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FUNCTIONAL EQUATION FOR THE SELMER GROUP OF
NEARLY ORDINARY HIDA DEFORMATION OF HILBERT
MODULAR FORMS*

SOMNATH JHAT AND DIPRAMIT MAJUMDAR#

Abstract. We establish a duality result proving the ‘functional equation’ of the characteristic
ideal of the Selmer group associated to a nearly ordinary Hilbert modular form over the cyclotomic
Zp extension of a totally real number field. Further, we use this result to establish an ‘algebraic
functional equation’ for the ‘big’ Selmer groups associated to the corresponding nearly ordinary
Hida deformation. The multivariable cyclotomic Iwasawa main conjecture for nearly ordinary Hida
family of Hilbert modular forms is not established yet and this can be thought of as a modest evidence
to the validity of this Iwasawa main conjecture. We also prove a functional equation for the ‘big’
Selmer group associated to an ordinary Hida family of elliptic modular forms over the Zf, extension
of an imaginary quadratic field.
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Introduction. We fix an odd rational prime p and N a natural number prime
to p. Throughout, we fix an embedding o, of a fixed algebraic closure Q of Q into
C and also an embedding ¢; of Q into a fixed algebraic closure Q; of the field Qy
of the ¢-adic numbers, for every prime ¢. Let F denote a totally real number field
and K denote an imaginary quadratic field. For any number field L, Sy, will denote
a finite set of places of L containing the primes dividing Np. The cyclotomic Z,
extension of L will be denoted by Lcy. and the unique Zg extension of K will be
denoted by Ku. Set I' := Gal(Lcye/L) = Z, and Tk := Gal(K/K) = Z2. Let B
be a commutative, complete, noetherian, normal, local ring of characteristic 0 with
finite residue field of characteristic p. We will denote by BJ[[I']] (resp. B[[I'k]]) the
Iwasawa algebra of I’ (resp. ') with coefficient in B. Let M be a finitely generated
torsion B[[T]] (resp. B[[['k]]) module. Then M* denote the B[[I']] (resp. B[['k]])
module whose underlying abelian group is the same as M but the I (resp. ') action
is changed via the involution sending « + v~ for every v € I' (resp. v € I'x’). We
denote the characteristic ideal of M in B[[I']] (resp. B[[I'k]])) by Chpry (M) (resp.
Chp(rg)(M)). The main results of the article are the following two theorems.

THEOREM (Theorem 3.10). Let R be a branch of Hida’s universal nearly ordinary
Hecke algebra associated to nearly ordinary Hilbert modular forms. Let Tr be a Gp
invariant lattice associated to ‘big’ Galois representation (pr,Vr) and set Tz =
Homg (Tr,R(1)). Let X(Tr/Feyc) denote the dual Selmer group of R over Fye.

Assume that the conditions (Irr) and (Dist), coming from Hida theory, are sat-
isfied. Also assume that R is a power series ring. Moreover, assume that for any
arithmetic specialization § of R, the Selmer group X (T, /Feyc) associated to the cor-
responding eigen Hilbert cuspform fe, is a finitely generated torsion Oy, [[I']] module.
(see Theorem 3.10 for the details regarding assumptions).
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Then, as ideals in R[], we have the equality
Chr(ry (X (Tr [ Feye)) = Chriry(X (TR /Feye)')

THEOREM (Theorem 4.9). Let R be a branch of Hida’s universal ordinary Hecke
algebra associated to ordinary elliptic modular forms. Let Tr be a Gg invariant lattice
associated to ‘big’ Galois representation (pr,Vr) and set T3 := Homg (Tr, R(1)). Let
X(Tr/Ks) denote the dual Selmer group of R over K.

Assume that the conditions (Irr) and (Dist), coming from Hida theory, are sat-
isfied. Further, assume that R is a power series ring. In addition, assume that
(p, D) = (Di,Ng) = (Ng,p) = 1, where D is the discriminant of the imaginary
quadratic field K and Nx is the tame conductor of R. (see Theorem 4.9 for the details
regarding assumptions).

Then as ideals in R[[['k]], we have the equality

Chrr ) (X (TR/Koo)) = Chr(r (X (Tr/K)").) O

Theorem 3.10 and Theorem 4.9 generalizes [J-P, Theorem 5.2]. An ingredient in
the proof of Theorem 3.10 is Theorem 2.10, where we prove a functional equation for
the Selmer group of a single Hilbert modular form. Theorem 2.10 is a variant of [Gr1,
Theorem 2] and [Pe, Theorem 4.2.1].

Let E be an elliptic curve defined over Q with good ordinary reduction at an odd
prime p. Let Lg be the complex L function of E. Then by modularity theorem, E
is modular and L coincides with the L-function of a weight 2 newform of level Ng,
where N is the conductor of E. Moreover, L has analytic continuation to all of C
and if we set

Ag(s) == N3/?(2m)~*T(s) L (s)

to be the completed L-function of E, where I'(s) is the usual " function, then (due
to Hecke)

Ap(2—s)=xAg(s),s € C. (1)

Thus Lg satisfies a functional equation connecting values at s and 2 — s, where
s € C. Let ¢ vary over the Dirichlet characters of I' = Gal(Qeyc/Q) i.e. ¢ € I, then
the twisted L-function Lg(s, ¢), will also satisfy a functional equation similar to (1)
connecting the values of Lg(2 — s,¢) and Lg(s,¢~1). In particular, Lg(1,¢) and
Lg(1,¢7 1) are related by a functional equation.

Now, by the work of Mazur and Swinnerton-Dyer [M-SD], the p-adic L-function
of F exists. Let gg(T') be the power series representation of the p-adic L-function of
Ein Z,[I'] ® Qp = Z,[[T])] @ Qp. Then we have,

° gE(O) = (1 — 04;0_1)2LE(1)/QE,

o gp(op(T) —1) = %, for a character ¢ of T' of order p™ > 1. Here

ap + Bp = ap, apfy = p with p { «,, Qg is the real period of E and 7(¢) is
the Gauss sum of ¢.
We assume that gg € Z,[[[']]. Then using the above interpolation properties, we
can deduce from (1), a functional equation for the p-adic L-function (also proven in
[M-T-T]), given by

1
14T

9e(T) = urgr( - 1), (2)
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where ug is a unit in the ring Z,[[I']] = Z,[[T]]. In other words, we have an equality
of ideals in Z,[[T]],

1

(9e(T)) = (gE(l T

1)). (3)

By the cyclotomic Iwasawa main conjecture for E (cf. [S-U, § 3.5]), the p-adic L-
function gg(T) is a characteristic ideal of the (dual) p>°-Selmer group X (T,E/Qcyc).
Thus, we should get

Chz,(ir)(X(TpE/Qeye)) = Chy [ir) (X (T E* /Qeye)")s (4)

as ideals in the Iwasawa algebra Z,[[[']]. (Notice that by Weil pairing, T,E* = T, E).

Indeed, under certain assumptions, (4) is a corollary of the main conjecture of
Iwasawa theory for elliptic curves (proven in [S-U, Corollary 3.34], also see [Kal)
together with the fact that the p-adic L-function gp satisfies functional equation (3).
However, for any elliptic curve E defined over Q which is ordinary at p, (4) was already
proven by [Grl, Theorem 2| (and also independently in [Pe, Theorem 4.2.1]) purely
algebraically and without assuming the existence of gg. The proofs uses duality and
pairing in cohomology, (like the Poitou-Tate duality, generalized Cassels-Tate pairing
of Flach) among other tools.

Now for any compatible system of [-adic representations associated to a motive,
a complex L-function is defined and one can think of similar questions. For example,
for a normalized cuspidal Hilbert eigenform f, which is nearly ordinary at primes
p of a totally real number field F' dividing the prime p, one can associate a com-
patible system of [-adic representation. Furthermore, one can define a Selmer group
X (Tf/Feye) using the Galois representation of the Galois group G := Gal(F/F).
Under suitable conditions (for example, non-critical slope), the p-adic L-function for
f, which interpolates the complex L-function, exists (see [Di], also see [Sa]); and a
precise Iwasawa main conjecture for f over Fey. can also be formulated (for example,
see [Wal). However, this cyclotomic Iwasawa main conjecture for f is not proven yet.
In Theorem 2.10, we prove the functional equation for the characteristic ideal of the
Selmer group of f i.e.

OhOf[[F]] (X(Tf/Fcyc)) = ChOf[[F]] (X(Tf*/Fcyc)L)v (5)

algebraically (without assuming the existence of the p-adic L-function or the Iwasawa
main conjecture of f). Thus, Theorem 2.10 can be thought of as a modest evidence
towards the validity for the cyclotomic Iwasawa main conjecture for f.

Now, let us consider the nearly ordinary Hida deformation of Hilbert modular
forms. A ‘several variable’ p-adic L-function (say £P) associated to (a branch R of
the) nearly ordinary Hida family Har o over Fiy. will interpolate the special values of
the complex L-functions of the various individual nearly ordinary normalized cuspidal
Hilbert eigenforms lying in the family (cf. [Oc4], [Di]). Hence, £ should also satisfy
a functional equation. Again, by the ‘several variable’ Iwasawa main conjecture over
Fiyc for a nearly ordinary Hida family Hus o of Hilbert modular forms (cf. [Wa]), £,
should be a characteristic ideal of the ‘big’ Selmer group X(7r/Feyc) of the branch
R of the nearly ordinary Hida family. Thus, we would expect to get a ‘functional
equation’ stating

Chpr) (X (TrR/ Feye)) = Chriry (X (Tr / Feye)") (6)
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where I' = Gal(Fy./F). Again, we will prove this fact algebraically (without any
assumption on the analytic side) in Theorem 3.10 and thus, in turn, this can be
thought of as a modest evidence for the validity of the Iwasawa main conjecture for
the nearly ordinary Hida deformation of Hilbert modular forms over Fgy..

From an purely algebraic point of view of duality and pairing in cohomology,
Theorem 3.10 can also be thought as a direct generalization of result of [Grl, Theorem
2] in the nearly ordinary Hida deformation setting.

An entirely parallel argument as above, in the setting of ordinary Hida deforma-
tion of elliptic modular forms over the Zf) extension of an imaginary quadratic field K,
works as the motivation for Theorem 4.9. (Functional equation for elliptic modular
forms over the cyclotomic Z, extension of K was discussed in [J-P, Theorem 5.2].)
In this case though, we would like to stress that for an imaginary quadratic field K,
under certain hypotheses, the three variable Iwasawa main conjecture over K., for
an ordinary Hida family of elliptic modular form has been proven in [S-U, § 3.6.3].
Indeed, in that article a suitable three variable p-adic L-function for the ordinary Hida
family has been constructed ([S-U, § 3.4.5]). It is known that this 3 variable p-adic
L-function should satisfy a functional equation. Thus, at least in principle, the work
of [S-U] should also establish the equality

Chrir)(X(TrR/Kw)) = Chrir (X (Tr/Ku)")

in R[[Ck]]. However, we would like to mention that our proof of the functional
equation for the Selmer group X' (7r /K ) (Theorem 4.9) is simple and we do not need
to make use of the vast tools involved in the proof of the 3 variable main conjecture
of [S-U]. Moreover, in Theorem 4.9, we do not need some of the hypotheses of the
proof of the main conjecture (see [S-U, § 3.6]).

