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A COMBINATORIAL ALGORITHM FOR COMPUTING HIGHER
ORDER LINKING NUMBERS*
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Abstract. We develop the intersection theory at relative chain-cochain level, and apply it
along with the use of Seifert disks for an oriented link to give a combinatorial algorithm to compute
Massey’s higher order linking numbers and therefore Milnor numbers.
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1. Introduction. It is well-known that there are many different methods of
computing the linking number of an oriented 2-component link in S? (see for example
[9, pp.132-135]), and perhaps the simplest is the combinatorial formula which counts
the number of signed crossings of one component going under another component in a
diagram of the link. It is much more subtle to compute higher-order linking numbers,
and it has been a folklore to use the intersection theory in the process, which was
first suggested by W. Massey. In [7] Massey introduced the higher-order linking as
an application of his higher-order cohomology operations defined in terms of suitable
cochains [6], and he calculated the third-order linking numbers for some 3-component
links by shifting from cohomology and cup product to homology and intersection
theory via duality theorems for manifolds. Later several works along this direction
([1],[10], [8], [3]) gave methods in various forms for computing the higher-order linking
numbers, but a formal derivation of the formulae which are used for the computation
has not yet been given, and a concrete algorithm for the computation is hence lacking.
In this paper we will complete Massey’s original approach by developing systematically
the intersection theory at the relative chain-cochain level in the simplicial category,
and use it to derive recursive combinatorial formulae for computing all higher-order
linking numbers. The formulae are algorithmic in the sense that the computation of
an n-th order linking number requires the construction of certain surfaces from the
assumption that the (n — 1)-st order linking numbers are zero. From a diagram of
a link, these formulae give rise to a combinatorial algorithm for computing higher-
order linkings by using Seifert disks of the link to facilitate the construction of the
intersection of Seifert surfaces of the link, which is necessary for the inductive step.

The paper is organized into 5 sections. Section 2 gives preliminaries for the defini-
tion and results in section 3 on the intersection product at the relative chain-cochain
level. In section 4 explicit formulas for the Massey higher-order linking numbers in
terms of intersection product of relative chains are presented, and a geometric topol-
ogy interpretation for the relative chains and their intersection product is given. A
combinatorial algorithm for computing Massey third-order linking number is given in
section 5, and to demonstrate its use we apply the algorithm on two examples.
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2. Preliminaries. We work in the piecewise linear category. Most material in
this section is in the area of combinatorial topology and can be found in [5], [4]
and [11]. Let M be a closed oriented n-manifold and N a closed submanifold of
M, and let (K, L) be a fixed triangulation of (M, N) with a given ordering of the
vertices (this means a partial ordering of the vertices of K such that the vertices
of each simplex are totally ordered). Consider the barycentric subdivision (K’,L’)
of (K, L), and for a p-simplex o of K, denote by D(c) the dual (n — p)-cell of o
with orientation given by the transverse orientation of o. Explicitly, D(o) is the
subcomplex of K’ whose vertices are barycenters of simplexes of K having o as a
face. The collection K* = {D(0)| o is a simplex of K} forms a cell decomposition (or
block decomposition) of K’. Note that L* = N(L’) as sub-complexes of K’, the latter
being the regular neighborhood of L’ in K’. Clearly L* is a sub-cell-complex of K*.
Let Cy(K*)((Cy(L*) respectively) be the free abelian group generated by the g-cells
D(o) of K* (L*, respectively). The boundary operator 0 : Cy(K*) — Cy_1(K™*) is
defined by setting 0D(o) to be the subcomplex of K’ whose vertices are barycenters
of simplexes of K having o as a proper face. If o is a p-simplex of K, then D(o) is
an (n — p)-cell in K*, and dD(o) is a union of D(7) for some (p + 1)-simplex 7 of K,
s0 O0D(0) € Cp—p_1(K*) is a sum of (n —p — 1)-cells in K*. If a = Y a;0; € Cp(K),
then let D(a) = > a;D(0;) € Cp—p(K™*). We have the chain complex {C,(K*), 0}
and the sub-chain complex {Cy(L*),0}, and the boundary operator 0 induces the
boundary operator on the relative chain complex 9 : C,(K*,L*) — Cy—1(K*,L*).
Recall that the subdivision operator sd : (K,L) — (K’,L') induces a chain map
sdy : Cp(K,L) — Cp(K', L"), and a simplicial map 0 : (K',L’) — (K, L) which gives
rise to a chain homotopy inverse 64 : C,(K', L") — C,(K,L) of sdy is defined as
follows. For any vertex b of K', b is the barycenter of a unique simplex o of K. Define
0(b) to be an arbitrary chosen vertex of o, and extend 6 piecewise linearly over K’. We
shall use the convention that §(b) is the last vertex in the ordering of vertices of o. It is
clear that 04 o0sdy = id on C,(K, L), and dually we have the cochain maps on relative
cochain complexes sd* : CP(K',L') — CP(K,L) and 6% : C?(K,L) — CP(K', L),
and we have sd” o % = id on CP(K, L).

