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RIGIDITY RESULTS, INVERSE CURVATURE FLOWS AND

ALEXANDROV-FENCHEL TYPE INEQUALITIES IN THE SPHERE∗

MATTHIAS MAKOWSKI AND JULIAN SCHEUER†

Abstract. We prove a rigidity result in the sphere which allows us to generalize a result about
smooth convex hypersurfaces in the sphere by Do Carmo and Warner to convex C2-hypersurfaces.
We apply these results to prove C1,β-convergence of inverse F -curvature flows in the sphere to an
equator in Sn+1 for embedded, closed and strictly convex initial hypersurfaces. The result holds for
large classes of curvature functions including the mean curvature and arbitrary powers of the Gauss
curvature. We use this result to prove some Alexandrov-Fenchel type inequalities.
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1. Introduction. This work deals with geometric problems in the (n + 1)-
dimensional unit sphere Sn+1 ⊂ {x ∈ Rn+2 : |x| = 1}. We assume n ≥ 2, unless
stated otherwise. We are interested in the connection between (analytically) convex
hypersurfaces and (geodesically) convex bodies. The notion of convexity of sets is
significantly more subtle than in Euclidean space, due to the existence of focal points
in the sphere.

A very well known result in this direction by do Carmo and Warner, [5, Theorem
1.1], is the following.

Theorem 1 (Do Carmo, Warner, [5]). Let x : Mn → Sn+1 be an isometric im-
mersion of a compact, connected, orientable n-dimensional C∞-Riemannian manifold
into the (n + 1)-sphere of sectional curvature equal to one and assume that all sec-
tional curvatures of Mn are greater than or equal to one. Then x is an embedding,
Mn is diffeomorphic to Sn and x(Mn) is either totally geodesic or contained in an
open hemisphere. In the latter case x(Mn) is the boundary of a convex body in Sn+1.

Also compare [1], which deals with strictly convex hypersurfaces. We will show
that some parts of this result can be generalized to non-smooth, geodesically convex
bodies in the sphere. In particular we will prove the following result, for the exact
definitions of weakly convex bodies see Section 3.

Theorem 1.1. Let n ≥ 1 and M̂ ⊂ S
n+1 be a weakly convex body in a hemisphere.

Let x0 ∈ Sn+1 be such that M̂ is contained in the closed hemisphere H(x0) with
equator S(x0). Suppose that M̂ satisfies an interior sphere condition at all points
p ∈ M̂ ∩ S(x0). Then either M̂ is equal to H(x0) or M̂ is contained in an open
hemisphere.

With the help of this result, we prove that the strong regularity assumption in
[5] is not necessary.

Corollary 1.2. Let M ⊂ Sn+1 be an embedded, closed, connected and con-
vex C2-hypersurface. Then M is either an equator or M is contained in an open
hemisphere and bounds a convex body.

∗Received July 21, 2014; accepted for publication April 28, 2015.
†Corresponding author. Albert-Ludwigs-Universität, Mathematisches Institut, Eckerstr. 1, 79104

Freiburg, Germany (julian.scheuer@math.uni-freiburg.de). During preparation of this work the sec-
ond author had been supported by the “Deutsche Forschungsgemeinschaft” (DFG).

869



870 M. MAKOWSKI AND J. SCHEUER

We apply these rigidity results to treat an inverse curvature flow in the sphere
Sn+1 of the form

ẋ = −Φ(F ) ν,

x(0) = x0,
(1.1)

where x0 : Sn → Sn+1 is the embedding of an initial hypersurface M0 := x0(S
n) of

class C4,α for some 0 < α < 1, which is furthermore required to be strictly convex.
ν is the corresponding outer normal, Φ ∈ C∞(R+,R), Φ(x) = −x−p, p > 0, F is a
curvature function evaluated at the principal curvatures of the flow hypersurfaces Mt

and x(t) denotes the embedding of Mt. We will show that under certain assumptions,
cf. 1.3, the flow exists up to a finite maximal time and converges in C1,β to the
embedding of an equator.

Curvature flows and their application to geometric inequalities have been treated
for over thirty years. Following the ground breaking work by Huisken, [16], who con-
sidered the mean curvature flow, also inverse, or expanding flows have been considered.
Here the works on inverse curvature flows by Gerhardt, [9], as well as Urbas, [27], have
to be mentioned, where also non-convex hypersurfaces were considered. Similar results
have been shown in other ambient spaces and for general p-homogeneous curvature
functions, e.g. [12], [13], or [25].

We consider a large class of curvature functions. We allow other powers p than 1,
in particular our result holds for arbitrary powers of the Gaussian curvature without
further pinching assumptions. The detailed assumptions on the curvature function
are listed below, whereafter we state the convergence result.

Assumption 1.3. Suppose F ∈ C2,α(Γ+), 0 < α < 1, is a symmetric function,
where Γ+ = {κ = (κi) ∈ Rn : κi > 0 ∀ i ∈ {1, . . . , n}}. We need the following
assumptions on the curvature function F :

• F is positively homogeneous of degree 1, i.e. ∀κ ∈ Γ+, ∀λ ∈ R+ : F (λκ) =
λF (κ).

• F is strictly increasing in each argument: ∀ i ∈ {1, . . . , n}, ∀κ ∈ Γ+ there
holds Fi(κ) = ∂F

∂κi
(κ) > 0.

• F is positive, F|Γ+
> 0, and F is normalized, F (1, . . . , 1) = n.

• Either:
(i) F is concave and inverse concave, i.e. F−1(κi) :=

1
F (κ−1

i
)
is concave.

(ii) F is concave and F approaches zero on the boundary of Γ+.
• If p �= 1, we assume (ii) is valid.

The most important examples of curvature functions F being concave and inverse

concave are
(

Hk

Hl

) 1
k−l

, n ≥ k > l ≥ 0, or the power means (
∑n

i=1 κ
r
i )

1
r for |r| ≤ 1 .

For a proof of the inverse concavity of these functions see the proofs of [2, Theorem
2.6, Theorem 2.7].