The key idea of the proof of Theorem 2.10 is to use generalized Cassels-Tate
pairing of Flach along with a “control theorem” (Theorem 2.3). The central idea
of the proof of Theorem 3.10 (and Theorem 4.9) can be explained in three steps.
First, we show that for infinitely many arithmetic points the specialization map is
a pseudo-isomorphism. Secondly, we use the fact that functional equation holds at
the fibre for infinitely many arithmetic specialization. Finally, we use some suitable
lifting techniques, generalization of results of [Oc3], to obtain our results. This gives a
simple proof of the desired functional equation of the ‘big’ Selmer group of the nearly
ordinary Hida family.

The structure of the article is as follows. In section 1, we discuss some preliminary
results in two parts. In subsection 1.1, we discuss preliminaries related to the Hida
deformation for nearly ordinary Hilbert modular forms and ordinary elliptic modular
forms, only to the extent which we need in this article. In subsection 1.2, we define
various Selmer group involved. In section 2, we prove a control theorem for Hilbert
modular form and deduce Theorem 2.10. In section 3, we discuss the specialization
results connecting the ‘big’ Selmer groups with the Selmer groups of the individual
Hilbert modular forms at the fibres and prove the main theorem in the Hilbert modular
form case (Theorem 3.10). We prove the second main theorem for elliptic modular
forms over Zg extension in section 4 (Theorem 4.9).

REMARK 0.1. Some other related works : For a CM field, one can associate a
Selmer group, which corresponds to the Katz p-adic L-function on the analytic side.
A functional equation for such Selmer group was discussed in [Hs|. In the article [Hs],
the author also used a specialization result of Ochiai [Oc3).
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Nekovdr [Ne] has developed the theory of Selmer complexes, a generalization of
Selmer groups. He has developed a general theory of Cassels-Tate pairings and some
results of similar flavor as in this article, in the setting of Selmer complexes has been
proved.
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1. Preliminaries.
1.1. Preliminary results on Hilbert Modular Forms.

1.1.1. Hilbert Modular Forms and Nearly Ordinary Hecke Algebra. In
this subsection, we collect some basic results about nearly ordinary Hida deformation
of Hilbert modular forms and ordinary Hida deformation of elliptic modular forms,
which are needed in the course of this article. All the results in this section are
well known and can be found in the literature (cf. [Hil], [Hi2], [Wil], [Wi2]). Our
presentation of results in this subsection, in many cases, follows the presentation of
[F-O].

Let p be an odd prime. Let F' be a totally real number field of degree d, Op
be the ring of integers of F', and Jr denotes the set of embedding of F into R. To
an ideal M of Op, we attach standard compact open subgroups Ky, K1 and K1 of
Gla(OF ®y, Z) as follows:

Ko(M) = { (Z Z) € Glo(Or ®22)|c = 0 (mod M)}

Ki(M) = { (‘; Z) € Ko(M)|d =1 (mod M)}

Kii(M) = { (‘C‘ 2) € Ko(M)|a,d = 1 (mod M)}.

DEFINITION 1.1. A weight k = __; k-7 is an element of Z[JF], an arithmetic
weight is a weight such that k. > 2 for all T € Jp and k; has constant parity. A
parallel weight is an integral multiple of the weight t = ZTGJF 7. Two weights are
said to be equivalent if their deference is a parallel weight. To an arithmetic weight
k, one associates a weight v € Z[Jp], called the parallel defect of k, which satisfies
k+2v e Zt.

Let O be the ring of integers of a finite extension of @@, which contains all conju-
gates of F. For k an arithmetic weight and v its parallel defect, Sy ,(U; O) denotes
the holomorphic cusp forms of weight (k, w) of level U and coefficient in O, where U is
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a finite index subgroup of Gla(Or @7 Z) containing K11(M) for some M C Op, and
w =k +wv—t. A cuspidal Hilbert modular form Sy .,(U; O) is called primitive if it is
not a Hilbert modular form of weight (k,w) and of level smaller than U. A normalized
primitive Hilbert eigenform is called a Hilbert newform. To f € Sk, (U; O), one can
naturally associate an automorphic representation 7y € Gla(Ap).

Fix an ideal N of F which is prime to p and for any s € N, we have an action of
G = (OF @2 Zp)" x (OF @2 Z,)*/O%) on Sy (K1(N) N Ki1(p*); O). We have an
action of the p-Hecke operator Tp(p), normalized according to the parallel defect v,
on the space Si . (K1(N) N K11(p®); O). The largest O submodule of Sy, , (K1 (N) N
Ki11(p®); O) on which Ty(p) acts invertibly is denoted by Sj'- (K1 (N) N K11 (p®); O).
A form f € Sy (K1 (N) N K11 (p®); O) is called nearly ordinary if f € g0 (K1(N) N
Ki11(p®); 0).

The nearly ordinary Hecke algebra Hy ., (K1(N) N K11(p®); O) of weight (k,w)
and level K1 (N) N K1 (p®) is defined to be the O subalgebra of Endo (Sy2 (K1 (N)N
K11(p®); ©)) generated by the Hecke operators. The O algebra Hy (K1 (N) N
K11(p®); O) is finite flat over O.

Let k£ be an arithmetic weight and v be its parallel defect. By the perfect duality
between Hy, ,, (K1(N) N K11(p®); O) and S0 (K1(N) N K11 (p®); O), giving an eigen
cuspform f € Sp-o (K1 (N) N K11 (p®); O) is equivalent to giving an algebra homomor-
phism

ar : Hp o (K1 (N) N K11(p®); O) = Hy o (K1 (Np®); O) = Qp

sending T' € Hy, ., (K1 (Np®); O) to a1 (f|T).

Let Ap denote the completed group algebra O[G/Giors]- The algebra Ao is
non-canonically isomorphic to the power series algebra O[[Xy, -, X,]], where rr =
1+d+9dFp, 0r,p be the defect of the Leopoldt’s conjecture for F at p.

Let the nearly ordinary Hecke algebra Har,o be the inverse limit w.r.t. s of the
Ho o(K1(N) N K11 (p%); O). By fundamental work of Hida, for any arithmetic weight
k € Z[Jr], we have Hy o = lim Hy (K1 (N) N K11(p®); O). The nearly ordinary

Hecke algebra H s o is finite torsion free Ap module and hence a semi-local ring. Let
a be one of the finitely many ideals of height zero in Har . The algebra R = Hy 0/a
is called a branch of Hy 0.

DEFINITION 1.2. For a weight k € Z[JF], an algebraic character £ : G = (Op ®z
Zp)* x (O ®2,Zy)* | O3) — Q3 of weight (k,w) is a character of the form, &(a, z) =
1/)(&,2))(?;?%] (z)a™, where v is a character of finite order, [n + 2v] is the unique
integer satisfying n+ 2v = [n+ 2v]t (Recall, n = k+2t, w =k +v—t). An algebraic
character of weight (k,w) is an arithmetic character of weight (k,w) if its restriction
to O3 C (Op ®z Zp)* is trivial. An algebra homomorphism, & € Hom(Ap,Q,) is
algebraic (resp. arithmetic) of weight (k,w) if {|¢ is algebraic (resp. arithmetic)
of weight (k,w). If R is a finite Ao algebra, ¢ € Hom(R,Q,) is algebraic (resp.
arithmetic) of weight (k,w) if |a, is algebraic (resp. arithmetic) of weight (k,w).
A prime ideal P C R which is defined as the kernel of an algebraic (resp. arithmetic)
specialization of & of R is called an algebraic (resp. arithmetic) point.

For any k be an arithmetic weight and any of its parallel defect v, and for any
nearly ordinary eigen cuspform f € S0 (K1 (N) N K11(p®); O) which is new at every
prime diving A, there exists a uniqué branch R of Hxr,0o and a unique arithmetic
specialization &7 : R — Q, of weight (k,w) such that £;(R) is canonically identified
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with ¢ (Hy,w (K1(N) N K11 (p®); O)).

Let R be a branch of Har,o. Then for any £ be an arithmetic weight and any of its
parallel defect v, and for any arithmetic specialization ¢ : R — Q, of weight (k,w),
there exists a unique nearly ordinary eigen cuspform fe € Hy, ., (K71 (Np*); O) for some
s, such that £(R) is canonically identified with ¢, (Hy (K1 (N) N K11(p°); O0)). We
will donate the set of arithmetic points of R by X(R). For each £ € X(R), P: = ker(§)
is a coheight 1 prime ideal in R.

1.1.2. Galois Representation. Galois representation associated to a Hilbert
modular eigen cuspform was constructed and studied by Carayol, Ohta, Wiles, Taylor
and Blasius-Rogawski. We briefly recall their results in the following two theorems.

THEOREM 1.3. Let f € Spw(K1(M);Q,) be a normalized eigen cuspform of
arithmetic weight k, and let K be a finite extension of Q, containing all Hecke eigen-
values for f. Then there exists a continuous irreducible G representation Vi = K2,
which is unramified outside Mp and satisfies

det(1 — Fra X |Vy) = 1= Ta(f)X + Sy (f)X?

for all X + Mp, where T\ (resp. S\) is the Hecke operator induced by the coset
class K1(M) (1) 7?) K1(M) (resp. K1(M) (78‘ 7? ) K1(M)), where my is a uni-
A A
formizer at X\ and Fry is the geometric Frobenius at \.
The G representation Vi is known to be irreducible, and hence characterized
upto isomorphism by the above equation.

REMARK 1.4. Let f € Sy, (K1(M); Q) be a normalized eigen cuspform of arith-
metic weight k, and let K be a finite extension of Q, containing all Hecke eigenvalues
for f as in Theorem 1.53. If p | p, let c(p, f) be the T(p) eigenvalue of f. We say f is
ordinary at p if ¢(p, f) is a unit in the ring of integers of K and f is ordinary at p if
and only if for all p | p, [ is ordinary at p.

Next theorem describes the local properties of the Galois representation V4.

THEOREM 1.5. Let f € Sk.(K1(M);Q,) be a normalized eigen cuspform. Let
Wmaz = maz {w,, 7 € Jp}. Let Vy (resp. my) be the Galois representation (resp.
automorphic representation) associated to f.

1. If Mt p, then
(a) The inertia group I at X acts on Vy through infinite quotient iff my x
is a Steinberg representation. In this case, V¢ has a unique filtration by
graded pieces of dimension one:

0= (Vp)x = Vi = (Vi) =0

which is stable under the decomposition group Gy at A. The inertia
group I acts on (Vy){ (resp. (Vi)Y ) through a finite quotient of Iy.
An eigenvalue o of the action of a lift of Fry to Gy on (Vy)T (resp.

Wmax

(V¢)y ) is an algebraic number satisfying |a|oe = (Np/g(N)) 2 - (resp.
wmaz —1
(Nr/g(A) 2 ).
(b) If Iy acts on Vy through a finite quotient, the action of I is reducible
iff m¢n is principal series. If Iy acts on V¢ through a finite quotient, an
eigenvalue o of the action of a lift of Fry to G on Vy is an algebraic

Wmax

number satisfying |l = (Np/g(A)) ™2
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2. If p|p, and if f is nearly ordinary at p. Then V; has a unique filtration by
graded pieces of dimension one:

0= (Vi) =V — Vi), =0

which is stable under the decomposition group G, atp, and Hodge-Tate weight
of (V§)i is greater then Hodge-Tate weight of (Vy), .

