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DRESSING ACTIONS ON PROPER DEFINITE AFFINE SPHERES*

ZHICHENG LINT, GANG WANG!, AND ERXIAO WANG#

Abstract. We will first clarify the loop group formulations for both hyperbolic and elliptic
definite affine spheres in R®. Then we classify the rational elements with 3 poles or 6 poles in a real
twisted loop group, and compute dressing actions of them on such surfaces. Some new examples
with pictures will be produced at last.
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1. Introduction. All intuitive geometrical notions about size and shape devel-
oped in school geometry are invariant under rigid motions comprised of translations,
rotations and reflections. Following Klein’s famous Erlangen Program (1872), affine
geometry studies the constructs invariant under the affine group A(n) = GL(n) x R"
comprised of nondegenerate linear maps and translations. While two fundamental
measurements angle and distance in Euclidean geometry are no longer invariant un-
der affine motions, notions for some relative positions such as parallels and midpoints
(more generally center of mass) still make sense. As the standard directional deriva-
tive operator D is preserved by A(n), differential geometry of curves and surfaces
can also be generalized. Similarly, the symmetry group for equiaffine geometry is
SA(n) = SL(n) x R™ preserving in addition the standard volume form on R™.

In 1907 Gheorghe Tzitzéica discovered a particular class of hyperbolic surfaces in
R? whose Gauss curvature at any point p is proportional to the fourth power of the
distance from a fixed point to the tangent plane at p. He used the structure equation

Wey = €2 — e (1.1)

to describe the (indefinite) affine spheres. The reader may refer to [20] for a concise
survey on affine spheres and to [31] for an extensive survey on their relations to
real Monge-Ampere equations, projective structures on manifolds, and Calabi-Yau
manifolds. Here we would like to emphasize the Monge-Amprere equation (see Calabi
[8]). The graph of a locally strictly convex function f is a mean curvature H affine
sphere centered at the origin or infinity if and only if the Legendre transform u of f

solves:
0%u (Hu)™"2, it H #0,
det <3yi8yj> B { 1, it H = 0. (1.2)

Cheng & Yau [10] showed that on a bounded convex domain there is for H < 0 a
unique negative convex solution of (1.2) extending continuously to be 0 on the bound-
ary. This gave a beautiful geometric picture of complete hyperbolic (H < 0) affine
spheres (first conjectured by Calabi [8]): such a hypersurface is always asymptotic
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to a convex cone with its vertex at the center and the interior of any regular convex
cone is a disjoint union of complete hyperbolic affine spheres asymptotic to it with
all negative mean curvature values and with centers at the vertex. Even in R3, it is
highly nontrivial to see the above equation is equivalent to the usual surface structure
equations (see Simon & Wang [38]):

oz + Le¥ + [UPe=2¥ =0, (1.3)
Us =0, '

where e¥|dz|? is the affine metric and Udz? is equivalent to the affine cubic form.
One may also fix a holomorphic cubic form U (locally U = Udz3) and a conformal
metric g on a Riemann surface (such that the affine metric e¥|dz|?> = e®g). Then a
coordinate-free version of (1.3) is:

A¢ + 4||U|%e™2¢ + 2He? — 2k = 0, (1.4)

where A is the Laplace operator of g, || - || is the induced norm on cubic differential,
and « is the Gauss curvature.

The classical Tzitzéica equation (1.1) was rediscovered in many mathematical and
physical contexts afterwards.(see, e.g., [13], [18], [21]). In recent years, techniques
from soliton theory have been applied to this equation by: Rogers & Schief in the
context of gas dynamics ([36]), Kaptsov & Shan’ko on multi-soliton formulas ([26]),
Dorfmeister & Eitner on Weierstrass type representation ([14]), Bobenko & Schief on
its discretizations ([7], [6]), and Wang ([43]) on dressing actions following Terng &
Uhlenbeck ([39]) approach.

The equation (1.3) for nonzero U is an elliptic version of the classical Tzitzéica

equation, or the Bullough-Dodd-Jiber-Shabat equation, or the affine aé2)-T0da field
equation, or the first SL(3,R)/SO(2,R) elliptic system (see Terng [40]). Dunajski
& Plansangkate [19] have given gauge invariant characterization of (1.3) in terms of
SU(2,1) Hitchin equations or reduction of Anti-Self-Dual-Yang-Mills equations, and
linked the local equation around a double pole of U to Painlevé I1I. Zhou [46] have
given Darboux transformations for two dimensional elliptic affine Toda equations.
Hildebrand [24] have given analytic formulas for complete hyperbolic affine spheres
asymptotic to semi-homogenous convex cones.

In the background of mirror symmetry, Loftin, Yau & Zaslow [30] solved (1.4)
globally on Riemann sphere minus 3 points with some prescribed asymptotic be-
haviours around the singularities. It is still open to construct the corresponding
convex affine spheres based on their solutions (also called ”trinoids”). This has moti-
vated our extensive studies of such surfaces from integrable system or soliton theory.
In this paper we compute the dressing actions and soliton examples. The Permutabil-
ity Theorem and group structure of dressing actions will be presented in a subsequent
paper [44]. Their Weierstrass or DPW representation has been studied in [15], using
an Iwasawa decomposition of certain twisted loop group. The equivariant solutions
have been constructed in [16]. The conformal parametrizations and the associated
families of Hildebrand’s complete affine spheres have been presented in [29].

The rest of the paper is organized as follows. In section 2, we will recall the fun-
damental notions and theorems of equiaffine differential geometry, and the definitions
of affine spheres. We specialize to two dimensional proper definite affine spheres in
section 3 and give the loop group descriptions of them. We then classify the simple
rational elements in certain twisted loop group in section 4 and compute the dressing
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actions of them on such surfaces in section 5. Some examples will be presented in the
last section.

2. Fundamental theorem of affine differential geometry and affine
spheres. Classical affine differential geometry studies the properties of an im-
mersed hypersurface r : M™ — R"*! invariant under the equiaffine transformations
r — Ar + b, where A € SL,;1(R) and b € R""!. Here R""! is viewed as an affine
space equipped with standard equiaffine structure: the canonical connection D and
the parallel volume form given by the standard determinant. The following form in

local coordinates (uq, -+ ,u,) is naturally an equiaffine invariant:
or or
A= E det oo, — | (dugdu, duy A~ Aduy, 2.1
¢ <(’“)uzt9u7 Ouy’ ’8un>( uiduy) @ (duy un) 21)

which is independent of choice of local coordinates and thus defines a global quadratic
form with values in the line bundle of top forms on M. Denote the determinant
coefficients in (2.1) by A;; and their determinant by det A. Assuming detA # 0
everywhere, a pseudo-Riemannian metric g is induced uniquely up to sign (depending
on the orientation of M) by the equation

A =g®vol(g) (i.e. volume form of g ),
or defined explicitly by

g = :|:|detA|7%+2 Z Aijduiduj,

ij

called the affine metric. The hypersurface is said to be definite or indefinite if
this metric g is so. A smooth hypersurface is definite if and only if it is locally strictly
convex. Although the Euclidean angle is not invariant under affine transformations,
there exists an invariant transversal vector field ¢ along (M) defined by A9r /n,
called the affine normal. Here AY is the Laplace-Beltrami operator of g. Another
way to find the affine normal up to sign is by modifying the scale and direction
of any transversal vector field (such as the Euclidean normal) to meet two natural
characterizing conditions:

(i) Dx€ or d€(X) is tangent to the hypersurface for any X € T, M,

(ii) ¢ and g induce the same volume measure on M:

det (T*Xh e 77‘*Xn7 5)2 = |det(g(X17X7))|

for any X; € T, M.
The formula of Gauss gives the following decomposition into tangential and transverse
components:

Dxr,Y =r.(VxY)+g(X,Y)¢, (2.2)

which induces a torsion-free affine connection V on M, called Blaschke connection.
Let C denote the difference tensor between the induced Blaschke connection V and
¢’s Levi-Civita connection V9. The affine cubic form measures the difference between
the induced Blaschke connection V and g’s Levi-Civita connection V9:

C(X,Y,Z) :=g(VxY — VLY, 2). (2.3)



366 7. LIN, G. WANG, AND E. WANG

It is actually symmetric in all 3 arguments and is a 3rd order invariant. The Pick
invariant J is simply ||C||2/(n? — n).

Similar to the Euclidean case, the affine shape operator S defined by the
formula of Weingarten:

Dx§ = —r.(5(X)),

is again self-adjoint with respect to g. The affine mean curvature H and the affine
Gauss curvature K are defined as H =TrS /n, K =det S.

Note that the affine normal is also a 3rd order invariant. Hence S is a 4th order
invariant, which can actually be computed from ¢ and C:

H=R,—J, where R, = scalar curvature of g. (2.4)
9(So(X),Y) = —E’I‘r{Z = (VLC)(X,Y)}, where Sp := S5 — H -1d.
n

The readers may refer to several textbooks [5, 28, 34] for more details of the above
basic notions.

THEOREM 2.1 (Dillen-Nomizu-Vrancken type fundamental theorem [17]). Given
a nondegenerate symmetric 2-form g and a symmetric 3-form C on simply connected
M satisfying two compatibility conditions: the apolarity condition Tr,C = 0, and the
conjugate connection V := V9 — C s projectively flat, there exists a global immersion
into R"1 unique up to equiaffine motions such that (g,C) are the induced affine
metric and cubic form respectively.

REMARK 2.2. When we scale the immersion f to pf for some positive constant
p, the above invariants changes by:
2(n+1) —n 2(n+1)
V=V, g—=prizg  {—oprirg Cop iz (

—2(n+1) —2(n+1) —2n(n41)

S—p ntz § H—p »2 H, K—p »t2 K. (2.5)

Historically the first important class of affine surfaces is the affine spheres studied
by Tzitzéica in a series of papers from 1908 to 1910. A proper affine sphere
is a surface whose affine normal lines all meet in a point (the center), such as all
ellipsoids and hyperboloids. An improper affine sphere is a surface whose affine
normals are all parallel, such as all paraboloids and all ruled surfaces of the form
x3 = x1x2 + f(21). An equivalent definition is S = H- Id, which implies from the
compatibility conditions that the affine mean curvature H must be constant. When
S =0, £ is a constant vector and it is improper. So improper affine spheres are special
affine maximal surfaces (H = 0) and have been integrated explicitly for dimension 2
in [5]. When S = H-1d # 0, it is proper and £ = —H(z — xo) with some z( being
the center. For simplicity, we will always make o = 0 by translating the surface. In
the indefinite case, we can scale the surface and change the sign of £ if necessary to
normalize H = —1. However, in the definite case we have a preferred choice of the
signs of g and £ by requiring ¢g to be positive definite, or equivalently by choosing
£ to point to the inside of the convex surface. So we need to distinguish two cases
according to the sign of H:

(1) the elliptic affine spheres whose center is inside the convex surface (H > 0),
such as all ellipsoids;
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(2) the hyperbolic affine spheres whose center is outside the convex surface
(H < 0), such as all hyperboloids of two sheets and zjx923 = 1.

Improper definite affine spheres (H = 0), are naturally called parabolic affine
spheres, such as all elliptic paraboloids. While quadrics are the only global examples
of elliptic and parabolic affine spheres (by Calabi, Cheng-Yau, Jorgens, Pogorelov),
there are many global hyperbolic affine spheres asymptotic to each sharp (or regular)
convex cone (by Cheng-Yau). One of the main goals of this paper is to construct
families of local examples of both elliptic and hyperbolic affine spheres in R? using
integrable system techniques.

3. Loop group description of definite affine spheres. From now on we
consider only the surface case in R3 where its affine metric g is positive definite: this
means that r(M) is locally strongly convex and oriented so that A is positive valued.
In particular its Euclidean Gauss curvature is positive and the affine normal £ is
chosen to point to the concave side of the surface. This essentially induces a unique
Riemann surface (or complex) structure on M in whose coordinates g = e¥|dz|?
and the orientation given by idz A dz is consistent with the orientation induced by
&. Alternatively we are studying “affine-conformal” immersions of any Riemann
surface M into R3:

[r. 71z 72| =0 affine-conformal condition. (3.1)

Then the following two determinants completely determine the fundamental invari-
ants:
i i
|Tz Tz Tz | = Zezwu | Tz Tzz Tzzz | = ZUQ,

with g = e¥|dz|? and C' = Udz® + Udz®. This can also be illustrated by computing
the evolution equations for the positively oriented frame F' = (r,,75,& = 2™ ¥r,;):

~ ~ h,dz Ue%dz —Hdz+2e 20.dz
FUdF = | Ue™¥dz 4sdz —Hdz+2e 2Udz |. (3.2)
%ewdé %ewdz 0

The compatibility condition (1:“25 = ng) or the flatness of F~1dF determines every
entry in the above matrix one-form satisfying two structure equations (first derived
by Radon):

H=—2¢"Y,; — 2|U[?e ¥ Gauss equation (3.3)
H; =2e73Y0U; — 2 ¥ (e ¥U.).. Codazzi equation for S (3.4)

Conversely, given a positive definite metric g and fully symmetric cubic form C as
above satisfying (3.3) and (3.4), there exits a definite affine surface unique up to
equiaffine motions such that (g, C) are the induced affine metric and cubic form re-
spectively. This is the fundamental theorem for definite affine surface. Here H is
indeed the affine mean curvature function since the affine shape operator S takes the
following matrix form in terms of the basis (9, 0z):

g - H —2e~ U,
T\ —2e7U; H '
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In summary we obtain the governing equations for definite affine spheres in R?
(see also Simon-Wang [38]):

L H 2,26 _
{1/1zz+26 +|U%e 0, (3.5)

Ug == 0,

whose solution determines a unique definite affine sphere (up to equi-affine motions)
with constant affine mean curvature H and affine metric e¥|dz|?, by integrating the
frame equation:

R R p,dz  Ue ¥dz —Hdz
a:=F1'dF=| Ue¥dz :dz —Hdz |. (3.6)
%ewdé %ewdz 0

It is now clear that Udz? is a globally defined holomorphic cubic differential (i.e.
in H°(M, K3) where K is the canonical bundle of M). Recall Pick’s Theorem: C' = 0
if and only if (M) is part of a quadric surface. So U is nonzero except for the
quadrics. Away from its isolated zeroes one could make a holomorphic coordinate
change to normalize U to a nonzero constant but we will not do that now. These
zeroes of U will be called “planar” points of the affine surface.