Consider first the absolute case where L = ¢. For a p-simplex o of K, let
uy € CP(K) be the dual of o satisfying

ug(T):{ 1 if 7=o0, (1)

0 otherwise.

for any simplex 7 of K. Then B = {u, | 0 is a p-simplex of K} is a basis for C?(K).
Let € € Z,(K) be the n-cycle representing the fundamental class of K. It is known [11]
that sdy () N 6% (u,) = D(o) for any simplex o of K, here D(c) is considered as an
element of C,,_,(K"), and the map ¢ : CP(K) — C,_,(K*) given by ¢(u,) = D(0)
and extends linearly is an isomorphism satisfying ¢(dpu,) = (—1)PT19D(o), from
which follows the Poincare duality. In [11, p. 508] , the intersection product is
defined to be the pairing : C,)(K) @ Cy(K*) = Cpyqn(K') (with p+¢ > n) given by
the composition

oK) ® Cy(K™) 25 ¢y (1) @ (k) 251 0, (K') & 0" 9(K)
126%

— CP<K/) ® Cn_q(K/) i> Cp+q—n(Kl)-

REMARK. It follows from the definition that for any p-simplex o and any (n—q)-
simplex 7 of K, o - D(1) = sdg(c) N 0% (u,), and by the topological definition
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of the cap product (see, for example [1], page 204), that o - D(7) is an (n — p)-
simplex in K’ whose underlying set |o - D(7)| satisfies |0 - D(7)| C |sdx(0)|, and
lo - D(7)| = [sdy (o) N O#(u,)| C |sdg(&) NO#(u)| = |D(7)], so |o - D(7)]| is con-
tained in the intersection of |sdy(o)| and |D(7)|. Conversely, given a simplex 7 of
K’ such that |n| C |sdg(0)| N |D(7)|, we have |n| C |D(1)| = |sdg(&) N OF (u,)| =
[sdy (€)Np, 07 (ur)](sdy(€)pn—yp)|, and since [n| C |sdy(o)l, it follows that [n| C
|[sd(0)Ap, 0% (ur)](5d(0) pu—yp)| = |5dy(0) N 6F(ur) = |0 - D(7)|. Thus |o - D(7)|
is equal to the intersection of |sdy(o)| = |o| and |D(7)|, which justifies the term ”in-
tersection” for the pairing defined. An example for the case n = 3,p = 2, and ¢ = 2
is given in the Appendix, which will be used later for the combinatorial algorithm in
section 5 to "see” the sense of direction of the intersection curve of two Seifert disks.
It follows from the fact (see, e.g. [11]) that for a € C\,(K) and b e Cy(K™*),

d(a-b) = (—=1)"9(a) - b+ (—1)"'a - (9b),

there is an induced intersection product on the homology classes : For [a] € H,(K)
and o] € Hy(K*), [a] - [B] = [a-b] € Hppqn(K").

We will use the following fact of the functional property of cap product (see, e.g.
[2])

LEMMA 1. For any map f: X =Y, and any a € Cpry(X) and b e CP(Y),

fulan f#(b)) = fula)Nb.

The same formula holds for f : (X,A) — (Y,B), and any a € Cpro(X, A) and
beCP(Y,B).

3. Intersection product of relative chains. Given the simplicial complex

pair (K, L), let N(L) be a regular neighborhood of L in K. Every g e C?(K — N(L))
extends to a unique g € C?(K) satisfying g(A) = 0 for any p-simplex A whose support

is contained in N(L). So we may consider C?(K — N(L)) as a sub-cochain complex

of CP(K), of CP(K,N(L)), and of CP(K,L). Considering C?(K — N(L)) as a sub-
cochain complex of CP(K), we have

THEOREM 2. Th 5 — . L CPK - N(L)) — C,_ (K* L*
cmap§ = 0| o O - (L) o Gyl )

given by ¢(uy) = D(c) for any p-simplex o of K—N(L), is an isomorphism satisfying

¢(dus) = (—=1)*1 9 D(0) (= (-1)**' 9D(0)).

Proof. Since | JD(¢) = K* — L*, where the union ranges over all p-simplexes o of

K — N(L), the collection {D(0)| o is a p-simplex of K — N (L)} spans C,,_,(K* —L*)
freely. Now D(0) = é(uy) and ¢ : CP(K) — C,_,(K*) is an isomorphism, the
restriction

o

b=0¢ :CP(K —N(L)) = Cp—p(K* — L")

CcP(K—N(L))
is an isomorphism. Since

Cn—p(K") = Cpnp(K™ = L") & Cp_p (L"),
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the result follows from the natural identification

Cn—p(K*)

Cnp(K" = L7) = 5=
n—p

= Cnfp(K*vL*)v

in which D(o) in C,,—,(K* — L*) is identified with D(c) in C,,—,(K*,L*). O

REMARK. If C,(K — N (L)) is considered as a sub-chain complex of C,(K, L),
then for any p-simplex o of K — Jif(L), H(po) = sdy (& K_]%(L)) N 0% (uy), where ¢ is
the fundamental class of K.

Thus we have proved the following version of the Alexander duality:

COROLLARY 3. The isomorphism ¢ induces an isomorphism (still denoted ¢)

$: HP(K — N(L)) = H,_,(K*, L*).

The intersection product at the relative chain-cochain level is the pairing
Cp(K, L) ® Cy(K*, L*) = Cpig—n(K', L)
(with p 4+ ¢ > n) given by the composition

Co(K, L) ® Cy(K*, L) "2%5 C)(K, L) ® C" (K — N(L))
B8 o (K L) © O (K — N(L)) 2% 0, (K, L) ® O™ (K — N(L))))

UK L) @ C" UK L) 5 Cpgn(K', L),

where i : C" (K — ]i/'(L))’) — C"9(K', L) is the naturally induced mapping.