Our exact result concerning the curvature flows is:

Theorem 1.4. Let 0 < α < 1. Let Sn ↪→ M0 ⊂ Sn+1 be an embedded, closed,
connected and strictly convex hypersurface of class C4,α. Let F be a curvature function
satisfying Assumption 1.3. Then there exists a finite time 0 < T ∗ < ∞ and a unique
curvature flow

x ∈ H2+α, 2+α
2 ([0, T ∗)× S

n, Sn+1),
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which satisfies the flow equation

ẋ = F−pν

x(0) = M0,
(1.2)

where 0 < p < ∞, ν(t, ξ) is the outward normal to Mt = x(t,M) at x(t, ξ) and there
exists 0 < t0 < T ∗ such that the leaves Mt, t0 ≤ t < T ∗, are graphs over some suitable
equator S(x0), x0 ∈ Sn+1,

Mt = graphu(t, ·), (1.3)

where u is the radial distance to x0. For t → T ∗, the functions u(t, ·) converge to π
2

in C1,β(Sn) for arbitrary 0 < β < 1 and we have for 1 ≤ q < ∞, that∫
Mt

Hq → 0, t → T ∗. (1.4)

In this theorem, H2+α, 2+α
2 ([0, T ∗)×Sn, Sn+1) denotes the parabolic Hoelder space

as in [10, Definition 2.5.2].
Recently, Gerhardt also considered inverse curvature flows of strictly convex hy-

persurfaces in Sn+1 by curvature functions satisfying the assumptions of 1.3(i) in case
p = 1, see [14]. He obtains smooth convergence of the flow to an equator. However,
his methods substantially differ from ours.

Theorem 1.4 allows us to prove Alexandrov-Fenchel type inequalities in the sphere,
namely:

Theorem 1.5. Let M ⊂ Sn+1 be an embedded, closed, connected and convex
C2-hypersurface of the sphere. Then we have the inequality

(Ṽ1(M))2 ≥ (Ṽ0(M))2(
n−1

n ) − (Ṽ0(M))2, (1.5)

and equality holds if and only if M is a geodesic sphere.
Furthermore, if n ≥ 3, we have the inequality

Ṽ2(M) ≥
(
Ṽ0(M)

)n−2
n

− Ṽ0(M), (1.6)

and equality holds if and only if M is a geodesic sphere.
Let k ∈ N+ with 2k + 1 ≤ n and let M̂ be the convex body enclosed by M . Then

we have the inequality

W2k+1(M̂) ≥
ωn

n+ 1

k∑
i=0

(−1)i
n− 2k

n− 2k + 2i

(
k

i

)(
n+ 1

ωn

W1(M̂)

)n−2k+2i
n

(1.7)

and equality holds if and only if M is a geodesic sphere.

Here Ṽk(M) denotes, up to a constant, the k-th mean curvature integral and is
defined by

Ṽk(M) := ω−1
n

∫
M

H̃k dμ, (1.8)
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where H̃k := Hk

(nk)
are the normalized elementary symmetric polynomials and ωn :=

|Sn|. Wk(M̂) denotes the k-th quermassintegral of M̂ , see Section 7 for a definition.
For a more detailed account of the mean curvature integrals and their relation to the
quermassintegrals in spaces of constant curvature, see for example [26]. Especially
inequality (1.7) shows that the geometric inequalities for the quermassintegrals re-
semble the corresponding inequalities in hyperbolic space, see [8, Theorem 1.3]. After
submission of this paper, in [29] Wei and Xiong obtained similar geometric inequalities
in space forms, where in parts of their paper they also use flow methods.

Curvature flows have shown to be a useful method to obtain geometric inequali-
ties. Probably the most known result in this direction is the proof of the Riemannian
Penrose inequality by Huisken and Ilmanen in [17] using an inverse mean curvature
flow in asymptotically flat 3-manifolds.

Also Alexandrov-Fenchel type inequalities have been proven using curvature flows:
In Euclidean space, McCoy showed in [22], that the Alexandrov-Fenchel inequalities
for strictly convex hypersurfaces can be deduced from a mixed-volume preserving
curvature flow. In 2009, Guan and Li, [15], used inverse F -curvature flows in Euclidean
space to show these inequalities for k-convex, starshaped domains. Recently, the
first author transferred the results about mixed-volume preserving curvature flows in
Euclidean space from [22] to the hyperbolic space in [21]. Wang and Xia used these
results in [28] to obtain the Alexandrov-Fenchel inequalities for horospherically convex
hypersurfaces in hyperbolic space. Some of these inequalities have also been shown
in hyperbolic space by using inverse F -curvature flows, see for example [7], [8], [4].

2. Setting and general facts. Now we state some general facts about hyper-
surfaces, especially those that can be written as graphs. We basically follow the
description of [12] and [25], but restrict to Riemannian manifolds. For a detailed
discussion we refer to [10].
Let N = Nn+1 be Riemannian and M = Mn ↪→ N be a hypersurface. The geometric
quantities of N will be denoted by (ḡαβ), (R̄αβγδ) etc., where greek indices range
from 0 to n. Coordinate systems in N will be denoted by (xα). Quantities for M will
be denoted by (gij), (hij) etc., where latin indices range from 1 to n and coordinate
systems will generally be denoted by (ξi), unless stated otherwise.
Covariant differentiation will usually be denoted by indices, e.g. uij for a function
u : M → R, or, if ambiguities are possible, by a semicolon, e.g. hij;k. Usual partial
derivatives will be denoted by a comma, e.g. ui,j .

Let x : M ↪→ N be an embedding and (hij) be the second fundamental form with
respect to a differentiable normal −ν, i.e. we have the Gaussian formula

xα
ij = −hijν

α, (2.1)

where ν is a differentiable normal, the Weingarten equation

ναi = hk
i x

α
k , (2.2)

the Codazzi equation

hij;k − hik;j = R̄αβγδν
αx

β
i x

γ
j x

δ
k (2.3)

and the Gauß equation

Rijkl = (hikhjl − hilhjk) + R̄αβγδx
α
i x

β
j x

γ
kx

δ
l . (2.4)
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Now assume that N = (a, b) × S0, where S0 is compact Riemannian and that
there is a Gaussian coordinate system (xα) such that

ds̄2 = e2ψ((dx0)2 + σij(x
0, x)dxidxj), (2.5)

where σij is a Riemannian metric, x = (xi) are local coordinates for S0 and ψ : N → R

is a function.
Let M = graphu|S0

be a hypersurface

M = {(x0, x) : x0 = u(x), x ∈ S0}, (2.6)

then the induced metric has the form

gij = e2ψ(uiuj + σij) (2.7)

with inverse

gij = e−2ψ(σij − v−2uiuj), (2.8)

where (σij) = (σij)
−1, ui = σijuj and

v2 = 1 + σijuiuj ≡ 1 + |Du|2. (2.9)

We use, especially in the Gaussian formula, the normal

(να) = v−1e−ψ(1,−ui). (2.10)

Looking at α = 0 in the Gaussian formula, we obtain

e−ψv−1hij = −uij − Γ̄0
00uiuj − Γ̄0

0iuj − Γ̄0
0jui − Γ̄0

ij (2.11)

and

e−ψh̄ij = −Γ̄0
ij , (2.12)

where covariant derivatives are taken with respect to gij .