REMARK 1.6. Let f € Sj.(K1(M);Q,) be a normalized eigen cuspform of
arithmetic weight k with associated Galois representation Vi over K as in Theorem
1.8. If f is p-ordinary, then for all primes p | p,

€, *
Vile, ~ [63 5J ’

where €p, 8y are characters of Gy with values in K* and 0, is unramified. In the case
of nearly ordinary f at p, our Galois representation restricted Gy looks same, except
0p need not be unramified.

The following two theorems are the Hida family versions of the two above theorem,
and are due to the work of Wiles and Hida.

THEOREM 1.7. Let R be a branch of Har,o. Then there exists a finitely generated
torsion free R module Tr with continuous G action, which satisfies the following
properties:

1. The vector space Vi := Tr Qr K is of dimension 2 over K, where K is the
fraction field of R.

2. The representation pr of Grp on Vg is irreducible and unramified outside
primes dividing Npoo.

3. For any arithmetic weight (k,w), and for any nearly ordinary eigen cuspform
[ e SEo(Ki(N)NK11(p®); O) which corresponds to the arithmetic weight & =
&r on the branch R, Ty = Tr@OrEF(R) is a lattice of the Galois representation
V¢ associated to f.

Next theorem characterizes the local behavior of the Galois representation asso-
ciated to R.

THEOREM 1.8. Let R be a branch of Har,o and Vr =V be the Galois represen-
tation over K. Then,
1. For every prime A1 N'p, we have:

det(1 — Fra X[V) =1 —ThX + S, X?
where T and Sy are Hecke operators on R at A which is obtained at the limit
of the Hecke operators in Theorem 1.3 at finite levels.
2. For every prime p|p, we have a canonical filtration obtained as the limit of
the filtration given in Theorem 1.5:

0—>Vj—>V—>Vp‘—>O

which is stable under the action of the decomposition group G, at p.
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For an ideal A/ in Op which is prime to p, we have a Hida’s nearly ordinary
Hecke algebra Hyr 0. We fix a branch R of Hxr,0 and a representation 7 = T as in
Theorem 1.7. We assume that we have a G, stable filtration

0T =T =T, =0

by finite type R modules 7;+ and 7, with continuous G, action which gives the exact
sequence

0—>Vj—>V—>VP_—>O

in Theorem 1.8 by taking base extension to /.

Let mg denote the maximal ideal of R and Fx be the finite field R/mg. As-
sociated to the Galois representation of G in Theorem 1.7, there exist a canonical
residual Galois representation pg : Gp — GLy(Fr). Throughout this article, we
assume the following two hypotheses on this p.

HypoTHESIS 1.9. (Irr): The residual representation pr of Gp is absolutely
irreducible.

HypoTHESIS 1.10. (Dist): As before, let Gy be the decomposition subgroup of
Gr at p. The restriction of the residual representation at the decomposition subgroup
i.e. pr |a, is an extension of two distinct characters of Gy, with values in Fy, for
each plp.

REMARK 1.11. Conditions (Irr) and (Dist) together implies that the represen-
tation T can be chosen to be free of rank two over R and, for each p | p, the graded
pieces 7? and T, are both free of rank one over R.

1.1.3. ordinary Hida deformation of elliptic modular forms. We summa-
rize the relevant results for p-ordinary Hida family of elliptic modular forms in the
following remark. This details can be found in the literature (also in [J-P, Section 1]).

REMARK 1.12. Let f = > anq™ be a normalized elliptic eigenform of weight
k > 2, level N and nebentypus . We say that f is p-ordinary if tp(ap) is a p-adic
unit. Also assume that [ is p-stabilized (p-refined). By the work of Eichler-Shimura,
Deligne, Mazur-Wiles, Wiles and many other people, to such an f, one can associate
a Galois representation py : Gg — GL(Vy), here Vy is a two dimensional vector
space over a finite extension of Qp, which is unramified outside Np, and for any
prime [ { Np, arithmetic Frob;, has the characteristic polynomial X% —a; X +(1)I1*1,

0 €
with eo unramified. We have a notion of Hida family and arithmetic points for elliptic
modular forms of tame level N. A theorem of Hida asserts that if (N,p) =1 and f is a
p-stabilized newform of weight k > 2, tame level N, then there exists a branch R of an
ordinary Hida family and an arithmetic point £ : R — @p such that &(R) canonically
corresponds with f. By the work of Hida and Wiles, to R one can associate a big
Galois representation of dimension two, pr : Gg — GL(Vg), where Vg is a vector
space of dimension two over KC, the fraction field of R. The Galois representation
pr is unramified at all finite places outside Np and for a prime | + Np, one has
det(1 — FnX|y) = 1 — T)X + S, X2, where Ty, S, are Hecke operators on R at I,

moreover, restricted to the decomposition subgroup at p, we have, Vy|g, ~ [61 *}
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0 &
Hilbert modular forms, throughout the article, we make the following two hypotheses.

moreover, Vr|a, ~ with € unramified. Similar to the case of nearly ordinary

HypoTHESIS 1.13. (Irr):The residual representation pr of Gg is absolutely ir-
reducible.

HypotHesis 1.14. (Dist):For the representation pr |a,, we have & # &
(mod mp).

Under (Irr) and (Dist), we have the lattices Ty in Vy and Tr in Vg invariant
under py and pr respectively, such that Ty = Tr @r {(R). Moreover, Tr has a
filtration as G, module,

0—=Tg =Tr =Tz =0
such that the graded pieces Tg and T are free R module of rank one.

1.2. Various Selmer groups. We fix a totally real number field F' and as
S = Sr is a finite set of finite places of I’ containing the primes lying above A'p. Let
e SEo(K1(N)NK11(p®); O). Let Vy denote the Galois representation associated to
f over Kf, a finite extension of Q, containing all Hecke eigenvalues of f as in Theorem
1.3. We denote the ring of integer of Ky by Oy. Let Ty C V be a G invariant lattice.
Thus we have an induced action of G on the discrete module Ay := V;/T. Further,
since py is nearly ordinary at p, Ay has a filtration as a G, module for every p|p,

0— (Ap)y — Ay — (Af), — 0, (7)

where both (Af);'v and (Af)p_v are free over Oy of rank 1.
Let £ be an finite or infinite algebraic extension of F' and w will denote a prime in L.
The notation w | S will mean the prime w of £ is lying above a prime in S. Given
such a prime w, let G, and I,, respectively denote the decomposition subgroup and
inertia subgroup for the extension Q/L with respect to the primes w/w, where we
have fixed a prime @ of Q over w. We denote the Frobenius element at w by Fr,, so
that G, /I, =< Fr,, > .

Let R be a branch of Hxr,o. By Theorem 1.7, we have a free R lattice T = Tg.
Define,

./4 = AR = T®R Homcont(Ru Qp/Z;D)

For any arithmetic character £ of R, we have from definition 1.2, A[P:] = Ay, . Using
Theorem 1.8 and by the assumption 1.10, we get A has a filtration as a G, module

0— A — A— A —0, (8)

where both A;’V and A, " are free R modules of rank 1. Also we have Ay [Pe] =

(Afg )p_
Let L be a finite extension of K. We define various Selmer groups associated to
f and R, defined over L.

DEFINITION 1.15 (Greenberg Selmer group of f).

S(Ag/L) =ker(H'(Fs/L,Ay) — ‘S@THI(IM,A,")G” @ H' (I, (A);)C*) (9)
w|S,witp wip|p
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DEFINITION 1.16 (Strict Selmer group of f).

S'(Ay/L) :=ker(H' (Fs/L,Af) — @& H'(L,,Ap)% @ HY(Gu,(4y)y)) (10)

wlS,wip wlp|p

DEFINITION 1.17 (Greenberg Selmer group of R).
S(A/L) =ker(H'(Fs/L,A) — & H'(I,,A)% & H'(I,,A;)) (11)

wl|S,wip wlplp

DEFINITION 1.18 (Strict Selmer group of R).

S'(A/L) :=ker(H'(Fs/L,A) — @& H'I,, A% @& HY G, A7) (12)

wlS,wtp w|p|p

DEFINITION 1.19. Let S+ € {S,S'}. Define the Pontryagin dual
XH(Ty/L) = Homeon(S™(As /L), Qp/Zy) (13)
where X+ = X if St =S and X+ = X' if S+ =9".
Define X+ (Tr/L) by replacing X+ by X+, Ay by A and Ty with Tr in (13).
For an infinite extension F., of F, the Selmer group S+(A;/F) (respectively
S+(A/Fx)) is defined by taking the inductive limit of S+(Ay/L’) (resp. S+(A/L"))
over all finite extensions L’ of F' contained in F,, with respect to the natural restriction

maps. The corresponding Pontryagin duals are denoted by X (T/Fy) and X (Tr/Fso)
respectively.
Under the natural action of I' = Gal(Feyc/F), X(T¢/Feyc) (respectively X (Tr /Feyc))
acquires the structure of a Of[[I']] (respectively R[[I']]) module. Also note that for
B e {Ay, A}, we have 0 — S"(B/Feye) — S(B/Feye).

Next we discuss various types of twisted Selmer groups. For any Z, module M, let
M (1) denotes the Tate twist of M by the p-adic cyclotomic character x, : I' — /o
Define

Tﬁ,z = HomR(TR,R(l)).
We have a corresponding filtration of 7* as a G, module
0— (Tr)y — T — (TR), —0,

where the graded pieces are defined as (73 )y := Homg ((Tr), , R(1)) and (73), =
Homg ((Tr)p, R(1)). We can now define

A* = Tf/; ®R Homcont (Ra QP/Z;D)

From the above discussion, we can get a filtration of A* as in (8).
Also, corresponding to a newform f, we define

Tf* = Homof (Tf, Of(l)).

Then it is easy to see that the quotient 7* ®% £(R) is isomorphic to Tf*s' Also define
A} =T; ®Qp/Zp. Then as in (7), there is a filtration

0 — (A})} — A} — (A7), — 0,
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with (A;Z)f{v and (A;Z);v are free Oy module of rank 1.

From the above discussions, by making obvious modifications in the definitions
1.15, 1.17 and 1.19, we can now define the Greenberg Selmer groups S(A4}/L),
S(A*/L) and their respective Pontryagin duals X(T}/L) and X (T%/L) for any fi-
nite or infinite extension £ of F.

Letp: ' — O; be a character. Set T, = O(p), the Gr module with underlying
group Oy and an G action on it via p. Set Ty(p) = T, ®o, Ty, Af(p) =T, ®o, Ay
and (Ay), (p) = T, ®o, (Ay), with the diagonal action of Gr. Let M be an Of|[[I']]
module. Define M(p) = T, ®o, M with v € I' acting by diagonal action. Applying
®0,T), to the filtration in (7), we get a filtration for T, ® Ay. Proceeding in a way
similar to the definition 1.15, define the Greenberg Selmer groups with respect to the
‘twist” p, S(Af®T,/L) and X (T,®T¢/L), for any extension L of F' (possibly infinite).
As p acts trivially on G, , we notice that

X(T, @ Ty /Feye) = X(Tf/Feye) @ Tpo1. (14)

In particular X (7, ® Ts/F.y) is a finitely generated torsion Of[[I']] module if and
only if X(Tt/Feyc) is so.