REMARK. Similar to the absolute case, for simplexes o and 7 of K, the underlying
set [ - D(7)| is the intersection of |sdx(o)| = |o| and |D(7)| mod |L'| = |L|, and in
general, for any ae C,(K, L) and any be Cy(K*,L*), |a - b| is the intersection of
|sd(a)| and |D(b)| mod |L’|. Furthermore, |04 (7 - 64 D(7))| is the intersection of |o|
and |64 (D(7))| mod |L|.

Correspondingly there is an induced intersection product on relative homology
classes : For [a] € H,(K,L) and [b] € Hy(K*,L*), [a] - [b] = [a - b] € Hpyq—n(K', L').

Recall that for a topological space X, the epimorphism 0y : Cy(X) — Z defined
by 04 (> mp;) = >_.m;, where p; are points in X, satisfies the property Oz (c N
n) = [e,n] (= n(c)) for any ce Cp(X) and n e CP(X). If X is path connected, then
04 (Bo(X)) = 0. One can similarly define 0y : Cy(X, A) — Z, which satisfies 0 (¢ N
) = [¢, 7] for any ¢ e C\,(X, A) and 77 ¢ CP(X, A).

It follows from the definition that for any p-simplex o of K and (n — ¢)-simplex
7 of K—N(L), @ - D(r) = sdg(o) N 6#(u,). In general, for any @e C,(K, L)
and v e C" (K — N(L)), a- ¢(v) = sdy(a) N 6#(v). In particular, if p+ ¢ = n,
then 94 (a- ¢(v)) = [sdy(a), 0% (v)], here 6% (v) e CP((K — Jif(L))’) is identified with

i(07(v)) in CP(K',L'"), where i : CP((K — Z((T(L))’) — CP(K',L') is the naturally
induced map.



THE HIGHER ORDER LINKING NUMBER 269

PROPOSITION 4. For@e C,(K, L) and e CP(K), an B = 04(sdy(a) N67#(B)).

Proof. By Lemma 1, we have

04 (sdy(a) N 67 (B)) = 04 (sdu(@) N B
=an 67

since 04 o sdy =id. O

PROPOSITION 5. Let a e CP(K), BeCUK), and T € Cprq(K). Then (a U
ONT) = Oy (04 (04(T - 4(a)) - 6(8)))-

Proof. The result is obtained from the following direct computation using Propo-
sition 3.0.4 and the definition of intersection product.

(aUB)T) = 0x(T N (aUp)) = dx((TNa)np)
= 0y (04 (sdy (T N o) NOF(B))
=0x(04((TNa)-(¢(8)))

= O (04 (04 (Sd#( )N 6% () - 6(8)))
= 0y (04 (04(T - (a)) - 9(8)))-

O
Note that the above result extends to the case where ae CP(K — N(L)),

BeCUK—-N(L)),and T € Cpyq(K — N(L)), which is the case we will consider later.
In this case, for the right hand side T' may be considered as in Cpi4(K, L), and « as
in CP(K), so T Na e Cy(K, L) and the intersection product (7'M «) - (3) is defined.

The deformation retract from (|K’|,|N(L')|) to (|K'|,|L'|) of the underlying
spaces is homotopically equivalent to a simplicial map r : (|K'|,|N(L")|) — (|K’|, |L'|)
via simplicial approximation of the deformation retract, and it induces an iso-
morphism r, : H,(K',N(L')) — Hy(K',L") as simplicial homology groups ( [4,
Theorem 3.6.6, p.120]), which is the inverse of the inclusion-induced isomorphism
jo Hy(K', L") — H (K', N(L")).

LEMMA 6. The inclusion map i : (K*,L*) — (K',N(L')) induces an isomor-
phism i, : Hy(K*,L*) — Hy(K',N(L")).

Proof. By [4, Theorem 3.8.8, p. 131], the inclusion map i : K* — K’ induces an
isomorphism 4, : Hy(K*) — Hy(K’). Now since L* is a block dissection of N(L’),
the inclusion map i : L* — N(L') induces an isomorphism 4, : H,(L*) — H,(N(L')).
The result follows from the long exact sequences of H,.(K*,L*) and H.(K', N(L)),
and by applying the Five Lemma:

Hy(L*)  — Hy(K*) — Hy(K*,L*)  — H, (L") — Hy1(K™)
Hq(JL(L’)) — HL(K’) — Hq(KJ’,N(L’)) — HqJ(N(L’)) — qul(K’)

0

We now restrict to the case where p = 1, ¢ = 2, and n = 3, and consider the
following diagram
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o

H' (K - N(L))® H'(K - N(L)) -5 H2(K — N(L))

o3 .