In our special situation N = Sn+1 let x0 ∈ Sn+1, then by introducing geodesic
polar coordinates we derive a representation of the metric in the form

ds̄2 = dr2 + sin2 rσijdx
idxj , (2.13)

where σij is the canonical metric of Sn and 0 < r < π. Then we obtain for a geodesic

sphere given by a constant graph u ≡ r with 0 < r < π that h̄ij =
H̄
n
ḡij and

H̄

n
(r) =

cos r

sin r
. (2.14)

Using [5, Theorem 1.1], we conclude for an embedding of a smooth, strictly convex,
closed hypersurface M, that it is contained in an open hemisphere and thus it can be
written as a graph over Sn in the previously described coordinate system, i.e.

M = graphu|S0
. (2.15)

Now we want to give some elementary facts about the curvature functions. Firstly
we provide the definition of these functions and mention some identifications, which
will be used in the sequel without explicitly stating them again.
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Definition 2.1. Let Γ ⊂ Rn be an open, convex, symmetric cone, i.e.

(κi) ∈ Γ =⇒ (κπi) ∈ Γ ∀π ∈ Pn, (2.16)

where Pn is the set of all permutations of order n. Let f ∈ Cm,α(Γ), m ∈ N, 0 ≤ α ≤ 1,
be symmetric, i.e.,

f(κi) = f(κπi) ∀π ∈ Pn. (2.17)

Then f is said to be a curvature function of class Cm,α. For simplicity we will also
refer to the pair (f,Γ) as a curvature function.

Now denote by S the symmetric endomorphisms of Rn and by SΓ the symmetric
endomorphisms with eigenvalues belonging to Γ, an open subset of S. If (f,Γ) is a
smooth curvature function, we can define a mapping

F :SΓ → R,

A 
→ f(κi),
(2.18)

where the κi denote the eigenvalues of A. For the relation between these differ-
ent notions, especially the differentiability properties and the relation between their
derivatives, see [10, Chapter 2.1]. Since the differentiability properties are the same
for f as for F in our setting, see [10, Theorem 2.1.20], we do not distinguish between
these notions and always write F for the curvature function. Hence at a point x of a
hypersurface we can consider a curvature function F as a function defined on a cone
Γ ⊂ Rn, F = F (κi) for (κi) ∈ Γ (representing the principal curvatures at the point
x of the hypersurface), as a function depending on (hj

i ), F = F (hj
i ), or as a function

depending on (hij) and (gij), F = F (hij , gij). However, we distinguish between the
derivatives with respect to Γ or S. We briefly summarize our notation and important
properties:

For a smooth curvature function F we denote by F ij = ∂F
∂hij

, a contravariant

tensor of order 2, and F
j
i = ∂F

∂hi
j

, a mixed tensor, contravariant with respect to the

index j and covariant with respect to i. We also distinguish the partial derivative
F,i =

∂F
∂κi

and the covariant derivative F;i = F klhkl;i. Furthermore F ij is diagonal if

hij is diagonal and in such a coordinate system there holds F ii = ∂F
∂κi

. For a relation

between the second derivatives see [10, Lemma 2.1.14]. Finally, if F ∈ C2(Γ) is
concave (convex), then F is also concave (convex) as a curvature function depending
on (hij).

3. Rigidity results. In this section we want to prove the rigidity result, The-
orem 1.1 and Corollary 1.2. First we need some definitions, which also apply to the
case n ≥ 1.

Definition 3.1.

(i) For a point x ∈ Sn+1 we will denote the closed hemisphere with center in x by
H(x),

H(x) := {p ∈ S
n+1 : 〈p, x〉 ≥ 0}, (3.1)

where 〈·, ·〉 is the scalar product in Rn+2, and the corresponding equator by
S(x) := H(x) \ intH(x).
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(ii) For points p, q ∈ Sn+1, γ̂p,q : [0, L] → Sn+1 will denote a C1 parametrization by

arc length of the geodesic segment Γ̂p,q with γ̂p,q(0) = p and γ̂p,q(L) = q. The
geodesic segment is not unique if dist(p, q) = π.

(iii) For x ∈ Sn+1 the stereographic projection, which maps x to 0 will be denoted
by Px : Sn+1 \ {−x} → R

n+1.

Definition 3.2.

(i) Let M̂ ⊂ Sn+1 be a set. We say that M̂ is a weakly convex set in Sn+1 [in a
hemisphere], if [there exists x ∈ Sn+1 such that M̂ ⊂ H(x) and] for arbitrary
p, q ∈ M̂ there exists a minimizing geodesic Γ̂p,q connecting p and q, which is

contained in M̂ .
(ii) Let M̂ ⊂ Sn+1 be a set. We say that M̂ is a convex set in Sn+1 [in a hemisphere],

if [there exists x ∈ S
n+1 such that M̂ ⊂ H(x) and] for arbitrary p, q ∈ M̂

all minimizing geodesics Γ̂p,q connecting p and q [and contained in H(x)] are

contained in M̂ .
(iii) We say that M̂ ⊂ S

n+1 is a (weakly) convex body [in a hemisphere], if it is a
compact, (weakly) convex set [in a hemisphere] with nonempty interior.

(iv) A set M ⊂ Sn+1 is a closed, geodesically convex hypersurface, if there exists a
convex body M̂ ⊂ Sn+1 in a hemisphere, such that M = ∂M̂ . The set M̂ is
called the convex body of M .

(v) Let x ∈ Sn+1. Let M̂ ⊂ Sn+1 be a set with M̂ ⊂ Sn+1 \ {−x}. We say that M̂

satisfies an interior sphere condition at a point p ∈ M̂ with respect to x, if the

set Px(M̂) ⊂ Rn+1 satisfies an interior sphere condition at Px(p).

Remark 3.3. The following observations have to be made:
(i) Let M ⊂ S

n+1 be a closed, geodesically convex hypersurface. Then the convex
body ofM is not unique, as can be seen by looking atM = S(x), where x ∈ Sn+1

is arbitrary.
(ii) Note that there are different notions of convexity in the sphere: we do not

demand that a geodesic connecting two points in the convex body has to be
unique. It is well-known, see also Lemma 3.8, that a convex body M̂ in the
sphere, which does not contain a pair of antipodal points is contained in an
open hemisphere. If on the other hand the convex body M̂ in the sphere contains
antipodal points, then it follows from the definition that M̂ = S

n+1.