REMARK 1.20. Let f be a newform nearly ordinary at p. Then we can express
T; =Ty ®Of(X§)) as Galois modules for some t € Z and for some newform f* which
is nearly ordinary at p, has the same level and weight as f but possibly different charac-
ter. Hence for any extension L of F, we deduce that X(T,@T; /L) = X(Ty @T/L)
for certain character p' : T — OF . In particular, X (T} [Feye) = X (T~ [ Feye)®@O0j(s)
for some s € Z.

REMARK 1.21. Selmer group for p-ordinary elliptic modular forms and for the
corresponding Hida family:

Let f € Sk(To(Np™),v) be a p-ordinary, p-stabilized (elliptic) newform. Then by
remark 1.12, via its Galois representation, we can associate to f, a lattice Ty. Set
Ap =V /Ty. Assume the conditions (Irr) and (Dist). Then, again by remark 1.12,
to a branch R of a p-ordinary Hida family of elliptic modular forms of tame level N,
we have a free R lattice Tr and we can define A = Ar =T @r Homeont(R, Qp/Zy).
Then by p-ordinarity, both Ay and A are equipped with canonical filtration as G,
modules.

Let K be an imaginary quadratic field and Kcye and Ko be respectively, the unique
cyclotomic and Zf, extension of K. We assume that p splits in K and the discriminant
Dy is coprime to N. Let S = Sk be a finite set of places of K containing the primes
dividing Np. Then proceeding in a similar way as in definitions 1.15 - 1.19, we can
define the Greenberg Selmer groups and the strict Selmer group of f and R over
Keye and Koo. In fact, we will use the same symbols used in the above definitions.
However, there is no case of confusion, as we deal with the elliptic modular forms and
their ordinary Hida family only in section 4.

2. Functional equation for a Hilbert modular form. A control theorem is
a widely used tool in Iwasawa theory. We prove a ‘control theorem’ for the twisted
Selmer group X (T ® T,/ Feyc) with p as before. A control theorem in case of elliptic
modular forms was discussed in [J-P, Theorem 3.1]. Recall, there is a tower of fields
F=F C..CF,C..C Fye are such that Gal(F,,/F) = Z/p"Z. Set I', =
Gal(Feye/Fy). Given a cuspidal Hilbert newform f € S0 (K1(N) N Ki1(p®); O),
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let ps and 7y respectively be the associated Galois representation and automorphic
representation. Let f be nearly ordinary at every prime p in F, p | p. Then for any
such p dividing p, the Frobenius Fr, acts on the 1 dimensional subspace fop with the
eigenvalue ay,, (say).

DEFINITION 2.1. Let f be as above. Define f to be exceptional if |y plc =1 for
some p | p.

REMARK 2.2. From the local Langlands correspondence for Hilbert modular forms
due to Carayol [Ca] and generalized Ramanujan Conjecture, which is known for Hilbert
modular form due to Blasius [Bl]; it follows that the condition of f being exceptional
i.e. |agplc =1 for some p | p happens if for some p | p, the p component ¢, of the
automorphic representation my is Steinberg or its twist.

THEOREM 2.3. Let f be a Hilbert newform in Si2 (K1(N)NK11(p*); O) as above.
Assume f is not exceptional. Let p be a character p : ' — O? as above. Then the
kernel and the cokernel of the map '

X(Ty®T,/Feye)r, — X(Ty®T,/F,)

are finite groups for all n with their cardinality uniformly bounded independent of n.

Proof. Let v,, be a prime of F}, lying above S and let v. be a prime of Fiy. lying
above it. Given such a prime v, we fix a prime v in QQ lying above it. Recall from
§ 1.2, Gy, (resp. G,.) denotes the decomposition subgroup Q/F, (resp. Q/Feyc)
for the prime ©/v,, (resp. ¥/vs). The corresponding inertia subgroups are I, and
I, respectively. Similarly, G,,_ /., (resp. I, /., ) denotes the decomposition subgroup
(resp. inertia subgroup) of the Galois group of Fiy./F, with respect to the primes
Uso /Un. Also the various Frobenius elements are given by < Fr, >:= C;—:, < Fr,, >:=

G G

F and < Fr,,, /,, >= 7L Set

Un ve/vn
7 = HY(I,, . T,® Ay) if v, | S,vn1p
T HY (L, T, @ (Af)p ) it v [P | p,

g HY(I,.,T,® Ay) if v. € S;v.1p
O H L Ty @ (Ap)y) e ifve 9 p.

We study the commutative diagram

0 ——= S5(T, ®Af/FCyC)Fn ———> H'(Fs/Feye, Tp ®Af)rn —— (@ L) (15)

ve|S
Tan T¢n Ten_®9un

0 ——S(T, ® Ag/Fn) ——— H'(Fs/Fn,T, ® Aj) —— @ Ju,
vn|S

First, we prove that ker(ay,) is finite for all n. We will show ker(¢,,) is finite for
all n. Note that ker(¢,) = H' (T, (T, ® Af)%Feve). As T, is topologically cyclic
and T, ® Ay is a cofinitely generated Z, module, it follows that ker(¢,) is finite if
and only if HO(T,,, (T, ® Af)®Feve) is finite. Also, to show (T, ® Af)EFn is finite, it
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suffices to show Vy(p)¥F» = 0. If V;(p)“Fn # 0, then Vy(p) contains a trivial G,
sub-representation. In that case, we choose a place A { Np and then restrict Gp
representation to Fry. Then considering the eigenvalues of Fry, we immediately get a
contradiction by Theorem 1.5(1)(a), Theorem 1.5(1)(b).

As H(F,,V(p)) = 0 for every n and ker(a,) is finite for all n, we deduce from [Oc2,
Theorem 3.5(i)] that ker(ca,) is uniformly bounded independent of n.

For coker(ay,), first note that coker(¢,) C H?(T'y, (T, ® Af)SFere) = 0 as p-
cohomological dimension of I',, = 1 for any n. Using the Snake lemma, it suffices to
show that the kernel of 6,, are finite and uniformly bounded independent of n. Now,
there are only finite number of primes in F¢y. lying above a given prime in any F,.
Hence it is enough to prove ker(,, ) is finite for each v, | S. Now for a prime v, | S
such that v, t p, we have

ker(H' (I, T, ® Ag) — H"' (1., T, ® Ag)) = H'(I,,, /1., T, @ Ag*).  (16)

The last isomorphism follows from the inflation-restriction sequence of Galois coho-
mology. We know that the cyclotomic Z, extension of any number field is unramified
outside primes above p. Thus I, /I, = I, ,, = 0 whenever v, { p. Using (16) in
diagram (15), it is immediate that ker(6,, ) vanishes for vy, { p.

To consider ker(6,, ) for primes v, | p | p, we study

ker(H' (1, T, ® (Ap)y )< — H' (1., T, ® (Ap), )“™)
= Hl(Ivc/vnv (Tp ® (Af);)cvc)<Frv°/v”> (17)
As, p acts trivially on G,,,
Hl(Ivc/vnv (Tp ® (Af)g)cvc) = Hl(I’Uc/vanp ® ((Af)g)cvc)
Now Feyc/F is totally ramified at p for all p|p. Hence, I, /., = 7Z, for every v, lying

above p | p. Note that, as an abstract group T, = Oy, ((Af), )Y = Oy. Hence

HY(I,, /. T, ® (Af)p_G”C) = 0 unless I,_,, acts trivially on T, @ ((Af), )%*-.
Thus it suffices to consider the case where I, ,,, is acting trivially on T, ®
((Af)y )Cve, as otherwise kernel in (17) is 0. Then

—Gvc ~Y - v
H' (Lo, 0, Ty ® (Ag)y ) = Hom(Iy, /o, (T, ® (Af)5) ).

As Feyc/F' is abelian, the action of the Frobenius < Fr,,_/,,, > on I, s, (via lifting
and conjugation) is trivial. Hence, the module in (17) is isomorphic to

H0m<FrU0/Un > (Ivc/vn, (Tp ® (Af);)cvc)
o Hom(Ivc/vn, (Tp & (Af)p_)G“”)

VUn

G
= Hom(I,, /o, , (T, ® (Af)y ) Ton ).

We claim that (7, ® (Ay), )<=~ is finite. On the one dimensional vector space
corresponding to (Ay), , Fry acts by multiplication by oy, (f). By our assumption in
this theorem that f is not exceptional and remark 2.2, it follows that the eigenvalue
of Fry acting on the 1 dimensional line corresponding to (Ay), is not a root of unity.
On the other hand, p(g) = 1 for any g € GF,,, and Fey./F is totally ramified at any
prime in F' lying above p. Hence the eigenvalue corresponding to the action of Fry
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on T}, is a root of unity. Combining these facts, we deduce that the eigenvalue of

Fry on the line corresponding to 7}, ® (Ay), is not a root of unity. Hence Fr,,, acts

non-trivially on 7, ® (Ay), for any n and any p as before. Hence (T, ® (Af)g)<Frun >

is indeed finite. Also as < Fr,, > = < Fr, > for n > 0, we deduce that the size
of (T, ® (Af);)<Fr”"> is independent of n for large enough n. As I, ,, = Z, for
every n; for any p and every n > 0, the module in (17), given by Hom(Z,_;,, , (T, ®
(Af), )<Fren>), is also finite with its cardinality bounded independent of n. Hence
same is true for ker(6,, ) for v, | p. This completes the proof. O

Let O be the ring of integers of a finite extension of Q,. Take M to be a finitely
generated A module, where A = O[[T]]. Let us denote Ext, (M, A) by a} (M).

LEMMA 2.4. Let M be a finitely generated torsion A = O[[T']] module such that
Mry,, is finite for each n. Then

GA(M) = fim (M)
Proof. See [Pe, §1.3, page 733]. O

LEMMA 2.5. Let M be a finitely generated torsion A = OI[[T']] module. Then
Cha(M) = Chp(ak(M)), considered as ideals in O[[T']].

Proof. See [J-P, Lemma 3.5]). O

LEMMA 2.6. Let M be a finitely generated torsion A = O[[T']] module. Then there
exists a character p : I' = Gal(Feye/F) — Aut(O) such that (M (p))r, is finite for
every n, where M (p) is as defined in section 1.2.

Proof. This is well known, for example see [Pe, §2.6, Page 740]. O

LEMMA 2.7.  For any cuspidal Hilbert newform f, the dual Selmer groups
X(Tt/Feye) and X(Tf/Feyc) are finitely generated Oy[[I']] modules.

Proof. The proof is similar to the one in elliptic modular form case (see for
example [J-P, Lemma 3.7]).

Throughout the rest of the article we make this assumption -

HypoTHEsIS 2.8. (Tor) = (Tory) : For any cuspidal Hilbert newform f,
X (Ty/Feye) is finitely generated torsion Of[[I']] module.

COROLLARY 2.9. It follows from remark 1.20 that by hypothesis (Tor), we have
for any cuspidal Hilbert newform f, X(T}/Feyc) is also torsion over O[[I']].