We would like to emphasize that the immersion is analytic for any definite affine
sphere, since the defining equation is elliptic (cf. [5] §76 ).

The following observation is crucial for the integrability of definite affine spheres:
the system (3.5) is invariant under U — €U with any constant § € R/27Z. Thus
an S'-family of definite affine spheres 7 can be associated to any given one, with the
same affine metric but different affine cubic forms C' = ¢?Udz? + e~ *?Udz>.

To further reveal the hidden symmetry, we will scale the surface to normalize
H = 42 using (2.5) for elliptic or hyperbolic case, also replace U by €U in the
frame equation (3.6), and then use diag(2v/FIN"te™¥/2 2y/F1Ne"¥/2 1) to gauge
the Maurer-Cartan form & to:

Lpodz —psdz)  A"Me¥dz  FIA €¥/2dz

ay = e ¥dz L(pzdz —4pdz) VFINle¥/2dz (3.7)
VFINeY2dz /FINeV/2dz 0
Although a) has real geometric meaning only for |A\| = 1, it is actually flat for all

A € C\ {0}. Furthermore it takes value in certain twisted loop algebra of sl(3, C), i.e.
satisfying two reality conditions:

T(ayx) = axn,  0(Qe-2misey) = ay, (3.8)

where 7(X) = TXT~! and 0(X) = —PX*P~! for

01 0 0 € 0 }
T=(1 0 0 , P=1e 0 0|, e=e7. (3.9)
0 0 —H/2 0 0 1

We denote 7 for 7-reality condition in hyperbolic case, 2 in elliptic case, and T} for
T in hyperbolic case, T_; in elliptic case, i.e.
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Note that 7 is a conjugate linear involution of sl(3,C) whose fixed point set is
isomorphic to s1(3, R); and ¢ is an order 6 automorphism of s1(3, C) giving the following
eigenspace decomposition or Zg-gradation:

sl(3,C) = @°_yGj,  [G;,Gk] C Gjra-

with

s 0 O 0 0 s

go = 0 —s 0 s gl = S92 0 0 y
0O 0 O 0 s1 O
0 0 O s 0

Gy = 0 0 s s gg = 0 s 0 s
—-s 0 0 0 0 —2s
0O 0 s 0 s1 O

g4 = 0 0 0 5 95 = 0 0 S9
0 —s O ss 0 O

We verify that o7 = 70 and they define a 6-symmetric space “SL(3,R)”/SO(2,R).
The induced automorphisms on SL(3, C) (still denoted by 7 and o) are:

T(9) =TgT~",  olg) =P (¢)'P". (3.10)

If we solve Fy~ 1dF\ = «, uniquely with certain initial condition Fj (po) at any
base point pg of M, it is easy to show that F)(pg) ™' F\ satisfies the reality conditions
(3.8) and therefore lies in the corresponding twisted loop group.

REMARK 3.1. Hereafter we will always choose the initial loop Fx(po) =1. Then
we may conjugate the complex frame to a real SL(3,C)-frame:

1 1 0
R o
0 0 H/2

In fact F® = (e1, e, &) with {e1, e2} being simply an orthonormal tangent frame w.r.t.
the affine metric. So we obtain an affine sphere immersion r = —H 1¢ = :F%. It is
clear now that we may also simply take the real part of the last column of Fy to get
an equivalent affine sphere modulo affine motions.

As in [14] and [43], we write

1
0 = QP = P2Q 1,

2
i
—= O

1
Q= e . Pra= 0 . (3.11)
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It follows that

o(g) = P(¢")"'P = QPia(g") "' Pr2Q " = 02(01(g)),
a1(g(\) = g(=X), 02(g(N) = g(e2A). (3.12)

where

01(9) = Pi2(¢") ' P12, 02(9) = QeQ ", (3.13)
and 0 = 01 009 = 090 07.

Let C* :=C\ {0}. We adopt the following notations for loop groups:
AG = { holomorphic maps from C* N (I, U11) to G},

Acx G = { holomorphic maps from C* to G},

A;G = { holomorphic maps from I to G },

ATTG ={ g€ AG: T(g(A~ )) =9(A), a(g(V) = g(eM)},
AZIG ={ g € AexG: T(g(A7")) = g(N), a(g(\) = g(eN)},
A7TG={ge MG T(g(\1)) =g(N), a(9(N) = g(eN)},

where 0 < r < 1 is sufficiently small and
1
I,={AeC:|N<r}, I.={reCU{oo}:|\>-}, I=1IUI.
T /r' T

Similar notations can apply to their Lie algebras. Then «y in (3.7) is
a AE’XT sl(3,C)-valued flat connection, and the corresponding frame F) lies in
AE’XT SL(3,C) for any 0 < r < 1. Tt is remarkable that a simple “algebraic” con-
dition characterize such extended frames of proper definite affine spheres:

THEOREM 3.2 (Loop group formulation for proper definite affine spheres). Let
F(z,2) be any smooth map from a domain in C to the twisted loop group Ay SL3(C).
If F=1F, is linear in the loop parameter \, i.e. of the form AN+ B, and Ay3 is nowhere
zero, then F~dF is gauge equivalent to the Maurer-Cartan form (3.7) of proper
definite affine spheres. In other words, F is gauge equivalent to the extended frame
of a proper definite affine sphere if and only if [F| defines a primitive harmonic map
into the 6-symmetric space “SL3(R)”/SO2(R) with some nondegeneracy condition.

Proof. For simplicity, we only show the hyperbolic (H = —1) case in the flat
connection (3.7). The positive case is completely parallel.

The reality conditions (3.8) guarantee that F~!F, must be linear in A\. So we
have

F'F,=AN+B, F'F.=C\x'+D, (3.14)

with A € g1, B € go, C = 7(A), and D = 7(B). The fixed points of both o and
7 are of the form diag(e??,e~"? 1). Gauging by them respect the reality conditions.
Let ¢ = + Iﬁizl' Use it to gauge A13 to a real positive function which is then set to

e¥/2. The rest follows from the zero curvature equations for F~'dF. O

4. Simple elements in A7"GL(3,C). A rational element in any loop group
is usually called a simple element if it has the least number of simple poles. To
construct the simple elements in the twisted loop group A7 GL(3,C), we will handle
order 3 oo-twisting first:
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LEMMA 4.1. ([7]) A simple element g € A7*GL(3,C) has three simple poles and
always take the following form:
R 2 —1R 4 R -1
g(N) = A(I + L C@ RO cQRG (4.1)

A —« \ — q A — eta

where A is diagonal and
Q = diag(¢*,€2,1), e=e%, r<|al<1/r
To construct simple element in AJGL(3,C), plug (4.1) into o;-reality condition
in (3.12), we obtain that g € AJGL(3,C) iff
9(=X) Pz g*'(\) = Pra,

where Py is given in (3.11), i.e.

g(=A) Pra (I-i- /\]ita + 62/??1?0:1 64)%2:1651%;62) Al = Py (4.2)

Compute the LHS of (4.2) at A = 0o to get
A Py A" = Py,
Write A = diag(dy, da,ds), and we have
didy =1, di=1.
So
A = diag(d,d™*, +1), (4.3)

where d € C*.

