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WITTEN’S PERTURBATION ON STRATA*

JESUS A. ALVAREZ LOPEZ! AND MANUEL CALAZA?

Abstract. The main result is a version of Morse inequalities for the minimum and maximum
ideal boundary conditions of the de Rham complex on strata of compact Thom-Mather stratifications,
equipped with adapted metrics. An adaptation of the analytic method of Witten is used in the proof,
as well as certain operator related with the Dunkl harmonic oscillator.
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1. Introduction. Let d be the de Rham derivative acting on the space Qo(M)
of compactly supported differential forms on a Riemannian manifold M. Its closed
extensions to complexes in the Hilbert space of square integrable differential forms
are called ideal boundary conditions (i.b.c.). There is a minimum i.b.c., dmin = d,
and a maximum i.b.c., dpax = 0%, where § is the de Rham coderivative acting on
Qo(M). Each i.b.c. defines a Laplacian in a standard way; in particular, the Lapla-
cian defined by dyin/max is denoted by Ain/max- It is well known that dimin = dimax
if M is complete, but suppose that M may not be complete. The i.b.c. din/max de-
fines the min/max-cohomology Hin/max(M ), min/max-Betti numbers 3] .. Jmax and
min/max-Euler characteristic Xmin/max (if the min/max-Betti numbers are finite);
these are quasi-isometric invariants of M. In particular, Hy,.x (M) is the L? cohomol-
ogy of M [11]. If M is orientable, then A, ax corresponds to A, by the Hodge star
operator. These concepts can indeed be defined for arbitrary elliptic complexes [8].

From now on, assume that M is a stratum of a compact Thom-Mather stratifica-
tion A [42, 31, 32, 43]. Roughly speaking, on a neighborhood O of each x € M, there
is a chart of A with values in a product R™ x ¢(L), where:

e [ is a compact Thom-Mather stratification of lower complexity, and ¢(L) =

L x [0,00)/L x {0} (the cone with link L);

e x corresponds to (0, x), where * is the vertex of ¢(L); and

e M N O corresponds to R™ x M’ for some stratum M’ of ¢(L).
We have, either M’ = N x R, for some stratum N of L, or M’ = {x}; thus . € M
just when M’ = {x}. The radial function p : ¢(L) — [0,00) is induced by the second
factor projection L x [0, 00) — [0, 00). This radial function is required to be preserved
by the changes of the above type of charts. If py denotes the standard norm of R™,
it is also said that \/p3 + p? is the radial function of R™ x ¢(L).

Equip M with a Riemannian metric g, which is adapted in the following sense
defined by induction on the depth of M [11, 12]: there is a chart as above around
each x € M ~ M so that g|yo is quasi-isometric to a model metric of the form
go + p?3+ (dp)? on R™ x N x R, , where gq is the Euclidean metric on R™ and § an
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adapted metric on N; this is well defined since depth N < depth M. Note that g may
not be complete. The first main result of the paper is the following.

THEOREM 1.1. The following properties hold on any stratum of a compact Thom-
Mather stratification with an adapted metric:
(1) Amin/max has a discrete spectrum, 0 < Ayin/max,0 < Amin/max,1 < -, where
each eigenvalue is repeated according to its multiplicity.
(i) Hminfy Amin /max, k k=% > 0 for some 6 > 0.

Theorem 1.1-(i) is essentially due to J. Cheeger [11, 12]. Theorem 1.1-(ii) is a
weak version on strata of the Weyl’s asymptotic formula (see e.g. [38, Theorem 8.16]);
to the authors’ knowledge, it is a completely new contribution. Other developments
of elliptic theory on strata were made in [9, 24, 23, 40, 15, 2, 1]. In particular, another
proof of Theorem 1.1-(i) was given in [2, 1], as a first step in the study of the signature
operator on strata.

In this paper, the term “relative(ly)” (or simply “rel-”) usually means that some
condition is required in the intersection of M with small neighborhoods of the points
in M. Sometimes, this idea can be simplified because the stratification is compact,
but non-compact stratifications will be also considered in the proofs.

A smooth function f on M is called rel-admissible when the functions |df| and
| Hess f| are bounded. In this case, f may not have any continuous extension to M,
but it has a continuous extension to the (componentwise) metric completion M of
M, which is another Thom-Mather stratification. Then it makes sense to say that
x € M is a rel-critical point of f when there is a sequence (yx) in M such that
limg yp = x in M and limy, |df (yr)| = 0. The set of rel-critical points of f is denoted
by Critye(f). It will be said that f is a rel-Morse function on M if it is rel-admissible,
and there exists a local model of M centered at every « € Critye(f) of the form
R™+ x R™= X ¢(Ly) x ¢(L-) so that:

e M corresponds to the stratum R™+ x R™- x M, x M_, where My is a
stratum of ¢(Ly ); and
e f corresponds to a constant plus the model function %(pi —p%) on R™+ x
R™= x My x M_, where py is the radial function on R™* x ¢(Ly).
This local model makes sense because the product of two Thom-Mather stratifications
admits a Thom-Mather structure; in particular, the product of two cones becomes a
cone. There is no canonical choice of a product Thom-Mather structure, but all
of them have the same adapted metrics. The above local condition is used instead
of requiring that Hess f is “rel-non-degenerate” at the rel-critical points because a
“rel-Morse lemma” is missing.

Suppose that f is a rel-Morse function on M. For each r € Z and z € Crite(f),
the above local data is used to define a natural number vy . /. (Definition 4.8);
we omit the precise definition here because it is rather involved. Let v .. Jmax
>z Vi min Jmax With 2 running in Crityer(f). Our second main result is the following.

THEOREM 1.2. For any rel-Morse function on a stratum of a compact Thom-
Mather stratification, equipped with an adapted metric, we have the inequalities

0

0
min/max <

min/max ?
1 1
min/max Bmin/max < Vmin/max — Ymin/max >

2 1 0 2 1 0
min/max ﬁmin/max + Bmin/max < I/min/max - I/min/max + I/min/max )
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ete., and the equality

Xmin/max = Z(_l)r V&in/max :

T

We also show the existence of rel-Morse functions (Proposition 4.9). For instance,
for any smooth action of a compact Lie group on a closed manifold, any invariant
Morse-Bott function whose critical manifolds are orbits induces a rel-Morse function
on the regular stratum of the orbit space.

We adapt the well known analytic method of E. Witten [47] to prove Theorem 1.2;
specially, as it is described in [38, Chapters 9 and 14]. Since the difference between
A and its Witten’s perturbation is bounded, Witten’s method is also used to prove
Theorem 1.1, which becomes a step in the proof of Theorem 1.2. In our setting, Wit-
ten’s method reduces the proof to a rel-local analysis around the rel-critical points.
The rel-local analysis is made for a cone whose link is a compact stratification of
lower complexity, where we consider a model rel-Morse function and a model met-
ric. We use induction on the complexity in this way. For the cone, the Witten’s
complex turns out to be a direct sum of simple elliptic complexes. The Laplacians
of these simple complexes can be studied using the Dunkl harmonic oscillator [3],
obtaining the needed spectral information of their maximum/minimum i.b.c. Follow-
ing Witten’s method, this rel-local analysis gives the “cohomological contribution”
from the rel-critical points. Another step of the method shows the “null cohomolog-
ical contribution” away from the rel-critical points. In this part, some arguments of
[38, Chapter 14] cannot be used by the lack of a Sobolev embedding theorem in this
setting. Then a new argument is applied using Theorem 1.1-(ii). For the reader’s
convenience, an overall idea of the strategy of the proofs is given in Section 2.

The needed proofs about stratifications and Hilbert complexes are confined in
Appendices A and B, so that the readers are quickly guided to the main steps of the
proofs of Theorems 1.1 and 1.2.

Goresky-MacPherson proved a version of the Morse inequalities for complex ana-
lytic varieties with Whitney stratifications [17, Chapter 6, Section 6.12]. They involve
intersection homology with lower middle perversity, which is isomorphic to the L? co-
homology of the regular stratum with any adapted metric [13]. Our version of Morse
functions, critical points and numbers V;min /max A€ different; thus Theorem 1.2 can
be considered as a complement to their theory. U. Ludwig gave an analytic interpre-
tation of the Morse theory of Goresky-MacPherson for conformally conic manifolds
[26, 27, 28, 29]; in particular, her Morse functions are quite different from ours: con-
trary to our conditions, the differential is bounded away from zero close to the frontier
of the regular stratum, and the Hessian may be unbounded. In [30], she also studied
in a different way the Witten’s deformation for radial Morse functions on stratified
pseudo-manifolds, which overlaps our work. The radial Morse functions are a partic-
ular case of our rel-Morse functions, where only one of the factors ¢(L4) is considered
in the local charts around the rel-critical points. She also assumes that the stratified
pseudo-manifolds satisfy the so called Witt condition or have isolated singularities.
Then she establishes a spectral gap theorem that gives the Morse inequalities. In
the case of isolated singularities, she also continues with the adaptation of the rest
of Witten’s program on analytic Morse theory, comparing the complex of eigenforms
corresponding to small eigenvalues with a version of the Morse-Thom-Smale com-
plex. Thus her results go further than Theorem 1.2, but under additional restrictive
hypotheses.
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After finishing the paper, R. Mazzeo pointed out to us that the remarks of Sec-
tion 19 were already known by him.

It would be interesting to extend our results in the following ways: for “rel-Morse-
Bott functions”, whose rel-critical point set consists of Thom-Mather substratifica-
tions, and for more general adapted metrics [34, 35, 6], obtaining Morse inequalities
for intersection homology with arbitrary perversity. With this generality, it would be
also interesting to develop the rest of Witten’s program on analytic Morse theory.

Acknowledgment. We thank F. Alcalde for pointing out a mistake in a previous
version for orbit spaces [10], Y.A. Kordyukov and M. Saralegui for helpful conversa-
tions on topics of this paper, R. Sjamaar for indirectly helping us (via M. Saralegui),
R. Israel and another anonymous MathOverflow user for answering questions con-
cerning parts of this work, and Carlos Franco Sanmartin for correcting some errors.
We also thank the referee for helpful remarks correcting and improving the paper.

2. An overall idea of the proofs of the main theorems. With the notation
of Section 1, consider the Witten’s complex ds = e~*/ de®/ (s > 0) defined by any
rel-Morse function f on M, and the corresponding Witten’s Laplacian A;. We get
the i.b.c. dg min/max = et Arnin/max e*f with Laplacian Ay min/max- Since dg min /max

is conjugated to diin/max, it also defines the min/max-Betti numbers 3 . —

2.1. The rel-local analysis around rel-critical points. (Sections 8 and 10—
12.) Via stratification charts, this rel-local analysis is made on R™+ xR™- x My x M _,
with the model functions %(pi — p?). Up to quasi-isometries, we can also consider
a model metric. By the version of the Kiinneth formula for Hilbert complexes [8],
this study can be reduced to the case of the functions :I:%pQ on N x R4, where
p is the radial function of ¢(L). By induction on the complexity, it is assumed that
Theorem 1.1 holds for (N, g). Then the discrete spectral decomposition for (N, ) and
the factor dp are used to split the Witten’s complex ds; on N x R4 into a direct sum
of simple elliptic complexes of two types, with length one and two. The Laplacians of
these simple elliptic complexes are given by a version of the Dunkl harmonic oscillator
on R, [3], whose spectrum is well known (Section 7). Using this knowledge, we get a
description of the maximum/minimum i.b.c. of these simple elliptic complexes, and of
the spectra of the corresponding Laplacians (Sections 8, 11 and 12). Combining this
information in the direct sum, we obtain a description of d in/max and the spectrum
of Ag min/max on N x Ry (Proposition 12.12 and Corollary 12.13); in particular, we
have a rel-local version of Theorem 1.1 for d, min/max-

2.2. Specific arguments of the proof of Theorem 1.1. (Sections 14 and 15.)
In the rel-local analysis of Section 2.1, we modify the model function around the vertex
so that it vanishes on some rel-neighborhood of the vertex. In this way, the new Wit-
ten’s complex corresponds to d via stratification charts. Since the difference between
the above two rel-local Witten’s Laplacians is bounded, it follows from the min-max
principle that the new Witten’s complex also satisfies a version of Theorem 1.1. Then
a simple globalization result (Proposition 14.2) gives the spectral discreteness for
dmin/max 00 M. A much more involved result (Proposition 14.3) also globalizes the
weak Weyl’s asymptotic formula for dp,i,/max on M.

2.3. Specific arguments of the proof of Theorem 1.2. (Sections 16-18.)
Using Theorem 1.1-(ii), it follows that ¢(A min/max) is of trace class for any rapidly
decreasing function ¢ on R. As usual, this operator can be given by a Schwartz kernel
K, and the trace of ¢(A; min/max) 1S given by the integral of the pointwise trace of K
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on the diagonal. But it is unknown if K is uniformly bounded because a version of
the Sobolev embedding theorem is missing—the usual way to prove it fails because the
version of Sobolev spaces defined by A 1in/max depend on the choice of the adapted
metric (Section 19). By this problem, some parts of the proof are different from the
usual arguments, depending more on Theorem 1.1-(ii).

Consider the waive operator exp(it D min/max); Where Dy min/max = Qs min/max +
% min Jmax- Another ingredient needed in the proof is that exp(it Dy min/max) Prop-
agates supports towards/from the rel-critical points with finite speed (Proposi-
tion 17.2). With the ideas explained in Section 1.1, the proof of this property can
be reduced to the case of the simple complexes, where it follows adapting standard
arguments (Proposition 8.7).

Suppose that moreover ¢(0) = 1. For each degree r, let u;min/max be the trace
of ¢(As min/max) on r-forms. Using u;min/max instead of each anin/max in the Morse
inequalities, we get the so called analytic inequalities (Proposition 18.1), whose proof
is formally the same as in the case of closed manifolds. Thus the Morse inequalities
follow by showing that pf ;. Jmax 8 /max 88 8 = 00 for all degree r. This limit
can be expressed as sum of two terms: the limit of the trace of ¢(As min/max) o0 7-
forms supported on some small rel-neighborhood of Crit,e(f) (the contribution from
Critre1(f)), and the limit of the trace of ¢(Ag min/max) on r-forms supported on the
complement of this rel-neighborhood (the contribution away from Critye1(f)).

We prove that the contribution away from Crity(f) is null in the follow-
ing way. Using the expression of A, = A + sHessf + s?|df|?, where Hessf
is an endomeorphism defined by the Hessian of f, we get some C' > 0 so that
Ay min/max = Amin/max T Cs? away from Crit,(f) for s large enough. Let h be
a cut-off function equal to 1 near Critye(f) and vanishing away from Critye(f).
Then T min/max = As,min/max + hCs? is a self-adjoint operator with a discrete spec-
trum satisfying T min/max = Amin/max + Cs? for s large enough. By the min-
max principle, this means that the eigenvalues A min/max,k Of T min/max satisfy
As,min/max,k = Amin/max,k T Cs?. On the other hand, like in the case of closed
manifolds, if moreover ¢ is an even Schwartz function whose Fourier transform is
supported near 0, then the finite propagation speed of the waive operator gives
A(Ag min/max) = @(Ts min/max) on r-forms supported in the complement of a slightly
smaller rel-neighborhood of Crit,ei(f). Furthermore we can assume that ¢ > 0, and
that ¢ is monotone on [0, 00). Combining all of the above properties, we get that the
contribution away from Critye(f) is

< hgnz d)()\s,min/max,k) < hgnz (b(Amin/max,k + 052) =0 )
k k

for each degree r. This argument differs from the usual one: in the case of closed
manifolds, the Sobolev embedding theorem is used to prove that, away from the
critical points, Ky — 0 uniformly, but that kind of theorem is not available here.

Like in the case of closed manifolds, it is shown that the contribution from
Critrel(f) is v],, Jmax’ using the finite propagation speed of the waive operator, we
can pass to the case of cones with model functions and model metrics, and then the
spectral analysis indicated in Section 2.1 gives the desired limit.

3. Preliminaries on Thom-Mather stratifications. This section mainly re-
calls the needed concepts, notation and results about Thom-Mather stratifications
and adapted metrics on their strata. Some new, concepts, remarks and results are
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also given, specially concerning products and metric completion of strata. The proofs
of the non-elementary new results are given in Appendix A (Lemmas 3.8 and 3.11,
and Proposition 3.20).

3.1. Thom-Mather stratifications. The concepts recalled here were intro-
duced by R. Thom [42] and J. Mather [31]. We mainly follow [43].

3.1.1. Thom-Mather stratifications and their morphisms. Let A be a
Hausdorff, locally compact and second countable topological space. Let X C A be a
locally closed subset. Two subsets Y, Z C A are said to be equal near X (or Y = Z
near X) if YNU = ZNU for some neighborhood U of X in A. It is also said that two
maps, f:Y — B and g: Z — B, are equal near X (or f = g near X) when there is
some neighborhood U of X in A such that Y NU = Z N U, and the restrictions of f
and g to Y NU are equal.

Consider triples (T, 7, p), where T is an open neighborhood of X in A, 7 : T'— X
is a continuous retraction, and p : T — [0,00) is a continuous function such that
p~1(0) = X. Two such triples, (T, p) and (T',7’, p), are said to be equal near X
when T'=T', 7 = " and p = p’ near X. This defines an equivalence relation whose
equivalence classes are called tubes of X in A. The notation [T, 7, p] is used for the
tube represented by (7,7, p). If X is open in A, then [X,idx,0] is its unique tube
(the trivial tube).

DEFINITION 3.1 (See [43, 1.2.1]). A Thom-Mather stratification® is a triple
(A, S, 1), where:
(i) A is a Hausdorff, locally compact and second countable space,
(ii) S isa partition of A into locally closed subspaces with the additional structure
of smooth (C*°) manifolds, called strata, and
(iii) 7 is the assignment of a tube 7x of each X € Sin A,
such that the following conditions are satisfied with some choice of (T'x,7x,px) € Tx
for each X € S:
(iv) For all X,Y € S, if X NY # (), then X C Y. The notation X <Y is used
in this case, and this defines a partial order relation on S. As usual, X <Y
means that X <Y but X #Y.
(v) Y #X in S and TxNY # (), then X <Y and (7x,px) : TxNY = X xR,
is a smooth submersion; in particular, dim X < dimY.
(Vi) If X <Y in S, then Fy(TX n Ty) CTx,and mx 7y = 7wx and px Ty = px
on Tx NTy.
It may be also said that (S, 7) is a Thom-Mather stratification of A.

REMARK 1.

(i) A is paracompact and normal.

(ii) By the normality of A, we can also assume that, if X, Y € S and Tx NTy # 0,
then X <Y orY < X.

(iii) The frontier of a stratum X equals the union of the strata ¥ < X.

(iv) The connected components of each stratum may have different dimensions.

(v) The connected components of the strata, with the restrictions of the tubes,
define an induced Thom-Mather stratification Acon = (A, Scon, Teon)-

REMARK 2. The following are some variants of Definition 3.1 and related notions:

1The term Thom-Mather stratified space is also used. It is called abstract prestratification in [31]
and abstract stratification in [43].
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(i) A weak Thom-Mather stratification is defined by removing the condition
px Ty = px from Definition 3.1-(vi).

(ii) A stratification is a pair (A, S) satisfying Definition 3.1-(i),(ii),(iv); it is also
said that S is a stratification of A. Definition 3.1-(iv) is called the frontier
condition. If moreover 7 satisfies the other conditions of Definition 3.1, then
it is called Thom-Mather structure on (A4, S).

(iii) If A is a subspace of a smooth manifold M, then a stratification S of A is
usually required to consist of regular submanifolds of M; the term stratified
subspace of M is used in this case. In [16], a weaker version of this notion is
defined by requiring local finiteness of S instead of the frontier condition.

(iv) A Whitney stratification of a subspace (or Whitney stratified subspace) of a
smooth manifold M is a stratified subspace of M satisfying the condition (B)
of H. Whitney [45, 46]2.

EXAMPLE 3.2.

(i) Any smooth manifold is a Thom-Mather stratification with one stratum and
the trivial tube.

(ii) Any smooth manifold with boundary is a stratification with two strata, the
interior and the boundary. It can be equipped with a Thom-Mather structure
by using a collar of the boundary.

(iii) Any subanalytic subset of R™ has primary and secondary stratifications; the
secondary one satisfies condition (B) [25, 32, 19, 18, 20].

(iv) J. Mather [31] has proved that any Whitney stratified subspace of a smooth
manifold admits a Thom-Mather structure (see also [16, Proposition 2.6 and
Corollary 2.7]).

For a stratification A = (A, S), the depth of any X € S, denoted by depth X, is
the supremum of the naturals n such that there exist strata Xg < X; < --- < X, = X.
Notice that depth X < dim X. Moreover depth X = 0 if and only if X is closed in A.
The complexity and dimension of A are the supremum of the depths and dimensions
of its strata, denoted by com A and dim A, respectively. The dimension of A equals
its topological dimension, which may be infinite. The complexity of A is zero if and
only if all strata are open and closed.

Let A = (A, S, 7) be a Thom-Mather stratification. Let B C A be a locally closed
subset. Suppose that, for all X € &, X N B is a smooth submanifold of X, and
BN w;(l(X N B), equipped with the restrictions of mx and px, defines a tube 7xnp
of XNBin B. Thenlet S|p = {XNB| X € S}, and let 7|p be defined by the
assignment of Tx~p to each XN B € S|p. If (B, S|p, 7|p) satisfies the conditions of a
stratification, it is said that the stratification A (or (S, 7)) can be restricted to B, and
B = (B,S|p,7|B) (respectively, (S|p,7|p)) is called a restriction of A (respectively,
(8,7)); it may be also said that B is a Thom-Mather substratification of A. For
instance, A can be restricted to any open subset and to any locally closed union of
strata. A restriction of a restriction of A is a restriction of A.

For a stratum X of A, we can consider the restriction of A to X. In this way, to
study X, we can assume that X is dense in A and dim X = dim A if desirable.

A locally closed subset B C A is said to be saturated if the stratification A can
be restricted to B and, for every X € S, there is a representative (T'x, 7x, px) of Tx
such that 7' (X N B) = Tx N B.

2Certain condition (A) was also introduced by H. Whitney in [45, 46], but J. Mather [31] has
observed that it follows from condition (B).
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Let A = (A', 8, 7') be another Thom-Mather stratification. A continuous map
[+ A— Ais called a morphism if, for any X € S, there is some X’ € &’ such that
f(X) C X', the restriction f : X — X’ is smooth, and there are (Tx,7x,px) € Tx
and (T%,, 7'/, p'sx/) € 7%, such that f(Tx) C T%,, frx =’ f and px = px. f. No-
tice that the continuity of a morphism follows from the other conditions. Morphisms
between stratifications form a category with the operation of composition; in partic-
ular, we have the corresponding concepts of isomorphism and automorphism. The
set of morphisms A — A’ is denoted by Mor(A, A"), and the group of automorphisms
of A is denoted by Aut(A). The other variants of the concept “stratification” given
in Remark 2 also have obvious corresponding versions of morphisms, isomorphisms
and automorphisms; in particular, we get the concept of weak morphism between
weak Thom-Mather stratifications. A (weak) morphism is called submersive when it
restricts to smooth submersions between the strata.

EXAMPLE 3.3. Let G be a compact Lie group acting smoothly on a closed
manifold M. Consider the orbit type stratifications of M and G\M [7]. It is well
known that G\ M admits a Thom-Mather structure [43, Introduction], which can be
seen as follows. G\ M is locally isomorphic to a semi-algebraic subset of an Euclidean
space whose primary and secondary stratifications are equal [4]. By using an invariant
smooth partition of unity of M, like in the Whitney’s embedding theorem, it follows
that G\ M is isomorphic to a Whitney stratified subspace of some Euclidean space, and
therefore it admits a Thom-Mather structure. This can also be seen by observing that
the stratification of M satisfies condition (B), and the proof of [16, Proposition 2.6]
can be adapted to produce an invariant® Thom-Mather structure on M, which induces
a Thom-Mather structure on G\ M.

The following two lemmas are easy to prove.

LEMMA 3.4. Let A be a Hausdorff, locally compact and second countable space,
{Ui} an open covering of A, and (S;,7;) a Thom-Mather stratification of each Uj.

(1) If (Si, ) and (S;,7;) have the same restrictions to U;; = U; NU; for all i
and j, then there is a unique Thom-Mather stratification (S,7) on A whose
restriction to each U; is (S;, 7).

(ll) ]f((SilUij)Com (TilUij)COIl) = ((Sleij)C0n7 (leUij)COIl) for all i and j, then there
is a unique Thom-Mather stratification (S, T) on A with connected strata such
that ((S|Ui)con7 (T|Ui)con) = (Si,conu Ti,con)-

LEMMA 3.5. Let (A, S',7") be another Thom-Mather stratification.

(i) With the notation of Lemma 3.4-(), let fi : (Ui, Siyi) — (A,8,7') be a
morphism for each i. If filu,; = filu,; for all i and j, then the combination
of the maps f; is a morphism f: (A, S,7) = (A, S, 7).

(ii) With the notation of Lemma 3.4-(ii), let f; : (Ui, Si.con, Ti,con) — (A, S, 7") be
a morphism for each i. If filu,; = fjlu,; for alli and j, then the combination
of the maps f; is a morphism f: (A,S,7) = (A, S, 7).

REMARK 3. As a particular case of Lemma 3.4, given a countable family of
Thom-Mather stratifications, {4; = (4;,S;,7;)}, there is a unique Thom-Mather
stratification (S,7) on the topological sum | |; A; whose restriction to each A; is
(Si,7i); this (S, 7) will be called the sum of the Thom-Mather stratifications (S;, 7;).

3@ acts by automorphisms.
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3.1.2. Products. The product of two weak Thom-Mather stratifications, A and
A, is a weak Thom-Mather stratification A x A" = (A x A, §",7") with §" =
{X x X' | X e 87 X'e S/} and T%XX’ = [Tng’vﬂ%xX’vpi)/(xX’]v where TA;QXX’ =
Tx X T, Ty xr = mx X ., and p% v/ (z,2") = px (z) + p'x (2).