THEOREM 2.10. Let the notation be as before. Let f € S;2(K1(N)NK11(p®); O)
be a Hilbert newform nearly ordinary at p|p, which is not exceptional (as defined in the-
orem 2.3). Assume (Tor) holds. Then the functional equation holds for X (Ty/Feyc)
i.e. we have the equality of ideals in O[[I],

Cho, (X (Tt / Feye)) = Cho ey (X (TF [ Feye)")-

Proof. By the assumption (Tor) and corollary 2.9, both X(Tt/F.y) and
X(T}/Feyc) are torsion over O¢[[[']]. Thus we can find a p by lemma 2.6 such that
X(Ty ® Tp/Fn) and X(T} @ T,-1/F,) are both finite groups for every n. Then
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from the generalized Cassels-Tate pairing of Flach (see [Pe, 3.1.1]), we obtain that
S(T,-+ @ A}/ F,) = X(T, ® Ty / Fy,) for every n. Hence we get

X(T, @ Ty [ Feye) 2= lim X(T, ® Ty/Fy) = lim S(T,-1 @ A}/ F,). (18)

By Theorem 2.3 and remark 1.20, we see that the kernel and the cokernel of the

natural restriction map, given by S(7,-1 @ A}/F,) Ly S(Ty1 @ Aj/Feye)'™, are
finite groups and their size uniformly bounded independent of n. Thus we obtain
from (18) that the induced map

X(T, Ty /Feye) 2 lim S(Ty-1 © A}/ Foye) (19)

is a Of[[I']] pseudo-isomorphism. We have

Lemma 2.4
lim S(7,- @A} /Feye)™™ = lim (X(7T,-1+ ® T} /Feye))' ™ = T M (X(T)1 @ T [ Feye)").
n n

Combining this with (19) we get an O([[I']] module pseudo-isomorphism

0
X(Ty @ T,/ Feye) = ap (X (T} @ Ty1 [/ Feye)"). (20)

We recall from (14), X(Ty @ T,/ Feyc) = X (T /Feyc) ® Tp-1. On the other hand, we
have aj (X(T} @ Tp-1/Feye)') = aj (X (T} /Feye)') @ Ty (see [Pe, Page 744, §3.2.1-
3.2.2]). Thus tensoring (20) with T}, we get a pseudo-isomorphism of O¢[[I']] modules

X(Ty/Feye) — a}\(X(Tf*/FCyC)L)

which is  independent of p. Hence  Cho, (X (T / Feye)) =
Cho, iy (aj (X (T} /Feye))) as ideals in Of[[T)]. By applying Lemma 2.5, we
get that

OhOf[[F]] (X(Tf/Fcyc)> = ChOf[[F]] (X(Tf*/Fcyc)L)' O

3. Functional equation for a nearly ordinary Hida family. We begin by
proving a specialization result relating the ‘big’ Selmer group with the individual
Selmer groups.

THEOREM 3.1. Assume (Irr), (Dist). Let R be a branch of Hy o and as-
sume that R is a power series ring in many variable (i.e. we assume that R =
O[[X1,--+,X,]], wherer = d+1+0p,)p, here dp,, is the defect of Leopoldt’s conjecture
for F at p, d=[F : QJ, and O is the ring of integer of some finite extension of Q,).
Let ng be the natural specialization map

X (T Feye)/ PeX (T Foye) 5 X (T, / Foye) (21)

e Then the kernel and the cokernel of s%/ are finitely generated Z, modules for
every £ € X(R) and

o There exists a non zero ideal J in R such that for any & € X(R) \ Sy,
the kernel and the cokernel of sg/ are finite, where the set Sy is defined as
Sy :={£ € X(R) | Pe does not contain J}.
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In particular, assuming (Tor), the equality
Choy (1) (X (T | Feye) | PeX (T | Feye)) = Cho, (17 (X (T Feye)

holds for all £ € X(R)\ Sy.

Proof. For a finitely generated R module M, we define M* := Homg (M, R). For
convenience of notation, let 7 = Tr and A = Ag. As before, v. will denote a prime
in Fuye lying above S and I. denotes the inertia subgroup of Q/Fy. with respect to
the primes /v.. We have the commutative diagram with the natural maps

0 ——> S(A/Feye)[Pg] ——> H(Fg/Feye, A)[P¢] ——> & B Ly, A)[Pe] 3 HY Ly, AG ) [P
velS,vetp velplp

ng ]"g T%MEC

0 ——— S(Af, /Feyc) ———= H (Fg/Feye, A, ) ——> HY (Toe Ap) @ H'(Toe, (A )p)

velS,vetp velplp

(22)
Recall, Ay, = A[P:] and (Ay, ), = A, [P]. Since we assume that the residual repre-
sentation is absolutely irreducible, we have (by [Gr2, Remark 3.4.1])

H'(Fs/Feye, A[Pt]) — > H'(Fs/Feyc, A)[P] (23)

is an isomorphism. By Snake lemma, we get that ker(s¢) is trivial for every . Thus
coker(sy) = 0.

Next we want to prove ker(s\g) is finitely generated Z, module for every . As
there are only finitely many primes in Fey. lying over a given prime in F, it is enough to
show that ker(65 )V is finitely generated Z, module for all v, | S. By our assumption,
R = O[[X1, -, X,]], wherer = [F : Q|4+1+dp,,, where dp,, is the defect of Leopoldt’s
conjecture for F' at p and O is some finite extension of Z,. Since R is regular local
and P is a prime ideal of height r, we have Pe = (x1,--- ,x,), here z1,--- ,z, is a
regular sequence of prime elements of R. Define Py = (0) and P; = (a1, - ,a;), for
1 <4 <r. Then P; is a prime ideal and A[P;] is divisible as R/P; module. Notice
that A[P;] = (A[P;—1])[x;:], and multiplication by z; is surjective on A[P;,_1]. We get
a induced map of R/P; modules

0 — Alve [Py a; Aloe [Py — HY(I,,, A[Pi]) — H'(I,,, A[P;i_1])[xi] — 0.

Thus we can obtain kernel of 5§C via successive extensions. Let Kery = Alve / xlAI’JC,
and let Ker; denotes the kernel of the map H'(I,., A[P;]) — H'(I,., A)[P;], then
Ker; is an extension of the form,

0 — Alve[P;_1)/x; Al [P;_1] — Ker; — Kerg_1y[z;] — 0. (24)

Then in this notation ker (65, ) = Ker,..

First, we show that (Ker, )" is finitely generated Z, module for every {. We also
denote I,, by G for the rest of this proof. Taking Pontryagin dual, we get from (24),
for each ¢,

Ker) !
0— % — Ker) — TGT [2:] — 0. (25)
Tilher;_y i—1/q

Now for i = 1, Ker] 'Té [1] is a finitely generated R/x; module. By induction,
assume that fori = 1,2,--- ,7—1, Ker; is a finitely generated R/(z1, - , ;) module.
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Also, 'TCI; being a finitely generated R module, it is immediate that Té / PT_l'Té is a
finitely generated R/P._; module. Consequently, ’Té / PT,l’Té [,] is a finitely gener-
ated R/P, module. Also by induction hypothesis, Ker,_,/z, is a finitely generated
R/(P,_1,2,) = R/P, module. Hence, we deduce from (25), that Ker, is a finitely
generated R/P, module. Recall, in this notation, P, = (x1,--- ,2,) = P¢ and hence
R/P: = O, a finite extension of Z,. This finishes the proof of the first assertion of
the theorem.

For the second assertion of the theorem, we have to show that there exists a non
zero ideal J in R such that for any £ € X(R) such that ker(§) = P¢ 2 J, the rank

rkR/(mh,,,@T) Ker;/ =0. (26)

By [Gr2, Theorem 2.1], corresponding to the R module 7'Gi there exists an ideal J # 0
such that the following two equations hold

kg ,/p Té [P] = 0 for any prime ideal P 2 J (27)
7—1
rk/p —Gi =rkp 'Té for any prime ideal P 2 J (28)

We will go on to show that this J will work for us. Let Pe = (21, ,2,) 2 J. Then
as (x1) 2 J, we have

kR /2, Té[xl] = 0.
But Kery = é[xl] Thus we get that
rkg /., Ker; = 0.
Let us assume for i =1,2,--- ,r — 1,
KR /(e 2y Kery = 0. (29)

Notice that

T 7 Ta
rk 1. . G Ty| = rk T1.o . € - rk L1 . G
R/( 1 P 7‘) Pfr\flTé[ ] R/( 1, ) 7‘) (Prfl,IT)Té R/( 1, P 7‘*1) Pfr\flTé
7o 7o
= rkR/(Ily,,, ) P—jg — rkR/(Ih... 1) P 71Té . (30)

By our assumption that P. 2 J, we deduce from (28) that

o g 1
rkR/Pr T = I'kR/R_l T = I‘kR 7-G
rlq Prfl el

1
Hence we deduce from (30) that kg, p, %[xr] =0.
r—1+4qg
Thus using (25), to finish the proof of the theorem, it suffices to show that

rkR/PT Kerx_l/xr =0. (31)
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Now

v
Ker,_;

m = I'kR/(zl_’... 1) Ker7\Ll + rkR/(zl_’... ) Ker:f,l[:vr]

rkR/(Ilv"'vx’f‘)
=1KkR (21, 0) Ker) [z,], (32)

where the last equality follows from (29). Thus to prove (31), we are further reduced
to showing

TKR /(21 0) Ker’ ,[z,] =0 (33)

Now we have the exact sequence,

Ker, , v é
0—» ——————[z,] = Ker,_;[z,] = [(zr—1,2)] (34)
K v r—1 i
Lr—11€CL._o T*QTG
Proceeding similarly as in (30), we deduce that
74 T 7a
rk — G [(z, ,x)] =1k G __ 1k &
R/P, PPQTCI; (-1, 2r)] R/ P, PrTé R/Pr_2 PT,QTC{V
=0. (35)
Thus
Ker)_
I‘kR/pr Ker;/_l[xr] = I‘kR/pT m[(br]
K Ker) , K Ker) , (36)
=T - —_—.
R/Fr (zy—1, 2, )Ker, R/Fr z,_1Ker, ,

Now, note that

v
Ker,_,

=rk Ker,_, + 1k Ker! ,[(zy_1,z
xT—laxr)Ker,,\«/,Q R/ Pr—2 r—2 R/ Py T 2[( r—1 7’)]

rkR/PT (
= kg, p, Ker) ,[(z,_1,2,)]- (37)

Here the last equality follows from the induction hypothesis in (29). Using this in
(36), we deduce that

Ker_
rkr/p, Ker) [r,] =rkg,p, Ker) o[(x,-1,7,)] —tkg/p_, ———5—  (38)
rr—1Ker,_o
Recall, from (25), for i = r — 1, we have the exact sequence
Ker) i
0= — "2 S Ker) , — Tc rlzr_1] = 0. (39)
xT—lKerr—Q PT—QTG

Using induction hypothesis (29) in (39), we deduce that

v
Ker,_,

—— =0.
zr—1Ker;_o

I’kR/pT7 1
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Hence we obtain from (38) that
rkz,p. Ker)_[z,] = kg, p. Ker)_s[(z,—1,2,)]. (40)
Proceeding in a similar way, we deduce that
rkr/p, Ker, = rkg /P, Ker) ,[z,]

= I'kR/pr Ker 2[(xr 1, :ET)]

= kg, p, Kery[(z2 r)]

=r1kp,p, Tc[xl][(x% T ,xr)]

— kg, T )]

=rkg/p, TG[(x17x27 )]

— tkp,p, TEP] =0. (41)

Here the last equality follows from our hypothesis that P, = P¢ 2 J. This finishes
the proof of the second assertion of the theorem. O

REMARK 3.2. Let the assumptions be as in Theorem 3.1. Then proceeding as in
the proof of Theorem 3.1, we can deduce the corresponding theorem for Ty i.e. there
exists a non zero ideal J* in R such that for any & € X(R) \ Sy~, the kernel and
the cokernel of s*{ are finite, where S;- := {{ € X(R) | P does not contain J*}.
Consequently under the assumption (Tor),

Cho, (o (X (T Feye) | PeX (TR [ Feye)) = Choy, iy (X(T7, / Feye))
for every & € X(R) \ Sy».

