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FOUR-DIMENSIONAL MANIFOLDS WITH POSITIVE
BIORTHOGONAL CURVATURE*
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Abstract. We classify, up to homeomorphisms, the closed simply-connected 4-manifolds that
admit a Riemannian metric for which averages of pairs of sectional curvatures of orthogonal planes
are positive.
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1. Introduction. Interactions between geometry and topology via curvature re-
strictions are among the most fascinating connections between fields in Mathematics.
Many such interactions flourish in the realm of 4-manifolds, as can be attested by
the vast literature on the subject. However, many longstanding open questions also
remain elusive, among which the classification of closed simply-connected 4-manifolds
that admit a metric with positive sectional curvature (sec > 0). Conjecturally, only
5% and CP? satisfy this condition, and this is supported by compelling evidence,
see [10, 12].

As an attempt to better understand 4-manifolds with sec > 0, it is natural to in-
vestigate other curvature positivity conditions. Let (M*, g) be a Riemannian manifold
and, for each plane o C T),M, denote by ot its orthogonal plane. The biorthogonal
curvature of o is defined as the average of sectional curvatures

sect (o) := 3 (sec(o) + sec(ah)).

The goal of this note is to classify the closed simply-connected 4-manifolds that admit
a metric with positive biorthogonal curvature (sec™ > 0), more precisely:

THEOREM. Let M* be a smoothable closed simply-connected topological 4-mani-
fold. Up to endowing M with different smooth structures, the following are equivalent:
(1) M* admits a metric with sect > 0;
(ii) M* admits a metric with Ric > 0;
(iii) M* admits a metric with scal > 0.

The equivalence between (ii) and (iii) above was established by Sha and Yang [17].
Since scalar curvature is the sum of sectional curvatures of pairs of orthogonal planes,
it follows that (i) trivially implies (iii). Thus, in order to prove the above, one must
show that (iii) implies (i). The strategy to achieve this consists of constructing metrics
with sect > 0 via surgery techniques on closed simply-connected 4-manifolds homeo-
morphic to those that satisfy scal > 0. Combining the classical work of Donaldson [7]
and Freedman [9] with the well-known A-genus obstruction to scal > 0, this amounts
to showing that S4, #™ CP? #" @2, and #"(S?% x $?) admit metrics with sect > 0.
In practical terms, this is the list of closed simply-connected 4-manifolds that satisfy
one (and hence all) conditions in the Theorem.
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Regarding the building blocks of the above connected sums, the standard metrics
on S* and CP? clearly have sect > 0. Furthermore, S? x S? admits metrics with
sect > 0 as a consequence of the main result in Bettiol [2], that actually yields a
much more restrictive curvature positivity condition on S? x S2. The last ingredient
to complete the proof of the Theorem is to show that connected sums of manifolds
with sect > 0 also admit metrics with sect > 0. This is established using a recent
surgery stability criterion of Hoelzel [11], see Proposition 3.1.

We remark that simply-connectedness is a necessary hypothesis not only for the
equivalence of (ii) and (iii), but also of (i) and (iii). Namely, the standard product
metric on S3 x S' has sect > 0 (which is essential to prove stability under connected
sums), but this manifold has infinite fundamental group and hence does not admit
metrics with Ric > 0. We also remark that, since #" CP?, as well as #"(S? x S?),
admit metrics with sect > 0 for all n, there is no upper bound on the total Betti
number of closed 4-manifolds with sect > 0. Thus, by the celebrated a priori bounds
of Gromov, it follows that there are (many) closed simply-connected 4-manifolds that
admit metrics with sect > 0 but do not admit metrics with sec > 0.

Positive biorthogonal curvature was first studied by Seaman [14, 15], who ob-
served that manifolds with 1/4-pinched biorthogonal curvature have positive isotropic
curvature (and are hence diffeomorphic to a spherical space form). More recently, cur-
vature conditions related to sect > 0 have been studied by Bettiol [2, 3], Costa [5],
and Costa and Ribeiro [6]. Although the latter claims to contain a classification of
closed 4-manifolds with sec™ > 0, a result that would extend the above Theorem, no
classification statements are provided. In fact, all results of [6] concern 4-manifolds
satisfying curvature conditions more restrictive than sect > 0.

As our classification of 4-manifolds with sec > 0 is obtained up to homeomor-
phisms, it is natural to wonder if this can be improved to diffeomorphisms. The chief
difficulty in carrying this out originates from the (rather serious) difficulty in detect-
ing the diffeomorphism type of 4-manifolds with scal > 0, since the Donaldson and
Seiberg-Witten invariants vanish on such 4-manifolds.

This note is organized as follows. In Section 2, we recall the classification of
closed simply-connected 4-manifolds with scal > 0. The key result that sect > 0 is
preserved under connected sums is proved in Section 3, completing the proof of the
Theorem. The results in this paper comprise part of the author’s PhD thesis [3].

Acknowledgement. It is a pleasure to thank my PhD advisor, Karsten Grove,
for his thorough and invaluable support along the years, as well as David Wraith for
helpful conversations on the surgery stability of curvature positivity conditions.

2. Four-dimensional manifolds with scal > 0. Let M be a closed oriented
topological 4-manifold M, and denote by

Qu: H*(M,Z) x H*(M,Z) — Z, Qu(a,p) = (aUpB)[M],

its intersection form, where [M] € H4(M,Z) = Z is the fundamental class of M.
Recall that Q, is a unimodular symmetric bilinear form, and the intersection form
of a connected sum M # My is given by Qarun, = Qar, © Qs -

On the one hand, Freedman [9] proved that every integral symmetric unimodular
form @ is realized as the intersection form of a closed simply-connected topological
4-manifold. It also follows from his work that two closed simply-connected smooth
4-manifolds are homeomorphic if and only if their intersection forms are isomorphic.
On the other hand, Donaldson [7] proved that the only definite forms that can be



4D MANIFOLDS WITH POSITIVE BIORTHOGONAL CURVATURE 393

realized as intersection forms of a smooth 4-manifold are the standard diagonal forms
@™(1) and @™ (—1). Thus, by Serre’s classification of indefinite forms, it follows that
a smoothable closed simply-connected topological 4-manifold must be homeomorphic
to either S*, #™ CP? #" @2, or #EMMp, #™(S? x 52), see [8].