Remark 3.4. The following observations can be found in [10, p. 278, 279]. Let
x0 ∈ Sn+1. Defining

ρ = 2 tan
r

2
, (3.2)

where r is the geodesic distance to x0, we obtain a representation of the spherical
metric as

ds̄2 =
1(

1 + 1
4ρ

2
)2 (dρ2 + ρ2σijdξ

idξj) ≡ e2ψ ĝαβ, (3.3)

where ĝ denotes the Euclidean metric in Rn+1. A point q ∈ Sn+1 is contained in
H(x0) if and only if r ≤ π

2 , which is equivalent to ρ ≤ 2.
A C2-hypersurface M ⊂ Sn+1 \ {−x0} can be seen as embedded in Euclidean

space using the conformally flat parametrization of Sn+1 via stereographic projection.
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We will denote the projected hypersurface by M. The second fundamental form hi
j

of M and the corresponding Euclidean quantity ĥi
j are related by

eψhi
j = ĥi

j + ψαν̂
αδij , (3.4)

where ν̂ denotes the Euclidean normal vector field of M. Thus a simple calculation
reveals that for a strictly convex and C2-bounded M , the corresponding hypersurface
M is strictly convex and bounded in C2, as long as M stays away from the point
r = 0 and its antipodal point.

The closure of a weakly convex set is again a weakly convex set. However, this
statement is not true for convex sets (neither in spheres nor in hemispheres). We
want to prove a sufficient condition for a weakly convex body in a hemisphere to be
a convex body in a hemisphere.

Theorem 3.5. Let n ≥ 1 and M̂ ⊂ S
n+1 be a weakly convex body in a hemisphere

H(x0) for some x0 ∈ Sn+1. Suppose that M̂ satisfies an interior sphere condition with
respect to x0 at all points p ∈ M̂ ∩ S(x0). Then M̂ is a convex body in a hemisphere.

Firstly we need some lemmata.

Lemma 3.6. Let n ≥ 1 and x0 ∈ Sn+1. Let p ∈ S(x0). Let γ : [0, π] → Sn+1 be
a C1-geodesic, parametrized by arc length, with γ(0) = p. Let p̃ denote the outward
normal vector of H(x0) at p. Then

〈γ̇(0), p̃〉 < (>,=) , (3.5)

if and only if the geodesic satisfies γ(t) ∈ intH(x0)
(
�H(x0),S(x0)

)
for some (and

hence every) t ∈ (0, π).

Proof. First of all we note the following fact: Since γ is a C1-geodesic, γ is a
segment of a great circle. Hence a third point lying on γ determines uniquely the
great circle Γ such that γ([0, π]) ⊂ Γ. Thus the existence of t ∈ (0, π), such that
γ(t) ∈ intH(x0) (�H(x0),S(x0)) implies γ((0, π)) ⊂ intH(x0) (�H(x0),S(x0)).

Suppose firstly that 〈γ̇(0), p̃〉 < 0. Then γ(t) ∈ intH(x0) for t close to 0. Hence
by the observation made above, we obtain γ((0, π)) ⊂ intH(x0).

If on the other hand there exists t ∈ (0, π), such that γ(t) ∈ intH(x0), then the
geodesic γ̃ : [0, t] → Sn+1 with γ̃(0) = γ(t) and ˙̃γ(s) = −γ̇(t−s) satisfies 〈 ˙̃γ(t), p̃〉 > 0,
hence we obtain 〈γ̇(0), p̃〉 < 0.

Lemma 3.7. Let n ≥ 1 and M̂ ⊂ Sn+1 be a weakly convex body in the hemisphere
H(x0) for some fixed x0 ∈ Sn+1. Let p ∈ M̂ ∩ S(x0) and suppose that M̂ satisfies an
interior sphere condition at p with respect to x0. Let γ ∈ C1([0, t0), S

n+1), 0 < t0, be
a geodesic with γ(0) = p and γ((0, t0)) ⊂ intH(x0). Then there exists 0 < δ ≤ t0,
such that γ((0, δ)) ⊂ int M̂ .

Proof. Let p̃ denote the outward normal vector of H(x0) at p. From Lemma 3.6
we obtain

〈γ̇(0), p̃〉 < 0. (3.6)

Let us look at the situation in the coordinates given by the stereographic projec-
tion P yielding the metric (3.3). Let ρ > 0 and Bρ(p̄) be an inball with respect to
P(p) with center p̄. Let γ̃ := P ◦ γ, then since the metric of the sphere is conformally
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equivalent to the Euclidean metric in stereographic coordinates, we obtain from (3.6)
that 〈

˙̃γ(0), ν(P(p))
〉
< 0, (3.7)

where ν(P(p)) denotes the outward normal of B2(0) at P(p). Since the inball Bρ(p̄)
is tangent to ∂B2(0), we obtain some small δ > 0, such that for t ∈ (0, δ):

γ̃(t) ∈ Bρ(p̄). (3.8)

Proof of Theorem 3.5. Let p, q ∈ M̂ be two arbitrary points, then we have to
show that an arbitrary minimizing geodesic γ̂p,q connecting p and q and contained in

H(x0) is contained in M̂ .
If no antipodal points exist in M̂ , we have nothing to prove. Hence let us assume

that there exist points p, q ∈ M̂ with dist(p, q) = π. We will show that then M̂ =
H(x).

Since M̂ ⊂ H(x) we know that p, q ∈ S(x). Let y ∈ intH(x) be arbitrary. Then
there exists a unique C1-geodesic γ : [0, π] → S

n+1 starting at p and ending at q, such
that y ∈ γ((0, π)) ⊂ intH(x). From Lemma 3.7 applied to p and q we obtain that

γ((0, π)) ⊂ M̂ . Hence intH(x) ⊂ M̂ and we infer M̂ = M̂ = H(x).

Hence we know that the weakly convex body M̂ in Theorem 1.1 is a convex body
in a hemisphere. Thus it remains to distinguish two cases: M̂ does or does not contain
a pair of antipodal points.

The following lemma is standard and a proof can be found in [6, Chapter 3,
Corollary 1].

Lemma 3.8. Let n ≥ 1 and M̂ ⊂ Sn+1 be a convex body in the sphere, which does
not contain any antipodal points. Then M̂ is contained in an open hemisphere.

Proof of Theorem 1.1. From Theorem 3.5 we obtain that M̂ is a convex body
in a hemisphere. Hence if M̂ contains a pair of antipodal points, then M̂ = H(x0).
Otherwise it is contained in an open hemisphere in view of Lemma 3.8.

For C2-hypersurfaces we obtain a generalization of Theorem 1, see Corollary 1.2.
For the proof of this result, we need one further Lemma.

Lemma 3.9. Let M̂n ⊂ H(xn) ⊂ Sn+1 be a sequence of sets, such that

M̂n ⊂ int M̂n+1, (3.9)

then there exists x0 ∈ Sn+1, such that

M̂n ⊂ intH(x0) ∀n ∈ N. (3.10)

Proof. A subsequence of points xnk
converges to some x0 ∈ Sn+1. We claim that

this x0 is a point which satisfies (3.10). If this was not the case, then we use the
monotonicity to derive the existence of n0 ∈ N with the property

M̂n0
∩H(x0)

c �= ∅. (3.11)
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Thus there exists a point

y ∈ M̂n, n ≥ n0, (3.12)

and ε > 0 with the property

dist(y,H(x0)) ≥ ε. (3.13)

This leads to a contradiction, since for large k we have

y ∈ M̂nk−1 ⊂ intH(xnk
) ⊂ intH(xnk

) ∪ intH(x0) (3.14)

and the maximal distance of points in the latter set to x0 converges to π
2 .