REMARK 3.3. Under the assumption (Tor), by applying the involution ¢ we
obtain,

Chofs (rn (X(Tﬁ/FCyC)L/PﬁX(Tﬁ/FCyC)L) = ChOfg [[T]) ((‘X(Tﬁ/Fcyc)/Pfx(Tﬁ/Fcyc))L)
= Cho,, i (X(TF, /Feye)")-
for every £ € X(R) \ Sy-.

LEMMA 3.4. Assume (Irr), (Dist) and that R is a power series ring in many
variables. Then X(Tr/Feye) and X (TF [ Feye) are finitely generated R[[I']] modules.

Proof. This result follows from Theorem 3.1, remark 3.2, Lemma 2.7 and topo-
logical Nakayama’s Lemma [N-S-W, Corollary 5.2.18]. O

COROLLARY 3.5. Let the assumption be as in Theorem 3.1. Then under hypothe-
sis (Tor), X(Tr/Feye) and X (T3 /Feye) are finitely generated torsion R[[I']] modules.

Proof.  We will prove for X(Tgr/Feyc) and a similar argument works for
X(Th/Feye). Choose any £ € X(R) \ S;. It suffices to show the localization at

RN\ P, X(Tr/Feye)(p,) = 0. By (Tor) and Theorem 3.1, % is a torsion

R/P: module. From this, using localization argument and Nakayama’s Lemma, we
get X(TR/Fcyc)(Pg) =0.0

PROPOSITION 3.6. Let M and N be two finitely generated torsion modules over
the 4+ 1 variable power series ring Ro = O[[W, T|] where W=(X1,---,X,), O is the
ring of integer of a finite extension of Qp. Let {l;},cn be an infinite set of co-height
1 prime ideals in O[[W]] such that
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1. O[[W]]/l; is a finite extension of O, for any i.
2. For each l;, both M/I;M and N/I;N are torsion over Ro/l; and
3. for every i, the image of Chr, (M) (resp. Chr,(N)) in Ro/l; equals
Chre i, (M/1;M) (resp. Chgg,i,(N/IiN)), as ideals in Ro/l;.
Then the equality of the ideals in Chg,1,(M/l;M) = Chg, 1, (N/IiN) in Ro/l; for
every l; implies the equality of ideals Chr, (M) = Chgr,(N) in Ro.

Proof. For r = 1, the result is essentially contained in [Oc3, §3]. Suppose I; =
(lix, Lo+, 1ip), denote by 1Y) = (I;1, 1.2, -+ ,1;.;). Note that, M®Ro/l(3) (M®

Ro /19" D)@ R/L; ;. We claim that, it Chry /(. 1 1 1o yM@Ro/ i, ligy - 1 lij) =
Chio s tiar 1) NOR /i1, liz, -+ 1iz) is true for infinitely many [/

first (j — 1) generators are same (that is l(j_l)’

, for which

s are same for all 7), then we have,

Ch M ® Ro /(1Y) = Ch N @ Ro/(1P7Y).

Ro/(l(ﬂ 1)) Ro /(l(J 1))

Hence we prove the result by applying this to j =r,r —1,---, 1.

We use multivariable notation h(T) to denote polynomial h(Xq,---,X,,T). As
M and N are finitely generated torsion module over (r 4 1) variable Iwasawa al-
gebra, using the structure theorem of Iwasawa modules, we fix Rp module pseudo-
isomorphisms ¢ and 1 respectively,

M -2 @Ro /7% & Ro/hj(T)™  and
i J

N %5 @Ro/mly’ @ Ro /gy (T)
i J

Here 7o is a uniformizing parameter for O. Set h(T) = [[ h;(T)*, g(T) = [ g;+(T)*+
and p1 = pi, pf' =37 puar .

We will show that Chy, -1 (N@Ro /1Y) C Chy, -0 (M@Ro /1] U=y In-
terchangmg M and N, we W111 get the equality. Clearly, it suffices to show that the im-
age of 7 is zero in (Ro/li )/wo and the image of ¢(T) is zero in (Ro/lfj 2 )/h( ).

If h(T) is a unit in Ro/ll(j_l) then obviously the image of g(T) in (Ro/ll(j_l))/h(’IF)
is zero. So we assume that h(T) is not a unit in Ro/lgj_l). Then by [Oc3, Lemma
3.8] there is a finite extension O” of O such that by a change of coordinate by a
linear transform, we may assume that h(T) = u(T)f(T") where u(T) is a unit in Ro~
and f € O"[[W]J[T]. Now, if necessary, we move to an extension of O” containing
both O’ and O” and denote again it by O’ (abusing the notation, just to ease the
burden of notation) such that Ro/l; = O’[[T]]. Then, the image of g(T) vanishes in

Ro: /(R(T), lgj)) for every i.
For every k > 1, we have an injection

(Ro 19™) (sl lig) =[] (Ro /1P / ()= T Ro /1.
1<i<k 1<i<k

Since Ro+/h(T) is finite flat over O'[[W]], we get for each k& > 1 an injection,

(Ror /1Y) (h(T), by jlog - leg) = [ Ror/(W(T), 1),
1<i<k
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We observe that image of g(T) vanishes in (Ro//lfjfl))/(h(T),leng---l;w).
Thus the image of g(T) is zero in Ro//(h(T), lgjfl)% since

I'An (RO’/lz(jil))/(h(T)a lilaj - lkj) = Ro /(h(T), lz(jfl))'
k

For the p invariants, for any l;, 75, (resp. wg/,) is equal to the highest power of
7o dividing the characteristic power series of Mo/ /l;Mo: (resp. No//l;Nos), where
Mo := M ®0 O is the extension of scalers from O to O’. Hence 7j5, = ng/. Thus it
follows that Wg/ is zero in (Ro//lgjfl))/wg. O

PROPOSITION 3.7. For any finitely generated R[[T]] module U, let U° denotes the
mazimal pseudonull R[[T']] submodule of U. Assume the hypothesis (Tor). Then for

0 * 9]
every £ € X(R), % (resp. %} are pseudonull Oy, [[I']] modules.

Proof. We broadly follow the same strategy as in [Ocl, Lemma 7.2] but the
arguments are different. We prove the result only for X(7r/Fey.) as an entirely
similar argument holds for X' (73 /Feyc). Recall, for C' = A or C' = Ay, , with notation
as before, the Selmer group S(C/Fyy.) fits into the exact sequence

0= S(C/Feye) — H'(Fs/Feye,C) — @  H'(1,,,0)% @ H'(I,,,Cy)%" (42)

ve|S,vetp velplp
Note, for v. 1 p,

0— H' (G, /1o, C") — H'(Go,,C) — H'(Io,,C)e — H*(Gy, /Lo, C™¢)  (43)
with G, /I, = lS?le and C is a p-torsion group. Thus H*(G,, /I, ,C%:) = 0 for
i = 1,2. Thus we see that, H'(G,,,C) ~ H(I,,, C)%.

Combining these, we can have the following alternative definition of S(C/Fyy.).

0 = S(C/Feye) —+ H'(Fs/Feye,C) — @ HY(G,,,C) @& H'(L,,Cp )% (44)

ve|S,vetp velplp
Similarly, for strict Selmer group we obtain that,

0— Sstr-(C/Fcyc) N Hl(FS/FCymC) —_— () Hl(GvC,O) ©® Hl(vaCt:) (45)

ve|S,vetp velplp

We have from [F-O, §2.2.2] an exact sequence,

0 = S5 (C/ Fuye) — S(C/Fuye) — pea)Hl(GFp [Ty, (Cy)™).

Moreover from the proof of [F-O, Corollary 3.4], when C' = A, we see that
S (A Fege) = S(A/ Feye).

Under the assumption (Tor), we have that X (T, /Feyc) is torsion for any £ €
X(R). Also by corollary 3.5, X(Tr/Fyc) is torsion over R[[I']]. It follows that the
maps defining S(C/Feyc) in (45) is surjective for C' = A or C = Ay, with § €
X(R)([Ocl, Corollary 4.12]). Now let us consider the commutative diagram

0 > ST (A/Feye) HY(Fg/Feyc, A) s ® Hl(prC,UC,A;) b HY (Feye,vp, A) ———= 0

velplp velS,vetp
]XPE [XPg TXPE

0 > ST (A/Feye) —— HY(Fg/Feye, A) ——> & H'(FoycuesApy) &  H'(Foye,ves A) —— 0.
velplp velS,vetp

(46)
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Recall Ay, = A[P¢] and (Ay,), = A, [Pe] as Galois modules. For any ¢ € X(R),
as X (Tsy/Feyc) is torsion by (Tor), we get that H?(Fs/Feye, Af,) = 0 (see [H-M,
Proposition 2.3]). Then the cokernel of the middle vertical map in (46), being is a
subgroup of H?(Fg [Feye, Ay, ), vanishes. Thus by applying a Snake lemma to the
diagram (46), we get that

S (A/ Feye)

~ 1 l§
—Pgs'S"(A/FCyC) = coker(H" (Fs/Feye, A)[Pe] — W[P:]),

where

W= o Hl(Fcyc,vca-A;) 2] Hl(Fcyc,vca-A)'
”z:'P‘p 'UC‘SYUCJKD

Similarly define

W& = D Hl(FcyC,vca (Afg )p_) D Hl(FCyc,vcv Afs)'

ve|plp ve|S,vetp

Then we have the commutative diagram

0 > ST (A Fuye)[P HY(Fs/Feye, A)[P, WP, S A Peye) 0
ove) [Pe] ——> H'(Fs/Feye, A)[Pe] [Pe] PeSTT (A Feye)
0 SStT(AfE/FCyC) [ Hl(Fs/Fcy(wAfg) We 0

’ (47)

Now the natural map We — W|[F¢| above is surjective (cf. [Ocl, §7]). From the dia-

gram (47), we see that the natural map H'(Fs/Feyc, A)[P] e W [P]) is surjective.
Thus we obtain S*"(A/Feye)/Pe S5 (A/ Foye) = 0. Since S (A/Foye) = S(A/Feye),
we see that, S(A/Feye)/PeS(A/Feye) = 0. In other words, X (Tr/Feyc)[Pe] = 0. Thus
X(Tr/Feye)?[Pe] = 0. In particular, X(Tr/Feyc)®[Pe] is a pseudonull Oy, [[I'] mod-
ule. But for any finitely generated pseudonull R[[I']] module M, M/ P is a pseudonull
Oy [[I']] module if and only if M[P] is so ([Oc3, Lemma 3.1]). Thus, the last fact in
turn implies that % is also a pseudonull Oy, [[I']] module. O
LEMMA 3.8. Let J be any non-zero ideal in R. Let I € Spec(R)\ Spec(R/.J) (that

is I is a prime ideal in R, which does not contain J). There exists at most finitely
many z1,- - , 2k in R with the following properties:

1. (1,z;) are distinct prime ideals in R for alli=1,--- k.

2. Fori#3j,zZitz; inR/I.

3. (I,z)) D J foralli=1,--- k.