Hy(K*, L*) @ Ho(K*, L*) Hy(K*, L*)
(0. or,0iy) ®id Jr*oz'*
Hy(K,L) ® Hy(K*, L*) = Hy(K', L)

PROPOSITION 7. The above diagram commutes. i.e. for any [o], [B] € H' (K —

N(L)), (r. o i)([p(aUB)]) = (0« ore0in)([¢(a) ])) - [¢(B)]
Proof. For any [a], [8] in H(K — N(L)),

((re 0 ix) 0 d)([] U [B]) = (7 0 i) (p([ U A]))
(re 0x)([sdy(€) N O#(a U B)])
= [sdy(§) N 6# (U B)],

Considering o and 3 as in Z'(K, L), then % (a U B) € ZY(K',L'), and we may
consider [sdy(€) N6#(aU B)] as in Hi(K',L'). Then i.([sdy () N0#(aUB)|) =
Je([sdg () NO#(aUB)]), or equivalently (r. o i)([sdx(&)NO#F(aUP)|) =
[sdy(€) NO#(aU B)], since j,. = L.

Now as an element in Hyj(K', L), [sdy(€) NO#(aU B)] =

[sdy (&) N (0% () UO#(B))] = [(sdy(€) NO#(a)) NO4(B)].
Using the property sd# o §# = id and by lemma 2.0.1 we obtain

O Ty
7

sdy (€) NO7 (o) = sdy (€N (sd” 0 6%)(a)) = sdy (€ Na),
so we have

[(sd (&) N 0#(0)) N 0x(B)] = [sdy(ENa)NOF(B)] = [(€Na) - (sdu(§) NO#(B))]

It follows from Lemma 2.0.1 and the fact that 04 o sdy = id that

(€N @) (sds (&) NO#(B)] = [(04(sds (&) N0#(a)) - (s (€) NO#(B))]
= 0.([sd(§) N0#(a)]) - [sdy(§) N O#(B)]

Note that here sd4 (&) N 6#(«) is considered as in Co(K’, L). The last homology class
is equal to

(0.7 0i.) (4@ NOF@)])) - (& VO (B)
= (0. o 01) [B(a)) - [(3)
= (0. om0, @ id)([8(a)], [H(3))).
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4. Linkings in S3. Let K = S2 with the usual orientation and a fixed trian-
gulation, L = [] K; an oriented link in S%, T; = ON(K;), and pu; € Z1(S® — N(L))
be the 1-cycle representing the meridian of K; (with (k(K;, u;) = 1). For each i, let
(1] e HY(S3 — N(L)) = Hom(H(S% — N(L), Z) be the dual of [y;] € H;(S* — N(L))
and let F; be a spanning surface of K; in S2. It is well known that the isomorphism

o

H'(S® — N(L)) — Hy(S% L)

given by the cap product with the fundamental class [S® — N(L)], takes [u}] to [F}],

that is, [S® — N(L)] N [uf] = [Fi]. On the other hand, the Alexander duality in
Corollary 3.0.3

¢+ H'(S® = N(L)) = Hx((S°)", L"),

gives

B([]) = [sdye (S* — N(L)) 0 6% (if)]
= sd.(1S* ~ N(L)]) N 6° (1))
= 071([S* = N(L)]) N0 ([u3])-

By Lemma 1 again, the last expression is equal to 67 1([S® — Ji/(L)] N0 ([ur])),

which is equal to 0*_1([537&@)]0[#2‘]) = 0, '([Fi]), and is equal to i ' 0,08, ! ([F}])
as an element in Hy((S*)*, L*). This shows that [F}] = (6, 0. 0. ) (¢([11])). It follows
that (04 ory oiy)(e([uf])) = F; + b; for some b; € Ba(S®, L). So the underlying set

[l = 1(04 0 7 0 iy ) (@([15]))] U (b

As an example we apply the intersection theory developed in the previous section
to obtain a formula for the ordinary (second-order) linking number of a link with two
components.

EXAMPLE. Let L = Ky U Ky be an oriented link of two components in the
given specific order with meridians py, po respectively. Then 1k(Kq, K2) = ([uj] U

[ (T) (= ([pa] U i) ([T2]) = = ([m3] U [#1])([T1])). By Proposition 3.0.5, we have
(17 U p3)(T1) = 05(0: (05(Th - $(17)) - G(113))-

We first note that since |11 C S — Z%(L), |05 (05 (05 (T - ()| = |Ta| N |(Og 07 0
i) (o([ps]))] € |T1]. It follows that

|0:(0:(T1 - 9(11)) - (13))| = 105(T1 - H(p7))| N[04 0 74 0 01 ) (B(113))]
= |T1| N |Fy + b1 N |Fz + ol
= [Tifn ([ U [or]) N ([F2] U [b2])
= (L nfafn B U (T nfE] b))
U (Taf 0 [ou] 0 [E2[) U (T3] O [br] 0 ]b2])-

Now b; = 88; + by, Bi € C3(S%) and b; € Co(L) for i = 1,2, the second part in the
above union can be written as |T1|N|Fy|N]bz| = (|T1|N|F1|N[0B2) U(|Ti| N EFL|N]bz].
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Since |T1| N |Fy] is a circle in T} parallel to K7, and |033| is homeomorphic to a
closed surface in S®, the algebraic intersection number of |1y | N |F;| with [082] is 0

Clearly |Ti| N |F1| N |b2| = ¢(the empty set). So the algebraic intersection number
due to the second part in the union is 0. Similar arguments apply to show that the
algebraic intersection number of the third and the fourth parts in the union are both
0. Thus, using # for the algebraic intersection number, we have

(17 U p3)(Th) = 0, (0(05(T1 - & (11)) - & (13))
#(Tu O E 0 [ Faf)
#( K[ N [F2])
= lk(K1, Ks).