Compute the residue of the LHS of (4.2) at A = « to get
g(—a) Py R*'A" =0, (4.4)
ie.

1
A(I + g<—§ +e Q7 RQ + €QRQTY)) Pio R'A" = 0.

Write R = (bij)1<4,j<3. Then direct computation implies

d 1 3 0 0 b3
d-! I+ — —§R + 3 | bay 0 0 Pis RTA' = 0. (45)
+1 @ 0 bz O

From (4.5) we deduce that rank(R) = 3 is impossible. If rank(R) = 0, we get
g(A\) = A is trivial. If rank(R) = 1, we assume that

ba
R = Co (bl, C1, 61). (46)
€2
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Substituting (4.6) into (4.5) and computing directly, we have

<&
2 2bic1—1
R = ?Oé 1bi (bl, c1, 1) R 2b161 —1 7£ 0. (47)
1

Residue of LHS of (4.2) at A = €2a gives

g(—€a) Pia QR'Q™'A" =0,
which is equivalent to

Qg(—*a)Q ™" Py R' A" =0,
ie.

o2(g(—€%a)) Pia R'A" = 0.

This is equivalent to (4.4). Residue at A = ¢« is also equivalent to (4.4). So the loop
group element of rank 1 type is as follows:

d a’bicy ar?c;? o’ ey
()\) . d_l I + L 2b1201 —21 2b§01—1 21)105—1 . (4 8)
g\ = Vg | A elhier Xl ; .
+1 al2by o’ ey o?

By explicit computation, if rank(R) = 2, we have

2

2 zbblq_ll Sorer T e T

« 161— 1€1— 1€1—

R= ? b% (1 — blcl) _bl ) 2b101 -1 7é 07
—b1 C1 0

with the corresponding rank 2 type loop group element

d b (bic1—1) —aX?c;? o’ ey
1 2b16171 2b16171 leclfl
g(\) = d I+ N of a’\b? a3(1—brer) —arihy
+1 —ar?b, a? ey 0

(4.9)

We also compute that the determinant of g(\) for the both cases are +[(A>+a?) /(A3 —
ag)]r""k(R), i.e. only depending on the poles and the rank of the residues.
Let I := (b, ¢, 1), £ be the line C - [, and introduce the following ‘cone’:

A = {(21, 29, 23) € C? | 22129 = 23, 0r 23 = 0}.
Then 2bc # 1 is equivalent to £ ¢ A. We observe that Image(Res,, g*) for rank 1 type
and Kernel(Res,, g Pi2) for rank 2 type are both ¢ := C - [t .

NOTATION. Since a line £ not in A, a complex number « and a diagonal matrix
A (4.3) determine g(A) uniquely in both types, we always use Ag, ¢(A) to denote the
rank 1 type element (4.8) and use Amq ¢(A) to denote the rank 2 type element (4.9).

We summarize the above computations and some basic but useful facts into the
following proposition:
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PROPOSITION 4.2. Any simple element in AJGL(3,C) is either Aga.e(N\) of rank
1 type (4.8) or Amq. e(N) of rank 2 type (4.9), and they have the following properties:
(1) the determinant is +[(\> 4+ a®)/(\> — a3)]"*"*(B) independent of £;
3 3
(2) Amae(N) = 35tes Aga,e(—N);
(3) A ga)g()\) = ga)gA—l()\) A

Finally, we consider the 7-reality condition. Recall g(\) € AJGL(3,C) satisfies
T-reality condition iff

g\ =7(g(A1) =TgA-1)T~".

If g has a pole at « , it must also have a pole at @a=!. So |a|] must be 1 if the
above simple element Agq ¢(\) or Amg ¢(\) satisfies 7-reality condition. We will treat
hyperbolic case (7 = 1) and elliptic case (7 = 72) separately.

(1) For hyperbolic case, we first consider the rank 2 type Amy ¢()), then

A, e(ANHml, (—A) A" = 1. (4.10)

We divide our computations into the following steps:
(i) Evaluate LHS of (4) at A = oo to get

A(I — 3a *diag(R))A* =1,
where diag(M) is the diagonal part of a matrix M. This implies that
d
2515171 _ _ d 1
d=t(2b161 — 1) d- =1.
+1 +1

It follows that
|d|* = (2b1¢; — 1). (4.11)
(ii) Compute the residues of LHS of (4) at A = —a and A = a~! to get
Ama,(-a~1)R" =0,
ie.
Mao(—a YR = 0. (4.12)

Residues of LHS of (4) at A = —c?a, —e*a give the same condition (4.12). From
(4.12), we have:

a®(bje1—1) —aX?c;? a®Xey bijci—1 —c;? c1 ¢
2 Sbper—1 Sbrcr—1 Sbrer -1 2bycy—1 2brcq 1 2b1cr—1
I+ o3 oalz)\b% a3(1—bic1) —arby b% (1 —bic1) —b1 =0

—ad —
—al?by a?Xer 0 —b1 c1 0
ie.
blcl—l 72
bicy 012 c1 2bici—1 bl bl
2b10 —1 2b101—1 2b101—1 —
—C1 o =
bl b101 bl by —1 (1 — blcl) C1 0
bl C1 1 -
< —by 0
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i.e.
b101 -1 E _—bl
(b1,c1,1) —c1? (1-bicr) @ | =0.
c1 —by 0

Direct computation implies that:
c1 = by. (4.13)
Combine (4.11) and (4.13), we get that Amg (X)) € AT GL(3,C) iff
lal =1, ¢ =by, |d)? = (2bie; —1) = (2b1]* — 1) > 0.

Then Amg (M) can be written as

d a®([b2-1) —ar?b? a2\b
. 2 262 —1 2062 —1 2062 —1
Ama o(A) = d It a0 | o a1 —]pP) —ar
+1 —a\?b a?\b 0

(4.14)

If we consider the rank 1 type Agq ¢(A), by the similar computation, we will get a
contradiction when we compute the (3,3)-entry at A = co. So there is no rank 1 type
simple element in AJGL(3, C) satisfying the 7 -reality condition.

(2) For elliptic case, if we consider the rank 1 type Agq.¢(\), then we will induce
the same contradiction as hyperbolic case. If we consider the rank 2 type, we will get

|d|2 = (26161 - 1), C1 = —l_)l,

i.e. |d|?> = —(2|b1|?> + 1), which is also a contradiction. So there is no simple element
with 3 poles in AJGL(3,C) satisfying the 7o-reality condition.

When g(A) € A7"GL(3,C) has a pole at o with |a| # 1, (o, 7)-reality condi-
tion implies that it also has the same type of poles at {?a, e*a,a™ !, 2a!, e*a~1}.
So we will simply try the product of two simple elements in AJGL(3,C) with
poles at {a,ea,e*a} and {a~!,e2a~t eta"1} respectively, i.e., we try h(\) =
A1ga,e,(N)A295-140,(A). Considering the Proposition 4.2 property (3), we have

h(A) = A1ga,e (N)A2gs-1,0,(N)
= A1 A Jo, b1 As (/\)ga’rl 2 (/\)
= Aig, i, (Nga-1.6,(N).