Proof of Corollary 1.2. Choose a differentiable normal vector field ν, such that
the second fundamental form with respect to −ν is positive semi-definite and let U
be a tubular neighborhood around M with corresponding signed distance function
d ∈ C2(U) and normal Gaussian coordinate system (xα), compare [10, Theorem
1.3.13]. Note that d = x0 and ∇d = ν. According to [10, Lemma 2.4.3], the second
fundamental form with respect to −ν of the coordinate slices

{x0 = const}, (3.15)

which can be seen as a solution to the flow

ẋ = ν, x(t, ξ) = (t, ξ), (3.16)

evolves according to the evolution equation

ḣi
j = −hk

jh
i
k − δij . (3.17)

Thus the principle curvatures of the slices are strictly decreasing, which implies, that
the hypersurfaces

M−t = {x0 = −t} (3.18)

are strictly convex with positive definite second fundamental form. Consider the
image M−t under a suitable stereographic projection P , which is a strictly convex
C2 hypersurface in Rn+1. For any small δ > 0 there exists ε(δ) > 0, such that for the
convolution dε of the signed distance function there hold

Mε
−t ≡

{
dε = −

(
t+

δ

2

)}
⊂ P({−(t+ δ) < d < −t}), (3.19)

〈∇dε,∇d〉 ≥ c > 0 (3.20)

and

Mε
−t is strictly convex. (3.21)

Using (3.4) and the C2-convergence of the convolution, those properties carry over to
M ε

−t ≡ P−1(Mε
−t), a hypersurface in Sn+1, to which we may apply do Carmo’s and

Warner’s theorem. Using the same construction, we obtain

M ε1
− t

2

, where ε1 = ε

(
t

2

)
. (3.22)
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Thus we derive a sequence of smooth and strictly convex hypersurfaces

Mn ≡ M εn
− t

2n
, where εn = ε

(
t

2n

)
, (3.23)

with the property

Mn ⊂ int M̂n+1. (3.24)

Here we also used the generalized Jordan curve theorem, cf. [3, Chapter IV, 19].
Lemma 3.9 implies that there exists x0 ∈ Sn+1 such that M ⊂ H(x0) and Theorem

3.5 shows that M bounds a convex body M̂ =
⋃

n∈N
M̂n in a hemisphere, since M̂

obviously satisfies the interior sphere condition with respect to x0 at all points of
M̂ ∩ S(x0).

4. The curvature flow and first estimates.

Curvature functions. Now we mention some elementary facts about curvature
functions on a hypersurface.

To derive the geometric inequalities, we will need some properties of the elemen-
tary symmetric polynomials.

Lemma 4.1. Let 1 ≤ k ≤ n be fixed.
(i) We define the convex cone

Γk = {(κi) ∈ R
n : H1(κi) > 0, H2(κi) > 0, . . . , Hk(κi) > 0}. (4.1)

Then Hk is strictly monotone on Γk and Γk is exactly the connected compo-
nent of

{(κi) ∈ R
n : Hk(κi) > 0} (4.2)

containing the positive cone.

(ii) The k-th roots σk = H
1
k

k are concave on Γk.

(iii) For 1 < s < t < n and σ̃k =
(

Hk

(nk)

) 1
k

there holds

σ̃n ≤ σ̃t ≤ σ̃s ≤ σ̃1, (4.3)

where the principal curvatures have to lie in Γn ≡ Γ+ for the first, in Γt for
the second and in Γs for the third inequality.

(iv) For fixed i, no summation over i, there holds

Hk =
∂Hk+1

∂κi

+ κi

∂Hk

∂κi

. (4.4)

Proof. The convexity of the cone Γk and (i) follows from [18, Section 2], (ii)
from [14, Thm. 3.2], (iii) from [20, Lemma 15.12] and (iv) follows directly from the
definition of the Hk.

A consequence of the preceding lemma is the following

Lemma 4.2. Let N be a semi-Riemannian space of constant curvature, then the
symmetric polynomials F = Hk, 1 ≤ k ≤ n, are divergence free for every admissible
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hypersurface M of N . In case k = 2 it suffices to assume that N is an Einstein
manifold.

Proof. The proof of the lemma can be found in [11, Lemma 5.8]. The proof
consists of induction on k and (iv) of Lemma 4.1.

Now we state a well-known inequality for general curvature functions:

Lemma 4.3. Let F ∈ C2(Γ+)∩C0(Γ̄+) be a strictly monotone, concave curvature
function, positively homogeneous of degree 1 with F (1, . . . , 1) > 0, then

F (κ) ≤
F (1, . . . , 1)

n
H(κ). (4.5)

and

n∑
i=1

Fi(κ) ≥ F (1, . . . , 1), (4.6)

where κ = (κk) ∈ Γ+.

Proof. See [10, Lemma 2.2.19, Lemma 2.2.20].

Evolution equations for the curvature flow. The following evolution equa-
tions are valid for curvature flows in the sphere, for a derivation see [10, Chapter
2].

Lemma 4.4. (Evolution equations)

d

dt
gij = −2Φhij. (4.7)

d

dt
hij − Φ′F klhij;kl = Φ′F klhrkh

r
l hij − (Φ′F +Φ)hrih

r
j (4.8)

+ (Φ′F +Φ)gij − Φ′F klgklhij +Φkl,rshkl;ihrs;j .

d

dt
hi
j − Φ′F klhi

j;kl = Φ′F klhr
khrlh

i
j + (Φ− Φ′F )hi

kh
k
j (4.9)

+ Φ′F kl,rshkl;mhrs;jg
mi +Φ′′F iFj

+ (Φ + Φ′F )δij − Φ′F klgklh
i
j .

d

dt
Φ− Φ′F klΦ;kl = Φ′F klhkrh

r
lΦ+ Φ′F klgklΦ. (4.10)

Curvature estimates. Since the flow reduces to a scalar parabolic equation, see
for example [10, Chapter 2.5], short-time existence is guaranteed and we know that
the flow exists on a maximal time interval [0, T ∗) for some 0 < T ∗ ≤ ∞. Firstly, we
show that the flow exists only up to a finite time T ∗.

Lemma 4.5. There holds

T ∗ < ∞. (4.11)
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Proof. Using Lemma 4.3 we can compare the evolution of −Φ, see (4.10), with
the solution of the ordinary differential equation

ϕ̇ = pnϕ
2p+1

p . (4.12)

This shows that sup
x∈Mt

(−Φ(x)) becomes unbounded in finite time.