If A and A" are Thom-Mather stratifications and the complexity of at least one of
them is zero, then A x A’ is a Thom-Mather stratification, but this is not true when
the complexities of A and A’ are positive [43, Section 1.2.9, pp. 5-6]. This can be
seen in the following simple example.

ExXAMPLE 3.6. Let A = A" = [0,00), with the strata X = {0} <Y = (0, 00),
taking Tx = [0,00), Ty =Y, 7x(z) =0, my (y) =y, px(z) = z and py (y) = 0. Then
the second equality of Definition 3.1-(vi) fails for the strata X x X < X xY of Ax A”:

pg{xX W;/(XY(‘TVT/) = pg{xX(Ov‘r/) =2 #Fz+ a = pg{xX(‘rvx/)

for all (z,2') € (0,00)2, which is an open dense subset of T%, x NT% .y = Ty =
[0,00) x (0,00), contradicting the second equality of Definition 3.1-(vi).

Thus another choice of p'y, . is needed to get the second equality of Defini-
tion 3.1-(vi). For instance, p% .y, = max{px,p'y,} satisfies that condition, but it
is not smooth on the intersection of the strata with T% . .. To solve this problem,
pick up a function h : [0,00)? — [0,00) that is continuous, homogeneous of degree
one, smooth on R%, with h=*(0) = {(0,0)}, and such that, for some C' > 1, we have
h(r,s) = max{r, s} if Cmin{r, s} < max{r,s}. Then A x A’ becomes a Thom-Mather
stratification by setting p'% . v/ (z,2") = h(px(x), 'y, (2)); it will be called a product
of Aand A’

3.1.3. Cones. Recall that the cone with link a non-empty topological space L
is the quotient space ¢(L) = L x [0,00)/L x {0}. The class * = L x {0} is called the
vertex or summit of ¢(L). The element of ¢(L) represented by each (x, p) € L x [0, 00)
will be denoted by [z, p]. The function on ¢(L) induced by the second factor projection
L x [0,00) = [0,00) will be called its radial function, and will be usually denoted by
p. Notice that ¢(L) is locally compact if and only if L is compact. It is also declared
that () = {x}.

Now, suppose that L is a compact Thom-Mather stratification. Then ¢(L) has
a canonical Thom-Mather stratification so that {+} is a stratum, its restriction to
e(L) ~ {*} = L x Ry is the product Thom-Mather stratification, and the tube of {x}
is [¢(L), 7, p], where p is the radial function and 7 is the unique map ¢(L) — {x}. If
L # 0, then come(L) = comL + 1 and dime(L) = dim L + 1. For any € > 0, let
c(L) = p~1([0,€)).

Let L’ be another compact Thom-Mather stratification, and let %’ denote the
vertex of ¢(L'). If L # (), the cone of any morphism f : L — L’ is the morphism
c(f) : e(L) = e(L') induced by f xid : L x [0,00) — L' x [0,00). If L = (),
¢(f) is defined by * — +’. Reciprocally, it is easy to check that, for any morphism
h:e(L) — ¢(L’), there is some morphism f : L — L’ such that h = ¢(f) near x; in
particular, h(x) = «". Let c(Aut(L)) = {c(f) | f € Aut(L) } C Aut(e(L)).

ExAMPLE 3.7. For each integer m > 1, there is a canonical homeomorphism
can : ¢(S™~1) — R™ defined by can([x, p]) = px. Of course, this is not an isomorphism
of Thom-Mather stratifications, but it restricts to a diffeomorphism of the stratum
S™=t x Ry of ¢(S™71) to R™ \ {0}. Via can : ¢(S™~1) — R™, the radial function of
¢(S™1) corresponds to the function pg(z) = |z| on R™, which will be also called the
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radial function on R™ for the scope of this paper. If p; is the radial function on ¢(L)
for some compact Thom-Mather stratification L, then the function p = y/p2 + p? will
be called the radial function on R™ x ¢(L).

LEMMA 3.8. A product of two cones is isomorphic to a cone.

3.1.4. Conic bundles. Let X be a smooth manifold, L a compact Thom-
Mather stratification, and 7 : T — X a fiber bundle whose typical fiber is ¢(L)
and whose structural group can be reduced to c(Aut(L)). Thus there is a fam-
ily of local trivializations of m, {(U;, ¢;)}, such that the corresponding transition
functions define a cocycle with values in c¢(Aut(L)); i.e., for all ¢ and j, there is
a map hij : Uy = Ui NU; — c(Aut(L)) such that ¢;0; ' (z,y) = (x,hi;(2)(y))
for every @ € U;; and y € ¢(L). Thus we get another cocycle consisting of maps
gij = Uiy — Aut(L) so that h;;(xz) = c(gi;(z)) for all z € U;;. Consider the Thom-
Mather stratification on each open subset 7= 1(U;) C T that corresponds by ¢; to the
product Thom-Mather stratification on U; x ¢(L). For each connected open V' C Uj;
and every stratum Ny of L, there is an stratum Ny of L such that g;;(x)(No) = N1
for all x € V, and suppose also that, in this case, the map V x Ny — Ny,
(x,y) = ¢ij(x)(y), is smooth. Then each mapping (z,y) — (z, ¢i;(z)(y)) defines an
automorphism of U;; x L. This means that the induced Thom-Mather stratifications
on 7~ 1(U;) and 7~1(U;) have the same restriction to 7~!(U;;). By Lemma 3.4-(i),
we get a unique Thom-Mather stratification on 7" with the above restriction to each
7~ 1(U;). Moreover there is a canonical section of 7, called the vertez (or summit)
section, which is well defined by x — *, = gb;l(:c, ) if @ € U;, where x is the vertex of
¢(L); each *, can be called the vertez of 7=1(z). The set {, | x € X } is a stratum
of T, called the vertex (or summit) stratum, which is diffeomorphic to X.

If 7: T — X is equipped with a maximal family ® of trivializations satisfying
the above conditions, it will be called a conic bundle, and the corresponding Thom-
Mather stratification on T is called its conic bundle Thom-Mather stratification. It
will be also said that ® is the conic bundle structure of .

Let p : ¢(L) — [0,00) be the radial function. Its lift to each U; x ¢(L) is also
denoted by p. The functions ¢%p on the sets 7~!(U;) can be combined to define a
function p : T'— [0, 00). The tubular neighborhood of X in T'is [T, 7, p], and (T, 7, p)
is called its canonical representative.

Let 7’ : T — X’ be another conic bundle, whose structure is given by a family
@’ of trivializations as above. Let F' : T — T’ be a fiber bundle morphism over a map
f+ X — X'. Then we can choose {(U;, ¢;)} as above and a family {(U/, ¢;)} C @’
such that f(U;) € U/ for all i, and therefore F(x~(U;)) € #' " (U!). Let hi; =
clgi;) + Ul; == U NU; — c(Aut(L')) be the maps defined by the transition maps
s (;5;71 as above. Suppose that there are maps k; : U; — Mor(L, L") such that
kj(7) gij(z) = gi;(f(v))ki(z) for all z € U;;. For each connected open V' C U;
and every stratum N of L, there is an stratum N’ of L’ such that x;(z)(N) C N’
for all z € V, and assume also that, in this case, the map V x N — N’ (x,y) —
ki(z)(y), is smooth. Then F is called a morphism of conic bundles. In this case, each
mapping (z,y) — (f(z), ki(z)(y)) defines a morphism U; x ¢(L) — U/ x ¢(L’). So each
restriction F' : 7 1(U;) — '~ (U!) is a morphism of Thom-Mather stratifications, and
therefore F' : T — T is a morphism of Thom-Mather stratifications by Lemma 3.5-
(i). According to Section 3.1.3, any morphism of Thom-Mather stratifications between
conic bundles, preserving the vertex stratum, equals a conic bundle morphism near
the vertex stratum.
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The case of conic bundles is specially important because, as pointed out in [5,
Chapitre A, Remarque 3|, the proof of [43, Theorem 2.6, pp. 16-17] can be easily
adapted to get the following.

PROPOSITION 3.9. Let A = (A,S,7) be a Thom-Mather stratification with con-
nected strata. Then, for any X € S, there is some (T, 7,p) € T7x such that7w:T — X
admits a structure ® of conic bundle so that the corresponding conic bundle Thom-
Mather stratification is (S|, 7|r).

REMARK 4.

(i) The notation Tx, mx, px, Lx and ®x will be used when a reference to the
stratum X is desired.

(ii) We can choose p so that (T, p) is the canonical representative of the tube
around X in 7T with its conic bundle Thom-Mather stratification.

DEFINITION 3.10 (See [6, 1.2]). A chart or distinguished neighborhood of A is a
pair (O, &), where O is open in A and, for some X € § and ¢ > 0, with the notation
and conditions of Proposition 3.9, ¢ is an isomorphism O — B X c¢.(L) defined by
some (U, ¢) € ® and some chart (U, () of X with ((U) = B, where B is an open
subset of R™ for m = dim X. It is said that (O, &) is centered at x € X if B is an
open ball centered at 0 and £(z) = (0, %), where « is the vertex of ¢(L). A collection
of charts that cover A is called an atlas of A.

REMARK 5. Definition 3.10 also includes the case where some factor of the
product R™ x ¢(L) is missing by taking m = 0 or L = 0.

REMARK 6. By using charts and induction on the complexity, we get the follow-
ing:
(i) In any Thom-Mather stratification, there is at most one dense stratum, which
is open.
(ii) Any stratum with compact closure has a finite number of connected compo-
nents.

3.1.5. Uniqueness of Thom-Mather stratifications.

LEMMA 3.11. Let A be a Hausdorff, locally compact and second countable space,
let (A',S’,7") be a Thom-Mather stratification with connected strata, and let f : A —
A’ be a continuous map. Then there is at most one Thom-Mather stratification (S, T)
on A with connected strata so that f : (A,S,7) = (A,8',7") is a morphism that
restricts to local diffeomorphisms between corresponding strata.

3.1.6. Relatively local properties on strata. The following kind of termi-
nology will be used for a stratum X of a Thom-Mather stratification A. Let P be a
property that may hold on open subsets U C X; for the sake of simplicity, let us say
that “U is P” when P holds on U. It is said that X is relatively locally (or rel-locally)
P at some x € X if there is a base U of open neighborhoods of z in A such that
UNXis P forall U € U. If X is rel-locally P at all points of X, then X is said
to be relatively locally (or rel-locally) P. Similarly, P is said to be a relatively local
(or rel-local) property when X is P if and only if it is rel-locally P. For instance,
on X, we will consider functions that are rel-locally bounded or rel-locally bounded
away from zero, rel-locally finite open coverings, and rel-local connectedness at points
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of X. Any locally finite covering of X by open subsets of A restricts to a rel-locally
finite open covering of X; thus there exist rel-locally finite open coverings of X by the
paracompactness of A (Remark 1-(i)). Observe that X is compact if and only if any
rel-locally finite open covering of X is finite.

3.2. Adapted metrics on strata. The definition of adapted metrics was given
for the regular stratum of any Thom-Mather stratification that is a pseudomanifold
[11, 12, 34, 35]. But its definition has an obvious version for any stratum of a Thom-
Mather stratification. In this paper, we will consider only the simplest type of adapted
metrics, whose definition is recalled.

3.2.1. Adapted metrics on strata and local quasi-isometries between
Thom-Mather stratifications. Let A be a Thom-Mather stratification. The
adapted metrics on its strata are combinations of the adapted metrics on their con-
nected components, using Acon, (Remark 1-(v)). Thus we can assume that the strata
of A are connected to define adapted metrics. This definition is given by induction
on the depth.

DEFINITION 3.12 (See [6, 2.1]). Let M be a stratum of A. If depth M = 0, then
any Riemannian metric on M is called adapted. If depth M > 0 and adapted metrics
are defined for strata of lower depth, then an adapted metric on M is a Riemannian
metric g such that, for any point 2 € M ~ M, there is some chart (O, £) of A centered
at x, with £(O) = B x ¢.(L) and §(ONM) = B x N x (0, ¢€) for some stratum N of L,
so that g is quasi-isometric to £*(go + p*g+ (dp)?) on ON M, where gq is the standard
Riemannian metric on R™ (m is the dimension of the stratum that contains x), p is
the standard coordinate of R, and g is some adapted metric on N.

REMARK 7. By taking charts and using induction on the depth, we get the

following:

(i) Any pair of adapted metrics on M, g and ¢, are rel-locally quasi-isometric;
in particular, if M is compact, then g and ¢’ are quasi-isometric.

(ii) Any point in M has a countable base {O,, | m € N} of open neighbor-
hoods such that, with respect to any adapted metric, vol(M N O,,) — 0 and
max{ diam P | P € my(M N O,,) } — 0 as m — oo. Thus, if M is compact,
then vol M < oo and diam P < oo for all P € mo(M).

(iii) Any morphism of Thom-Mather stratifications restricts to rel-locally uni-
formly continuous maps between corresponding strata with respect to arbi-
trary adapted metrics.

(iv) If g and ¢’ are adapted metrics on strata M and M’ of Thom-Mather strat-
ifications A and A’, respectively, then g + ¢’ is an adapted metric on the
stratum M x M’ of any product Thom-Mather stratification on A x A’.

In [6, Appendix], it was proved that there exist adapted metrics on the regular
stratum of any Thom-Mather stratification that is a pseudomanifold. It can be eas-
ily checked that the same argument proves the existence of adapted metrics on any
stratum M of every Thom-Mather stratification A.

EXAMPLE 3.13. The proof given in [6, Appendix] also shows the following;:

(i) With the notation of Definition 3.12, the metric g = go + pg + (dp)? is
adapted on the stratum M = R™ x N x Ry of R™ x ¢(L); it will be called a
model adapted metric.
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(i) Let {(O4,&4)} be a locally finite atlas of M, let {\,} be a smooth partition
of unity of M subordinated to the open covering {M NO,}, and let g, be an
adapted metric on each M NO,. Then the metric Za Aagq 1s adapted on M.

EXAMPLE 3.14. For an integer m > 1, let go be the restriction to S™~1 of the
standard metric go of R™. Then, via can : ¢(S™~ 1) — R™ (Example 3.7), the model
adapted metric g1 = p2go + (dp)? on the stratum S™~! x R, of ¢(S™~!) corresponds
to go on R™ ~ {0}.

ExaMpLE 3.15. With the notation of Example 3.3, for any invariant Riemannian
metric g on M, consider the Riemannian metric g on the strata of G\M so that
the canonical projection of the strata of M to the strata of G\M are Riemannian
submersions. The proof of [16, Proposition 2.6] can be easily adapted to produce an
invariant Thom-Mather structure on M so that the restriction of g to any stratum is
adapted. Hence g is adapted for the induced Thom-Mather structure of G\ M.

A weak isomorphism between Thom-Mather stratifications is called a local quasi-
isometry if it restricts to rel-local quasi-isometries between their strata with respect to
adapted metrics; this is independent of the choice of adapted metrics by Remark 7-(i).
In particular, a local quasi-isometry between compact Thom-Mather stratifications re-
stricts to quasi-isometries between their strata; thus a local quasi-isometry between
compact Thom-Mather stratifications will be called a quasi-isometry. The condition
of being locally quasi-isometric defines an equivalence relation on the family of Thom-
Mather stratifications on any Hausdorff, locally compact and second countable space;
each equivalence class will be called a local quasi-isometry type of Thom-Mather strat-
ifications. By Remark 7-(iv), the product of Thom-Mather stratifications is unique
up to local quasi-isometries.

DEFINITION 3.16. Let d be the distance function defined by an adapted metric
on a connected stratum M of a Thom-Mather stratification A. For each x € M and
p > 0, the relative ball (or rel-ball) of radius p and center x is the set consisting of
the points y € M such that there is a sequence (z;,) in M with limy 2, = x in M and
limsupy, d(y, zx) < p. The term p-rel-neighborhood of = will be also used.

ExaMPLE 3.17.

(i) The rel-balls centered at points of M are the usual balls.

(ii) In the case of a model adapted metric on a stratum of ¢(L) of the form
M = N x Ry, the p-rel-neighborhood of the vertex x is N x (0, p).

3.2.2. Relatively local completion. Let M be a stratum of a Thom-Mather
stratification A, and fix an adapted metric g on M.

DEFINITION 3.18. Assume first that M is connected, and consider the distance
function d on M induced by g. The relatively local completion (or rel-local completion)
is the subspace M of the metric completion of M whose points can be represented by
Cauchy sequences in M that converge in A; the limits in M of those sequences define
a canonical continuous map lim : M — M. The canonical dense injection of M into
its metric completion restricts to a canonical dense injection ¢ : M — M satisfying
lim ¢ = idps. The notation lim,, ap\d tpr may be also used.

If M is not connected, then M is defined as the disjoint union of the rel-local
completions of its connected components.
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REMARK 8.

(i) By Remark 7-(i), M is independent of the choice of the adapted metric.

(ii) For any open O C A, considered as a substratification, M N O can be canon-
ically identified with the open subspace lim™*(M N O) M.

EXAMPLE 3.19. Let L be a compact Thom-Mather stratification and M a stra-
tum of ¢(L). With the notation of Section 3.1.3, if M = {x}, then M = M, obviously.
Now, suppose that M = N x R, for some stratum N of L. Consider the model
adapted metric g = p?g + (dp)? for some adapted metric § on N, and the correspond-
ing rel-local completion M. By Remark 6-(ii), mo (V) is finite. For each P € mo(N),
let P denote the rel-local completion of P with respect to Loy, which is independent

of the choice of g. Then it is easy to check that

UP LP><id
Ty

M=|],P xR, Lp P xRy < |pe(P)

extends to a homeomorphism M — Upero o(P).

REMARK 9. The following properties follow easily by using charts, induction on
the depth of the strata, Example 3.19 and Remark 7-(ii):

(i) lim : M — M is surjective with finite fibers.
(ii) M is rel-locally connected with respect to M.
(iii) If M is compact, then M is compact, and therefore its connected components

are the metric completions of the connected components of M, as indicated
in Section 1.

PROPOSITION 3.20.

(i) M has a unique Thom-Mather stratification with connected strata such that
lim: M — M is a morphism that restricts to local diffeomorphisms between
corresponding strata. In_particular, the connected components of M can be
considered as strata of M wia tpr.

(ii) The restriction of g to the connected components of M are adapted metrics
with respect to M.

(iii) Let M’ be a connected stratum of another Thom-Mather stratification A’
equipped with an adapted metric. Then, for any morphism f : A — A" with
F(M) C M, the restriction f : M — M’ extends to a morphism f : M — M.
Moreoverf is an isomorphism if f is an isomorphism.

4. Relatively Morse functions. The concept of rel-Morse function on strata is
introduced and studied in this section; specially, their numerical contribution v . Jmax
for each degree r is described using the rel-critical points. As a first step, we also
introduce rel-admissible functions. A construction of rel-admissible functions from
rel-local data is given (Lemma 4.4 and Proposition 4.5), and the existence of rel-
Morse functions is shown (Proposition 4.9); their proofs are given in Appendix A.

Let M be a stratum of a Thom-Mather stratification A, and fix an adapted
metric g on M. Identify M with its image by the canonical dense open embedding
t: M — M. Let f € C®(M). Recall that the Hessian of f, with respect to g, is the
smooth symmetric section of TM* @ T'M* defined by Hess f = Vdf.
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DEFINITION 4.1.

(i) Tt is said that f is relatively admissible (or rel-admissible) with respect to g
if f, |df| and |Hess f| are rel-locally bounded.

(ii) A point z € M is called relatively critical (or rel-critical) if liminf |df (y)| = 0
as y — x in M with y € M. The set of rel-critical points of f is denoted by
Critrel(f).

REMARK 10.

(i) The rel-local boundedness of |df| is invariant by rel-local quasi-isometries by
Remark 7-(i), and therefore it is independent of g. Similarly, the definition
of rel-critical point is also independent of g by Remarks 7-(i) and 8-(i). But
the rel-local boundedness of | Hess f| depends on the choice of g. However it
follows from Lemma 4.4 and Proposition 4.5 below that the existence of g so
that f is rel-admissible with respect to g is a rel-local property.

(ii) If depth M = 0, then any smooth function is admissible, and its rel-critical
points are its critical points.

(iii) A rel-admissible function on M may not have any continuous extension to
M, but it has a continuous extension to M by the rel-local boundedness of
|df|. Thus it becomes natural to define its rel-critical points in M.

(iv) In Definition 4.1-(ii), if f is rel-admissible, the condition lim inf |df (y)| = 0 is
equivalent to lim |df (y)| = 0 by the rel-local boundedness of |Vdf|.

EXAMPLE 4.2. With the notation of Example 3.13-(i), for any h € C*°(Ry) with
e C§°(R4), the function h(p) is rel-admissible on the stratum R™ x N x R; of
R™ x ¢(L) with respect to any model adapted metric.

EXAMPLE 4.3. With the notation of Examples 3.3 and 3.15, for any G-invariant
smooth function f on M, let f denote the induced function on G\ M, whose restriction
to each stratum is smooth, and df is the pull-back of df on corresponding strata of M
and G\M. Fix any invariant metric on M and consider the induced adapted metric
on the strata of G\ M. The restriction of Hess f to horizontal tangent vectors on the
strata of M corresponds via the canonical projection to Hess f on the strata of G\ M
by [36, Lemma 1]. It easily follows that f is rel-admissible on the strata of G\ M.

LEMMA 4.4. For any locally finite covering { O, | a € A} of M by open subsets
of A, there is a smooth partition of unity {\,} on M subordinated to {M N O,} such
that, for any adapted metric on M, each function |d\,| is rel-locally bounded.

PROPOSITION 4.5. Let { Oy | a € A} be a locally finite covering of M by open
subsets of A, let {\,} be a partition of unity on M subordinated to the open covering
{MNO,} satisfying the conditions of Lemma 4.4, and let f € C°°(M) such that each
flarno, is rel-admissible with respect to some adapted metric g, on M N O,. Then f
is rel-admissible with respect to the adapted metric g =", Aaga on M.

We would like to define relatively Morse functions on M as rel-admissible functions
whose rel-critical points are “rel-non-degenerate” in an obvious sense. However an
appropriate version of the Morse lemma [33, Lemma 2.2] is missing, and thus the
“rel-local models” around the rel-critical points are used to define them.

DEFINITION 4.6. It is said that f € C*°(M) is a relatively Morse function (or
rel-Morse function) if it is rel-admissible with respect to some adapted metric and,
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for every x € Crityei(f), there exists a chart (O, €) of M centered at z, with £(0) =
B x ¢.(L), such that, for some m4 € N and compact Thom-Mather stratifications L,
there exists a pointed diffeomorphism 6 : (R™,0) — (R™+ x R™~,(0,0)), and a local
quasi-isometry 0y : ¢(L) — ¢(L4) x ¢(L_) so that f|yno corresponds to a constant
plus $(p2 — p2) via (6p x 61)&, where py is the radial function on R™* x ¢(Ly)
(Example 3.7).

EXAMPLE 4.7. With the notation of Examples 3.3, 3.15 and 4.3, the invariant
Morse-Bott functions on M whose critical submanifolds are orbits form a dense subset
of the space of invariant smooth functions [44, Lemma 4.8]. They induce rel-Morse
functions on every orbit type stratum of G\ M.

DEFINITION 4.8. Let f be a rel-Morse function on M. For each x € Crityel(f),
with the notation of Definition 4.6, let M be the strata of ¢(L4 ) so that (6p x 1) ¢
defines an open embedding of M N O into R™+ x R™~ x M, x M_, where either
M is the vertex stratum {x4} of ¢(Ly), or My = Ny x Ry for some stratum Ny
of Ly. Let ny = dim M.. For every r € Z, define v, min/max = V;,min/max(f) in the
following way:

o If My = N\ xRy and M_ = N_ x R, let

Vy mm/max = Z ﬁmm/max )B;;in/max(N_) ’

T,

where (ry,7_) runs in the subset of Z? determined by the conditions:

r=m_+ry+r_+1, (1)
ZE—1 if ny is even
ry < "*T_?’ if ny is odd, in the minimum i.b.c. case (2)
n+—1

if n4 is odd, in the maximum i.b.c. case ,

= if n_ is even
-1 . . . . .
r— > q ™= ifn_is odd, in the minimum i.b.c. case (3)

if n_ is odd, in the maximum i.b.c. case ,

o If My = {+,} and M_ = N_ x R, let v/ min/max = =3, Bmm/mdx( -),

where r_ runs in the set of integers satisfying r = m_ +r_ + 1 and (3).
o If M+ = N+ X R+ and M_ = {* } let Vw ,min/max ZTJF ﬂmln/max( ),
where r; runs in the set of integers satisfying » = m_ + r; and (2).

o If My ={x;}and M_ = {x_}, let "

z, mm/max = 67‘;771— :

Finally, let v” =2 Vs min Jmaxe Where z runs in the Critrei(f).

min/max —

REMARK 11.

(i) The rel-critical points of rel-Morse functions are isolated.

(ii) The function §(p2 — p%) on R™+ x R™= x M x M_ is rel-Morse, and will
be called a model rel-Morse function.

The existence, and indeed certain abundance, of rel-Morse functions is guaranteed
by the following result.

PROPOSITION 4.9. Let F C C*°(M) denote the subset of functions with contin-
uous extensions to M that restrict to rel-Morse functions on all strata < M. Then F
is dense in C° (M) with the weak C* topology.
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REMARK 12. A “(weak/strong) rel-C'* topology” can be easily defined on the set
of rel-admissible functions on M. Then a much better density result of the rel-Morse
functions should be true in this topology. Its proof would take us too far from the
main goals of the paper.

5. Preliminaries on Hilbert complexes. Here, we recall from [8] some basic
definitions and needed results about Hilbert and elliptic complexes. Some elementary
remarks are also made.