Proof. First we claim that,
N (I,z) = (I, z129 -+ - 20).
Obviously, (I, 2122+ 2r) CNi_y(I,2;). Now, let @ € NI_; (I, z;). Then,
T=1+a121 = =1p+ ar2p,
with 7; € I and a; € R. Then we see that,

f:dl_lz"':CL_TZ_TGR/I.
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Since Z; 1 Zj, we see that T = a2y -+ %, € R/I. Thus, v =i+ az -+ 2, where i € [
and « is some lift of @ in R, which completes the proof of the claim.

Suppose that there are infinitely many z;’s in R which satisfies all three properties.
Then we have a decreasing chain of ideals in R,

(I,z1) D (I,z120) =iy (L, 2:) D - D (I, 21+ 2) =iy (1, 2) D
By assumption, (I, z;) contains the ideal J for all . Thus we obtain,

Jg 01:1(1721) :yil (I7ler) gI,

which is a contradiction to our assumption I € Spec(R) \ Spec(R/J). O

REMARK 3.9. Let M = X(Tr/Feyc) and N = X(T3/Feye)'. Assume (Irr),
(Dist), (Tor) and R = O[[W]]. Let S1 be the subset of arithmetic points for which
fe’s are exceptional (as defined in Theorem 2.3). Also let Sa be the subset of X(R)
for which at least one among ker(s¢), coker(s¢), ker(sg) and coker(sf) associated to
the the natural specialization map s¢ in Theorem 8.1 and sf in remark 3.2 is infinite.
Define S = S1USy. Put X(R) :=X(R)\ S, then X(R)’ is infinite.

Take the set {l;}ien = X(R)". Then from Theorem 3.1, corollary 3.5, Proposition
3.7 and Lemma 3.8, we deduce that for these choices of M, N andl;’s, all the condition
of Proposition 3.6 are satisfied (Lemma 3.8 ensures us that for each j in the proof of

Proposition 3.6, we have infinitely many ideals l for which first (j — 1) generators
are the same).

THEOREM 3.10. Let the notation be as before. Let F' be a totally real number
field, with T' = Gal(Foyc/F) = Zy,. Assume

1. (Irr): The residual representation pr of G is absolutely irreducible.

2. (Dist): The restriction of the residual representation at the decomposition
subgroup i.e. pr |a, is an extension of two distinct characters of Gy with
values in F5, for each p|p.

3. (Tor): For any normalized cuspidal Hilbert eigenform f, X(Ty/Feoyc) is a
finitely generated torsion Of[[I']] module.

4. R is a power series ring.

Then the functional equation holds for X (Tr/Feyc) i.e. as an ideal in R[[T']],

Chrin)) (X (Tr/Feye)) = Chryry(X (T3 / Feye)")-

Proof. By corollary 3.5, X(Tr /Feyc) and X (T3 /Feyc) are torsion R[[I']] modules.
Using remark 3.9, choose the infinite subset X(R)’ of arithmetic points. By corollary
3.5, for every £ € X(R)', X(Ty,/Feye) and X (T}, /Feye)* are torsion over Oy [[I']].
Then applying Proposition 3.6 for M = X(Tr /Feye), N = X (T /Feye)' and {l;}ien =
X(R)’, to prove the theorem it suffices to show that for every £ € X(R)’,

X(TR/Feye) AT/ Feye)'
PEX(TR/FCyC) PfX(Tﬁ/FCyC)L

considered as ideals in Oy, [[I']]. By Theorem 3.1, remark 3.2 and remark 3.3 this in
turn equivalent to showing

OhOf [[T]) ( (ng/Fcyc)) = ChOfE[[F]] (X(Tf*E/Fcyc)L)

for each £ € X(R)’. Hence we are done by Theorem 2.10. O

Choy, ) ( ) = Cho,, ry(



ALGEBRAIC FUNCTIONAL EQUATION FOR HILBERT MODULAR FORMS 421

4. Results over Zf) extension. Let K. /K be the unique Zgﬁ extension of
an imaginary quadratic field K. In this section, we will assume throughout that p
splits in K and Dy the discriminate of the imaginary quadratic field K, is coprime to
tame conductor Ng of the branch R of the Hida family i.e. (p, Dx) = (Dk,Ngr) =
(Nw,p) = 1. Recall the notation, I'x = Gal(Ko/K) = 22, T = G(Keye/K) = 7,
and H = Gal(Koo/Kcyc) = Zy, so that G/H =T.

Recall from remark 1.21, S = Sk is a finite set of primes of K dividing Np. Let
v be a prime of K in S. Denote by v. a prime of K.y lying above v and let va
be a prime of K, lying above v.. Let © be a prime of Q lying above a prime v..
Let G,, and G, denotes the decomposition subgroup of @/KCyC and Q/ K, for the
prime 7/v. and ¥/vs respectively. Let I, , I, denote the inertia group of @/ Keye
and Q/K ., for the prime ©/v. and U/vs, respectively. Let I'g, (vesp. H,, ) denote
the decomposition subgroup of I'x (resp. H ) with respect to primes v., /v (resp.
Voo /). We write I, _ /,, for the inertia subgroup of Ko /Kcye with respect to prime
Voo / Ve

PrOPOSITION 4.1. The kernel of the map

X (T Koo)it 22 X (T Keye)

is a finitely generated Z, module and the cokernel of oYy is finite.

Proof.
Set
)G ifve | S,vetp
')GUC lf Ve | b,
H H('Uoo7Af) Voo ifUC|S,’Uc'fp
Joo = _ .
‘ H H(voovAf)Gv“’ if ve | p,
Using similar argument as in (43), we get that
cycv ) f) if v, | S,vcj(p
H1 (Lo, A ) G if v, | p,
Also,
[ H' (Koo, Ap) = (Indf, H (Koo v, Ap)Y)Y ifve | S,vetp
Jo .= Voo Ve
" [T H' (T A7) = (Indjf, H' (L., Ap)®=")" if v |p,

Voo | Ve

Then we have the commutative diagram

0 —— S(Af/ Koo)' —— H'(Ks /Koo, Ap) —— (] J32)" (48)

ve|S
|0‘H |¢H TJH_H .

0 —— S(Ay/Keye) — HY (K5 /Keye, Ay) —— [ Jo.
ve|S
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By inflation-restriction sequence of Galois cohomology, the kernel of ¢ is isomorphic

to H(H, A?K*”" ). Clearly Uy, := A?K*”" Visa finitely generated Z, module. Thus we
deduce that ker(¢p)V is a finitely generated Z, module. Moreover, as H = Z,, we
see that H'(H, A?K"O) is finite if and only if H°(H, A?K"O) = A?K“” is finite. This
is true. (cf. [C-S, Theorem A 2.8|, [Su, Lemma 2.1]). Hence, by Snake lemma on
diagram (48), we deduce that cocker(ay;) is finite.

Also as H has p-cohomological dimension = 1, ¢ is surjective. Thus ker(ag )Y
is a subquotient of the Pontryagin dual of kernel of 5. Given a prime v. we pick any
one prime v, in Ko,. Then by Shapiro’s Lemma for each v,

H'(H, J®

» Y Ve

) = HY(Koow,Af)  ifve| S,vetp
BV, , A7)

Voo sy L3 f

veo if v, | p.
Then

Goso .
HI(HUC,Af ) . if v. | S,vetp
A; Uoo) if v, |pa

ker(§¢) =2 {

a subgroup of H'(I,

oo/vc’

where the inertia subgroup I, _/,. = Z,. As before, we conclude that the Pontryagin
dual of ker(d"*) is a finitely generated Z, module. From these, summing over finitely
many primes and using a Snake lemma on diagram (48), we deduce that ker(ay,) is
finitely generated over Z,. O

REMARK 4.2. By Kato’s result (see [Ka]), we know that for any p-stabilized new-
form f, X(T¢/Keye) (and X (T} /Kcye)) are finitely generated torsion Zy[[T']] modules.

COROLLARY 4.3. For any p-stabilized newform f, X(Ty/Ke) and X(T}/Kx)
are finitely generated torsion Of[[I' k]| modules.

Proof. By remark 4.2, we have X (T/Kcyc) is a finitely generated torsion O[[I']]
module. By Proposition 4.1, we also have an exact sequence

0— Fy — X(Tf/Keo)u — X(Tf/Kcye) — Fo — 0

with F} is a finitely generated Z, modules and F is finite. Thus we get that
X(Tr/K)u is a finite generated torsion Of[[I']] module. But for an ideal I #
Oy[[Cx]] in O [[Tk]l;

X(Tf/KOO)
IX(Tf/KOO)

rank o (ir k)
I

> rankof[[pk]] X(Tr/Ko).

Identifying O;[[Tx]] with O[Ty, To]] and X (Ty/Koo)n with 7yt ), we deduce

that ranko, (r)) X (7t/Ko) = 0. The argument for X (7} /Fw) is similar. O
DEFINITION 4.4. We call f € Sa(To(Np),w) exceptional if f is a newform of
conductor Np with (N, p) = (conductor of ¥, p) = 1.

THEOREM 4.5. Let the notation be as before. Let f € Sp(To(Np"),4) be a p-
stabilized newform which is not exceptional. Also assume that (N, Dg) = (p, D) = 1.
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Then the functional equation holds for X (T;/Koo) i.e. we have a equality of ideals in
Of[[Tk]],

Cho, e (X (Tr/Koo)) = Choire) (X (TF /[ Keo)")

Proof. Note as the p-ordinary, p-stabilized newform f is not exceptional and
we have, (N, Dg) = (p,Dk) = 1; the Galois representation (py, Vy) satisfies both
(Hyp(Ke, Vy)) and (Hyp(Koo, V}')) assumptions of [Pe, Theorem 4.2.1]. Also, by
corollary 4.3, we get that both X (T /K ) and X (T} /K« )* are torsion over O [[I'k]].
Thus the condition (Tors(K, Vy)) in [Pe, Theorem 4.2.1] is also satisfied. Hence the
theorem follows from [Pe, Theorem 4.2.1]. O

Let us recall from remark 1.12, T is a lattice associated to a fixed branch R of
the ordinary Hida family of elliptic modular form of tame level N = Nx.

PROPOSITION 4.6. Assume (Irr), (Dist) and R is a power series ring. Then
the kernel and the cokernel of the natural specialization map

X(Tr/Koo) PeX (T [ K ne) 25 X (T, /K0) (49)

are pseudonull Oy, [[T'k]] = Oy, [[Th, Tz]] module for all but finitely many £ € X(R).
In particular, the equality

Cho,, 011 (X (TR / Koo) | PeX (TR Koo)) = Choy v (X (T / Koo))

as ideals in Oy, [[U'k]| holds for all but finitely many arithmetic points.

Proof. The proof is different from the proof of Theorem 3.1 in two points. Here,
we have to overcome the difficulty that there are possibly infinitely many primes in
K lying above a given prime in K. On the other hand, here we have the advantage
that R = O[[W]], so that P is principal.

Let us keep the notation as set up in the beginning of section 4. For a finitely
generated Oy, [[I'k,]] module M, recall Indll:ﬁjuM = Oy [[T'k]] B0y, [[Txcu] M. Recall,
by Shapiro’s lemma H; (T, Indll:’;uM) ~ H;(T'k,, M) for any i > 0.