We show that the hypersurfaces remain strictly convex and the principal curva-
tures are uniformly bounded from above. For curvature functions with F|∂Γ+

= 0
the strict convexity of the flow hypersurfaces follows immediately. For concave and
inverse concave curvature functions this follows from the following.

Lemma 4.6. Suppose that F is a curvature function as in 1.3 (i) with p = 1.
Then there exists a constant c > 0, such that the principal curvatures of the flow
κ1, . . . , κn satisfy

κn ≤ cκ1. (4.13)

Proof. Let 0 < ε < 1
n
, such that

Tij = hij − εHgij (4.14)

is positive definite at t = 0. Tij satisfies

Tij − Φ′F klTij;kl = Φ′F klhrkh
r
l Tij − Φ′F klgklTij

+ ε(Φ′F − Φ)‖A‖2gij + 2εΦHhij

+Φkl,rshkl;ihrs;j − εΦkl,rshkl;mhrs;
mgij

≡ Nij + Ñij ,

(4.15)

where we also used Φ′F +Φ = 0, due to p = 1. Here Ñij denotes the terms involving
derivatives of hij . At a point (t0, ξ0) let η be a null-eigenvector of Tij , i.e.

hijη
j = εHηi (4.16)

and Tij ≥ 0 elsewhere. There holds

Nijη
iηj = 2εΦ′F‖A‖2‖η‖2 + 2ε2ΦH2‖η‖2

≥ 2εΦ′FH2‖η‖2
(
1

n
− ε

)
> 0.

(4.17)

To prove that Ñij satisfies a modified null-eigenvector condition, note that Φ is, as
a function of the principal curvatures, symmetric, monotone, concave and inverse
concave in the sense of [2, Sec. 2]. We apply [2, Theorem 4.1] to obtain

Ñijη
iηj + 2 sup

Γ
Φkl(2Γr

k(hri;lη
i − εHlηr − Γr

kΓ
q
l (hrq − εHδrq))) ≥ 0. (4.18)

Those are exactly the requirements to apply Andrews’ generalized maximum principle,
[2, Theorem 3.2] to conclude Tij > 0 for all t ∈ [0, T ∗).

Next we derive upper bounds for the principal curvatures.
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Lemma 4.7. There holds

sup
t∈[0,T∗), x∈Mt

H(x) ≤ sup
M0

H. (4.19)

Proof. Let 0 < T < T ∗ be arbitrary. Suppose there exists t0 ∈ (0, T ] and x0 ∈ Mt0

such that

sup
t∈[0,t0],x∈Mt

H ≤ H(x0). (4.20)

Then we obtain from the maximum principle and the concavity of F , that at x0 there
holds in view of (4.9)

0 ≤ pF klhr
khrl

H

F p+1
− (p+ 1)

|A|2

F p
− pF klgkl

H

F p+1
− (1− p)

n

F p

=
p

F p+1

(
F klhr

khrlH − F |A|2
)
−

n+ |A|2

F p

−
p

F p+1

(
F klgklH − nF

)
.

(4.21)

However, we note that

F klhr
khrlH − F |A|2 =

∑
i,j

(
fiκ

2
iκj − fiκiκ

2
j

)
=

∑
i<j

κiκj(κi − κj) (fi − fj) ≤ 0,
(4.22)

since for concave curvature functions there holds fi ≥ fj for i < j. Furthermore, in
view of Lemma 4.3 we obtain

F klgklH − nF ≥ 0. (4.23)

Hence we obtain a contradiction.

5. Elementary flow properties and further curvature estimates.

Lemma 5.1. Let Mt, 0 ≤ t < T ∗, be a flow hypersurface and M̂t be the enclosed
convex body, cf. Corollary 1.2. Then those convex bodies are strictly monotonically
ordered, i.e.

s < t ⇒ M̂s ⊂ int M̂t. (5.1)

Proof. Let 0 ≤ s < T ∗. Then the flow hypersurface Ms is strictly convex, as was
shown in the previous section. Thus, using Corollary 1.2, we first conclude that Ms

does indeed enclose a convex body M̂s and that this body has to lie compactly in
an open hemisphere intH(x̃s). Choose xs ∈ int M̂s. Thus Ms, which in particular is
starshaped with respect to xs, can be written as a graph over S(xs),

Ms = graphu(s,S(xs)), (5.2)

and thus there is an ε > 0, such that for all s ≤ t < s + ε the hypersurfaces Mt may
be written as a graph over S(xs), compare [10, Theorem 2.5.19]. In these coordinates
u locally satisfies the scalar flow equation

∂u

∂t
=

v

F p
, (5.3)
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cf. [10, p. 98-99], and thus the function u is strictly increasing for fixed x ∈ S(xs).
Since

M̂s = {(r, (xi)) ∈ R× S(xs) : 0 ≤ r ≤ u(s, (xi))}, (5.4)

where (r, (xi)) describe the corresponding geodesic polar coordinates around xs, the
claim follows.

Proposition 5.2. There is a uniquely determined limit surface MT∗ , which can
be written as a graph in geodesic polar coordinates,

MT∗ = graphu(T ∗,S(y0)), (5.5)

where y0 ∈ int M̂T∗ . Furthermore there holds

u(t, ·) → u(T ∗, ·) in C1,β(S(y0)) ∀0 ≤ β < 1. (5.6)

Proof. In geodesic polar coordinates the metric of Sn+1 is given by

ds̄2 = dr2 + sin2 rσijdx
idxj , 0 < r < π. (5.7)

Let y0 ∈ int M̂0 and ŷ0 denote the antipodal point of y0, then by Lemma 3.9 we know
that

M̂t ⊂ K � S
n+1\{ŷ0} ∀0 ≤ t < T ∗. (5.8)

Thus we have a uniform parametrization of the flow hypersurfaces as graphs over
S(y0),

Mt = graphu(t, ·). (5.9)

The quantity v2 = 1 + sin−2 uσijuiuj is bounded by convexity, see [10, Theorem
2.7.10]. The second fundamental form of a graph hypersurface satisfies

hi
j =

ϑ̇

vϑ
δij +

ϑ̇

v3ϑ3
uiuj −

σ̃ik

vϑ2
ukj , (5.10)

where ϑ = sinu and σ̃ik is the inverse of

σ̃ik = ϕiϕk + σik, ϕ =

∫ u

r0

sin−1(s)ds, (5.11)

cf. [25, (3.82)]. Here covariant differentiation and index raising is performed with
respect to the metric σij and by Lemma 4.7 we obtain uniform C2 estimates for the
u(t, ·). This gives the existence of a convergent subsequence with uniquely determined
C1 limit u(T ∗, ·), using monotonicity.