5.1. Hilbert complexes. For each r € N, let ), be a separable (real or com-
plex) Hilbert space such that, for some N € N, we have §,, = 0 for all » > N. They
give rise to the graded Hilbert space ) = @, $,, where the terms ), are mutually
orthogonal. For each degree r, let d, be a densely defined closed operator of ), to
$9r41. Let D, = D(d,) (its domain) and R, = d,.(D,) for each r, and let D = ), D,
andd = €, . d,. Assume that R, C D,41 and d,.41d, = 0 for all . Then the complex

d() d1 dN—l

0 DO Dl DN 0

is called a Hilbert complez; its notation is abbreviated as (D, d), or simply as d.
Assuming that Dy # 0, the maximum N € N such that Dy # 0 will be called the
length of (D,d). We may also consider Hilbert complexes with spaces of negative
degree or with homogeneous operators of degree —1 without any essential change.
For the adjoint operator d} of each d,, let D} = D(d}) C $H,41 and R} =
d;(D}) C $r, and set D* = P, Dy and d* = ), d;. Then we get a Hilbert complex

dg d; dy_,

0 D*,

D} Dy_, < 0,
denoted by (D*,d*) (or simply d*), which is called dual or adjoint of (D, d).

If (D’,d’) is another Hilbert complex in the graded Hilbert space ' = @, 9.,
a homomorphism of complexes, ¢ = ,.¢, : (D,d) — (D', d’), is called a map of
Hilbert complexes if it is the restriction of a bounded map ¢ : § — $’. If moreover ¢
is an isomorphism of complexes and ¢! is a Hilbert complex map, then ¢ is called an
isomorphism of Hilbert complexes. 1f ¢ : (D,d) — (D’,d’) is an isomorphism, where
D, = D, for all 7 and some fixed 79 # 0, then it will be said that ¢ : (D,d) —
(D', d’) is an isomorphism up to a shift of degree.

Let

ﬁev — @Y)Qr 5 ﬁodd - @5327‘-{-1 5
Dey = @DQT ’ ;dd = @D;r—l ’
dey = @ da; :;dd = @dZT_l .

Note that D’ 4 C Hev. The operator Doy = dey + d} 4, with domain Doy, N D7y, is a
densely defined closed operator of Hey t0 Hoaa, whose adjoint is Doqq = doaqa + d, -
Thus

_ O Dodd _ *
D_(Dcv 0 )—d-i—d
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is a self-adjoint operator in £ = Hey B Hoda with D(D) = D N D*, and
A= D2 - Dodchv S Dchodd =d*d +dd”

is a self-adjoint non-negative operator, which can be called the Laplacian of (D,d).
Observe that (D,d) and (D*,d*) define the same Laplacian. The Hilbert complex
(D,d) can be reconstructed from D, [8, Lemma 2.3]. The restriction of A to each
space D, will be denoted by A,. Notice that ker A, = kerd, Nkerd;_; for all .
Moreover we have a weak Hodge decomposition [8, Lemma 2.1]

H,=ker A, OR,_1 RS .

If T is a self-adjoint operator in a Hilbert space, then D>®(T) = (-, D(T*)
is a core? for T, which is called its smooth core. In the case of the Laplacian A
of a Hilbert complex (D,d) in a graded Hilbert space $), the smooth core D>*(A),
also denoted by D>°(d) or D>, is a subcomplex of (D,d), and (D*°,d) — (D,d)
induces an isomorphism in homology [8, Theorem 2.12]. Tt will be also said that D>
(respectively, D2°) is the smooth core of d (respectively, d,.); notice that it is a core
of d (respectively, d,). Let RX = d,(D°) and R;>* = df(D:°), which are dense
subspaces of R, and R}.
The following properties are equivalent [8, Theorem 2.4]:
e The homology of (D, d) is of finite dimension and R is closed in .
e The homology of (D,d) is of finite dimension.
e D, is a Fredholm operator.
o 0 & specy(A) (the essential spectrum of A).
In this case, (D, d) is called a Fredholm complex and satisfies the following:
e R and R* are closed in $ [8, Corollary 2.5], obtaining the stronger Hodge
decompositions

Hr=ker A, ®R,_1®R), DX =kerA, ®R2;DR:™.

o d, : Ri>* = R and d} : R® — R are isomorphisms.
e ker A, is isomorphic to the homology of degree r of (D, d).
It is said that (D, d) is discrete when A has a discrete spectrum (spec,qq(A) = 0).
The following properties hold when (D, d) is discrete:
e For each A € spec(A|r= ), we get isomorphisms

dr : E)\(A|R¢°°) — E)\(A|R;>o) R d: : E)\(A|R;>o) — E)\(A|R¢°°)

between the corresponding eigenspaces. Thus spec(A|re) = spec(A|r:o).
e We have

spec(dy|rs~ @ dy|r=) = {:I:\/X | A € spec(Alr=) },

and, for each A € spec(A|rx), £, /5(dr|rre @ dj|re) consists of the ele-
ments of the form u + v with u € E\(A|r=) and v € E)(A|r:~) satisfying

d*u = vAv and dv = VA u. Moreover the mapping u+ v — u — v, for u and
v as above, defines an isomorphism

4Recall that a core of a closed densely defined operator T' between Hilbert spaces is any subspace
of its domain D(T') which is dense with the graph norm.
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e Any Hilbert complex (D’,d’) isomorphic to (D, d) is also discrete, and, if
spec(A,) and spec(A!) consist of the eigenvalues 0 < \g < Ay < --- and
0 < Ay <\ < -+, respectively, then there is some C' > 1 such that C~1)\;, <
A, < CAp for all k € N [8, Lemma 2.17].
Consider Hilbert complexes, (D’,d’) and (D”,d”), in respective graded Hilbert
spaces, $’ and £”. The Hilbert space tensor product®, $ = §’®$”, has a canonical
grading (9, = @quﬂ ﬁ;@fjg), and

D— (D/®~VJH) n (5’)/®DH) cH

is a dense graded subspace. Let d = d’ ® 1 +w®d” with domain D, where w denotes

the degree involution on $’, and let d = d, whose domain is denoted by D. Then
(D, qd) is a Hilbert complex in $ called the tensor product of (D’,d’) and (D”,d"”). If
A’, A" and A denote the Laplacians of (D’,d’), (D”,d”) and (D, d), respectively,
then A=A'®14+1®A” on D. The following result is elementary.

LEMMA 5.1. If (D',d’) and (D",d”) are discrete, then (D,d) is discrete. More
precisely, given complete orthonormal systems of $' and $H” consisting of eigenvec-
tors e}, and e} (k € N) of A’ and A", with corresponding eigenvalues \;, and Ny,
respectively, we get a complete orthonormal system of §) consisting of the eigenvectors
e, ®e) € D of A with corresponding eigenvalues A, + Ny

Let (£,d) be a densely defined complex in a graded separable Hilbert space $)
(€ is a dense graded linear subspace of £)). Consider the family of Hilbert complexes
(D,d) in $ extending (€,d) ((€,d) is a subcomplex of (D,d)) equipped with the
order relation defined by “being a subcomplex”. We will be interested in its mini-
mum/maximum elements. Notice that, if (£, d) has some Hilbert complex extension,
then d is the minimum Hilbert complex extension of (£,d). Another complex of the
form (&,0), with 0, : &1 — &, for each degree r, will be called a formal adjoint of
(€,d) if (du,v) = (u,0v) for all u,v € &; there is at most one formal adjoint by the
density of £ in $. In this case, if (£,0) has some Hilbert complex extension, then the
adjoint of the minimum Hilbert complex extension of (&£, d) is the maximum Hilbert
complex extension of (&, d).

Now, consider a countable family of densely defined complexes (£%,d*) in separa-
ble graded Hilbert spaces % (a € N), let (D*,d*) be a Hilbert complex extension of
each (£%,d%) in $H*, and let A denote the corresponding Laplacian. Suppose that the
Hilbert complexes (D?,d*) are of uniformly finite length (there is some N € N such
that D¢ = 0 for all » > N and all a). Let (£,d) be the complex defined by & = @, £°

and d = @, d*. The Hilbert space direct sum®, § = D, 9H*, has an induced grading

5 = @afﬂ). Let d = @ad“ (the graph of d is the Hilbert space direct sum of the
graphs of the maps d*). The domain D of d consists of the points (u®) € §) such that
u® € D for all a and (d*u®) € $. Moreover d is defined by (u®) — (d*u®). Clearly,

5Recall that this is the Hilbert space completion of the algebraic tensor product £’ ®@ ” with
respect to the scalar product defined by (v/ @u”, v’ ®@v"") = (u/,v")’ (v, v")"”, where (, )" and (, )"
are the scalar products of § and §’/, respectively.

6Recall that this is the Hilbert space completion of the algebraic direct sum, P, H*, with respect
to the scalar product ((u®), (v*)) = >, (u®*,v%)a, where each (, )q is the scalar product of H%. We
have H = @a H? if the number of terms $H? is finite.
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(D,d) is a Hilbert complex extension of (£, d) in $ with
D>®(d) = { (u") € @ D>(d*)

d* = @ der . (5)

(1 + A%ky) € @ D>(d*) Vk € N} , (@)

The following lemma will be proved in Appendix B.

LEMMA 5.2.

(i) If each (D*,d") is a minimum Hilbert complex extension of (£*,d*) in H?,
then (D,d) is a minimum Hilbert complex extension of (€,d) in 9.

(i) If each (E*,d") has a formal adjoint (E*,6%) with some Hilbert complex exten-
sion, and each (D%, dA%) is a maximum Hilbert complex extension of (E%,d")
in 9, then (D,d) is a mazimum Hilbert complex extension of (€,d) in $.

5.2. Elliptic complexes. Let M be a possibly non-complete Riemannian mani-
fold, and let E = €, E, be a graded Riemannian or Hermitian vector bundle over M,
with F. =0if r <0 orr > N for some N € N. The space of smooth sections of each
E, will be denoted by C*°(E,), its subspace of compactly supported smooth sections
will be denoted by C5°(E,), and the Hilbert space of square integrable sections of
E, will be denoted by L?(E,); then C*(E) = @, C=(E,), C*(E) = @, C°(E\)
and L*(E) = @, L*(E,). For each r, let d, : C*°(E,) — C*(E,41) be a first order
differential operator, and set d = €, d,. Suppose that (C*°(FE),d) is an elliptic com-
plex”; however, ellipticity is not needed for several elementary properties stated in
this section. The simpler notation (F,d) (or even d) will be preferred. Elliptic com-
plexes with non-zero terms of negative degrees or homogeneous differential operators
of degree —1 may be also considered without any essential change.

Consider the formal adjoint &, = td, : C®°(E,+1) — C*(FE,) for each r, and
set 0 = €, 6,. Then (E, ) is another elliptic complex that will be called the formal
adjoint of (E,d), and its subcomplex (C§°(E),¢) is formal adjoint of (C§°(E),d)
in L?(E) in the sense of Section 5.1. Let D = d + § and A = D? = d§ + d on
C>*(E). This A can be called the Laplacian defined by (F,d), and its components
are A, = d,_16,_1 + 0,d,.

Any Hilbert complex extension of (C§°(E),d) in L?(E) is called an ideal boundary
condition (shortly, i.b.c.) of (E,d). There always exist a minimum and maximum
ib.c., dmin = d and dpax = 0%, [8, Lemma 3.1]. The complex dimin/max defines the
operator Dmin/max = dmin/max + 5max/min and the Laplacian Amin/max = Drznin/max’
which extend D and A on C§°(E). The homogeneous components of Ay, /max are

Amim/m&x,r = 6max/min,r dmin/max,r + dmin/max,r—l 6max/min,r—1 . (6)

The notation d, min/max a0d 0y max/min also makes sense for dyin /max,» a0d Omax/min,r
by considering d, and ¢, as differential complexes of length one (ellipticity is not
needed here); similarly, any first order differential operator can be considered as a
differential complex of length one and denote its minimum/maximum i.b.c. with the
subindex “min/max”, regardless of ellipticity.

"Recall that this means that it is a complex and the sequence of principal symbols of the operators
dr is exact in the fiber over each non-zero cotangent vector
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For any i.b.c. (D,d) of (E,d), the map of complexes, (DN C*>(FE),d) — (D,d),
induces an isomorphism in homology [8, Theorem 3.5]. We have D> C DN C>(E)
by elliptic regularity.

Let (E’,d") be another elliptic complex over another Riemannian manifold M’.
Consider a vector bundle isomorphism ¢ : E — E’ over a quasi-isometric diffeomor-
phism & : M — M’ such that the restrictions of ¢ to the fibers are quasi-isometries.
It induces a map ¢ : C®(E) — C®(E') defined by (Cu)(2’) = ((u(¢71(a")) for
u € C®(E) and 2’ € M'. If moreover ¢ : (C>*(E’),d") — (C*°(FE),d) is a homomor-
phism of complexes, then it will be called a quasi-isometric isomorphism of elliptic
complexes, and the simpler notation ¢ : (E',d") — (F,d) will be preferred. In this
case, ¢ induces a quasi-isometric isomorphism ¢ : L?(E’) — L?(E), which restricts to
the isomorphism ¢ : (C§°(E’),d") — (C§°(E),d). Moreover, for any i.b.c. (D’,d’) of
(E’,d'), there is a unique i.b.c. (D,d) of (E,d) so that ¢ : L?(E’) — L?(FE) restricts to
a Hilbert complex isomorphism ¢ : (D’,d’) — (D, d). In particular, ¢ induces Hilbert
complex isomorphisms between the corresponding minimum/maximum i.b.c. If £ is
isometric and the restrictions to the fibers of ¢ are isometries, then ¢ : (E',d") — (F,d)
is called an isometric isomorphism of elliptic complexes.

Now, let (E',d") and (E”,d") be elliptic complexes on Riemannian manifolds
M’ and M", respectively, and consider the exterior tensor product £ = E' X E” on
M = M'"x M" with its canonical grading (E, = @, ., £, K EJ). With the weak
C* topology, C*°(E') ® C°°(E") can be canonically realized as a dense subspace of
C*®(E). Thend=d @ 1+w®d’ on C*°(F’) ® C*°(E"”) has a unique continuous
extension to C*°(E), also denoted by d. It turns out that (£, d) is an elliptic complex.
Moreover the minimum /maximum i.b.c. of (E, d) is the tensor product, in the sense of
Section 5.1, of the minimum/maximum i.b.c. of (E’,d’) and (E”,d") [8, Lemma 3.6].

ExXAMPLE 5.3. A particular case of elliptic complex on M is its de Rham com-
plex (2(M),d). In this case, J is the de Rham coderivative, the subcomplex of com-
pactly supported differential forms is denoted by Q¢(M), and the Hilbert space of
L? differential forms is denoted by L*Q(M). Let Hyin/max(M) denote the coho-
mology of the minimum/maximum i.b.c., duin/max, of (R0(M),d), which is a quasi-
isometric invariant of M. Huyax(M) is the L?-cohomology H2)(M) [11]; (a gen-
eralization to arbitrary elliptic complexes is given in [8, Theorem 3.5]). The dimen-

Sions Bl max (M) = dim Hy o (M) can be called min/maa-Betti numbers; if they
are finite, then Xmin/max(M) = 32, (=1)" Bl max (M) is defined and can be called

min/maz-Euler characteristic; the simpler notation £ . Jmax and Xmin/max may be
used. If M is orientable, then A, corresponds to A, by the Hodge star opera-
tor. It is known that dyin/max satisfies the following properties for special classes of
Riemannian manifolds:
e If M is complete, then dpin = dmax (a particular case of [8, Lemma 3.8]).
o If M is the interior of a compact manifold with boundary, then dyin/max 18
given by the relative/absolute boundary conditions [8, Theorem 4.1].
e Suppose that M = M ~ >, where M is a closed Riemannian manifold of
dimension > 2 and ¥ is a closed finite union of submanifolds with codimension
> 2. Then dpin = dmax [8, Theorem 4.4].
e Let A be a compact Thom-Mather stratification that is a pseudomanifold.
If M is the regular stratum of A equipped with an adapted metric, then
H)(M) is isomorphic to the intersection homology of A with lower middle
perversity [13].
Given another Riemannian manifold M’, for any quasi-isometric (respectively, iso-
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metric) diffeomorphism & : M — M’, the induced isomorphism £* between the corre-
sponding de Rham complexes is quasi-isometric (respectively, isometric).

6. Sobolev spaces defined by an i.b.c. Here, we study Sobolev spaces asso-
ciated to i.b.c. of an elliptic complex, specially its minimum/maximum i.b.c. These
results will be used in the globalization results of Section 14. Their proofs are given
in Appendix B.

Let T be a non-negative self-adjoint operator in a Hilbert space . For each
m € N, the Sobolev space of order m associated to T is the Hilbert space completion
W™ =W™(T) of D> = D>(T) with respect to the scalar product ( , )., defined by
(t, V), = (u, (1 +T)™v). The notation || ||, and Cl,, (or || ||w= and Clym) will be
used for the norm and closure in W™. There are continuous inclusions W1 — W™,
and we have D> = () W™. Moreover T defines a bounded operator W2 — W™,

Now, let (D, d) be an i.b.c. of an elliptic complex (F, d) on a Riemannian manifold
M. Tts adjoint (D*,d*) is an i.b.c. of the elliptic complex (E,§), where § = ‘d. We get
the operators D = d + § and D = d + d*, and the Laplacians A = D? and A = D2
Then W™ = W™(A) can be called the Sobolev space of order m associated to (D, d),
and may be also denoted by W™ (d); the notation W™ (d,) will be also used when we
consider its subspace of homogeneous elements of degree r. Since (D,d) and (D*,d*)
define the same Laplacian, we get W™ (d) = W™ (d*) for all m. For u € D°, we have

lull} = llull® + 1 Dull® = lull? + [|drull® + (|6, —1ul? .
So

wW!=DD)=DND*, (7)
[ullf = [lull® + |Dul® = [Jull® +[|drul® + [|d; _yul]? (8)

for u € W1(d,). The following generalizes the Rellich lemma on compact manifolds.

LEMMA 6.1. The following properties are equivalent:
(i) (D,d) is discrete.

(i) Wt — W= L*(E) is compact.

(iii) WMt W™ is compact for all m.

For any fixed f € C*°(M), let f also denote the operator of multiplication by f
on C*(E) (or on L?(E) if f is bounded). Observe that [d, f] is of order zero because
d is of first order; moreover [d, f]* = —[4, f].

LEMMA 6.2. If f and |[d, f]| are bounded, then:
(1) fD(dnlin/max) C D(dnlin/max) and [dmin/maxu f] = [du f]; and
(11) f Wl(dmin/max) - Wl(dmin/max)~

Let (E’,d") be another elliptic complex on a Riemannian manifold M’. The scalar
product of L?(E’) will be denoted by (, )’, and let §' = 'd’. Let U and U’ be open
subsets of M and M’, respectively, so that U D supp f, and let ¢ : (E|y,d) —
(E'|y+,d’) be a quasi-isometric isomorphism of elliptic complexes whose underlying
quasi-isometric diffeomorphism is & : U — U’. For each u € L*(E), identify fu to
fulu, and identify ¢(fu) € L?(E’|y/) with its extension by zero to the whole of M;
in this way, we get a subspace ¢(f D(dwmin/max)) C L*(E").

LEMMA 6.3. If f and |[d, f]| are bounded, then the following properties hold:
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), and d’

(l) We have C(fD(dnlin/max)) C ID(d:nin/max min/maxC = Cdmin/max on
fD(dnlin/max)
(ii) If moreover ¢ is isometric, then C(f W (duin/max)) C Wl(d;nin/max).

7. A perturbation of the harmonic oscillator. The main analytic tool used
in this paper is a perturbation of the harmonic oscillator introduced and studied in
[3], which is recalled in this section.

Let p denote the canonical coordinate of Ry. For each a € R, the operator of

multiplication by the function p® on C*°(R ) will be also denoted by p®. We have

[d/dp,p") = ap®~t, [d®*/dp®, p"] = 2ap"~  d/dp + a(a —1)p*"*. 9)
Recall that the harmonic oscillator on C*°(R.) is the operator H = —lid—ng +52p2,
depending on a parameter s > 0. For ¢1,co € R, consider its perturbation
P=H-—2cp ! i +eop? (10)
dp '

1

By (9), we get an operator of the same type if p~* and d% are interchanged.

Let Sev/oaa denote the space of even/odd functions in the Schwartz space
S = S(R). The restrictions of those functions to Ry form the space denoted by
Sev/odd,+- The scalar product of L*(Ry, p*** dp) will be denoted by (, )c,, and the
corresponding norm by || ||,. For each o > —1/2, let p; denote the sequence of
orthogonal polynomials associated with the measure e~ |2[27 dz on R [41], called
generalized Hermite polynomials. The corresponding generalized Hermite functions
are ¢y = pre 5 /2.

PROPOSITION 7.1 ([3, Theorem 1.4]). If there is some a € R such that

a’+ (2¢1 —1)a—cy =0, (11)
oc=a+c >-1/2, (12)

then:

(i) P, with domain p® Sey y, is essentially self-adjoint in L*(R,, p*“* dp);

(ii) the spectrum of its self-adjoint extension, denoted by P, consists of the eigen-
values (4k+1+20)s (k € N) with multiplicity one and normalized eigenfunc-
tions Xs,a,0k 1= \/ipagbgkﬁ, (or simply x); and

(iii) D®(P) = pSev 1.

By Proposition 7.1-(iii), we have hD>*(P) C D>*(P) for all h € C*°(R4) such

that b’ € C§°(R4+). More precisely, we have the following.

LEMMA 7.2. Let h € C°(Ry) with h' € C§°(Ry). Then, for all k € N, there is
some Cy, = Ck(c1,h) > 0 such that, for all $ € D>®(P),

11+ P)E(hg)lley < Crll(L+ P) e, -

Proof. With the notation of [3], recall that the Dunkl operator T, (o > —1/2)
on C*°(R) is the perturbation of % defined by T, = % on even functions and
T, = % + 20% on odd functions, where x denotes the canonical coordinate of R.
This gives rise to the Dunkl harmonic oscillator, and Dunkl annihilation and creation
operators are the perturbations L = —T2 + s?2?, B = s + T, and B’ = sz — T,
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s > 0), which are perturbations of the harmonic oscillator, H = ——d22 + 5222, and
) p ) d(l) )
annihilation and creation operators, 4 = sz + -+ and A’ = sz — -. The well known

p ? dzx dzx

relations satisfied by H, A and A’ can be generalized for L, B and B’; for instance,
1
L=BB —(1+2%)s=B'B+(1+2X)s = i(BB/ + B'B), (13)

where 3 is the operator of multiplication by ¢ on even functions, and by —o on odd
functions [3, Eq. (3)]. These operators preserve S. Considering these operators in
L?(R, |z|?° dx) with domain S, we have that B’ is symmetric of B, and L is essentially
self-adjoint in L2(R,|z|?? dz). Moreover the smooth core of the closure of L is S, and
its spectrum can be described like in the case of H, A and A’.

Now, let f be any smooth even function on R such that f’ is compactly supported.
Note that the function h of the statement extends to a function on R satisfying these
conditions. According to [3, Theorem 1.4 and Section 5], it is enough to prove the
following.

Cram 1. For all k € N, there is some Cy, = Ci(o, f) > 0 such that, for all ¢ € S,

1L+ L) (f)lle < Ok (L + L) 6|5 -

For any non-commutative polynomial of two variables, p = p(X,Y), let p’ =
p'(X,Y) be the polynomial obtained from p by reversing the order of the variables;
for example, if p = XY?2, then p’ = Y2X. It is said that p is symmetric if p = p';
in this case, p(B, B’) is a symmetric operator. From (13) and by induction on k, we
easily get the following.

Cram 2. For any non-commutative polynomial p = p(X,Y) of degree k € N,
there is some C, > 0 such that |p(B, B)¢|l, < Cp (1 + L)k, ¢)5/* for all ¢ € S.

Observe that [B, f] = f’ and [B’, f] = —f' because f is even. Then Claim 1
easily follows from (13) for k = 1 (the case k = 0 is trivial). On the other hand, by
[3, Lemma 4.5], for k > 1, we have (1+ L)* =" ¢/ (B, B)qq(B, B’) for some finite
family of homogeneous non-commutative polynomials ¢, of degree < k. Hence

k

1+ L)F(f¢) = FA+ L)+ > fIp(B,B),

=1

where each p; is a non-commutative polynomial of degree < k — [, which depends on
the non-commutative polynomials g,. Therefore, by Claim 2,

k
1L+ L) (fo)llo < IF(L+ L) 8lle + > 11FY pu(B, B)gllo

=1

k
< (max |f[) | (1 + L)*¢llo + ) _(max| /D)) |pu(B, B')gll»

=1

k
< (max |f]) (14 L)*llo + D (max|fO]) Gy |1+ L)*'¢llo

=1

which gives Claim 1. O
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The existence of a € R satisfying (11) is characterized by the condition
(21 —1)® +4c2 > 0. (14)

Observe that (14) is satisfied if ¢co > min{0, 2¢; }.

LEMMA 7.3. If h is a bounded measurable function on Ry with h(p) — 1 as
p—0, then <th,a,U,O; Xs,a,o,0>c1 — 1 as s — oo.

Proof. Given any € > 0, take some py > 0 such that |h(p) — 1] < €/2 for p < py.
For s large enough, we have

> 2 €
efsp p20' dp S s
/po 4p3 sup |h — 1|

Hence, for s large enough,
[{((1 = h)Xs,a,0,05 X5,0,0,0)¢1 |

> 752 o
<20 [T L= hp)le " 2 dp
0

PO e o]
< p%ﬁ/ ™" p2 dp + 2p (sup |1 — h|) / e p*7 dp
0 Po

s € € €
< ng/ e p*dp+ - = B} HXS-,a-,U,OHzl +,=c.
0

2 2
d
8. Two simple types of elliptic complexes. Here, we study two simple el-
liptic complexes. They will show up in a direct sum splitting of the local model of
Witten’s perturbation (Section 12). We could describe the spectra of the Laplacians
associated to their minimum/maximum i.b.c., but this will be done with the local
model of the Witten’s perturbation (Section 11).