Without loss of generality, we set

h(X) = Aga,e; (N)ga—1,0,(A) = (hij)i<ij<3 (4.15)
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here
hiy = d[)\3(2b161 — 1) —+ a3][)\3&3(2b202_— 1) —+ 1] + 4)\3|a|2b261 (2b262 — 1)(b261 —+ |Oé|2)7
(A3 —a3)(A3a3 — 1)(2b1cr — 1)(2baca — 1)
hig — d2)\2642c§[)\3(26101 —1)+a’ + (2bfc2 — 1)[2X%act(2b2c2 — 1 + A%a%) + 422’ acicz)
()\3 — a3)()\3a3 — 1)(2b161 — 1)(2b262 — 1) ’
I — d2)\&02 [A3(2b1e1 — 1) + ] —|—_(2b202 — D[AN ad’bact + 20’ (V2@ 4 1)] 7
(A3 —a3)(A3a3 — 1)(2b1c1 — 1)(2baca — 1)
hay — 220?63 [N3a3 (2baca — 1) + 1] 4 (2b2c2 — })[2)\646%(20436101 —a® + X)) + 4\ aa’ by bs]
d(2® — a3)(A\3a3 — 1)(2baca — 1) ’
hay — AN3 o' D33 4 (2baca — 1){[e®(2b1c1 — }) + A3](2b2c2 — 1+ N3a%) + 4X3aa’biba}
d(X3 — a3)(A3a3 — 1)(2b2c2 — 1) '
hag — N2l abics + (2baca — 1)[2)\2d2b2(2_a3b161 —a® + 2% +2X%ab (V2@ + 1)) 7
d(2® — a3)(A\3a3 — 1)(2baca — 1)
hay — :tQ)\zabl[)\So?S(%gcz —1)+1]+ (21)2(7;2 —1D[AN2aab3er + 202aba (N 4 o))
(A3 —a3)(A3a3 — 1)(2b2ca — 1) ’
hay — i4)\4(16421)10% + (2b2¢2 — 1)[2Xa 1 (V2@ + 2baca — 1) 4 2Xaca (A* + )]
(A3 — a3)(A3a3 — 1)(2b2c2 — 1) ’
has — :t4)\3|oc|2b102 + (2b2c2 — D)[AN* o) bact + (A* + ®)(N3a@° 4 1)]

(A3 — a3)(A3a3 — 1)(2bgca — 1) ’
all these entries of h(\) are computed by Maple. It satisfies 7-reality condition iff
T(h(A71)) = h(N),
ie.
AGae, N Ga—16,(A) PiaT gl o, (=N gl (N A" = Prp T. (4.16)
Step 1: Evaluate LHS of (4.16) at A = oo to get
A(I — 3a~*diag(Ry))(I — 3adiag(Rz)) Pio TA" = P T.

This implies that

—d —1
2byc—1 . B 2bgca—1 _ d 1
d= (1 —2bic1) (1 — 2b2¢2) P2 T d
F1 -1 +1

= PoT.

It follows that

|d|* = (2b1¢1 — 1)(2b2¢2 — 1). (4.17)

Step 2: Compute the residue of LHS of (4.16) at A = —a and A = a~! to get

Agae, (—a)ga-—1 ¢, (—at) P2 T 9371742 ()R} = 0.
Since Agq ¢, (—a1) is invertible, we have

Go i (—a D) PiT gy, ()RS = 0. (4.18)
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Residues of LHS of (4.16) at A = —e?a, —e*a give the same condition (4.18). Compute
the residue of LHS of (4.16) at A= —a~ ! and A = « to get

Agae,(—)ga—1 0, (—a) Pia T Rbgl, , (@) =0.

But ga.r, (@1) is invertible, so

AGa, (—)ga-1 0, (—) Pi2 T RL =0. (4.19)

Step 3: Consider (4.19). (4.4) implies ker Ag, ¢, (—) is spanned by (c1,b1,1)%
So (4.19) implies that

l_)Q C1
g@717£2(—04) P12T 52 H bl , (420)
1 1

where || means two vectors are parallel. Tedious, but direct computation implies
that

62 Ly
ga—re(—a) | & || L2}, (4.21)
—H/2 Ls
where
Ly by — (zbzcrzﬁz(u—\ap) (1b2]? + [ef*|e2|* + £ |a]?)
Ly | = &2 — praw (—lal?[b2? + |e2f” — Flal!)
Ls —2— (ol baf? — a2 - )

By (4.21), we have
—ba(—[a?[b2|* +Je2|* — Flof*) + 3(1 + |o]*)c
—laf*b2]? +Jaf[e2|? + (1 —[alf)
—ca(|b2f + [a*fea|* + Flal?) + 3(2baca — 1)(1 + |a|)bo
(2bacz — 1)[=af*[b2|? + |af?|ca]? + £ (1 — |al6)]

by = : (4.22)

Cc1 = (423)

Step 4: Consider (4.18). oi-reality condition of g5-1 4, () implies
Ga-1,0,(—A) Pr2 gg—lyb (A) = Pra.
Compute residue at A = a1 to get
Ga—1 4, (_6‘71) Pia RS =0,

which implies that

2
ker gs-1 4,(—@ ") = Spang | bo
1
So (4.18) implies that
Z_)l C2
Pio Ty () | e ] I |2
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It is equivalent to (4.20).

Conversely, if the product of two simple element h()\) satisfies (4.17), (4.22) and
(4.23), h(\) satisfies the 7-reality condition.

We conclude the above computations into the following theorem.

THEOREM 4.3. (1)Take any o € S' and b € C so that [b|*> > 1. Then ¢ =b and
ld]> = (2|b]* = 1) & Ama(N) € ATT'GL(3,C).
(2)There is no simple element with 3 simple poles in A7>GL(3,C).
(3)Take any o € C*/SY, by, ca € C, 2bacy # 1, define

fl = (C (bl,cl, 1), fg = (C . (bQ,CQ, 1), 22 P12 T 9271722(—(:!) = glplg, (424)

A =diag(d,d™*,1), |d* = (2bic; — 1)(2bgca — 1).
Here (4.24) is equivalent to (4.22)-(4.23). Then Aga,e, (N)ga-10,(N) € ATTGL(3,C).

REMARK 4.4. It would be interesting to consider the converse question: whether
any rational element with 6 poles must take the above form? More generally, it would
be interesting to know whether any rational element can be factorized into product
of the above simple ones? Such factorization problem has been treated by Uhlenbeck
[42] in the case of unitary group. We will answer these questions in a subsequent

paper.

REMARK 4.5. The formula (4.17) implies (2b1c; —1)(2baca — 1) decides |d|?. Since
|d|? is real positive, there is an important restriction that the choice of «, by, ca must
keep

(2b1€1 — 1)(2()202 — 1) > 0.
Substitute by, ¢; into (4.17), we get

\Ija,b2,¢22
(=lal[b2]? + af?[ea]? + 4 (1 = |a]%))>’

|d|2 = (2b161 - 1)(2()262 — 1) =

here

1
Vaboco = [2b2c2 — 12lal"? = Je2|*a|™® = Hlea[*|al® + (=2Re(bacz) — )]a|®

1
2
1
— H|bo[Y|a|* = |ba|*|)? + Z|2ch2 — 1% (4.25)

It is easy to see (2byc1 —1)(2bac2 — 1) is real and only need to choose «, ba, c2 such that
U byeo > 0, then (2b1¢1 — 1)(2bace — 1) > 0. For convenience, we will always assume
a, by, co satisfy this restriction when we choose a simple element h(\) afterward.