REMARK. One can also show that
(15 U i) (T3) = 0(6,(6,(Ts - F) - F1)) = Ik(Ky, Ka).

Now we consider the third-order linking. Let L = K7 UK>UK3 be an oriented link
of three components in the given specific order with meridians p1, po, 3 respectively.
Then

HY(S% = N(L)) =< [u3], [3), [u5] >= Z°.
Assume [k(Kq, K) = lk(K2, K3) = lk(K1, K3) = 0. Now since Hy(S® — Z%(Kl U
Kp)) =< [I1] > (=< [&2] >) = Z, and (i3] U [pa))([1]) = (w7 U p3)(T) =
Ik(K1, K3) = 0, which implies that [ U p3] = 0 in H?(S® — N(K; U K3)), which in

turn implies that [} U 3] = 0 in H2(S® — N(L)). Thus we have u} U uj = §C15 for

some C1z € Cl(s3 — ]%(L)) Similarly pb U pb = 8C'9; for some Caz € Ccl(s? — ]%(L))
Then the Massey third-order product of L, in the given order of components K1, Ko,
and K3, is uniquely defined and is given by

]

< [u7], [u3], [15] >= 3 U Cas + Cr2 U s3] € H?(S® = N(L)),

and by definition, Massey’s third-order linking number of L, with its components in
this order, is

< [pl; w2l [nz] > ([T1]) = [p7 U C23 + C12 U p3([T1)).
THEOREM 8. Massey’s third order linking number is given by

11 U Ca + Cra U 3] (IT3]) )
= Oy (04 (0 (T1 - ¢(17)) - C33)) + O3 (04 (04(Th - C1) - 6(113)))
= # (I N IR N Cxl) + #( 171 0[Cral 0B,

where Cfy = $(C12), C3z = ¢(C'23), and Cra = (Poroi)u(Cly), Cag = (Boroi)4(C3s).
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Proof. By Proposition 3.0.5 and its remark, we obtain

[ U Cas + Cra U 3 ]([T1])
= (u3 U023+012 U p3)(Ty)
= (i U Ca)(Th) + (Crz U pa5)(T1)
= 04 (04 (04(T1 - 9(1)) - (C2))) + O (O (04(T - 3(C12)) - B(3))
= (04 (04 (T4 - 3(111)) - C5a)) + O (00 (T1 - Cy) - 9(13))).
Now the underlying set
0.4 (04 (Ty - B(117)) - )| = 104 (T1 - B())] N 1(84 0 74 0 14) (Cs)]
= [T 0 (R U b)) 0 |Cos|
= (ImIn R[N (Casl) U (17310 a1 Casl),

and similarly |04 (0.4 (T} - Cy) - $(p}))| = (|T1\ N[C12| N (|F3|U \bg\)), where by and bs

are as in the above Example. since by = 9831 + bl, where 31 € C3(S?) and I; e Cy(L),

|T1|ﬂ|b1|ﬂ‘023| = (|T1|ﬂ‘861|m‘023|)U(|T1|ﬂ|b1|m|023|). Now |T1|ﬂ|851| consists of
disjoint curves that bound in T3, and Cas € Co(S?, L), it follows that #(|T1|N[9B1| N

|Cas]) = 0. Also |T1| N |l;1| N |Ca3] = ¢(the empty set), since |T1| N |b1| = ¢. Thus we
have proved Oy (04 (04 (T -¢(u3))-Cis)) = # (|T1 [N|F1| N |C’23|). A similar arguments
can be applied to show that 9 (04 (04(Ty - Cfy) - d(13))) = (\T1| N|Ci2| N |F3|)

REMARK. It is clear that the third order linking number is independent of the
choice of b; € By(S3, ) with which (@ orod)u(é(u))) = F; + b;. The same is true for
the ChOlces of 012 and 023 in C1(S%— ( )), which can be verified as follows. Assume

~/

012 and 023 are another choices with Wthh pyups = 5012 and p5Up; = 5023 For
the first case we show that if C{5 = ¢(012) then

O (0 (04(Th - Ca) - d(p5))) = O (0 (0(T1 - C13) - $(113)))-

~ ~/ o
Now §(C12 — Cy5) = 0 in C?(S3 — N(L)) implies d(Cyy — C73) = 0in  C1((S3)*, L*).
Thus

0(0x(T1 - (Cfy — C13))) = 0x(9(T1 - (Cfz — C13))
= 0y(— 0T - (Cy = Cf3) + T1 - (9(C, — C13)))

This shows that 64 (T} - (Cfy) and 64 (T4 - (C15) are each a collection of the same arcs
in C1(S3,L), i.e. same arcs in S® rel L. But Ty = ON(K1), so they are actually a
collection of the same arcs in S3. We then have

O (04 (04 (T1 - (CFy = C13)) - @(13))) = O3 (904 (T1 - (Co — C132))) - &(13))
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Similarly we can show g (04 (04 (T - §(k1)) - C33) = Oy (04 (04 (T1 - p(n7)) - C35).-
The geometric topology meaning of C15 and Cs3 are as follows. By Proposition
3.0.7 we have, on one hand,

(re 0 i) ([@(ny U p3)] = 0u(re(in([F1]))) - [F2] = [0 (r (i (F1))) - F2].
On the other hand,