8.1. Some more results on general elliptic complexes. Consider the nota-
tion of the beginning of Section 5.2.

LEMMA 8.1. Let G C C*®(E) N L?(E) be a graded linear subspace containing
C§°(E), preserved by d and §, and such that (du,v) = (u,dv) for all u,v € G. Let dg,
0g and Ag denote the restrictions of d, 6 and A to G. Assume that Ag is essentially
self-adjoint in L?(E), and G is the smooth core of Ag. Then the following properties
hold:

(i) If G+ C D(dmin,r) and Gr—1 C D(dmin,r—1) for some degree r, then G, is the

smooth core of dmin,r-

(ii) If G» C D(0min,r—1) and Gry1 C D(dmin,r) for some degree r, then G, is the

smooth core of dmax,r-

Proof. For each degree r, the restrictions d, : G, = G,41, 6, : Gr41 — G, and
A, : G, — G, will be denoted by dg,, dg, and Ag,, respectively. Suppose that
Gr C D(dmin,r) and Gr—1 C D(dminr—1), and therefore dg, C duyin, and dg,—1 C
Amin,r—1. Since C§°(E) C G and (du, v) = (u, dv) for allu,v € G, it follows that G, 1 C
D(6max,r) and G, C D(dmax,r—1), and therefore dg,, C dmax,r and dgr—1 C Imax,r—1-
By (6), we get Ag, C Amins S0 Ag, C Aminy, and therefore Ag, = Apinr
because these operators are self-adjoint in L?(E,). Then G, is the smooth core of
din,r, completing the proof of (i).
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Now, assume that G, C D(dmin,r—1) and Gr+1 C D(dmin,r), and therefore dg ,—1 C
Omin,r—1 and dg, C Omin,r. As above, it follows that dg,—1 C dmax,r—1 and dg, C
max.r- By (6), we get Ag, C Amax,r- 50 Agr C Apax,r, Obtaining Ag, = Apaxr
as before. Thus G, is the smooth core of dyax , completing the proof of (ii). O

Now, suppose that there is an orthogonal decomposition E, 1 = Ey41,1 @ Eri12
for some degree r + 1. Thus

C®(Ery1) = C%(Eri11) @ CF(Ery12) ,
Co?(Ery1) = C5°(Ery11) © C° (Bry12)
L*(Epy1) = L*(Ery11) @ L*(Epg12)

and we can write

dr,l
dr = (dT,2> ) 5r = (57“,1 57",2) .
For i € {1, 2}, let Ar,i = 5r,idr,i +dy_10,_1 on COO(ET)
LEMMA 8.2. We have:

dr 1, max ’
D(dmax,r) = D(dT,17maX) n 'D(dr,z,max) ’ dmaX7T B (d ) |D(dmdx’r)) '
r.,2,max|D(dmax,T)

Proof. Let u € L*(E,). We have u € D(dmax,») if and only if there is some w €
L?(E,41) such that (u, §,v) = (w,v) for all v € C§°(Ey+1), and moreover dmax »u = w
in this case. Writing w = w; @ w2 and v = vy @ vg, this condition on v means that
(u, Or 505y = (w;,v;) for all v; € C§°(Ery1,) and @ € {1,2}. In turn, this is equivalent
tou € D(dr,l,max) N D(dr,2,max) with dm-_,maxu =w;. O

COROLLARY 8.3. IfaA, = bA,; + ¢ for some a,b,c € R with a,b # 0, dmin,r
and dy ;i min have the same smooth core, and dy;min = drimax for some i € {1,2},
then dmjn_’r = dmax,r-

Proof. By Lemma 8.2 and since d; ; min = dr,i,max; We g6t D(dmax,r) C D(dy i min)-
Because a A, = bA,; + c for some a,b,c € R with a,b # 0, it follows that
{u € D(dmax.r) NC®(E,) | AFu € L*(E,) Yk € N}
C {u € D(drimin) NCP(E,) | AL u € L*(E,) Vk € N} .
This means that the smooth core of dyax,- is contained in the smooth core of d;. ; min,
which equals the smooth core of dmin . Then dmaxr = dmin,r. O

8.2. An elliptic complex of length one. Consider the standard metric on
R;. Let F be the graded Riemannian/Hermitian vector bundle over Ry whose non-
zero terms are Fy and F, which are real/complex trivial line bundles equipped with
the standard Riemannian/Hemitian metrics. Thus

C*(Eg) = C®(Ry) = C¥(E1), L*(Eo) = L*(Ry,dp) = L*(En),

where real/complex valued functions are considered in C°°(R,) and L?(R,,dp). For
any fixed s > 0 and k € R, let

C*(Ey)

C*>(En)
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be the differential operators defined by

d d
d=— —kp txsp, 6=—— —rp ‘Esp.
dp dp
It is easy to check that (E,d) is an elliptic complex, whose formal adjoint is (E,J).
Using (9), we easily get that the homogeneous components of the corresponding Lapla-
cian A are:

Aog=0d=H+r(k—1)p 2 Fs(l+2k), (15)
Ay =ds=H+r(k+1)p 2 +s(1—2k), (16)

where H is the harmonic oscillator on C*°(R;) defined with the constant s. Then Ag
and Ap are of the form of P in (10) plus a constant. In these cases, Table 1 contains
the possibilities for a given by (11), the corresponding values of o, the condition (12)
expressed in terms of k, and the smooth cores of the corresponding self-adjoint oper-
ators with discrete spectra in L2(R ., dp), given by Proposition 7.1.

a o Condition | Smooth core
K K K > —1/2 p’{ch.,Jr
Ag -
11—k |1—k | K<3/2 P Sev ot
A 14k | 1+k | k>—-3/2 PR Sey 4
Yk -k | K<1/2 P Sev 4+
TABLE 1

Self-adjoint operators defined by Ao and Ay

Let & C C*(E)NL2(E) (i € {1,2}) be the dense graded linear subspace described
in Table 2. Observe that, by restricting d and ¢, we get complexes (£1,d) and (&1, 9)
when k£ > —1/2, and complexes (£2,d) and (€3,9) when x < 1/2. Thus A preserves
&1 when £ > —1/2, and preserves & when x < 1/2.

Conditions on x &? &l
& | k> —1)2 0" Sevit | P Sev +
& | k<12 P Sevt | P Sevit
TABLE 2
E1 and &2

ProposiTION 8.4.

(i) If || < 1/2, then & and & are the smooth cores of dmax and dumin, TEspec-
tively.

(ii) If |k| > 1/2, then (E,d) has a unique i.b.c., whose smooth core is & when
Kk >1/2, and & when k < —1/2.

The following lemma will be used in the proof of Proposition 8.4.

LEMMA 8.5. Suppose that either @ > 1/2, or 0 = 1/2 = k (respectively, 6 =1/2 =
—k). Then, for each & € p’ Sey v, considered as subspace of C*(Ey) (respectively,
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C*>(E1)), there is a sequence (§,) in C§°(Ey) (respectively, C§°(En)), independent
of k, such that lim, &, = & in L?(Ey) (respectively, L?(FEy)) and lim,, d¢, = d¢ in
L2(Ey) (respectively, lim,, §¢, = 6¢ in L?(Ey)). In particular, p° Sey y is contained
in D(dmin) (respectively, D(Omin))-

Proof. The proof is made for D(dpin); the case of D(dmin) is analogous.

Let 0 < a <band f € C®(R;) such that 0 < f <1, f(p) =1 for p < a, and
f(p) =0for p > b. For each n € N, let g, h,, € C°(R) be defined by g, (p) = f(np)
and h,(p) = f(p/n). Tt is clear that

X[ na < (I —=gn)hn < X[2,nb] (17)

where xgs denotes the characteristic function of each subset S C R...

Let ¢ € Sey 1. From (17), we get (1 — gn)hnp’e € C5°(Eo) and (1 — gn)hnp?d —
p?¢ in L?(Ey) as n — oo. Note that the conditions on § and s guarantee that
d(p?¢) € L*(E1). Observe that

d((1 = gn)hnp’®) = —ghhnp’d + (1 — gu) b p% ¢ + (1 — gn)hn d(p% ) .

In the right hand side of this equality, the last term converges to d(p?#) in L?(E;) as
n — oo by (17). Moreover

11— ga)Hup )% = / (1= g )21 2(p)0 6% () dp
< (waxp )0 [ 1o /n)dp
0

= (max p??¢?)n1 /00 f’2(:1:) dx
0
= (maxp?¢”) =t )7,

which converges to zero as n — oo, and
< e
lahar 0l = [ 6120 (005 6% ) do
0
< (maxe?)® [ 17 (0p)p dp
0

= (max ¢?) n' =2 /OO £ ()2 da
0
= (max¢”) n' > || f6°|7 |

which converges to zero as n — oo if § > 1/2.
In the case § = 1/2, it is enough to prove that f can be chosen so that || f/p'/?|| is
as small as desired. For m > 1 and 0 < € < 1, observe that there is some f as above
such that:
e the support of f’ is contained in [e™
° —mipgf’go, and
o fllp) = —mrifl<p<em

Then

E,em],

S 1 e dp m+e
£/ "2 :/ f(p)pdp < 7/ =
e m? Jo—c p m
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which converges to zero as m — oo. O

Proof of Proposition 8.4. Suppose that |k| < 1/2. Since 1 + &k > 1/2, by
Lemma 8.5, £ C D(dmin) and & C D(dmin). The other conditions of Lemma 8.1
are satisfied by d with G = &, and by § with G = &; by the discussion previous to
Proposition 8.4. So & is the smooth core of dp,, and & is the smooth core of dp,ax
by Lemma 8.1.

Now, assume that x > 1/2 (respectively, x < —1/2), yielding also 1 + x >
1/2 (respectively, 1 — x > 1/2). Then, by Lemma 8.5, £&Y C D(dmin) and & C
D(6min) (respectively, £Y C D(dmin) and €3 C D(6min)). By the discussion previous
to Proposition 8.4, the other conditions of Lemma 8.1 are satisfied by d and § with
G = & (respectively, G = &). So, by Lemma 8.1, & (respectively, &) is the smooth
core of dnin and dpax. O

8.3. An elliptic complex of length two. Consider again the standard metric
on R;. Let F be the graded Riemannian/Hermitian vector bundle over R} whose
non-zero terms are Fy, Fy and Fy, which are trivial real/complex vector bundles of
ranks 1, 2 and 1, respectively, equipped with the standard Riemannian/Hermitian
metrics. Thus

C*(Fp) = C*(Ry) = C*(Fy) , C¥(F1) =C™(R4) @ C*(Ry)
L}(Fy) = L*(Ry,dp) = L*(Fy), L*(Fy) = L*(Ry,dp) © L*(R,, dp) ,

where real/complex valued functions are considered in C*°(Ry) and L?(R,dp). Fix
s,c >0 and k € R, and let

do = <ZS’;) di = (dl,l d172)
C>(Fp) : C>(F)

COO(FQ) )

A direct computation shows that dy and d; define an elliptic complex (F,d) of length
two. By (15), (16) and (9), the homogeneous components of the corresponding Lapla-
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cian A are given by
9 1—¢?
AO = 60,1d0,1 —+ (So_rgdoyg =H —+ Ii(li + 1)[) Fs 2 —+ 1—}—702(1 —+ 2/&) N
2

1_—0(1+2n)> ,

_ _ -2
Ap =di1011 +dipdho=H+k(k+1)p " £s <2 + e

A = <d0,150,1 +01,1d11 dondoo + 51,1d1,2)
do,200,1 + 012d1,1  do,200,2 + 61,2d1 2

A 0
= < (1)’1 A172> =A1P A2,

1— 2
A1,1:H+/~@(/~€—1)p*2:|251+22(1+2n),
Avo=H+ (k+1)(k+2)p 2 31_02(1+2m)

12 = PFST .

Thus Ag, Ag, Ay ; and A 2 are of the form of P in (10) plus a constant. In these cases,
Table 3 contains the possibilities for a given by (11), the corresponding values of o,
the condition (12) expressed in terms of x, and the smooth cores of the corresponding
self-adjoint operators with discrete spectra in L?(R.,dp), given by Proposition 7.1.

a o Condition | Smooth core
1+ 1+ > —3/2 1+r Sey
AO and AQ " " n / P o+
—K —K K <3/2 P Sev
K K k>—1/2 P Sev +
A T
1—& 1-k | kK< 3/2 P Sev it
2+ kK 24Kk | K>—=5/2 PP Sey
AI,Q 11—
—1—k | -1=kK | K<=1/2 | p7'""Sey +
TABLE 3

Self-adjoint operators defined by Ao, Az, A1,1 and A12

Let F; C C®(F) N L3(F) (i € {1,2}) be the dense graded linear subspace de-
scribed in Table 2. By restricting d and §, we get complexes (F1,d) and (Fi,d) when
k > —1/2, and complexes (Fz,d) and (F2,9) when £ < —1/2. Thus A preserves F
when £ > —1/2, and preserves F, when £ < —1/2.

Condition F? F} F?

Fi| k>=1/2 | pM**Sey P Sev, ® PP Sey, 1 P Sey 1
Fol k< =1/2 | p7"8evt | PP Sevt ®p 1 Sevit | P77 Sevt
TABLE 4
F1 and Fa

PROPOSITION 8.6. Suppose that k # —1/2. Then (F,d) has a unique i.b.c.,
whose smooth core is F1 if k > —1/2, and Fa if K < —1/2.
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Proof. We prove only the case with k > —1/2; the other case is analogous.

By Lemma 8.5 (using the independence of (£,) on & in its statement), we get FY C
D(do,min) and ]-"12 C D(61,min)- Then, by the discussion previous to this proposition,
the other conditions of Lemma 8.1 are satisfied by the complexes defined by d and §
with G = JF1, obtaining that F{ and F? are the smooth cores of do min and 61 min,
respectively. By Proposition 8.4 and since 1+£,2+x > 1/2, we get do.2 min = d0,2,max
with smooth core FY, and 01,2,min = 01,2,max With smooth core F?%. So, according
to the discussion previous to this proposition, the conditions of Corollary 8.3 are
satisfied with d and d, obtaining do min = do,max and 61 min = d1,max, Which also gives
dl,min = dl,max- O

8.4. Finite propagation speed of the wave equation. For the Hermitian
bundle versions of F and F', consider the wave equation

du .
d—t‘* —iDuy =0 (18)

on any open subset of Ry, where D = d+ ¢ and wu; is in C°°(E) or C*°(F'), depending
smoothly on t € R.

PROPOSITION 8.7. For 0 < a < b, let us € Doo(dmin/max), depending smoothly
on t € R. The following properties hold:
(i) If uy satisfies (18) on (0,b) and suppug C [a,0), then suppu, C [a — |t], 00)
for 0 < |t| < a.
(i) If uy satisfies (18) on [a,00) and suppug C (0,a], then suppu; C (0,a + |¢[]
for 0 < |t| <b—a.

Proof. We prove Proposition 8.7 only for F; the proof is clearly analogous for
F, but with more cases because F is of length two. Let u; o € C®(Ey) = C(R4)
and w1 € C®(FE;) = C*(R4) be the homogeneous components of u;. From the
description of the smooth core of dpi,/max in Proposition 8.4, it follows that

lim(ugoue1)(p) =0. (19)
pd0
We have
d a—t a—t
@ ), lue(p)]? dp = /0 ((iDug, up) + (ug, iDuy))(p) dp — ur(a — t)[?

- i/oa ((Dug, ug) = (ue, Du))(p) dp — |ug(a — 1> .

But, since d and ¢ are respectively equal to d/dp and —d/dp up to the sum of multi-
plication operators by the same real valued functions,

(D’LLt,’UJt) - (ut,Dut) = ’;J;O m_ Zt'rl .m_ Uy - Z;O +Ut70 . Z;l

d di 1 d
:2%( Z;O g1+ ugo - Z;l) =2Sd—p(ut,0m)v
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giving
a—t
| (D) (e, Du) o) o
0
< 2(ueo T (@ - 1)~ gt o 7))
= 2 (upomn) (@ — )] < ueola — D + [uea(a — D = uea — 1)
by (19). So
d a—t
& [ merap<o.
giving

a—t a
A MMWMSAMWW@:m

and (i) follows.
Property (ii) can be proved with the same kind of arguments, but using that
lim, o u(p) = 0 for all u € D*°(dpin/max) instead of (19). O

9. Preliminaries on Witten’s perturbation of the de Rham complex.
Let M = (M, g) be a Riemannian n-manifold. For all z € M and « € T,,M*, let

T
as=(=1)""" Tl w aA x on /\TwM* :

involving the Hodge star operator  on A T, M* defined by any choice of orientation
of T, M. Writing a = g(X, ) for X € T, M, we have s = —ix, where ¢x denotes the
inner product by X. Moreover let

Ro=aN —as, L,=aAN +aJ

on AT, M*. Recall that there is an isomorphism between the underlying linear spaces
of the exterior and Clifford algebras of T, M*,

/\TmM* = CYT,M*), ey, N---Ne; e, o --ee;

where (eq, ..., e,) is an orthonormal frame of T, M* and “e” denotes Clifford multipli-
cation. By this linear isomorphism, L, and R,w correspond to left and right Clifford
multiplication by « (recall that w denotes the degree involution). So L, and Rpg
anticommute for any «, 5 € T, M*. Any symmetric bilinear form H € T,M* @ T, M*
induces an endomorphism H of A T, M* defined by

n

H= Z H(eivej)Lei Rej ) (20)

5,J=1

by using an orthonormal frame (eq,...,e,) of T, M*. Observe that |H| = |H].

On the graded algebra of differential forms, Q(M), let d and § be the de Rham
derivative and coderivative, let D = d+ 4 (the de Rham operator), and let A = D? =
dd + dd (the Laplacian on differential forms). For any f € C*°(M), E. Witten [47]



WITTEN’S PERTURBATION ON STRATA 79

has introduced the following perturbations of the above operators, depending on a
parameter s > 0:

dy=e > desl =d+sdfn, (21)
Ss=eTge s =6 —sdf, (22)

D, =ds+6s =D+ sR,
Ay = D? = dy8, + 6.dy = A+ s(RD + DR) + s*R? | (23)

where R = Rgs. Notice that d; = ‘ds; thus Dy and Ay are formally self-adjoint.
Let Hessf be the endomorphism of A TM* induced by Hess f according to (20).
Then RD + DR = Hessf and R? = |df|? [38, Lemma 9.17]. So (23) becomes

A, = A+ sHessf + 52 |df|* . (24)

The Witten’s perturbed operators also make sense with complex valued differen-
tial forms, and the above equalities hold as well.

EXAMPLE 9.1. Let d(jis, 5;5, Doi)57 Ais denote the Witten’s perturbed operators
on Q(R™) defined by the model Morse function +1 p2 and the standard metric go.
According to [38, Proposition 9.18 and the proof of Lemma 14.11], Ais, with domain
Qo(R™), is essentially self-adjoint in L2Q(R™, go), and its self-adjoint extension has
a discrete spectrum of the following form:

e 0 is an eigenvalue of multiplicity one, and the corresponding eigenforms are

of degree zero in the case of AE{S, and of degree m in the case of A ..

e Let ef be a O-eigenform of A, with norm one, and let i be a bounded

measurable function on R” such that h(z) — 1 asz — 0. Then (hef, ef) — 1
as s — 0.
e All non-zero eigenvalues, as functions of s, are in O(s) as s — .
Therefore (\ TR™", dis) has a unique i.b.c., which is discrete.

10. Witten’s perturbation on a cone. For our version of Morse functions,
the local analysis of the Witten’s perturbed Laplacian will be reduced to the case of
the functions :l:%p2 on a stratum of a cone with a model adapted metric, where p
denotes the radial function. This kind of local analysis begins in this section.

10.1. Laplacian on a cone. Let L be a non-empty compact Thom-Mather
stratification, let p be the radial function on ¢(L), let N be a stratum of L of dimension
n, let M = N xR be the corresponding stratum of ¢(L) with dimension n = n+1, and
let 7 : M — N denote the first factor projection. From A TM* = ATN*X ATR?,
we get a canonical identity

r—1 r—1

ANTM* =x* NTN* @dprr* \ TN*=x* N\TN* o= N TN*  (25)

for each degree r, obtaining
QM) = C®(R1, U (N)) @ dp A C® (R4, Q"1 (N)) (26)
= C%(R+,2"(N)) & C% (R4, Q"1 (N)) . (27)

Here, smooth functions Ry — Q(N) are defined by considering (V) as Fréchet space
with the weak C'* topology. Let d and d denote the exterior derivatives on (M)
and Q(N), respectively. The following lemma is elementary.
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LEMMA 10.1. According to (27),

d 0
d= ~| .
(fp —d>

Fix an adapted metric § on N, and let g = p?g + (dp)? be the corresponding
adapted metric on M. The induced metrics on A TM* and A TN* are also denoted
by g and g, respectively. According to (25), on A" TM*,

2(r—1) ~

g=p 7 gep q. (28)

Given an orientation on an open subset W C N, and denoting by @ the corre-
sponding g-volume form on W, consider the orientation on W x Ry C M so that the
corresponding g-volume form is

w=p"tdp NG . (29)
The corresponding star operators on A T(W x Ry)* and A TW™* will be denoted by
* and *, respectively.

LEMMA 10.2. According to (25), on N\"T(W x Ry)*,

L 0 pn72r+1;
— (_1)rpn—2r—l; 0 .

Proof. Let i,/ € m* ATN*, at the same point (x,p) € W x Ry. If o and o are
of degree r, then
NPT N dp A= (=1)"p" T dp A o A ke
= (=1 p" g a)dp Ao = (=1)"g(, @) w
by (28) and (29), giving xa = (—=1)"p""?"~Ldp A *. Similarly, if o and o’ are of
degree r — 1, then
dp Ao A p" 2" i = p" 2T g(al o) dp AN = g(dp Ao dp A o) w

n—2r+17

obtaining *(dp A ) = p *a. O

Let L2Q"(M,g) and L?Q"(N, §) be simply denoted by L2Q"(M) and L2Q"(N).
From (28) and (29), it follows that (27) induces a unitary isomorphism
1207 (M) = (I2(R,, o> dp) & L2 (N)
@ (L2 Ry, p" "2+ dp) @ L2 H(N)) (30)
which will be considered as an identity.
Let § and ¢ denote the exterior coderivatives on Q(M) and Q(N), respectively.
LEMMA 10.3. According to (27), on Q" (M),

5= p26 —dip—(n—2r~—|— 1)p~t .
0 —p726
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Proof. For an oriented open subset W C N, consider the orientation on W x R

defined as above, and let x and * denote the corresponding star operators on A T (W x
R4)* and A TW*. By Lemmas 10.1 and 10.2, on Q"(W x R.),

§ = (—1)" " xdx

= (_1)nr+n+1 ( B +10 b p_n+2r—1;> g 0~

" 0 pn—27‘+1;
(_1)rpn727"71; 0

= (_1)"T+n+1 —(—1)Tp_2;ci; p—"+2r—1 dip pn—2rir1;2
0 (—1)" "~ 2%d%

_ p—ZS _p—n+2r—1 dip~pn—2r+1
0 —p 26 ’

which equals the matrix of the statement by (9). O

Let A and A denote the Laplacians on Q(M) and Q(N), respectively.
COROLLARY 10.4. According to (27),

- P —2p_1ci
A= <—2p35 Q )

on Q"(M), where

o
<p—2 od — d‘fz (n—2r—1)p1 jp (d% +(n—2r— 1)P_1)d>
= —P_25;p p=26d ’
s — <(§ 0~> (p_25 —a = 2r + 1)p_1>
L —d 0 —p%0
B p~2dd —J(dip +(n—=2r+1)p"h
- <p‘2ddpg —2p7% (2 )Lt 47 CZS) '

The sum of these matrices is the matrix of the statement. O

10.2. Witten’s perturbation on a cone. Let df, §F, DF and AF (s > 0)

denote the Witten’s perturbations of d, 4, D and A induced by the function f = :l:% p?
on M. In this case, df = £pdp. According to (27),

_ (0 0 _ (0 p
pdp/\:(p O)’ —pdpJ:<O O)'
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So the following is a consequence of Lemmas 10.1 and 10.3, (21) and (22).
COROLLARY 10.5. According to (27), on Q" (M),

P d 0
s d%:l:sp —d)]’

st — p~26 —dip —(n=2r+1)pt+sp
® 0 —p 26 '

With the notation of Section 9,

_ (0 p
R—:l:p(dp/\—dpJ)::I:<p 0>,

and therefore

2
2o_(p7 0 _ o
e (i e
LEMMA 10.6. RD + DR = +(2r —n) on Q" (M).
Proof. By Lemmas 10.1 and 10.3, and according to (27),

d+p72% —L-—(m-2r+1)p!
rp==x (0 ) ("7 ip ~(nm2r by
p 0 e —d—p~%§
. ri —pd —p16
pd+p 16 —pdip—n—i—%—l ’
d+p26 —L_—(n—2r—1)p "
prR=+ (""" o~ (=2 = e (0 p>
d_p —d — 1% 1) P 0
4 —d%p—n+2r+1 pcz—l—p*lg
—pd—p7to p '
So the result follows using (9). O
The following is a consequence of (24), Corollary 10.4 and Lemma 10.6.
COROLLARY 10.7. According to (27),
p* —2p_1J
AT = 5 o~
’ (—2p35 QF
on Q" (M), where

~ d
Psi:p_2A+H—(n—2r—1)p_1d—$s(n—2r),
)

~ d
Q;t:p_2A—|—H—(n—2r—|—1)p_1d—p+(n—2r+1)p_22|28(n—2r).
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11. Domains of the Witten’s Laplacian on a cone. Theorem 1.1 is proved
by induction on the dimension. Thus, with the notation of Section 10, suppose that
dmin/max satisfies the statement of Theorem 1.1. Let

Hmin/max = ker Dmin/max = ker Amin/max )

which is a graded subspace of (V). For each degree r, let

Rmin/max,rfla ﬁ:;lin/max » C L2QT (N)

be the images of dmm /max,r—1 and 5mm Jmax,rs respectively, whose intersections with
D>(A) are denoted by Rmm/mdx 1 and R According to Section 5.1, A

, and R and its restrictions to these spaces have the

min/max,r"

preserves R

min/max,r— min/max,r—1’

same eigenvalues. For any eigenvalue X of the restriction of A to Rmm Jmax,r—11 let
Rmin/max,rfl,j\ = ES\(Amin/maX) n Rmm/mdx r—1>
Rzlin/max7r7175\ = ES\ (Amin/max) n len/mdx r—1-
Moreover
2 ~ - ~
L QT(N) - Tmin/max D @ (len/max r—1,A ©® len/max r )\) ’ (32)

where \ runs in the spectrum of Amm /max Ol R , and R*
Now, consider the Witten’s perturbed Laplacian AF. In the following, suppose

that s > 0.

min/max,r— min/max,r"

11.1. Domains of first type. For some degree r, let 0 # v € H
Corollary 10.7,

By

min/max”

AF=H—(n—2r—1)p~ 1dii|is(n—2r)
on C®(Ry) = C*°(Ry)y C Q"(M). This operator is of the type of P in (10) with
co = 0. Thus (14) is satisfied. In this case, Table 5 contains the possibilities for a given
by (11), the corresponding values of 20, the condition (12) expressed in terms of r,
and the smooth cores of the corresponding self-adjoint operators with discrete spectra
in L?(R,, p"~ 2"~ dp), given by Proposition 7.1. The corresponding eigenvalues are
also indicated in Table 5, referring to the expressions

Ak + (1 F1)(n—2r))s, (33)
k+4—-(1£1)(n—2r))s. (34)

They are of multiplicity one, with corresponding normalized eigenfunctions x;. More
precisely, for AT and A7, (33) becomes 4ks and (4k + 2(n — 2r))s, respectively,
and (34) becomes (4k +4 — 2(n — 2r))s and (4k + 4)s, respectively. Table 6 indicates
the signs of these eigenvalues. In all tables of Section 11, grey color indicates the cases
where there exist some negative eigenvalue or a too restrictive condition (the cases
that will be disregarded)

When —3 < r < 221 we have got two essentially self-adjoint operators, with
a=0and a=—n+2r —|— 2. These two operators are equal just when r = 5 — 1.