Proposition 5.3. Suppose that on some time interval [s, t] ⊂ (0, T ∗) there is a
point x0 ∈ int M̂s, such that for a common parametrization of the surfaces Mτ ,

Mτ = graphu(τ,S(x0)), (5.12)

there is a constant ε > 0 satisfying u ≤ π
2 − ε, then the curvature function of those

hypersurfaces is uniformly positive,

F ≥ c̃ > 0, (5.13)
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where c̃ depends on ε.

Proof. Using [10, Lemma 3.3.2] and (4.10) we deduce the evolution equations for
−Φ and u to be

d

dt
(−Φ)− Φ′F ij(−Φ)ij = Φ′F ijhikh

k
j (−Φ) + Φ′F ijgij(−Φ) (5.14)

and

d

dt
u− Φ′F ijuij = (p−1 + 1)Φ′Fv−1 − Φ′F ij h̄ij . (5.15)

Set

w = log (−Φ) + f(u), (5.16)

where f will be specified later. Then

d

dt
w − Φ′F ijwij = Φ′F ijhikh

k
j +Φ′F ijgij +Φ′F ij Φi

Φ

Φj

Φ

+ (p−1 + 1)f ′Φ′Fv−1 − f ′Φ′F ij h̄ij − f ′′Φ′F ijuiuj.

(5.17)

We want to bound the function w. Thus suppose without loss of generality, that

sup
(τ,ξ)∈(s,t]×M

w(τ, ξ) = w(t0, ξ0). (5.18)

Then at this point we have

Φi

Φ
= −f ′(u)ui (5.19)

and thus, also using h̄ij =
H̄
n
ḡij =

H̄
n
gij −

H̄
n
uiuj, we find at (t0, ξ0) that

0 ≤ Φ′F ijhikh
k
j +

(
1− f ′ H̄

n

)
Φ′F ijgij + (p−1 + 1)f ′Φ′Fv−1

+

(
(f ′)2 + f ′ H̄

n
− f ′′

)
Φ′F ijuiuj .

(5.20)

Now define the function

f(u) = − log
(
cosu− cos

(π
2
−

ε

2

))
= − log(cos u− c), (5.21)

where c := cos
(
π
2 − ε

2

)
, such that by assumption f is strictly positive and uniformly

bounded for τ ∈ [s, t]. We have

f ′ =
sinu

cosu− c
(5.22)

and

f ′′ =
1

(cosu− c)2
−

c · cosu

(cosu− c)2
(5.23)
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and thus in view of (2.14)

f ′ H̄

n
=

cosu

cosu− c
> 1 + δ, δ = δ(ε), (5.24)

and

(f ′)2 + f ′ H̄

n
− f ′′ = 0. (5.25)

Since F ijhikh
k
j ≤ FH due to the convexity of the hypersurfaces, we conclude at

(t0, ξ0)

0 ≤ Φ′F ijhikh
k
j + (p−1 + 1)f ′Φ′Fv−1 − nδΦ′

≤
p

F p
H + (p+ 1)

f ′

vF p
− nδ

p

F p+1
.

(5.26)

Supposing that w(t0, ξ0) is very large, −Φ must also be very large, which leads to a
contradiction, since H is bounded by Lemma 4.7. Hence w, and thus also −Φ, must
be bounded.

Now we characterize T ∗, where in particular we show, that the flow exists as long
as the hypersurfaces remain strictly convex.

Proposition 5.4. Suppose that on some interval [s, t) ⊂ [0, T ∗) we have

F (τ, ξ) ≥ ε > 0 ∀(τ, ξ) ∈ [s, t)× S
n, (5.27)

then there holds

T ∗ > t. (5.28)

Proof. Without loss of generality suppose that all Mτ , s ≤ τ < t, are uniformly
parametrized over S(y0). The second fundamental form has, with respect to the cor-
responding spherical metric, the form

hi
j =

ϑ̇

vϑ
δij +

ϑ̇

v3ϑ3
uiuj −

σ̃ik

vϑ2
ukj . (5.29)

The scalar flow equation is

∂

∂t
u =

v

F p(hi
j)

≡ G(x, u,Du,D2u). (5.30)

Thus

∂G

∂uij

= −
pv

F p+1
F k
l

∂hl
k

∂uij

=
pv

F p+1
F k
l

σ̃lm

vϑ2
δimδ

j
k =

p

ϑ2F p+1
F

j
l σ̃

li, (5.31)

where the latter is uniformly positive definite by assumption, as well as by Lemma
4.6 or F |∂Γ+

= 0. Then, using the regularity results of Krylov and Safonov, cf. [19],
and Schauder theory, we obtain uniform C4,α estimates on [s, t) and thus the flow
extends beyond t.
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6. Convergence to an equator. In view of Lemma 5.1 we know that there
exists x0 ∈ Sn+1, such that M̂t ⊂ intH(x0). Now we want to show, that the limit
hypersurface MT∗ is equal to S(x0). We first view the hypersurfaces as embedded in
Euclidean space using the conformally flat parametrization of Sn+1.

Lemma 6.1. The enclosed, weakly convex body of MT∗ , M̂T∗ , satisfies a uniform
interior sphere condition.

Proof. We will denote Px0
(Mt) by Mt for t ∈ [0, T ∗]. Since all Mt range within

distance less than π
2 around x0, the metrics ḡαβ and ĝαβ are uniformly equivalent on

the set of consideration. Thus we also obtain the C1-convergence of Mt → MT∗ . Let
x ∈ MT∗ be arbitrary and tn, xn ∈ Mtn be sequences such that

tn → T ∗, xn → x. (6.1)

By Remark 3.4 we obtain a sequence of inballs with center yn ∈ intM̂tn and uniform
radius R, such that

BR(yn) ⊂ intM̂tn ∧ ∂BR(yn) ∩Mtn = {xn}. (6.2)

Without loss of generality we have

yn → y ∈ intM̂T∗ . (6.3)

First of all, let z ∈ BR(y). By the triangle inequality, for large n there holds

z ∈ BR(yn) ⊂ intM̂tn ⊂ intM̂T∗ . (6.4)

Thus

BR(y) ⊂ intM̂T∗ . (6.5)

There holds

dist(x, y) ≤ dist(x, xn) + dist(xn, yn) + dist(yn, y) → R (6.6)

and thus

dist(x, y) = R, (6.7)

since x ∈ MT∗ . We summarize:

BR(y) ⊂ intM̂T∗ ∧ {x} ⊂ ∂BR(y) ∩MT∗ . (6.8)

If we now choose an inball

BR
2
(ỹ) ⊂ BR(y) (6.9)

with the property

∂BR
2
(ỹ) ∩ ∂BR(y) = {x}, (6.10)

we obtain the desired uniform interior sphere condition with radius R
2 .