(re 0 i) ([@(p7 U p2)] = (r+ 01.)([(3C12)])
= (r. 0.)([06(C12)])
= (re 0 @) ([0CT))
= [0((r 0 1)4(C12))]

Thus we have d((roi)x(Cty)) = 04 (ru(ix(F1)))  Fo + by, where bl € B1((S®), L').
Applying 64 on both sides we obtain 9((6 o r 0 1) (Cty)) = Ou((0x(re(ix(Fr))) -
FQ + blg, where blg € Bl(Sg,L). Whence b12 = 8&12 + blg, with 512 € CQ(SB) and
b1z € C1(L). Now since (0 or o)y is the "retraction” from ((S*)*,L*) to (53, L),
C12 can be viewed as a 2-complex in (5%, L) whose boundary, after adding to the
boundary of some 2-complex in (S3, L), is the intersection of F}(which is identified
with (0 o7 0i)x(F1)) and Fy, rel L. One such candidate for Cyy is any spanning
surface for the new link components formed by the arcs and circles of Fj - F5 and

portions of components of L. Note that if 6’12 is another choice of such spanning
surface, then 9C}, = 0C12, so C}y — C1a = Ob for some b € 03((53)* L*). By letting
~7 o

Cio = ¢ ' (Clp) and v = ¢~ (b) € C°(S®~N(L)), then 012 Crz =671 (Cly—Cr2) =
#~1(0b)) = (¢ 10)(é(v)) = dv. Thus the third-order linking is independent of the
choice of C}5. Similar choice can be made for Cs3, which is any spanning surface for
the new link components formed by arcs and circles of the intersections of Fy and F3
rel L. Therefore Ci5 and Cs3 are constructed from the Seifert surfaces Fy, F», F3, and
their boundaries L, and in general they are each a collection of surfaces.

REMARK. The first term in Theorem 4.0.8 can be interpreted as lk(K7, 9Ca3).
Next we consider the fourth-order linking. Let L = K; U Ky U K3U K4 be an ori-

ented link of four components in the given specific order with meridians p1, po, pi3, tta
respectively. Assume all the second-order and all third-order Massey products van-
ish, i.e. pfUpj =0 and < puf,pj, py >=0 for all permutations (z j) and (i, 74, k) of
{1 ,3,4}. Then in partlcular we have pujUps = 5012, ny Uy = 5023, and piUp; =
5034 for some 012,023, and 034 € C1(S? — N(L)); also < uf,us, 5 >= 0 implies
My UC23+C12UM3 = 50123 and < pj, pu3, gy >= 0 implies p5UC34+CagUpy = 6Co34

for some C1a3 and Cazq € C1(S3 — N(L)). Then the Massey fourth-order product of
L, in this specific order of components Ki, Ko, K3 and K4, is uniquely defined and
is given by

< [3]; 3], (w3, (3] >= [u7 U Caza + C12 U Caa + Cras U pij] € HY(S® — N(L)),

and by definition, Massey’s fourth-order linking number of L, with its components in
this order, is

< 3], ), 3] (5] > ([71]) = 5 U G + Cra U Caa + Caas U i) ([T1)).
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By a similar discussion as in the case of third-order linking, we obtain

THEOREM 9. Massey’s fourth-order linking number is given by

[u1 U 6’234 + 512 U 534 + 5123 U pgl([T1])

= 0y (04 (04 (T - G(u7)) - C334) + 0 (04(04(Th - Cfa) - Csy))
+04(04(04(T1 - Clag) - (1))

= # (1T 0 11| 0 Casal ) + # (T3 1 [Caal 1 |Co

+#(|T1| N[Cias| N |F4|),

where Cfy = ¢(C12),C34 = G(Cs4),Ciys = #(Ci23), Cis4 = ¢(Caz4), and Crp =
(Boroi)4(CTy), Caa = (or0i)4(C3y), Craz = (0or0i) 4 (Claz), Caza = (0or0i) 4 (C3sy).

Geometric interpretations of Cio3 and Chz4 can be made similar to that of Cio
and Ch3 in the case of third-order linking. For Ci23, we have

(rv 00 )([B(1] U Cag + C1z U i3)]

0.(i-([6(u3))) - [6(C)] + 0. (i ([B(Cr2)]) - [H(13)])]
[‘9#(1#( 1)) - C33 + 0 (i4:(C13)) - F3],

and the left hand side is equal to

(rv 00.)([B(5C123)] = (s 0 m([ $(Chas)]
— (r 0 0.)([0C53))
= [8(T © Z)#(Oms)]-

Thus we have O(r 09)4(Clag) = O0x(ix(F1)) - Ci5 + 04(i14(Cy)) - F5 + blog, where
Vios € B1(S?',L'). Applying 64 on both sides we obtain A((6 o r 0 i)4(Cly3)) =
O (0 (r4 (i (F1)))- C5 +04 (04 (i%(C1))- F) + bros, where bizg € B1(S?, L). Since

b123 = 86123 + b123, with ﬂlgg € 02((53)/) and b123 € CQ(L/), and since (7“ 9] i)# is the
"retraction” from ((S®)*,L*) to (S, L), Ci2s = (6 o7 014)x(Ciyy) can be viewed
as a 2-complex in (S3, L) whose boundary, after attaching to the boundary of some
2-complex in (S3, L), is the sum of the intersection of Fj(which is identified with
(0 oroi)x(Fr)) and Cas and the intersection of Ciy and Fj, rel L. One such candi-
date for C123 can be taken to be any spanning surface for the new link components
formed by the arcs and circles of F} - Co3 and C45 - F3 and portions of components of
L. Similar choice can be made for Cy34, which is any spanning surface for the new
link components formed by arcs and circles of F5 - C34 and Csy3 - F; and portions of
components of L. Thus Ci23 and Cs34 are reductively constructed from C1s, Co3, and
C34, which are constructed from the previous case of third-order linking.