All of the above operators defined by A¥  as well as their domains, will be said
to be of first type.
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a 20 Condition | Smooth core Eigenvalues
0 n—2r—1 | r<ozt Sev,+ given by (33)
—n+2r+2 | —n+2r+3 | r>23 p~ T2 S+ | given by (34)

IV |

TABLE 5
Self-adjoint operators of first type

Si f the ei 1
Conditions | Smooth core 181 O the cigenvaiues
<0 0 >0
&y k=0]k>1
Ai r S n?_l 8ev,+ v—k
2ty Wk
Alr=gol k=0 k>1
s 2 r > n—3 —n+2r4+2 Sev >
- 2 4 —+ p . :
= vk
TABLE 6

Sign of the eigenvalues for operators of first type

11.2. Domains of second type. With the notation of Section 11.1,
d

AT EH—(n—Qr—l)pfld——l—(n—%—1)p72$s(n—2r—2)
»

on C*®(Ry) = C®(R4)dp Ay C Q"FH(M) by Corollary 10.7. This is an operator
of the type of P in (10) with ¢z = 2¢;. Thus (14) is also satisfied. In this case,
Table 7 contains the possibilities for a given by (11), the corresponding values of 20,
the condition (12) expressed in terms of r, and the smooth cores of the corresponding
self-adjoint operators with discrete spectra in L?(Ry, p"~2"~1dp), given by Proposi-
tion 7.1. The corresponding eigenvalues are also indicated in Table 5, referring to the
expressions

Ak +44+ 1 F1)(n—2r—2))s, (35)
k- (1£1D(n—2r—2))s. (36)

They are of multiplicity one, with corresponding normalized eigenfunctions yx. More
precisely, for AT and A, (35) becomes (4k +4)s and (4k +2(n — 27))s, respectively,
and (36) becomes (4k + 4 — 2(n — 2r))s and 4ks, respectively. Table 8 indicates the
signs of these eigenvalues.

For "T’l <r< "TH, we have obtained two essentially self-adjoint operators, with
a=1and a = —n + 2r + 1. These operators are equal just when r = 3.

All of the above operators defined by A¥, as well as their domains, will be said
to be of second type.

11.3. Domains of third type. Let p = \/i for an eigenvalue \ of the re-
striction of Apin/max t0 Rl‘fin/max +_1- According to Section 5.1, there are non-zero
differential forms,

a € 7"é’mim/m&x,r—1,5\ C QT(N) ) ﬁ € fé* 5 C© QT_l(N) ’

min/max,r—1,\
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a 20 Condition Smooth core Eigenvalues
1 n—2r+1 | r< "TH P Sev,+ given by (35)
—n+2r+1 | —n4+2r+1 | r>270 | prn LS, L given by (36)

TABLE 7
Self-adjoint operators of second type

Sign of the ei 1

Condition | Smooth core 11 O the eigervaiues

<0 0 >0

= vk
kE>1
A; r= % - 2 P i+ =0 P

r<ty o

+

A, r> nT_l p—"+2r+1 Sev.t A5

A k=0] k>1

TABLE 8
Sign of the eigenvalues for operators of second type

such that dB = po and 6o = pfB. By Corollary 10.7,

d
Aé':_H—(n—27’—|—l)pfld—p+u2p72:|:(n—2r—|—2)s

on C*®(Ry) = C®(Ry) B C Q" 1(M). This operator is of the type of P in (10) with
c2 = p? > 0. Thus (14) is satisfied, and (11) becomes

— 2r £ —2r)2 4+ 4pu?
" n+ 2r (n—2r)2+4u ' (37)
These two possibilities for a have different sign because p > 0.
For the choice of positive square root in (37), we get
—2r)2 4+ 4p? 1
(n—2r)2 +4p - (38)

2
according to (12). Then Proposition 7.1 asserts that AF, with domain p® Sey 4, is
essentially self-adjoint in L?(R, p"2"T1dp); the spectrum of its closure consists of
the eigenvalues

(4k+2+ (n—2r)2—|—4,u2:|2(n—2r+2))5, (39)
with multiplicity one and corresponding normalized eigenfunctions x; and the smooth
core of its closure is p® Sey,+. Notice that (39) is > 0 for all k.

For the choice of negative square root in (37), we get

1—+/(n—2r)2 +4p?

; (10)

o =
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according to (12). Then o > —1/2 if and only if

p<1l and |n—2r] <2y/1—pu?, (41)

which is equivalent to ? <pu<landr= %, or pu < @ and ”Tfl <r< "TH In this
case, Proposition 7.1 asserts that AT, with domain p? S,y 1, is essentially self-adjoint
in L2(Ry, p"~2"*1 dp); the spectrum of its closure consists of the eigenvalues

(4k+2— (n—2r)2+4u2$(n—2r+2))8, (42)

with multiplicity one and corresponding normalized eigenfunctions x; and the smooth
core of its closure is p® Sey 4. For AT, (42) is < 0 for k = 0. For Ay, (42) is > 0 for
all k.

Table 9 summarizes the information about the sign of the eigenvalues for all
choices of @ and the sign of the model function.

a Condition Sign of the eigenvalues
AF | (37) with +,/ | No restriction | >0 Vk

S

>0 Vk

TABLE 9
Sign of the eigenvalues for operators of third type

When (41) is satisfied, we have got two different essentially self-adjoint operators
defined by the two different choices of a in (37).

All of the above operators defined by A¥, as well as their domains, will be said
to be of third type.

11.4. Domains of fourth type. Let pu, a and 8 be like in Section 11.3. By
Corollary 10.7,

d
A;tEH—(n—2r—l)p_ld—+(u2+n—2r—l)p_ziF(n—2r—2)s
)

on C®(Ry) =C®(Ry)dpAa C QFL(M). This is another operator of the type of P
in (10), which satisfies (14) because
(I—(m—2r =1 +4(@ > +n—2r—1)=(n—2r)2+44>>0.

Moreover (11) becomes

—n+2r+2++/(n—2r)2+ 42
_ o2+ \2/( AP (13)
These two possibilities for a are different because p > 0.

With the choice of positive square root in (43) and according to (12), o is also
given by (38), which is > 1/2. Then Proposition 7.1 asserts that AF, with domain
p® Sev.+, is essentially self-adjoint in L2(R, p"~2"~1 dp); the spectrum of its closure
consists of the eigenvalues

(4k+2+ (n—27‘)2—|—4u2:|:(n—2r—2))s, (44)
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with multiplicity one and corresponding normalized eigenfunctions y; and the smooth
core of its closure is p® Sey 4. Observe that (44) is > 0 for all k.

With the choice of negative square root in (43) and according to (12), o is
also given by (40), which is > —1/2 if and only if (41) is satisfied. In this case,
Proposition 7.1 asserts that AT, with domain p® S,y ,, is essentially self-adjoint in

L?(Ry, p"~27=1dp); the spectrum of its closure consists of the eigenvalues
(4k+2— (n—27°)2+4u2$(n—2r—2))s, (45)

with multiplicity one and corresponding normalized eigenfunctions xy; and the smooth
core of its closure is p® Sey 4. For A, (45) is > 0 for all k. For A, (45) is < 0 for
k=0.

Table 10 summarizes the information about the sign of the eigenvalues for all
choices of a and the sign of the model function.

a Condition Sign of the eigenvalues
AT | (43) with +,/ | No restriction | > 0 Vk
>0 Vk
TABLE 10

Sign of the eigenvalues for operators of fourth type

When (41) is satisfied, we have got two different essentially self-adjoint operators
defined by the two different choices of a in (43).

All of the above operators defined by A¥, as well as their domains, will be said
to be of fourth type.

11.5. Domains of fifth type. Let u, o and § be like in Sections 11.3 and 11.4.
By Corollary 10.7,

on
C®(R:) @ C°(Ry) = C°([Ry) a+ C®(Ry) dp A B C (M),

where

d
Pro=H—(n=2r=1)p~ St p’p™" F (n—2r)s,

d
is:H—(n—2r+1)p71d—p+(u2+n—2r+1)p72:|:(n—2r)s.

We will conjugate this matrix expression of AF by some non-singular matrix ©, whose
entries are functions of p, to get a diagonal matrix whose diagonal entries are operators
of the type of P in (10). This matrix will be of the form © = BC' with

1 0 C11 Ci12
B = _ B C= )
(0 p 1) <021 022>
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where ¢;; are constants to be determined. Let ijs and Qis be simply denoted by P
and Q. A key observation here is that, by (9),

Q—p tPp=2(n—2r)p 2,

obtaining

1At (1 0 P —2up~t 1 0
b AsB_<0 p) (—2up3 Q 0 p!

_ < P —2up‘2) _ < P —2pp~2 )
—2up~2 pQp! —2pup~? PH+2(n—2r)p~2) "

On the other hand, C' must be non-singular and

- 1 ca2 —C12
ct= .
det C' (—021 C11

Therefore O~ AT O = (X;;) with

2
X11 =P+ m (M (_022021 + 012611) - (n - 27')012021) P_2 )
2 _
X2 = EPws (1 (=3 + cfa) = (n = 2r)crac) p~2,
2 _
X21 = m (,U/ (C%l — C%l) + (n - 2T)011621) P 2 )
2 _
Xoo =P+ — (ILL(CQ:[CQQ — 611612) + (n — 2T)011C22) 1Y 2

det C'
We want (X;;) to be diagonal, so we require
p(cty = ¢5a) = (n = 2r)eizess = plcly — ¢31) — (n—2r)enea = 0.
Both of these equations are of the form
p(x® —y?) = (n—2r)zy =0, (46)

with x = ¢12 and y = o2 in the first equation, and = = ¢17 and y = co1 in the second
one. There is some ¢ € R \ {0} such that

-2
Y Txy:(x+cy)(x—£); (47)
c
in fact, we need ¢ — % = —"‘TQT, giving
pc? +(n—2r)c—p=0, (48)
whose solutions are
42+ /(0 — 2r)2 1 42
o = n+ 2r (n—2r)2 +4pu ' (49)
2p
Observe that cyc_ = —1. Let ¢ = ¢4 > 0, and therefore —1/c = c_. By (47), the

solutions of (46) are given by « 4+ ¢y = 0 and cx — y = 0. Then we can take

1 —c
o~ (0 1)
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with det C =14 ¢ > 0. So, for

1 0 1 —c 1 —c
- <0 pl) (c 1 ) B (Cpl P1> ’

we get X159 = X917 =0, and
2(—2uc+ (n—2r)c?) _,
p

Xy =P
11 + 1re2 )
22uc+n—2r) _,
Xopg=P+ —-——-5—= .
22 + T2

The notation X = X711 and Y = Xoo will be used; thus @71A§E@ = XaY. The
above expressions of X and Y can be simplified as follows. We have

2:2u—(n—27“)c

1+c¢
u
by (48), obtaining
2(—2pc+ (n—2r)c?) 9 2(2uc+mn—2r)  2p(2pc+n —2r)
1+ ¢? - 1+ ¢?  2u—(n—2r)c
Moreover
(2uc+n—2r)* = (n—2r)? +4p* >0
by (49), and

(2u — (n—2r)c)(2uc + n — 2r)
=4p?c+2u(n —2r) — (n — 2r)2uc® — (n — 2r)%c
n—2r

=4p?c+2u(n —2r) — (n —2r)2u(1 — c) — (n—2r)%c
— (44 + (0 20)?)
by (48). Therefore
2(2uc+mn—2r) 2u(2pc +n — 2r)?
14+¢2 (21— (n—2r)c)(2uc +n — 2r)

-2+ 47 _ 2
oc4pz 4+ (n—2r)2) ¢’

It follows that X = P —2ucp 2 and Y = P + %“p’Q, obtaining
X = H (=2 = p (4~ 2u0)p > F (n— 20)s
p
2p
c

Y:H—(n—ZT—l)pfldip—l—(,uQ—F )P 2 F (n—2r)s .

These operators are of the type of P in (10), and satisfy (14) because, by (49),
2
(1= (n =20 = 1)) + 4(u = 2¢) = (2= V(0 =202 + 422) >0,

(1—(n—2r—1))2+4(u2+2“>=(2+\/(n—2r)—2+4u2)2>0.

C
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So, for X and Y, the constants (11) and (12) become

_ _ — 9 )2 2
a:2 n+2r+ (2 (n—2r) —i—élu)7 (50)

2
2 — 2r £ (2 —2r)2 4 4p?
o 2ok QSR 1)

g o 1EQC V(0 —2r)? + 4p7) (52)

2
o 1+ (2++/(n—2r)?2+4u?) (53)
5 .

Suppose that o,7 > —1/2. By Proposition 7.1, X and Y, with respective domains
p% Sey,+ and p’ Sey 4, are essentially self-adjoint in L?(R, p" 2"~ dp); the spectra
of their closures consist of the eigenvalues
4k +2a+ (1 F1)(n—2r))s, (54)
(4k+2b4+ (1F1)(n—2r))s, (55)

with multiplicity one and corresponding normalized eigenfunctions xs,q.0 % and

Xs,b,r.k, Fespectively, and the smooth cores of their closures are p® Sey,+ and pb Sev,+-

Since \/TTO is an orthogonal matrix, it defines a unitary isomorphism

LA(Ry, p" 2" tdp) @ L*(Ry, p" 2" L dp)
— LRy, 0" L dp) ® LA Ry, p" 2 " dp) ,

and we already know that

B =1 @pfl : LQ(RJ”panrfl dp) @LQ(RJ”panrfl dp)
- L2(R+,pn—2r—l dp) e L2(R+7pn—2r+l dp)

1

is a unitary isomorphism too. So W@ is a unitary isomorphism

L*(Ry, p" 2"t dp) @ L*(Ry, p" > L dp)
= L2(Ry, p" 2 Hdp) © L*(Ry, p" >+ dp)

Therefore, when o, 7 > —1/2, the operator AT, with domain

e(Pa ch,Jr 2] Pb ch,Jr) = {(pa(b - Cpbd}a Cpailgb + pbildj) | ¢a 1/} S ch,Jr} ) (56)
is essentially self-adjoint in

L2(R+, pn—2r—1 dp) D L2(R+, pn—2r+1 dp)
= L*(Ry,p"*""Hdp)a+ L*(Ry, p" > dp)dp A B, (57)

which is a Hilbert subspace of L2Q"(M,g); the spectrum of its closure consists of
the eigenvalues (54) and (55), with multiplicity one and corresponding normalized
1 1

cigenvectors ——— O(Xs,a,0,k,0) and oews O(0, Xs,p,r.%); and the smooth core of its

closure is (56).
The condition 7 > —1/2 only holds with the choice

3++/(n—2r)2+4pu?
T:
2
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in (53), which corresponds to the choice

4—n+2r+/(n—2r)2+4p?

b =
n (51). With this choice, the eigenvalues (55) become
(4k +4F(n—2r)++/(n—2r2+ 4,u2) s, (59)

which are > 0 for all k.
Consider the choice

—n+2r 4+ /(n — 2r)2 + 4p?
Ve (60)

in (50), and, correspondingly,

~1 Z )2 + 42 1
P S VA 7‘)+u>_

n (52). Then the eigenvalues (54) become
(4k¢ (n—2r) + /(n — 2r)2 +4u2) s, (61)

which are > 0 for all &.
Now, consider the choice

4—n+2r—/(n— 202+ 4.2
. n+ 2r 2(n )2 +4p (62)

in (50), and therefore

3—+/(n—2r)2+4pu?
2

o =
n (52). In this case, the condition o > —1/2 means that

pw<?2 and |n—2r| <2y4—pu?. (63)

The eigenvalues (54) become
(4k FAF(n—2r)—/(n—2r)2 + 4u2) 5. (64)

For AT, (64) is:
e > ( for all k£ if and only if n —2r <2 — u2/2, and
e =0 just when k =0 and n — 2r = 2 — p?/2.
For A, (64) is:
e >0 for all k if and only if n — 2r > p2/2 — 2, and
e =0 just when k =0 and n — 2r = p?/2 — 2.
Table 11 summarizes the information about the sign of the eigenvalues for all
choices of a and b.
All of the above operators defined by A¥, as well as their domains, will be said
to be of fifth type.
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a b Condition Sign of the eigenvalues
(60) (58) No restriction >0 Vk
TABLE 11

Sign of the eigenvalues for operators of fifth type

12. Splitting of the Witten’s complex on a cone.

12.1. Subcomplexes defined by domains of first and second types. Con-
sider the notation of Sections 11.1 and 11.2. The following result follows from Corol-
lary 10.5.

LEMMA 12.1. For s >0, df and 6 define maps

di —1 dfs-tr- di +1
0 +=— C=(Ry)y : C®(Ry)dp Ny =——= 0,
5= 5L, .
s,r—1 8,7 s,r+1
which are given by
d d
dir:dfpism 5ir:—%—(n—2r—1)p_li8p,

using the canonical identities

C*Ry)y=C®([Ry)dp Ay =C7(Ry) .

According to Sections 11.1 and 11.2,  can be used to define the following domains
of first and second types:

n—1
= Sev+ for r< 5
n—3
E o= p IS, Ly for r > 5
n+1
5;j1 = pSev,+ dp Ny for r< —2|— ,
n—1
5;31 =p "PEHLS  LdpAy for r> —
The following is a direct consequence of Lemma 12.1.
LEMMA 12.2. For any s >0, d¥ and 6F define maps
+ + +
0 ds,rfl . ds,?“ ETJrl ds,r+1 0
+ vt Tyl T
53,7“71 5-5‘,7“ 5s,r+1

. . —1 . . —1
where i =1 if r < *5=, and i =2 if r > *5=.

REMARK 13. If n is odd, by Lemma 12.1 and (30), and since Seyv+ C
L?(R., p?° dp) if and only if o > —1/2, we get

dE(&r,) ¢ L2 Y (M) for r=

sT(E) ¢ LT (M) for 1=
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This is compatible with AY 2 0 on €I, when r = 23 (Section 11.1), and A7 # 0
on E,T;l when r = 241 (Section 11.2).

REMARK 14. If n is even, notice that

E31 =832 = Sevty for r= g -1,
5’:-?1 = gzy‘:gl = pSCv,+ dp A Y for r= g .

The domains of first and second type are summarized in Tables 12 and 13, omit-
ting the differential form part. Grey ground color is used for the repeated terms, and
grey color for the terms that are not mapped to L2Q(M) by df or 6.

r r r+1 r+1
7.1 7.2 &y €32
2 1
n P2 Sev t P Sev,+
4 3
% +1 P Sev,-i— P 8ev,+
2
r 5 P~ Sev,+ P Sev,+ P Sev,+
% -1 Sev,-l— Sev7+ P Sev.+
% =2 | Sevt P Sev,+
0 Sev,+ P 8ev,+
TABLE 12
Domains of first and second type when n is even
r r r+1 r+1
5%1 7,2 5%1 5%2
2 1
n P2 Sev 4 P Sev,t
3 4
% P° Sev,+ P Sev,+
1 3 2
% P 8ev,+ P Sev,-l—
r —1
nT Sev,-i— P Sev,-l— pSev,-i— Sev,+
—3
nT Sev,+ P Sev,+
—5
712 SCVHF pch,Jr
0 Sev,-i— pSev,-i—
TABLE 13

Domains of first and second type when n is odd

By Lemma 12.2, £, ; = &, & 5;171 is a subcomplex of length one of Q(M) with
dsi and 5;‘5, even for s = 0, where i = 1 for r < "T_l, and ¢ = 2 for r > "T_l Moreover
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let £,,0 denote the dense subcomplex of &, ; defined by

70 =Co (Ry)y =G (Ry)

5 =C Ry )dp Ay = CP(Ry) -

The closure of &, ; (and &) in L?Q(M) is denoted by L?E,. We have

L&) = L*(Ry, p" 2 Hdp)y = L2(Ry, p" 21 dp)
L2ET = L2(Ry, p" 2 Ndp) dp Ay = LP(Ry, p" 1 dp) .

Assume now that s > 0. With the notation of Section 8.2, consider the real
version of the elliptic complex (E, d) determined by the constants s and

n—2r—1
2 )

K= (65)
and also its subcomplexes &, where i = 1if k > —1/2 (r < 251), and i =2 if K < 1/2
(r= 250

PROPOSITION 12.3. There is a unitary isomorphism L?E, — L*(E), which re-
stricts to isomorphisms of complezes up to a shift of degree, (£y,0,ds) — (C§°(E),d)

and (€4, dE) — (&,d), where i =1 ifr < 71 andi=2 if r > 251

Proof. The unitary isomorphism
Pt ARy, p" " dp) — L*(Ry, dp)

defines a unitary isomorphism L25v — L2(E), which restricts to an isomorphism
&0 — C{°(E). Furthermore

PrEY L = P Sev sV = P Sevt = E7
prEN = P Sey p dp Ay = p Sy 4 = €]

if r < "7_1, and

—n+2r+2 _ 1- — ¢0
pfig;ly‘72 _ pn n—+2r+ Sev,—i—'y =p HSev,—i— = 52 ,

+1 — 2r+1 _ - —_ ol
prENL = p T S 4y = p T Sev it =6

if r > 271 By Lemma 12.1 and (9), we also have

K —K K d —K d —
prds,.p " =p (dpiSp>p :dfp—ﬁpliSp,

which is the operator d of Section 8.2. 00

COROLLARY 12.4.

(i) If r # 252, then (Ey,0,dYE) has a unique Hilbert complex extension in L2E,,

whose smooth core is &, ;, where i =1 if r < "T_l, and i =2 if r > "T_l

(il) Ifr = "T_l, then (E,,0,dE) has different minimum and mazimum Hilbert com-

plex extensions in L*E., whose smooth cores are €2 and &1, respectively.
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Proof. This follows from Propositions 8.4 and 12.3. O

For each degree r, we will choose one of the possible domains of first and second
type defined by v, denoted by £ and £, so that £, = £ @ £ is a subcomplex
of (Q(M),d¥) according to Lemma 12.2.

If n is even, there is only one choice of domains of first and second types by
Remark 14. Thus & and 5;“ have only one possible definition in this case.

If n is odd, there are two possible choices of domains of first and second types
just for the following values of 7:

5’:,1 :SCVH’FY n—3
. . for r= ,
57.,2 =p Sev+ 2
5;,1 = Sev,+ 7
8:2 = pSev,+ 7 n—1
it for r= ,
ET =pSevrdp Ny 2
E =Sevrdp Ay

E = pSevrdp Ny n+1
1 ) for r= .
&L =p Sevydp Ny

By Remark 13 and Corollary 12.4, we choose

. . n—3
& =&, for r= 5 >

r r+1 TL+1
gv"rl = 577-5 for r= T .

In order to get the minimum and maximum i.b.c. of (A TM*,d), according to
Corrollary 12.4, we choose

gr __or

v o2 . ~r

5T+1 o ngrl} lf Y € 7_[min
vy "2

Er=¢&r } N 2

y 7,1 . r

if yeH
r+1 _ er+1 max

57 o 5‘%1

According to Corollary 12.4, the above choices of £, satisfy the following.

COROLLARY 12.5.
(i) If r # 251, then (Ey,0,dY) has a unique Hilbert complex extension in L*E,,

whose smooth core is &,.

(ii) If r = 251, then (Ey0,dE) has different minimum and mazimum Hilbert
complex extensions in L2E.,. If v € Honin/max, then €, is the smooth core of

the minimum/mazimum Hilbert complex extension of (E,0,dT).

Let (D,,df, ) denote the Hilbert complex extension of (€,,9, dZ) with smooth core
&y, let A;tw be the corresponding Laplacian, and let ’Hfﬁ = Hi;@%ﬁ;” = ker Afﬁ.
The following result follows from Sections 11.1 and 11.2, Lemma 7.3 and the choices
made to define &, .
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PRroOPOSITION 12.6.
(i) (Dy,dE,) is discrete.
(ii) Hirtt =0, dim M =1 4f

—1 ifn is even
r<Qnss if nis odd and v € H.