5. Dressing actions of simple elements. In this section we use the simple
element to give the dressing actions on definite affine spheres.

Let us review the technique of dressing action (the idea of dressing was dated
from [45] but see [23] or [40] for an elementary introduction). Let G = SL(3,C),
g(A\) € AT7G, and E(z,z,\) € AL G is the frame of a definite affine sphere. Assume
we can do the following factorization for each fixed (z, 2):

g N E(z,2,\) = E(2,2,\)g(z, 2, \), (5.1)
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with E(z,%,\) € AZIG, §(2,2,\) € ATTG. Then E(z,%, ) will also be the frame of
a new definite affine sphere. We sketch the proof here. By Theorem 3.2, it suffices to
prove that £~ 'E, and E~'E; are linear in A and A\~! respectively. But

E7'E, =§(z,Z, VE Y E.g(z,2,\) 7 — §(2,2,0).9(z,2,\) 7!
= f](Z, Z, )‘)(UO + )\Ul)f](z, Z, )‘)_1 - g(Z, Z, )‘)zg(27 Z, )‘)_1'
On the left hand side E~!E. is holomorphic in A € C*; on the right it has a simple
pole at co. So
E_lEZ = Ug + AU,

where g, 41 are independent of . Similarly, E~'E: is linear in % This completes
the proof.

Furthermore, g * E := E defines a group action of A7"G on the frames of the
definite affine spheres, which is called the dressing action.

REMARK 5.1. We can consider the dressing action of g € A7"GL(3,C) on
AZISL(3,C), since a scaling by (det g)~ /% can make g lies in SL(3,C) by Propo-
sition 4.2 and scaling does not affect the dressing action. What’s more, the dif-
ferences between rank 1 type Agq¢(A) and rank 2 type Amg ¢(N), and between
A = diag(d,d=',1) and diag(d,d~',—1) are also scalings. Without loss of gener-
ality, we only consider one type of simple element and choose A = diag(d,d~!,1).

REMARK 5.2. Since
ATTGL(3,C) N AZTSL(3,C) = {diag(e”,e~",1) | 6 € R}, (5.2)

the factorization (5.1) will not be unique and the ambiguity lies in (5.2). By Theorem
3.2, we can eliminate the ambiguity by requiring d > 0 in the matrix A, without
changing the geometric property of dressing action. We also know that

AJGL(3,C) N AZ«SL(3,C) = {diag(d,d',1) | d € C*}.

LEMMA 5.3. Let Aga,e(N) € AJGL(3,C) as in (4.8), and E(\) € AZ.SL(3,C).
If £ := (E(a) € A, then we have

B() = Agas - B(\) - g A~ (5.3)

lies in AL SL(3,C) for any A = diag{d,d",1}, with arbitrary d € C*.

Proof. Since E (A) satisfied the o-reality condition and holomorphic in C* except
for possible simple poles coming from the poles of Ag, ¢ and g;IZA_l, we only need

to prove that residues of F()\) are zero at both a and —a. But
01(Aga,t(N)) = Agal(=X) <= Pra = (Aga,t(N)) Pra A(ga,e(=N))",

whose residue is zero at « implies that ¢ Pia (gas(—a))t = 0, or equivalently
(Gae(—a)) Pio £8 = 0. These two equations are also true for ¢. Therefore
(b1, c1,1)E() € £ and the special form of R in (4.7) imply that

ResoE =2a R E(a) Py gaj(—a)tfit =0,
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and E(—a) Pia (b1,b2,1)! € [E(—a) P12 E(a)'][¢* = Py £* implies that
Res_oF = —2a Agao(—) E(—a) Py R Pio =0,

The proof is completed once we notice that detE = 1 by Proposition 4.2. O

When we impose the 7-reality condition in the following, the above d will be
uniquely determined by requiring positiveness (see Remark 5.2). Now we begin to
compute the dressing actions of two types of elements in Theorem 4.3.

For the first type |a| = 1. We consider the simple element Am, ¢ for hyperbolic
case(r = 1) first. Let E(\) € AZ"SL(3,C), by Lemma 5.3, we get

E(\) == Ama - E()) - m;lzfl_l € AZ.SL(3,C).

here { = (E(—a). Since Am, ¢ satisfies 7-reality condition, (4.13) implies (P15 = £.
For ¢, we also have

Zplg = 6E(—Oz>P12 = EE(—O&) == E

So we only need to choose |d|> = 2|b]2 — 1 to get Amajl()\) € ATTGL(3,C). Then
we have E € AZZMSL(3,C). This leads to the following Theorem:

THEOREM 5.4. Given any hyperbolic affine sphere r, there is a family of hyper-
bolic affine spheres v with the local affine frames E(z,z,\) € AZ'SL(3,C). We

normalize this affine frames at (0,0), i.e., E(0,0,)\) = I. Pick any simple element
Amg € AT GL(3,C). If (E(z,z,—a) € A and 2[b|> — 1 > 0 while b is determined

by (== (E(z,%,—a) || (5,1:7, 1). We define A = diag{d,d=',1} and d = \/2[b2 — 1,
and get the factorization:

Ama- E(2,2,0) = E(2,2,7) - A(2,2)m,, 5, 5, € AZT'SL(3,C) x AT GL(3,C).

From the new affine frame E(z, Z,\), we can get explicit formula of new definite affine
sphere:

—HN +a®)re? —4a®(Ing)sr, — 4X3(Ing).7=

r= (X + a)er ’ (54)

where ¢ == (b, b, 1)r_, is a scalar solution of (3.7) with parameter —c. This new
definite affine sphere has new affine metric d* - €¥ and the same affine cubic form
(and the same affine mean curvature).

There is no similar transformations for elliptic affine spheres due to Theorem 4.3.

Proof. Since (E(z,z, —«) || (I;,l:), 1), we get
(b, b, 1) (%\/—2116%(7‘_&)% —a\/—2He%w(r_a)5, —Hr_a)
= (L Ve T 6., —av=2He? ¢z, —HO)

where ¢ := (b, b, 1)r_4 is a scalar solution of (3.7) with parameter —a. The third col-
umn of E(z, z, \) gives new hyperbolic affine sphere, so does the affine transformation
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of it by ma(A)~1 A7%:

P =maN) AT (BE(N)s
151

= (B(A) m, ;(A)"H A7)
208N\ YHHe So:
_ _ 1
_ (1 - - . . _
(X —2He=r,, A/ —2He™= rs, —Hr) ¥+ ad 222 \/72122 24,

A+l

—H(N +a®)re¥ — 403(Ing)zr. — 423 (Ing).r>
(A3 + a3)e? '

Recall the discussion in the beginning of this section, E-'E. be expressed as:

a,l a,l
= Ug + AUy
We can get u; by
= lim
b )\Loo A
= AILH;O Am, ;w (Amajf1
= Ay PaAPry
0 0 2 des
= | Ud—2e¥ 0 0
0 V2H ey 0

2

Compare u; with the coefficient matrix of A in (3.7), it is easy to see that this new
definite affine sphere has new affine metric d?-e?¥ and the same affine cubic form (and
the same affine mean curvature). O

The formula (5.4) is similar to the classical Tzitzéica transformation of indefinite
affine spheres.