REMARK. A formula for Massey’s linking number of order > 5 can be obtained
inductively when its linking numbers of order < n—1 all vanish, following the pattern
in the third- and fourth-order linkings. For example, the fifth order linking number
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is given by

[ U Clasas + C1a U Cias + Ciag U Cuag + Croga U ps)([11])
= 8#(9#(9#(T1 ’ Qf_’(/flk)) ’ 05345) + 3#(9#(9#(T1 - Chy) - 0545))
+04(04(04(T1 - Cla3) - Ci5)) + 0 (04 (04(Th - Clazy) - $(13)))
= #<|T1| N F N |02345|) + #(|T1| N1Cr2l N |0345|)

+#<|T1| N[Cias| N |C45|) + #(|T1\ N [Caza| N |F5\)»

Where 012, Cho, 045, Cys, 0123, 0123, 0345 and 0345 are snmlarly obtalned as before,
and 01234 and 02345 satlsfy ,Ul U 0234 + 012 U 034 + 0123 U ,u4 = 501234 and ,LLQ U
0340 + 023 U 040 + 0234 Ups = 502340

5. A combinatorial algorithm for computing Massey numbers. In this
section we give an algorithm for computing the third-order linking number by first
constructing 9C1 and OC53, which will be oriented links in R? and from which C;» and
Cs3 can be constructed as the Seifert surfaces spanning 9C15 and 0Cs3, respectively.
We will see that this procedure can be generalized to the 4th and higher order linkings.
The construction will be facilitated by the use of Seifert disks for F} and F5, which
we discuss in the following.

Let S3 be given the usual right-hand orientation, and let K;, K5 be oriented
knots with oriented Seifert surfaces F; and Fy respectively. Then F; and F5 are each
a union of Seifert disks and half-twist bands. We may assume that they are in general
position.

Consider F; - F5. By an isotopy we may assume that the Seifert disks of F3j
intersect only with Seifert disks of F» and vice versa. This can be done by pushing
Seifert, disks of F} away from the twist bands of F5, and pushing Seifert disks of F;
away from the twist bands of F}. By using an innermost disk argument, we may
also assume that no curve of intersection of any two Seifert disks is a circle. In this
case, we say that Fy and Fy are in normal position. When F; and F5 are in normal
position, a component of F} - Fy is either a curve joining K7 and K or a curve joining
two points in K7 or two points in Ks. See the figure given below.

) J

) )

The intersection theory at chain-cochain level developed earlier can be applied to
show that, a curve of intersection of a Seifert disk of I and a Seifert disk of F5 has
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the following orientation determined by that of F; and Fy: For i = 1,2, let d; be a
Seifert disk of F; and let a be a curve of dy - da (in this order). The orientation on «
is the one satisfying the diagramatic convention depicted in the following figures.

(1)

d2
If -
K4
(local) Ik(K1,K2) = +1 d1ed2

That is, if the local linking of K7 and K3 is +1, then the curve d; - dy (in this
order) goes "out” from the point of intersection of K; and dy labeled with +1 to the
boundary of dy. Note that the disk d; in the diagram can be on either side of K.

(2)

d1e d2
Thus if the local linking of K and K5 is —1, then the curve d; - da (in this order)

goes ”into” the point of intersection of K7 and ds labeled with —1 from a boundary
point of ds.

(3)

In this case d; - ds goes from the point of intersection labeled with +1 to the point
of intersection labeled with —1. Note that when considering F} - F» we need only
consider Seifert disks of F5, and see how K intersects these disks.
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Now Massey’s Third-order linking number is < [uf],[p3], [x3] > ([Th]) =

(11 U Ca3 + Cr2 U ps|([Th]) = 04 (0(T1 - F1) - Caz) + Op(04(T1 - Cr2) - F3), where
012 € CQ(SB, Kl UKQ) with |8012‘ Q ‘(Fl F2)| @] |K1 UK2|, and 023 € CQ(SS, K2 UKg)

The following procedure gives the construction of dC12, each component of which
is a simple closed curve in R?, from which Ci5 can be constructed as the Seifert surface
spanning JC45. The same procedure can be used to construct Cs3 and therefore Cos.
Assume F} and F are in normal position. Practically we will only need the points of
intersection of K with Seifert disks of F5 with their 1 labeling.

Note that [k(K7, K2) = 0 implies that the number of geometric intersections of
K with Seifert disks of F5 is even, and the algebraic intersection number is 0.

(1) As a starting point, choose p to be any point of intersection of K; with a
Seifert disk of Fy that is labeled —1, there are two possibilities, see Figure 1(a) and
1(b).

Figure 1

(2) Follow the orientation of K; until meeting the next Seifert disk of Fh. If
the intersection point is labeled with —1, skip and continue traveling along K7 until
meeting the next Seifert disk of F5.