— 2 Nmin
"T_l if nis odd and v € H) . ,
and H}: =0 otherwise.

(i) Hyy =0, dimH T =1 if

5y

if n is even
—1 . . Y7
r > %= ifnis odd andwE?:L;nm

ntl ifn is odd and v € HT

2 max >’

3 I3

and ’H;;f“ = 0 otherwise.

(iv) Ifef e Hsiﬁ with norm one for each s, and h is a bounded measurable function
on Ry with h(p) — 1 as p — 0, then (hef,ef) =1 as s — oo.

(v) All non-zero eigenvalues of A;‘f,y are in O(s) as s — 00.

12.2. Subomplexes defined by domains of third, fourth and fifth types.
Consider the notation of Sections 11.3-11.5. The following result follows from Corol-
lary 10.5.

LEMMA 12.7. For s >0, df and 6 define maps

d.s:‘t'r 2 .s:‘t'rfl
R L C=(Ry)a+C=(Ry)dp A B
s,r—2 s,r—1
ds:,t,r dsi,r+1
COO(R+)dp/\a —— 0,
5%, §F
8,7 s, r+1

which are given by

according to the canonical identities

C*R4)B=CT[Ry)dpNa=CT(Ry),
C=(Ry)a+C=(Ry)dp A f = C™(Ry) & C®(Ry) .

Consider only the choices of a given by the positive square roots in (37) and (43)
for domains of third and fourth types, and (60) for domains of fifth type; the other
choices of a are rejected because they are very restrictive on p and r, and give rise to
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some negative eigenvalues. If these values of a are denoted by a3, a4 and a5 according
to the types of domains, then a5 = a3 = a4—1, and therefore the notation as = a3 = a
and a4 = a+ 1 will be used. Recall also that we only have the choice (58) for b, which
equals a + 2. So we only consider the following domains of third, fourth and fifth
types defined by « and f:

Fig =" Sevos B=p" Sevt
Fiit=p" S dp o= pT Sy
Fop=p"{(0—cp’)a+(cp™ o+ p)dp AB | ¢,1 € Sev y }
=p" { (0 —cp®P,ep™ o+ pY) | ¢,9 € Sev iy }

LEMMA 12.8. For any s > 0, d¥ and 6F define maps

+ + + +
0 d:‘:,r72 (;_ﬁ1 dirl71 ;75 ds,'r ]__;:21 d:st,r'Jrl 0
53,7“72 65,7'71 5-5i,7“ 6s,r'+1
Proof. Lemma 12.7 gives 6 (}':;Bl) =dF (ngrBl) =0.
Observe that
a=cpu, (66)
obtaining
cla+n—2r)=p (67)
by (48). By Lemma 12.7, (66) and (67), for h € Sey 4,
+/ a a d -1
dy (p*hB) = p* | pha + ap Here +sp|(h)dpNB ) , (68)
d
5T (p* hdp Nar) = p* ((—p Y7 By 8p2> (h)a—pp~"hdp A ﬁ) : (69)
p

The inclusion d (]—'gz,l) C F}, p follows from (68) if there are ¢,1) € Sey,+ so that
¢ —cp* = ph, (70)

d
cp o+ pp = (d—p +oppt £ Sp) (h) . (71)

Subtract ¢p=? times (70) from p~! times (71) to get

1 (ad
o= s (s 0

which is well defined in Sey 4. This ¢ and ¢ = ph + cp*y satisfy (70) and (71).
The inclusion 0 (]:;‘21) C F,, p holds by (69) if there are ¢, 9 € Sey,+ so that

oo = (o~ xst) (). (72)

cp o+ pp=—pph. (73)
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The sum of (72) and cp times (73) gives

1 d 14 c?
bm (k-

1+ c2 —Pd*p /LiSP2> (h)

which belongs to Sev +. The even extensions of h and ¢ to R, also denoted by h
and ¢, satisfy c¢(0) = —uh(0), and therefore uh + cp € p?>Sey. It follows that
Y= p~2(puh + c¢) € Sey +. These functions ¢ and ¢ satisfy (72) and (73).

For arbitrary ¢,y € Sey +, let

C=p"((¢—cp’Y) at (co™ "o+ p) dpAB) . (74)
By Corollary 10.5, (66) and (67),
+ __ a — i
d3 (¢) =p “<(p Y iS) (9)
—|—c<— a4 <02:1u+2) 3F8p2> (1/1)> dp Ao,

showing that d( np) C .7-';:21 and 6% (F7 8 CFis 'O

By Lemma 12.8, Fo 3 = ]_-;)61 ®F,p® ]:T is a subcomplex of length two of
Q(M) with df and §F. Let F, g,0 denote the dense subcomplex of F, 3 defined by

Fipo=CFRy)B=CRy) . Fllyo=C(Ry)dpha=C5*(Ry),

Fap0=Co (Ry)a+ C¥(Ry)dp A B =Co°(Ry) ® C5° (R4 )

The closure of Fo g (and Fu p,0) in L2Q(M) is denoted by L?F, 3. We have

L2Fo g = LRy, p" ™ hdp) B = L* (R, p" =1 dp) |
L2FL = LRy, p" 2 Vdp) dp Ao = L* (R, p" > "1 dp)
LQfZL,ﬂ = L*(Ry, p"*""dp)a+ L*(Ry, p"~* T dp)dp A B
= L2(Ry, p" 2 dp) @ LRy, p" > dp) .
Assume now that s > 0. With the notation of Section 8.3, consider the real

version of the elliptic complex (F,d), as well as its subcomplex Fi, determined by the
constants s, ¢ and

-1 " or2 1 42
_ +\/(n2 )2 +4p >_1' (75)

By (49),
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PROPOSITION 12.9. There is a unitary isomorphism L*F, 3 — L*(F), which
restricts to isomorphisms of complezes up to a shift of degree, (Fo p,dE) — (F1,d)
and (Fop.0,dY) — (C°(F), d).

Proof. As an intermediate step, let

]:(2,761 = P]:;iﬁl = Pa+1 ch.,+ ) ‘F(’;fﬂl - ‘F(;:ibl = pa+1 SCV7+ ’

AZQ,B =07 0.5) = P Sev.t © P2 Sev i
Fap=FrgoFLs@F . Fapo=TFapo,
LQ]‘/:;Z;I _ sz};zl _ LQ}—;}l _ LZ(R_hpanrfl dp) ,
L2F; 5= L*(Ry, p" ¥ dp) & L*(Ry, p" 2"V dp)

LPFap=L*F ) @ L*F, s LPFi
Moreover let Z : L2F,, 3 — L%F, g be the unitary isomorphism defined by
pr PFI = DPFI, V14207 LAFL ,— LPF]

and the identity map LQ.F;y — LQﬁgzl. It restricts to isomorphisms F, 3 — j-:a,g
and Fo 5.0 — Fa.p0- Thus, by Lemma 12.8, (F, 5,d<) induces via = a complex

i it it it
0 ds,r72 j':rl_} s,r—1 = 5 dS,T j':rt_gl ds,r+2 0 '
By Lemma 12.7 and (9),
F L cp AT
ST Tt \—e p) a5 £sp
_ 1 Cabt (w—c)p~t £esp )
Vit \ g —(ep+DptEsp |7
- 1 1 —c
d;tr = (i + sp —u) ( _ )
1+ \% o=t p!
1 _ _
:ﬁ(dip—cup L+sp —cdip—up 13chp> . (78)

Now, the unitary isomorphism

2r—1

p 2 LA(Ry,p" ¥ dp) - LP(Ry, dp)

induces a unitary isomorphism L2j-:a)3 — L?(F), which restricts to isomorphisms
Fa,3 — F1 and Fq 5,0 = C3°(F). Moreover, by (77), (78), (9) and (76),

T TR\~ (et Lp sp

- 1 <c(d%+/£p_1:|:sp)>
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1 n—2r—1 d 1 _n-—2r
=i’ 2 (d—p—cup +sp —c——up ?csp)p 2

1 _
:\/T—c?(dip_ﬁp L+ sp C( i —(k+1)p~ :Fsp)),

which are the operators dy and d; of Section 8.3. O

COROLLARY 12.10. (Fap,0,ds) has a unique Hilbert complex extension in
L2F, 3, whose smooth core is Fo-

Proof. This follows from Propositions 8.6 and 12.9. 00

Let (D, 5,ds o B) denote the unique Hilbert complex extension of (F, g,0,dZ),

according to Corollary 12.10, and let Ai «,p denote the corresponding Laplacian.
The following result follows from Sections 11 3-11.5.

PROPOSITION 12.11.
(i) (Dq ”(3,ds w,p) 18 discrete.
(ii) The eigenvalues of Aiaﬁ are positive and in O(s) as $ — oo.

12.3. Splitting into subcomplexes. Let By max,0 denote an orthonormal
frame of Hin/max consisting of homogeneous differential forms. For each positive

eigenvalue p of ﬁmin Jmax> et Boin /max,u D€ an orthonormal frame of Eu(f)min /max)
consisting of differential forms a4 3 like in Section 12.2. Then let

smln/mdx @d @@@dsaﬁ7

noa+p

where 7 runs in By /max,0, 4 Tuns in the positive spectrum of lN)min/maX, and o +
runs in Biin/max,u- Observe that the domain of dsimm Jmasx is independent of s, and
therefore it is denoted by Dyin/max- Let also

mln/max = @570@@@-7 ,3,0 -+

nooatpB

PROPOSITION 12.12. d+ =d*

s,min/max s,min/max”

Proof. By Corollaries 12.5 and 12.10, Lemma 5.2 and (32), (Pmin/max> d*

s,min/max)
is the minimum/maximum Hilbert complex extension of (G, /max,d;t). Then the
result easily follows from the following assertions.

CLAIM 3. Gmin/max C D(d

s mln/mdx)

Cram 4. Qo(M) C Drnin /max-

Let dF

s,min/max

(Qo(M),dF) with respect to the product metric § = § + (dp)? on M = N x R,.
With the terminology of [8, p. 110], observe that (M), d¥) is the product com-
plex of the de Rham complex of N, (2(N),d), and the Witten’s deformation of the

denote the minimum/maximum Hilbert complex extension of
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de Rham complex of R, defined by the function :I:%p2. Then, by [8, Lemma 3.6
and (2.38b)],

(d;tmm Jmax) 2 C6° (R+) D(dmin/max) + C5° (R4) dp A D(dimin/max)

D gmin/max . (79)

On the other hand, for 0 < a < b < o0, let Li)bQ(M, g) and Li)bQ(M, g) denote

the Hilbert subspaces of L2Q(M,g) and L?Q(M, §), respectively, consisting of L?
differential forms supported in N X [a,b]. Since g and § are quasi-isometric on N X
(a/,0) for 0 < @’ < aand b < b < oo, it follows that

D(djfmin Jama) L2, Q(M,g) = D(djmm Janase) () L2 ,Q(M,§) . (80)
Moreover
gmin/max - U Lz,bQ(Mu g) = U Lz,bQ(M7 g) : (81)
0<a<b<oo 0<a<b<oo

Now Claim 3 follows from (79)—(81).
Finally, Claim 4 follows from

c@sw@@@mo, (52)

noatf

where v, 1 and « + 8 vary as above. The inclusion (82) can be proved as follows.
According to (26), any £ € Qo(M) can be written as § = £y + dp A & with &, &
C° (R4, Q0(N)). Then, by (32), we get functions fi, feras € C(RL) (k0
{0,1}) defined by fi~(p) = (&k(p); g fro.a.8(p) = (Er(p), B)g and fr1.a,8(p)

(&k(p), )z, where (, )5 denotes the scalar product of L2Q(N), and moreover

Im m

€= (forr+ frydp A7)
i

+ Z Z (f0,0,0,8 B+ fr0,0,8+ f1,0,0,8dp A B+ f1,1,0,8dp N )
woatp

in L?Q(M, g), where v, u and « + 3 vary as above. Thus ¢ belongs to the space in
the right hand side of (82). O

REMARK 15. From (4), Lemma 7.2, and Propositions 8.4, 8.6 and 12.12, it follows
that, with the notation of Example 4.2, h(p) D> (d;tmm/max) C Doo(d;tmm/max) for
all h € C*°(R4) such that A’ € C§°(Ry4).

Let Hs ,min/max ~ @ Hs ,min/max ~ = ker As:‘:lfnm/moxx'

COROLLARY 12.13.

(i) dfmm/mdx is discrete.

(i) Mo = HE o (N) if

—1 ifn is even
r< 3 o
5 if n is odd ,

and 7—[;1:1 = 0 otherwise.
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—1 ifn is even
r<
n—l if n is odd

and Hi;’arx = 0 otherwise.
(V) Hopin = Ho(N) if

min

if n is even

[k S
== ifn is odd,

and H"T = 0 otherwise.

min

(v) Hopiid ' = Hi o (N) if

if n is even

if n is odd ,

3 N3
=

<

v
—N—
y

and HE =0 otherwise.

(vi) If ef € 'Himin/max has norm one for each s, and h is a bounded measurable

function on Ry with h(p) — 1 as p — 0, then (hef ef) =1 as s — oo.

(vii) Let 0 < )\jfmin/max)o < )\jfmin/max)l < --- be the eigenvalues of Ag min/max-
repeated according to their multiplicities. Given k € N, if )\:min/max,k > 0 for
some s, then )\;‘t,min/max,k € 0(s) as s — 0.

(viil) There is some 6 > 0 such that lim infy, Aimin/max)kk_e > 0.

Proof. For 7y, pn and o+ 3 as above, the spectra of AT on &, and F, 4 is discrete
by Propositions 12.6-(i) and 12.11-(i). Moreover the union of all of these spectra
has no accumulation points according to Sections 11.1-11.5 and since A, /max has
a discrete spectrum. Then (i) follows by Proposition 12.12.

Now, properties (ii)—(vii) follow directly from Propositions 12.6, 12.11 and 12.12.

To prove (viii), let 0 < S‘min/max,O < S\min/ma&l < -+ denote the eigenvalues of

Ain/max, repeated according to their multiplicities, and let fimin/max,e = \/ Amin/max,e

for each £ € N. Since N satisfies Theorem 1.1-(ii) with §, there is some Cp,f > 0 such
that

Xmin/max,f Z Cgéé (83)
for all large enough ¢. Consider the counting function
m:min/max(/\) = # { keN | A;‘:,min/max,k < A}

for A > 0. From (33)—(36), (39), (44), (59), (61) and (83), and the choices made in
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Section 12, it follows that there are some C7,Cy, C3 > 0 such that
mi (/\) < # { (kag) € N2 | Cik + Co Hmin/max,¢ < )\}

s,min/max

< #{ (k,0) € N* | C1k + CoCol%% — C5 < A}
po (A0 Gk
- CyCy CyC)
A+C3

< 2/0
S/C <)\+CB— Clx) dx
0 CaCy (2

g#{(k,e)eN2

O(\ + C5)2+0)/0
(24 0)(C2Co)¥/0C,
So ‘)’(:min/max()\) < CA2H0)/8 for some C > 0 and all large enough A, giving (viii)
with 6 = Zié'

ExamMpPLE 12.14. Consider the notation of Examples 3.7, 3.14 and 9.1. On
the stratum S™~! x Ry of ¢(S™!), the model rel-Morse function +3 p? and the
metric g; define the Witten’s perturbed operators df, 6%, D and AF. Since po
and gy respectively correspond to p and g; by can : S™71 x R, — R™ ~ {0}, it
follows that d, 6%, D and A¥ respectively correspond to d(jis, 5({5, D(jfs, A(jis by

can* : Q(R™ < {0}) — Q(S™~! x R,), and moreover

L2Q(R™, go) = L2Q(R™ ~ {0}, 90) — L*Q(S™ " x Ry, 1) (84)

is a unitary isomorphism. The extension by zero defines a canonical injection
Qo(R™ . {0}) — Qo(R™), whose composite with (can*)~! is an injective homomor-
phism of complexes, (Q(S™~! x Ry ),d¥) — (Qo(R™), dis). Thus the unique i.b.c.
of (NTR™", d0i75) in L2Q(R™, go) corresponds to di, . via (84).

If m > 2, then H"z (S™1) = 0 for odd m. So (AT(S™! x R.)*,d¥) has a
unique i.b.c. by Corollaries 12.5 and 12.10, and Proposition 12.12.

If m = 1, then Q(S°) = Q°(S%) = R?, and therefore, according to (26), (27) and
Corollary 10.5,

Q°(S° x Ry) = C°(R4,R?),
QNS x Ry) =dp A C®(Ry,R?) = C® (R, R?)

d
dfzd—pisp, 5fz—d—p:|:sp,

giving dsi)min # df,ax by Proposition 8.4-(i).

13. Local model of the Witten’s perturbation. The local model of our
version of Morse functions around their critical points will be as follows. Let my €
N, let Ly be a compact Thom-Mather stratification, and let M1 be a stratum in
¢(Ly). Thus, either My = Ny x Ry for some stratum Ni of Ly, or My is the
vertex stratum {1} of ¢(Ly). On the stratum M = R™+ x R™- x M, x M_ of
R™+ x R™= x ¢(L4) x ¢(L_), for any choice of product Thom-Mather stratification
on ¢(L4) x ¢(L_), consider an adapted metric given as product of standard metrics
on the Euclidean spaces R™* and model adapted metrics on the strata M. Let d;
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be the Witten’s perturbed differential map on Q(M) induced by the model rel-Morse
function %(pi — p?) (Remark 11-(ii)). Let A4 min/max be the Laplacian defined by
ds min/masxs A0 Mg min/max = D, Hi in /max = KT Ag min/max- The following result
is a direct consequence of Example 9.1, Corollary 12.13 and Lemma 5.1.

COROLLARY 13.1.
(1) dg,min/max s discrete.
(ii) If My = Ny xRy and M_ = N_ x Ry, then

s mln/mdx - @ Hmm/max N+) ® Hmm/max(N_) ’

T,

where (r4,r_) runs in the subset of Z* defined by (1)—(3).
(i) If My = {*4} and M_ = N_ x Ry, then

s mm/max @Hmm/mdx —) )

where r—_ runs in the subset of Z defined by r = m_ +r_ + 1 and (3).
(iv) If My = Ny xRy and M_ = {x_}, then

Z,min/max = @ HmJirn/maX(NJr) )

T

where ro runs in the subset of Z defined by r = m_ 4+ ry and (2).
(v) If My = {*4} and M_ = {«_}, then dAimH{ i = Orm_ -
(vi) Ifes € Hs min/max With norm one for each s, and h is a bounded measurable
function on Ry with h(p) = 1 as p — 0, then (hes,es) — 1 as s = o0.
(Vll) Let 0 < )\s,min/max,o < )\s,min/max,l < --- be the eigenvalues Of As.,min/ma)u
repeated according to their multiplicities. Given k € N, if Ay min/max,k > 0 for
some s, then \s min/max,k € O(8) as s — 00.
(viii) There is some 6 > 0 such that iminfg As min/max,k k=% > 0.

14. Globalization of the weak Weyl’s asymptotic formula. Here, for the
maximum/minimum i.b.c. of an elliptic complex, we show globalization results for
its domain, the discreteness of the spectrum, and, mainly, the type of weak Weyl’s
asymptotic formula stated in Theorem 1.1-(ii). This will play a key role in the proof
of Theorem 1.1.

Consider the notation of the Section 6. The following refinement of Lemma 6.1
is obtained with a deeper analysis.

LEMMA 14.1. Suppose that (D,d) is discrete, and let 0 < Ay < Ao < --- be the
eigenvalues of A, repeated according to their multiplicities. Let B' be the standard
unit ball of W', and B, the standard ball of radius r > 0 in L?(E). Then the following
properties are equivalent for 6 > 0:

(i) liminfy A\gk=% > 0.

(ii) There are some Cy,C1 > 0 such that, for alln € Z, there is a linear subspace

Z, C L*(E) so that:

(a) Z, is closed and of codimension < Con'/? in L*(E);
(b) DW'NZ,) C Z,; and

(C) B'n Ly C BCl/n~
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(iii) There are some Cy,...,Cy >0 and A € Z such that, for all n € Z, there
is a linear map® R, = (RL,...,R2) : L*(E) — @, L*(E) so that:
(a) dimker R, < Con'/?;
(b) ||Rpul| < Cy ||ul| for all u € L?(E);
(¢) ||Ryull > Cq |Jul| for all u € (ker R,,)*;
(d) R(W?h) c W and ||[D, R:Ju|| < Cs ||ul| for all u € W1; and
(e) B'N RZ(L2(E)) C BC4/n'

Proof. Let (e;) (i € Z* :=Z\ {0}) be a complete orthonormal system of L*(E)
such that ey is a 4+/\,-eigenvector of D for each ¥ € Z,. The mapping u =
> uie; > (u;) defines a unitary isomorphism L?(E) = ¢3(Z*). Moreover W consists
of the elements v € L?(E) with Y, (14+Xz)u3 , < co. We have |lu| = >, (1+ ) (ui+
uQ_k) for u € W1.

Suppose that (i) holds. Then there is some C' > 0 so that 1+ A, > Ck? for all k.
For each n € Z,, the linear subspace

ZnZ{ueL2(E) |Uik=01f/€§(n/0)1/9}

of L?(E) satisfies (ii)-(a),(b) with Cy = 2/C/%. Furthermore, for every u € B' N Z,,,

C
Jull* = Z (ufp +u?y) < o Z kO (uf; +u? )

k> (n/C)1/0 k> (n/C)1/0
1 luld _ 1
Sﬁ Z (14 o) (uj +u?y) = n1<ﬁ’
k>(n/C)1/0
completing the proof of (ii)-(c) with C; = 1.
Now, assume that (ii) is satisfied. By (ii)-(a),
L*E)=Z}ro 7, (85)

as topological vector space [39, Chapter I, 3.5]. Furthermore, by (ii)-(a) and the
canonical linear isomorphism W'/ (W' n Z,) = (W' + Z,)/Z,, we also get that
W'n Z, is a closed linear subspace of finite codimension in W*. Hence

Wl=v,o(W'nz,) (86)

as topological vector spaces for any linear complement Y,, of W' N Z, in W1 [39,
Chapter I, 3.5].

On the other hand, for each u € Z;-, the linear mapping v ~ (u, Dv) is bounded
on Y, because Y,, is of finite dimension, and (u, Dw) = 0 for all w € W' N Z, by (ii)-
(b). So v+ (u, Dv) is bounded on W' by (86), obtaining that u € W by (7) since
D is self-adjoint. Hence Z;- C W1, and therefore we can take Y,, = Z in (86),
obtaining

wWl=ZeW'nz,) (87)

as topological vector spaces. Note that W' N Z, is dense in Z, by (85) and (87). So,
since D is self-adjoint, it follows from (ii)-(b) and (87) that D preserves Z;-.

8For A € Z4 and any topological vector space L, the notation @ 4 L is used for the direct sum
of A copies of L. Similarlarly, for any linear map between topological vector spaces, T : L — L, the
notation @, T: P4 L — @ 4 L' is used for the direct sum of A copies of T'.
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To get (iii), take A = 1 and R,, equal to the orthogonal projection of L?(E) to Z,.
Then (iii)-(a) follows from (ii)-(a), and properties (iii)-(b),(c) hold with C; = Cy =1
because R,, is an orthogonal projection. By (ii)-(b) and since D preserves Z:-, w
get R,(W') c W! and DR,, = R,,D on W1, showing (iii)-(d). Property (iii)-(e) is a
consequence of (ii)-(c).

Finally, assume that (iii) is true. The following general assertion will be used.

CLAIM 5. Let $) be a (real or complex) Hilbert space, IT an orthogonal projection
of $ with finite rank p, and 0 < C' < 1. Then the cardinality of any orthonormal set
contained in Uc = {u € | [Mul| > C'[|ul| } is < p/C*.

Suppose v1, . .., Up is an orthonormal basis of II($)). Let u1, ..., uy be orthonormal
vectors in Uc, and II' the orthogonal projection of §) to the linear subspace generated
by them. We get Claim 5 because

k p

k p
KC? <y Myl =% (v uy)* = Y IITwil* < p.
i=1

j=1 j=1i=1

Let p, = [Con'/?].

CLAIM 6. There is some I C Z with #I < 2p,, and ||[Rpe;]| > Ca2/v/2 for all
1€Z 1.

Let II,, and II,, be the orthogonal projections of L? (E) to ker R,, and (ker R,,)™,
respectively. By Claim 5, the cardinality of the set I = {i € Z | ||Il,e;|| > 1/v/2} is
< 2p,. For i € Z ~. I, we have

1Rl = | RaTlneil| = Co [Maei] > Co/v2

by (iii)-(c), showing Claim 6.
From Claim 6, it follows that there is some i,, € Z such that

lin] <pn+1, (88)
|Ruei, || > Ca/vV2 . (89)

‘We have
I Rpei, | = | Rei, |I> + [DRpes, |I°
2
< |RSer, | + (I RDer, | + D, Biler, )2 < CF + (Cay/Niy +C5)

Hence
! Re; € B'NR(LX(E))
\/02 SN+ Cs)’
for all » € [0,1), giving
rCy//2 r || Ryei, ||
VO + (Cry/A +Cs)° \/02 (Co/Ai) +Cs)”
< 2 q lIBaei, | —ZHunTH &

VO (Cy/a + i)t
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for all » € [0,1) by (89) and (iii)-(e). So there is some C' > 0, independent of n, such

that
20,2 2
1 | Can
. > 2 2 > 2
)\l’Ln| - 012 ( 2A2O42 Cl C3> = Cn (90)

for n large enough. If |i,_1| < k < |i,| for n large enough and k € N, then

by (90) and (88). This shows (i) because, since |i,| — 0o as n — oo by (90), there is
an increasing sequence (ng) in Zy such that [|in,—1/,00) = U,[lin,—1]; in,]). O

PROPOSITION 14.2. Let (E,d) be an elliptic complex on a Riemannian manifold
M. Let {U,} be a finite open covering of M, and let {f,} be a smooth partition of
unity on M subordinated to {U,} such that each |[d, fo]| is bounded. Assume also that
there is another family {f.} € C>°(M) such that f, and |[d, fo]| are bounded, f, =1
on supp fq, and supp fa C U,. For each a, let (E* d*) be an elliptic complex on a
Riemannian manifold M,, let V, C M, be an open subset, and let {, : (E|y,,d) —
(E%y,,d™) be a quasi-isometric isomorphism of elliptic complexes over &, : Uy — V.
Then the following properties hold:

(1) Dldiminjmas) = {0 € L2(E) | Calfat) € D(d2y, 1) Va b

(ii) If dﬁlin/max is discrete for all a, then duyin/max 5 discrete.