Now we consider the dressing action of the second type h(\) =
Aga,e;(N)ga-1.0,(N) € ATPTGL(3,C) in Theorem 4.3 on E € AZ7SL(3,C). We just
need to apply Lemma 5.3 twice:

E\) = ga-1,6,A\) - EX) - g, - (\) € AZSLsC

a” b

E(\) == Agae; N ga-1.0,(N) - EQN) g - (Vg 5 (VA € A2, SLsC

0771,52 a,ly
where
b\’ b\
li=Clec| 2=Cleca] ,
1 1

A = diag(d,d™", 1),
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and {1, {5 satisfying

by = ézE(Oxil),
gl - élE(a) - élgd*1752 (O‘)E(Q)g;lljz (Oé),
or
ly =l,E  a™h), (5.5)
l="l1gs 1 g, (@) B~ a)g s 4, (@) (5.6)

Since h(\) satisfies 7-reality condition, from (4.20), we have
by Pio T gh1 4, (=) = (1 P1a,

or

(1ga-1,40, () = 65T (5.7)
Substitute ¢1, ¢2 in (5.5)-(5.6) into (5.7), and we get

519@71722(a) = ZQT. (5.8)

Compare (5.8) with (4.24) , we can find that the relationship between /1 and
Eg satisfies (4.24) in Theorem 4.3. Only need to choose d satisfies (4.17), we get
h(\) = Ag,, 7, (Ngz-17,(A) € ATTGL(3,C). Then we have E € AZTSL(3,C).

Summarizing the above computations, we have the following theorem.

THEOREM b5.5. Given any definite affine sphere r, there is a family of def-
inite affine spheres rx with the local affine frames E(z,z,\) € AZISL(3,C) .
We normalize this affine frames at (0,0), i.e., FE(0,0,\) = I. Pick h(\) =
Aga,ty (N ga—1,0,(N\) € ATTGL(3,C). If both by := (2E(a™") || (b2, é2,1) and 6, =
l19a-1 4, (a)E(a)g;}l 7 (@) || (b1,¢1,1) are not in A and (2b1é1 — 1)(2baéy — 1) > 0,

we define A = diag{d,d"',1} and d = \/(25161 —1)(2b2éy — 1), and get the factor-
1zation:

Aoty N ga—1.6,(N) - E(2,2,\) = E(2,2,\) - fl(z,E)QO"EI(Z_VE)(A)ga,17l72(272)()\), (5.9)

here E(z,2,\) € AZTSL(3,C), /:1(2, 0,25y MNa1 525N € ATTGL(3,C).
From the new affine frame FE(z,z,\), we can get explicit formula of new definite
affine sphere
a)by {- 2\/—2H€77[)\3 3(2b202 —-1)—1] rs+4v/—-2H 67705202 r.+4Haés r}
(N3G + 1)(2b22 — 1)(A3 + a?)
a?éy [AV—2He ¥ aX®td 1z + 2v/—2He™ # (\3G° + 1 — 2b262) 7 + 4AH&E2NDs 7]

=N

R @B+ )08 +ad)
n N(—)\3 + 013)[2\/—21’167%@2)\352 rz — 2\/—2He*%a52 r. + H\3&* — 1) 7]

(Va3 + 1)(\3 + a?)
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here
1 1
vz v
N=|wn w» VY
0 0 H/2

This new definite affine sphere has new affine metric d?-e? and the same affine cubic
form (and the same affine mean curvature).

Proof. By Remark 3.1, we have

= (N[Aga,e; (N ga-1,6, N TTEQ)N)3

= (NE(\ga-1,5,(N) 9,5, N AT s

=(NEA) P2 g,- 1(72(—)\)t9a 21(— ) AD)s
= N(\W—2He ®r \/T Tr.,—Hr)

A3a3(26162—1)—1 2a>\c1 —2a°)2%¢, —2a720;
(A3a3+1)(2¢162—1) A3a3+1 A3a3+1 A3 +a3
—2a%2%23 ABaP 4125, 282Gy ) 2% by
(A3as+41)(28182—1) A3as+1 A3as+1 A3+a3
2G¢Ey —2a%22%¢; Aad—1 A3 —ad
(A3a3+1)(26182-1) A3as+1 Aad+1 N tad

aX3b; {—2v/—-2He~ [)\(3 3(20102 —1)—1]r:+4v/-2H -¥ e r. +4Haé, r}
(A3a2 +1)(2¢162 — 1)(N3 + a3)
N [4v/—2He ¥ ar3& rs + 2v/—2He ¥ (\3a° + 1 — 26162) - + 4HGE2N3E 7]
(A3a3 +1)(N% + a3)
N3+ o®)[2v/—2He ~5&2N% rs — 2v/—2He T ada s + H(\a% —1) 7]
VDO e |

=N

4+t

d

6. Basic examples. In this section, we will apply our results to construct some
basic examples.

EXAMPLE 6.1 (The vacuum solution). Assume H = —2 and U = 1 in the
equation (3.5) for hyperbolic definite affine spheres. Then it admits the trivial solution
1 = 0 (also called the vacuum solution), and the corresponding surface is xjzoxs =
‘7/—2§ . Ome can integrate (3.7) to obtain the whole family of frames. Note that the
surface is independent of the parameter A. So the associated family is really a family
of parameterizations of the same affine sphere.

We may choose the following conformal parametrization of the vacuum definite
affine sphere after certain affine transformation:

v [ B

X=""[R(EN],
R(e*))
where
EY) 1_
e=es, R(\) =exp(Az+ —2).

A
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Then
F(z20) = (LV-2He¥ X, AW-2He¥ X, —HX)

3 [ RO R(\) R(N)
= Y2 | @R(*\) *R(£2)) R(e2))
e R(e*)\)  €R(e*)\) R(e*))

Normalize this frame in a neighborhood of 0, we get

1
B(z,2,)\) :== F710,0,\)F(2,2,\) = exp(APy35 - 2 + prw - Z), (6.1)
where
00 1
Pia=11 0 0
01 0

EXAMPLE 6.2 (The one ‘soliton’ solution). Choose simple element Amg ¢ with
a=—il= (C(—% + 1, —% —i,1), and E(z,2,\) is the normalized frame of vacuum
definite affine sphere in (6.1). Then we have the factorization:

Amg o((NE(N) = E(\)Am, (N,

where

Bi(_% \/T§+%Z _\f)ey \f$+( i+\[+22 {)e’lj-i-\flﬂ
G~ VBV 4 (§ + VBtV |

. . 3[(4V/3 — T)edV3r — 4e2V3x _ 44/3 — 7]
=1/20b2—-1=4/—- .
[(2V/3 = 3)e2V3r — (2/3 + 3]
By Theorem 5.4, we can get the solution of Tzitzéica equation (3.5) (new affine
metric):

o 3[(7 — 4v/3)etV3T 1 4e2V37 4 4y/3 4 7]

h=el =d 6.2
[(2V3 = 3)e2V37 — (2v/3 + 3)]2 (02

Recall the one soliton type solution of Tzitzéica equation in [26]:
h=1-=2(n7).z, with T =1—"*+%+s, (6.3)

Here we adopt the usual notation 7 for 7-function, not the same as the reality condition
before. After some computation, we can see our solution (6.2) coincide with (6.3) with

k=+3and s = 1n(§£\7%) We give the picture of new solution in Figure 1.

