f 	→ f̃ extends to the isomorphism A : L2(M,E)
∼=−→ L2(G,E0)

(K,τ).

Let Ĝ be the set of all equivalence classes of finite dimensional irreducible unitary
representations of G. For each γ = [(πγ , Vγ)] ∈ Ĝ, we assign a map Aγ : Vγ ⊗
HomK(Vγ , E0) → C(G,E0)

(K,τ), where HomK(Vγ , E0) = {L ∈ Hom(Vγ , E0);L(k ·
v) = τ(k)L(v) for any k ∈ K, v ∈ Vγ)}, by Aγ(v ⊗ L)(g) = L(g−1 · v).

Proposition B.5 (Fourier expansion). The algebraic direct sum∑
γ∈Ĝ

Aγ(Vγ ⊗HomK(Vγ , E0))

is uniformly dense in C(G,E0)
(K,τ) relative to the uniform topology.

Lemma B.6 (Schur orthogonality relations). Let (π, V ) and (π′, V ′) be irreducible
unitary representations of a compact group G. Let (·, ·) and (·, ·)′ be inner products
on V and V ′, respectively. Then for u, v ∈ V and u′, v′ ∈ V ′, we have∫

G

(π(g)u, v)(π′(g)u′, v′)′dg =

{
0 (π �� π′)
(u, u′)(v, v′)/ dimV (π � π′).

B.3. Homogeneous differential operators.

Definition B.7. Let G be a Lie group and let K be a closed subgroup of G. Set
M = G/K. Let E → M and F → M be homogeneous vector bundles, and (τ, E0)
and (σ, F0) be the representations of K associated with E and F , respectively.

A differential operator D : C∞(M,E) → C∞(M,F ) is called a homogeneous

differential operator if g ·Df = D(g ·f) for g ∈ G, f ∈ C∞(M,E). Here, (g ·f)(x) =
gf(g−1x) for x ∈ M, g ∈ G, f ∈ C∞(M,E) or C∞(M,F ).

Remark B.8. The map D is completely determined by its value at a point, i.e.,
given (Df)eK for any f ∈ C∞(M,E), we can determine (Df)gK for each g ∈ G, f ∈
C∞(M,E).

We give an explicit description of the homogeneous differential operators.
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Let U(g) = ⊗∗g/I(g), where I(g) is the two-sided ideal in ⊗∗g generated by {X⊗
Y −Y⊗X−[X,Y ];X,Y ∈ g}. (In other words, U(g) is the universal enveloping algebra
of g.) Let ξ : ⊗∗g → U(g) be the canonical projection and U i(g) := ξ(

∑
k≤i ⊗kg).

Set D(G) be the space of all left invariant differential operators on G. For any
X ∈ g and f ∈ C∞(G), define Xf ∈ C∞(G) by Xf(g) = (d/dt)f(g · exp(tX))|t=0.
The map X 	→ (f 	→ Xf) gives the inclusion g ↪→ D(G), from which an isomorphism

U(g)
∼=−→ D(G) is induced.

Lemma B.9. The algebra U(g) is isomorphic to D(G). If {X1, · · · , Xn} is a
basis of g, then {Xm1

1 · · ·Xmn
n ;mj ≥ 0} forms a basis of U(g).

Similarly, for L⊗X ∈ Hom(E0, F0)⊗ U(g) and f ∈ C∞(G,E0), set (L⊗X)f =
L·Xf . Thus the element of Hom(E0, F0)⊗U(g) is considered as a differential operator
C∞(G,E0) → C∞(G,F0).

Let K act on Hom(E0, F0)⊗ U(g) as μ(k)(L ⊗X) = σ(k)Lτ(k)−1 ⊗Ad(k)X for
L ∈ Hom(E0, F0) and X ∈ U(g). Then (μ,Hom(E0, F0)⊗ U j(g)) is a representation
of K for each j. Setting

(Hom(E0, F0)⊗ U(g))K = {D ∈ Hom(E0, F0)⊗ U(g);μ(k)D = D for any k ∈ K},

we have the following.

Lemma B.10. For any D ∈ (Hom(E0, F0)⊗U(g))K , we have DC∞(G,E0)
(K,τ) ⊂

C∞(G,F0)
(K,σ). Conversely, if D ∈ Hom(E0, F0)⊗U(g) satisfies DC∞(G,E0)

(K,τ) ⊂
C∞(G,F0)

(K,σ), then μ(k)D|C∞(G,E0)(K,τ) = D|C∞(G,E0)(K,τ) .

Definition B.11. Let k be the Lie algebra of K. A homogeneous space G/K is
called reductive if there exists an Ad(K)-invariant vector subspace p ⊂ g satisfying
g = k⊕ p.

Proposition B.12. Suppose that M = G/K is a reductive homogeneous space.
Let D : C∞(M,E) → C∞(M,F ) be a homogeneous differential operator of order j
and let D̃ be the corresponding map from C∞(G,E0)

(K,τ) to C∞(G,F0)
(K,σ).

Then there exists D ∈ Hom(E0, F0)⊗ U(g) so that D|C∞(G,E0)(K,τ) = D̃. If K is

compact, D may be taken to be in (Hom(E0, F0)⊗ U(g))K .
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