Proof. The inclusion “C” of (i) follows from Lemma 6.3-(i).
Now, take any u € L?(E) such that (,(f.u) € D(dy,i1jimax) for all a. Let g, and
ga be the smooth functions on each M,, supported in V,, that correspond to f, and

fa via &,. By Lemma 6.3-(i),

Jau= Ca_ICa(fau) = Ca_l(ga Ca(fau)) € D(dmin/max) .

Sou =73, fau € D(dmin/max), completing the proof of (i).

To prove (ii), we can make the following reduction. Since discreteness is invariant
by quasi-isometric isomorphisms of elliptic complexes, like in the proof of Lemma 6.3-
(i), after shrinking {U,} if necessary, we can assume that each (, : (Fly,,d) —
(E%v,,d?") is isometric. If every dp; .. is discrete, then each Wl(dfnin/max) —

L?(E%) is compact by Lemma 6.1. So

Cli(ga W (dhin jmax)) = Clo(ga L*(E*))
is compact for all a by Lemma 6.2-(ii). Therefore

CLi (fa W (dmin/max)) = Clo(fa L*(E))

is compact by Lemma 6.3-(ii). Since W' (dpin/max) = 2.q faW " (dmin/max) by
Lemma 6.2-(ii), it follows that W (dyin/max) < L*(E) is compact. Hence dyin /max
is discrete by Lemma 6.1. O

ProprosiTION 14.3. With the notation of Proposition 14.2, suppose that every

d® is discrete, and therefore dyin/max s also discrete. Let

min/max

0 < AL < )\?nin/max,l <. P 0 < Amin/max,O < Amin/max,l <.

min/max,0 =
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denote the eigenvalues, repeated according to their multiplicities, of the Laplacians

Agﬁn/max and Amin/max defined by dﬁlin/max and dipin/max, Tespectively. Suppose
that, for all a, there is some® 6, > 0 such that liminf}, )\ﬁlin/max kk_ea > 0. Then

lim infy Amin/max,k k=% > 0 with § = min, 6,.

Proof. According to Sections 5.1 and 5.2, the condition lim infy, )\ﬁlin/ma&kk’ea >
0 is invariant by quasi-isometric isomorphisms of elliptic complexes. Thus, like in
the proof of Proposition 14.2-(ii), we can assume that (, : (E|u,,d) — (E%|v,,d?) is
isometric. Set Df /.= dis o 0 min 20d wha = Wl(dfnin/max). Let BL:@

denote the standard unit ball in W* and B? the standard ball of radius » > 0 in
L?(E%). By Lemma 14.1, we get the following.

CrLAM 7. There are some C, ,C,1 > 0 for every a such that, for all n € Z,
there is a linear subspace Z2 C L*(E®) so that:

(a) Z% is closed and of codimension < C, gn'/% in L?(E®);
(b) Ditisjmax W N Z5) C Z3; and

(c) BN Z2 C BY,

a1/n’

For each a, fix an open subset O, C M such that supp f, C Oq, O, C U, and the
frontier of O, has zero Riemannian measure. Let P, = £,(0,),

P = {ve L*(E") | v is essentially supported in P, } ,
and Z2' = Z2 NP Each P? is a closed linear subspace of L?(E®) satisfying

glin/max(WLa n Pa) cPe. (91)
CLAIM 8.
(a) Z2' is closed and of codimension < C, gn'/% in P
(b) Dﬁlin/max(Wl*“ NZy') C Z4'; and

(c) BY*nzs' c B, NP

Claim 8-(a) follows from Claim 7-(a) and the canonical linear isomorphism
Pe/Ze" = (P* + Z2)/Z%. Claim 8-(b) is a consequence of Claim 7-(b) and (91),
and Claim 8-(c) follows from Claim 7-(c).

Now, consider the linear spaces

0% = {u € L*(E) | u is essentially supported in O, } ,
Z2" ={ue 0| v e Z sothat ((uly,) =vlv, } -

Each O® is a closed linear subspace of L?(E), and we have L*(E) = > O®. Set
Dmin/max = dmin/max + 5max/min and W™ = W™ (dmin/max) (m € Z+) Let Bl be the
standard unit ball in W', and B, the standard ball of radius r > 0 in L?*(E). Since
Co: (Ely,,d) = (E%y,,d®) is isometric for all a, Claim 8 gives the following.

CLAIM 9.
(a) Z2" is closed and of codimension < C, on'/% in O%

(b) Dnin/max (W' N Z2") € Z8"; and
(c) B'NZ3" C Be, ,/n NO“

9The notation 04, min/max Would be more correct, but, for the sake of simplicity, reference to the
maximum/minimum i.b.c. is omitted here and in most of the notation of the proof.
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Let Y,* be a linear complement of each Z2” in O®. By Claim 9-(a), we have
ot =Yra®z2" (92)
as topological vector spaces [39, Chapter I, 3.5]. On the other hand, for any m € Z,
WmNO* D {ueCiE)|suppu C O}, (93)

in particular, W™ N O% is dense in O%. So we can choose Y,* C W™ by Claim 9-(a);
in this case, we get

wWmrNno*=Yr® (Wmnz:") (94)
as topological vector spaces with respect to the || ||-topology.

Cram 10. W™ N Za" is || ||-dense in Z2" for all m € Z.

Choosing Y, ¢ W™, Claim 10 follows from (92), (94) and the density of W™NQO*
in O°.
For the case m = 1, observe that (94) is satisfied with

Yi=0"n(Whnzg"*, (95)

where 1 denotes ( , );-orthogonality in W!. From now on, consider this choice for
Y,*. Thus (94), for arbitrary m, also holds with respect to the || ||1-topology whenever
Y C W™; in particular, this is true for m = 1.

CLAIM 11. Dy /max(Y,2) € W

Since the Riemannian measure of the frontier of O, is zero, O@%~L consists of the
sections u € L?(F) whose essential support is contained in M ~ O,. Hence the set

Wino*H) + v+ (Whnze"
is dense in L?(E) by (94) for m = 1. It follows that, given any u € Y,, to check that
Drin/maxt € W1, its enough to check that the mapping

V= <Dmin/maxuu Dmin/maxv>

is bounded on W' N O+, Y% and W' N Z%”. This mapping vanishes on W' n Qe+
because

-Dmin/max(vv1 N Oa) co” ) -Dmin/max(VV1 N OaL) C OaL .

Moreover it is bounded on Y,¢ because this space is of finite dimension. Finally, for
veWrNZ4", we have
<Dmin/maxua Dmin/maxv> - <ua 1)>
because u 11 v. Thus the above mapping is bounded on W' N Z4”  which completes
the proof of Claim 11.
CLAamM 12. W2 N Z2" is || ||1-dense in Z2".

From Claim 11, we get Y,* C W?2. Hence (94) holds for m € {1,2} with respect
to the || ||1-topology, yielding Claim 12 because W2 N O% is || ||;-dense in Wt N O2
by (93).
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CLAIM 13. Dyyin/max(Yy)) C Y2

For u € Y, and v € W2 N Z&" | since Dnin/max is self-adjoint, we have

<Dmin/maxuu U>1 = <Dmin/maxu7 U> + <Amin/maxu7 Dmin/maxv>
= <u7 Dmin/maxv> + <Dmin/maxu7 Amin/max’u> = <u7 Dmin/maxv>l =0

by Claims 11 and 9-(b), and (95). Then Claim 13 follows by Claim 12.
CLAIM 14. Y% = 0% N (Z2")*.

Let u € Y, and v € W' N Z2”. By Claim 13, Amin/max 18 a self-adjoint operator
on Y. Then u = (1 + Apin/max)uo for ug = (1 + Amin/max)_lu € Y,?, obtaining

<u7U> = <(1 + Amin/max)an’U> = <’U,0,’U>1 =0

by (95). This shows Claim 14 by Claim 10 and (92).
Let II% : O — Z%" denote the orthogonal projection. The following claim follows
from (94) for m = 1, and Claims 9-(b), 13 and 14.

Cramv 15. IIE(WLnO0*) c Win o2 and [Dimin /max; 11| = 0 on wlnoe.

Consider each function f, as the corresponding bounded multiplication operator
on L?(E). Assuming that a runs in {1,..., A} for some A € Z, we get the bounded
operator T' = (f1,..., fa) : L*(E) — @4 L*(E). Also, let ¥ : @, L*(E) — L*(E)
be the bounded operator defined by X(u1,...,ua) =Y, tuq. We have ¥T = 1 because
{fa} is a partition of unity.

CLAIM 16. The image of T is closed.

Let (u') be a sequence in L?(E) such that (Tu’) converges to some v in @ 4 L*(E).
Then v* = ¥Tu" — v as i — oo, obtaining Tu* — T3v as 1 — oo. Hence v =T¥v €
T(L*(E)), showing Claim 16.

By Claim 16 and the open mapping theorem (see e.g. [14, Chapter III, 12.1] or [39,
Chapter III, 2.1]), we get that T is a topological homomorphism!®. So T : L?(E) —
T(L?*(E)) is a quasi-isometric isomorphism; its inverse is ¥ : T(L?*(E)) — L?*(E).
Since II,, := @@, 1% is an orthogonal projection of @ 4, L?(E), it follows that R, :=
I1, T satisfies Lemma 14.1-(iii)-(b),(c). Moreover, by Claim 9-(a),

dimker R,, < dimkerII,, = Zdim ker I1% < Z Co.ant? < Cynl/®

with Cy = )", Co,q and § = min, 0,, showing that R, satisfies Lemma 14.1-(iii)-(a).
We have R, = (RL,...,R2) with R? = TI2 f,. Since each function |[d, f.]| is
uniformly bounded, it follows that f, W' C W' and [Dyin/max, fa] : W' — L*(E)
extends to a bounded operator on L?(E). So each R% satisfies Lemma 14.1-(iii)-(d)
by Claim 15.
Finally, R? satisfies Lemma 14.1-(iii)-(e) by Claim 9-(c). Now, the result follows
from Lemma 14.1. O

10Recall that a bounded operator between topological vector spaces, T : $ — &, is called a
topological homomorphism if the map T :  — T() is open, where T'()) is equipped with the
restriction of the topology of &.
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15. Proof of Theorem 1.1. Consider the notation of Theorem 1.1: M is a
stratum with compact closure of a Thom-Mather stratification A, and g is an adapted
metric on M. Let {(O,,&,)} be a finite covering of M by charts of A. For each a, we
have £,(0,) = Bg X ¢, (Lg), where B, is an open subset of R™e for some m, € N, L,
is a compact Thom-Mather stratification, and €, > 0. Then each &, defines an open
embedding of M N O, into R™* x M, for some stratum M, of ¢(L,). We have, either
M, = N, x Ry for some stratum N, of L,, or M, = {x,}, where %, is the vertex of
c(Ly). It M, = Ny x Ry, then & (M NO,) = By X Ny x (0,¢,). If M, = {x,}, then
Ea(M N Oy) = By X {xq} = By. Thus every &, (M N O,) is, either open in R™=_ or
open in R™a x N, x R;. By shrinking {(O,,&,)} if necessary, we can assume that
each diffeomorphism &, : M N O, — &, (M N O,) is quasi-isometric with respect to a
model adapted metric on R™ x M,.

By Lemma 4.4, there is a smooth partition of unity {A\,} of M subordinated to
the open covering {M N O,} such that each function |dA,| is bounded. Also, using
Example 4.2, it is easy to construct another family {Aa} © C°°(M) such that )\, and
|d)\ | are bounded Aq = 1 on supp A\, and supp A, C M N O,. The existence of such
families {\,} and {/\ } is required to apply Propositions 14.2 and 14.3.

Let dg,s be the Witten’s perturbation of d, induced by the function f, = %pa on
R™a x M,, where p, is the radial function of R™e x ¢(L,). According to Corollary 13.1-
(i),(viii), each dg s min/max satisfies the properties stated in Theorem 1.1, and let
A4 s;min/max denote the corresponding Laplacian.

Using Example 4.2 again, it is easy to see that there is some rel-admissible function
ha on R™a x M, such that h, =0 on {(M NO,) and h, = 1 on the complement of
some rel-compact neighborhood of (M N O,,) in R™ x M,. Let cia s and ﬁa s be the
Wltten s perturbation of d, and A, induced by the function fa =hgfq. T he functions
|d, fa dq fo| and | Hess fa Hess f,| are uniformly bounded, and therefore Aa,s —Ag s
is a homomorphism with uniformly bounded norm by (24). By the min-max principle
(see e.g. [37, Theorem XIII.1]), we get that dw,min/max satisfies the properties stated
in Theorem 1.1. Then Theorem 1.1 follows by Propositions 14.2 and 14.3.

16. Functions of the perturbed Laplacian on strata. The first ingredient
to prove Theorem 1.2 is the following properties of the functional calculus of the
perturbed Laplacian on strata.

Let M be a stratum of a compact Thom-Mather stratification equipped with an
adapted metric, and let d and A be the de Rham derivative and Laplacian on M.
Let f be any rel-admissible function on M, and let ds and Ag be the corresponding
Witten’s perturbations of d and A. Since f is rel-admissible, for each s, Ay — Ais a
homomorphism with uniformly bounded norm by (24). Hence d pin /max defines the
same Sobolev spaces as dpin/max- Moreover the properties stated in Theorem 1.1 can
be extended to the perturbation dg min/max by (24) and the min-max principle.

For any rapidly decreasing function ¢ on R, we easily get that ¢(A; iy /max) is a
Hilbert-Schmidt operator on L2Q(M) by the version of Theorem 1.1-(ii) for s min/max-
In fact, ¢(As min/max) is a trace class operator because ¢ can be given as the product
of two rapidly decreasing functions, |¢|'/? and sign(¢)|¢|'/?, where sign(¢)(z) =
sign(¢(x)) € {1} if (z) # 0.

The extension of Theorem 1.1-(ii) to dg min/max also shows that ¢(A, min/max)
is valued in W (duyin/max) C Q(M). Like in the case of closed manifolds (see e.g.
[38, Chapters 5 and 8]), it can be easily proved that ¢(A, min/max) can be given by
a Schwartz kernel K, and Tr ¢(Ag min/max) e€quals the integral of the pointwise trace
of K on the diagonal. But we do not know whether K is uniformly bounded by the
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lack of a “rel-Sobolev embedding theorem” (Section 19).

17. Finite propagation speed of the wave equation on strata. Let M be
a stratum of a compact Thom-Mather stratification, g an adapted metric on M, and
f a rel-Morse function on M. Let ds, ds, Ds and Ay (s > 0) be the corresponding
Witten’s perturbed operators on (M), defined by f and g. Complex coefficients are
needed to consider the induced wave equation

do .
d—tt —iDgsay =0, (96)

where i = /=1 and oy € Q(M) depends smoothly on ¢t € R. We may also consider
that (96) is satisfied only on some open subset of M.

If (96) holds on the whole of M, then, given a € D*(dy min/max), & usual energy
estimate shows the uniqueness of the solution of (96) with the initial conditions ag = «
(see e.g. [38, Proposition 7.4]). In this case the solution is given by

Q= exp(itDs,min/max)a e D> (ds,min/max) .

Compactly supported smooth solutions of (96) propagate at finite speed (see e.g.
[38, Proposition 7.20]). To prove Theorem 1.2, we need a version of that result for
strata, stating this finite propagation speed towards/from the rel-critical points of f
using forms in D> (d ymin /max). For that purpose, we have shown first the correspond-
ing result for the simple elliptic complexes of Sections 8.2 and 8.3.

Take a rel-Morse chart around each x € Crityq(f), like in Definition 4.6, with
values in a stratum M7, = R™=+ x R™=~ x M, + X M, _ of a product R"=+ x R™=.~ x
¢(Ly ) % ¢(Lg,—), where either M, + = N, + x Ry, or M, 4 is the vertex stratum
{#z,+} of ¢(Ly +). We can assume that the domains of these rel-Morse charts are
disjoint one another by Remark 11-(i). Consider a model metric g, on each M. For
each p > 0, let B, + , be the standard ball of radius p in R™#*. If M, ; = N, xR
and M, _ = N, _ xRy, let

Usp =By 4+.p X By p X Ny y x(0,p) x Ny — x (0,p) C M, .

If My+ = {%z 4}, remove the factor N, 1+ x (0,p) from the definition of U, , (or
change it by {*; +}). Let d, ,, J,, ,, D} , and A/, , denote Witten’s perturbed oper-

ators on Q(M]) defined by g, and the model rel-Morse function (Section 13). The
corresponding wave equation is

da .

d—tt - ZD;)SOQ =0, (97)
with a; € Q(M]) depending smoothly on ¢t € R. By Propositions 12.3, 12.9 and 12.12,
the following result clearly boils down to the case of Proposition 8.7.

!
x,s,min/max

PROPOSITION 17.1. For 0 < a < b, let ap € D>®(d
smoothly on t € R. The following properties hold:
(1) If ay satisfies (97) on Uy and supp ag C ML N Uy o, then supp oy C M.\
Ug,a—t) for 0 < |t] <a.
(ii) If oy satisfies (97) on M.\ U,., and supp g C Uy 4, then supp a; C Uz,att|
for 0 < |t| <b—a.

), depending
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There is some py > 0 such that each m is contained in the image of the rel-
Morse chart centered at x. We will identify each U, ,, with an open subset of M
via the rel-Morse chart. According to Example 3.13, we can choose g so that its
restriction to each U, ,, is identified with the restriction of g,.

PROPOSITION 17.2. Let 0 < a < b < pg and a € L*Q(M). The following
properties hold for ay = exp(it Dy min /max) 0

(i) Ifsuppa C M N\ Uy,a, then suppoy C M N Uy o—py for 0 < [t| < a.

(ii) Ifsuppa C Uy q, then supp ay C Uy qipy for 0 < [t| < b — a.

Proof. Since exp(itDg min/max) 18 bounded, we can assume that o €
D> (ds min/max), and therefore oy € D*(d min/max) for all t. According to Re-
mark 15, there is some h € C°°(M) such that supph C Uy, h = 1 on Uy, and
h D> (ds min/max) C D™ (dsmin/max). Then hay, considered as a differential form on
M, satisfies (97) on U, ; in the case of (i), and on M/ \ Uy, in the case of (ii), and
belongs to D> (d/s,min/max)' Thus the result follows from Proposition 17.1 because
h=1onU,y. O

18. Proof of Theorem 1.2. Consider the notation of Section 17.

18.1. Analytic inequalities. By (21), e*/ : (Qo(M),ds) — (Qo(M),d) is an
isomorphism of complexes, and, since f is bounded, e*/ : L2Q(M) — L?Q(M) is a
quasi-isometric isomorphism. So we get the isomorphism of Hilbert complexes

esf : (D(ds,min/max)a ds,min/max) — (D(dnlin/max)7 dmin/max) 5

and therefore

rilin/max =dim H" (D(ds,min/max)a ds,min/max) (98)
for all s > 0. In fact, since |df]| is bounded, it also follows from (21) that

D(ds,min/max) = D(dmin/max) ) ds,min/max = dmin/max + s df A
Thus

eSf D(dnlin/max) = D(dnlin/max) .

Let ¢ be a smooth rapidly decreasing function on R with ¢(0) = 1. Then the
operator ¢(Ag min/max) is of trace class (Section 16), and set

lu’:,min/max = Tr(¢(AS,min/max,r)) .

By (98), the following result follows with the obvious adaptation of the proof of [38,
Proposition 14.3].
ProPOSITION 18.1. We have the inequalities
0 0
min/max < N’min/max ’
1 Sy <1 .

min/max min/max — N’s,min/max N’s,min/max ’
2 — B + B9 < —pul o +u0
min/max min/max min/max — N’s,mln/max N’s,mln/max N’s,mln/max ’

ete., and the equality

Xmin/max = Z(_l)r :u:,min/max :

T
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18.2. Null contribution away from the rel-critical points. By (24) and
because |df| and | Hess f| are bounded on M, for all s > 0,

D(As,min/max) - D(Amin/max) ) (99)

As,mim/m&x = Amim/m&x + s Hessf + 82 |df|2 : (100)

For p < po, let U, =, Us,p, with 2 running in Critei(f). Fix some p; > 0 such
that 4p; < po. Let & and $ be the Hilbert subspaces of L2Q(M) consisting of forms

essentially supported in M \ U,, and M \ Us,,, respectively. It follows from (99)
and (100) that there is some C' > 0 so that, if s is large enough'!,

As,min/max 2 Amin/max + 052 on &N D(Amin/max) . (101)

Let h be a rel-admissible function on M such that h > 0,h=1on U, and h=0
on M \ Usp, (Example 4.2). Then T pin/max = s min/max + hCs?, with domain
D(Amin/max), 18 self-adjoint in L?Q(M) with a discrete spectrum, and moreover

Ts,min/max > Amin/max + 082 (102)

for s is large enough by (101).

Given any ¢g € Sey with compactly supported Fourier transform!2, the function
01(y) = ffoo 1¢o(w)? dz satisfies the same properties as ¢o and has a monotone
restriction to [0, 00). Now, by using a linear change of variable with ¢1/¢1(0), we get
some ¢ € Sey such that ¢ > 0, ¢(0) = 1, supp ¢ C [—p1, p1], and ®l0,00) is monotone.
Let ¢ € S such that ¢(z) = 1 (2?). Using Proposition 17.2-(i), the argument of the
first part of the proof of [38, Lemma 14.6] gives the following.

LEMMA 18.2. w(As,min/max) = Q/J(Ts,min/max) on fj

Let II : L?2Q(M) — $ denote the orthogonal projection. According to Sec-
tion 16, ¥(Ag min/max) is of trace class for all s > 0. Then the self-adjoint operator
IT4) (A min/max) I is also of trace class (see e.g. [38, Proposition 8.8]).

LEMMA 18.3. Tr(IT9 (A min/max) II) = 0 as s — oo.
Proof. The eigenvalues of Ay /max and T min/max are respectively denoted by
0 < Ain/max,0 < Amin/max,1 <00 5 0 < Ag min/max,0 < Asymin/max,1 < 00
repeated according to their multiplicities. By (102) and the min-max principle,
As,min/max,k = Amin/max.k + C8>

for s large enough. So

Tr(w(Ts,min/maX)) = Z 1Z)(As,mim/max,}’C) < Z 1Z)(/\lmin/max,}’c + 052)
k k

for s large enough, giving Tr(¢)(Ts min/max)) — 0 as s — 00 since 1) is rapidly decreas-
ing. Then the result follows because, by Lemma 18.2,

Tr(Hw(As,min/maX) H) - Tr(Hd}(Ts,min/max) H) < Tr(d}(Ts,min/max)) .
g

1 Recall that, for symmetric operators S and 7' in a Hilbert space, with the same domain D, it is
said that S < T if (Su,u) < (Tu,u) for all u € D.

12The Schwartz functions with compactly supported Fourier transform are characterized by the
Paley-Wiener-Schwartz theorem (see e.g. [22, Theorem 7.3.1]). They form a dense subalgebra of S,
which is invariant by linear changes of variables.
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18.3. Contribution from the rel-critical points. The following is a direct
consequence of Corollary 13.1.

COROLLARY 18.4. If h is a bounded measurable function on Ry such that h(p) —
1 as p— 0, then
lim Tr(h(p) (b(A/w,s,min/maX,r)) = V;,min/max .

S5—00

For each = € Crityel(f), let 9. C L2Q(M) be the Hilbert subspace of differential
forms supported in U, 3,, ; it can be also considered as a Hilbert subspace of L2Q (M)
since g and g, have identical restrictions to U, ,,. Moreover As and A/ can be
identified on differential forms supported in Uy ,,. By using Proposition 17.2-(ii), the
argument of the first part of the proof of [38, Lemma 14.6] can be obviously adapted

to show the following.

LEMMA 18.5. (A4 min/max) = O(A] ) on N2 for all x € Crity(f).

,s,min/max

For each 2 € Critye (f), let II, : L2Q(M) — $, and II, : L2Q(M.) — $, denote
the orthogonal projections. Since the subspaces $), are orthogonal to each other,
=3 I, : L*Q(M) = $:=_, 9, is the orthogonal projection.

LEMMA 18.6. Tr(ﬁ A(Ag min/max,r) ﬁ) — " as s — 00.

min/max

Proof. By Corollary 18.4 and Lemma 18.5, and since ﬁ; is the multiplication
operator by the characteristic function of Uy 3,, in M, for all € Critye(f), we get

hrn ’I‘I'(ﬁ ¢(As7min/max,7“) ﬁ)

§—00

= SILIISO Z Tr(ﬁx (b(As,min/max,r) ﬁx)

= sli>nolo Z TI'(H; (b( /x,s,min/max,r) H;:) = Z V;,min/max = Vrclin/max :

x

By Lemmas 18.3 and 18.6, and because II + = 1, we have

lim TI‘(¢(As,min/max.,r)) = I/;un/max )

S§—00
showing Theorem 1.2 by Proposition 18.1.