Continue this process (repeatedly going back to (2) if the intersecting point en-
countered is labeled with —1) until an interesection point labeled with +1 is encoun-
tered. Such an intersection point exists since the algebraic intersection number of K3
and Seifert disks of F5 is 0. Then there is an oriented arc of F} - F5 contained in this
Seifert disk of Ko.

(3) Follow the orientation of the oriented arc to reach either
(3.1) another point of intersection of K; with the same Seifert disk of Fy labeled
with —1, see Figure 2; or
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Figure 2

(3.2) a point in K>, see Figure 3.

(

Ko

+1
—_— > K_|

)

Figure 3

In case of (3.1), go back to (1) and continue the procedure, and proceeds with
the condition that when a +1 intersection point is encountered, it needs be checked
whether the point has been encountered previously, skip and continue if encountered
previously.

In case of (3.2), follow the orientation of K5, until it either

(3.2.1) reaches another intersection arc of Fy - F lying in this Seifert disk of Fs,
see Figure 4; or
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L
R

—

Kq

K1

)

Figure 4

(3.2.2) reaches a boundary component of a twist band attached to this Seifert
disk of F5, see Figure 5.

Ko

)

Figure 5

In the case of (3.2.1), check the orientation of the arc of intersection of Fy - Fy
encountered to see if it is possible to follow the orientation. If not ( this means that
the point of intersection for this arc is also labeled with +1), then skip and continue
on K5 and go back to (3.2), see Figure 6.
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Figure 6

Otherwise follow the orientation of the intersection arc to reach to the point of
intersection of K with this Seifert disk of F5, see Figure 7.

Figure 7

The point of intersection must be labeled —1 , so
(3.2.1.1) check if it is the point p started initially.

If no, go back to (1), and if yes, a simple loop is obtained; then check to see if
there are other points of intersection of K and Seifert disks of F5 left undone, and if
yes, choose any one of such points and go back to (1) or (3) depending on the label of
the point is —1 or 41 respectively; otherwise all the points of intersection of K; and
Seifert disks of Fy have been accounted for, so dC15 is obtained and algorithm stops.

In the case of (3.2.2), follow the boundary component encountered to reach to a
Seifert disk of F5, which may be the one started with initially. Traveling along K5 in
the boundary of this Seifert disk of F5. Then it either



282 C.-C. HSIEH, L. KAUFFMAN, AND C. M. TSAU

(3.2.2.1) meets the boundary component of another twist band attached to this
Seifert disk of Fy, and if so go back to (3.2.2), see Figure 8; or

Figure 8

(3.2.2.2) meets an arc of intersection whose orientation cannot be followed, this
is equivalent to the case that the point of intersection for this arc is labeled with +1
also, and if so then skip and continue to follow the orientation of Ks, i.e. go back to
(3.2), see Figure 9; or

Figure 9
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(3.2.2.3) meets an arc of intersection whose orientation can be followed, and this
is equivalent to the case that the point of intersection for this arc is labeled with -1.

Then go to (3.2.2.1) to check if the point is the point p started initially, and proceeds
accordingly. See Figure 10

Figure 10

REMARK. One can choose the starting point p to be a point of intersection of K;
with a Seifert disk of F5 labeled with +1 instead of —1, but then the procedure changes
accordingly. In general, to obtain dC15 say, first find all the curves of intersection of
Fy - F5 (in this order) and start with any one such curve and following its orientation
and the orientations of L and other curves of intersection, until all the curves of
intersection have been encountered.

ExamMpLE 1. Let L = K; U Ko U K3 be the Borromean rings with spanning
surfaces FY, Fy, F5 as depicted in the figure given below.

Clearly the third-order linking number is
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#(1Ta OFIN [Cas]) + 4 (1Ta] 0Cazl N |F]) = (K, 0Ca3) + # (IT1] 1 [Cral 1 B )
=140
=1.

ExAMPLE 2. Consider the link I = K7 U Ko U K3 as depicted in the figure given
below

K3
+1

N

Here again the Seiert surface F; for K; is a disk, and one computes
#(|T1| N|F| N |Czs|) + #(|T1\ N|Ci2| N |F3|) = lk(K1,0C23) = —1, see Figure
11;

)

€28 /bdces

+1

Figure 11
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and (k(K,0C%3) + #(\T1| N|Ciz| N \Fg\) = —2, see Figure 12.

+1.>

1
-1
N
+1
-1

Figure 12

So the third-order linking number is —3, which indicates that the components of
L are "more linked” than the Borromean rings.

6. Appendix. The intersection product has the following combinatorial and
geometric topology interpretation, which is illustrated for the case n = 3, o is the
2-simplex with vertices 1, 2, 3, and 7 the l-simplex joining 1 and 2, see the figure
given below.

Then p, € C*(K), and D(7) € C2(K*), and by the topological definition of cap
product we have

o - D(1) = sdy (o) N 6% (u,)
= [sdy (o)A, 0% (ur)](sd(0)p1),
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where A1 is the front first ace and p; is the back first face. Let sdy (o) = Z?:l 0i, SO

6

o-D(1) =Y (6% (n-)(0:M)) (0p1)

i=1

6
= (04 (0iM))
i=1
= 01pP1,
since

pr(r)y=1 for i=1

nr (4 (0id)) = { 0 otherwise, (2)

Notice the sense of direction of the 1-simplex o;p1 of o - D(7).
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