Recall a complete hyperbolic affine sphere in [24]:

) r —y(3 In(x) +3In(y) + )
R? (y) —T7T=|re | = r 2y 3 /1+2 ) (6.4)

T3 Yy
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which is asymptotic to the boundary of the cone obtained by the homogenization
of the epigraph of the exponential function. To compare with this hyperbolic affine
sphere, we use the conformal parametrization in [29]:

% sinh ™' (v/3z) (sinh? (v/3z) + 3y)eY

7= | =L sinh ! (V32)y/1 + sinh?(v3z)e

- % sinh ™! (v/3z)e?
with the affine metric, affine mean curvature and affine cubic form:

g= g(csch(\/gx)z + ;)(dz dz), H=-2, C=1I-(dz®+dz®). (6.5)

We only need to make a shift of variable by : * — = — 2\5/3 and choose A =1 in

our case. Then we get an definite affine sphere with the same invariants with (6.4), i.e.
one of the family of definite affine sphere (5.4) is a complete hyperbolic affine sphere.
Since the specific formula is too long to place in this paper, we give the picture of this
affine sphere instead.

Fig. 1. -8 <2 <8, -8<y<8

EXAMPLE 6.3 (The two ‘soliton’ solution). There are two cases.
(1) Choose simple element Am, ¢, where o = 4,{ = C(1+14¢,1—4,1), and E(z,Z, ) is
(6.1). Then we have the factorization

Amea o NEN) = E(\)Am,, ;(N),

a,l

where

j_ (=3 V3)eV3T—Y 4 (=3i — /B)e V3TV _ e~
—2(v/3eV32—y — \/3e=V3r—y 4 3e2v) ’
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Fic. 2. 2 <2 <2, -2<y<2

(\/ge\@zfy _ \/ge—ﬁz—y + 3e2v)2

By Theorem 5.4, we can get the solution of Tzitzéica equation (3.5) (new affine
metric):

i 2|l~)|2 1 \/3(3e4y — 4e—2v — 4/3eVBr+y 4 4/3e—V32+y 4 £2V33-2y 4 6*2\@”*29)

= e’l/; = g2
3(3et — de% — 4y/3eV3rHy 4 4/3e—V3r+y 4 2VBe-2y | 672\/5:,:723,)
o (\/ge\/gw—y — /3eV3az—y 4 3e2v)2 '

Recall the two soliton type solution of Tzitzéica equation in [26]:

h

h=1- 2(17’”')22,

with

F= 1+ek1z+,%+81 _{_ekzz-‘r%-‘rsz_{_ (kl - kz)z(k% — kika + k%) (k1+k2)z+(%+%)2+51+32
(k’l + k2)2(/€% + kiko + k%)

(6.6)
Then we get the 7-function of the new solution h:
=1+ \/_ge\/gz—iiy _ @e—\/gw—iiy_
3 3
It coincide with the 7-functions (6.6) with parameters k; = @, ke = = 3731—,
51 = ln(‘/?g), S9 = ln(—?).

We give the picture of this solution in Figure 3. Notice in Figure 3, the solution
goes below the red plane (z=0) only in the very small region, which means the metric
become negative in a curve. If we choose H = —2 and U = 1, it is easy to see that
Tzitzéica equation (3.5) equals to

hozh —h,hz —h® +1=0. (6.7)
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and the negative parts are also the solution of (6.7). From geometric point of view, if
we fix the affine mean curvature H = —2, h being positive means the affine metric is
positive definite, then it gives a local hyperbolic affine sphere; h being negative means
the affine metric is negative definite, it gives a local elliptic affine sphere.

So the solution h = e¥ can be extended to be a global solution of Tzitzéica
equation (6.7) and we get a global mixed definite affine sphere. Some parts of it are
hyperbolic type, the other are elliptic.

We also use the formula (5.4) to get the new definite affine sphere:

—H(N +a®)Xe? —403(Ing): X. — 4N (Ing). X

X =
(A3 + a3)e?

here

d) = gFgl(0,0)X(—O[) = %eQZI + %e_%\/g(\/gy—ﬁlz)\/g_ %e—% \/g(\/gy-l-Bw)\/g

Since the specific formula of new definite affine sphere is too long to place in this
paper, we give the picture of it in Figure 4 with A = e3™ instead.

Fic. 3. -8 <2 <8, -8<y<8

REMARK 6.1. By computation, we find out that when Re(b) = —% the simple
element with 3 simple poles will give the one soliton type solution, and other cases it
gives two soliton type solution.

(2) Choose simple element Agq ¢, (A)ga-1.,(A), where €y = C(bz,c2,1), a €
C* /St satisfy Wg p,.c, > 0 (see Remark 4.5), and E(z,z,\) is (6.1). Then we have
the following factorization:

Agoe, (N ga-1,.NEQN) = EQNAg, 7, (Ngs.5,(V),
where

ZQ = ZQE(O_[_l) = C(E’Qv 627 1)5
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Fic. 4. 0 <2 <1.5,-08<y<3

~ (batcot1)R(@™ 1)+ (bateaet+e2)R(2a™ ) (bateae® +e*)R(e*a™?)
ba Dzt D R(@ D) (bacd Tz 2 T D R(a-1) 1 (b2 t ez T R(Aa—1)
(b2+C2+1)R(d71)+(b252+c2+54)R(52d71;+(b2€4+c2+52)R(54d71) (68)

c
12 (ba+cat+1)R(a—1)+(baet+coe?+1)R(e2a—1)+(boe2+coe*+1)R(e*a—1)
1

A = diag(d,d',1)

1 b i U ;.
d= \/(2b161 - 1)(21)262 — 1) = \/( a,ba,é2

—laf#ba]? + [af?]ea]? = (1~ |a]0)?

By Theorem 5.5, we can claim that h = e? = d2 is the new solution of Tzitzéica

equation (3.5). One can check this by Maple.

V3i

3l ey =0, =—21i,d =1. Then we can get

In particular, we choose ¢; = % +
the 7-function of the new solution h:

(g _ 557\251')6%@/—3\/5“%1-“%@@, LBy 55\/51')6%@/—%\/&—%”—%\/5@

=1
4 26 78
L Humivae,
It coincide with the 7-functions of 2-soliton solutions (6.6) with parameters ky =
_? . %7 kg = —/3 — 3, 51 = ln(135_7585\/§i)7 S9 = ln(135+7585\/§i).
At last, we give the picture of this solution and the new definite affine sphere in

Figure 5 and Figure 6 respectively.

REMARK 6.2. In particularly, we choose ¢ = C - (1,1,1) and any o € C*/S?.
From (6.8), we can see that l(h=10=C- (1,1,1), which means the dressing actions is
trivial, and this special simple element is commutative with the special affine frames
in this case.
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Fig. 5. —3<2<3,-3<y<3,-1<2<20

Fia. 6. —04 <z <0.8,—-15<y < 1.5
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