19. The spaces W™ (duin/max) depend on the metric. Let M be a stratum
of an arbitrary compact stratification equipped with an adapted metric g. Since the
operator P of Section 7 has a version of the Sobolev embedding theorem [3], if the
spaces W (dyin/max) Were independent of g, we could prove a version of the Sobolev
embedding theorem for these spaces. This would allow to adapt the nice arguments
of [38, Lemma 14.6] to show a stronger version of Lemma 18.3: the Schwartz kernel
of Y(As min/max) Would converge uniformly to zero on (M ~ Uz, ) x (M \ Uz, ).
However the spaces W™ (dmin/max) may depend on the choice of g. By taking local
charts and arguing like in Section 15, it is enough to check this assertion for the
perturbed “rel-local” models d:min Jmax’ which can be done as follows.

n—1

With the notation of Section 11.1, consider the case where n is odd, r = 5=
and a = 0; thus 0 = 0. We have xov € Woo(di ) with the metric g. Let

s,min/max
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g' be another adapted metric on N, and consider the corresponding adapted metric
g = p?3 +dp? on M. Let A’ and A’ be the Laplacians on Q(N) and Q(M) defined
by §’ and ¢’, respectively, and let A’* be the Witten’s perturbation of A’ induced by
the function +1p% Let (, )3 and (, )’ denote the scalar products of LQ(N, §') and
L*Q(M, g'), respectively, and let || || denote the norm defined by ( , )z. Suppose

that A’y # 0. By Corollary 10.7, we have AFE = p2A'+ HF s on C® (R4)~. Then

(AE(x07), x07) = <5’%7>§f/ p 2 xgdp+ V2 (1F 1)s = 0o
0

according to (30) and Section 11.1, and because xo(p) = v2poe=**"/2 is bounded
away from zero for 0 < p < 1. So xo7 € Wl(ali ) with the metric ¢/, obtaining

s,min/max
; 1(4%
different spaces W (ds_’min /max

) by using ¢ and ¢’
Appendix A. Proofs about stratifications. This appendix contains the
proofs of the new results stated about stratifications, as well as their adapted metrics

and rel-Morse functions (Sections 3 and 4).

Proof of Lemma 3.8. With the notation of Section 3.1.3, let p : ¢(L) — [0, 00)
and p’ : ¢(L') — [0, 00) be the radial functions, and let p” = h(px p') : ¢(L) x ¢(L') —
[0,00) for h like in Section 3.1.2. Since the restrictions p : L x Ry — Ry and
P+ L' x Ry — Ry are submersive weak morphisms, and h : Ri — R4 is non-
singular, it follows that p” : ¢(L) x ¢(L’) \ {(x,%")} — R, is a submersive weak
morphism. Hence L” = p” (1) is saturated in ¢(L) x ¢(L') [43, Lemma 2.9, p. 17].
Let %" denote the vertex of ¢(L"). Since h is homogeneous of degree one, the mapping

([, 7], [2",7']), 8] = ([, 7s], [, 77s])

defines an isomorphism ¢(L”) — ¢(L) x ¢(L’). Its inverse is given by (x,*") — %" and,
for (r,r") # (0,0),

it () ] ]

Proof of Lemma 3.11. Let (S, T) be a Thom-Mather stratification on A satisfying
the conditions of the statement. Then the elements of S are the connected components
X of the sets f~1(X’) for X’ € S, equipped with the unique differential structure so
that f: X — X' is a local diffeomorphism. Thus § is determined by f and S'.

Let X € § and X' € &' with f(X) C X/, and let (T, 7, p) € 7x and (T, 7', p') €
Th, with f(T) CT', 7' f = fm and p' f = p; in particular, p is determined by f and
pl. Let x € T and ' = f(z) € T'. Then fx(x) = n'(2'), obtaining that 7(z) is the
unique point of X N f~1(7’(2’)) that is contained in the connected component of x in
Ftr' 7N @' (2')). Tt follows that 7 is also determined by f and 7/, and therefore 7x
is determined by f and 7%,. O

Proof of Proposition 5.20. This is proved by induction on depth M. If depth M =
0, then M = M = M, and there is nothing to prove.

Suppose that depth M > 0 and the statement holds for strata of lower depth.
We can assume that the strata of M is connected. For each stratum X of M, let
(Tx,7x,px) be a representative of the tube around X in M satisfying the conditions

d
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of Section 3.1.4 with a compact Thom-Mather stratification Ly and a family {(U;, ¢;)}
of local trivializations of wx. The corresponding cocycle with values in c(Aut(L x))
consists of the maps h;; : U; NU; — c¢(Aut(Lx)) defined by h;;(x) = (¢; ¢; )(, ).
We have h;;(z) = c(g:;(z)) for a cocycle consisting of maps g;; : U; NU; — Aut( z)-

By the density of M in M and Remark 6-(i), there is a dense stratum N of Ly
so that ¢;(M N7wy'(U;)) = U; x N x R, for all i. Consider triples (x,4, P) such that
x € Uy and P € mo(N). Two triples of this type, (x, 4, P) and (y, j, Q), are declared to
be equivalent if z = y and g;;(x)(P) = Q. The equivalence class of each triple (z, i, P)
is denoted by [z, i, P], and let X’ denote the corresponding quotient set. There is a
canonical map fx : X' — X, defined by fx([z,4, P]) = x. Consider the topology on
X' determined by requiring that the sets Uj p = {[z,4, P] | + € U; } are open, and
the restrictions fx : Ui/, p — U; are homeomorphisms. Notice that fx is a finite fold
covering map; in particular, in the case X = M, fj; is a homeomorphism. Consider
the differential structure on each X’ so that fx is a local diffeomorphism.

By the induction hypothesis, for each P € mo(N), P satisfies the statement of the
proposition with some Thom-Mather stratification. Consider quadruples (z,4, P, u)
such that z € U;, P € mo(N) and u € ¢(P). Two such quadruples, (z,i, P,u) and
(y,7,Q,v), are said to be equivalent if = = y, ¢;;(z)(P) = @ and c(m)(u) = .
The equivalence class of each quadruple (z,i, P,u) is denoted by [z,i, P,u], and let
T% denote the corresponding quotient set. There are canonical maps, 7% : T% —
X' limy @ T% — Tx, px : T% — [0,00) and ¢y, : M NTx — T% defined by
WS(([% i, P, u]) = [‘Ta i P]? hme([‘Tv i, P, u]) = ¢;1(‘T7 c(limp)(u)), p/X([‘Tv i, P, u]) =
p(u), and ty(2) = [z,4, P, (tp(v),r)] if 2 € M N7 (U;) and ¢i(z) = (w,v,7) €
U; x P x R;. Notice that fx 7% = 7x lim’y and px lim’y = ply.

Let G C Aut(Lx) be the subgroup generated by the above elements g;;(z). Since
the canonical action of G on Ly preserves N, we get an induced action of G on (V).
Since X is connected, there is a bijection between G\m(N) and 7y(X"’), where any
orbit O € G\mo (V) corresponds to the connected component X/, € mo(X’) consisting
of the points [z,i, P] € X' with P € O. Also, let T o, = (7 )~ (X{,) C Tk.

Given any O € G\mp(N), fix some Py € O. For any other P € O, there is
some gp € G such that gp(P) = Fy. Thus the restriction gp 1 P — P induces
amap gp : P — Py, and let G p i () (Ui p) = Ulp x c(PO) be the bijection
defined by ¢; p([z,i, P,u]) = ([a: i, P, c(gp )(u)) Con51der the topology on T
determined by requiring that the sets (7' )~ 1(Ui’7 p) are open, and the maps ¢; p
are homeomorphisms. Then the maps (;5;7 p are local trivializations of the restriction
o Tx o — Xp of 7, obtaining that 7' o, is a fiber bundle with typical fiber

c(ﬁg). The associated cocycle has values in c(Aut(ﬁB)); in fact, it consists of the
functions b} p.; o : U p N U} o — c(Aut(Fy)) defined by

;,P;j,Q([wviv P])(u) = C(gz/',P;j,Q([‘rv iv P]))(u) ’
where g p.; o Ul p MU 5 — Aut(Po) is the cocycle given by

. —~ T N ~—1
9i.p.o([2.1, P]) = gq gij(x) gp
The conditions of Section 3.1.4 are satisfied, obtaining that 7T3(70 is a conic bundle,
which induces a Thom-Mather stratification on T .
Since Nx,0 := Upcp P is G-invariant, the set Nx o x Ry is invariant by all
transformations h;;j(x) for « € U;;, and therefore it defines an open subspace Mx o C
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M NTx. Let lim o : Tx o = Tx, px.0 : Txo = [0,00) and tx , : Mx.0 = Tk o
be defined by restricting lim'y, px and tx. Then (T o, 7y o, Px.0) is the canon-
ical representative of the tube of X' in T% o, t’y o is a dense open embedding,

lim’ o tx o = id, and lim’ ;, is the conic bundle morphism over fx : X{, — X

induced by the maps r; p : U] p — Mor(Py, Lx) given by kip([x,i, P]) = limp gp

(Section 3.1.4). By the induction hypothesis, x; p([z,4, P]) restricts to local diffeo-
morphisms between corresponding strata, and therefore lim/Xﬁo restricts to local dif-
feomorphisms between corresponding strata.

OnTy = UOGG\M(N) T% o, consider the sum of the topologies and Thom-Mather
stratifications of the spaces T , (Remark 3). By Lemma 3.5-(i), lim’y : T% — Tx
is a morphism that restricts to local diffeomorphisms between corresponding strata.
Observe that the strata of T% are connected.

By using the local trivializations of mx and each 7TfX10, and Example 3.19, it

follows that LfX)O t Mx,o — T)’<)O extends to an isomorphism Mx o — Té{,o such
that hmfxp corresponds to limys, ,. Hence /'y : M NTx — T extends to an iso-

morphism M/ﬁ\TX — T% such that lim’X corresponds to limp;~r,. Then, according
to Remark 8-(ii), we can consider the spaces T% as open subspaces of M , obtain-
ing an open covering of M as X runs in the family of strata of M. Moreover each
restriction limy : T% — M N Tx restricts to local diffeomorphisms between the
corresponding strata. Hence, by Lemma 3.11, for strata X and Y of M, the restric-
tions of the Thom-Mather stratifications of T% and Ty, to T% N Ty, induce the same
Thom-Mather stratification with connected strata. By Lemma 3.4-(ii), it follows that
there is a unique Thom-Mather stratification with connected strata on M whose re-
striction to each T% induces the above conic bundle Thom-Mather stratification. By
Lemma 3.5-(ii), limas is a morphism because its restriction to each T% is a morphism.
This completes the proof of (i).

In the above construction, consider every U/ p x Py as a stratum of each Uj p x

o(Py) via id xup,. Let g; p be any Riemannian metric on U] p, and let go be an

adapted metric on Py with respect to Py C Lx. Thus g; p + go is an adapted metric
on Ui’7 p X Py, and therefore, by the induction hypothesis, it is also adapted with

respect to U] p X c(]/%). Hence, considering each Mx o as a stratum of T ,, via i’y o,
the restriction of g to each Mx o is adapted with respect to T , and (ii) follows.
Part (iii) follows from (i), (ii) and Remark 7-(iii). O

Proof of Lemma 4.4. If depthM = 0, then the statement is obvious. Thus
suppose that depth M > 0. For 0 < k < depth M, let §x denote the union of all
strata X < M with depth X < k. The result follows from the following assertion.

Cram 17. For 0 < k < depth M, there is a family of smooth functions {A, x}
on M such that:
(i) 0< >, Aok <1 forall k;
(ii) Mg is supported in M N O, for all a € A,
(iii) there is some open neighborhood Uy of F; in A so that Za Aoy = 1 on
U N M; and,
(iv) for any adapted metric on M, each function |dA, k| is rel-locally bounded.

This claim is proved by induction on k. To simplify its proof, observe that it is
also satisfied for k = —1 with §_; =U_1 =0, and A\, —1 =0 for all a € A.
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Now, assume that Claim 17 holds for some k € {—1,0,...,depth M — 1}. Let Vj
be another open neighborhood of §j in A such that Vi C Ux. We can assume that
the strata of A are connected by Remark 1-(v).

Sk+1 Sk is the union of the strata X ¢ § that satisfy X~ X C i, and therefore
the sets X ~ Vj, are closed in A ~ V}, and disjoint from each other. For the strata
X C Frt1 Tk, choose representatives (Tx, mx, px) € Tx satisfying the properties of
Definition 3.1-(iv)—(vi), Proposition 3.9 and Remark 4-(ii). Let ®x denote the conic
bundle structure of wx. Moreover, like in Remark 1-(ii), we can assume that the sets
Tx \V, are disjoint one another.

By refining {O,} if necessary, we can suppose that, for each stratum X C Fr41
Sk, any point in X ~ V} is in some set O, such that there is a chart of A of the form
(Oa, &), obtained from a local trivialization in ®x according to Definition 3.10; in
this case, let £,(04) = By X ¢, (Lx) for some open B, C R™* and ¢, > 0, where
mx = dim X; let Ax be the family the indices a € A that satisfy this condition. For
each a € Ax, take a smooth function h, : [0,00) — [0,1] supported in [0,¢,) and
such that h, = 1 around 0. Let { i, | a € Ax } be a smooth partition of unity on
Fr+1 ~ Vi subordinated to the open covering { O, ~ Vi | a € Ax }. Set \j, = Y Aask-
Then define

Aajet1 = Aag + (1= M) - pxha - Txfia

if a € Ax for some stratum X C Fr41 \ Tk, and Ay x11 = Aqr otherwise. These
functions are smooth on M because A\ is smooth and equals 1 on Uy. It is easy to
check that they also satisfy Claim 17-(i)—(iv). O

To prove Proposition 4.5, we use the following lemma whose proof is elementary.

LEMMA A.1. Let X be a Riemannian manifold of dimension n, and let f €
C>®(X) andp € X. If df (p) # 0, then there is a system of coordinates (z*,...,x"™) of
X around p such that (01(p),...,0n(p)) is an orthonormal reference and 0;0;f = 0
for alli,j € {1,...,n}, where 8; = 8/0x".

Proof of Proposition 4.5. Let | |, and V® denote the norm and Levi-Civita con-
nection of each g,, and let | | and V denote the norm and Levi-Civita connection of
g. On every M N O, the functions |df|, and |V%df]|, are rel-locally bounded. Since
g and g, are rel-locally quasi-isometric on M N O,, we get that |df| and |Vdf| are
rel-locally bounded on M N O,. By shrinking {O,} if necessary, we can assume that
there are constants K, > 0 and C, > 1 such that

|df[, [Vdf|,|dN\a| < Ko on M NO,, (103)
1
o [ Xla SIX| < Ca|X]a VX €T(MNO,). (104)

For any fixed ag € A, it is enough to prove that |Vdf| is bounded on M N Oy, .
For each p € M N O,,, take any system of coordinates (z',...,2") on some open
neighborhood U of p in M such that (91(p),...,0n(p)) is an orthonormal reference
with respect to g. Let g,,;; and g;; be the corresponding metric coefficients of g, and
gon O,NU and U, respectively; thus g;;(p) = d;;, and we can write g;; = > Aa Ga,ij
on U. As usual, the inverses of the matrices (gq,;;) and (gi;) are denoted by (¢i7) and
(¢"). By (104) and since g;;(p) = &;;, we have

1
o2 a,ii(p) <1< CZ gaii(p)

a
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for all i € {1,...,n} if p € O,, obtaining

905®) = 3 110:0) + )2~ g0i(p) — 9035 0)|
< 5 () + %02 + g0(p) + 90,5 (9))
2
< S (0itp) + ;) +2) =2C2

for all i,5 € {1,...,n}. Since O,, meets a finite number of sets O,, it follows that
|94.i;(p)| and |g% (p)| are bounded by some C > 1, independent of the point p € O, .
Similarly, by (103), we get that |df (p)|, |V*df (p)| and |dAq(p)| are bounded by some
K > 0 independent of the point p € O, .

Let Fijij and Ffj be the Christoffel symbols of g, and g on O, N U and U,
13

respectively, corresponding to (x!,...,2™). Since g;;(p) = d;j(p), we have

1
F?j (p) = 5(&gjk + 99k — Orgij)(p)

1
=3 Z(ga,jk O0ida + Ao 0iGa,jk + a,ik OjAa + Ao 09aik
— Ya,ij ak/\a - /\a akga,ij)(p)

1
= 5 Z(ga,jk 61')\(1 + YGa,ik aj /\a — Ya,ij 6k/\a)(p)

@ (105)
+ 3 Xa(@) T35 (P) Gk () -

On the other hand,
Vdf = da' @ Vi (0 f da*) = 0,01 f da’ @ da* — Oy fTE, da’ & da?
= (0:0;f — OnfTY;) da’ @ da’ . (106)
Similarly,
Vedf = (0:0;f — O fTL ;) da’ @ da’ . (107)
If df (p) = 0, then
Vdf (p) = (9;9; f da* @ da?)(p) = Vdf (p)

by (106) and (107), and therefore |Vdf(p)| < K.

If df (p) # 0, by Lemma A.1, we can assume that the coordinates (x!, ..., z") also
satisfy 9;0,f(p) =0 for all ¢,5 € {1,...,n}. So, by (106) and (107),

Vdf(p) = — (O f T} de’ @ da?)(p) ,  Vdf(p) = — (kS Tg i da’ @ da?)(p) -
Since g% (p) = &;j, it follows that |(OxfT*,.)(p)| < K for all i,j € {1,...,n}, and it

a,ij

13Einstein convention is used for the sums involving local coefficients.
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is enough to find a similar bound for each (0 f I'};)(p)|. But, by (105),
(0 T3 ()] |df |Z |[dXa(P)] (|9a,55 ()] + 19a,ik (P)| + 9a,i; (P)])
+ 3 Aa®) [0 T4 i) ()] |9a,08(p)]

< <3K20+KC) H#{aec A0, NOG #0} .

a

Proof of Proposition 4.9. If depth M = 0, then the statement holds by the density
of the Morse functions in C*° (M) with the strong C* topology [21, Theorem 6.1.2].
Thus suppose that depth M > 0. Let the sets §; be defined like in the proof of
Lemma 4.4.

Cram 18. For 0 < k < depth M, there is an open neighborhood Uy of §j in A
and some f;, € C(Up N M) such that, for each stratum X < M,
(i) fi restricts to a rel-Morse function on Ui N X; and,
(ii) if depth X > k, then:
(a) the restriction of fi to Uy N X has no critical points, and
(b) there is some (Tx,7x,px) € Tx such that fi is constant on the fibers
of mx : Uy QMQTX — X.

This assertion is proved by induction on k. To simplify its proof, observe that it
is also satisfied for k= —1 with _1 =U_1 =0 and f_; = 0.

Now, assume that Claim 18 holds for some k € {—1,0,...,depth M — 1}. Let
Vi be another open neighborhood of §j in A so that Vi C Ui. We can assume that
the strata of A are connected by Remark 1-(v). For the strata X C Fri1 ~ Tk,
we can choose representatives (T'x,mx,px) € Tx satisfying Definition 3.1-(iv)—(vi),
Proposition 3.9, Remark 4-(ii), and Claim 18-(ii)-(b) with fi. We can also suppose
that w;(l(Vk NX) =V, NTx. Fix an adapted metric g on M.

Let X be a stratum contained in §x41 \ Fx. By the density of the Morse functions
in C*°(X) with the strong C*° topology, and since the restriction of fi to Uy N X
has no critical points by Claim 18-(ii)-(a), it is easy to construct a Morse function hx
on X such that hx = fi on V4 N X. Since Uy and f}, satisfy Claim 18-(ii)-(b) with
(Tx,mx,px), we get Txhx = fr on Vj N M N Tx. Furthermore hx has no critical
points on X NV, because Uy, and fj, satisfy Claim 18-(ii)-(a).

If depth M = k + 1, then M is the only X as above, and fr11 = hjs satisfies
the conditions of Claim 18. Thus suppose that depth M > k 4+ 1. Let W} be another
open neighborhood of Fj in A so that Wj, C Vi. Let Ax be a C® function on X
such that 0 < Ax <1, Ax =0on X NWg, and Ax = 1 on X \ Vi. Let Upyq is
the open neighborhood of §x41 given as the union of W and the sets T'x for strata
X C Fkt1 ~ Sk The function fr on Wy, N M and the functions nihx + i Ax - p%
on the sets Ty N M can be combined to define a function ka S C(fjk+1 N M). For
all strata X, Y C M with depth X =k + 1 and depthY > k + 1, we have

dfesr =
df onY NWy

mxdhx + 2px dpx onY N(Tx V) (108)
W;{dhx + W}d/\x 'p2X + W;(/\X 2pxdpx onY NTx N (Vk ~ Wk) .
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Thus dfp1 # 0 at every point of Y N W}, because fi satisfies Claim 18-(ii)-(a). If
depthY > k41, then dfy41 # 0 also at every point of ¥ N (Tx ~ Vi) because dpx # 0
modulo 7x-basic forms. Since dhx = dfy, # 0 at every point in the compact subset
X N (Vi ~ Wy) of X NUy, it also follows from (108) that dka # 0 at the points of
Y NTx N (Vi ~ W) with px small enough. So the restriction fiy1 of ka to some
open neighborhood Uy of §ry1 in ﬁk+1 satisfies Claim 18-(ii)-(a).

We already know that fii1 restricts a rel-Morse function on Y N Wy, because it
is the restriction of fx. The above argument also shows that the rel-critical points
of the restriction of fri1 to Y N (Upy1 ~ Wi) must be over critical points of hx in
X . Wy, which are in X \ V. Since fri1 = nixhx + p% on Y N (Tx \ Vi), we easily
get that the rel-critical points of the restriction of fry1 to Y N (Ug41 \Wk) satisfy the
condition of Definition 4.6. Thus Uyy; and fi41 satisfy Claim 18-(i). On the other
hand, Ug41 and fiy; satisfy Claim 18-(ii)-(b) by Definition 3.1-(vi), completing the
proof of the claim.

Finally, let us complete the proof of Proposition 4.9. A basic neighborhood N of
any h € C°°(M) with respect to the weak C'* topology can be determined by a finite
family of charts (U;, ¢;) of M, compact subsets K; C U;, some k € N and some ¢ > 0.
Precisely, N consists of the functions ' € C°°(M) such that |[D*((h' — h) ¢; )| < e
on ¢;(K;) for all i and 0 < ¢ < k. By Claim 18, there is some open neighborhood
Uof M~ M in A and some f € C(U N M) that restricts to rel-Morse functions on
UNX for all strata X < M, and whose restriction to U N M has no critical points. By
shrinking U if necessary, we can assume that U N K; = () for all i. Let V be another
open neighborhood of M ~. M in A so that V C U. By the density of the Morse
functions in C'*° (M) with the strong C*° topology, it is easy to check that there is a
Morse function h’ € A such that b’ = f on V N M. Therefore ' € FNN. O

Appendix B. Proofs about Hilbert complexes. This appendix contains the
proofs of the new auxiliary results stated about Hilbert complexes, specially for i.b.c.
of elliptic complexes (Sections 5 and 6).

Proof of Lemma 5.2. Property (i) follows because d is dense in d if each d® is
dense in d®.

Now, assume the conditions of (ii) and let 6 = @, *. Then each d* is the adjoint
of the minimum Hilbert complex extension of (£%,6%). So, by (5) and (i), (D,d) is
the adjoint of the minimum Hilbert complex extension of (£,0), and therefore it is
the maximum Hilbert complex extension of (€,d). O

Proof of Lemma 6.1. The part “(i) = (iii)” follows with the arguments of the
proof of the Rellich’s theorem on a torus (see e.g. [38, Theorem 5.8]). The part
“(ii) = (1)” follows with the arguments to prove that any Dirac operator on a closed
manifold has a discrete spectrum (see e.g. [38, pp. 81-82]). O

Proof of Lemma 6.2. For each u € D(dyyin), there is a sequence (u,) in C§°(E)
such that u, — u and (du,) is convergent in L?(E); in fact, dpinu = lim,, du,,. Then
fun, — fuand

d(fun) = f duy + [d, flup = fdminu + [d, flu
in L?(F) because f and |[d, f]| are bounded. So fu € D(dmin) and dmin(fu) =

f dminu + [d7 f]u
Now, suppose that 4 € D(dmax). Thus there is some v € L?(E) such that
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(u, dw) = (v,w) for all w € C§°(E); indeed, v = dyaxu. Then

<fu7 5’LU> = <ua f6w> = <u7 5(f’LU) - [5a f]’LU>
= <U7fw> - <u7 [57f]w> = <f’U+ [daf]u=w>

for all w € C§°(E). So fu € D(dmax) and dmax(fu) = fdmaxt + [d, flu. This
completes the proof of (i).
Property (ii) follows from (7) by applying (i) to d and §. O

Proof of Lemma 6.3. Let u € f D(dwin). Then u € D(dyin) by Lemma 6.2-(1); in
fact, according to its proof, there is a sequence (u,) in C§°(E) such that u, — u and
di, — dminu in L2(E), and with suppu,, C supp f for all n. Then (u,, € C§°(E'),
Cup — Cu and d'Cuy, = Cduy, — Cdminu in L2(E'). Hence Cu € D(d!,;,) and d. ; Cu =
Cdminu-

To prove the case of dyax, since D(d), .. ) is invariant by quasi-isometric changes
of the metrics of M’ and E’, after shrinking U and U’ if necessary, we can assume
that ¢ : (Ely,d) — (E'|ys,d') is an isometric isomorphism of elliptic complexes.
Such a change of metrics can be achieved by taking an open subset V' C M’ so that
&(supp f) € V/ and V/ C U’, and using a smooth partition of unity of M’ subordinated
to {V’, M'~\&(supp f)} to combine metrics. Let u € f D(dmax). Then u € D(dmax) by
Lemma 6.2-(i); indeed, according to its proof, the support of v := dpaxu is contained
in supp f. Thus

(Cu, §'Cw)’ = (Cu, CBu) = {u,5w) = (v,w) = {Cv, Cw)’

for each u € fD(dmax) and all w € C§(E|y). So (Cu,d'w’) = (Cv,w') for all
w' € C§°(E’), obtaining Cu € D(d,,) and dmax(Cu) = (dmaxu. This completes the
proof of (i).

If ¢ is isometric, then it is also an isometric isomorphism (E|y,d) — (E'|y+,d).
So (ii) follows from (7) by applying (i) to d and ¢. O
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