Among the above, S* and #=™ Mg, #"(S? x S?) are spin manifolds. By a classical
result of Lichnerowicz, spin manifolds with scal > 0 do not admit nontrivial harmonic
spinors; and, by the Atiyah-Singer Index Theorem, this implies the vanishing of the
A-genus in dimensions multiple of 4, see [13]. Moreover, on a 4-manifold M, the A-
genus can be computed in terms of its signature sign Qs = b;r (M) —0b5 (M). Namely,
the Hirzebruch Signature Theorem yields

~

A(M) = —LsignQur.

Therefore, if M is a closed spin 4-manifold that admits a metric with scal > 0,
then sign @y = 0. Since sign Qar, v, = sign Qar, + sign Qar,, signQp, = 8 and
sign Qg2 g2 = 0, one concludes the following:

Fact 2.1. A closed simply-connected 4-manifold that satisfies scal > 0 is home-
omorphic to either S*, #™ CP? #" C_PQ, or #m(5% x S?).

Conversely, all the above 4-manifolds are known to admit metrics with scal > 0,
when endowed with their standard smooth structure. We remark that some of them,
such as CP2#8@2, also carry smooth structures without any metrics with scal > 0,
see [4]. Finally, recall that any M* = S*#™ CP? #" @2#1’(5’2 x 52) is homeomor-
phic to one of the manifolds in Fact 2.1, since CP?#(S? x S?) is diffeomorphic to
#2CP? #C_PQ, see [8].

3. Connected sums of manifolds with sect > 0.

ProrosiTioNn 3.1. If My and Ms have metrics with sect > 0, then so
does Mi# M.

Proof. The curvature condition sec™ > 0 corresponds to the cone
Cuoctog = {R € Ca(RY) : (R(0),0) + (R(o), o) > 0 for all o € Gr2(134)}

on the space Cp(R?) of algebraic curvature operators.! This is clearly an open O(4)-
invariant convex cone. Let Rgsy g be the curvature operator of the standard prod-
uct metric on S? x R. Routine arguments show that (Rgsygr(c),0) > 0 for all
o € Gra(R*) and (Rgsxg(c),0) = 0 if and only if o contains the R direction. In
particular, whenever (Rgs (), o) = 0, we have that o is tangent to S* and hence
(Rgsxr(cr),0t) =1, 50 Rgsxr € Ceeet=g- The result now follows from the surgery
stability criterion of Hoelzel [11, Thm. B]. O

As discussed in the Introduction, S*, CP? and S? x S? are known to admit metrics
with sect > 0. Therefore, by Proposition 3.1, all the 4-manifolds listed in Fact 2.1
admit metrics with sect > 0. This shows that (iii) implies (i), finishing the proof of
the Theorem in the Introduction.

Using the equivariant version of the surgery stability criterion of Hoelzel [11], the
above metrics with sect > 0 on the manifolds listed in Fact 2.1 can be constructed

n other words, (M*%,g) has sect > 0 if and only if for all p € M and all linear isometries
t: R* — T, M, the pull-back by ¢ of the curvature operator R, satisfies 1*(Rp) € Cyop 1 -
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invariant under an effective circle action, see [3, Rem. 7.18] for details. Together with
the work of Bazaikin and Matvienko [1], this implies that, in all items in the Theorem
in the Introduction, the metric satisfying that curvature condition can be chosen to
be invariant under an effective circle action.

REMARK 3.2. It follows from the above that CP2#@2, which is the nontrivial
S2-bundle over S2, admits a metric with sect > 0. One such metric is explicitly
constructed in [2], using deformation techniques similar to those employed in the
construction of metrics with sect > 0 on S? x S2.

REMARK 3.3. The condition sect > 0 can be extended to higher dimensions

by requiring that averages of pairs of sectional curvatures of any orthogonal planes
be positive. Connected sums of n-manifolds with sect > 0 also have sect > 0 as
a consequence of [11, Thm. B], since Rgn-14gr belongs to the open O(n)-invariant
convex cone that generalizes the above Cy .1, see [3] for details.

REMARK 3.4. By results of Seaman [16] and Costa and Ribeiro [6], S* and
CP? are the only closed simply-connected 4-manifolds with sect > 0 that can have
(weakly) 1/s-pinched biorthogonal curvature, or nonnegative isotropic curvature, or
satisfy sect > sl > 0,

We conclude with a short discussion of non-simply-connected 4-manifolds with
sect > 0. It is proved in [2] that RP? x RP? has metrics with sect > 0, and, by the
proof of Proposition 3.1, so do S3 xSt and (52 xR)/T", where I' is a discrete cocompact
group. Connected sums of such manifolds also have sec® > 0 by Proposition 3.1,
providing several examples that exhibit a wealth of fundamental groups.

It is an interesting open problem to determine whether any finitely presented
group can be realized as the fundamental group of a 4-manifold with sect > 0, as is
the case for scal > 0. An affirmative answer would follow from stability of sect > 0
under surgeries of codimension 1, however the criterion in [11] does not apply, as
Rg2ygr2 ¢ Cieerso. This suggests that understanding whether S? x T2 admits metrics
with sect > 0 is crucial in solving the above problem.
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