Now, we have the commutative diagram with the natural maps

0 —— S(A/Koo)[Pe] — H'(Ks /Koo, A)[Pe] — [] Ju(A)[Pe] (50)

veS
R e

00— S(Ay, /Koo) ——= H'(Ks /Koo, Ap.) — HSJU(Afg)-
ve

Here

Indkx HY(I,_,B)Y. )V ifveS,
5 (BB )<ty
(Indp H (Lo, B7)g, )Y ifvlp,
for B = Aor B = Ay, Recall, once again Ay, = A[P] and A, = A7[F]. Also
by our assumption that R is a power series ring, we have every Pe is principal ideal
in R. Then 7 is surjective with ker(ng) & A%Ke /P A%%=. To simplify notation,
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we put 7 := T in the proof of this theorem. Then ker(ng)Y = ('TC];KOO )tor[Pe]. Note,
only finitely many P divide the R characteristic ideal of finitely generated torsion
R module ('TC]; «. Jtor- Hence we deduce that the ker(S¢)" is finite (hence Oy, [[I'k]]
pseudonull) for all but finitely many £ € X(R).
As before, it suffices to show that ker(d¢)" is Oy, [[I' k]| pseudonull leaving out finitely
many exceptional £&. Now it is easy to see that

et (5,))" Indp (57)%=)" = Indp% (T _[Pd)e,.,  ifveSuvtp
er(0, = —Tuee _ .
Indp (5 )O=)Y = Indp (T, [P, if olp,

But for a prime v in S not lying above p, we have 7}1 [Pe] = (7}]; )tor[Pe¢] which is,
as before, finite for all but finitely many £. Notice that K. 0o contains Kcyc and hence
the dimension of ', as a p-adic Lie group is at least one. Hence Krull dimension of
the commutative ring Oy, [[['k,]] is at least 2. Thus (’TILO [Pe]) is finite and
hence pseudonull as an Oy, [[I'k,]] module. Also, for a finitely generated Oy, [[['k,]]
module M and for i = 0,1 we have [Ve, Lemma 2.7(i)]

GRoo vos

Eth)fs g1 (Ore [[FK]J®of£ (g 1M Op [[Tk]]) = Oy, [[FK]J®of§ [[rKv]]EXtZ>fE (0 )M, O ([T ]])-

But a finitely generated A ( for A = Oy, [[T'k]] or Oy [['k,]]) module M is
pseudonull if and only if Exty(M,A) = 0 for i = 0,1 ([Ve]). Thus we see that
Indgg W(TIT%O [P])a,.. is pseudonull as a Oy, [[I'k]] module for all but finitely many
¢ and for any v € S,v { p. The same argument holds for a prime v in S dividing p
if we replace 7 by 7. Combining these for finitely many v in S, we deduce that
(ker(d¢))" is a pseudonull O¢[[I'k]] module for all but finitely many & € ¥(R). This
completes the proof. O

REMARK 4.7. We have analogues of remarks 3.2 and 3.3 for K for the map

X(T3/Koo)/PeX (Th ) Koo) 5i> X(Ty./Ks). Proceeding as in Proposition 4.6 and
using Corollary 4.3 we can get,

Cho, (k) (X (TR /Koo) | PeX (TR /[ Koo)) = Choy, (0,1 (X (TF, / Koxo))

as ideals in Oy [[U'k]] for all but finitely many § € X(R). Further, applying the invo-
lution t,

Cho,, 0k (X (Tr/ Koo)'/ PeX (T / Koo)') = Cho, 0411 (X (T}, / Koo)")

holds. Moreover, proceeding as in Corollary 3.5, we deduce that both X(Tr /K ) and
X (T3 /Koo) are finitely generated torsion modules over R[[I'k]].

PROPOSITION 4.8. For any finitely generated R[[['k]] module U, let U° de-

notes the mazimal pseudonull R[[Tk]] submodule of U. Then %%} and

% are pseudonull Oy, [[T'k]] modules for any & € X(R).

Proof. We proceed as in the proof of Proposition 3.7. Here the proof is different
from Proposition 3.7 as the strict Selmer group and the usual Selmer group for A over
K. may not coincide. As before, we will prove for X(Tr /K ) only.
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As in Proposition 3.7, it suffices to show X (Tr/Fx)[P:] = 0 for every . for B =
A or Ay, recall from section 1.2, the strict Selmer group S'(B/Ks) < S(B/K).
Then by corollary 4.3 and remark 4.7, we deduce that all four groups X (Ty, /K),
X'(Ty./Kxo), X(TR/K) and X'(Tr/Kx) are finitely generated torsion modules
over their respective Iwasawa algebras Oy, [[I'k]] and R[[T'k]]. It follows that the maps
defining the Greenberg Selmer groups and strict Selmer groups over K, are surjective
([Ocl, Theorem 4.10], [H-V, Theorem 7.12]). In other words, ¢} _is surjective for
B = Aor B= Ay, and we have the exact sequence

0— S(B/Kx) — H'(Ks/Koo, B) — [ Jo(B/K)[[72(B™/Kx)) — 0

veS,vtp vlp

Here J,(B/Kx) = (Indg HY (Koo, B)Y)Y  and  JZ(B™/Kw) =
(Indgu HY(I,_,B)% V)V. Hence we get another exact sequence

0 — §'(B/Kaso) — S(B/Ko) — Up(B) — 0

with U,(B) := (Indll:szl(va/Ivoo,(B_)I“oo)v)v. Therefore, it suffices to show
that X' (Tr/Fs)[Pe] = 0 and U,(A)Y [P¢] = 0. Now,

Hy(Go [To, A~ )P = Hi(Go /Lo TR )IPE (51)

where 7'73_ is a free R module of rank 1. As before, write < Fr,  >:= G,_/L,.
Then the module in (51) is isomorphic to (T%_[Frvm])[Pg]. But (T%_[Frvoo])[Pg] C
(Tgi)[Pg] =0 as 7%7 is a free R module. Using this, it is plain from the definition
of U,(A) that U,(A)Y[Pe] = 0.

We will show X'(Tr /K )[Pe] = 0 to complete the proof of the proposition. Set

Wei= [[ (mdps H'(Kaoo, Ap)Y)Y [ [(dps H' (Ko .., A7)Y)Y  and

vES,vtp v|p

W= [ (ndpf H'(Kao o, AY)Y ][ (Indps HY (Koo v, A7)Y)Y.

veES,vip v|p

These are the ‘local factors’ used in the definition of X'(Ty, /K) and X' (Tr/Kx)
respectively. Once again, as in proposition 3.7, this follows if we can show the map
W¢{ — WP is surjective. Recall as A[P¢] = Ay.. But for every prime veo
of K lying above a prime S in K not above p, the map H' (Ko o, A[P:]) —
HY(Keo .., A)[P] is surjective by Kummer theory. Similarly, for every vs | p,
Hl(Koo,vmuA;&) — HY (Koo, A7)[P] is surjective. From these, it follows that
W¢ — W'[P] is indeed surjective. This completes the proof of the proposition. 0

We now state our main theorem in the Zf) extension case.

THEOREM 4.9. Let the notation be as before. Let K be an imaginary quadratic
field and K C Keye C Koo be the unique Z;‘?Q extension of K. Assume
1. (Ng,Dk) = (p,Dk) = 1 i.e. p splits in K and the tame conductor Ng
associated to the branch of the Hida family is coprime to the discriminant of
K.
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2. (Irr) : The residual representation pr is absolutely irreducible as Gg-module.

3. (Dist) : The characters appearing on the diagonal of the local residual rep-
resentation pr |q, are distinct (mod m).

4. R is a power series ring.

Then the functional equation holds for X(Tr/Keo) i.e. as an ideal in R[[T'k]],

Chrire)(X(Tr/Kx)) = Chrr) (X (Tr/Kso)").

Proof. By remark 4.7, we see that X(Tr /Ko ) and X (75 /K« ) are finitely gener-
ated torsion R[[I'k]] module. Let S; be the finite subset of X(R) consisting of those
& for which f¢ is exceptional. Let Sy be the finite subset of X(R) for which the map
B¢ in Proposition 4.6 is not a pseudo-isomorphism. Similarly S3 be the finite subset
of X(R) for which the map B¢ in the remark 4.7 is not a pseudo-isomorphism. Let
S = 51U S2US3 be the finite subset of X(R). Then by Proposition 3.6, to prove the
theorem, it suffices to show that for all £ € X(R) \ &,

Choy, i) (X (TR /Koo) / PeX (TR / Koo)) = Choy (1) (X (Tr/ Koo)'/ PeX (TR / Koo)")-
(52)
Using Proposition 4.6 and remark 4.7, (52) is in turn equivalent to showing for all

§EX(R)\ G,
Cho,, (01 (X(Tse /Koo)) = Choy, o) (X (T, /[ Koo)), (53)

which follows from Theorem 4.5. This completes the proof of the proposition. O

REMARK 4.10. Our proof of Theorem 3.10 (respectively Theorem 4.9) covers
the case when X(Tr/Feyc) (respectively X (Tr/Kso)) have non zero R[] (respec-
tively R[[['k]]) pseudonull submodules. We also allow the Selmer groups X (Ty, [ Feyc),
X (T, /Keye), € € X(R) to have positive p-invariant. Our proof of Theorem 4.9 works
for both CM or non-CM Hida family.

REMARK 4.11. Following Mazur’s conjecture, the crucial assumption (Tor) for
Hilbert modular forms in Theorem 3.10, is expected to be always true but has not been
proven except in a few special cases (cf. [F-O, Theorem 4.2]).

Let us take an elliptic curve E over a real quadratic field F' and a prime p in F
such that p is an ordinary prime for E with E[p] an irreducible G module, where
p|pandp € Z. As F is a real quadratic field, we now know that E is modular
[F-L-S]. Denote by fg be the corresponding Hilbert modular form of parallel weight
(2,2). Consider the branch R of the nearly ordinary Hida family passing through fg.
Then (Irr) and (dist) in Theorem 3.10 are satisfied for the ‘big’ Galois representation
associated to R.

In Theorem 3.10, the assumption that R is a power series ring is satisfied if there
is some arithmetic specialization & of weight, say (k(§),w(§)), for which the dimension
of Sg<gj7w(£)(K1(N) N K11 (p*©)); O¢) = 1 (see section 1.1 for details.).

REMARK 4.12. In Theorem 4.9, similarly, we can take an elliptic curve E defined
over Q and an odd rational prime p, ordinary for E with E[p] an irreducible Gg
module. Then for the ordinary Hida family containing weight 2 (elliptic) newform
fE, (Irr) and (dist) in Theorem 4.9 are satisfied.

Again, in Theorem 4.9, the hypothesis R, the branch R of the Hida family of
ordinary elliptic modular forms, is a power series ring is satisfied if the dimension of
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S’,‘c’(rg)ﬂ (To(Np"),ee;0¢) =1 for some arithmetic specialization & (see section 1.1 for
details. ).

REMARK 4.13. Let p be an odd prime and F' be a totally real field of degree d over
Q. We assume that p is unramified at F. Let K be a CM field which is a quadratic
extension of F in which primes above p in F splits. Under this setting, 3 K, a
Galois extension of K with Gal(Ku/K) = 23t (cf. [Wa, Introduction]).

For a nearly ordinary Hida family of Hilbert modular forms, in this setting of
extension Koo /K, it will be interesting to investigate an analogue of Theorem 4.9 i.e
a functional equation for the associated Selmer group of the Hida family of Hilbert
modular forms over K.
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