Lemma 6.2. M̂T∗ ⊂ H(x0) is a convex body in a hemisphere.
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Proof. Let y0 ∈ int M̂0 be arbitrary but fixed. In view of Lemma 5.1 we know
that the weakly convex body of MT∗ with respect to y0 can be described as

M̂T∗ =
⋃

t∈[0,T∗)

M̂t. (6.11)

In view of the monotonicity, see Lemma 5.1 and Lemma 3.9, we obtain that⋃
t∈[0,T∗) M̂t is a convex set in a hemisphere. Lemma 6.1 and Theorem 3.5 imply

that M̂T∗ ⊂ Sn+1 is a convex body in a hemisphere.

The lemmata of this section show, that M̂T∗ satisfies the requirements of Theorem
1.1. Finally we will show that M̂T∗ is not contained in an open hemisphere:

Lemma 6.3. There is no hemisphere H(y0), such that

M̂T∗ ≡
⋃

t∈[0,T∗)

M̂t ⊂ intH(y0). (6.12)

Proof. Suppose contrarily that there existed such a hemisphere. We may assume
without loss of generality that y0 ∈ int M̂T∗ , compare [24]. Thus we may parametrize
the surfaces Mt, T < t < T ∗, uniformly as graphs over the same equator and may
apply Propositions 5.3 and 5.4 to conclude that the flow would exist longer than T ∗.

Hence we obtain:

Theorem 6.4. There exists x0 ∈ S
n+1 such that MT∗ = S(x0).

7. Geometric inequalities. In this section we want to deduce Alexandrov-
Fenchel type inequalities from the convergence of the flow to an equator. We use the
inverse mean curvature flow. The mixed volumes of a hypersurface M in the sphere
Sn+1 are defined for k ∈ {0, . . . , n} by

Vk(M) :=

∫
M

H̃kdμ, (7.1)

where H̃k := Hk

(nk)
are the normalized elementary symmetric polynomials.

Firstly, we note that a geodesic ball Bρ of radius 0 < ρ ≤ π
2 satisfies for k ∈

{0, . . . , n}

Vk(∂Bρ) = ωn cos
k ρ sinn−k ρ, (7.2)

where ωn is the volume of Sn. For the sake of brevity, we define Ṽk := Vk

ωn
. For

geodesic spheres, it is easy to obtain a relation between different mixed volumes. For
example there holds

(Ṽ1)
2 = (Ṽ0)

2(n−1
n ) − (Ṽ0)

2 (7.3)

and

Ṽ2 =
(
Ṽ0

)n−2

n

− Ṽ0. (7.4)

Furthermore, we will establish geometric inequalities between certain quermassinte-
grals.
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In Sn+1 we have the following definition of the quermassintegrals, compare [26]
(also for a more detailed definition of the measure dLk):

Definition 7.1. Let M̂ ⊂ S
n+1 be a compact domain. For k ∈ {1, . . . , n} set

Wk(M̂) =
(n+ 1− k)ωk−1 · · ·ω0

(n+ 1)ωn−1 · · ·ωn−k

∫
Lk

χ(Lk ∩ M̂)dLk, (7.5)

where Lk is the space of k-dimensional totally geodesic subspaces L in Sn+1, dLk is
the natural measure on Lk and χ is the Euler characteristic. Furthermore set

W0(M̂) = Vol(M̂) (7.6)

and

Wn+1(M̂) =
ωn

n+ 1
χ(M̂). (7.7)

In Euclidean space the quermassintegrals differ only by constants with respect to
the corresponding curvature integrals. This relation is more complicated in curved
spaces, however, we still have the following relation between the curvature integrals
and the quermassintegrals in the space Sn+1, see for example [26, Proposition 7,
Corollary 8] for a proof of this relation.

Lemma 7.2. If M̂ ⊂ Sn+1 is a compact domain with C2-boundary, then there
holds W1(M̂) = 1

n+1V0(∂M) and for k ∈ {1, . . . , n} there holds

Vk(∂M̂) = (n+ 1)

(
Wk+1(M̂)−

k

n+ 2− k
Wk−1(M̂)

)
. (7.8)

Furthermore for k ∈ N with 2k + 1 ≤ n we have

W2k+1(M̂) =
1

n+ 1

k∑
i=0

(2k)!!(n− 2k)!!

(2k − 2i)!!(n− 2k + 2i)!!
V2k−2i(∂M̂). (7.9)

We also need the following evolution equations. These evolution equations can be
computed by an induction argument using Lemma 4.4 and Lemma 7.2, see also the
proof of [23, Thm. B] and [28, Proposition 3.1].

d

dt

∫
Mt

Hkdμt =

∫
Mt

(
(k + 1)

Hk+1

H
− (n+ 1− k)

Hk−1

H

)
dμt. (7.10)

d

dt
Wk(Mt) =

n+ 1− k

n+ 1

∫
Mt

H̃k

H
dμt. (7.11)

Finally, let us state a decay lemma for the inverse curvature flow.

Lemma 7.3. For all 1 ≤ q < ∞ there holds

lim
t→T∗

∫
Mt

Hq = 0. (7.12)

Proof. By the previous results we know

u → c (7.13)
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in the C1 norm, where we use a graph representation as in Proposition 5.2. The
second fundamental form is

hijv
−1 = −uij + h̄ij , (7.14)

where covariant differentiation is performed with respect to the induced metric. Thus∫
Mt

Hv−1 =

∫
Mt

h̄ijg
ij (7.15)

and ∫
Mt

H =

∫
Mt

H(1− v−1) +

∫
Mt

(
H̄ −

H̄

n
‖Du‖2

)
. (7.16)

Since

gij = uiuj + sin2 uσij , (7.17)

the volume element is uniformly bounded and thus the right hand side converges to
0. The other Lq norms converge to 0 by interpolation.

This leads to our first geometric inequality:

Theorem 7.4. Let M ⊂ S
n+1 be an embedded, closed, connected and convex

C2-hypersurface. Then we have the inequality

(Ṽ1(M))2 ≥ (Ṽ0(M))2(
n−1

n ) − (Ṽ0(M))2, (7.18)

and equality holds if and only if M is a geodesic sphere.

Proof. First of all, we can assume that the hypersurface is smooth and strictly
convex, since otherwise we can use convolutions as in the proof of Corollary 1.2 to
obtain a sequence of approximating smooth, strictly convex hypersurfaces converging
in C2 to M .

We consider the flow of the initial hypersurface M by the inverse mean curvature.
Let Mt, t ∈ [0, T ∗), be the level hypersurfaces of the flow, where we know that MT∗ is
a geodesic sphere with radius π

2 and the graphs around the center of this sphere, Mt =
graph|Snu(t, ·), converge in C1 to u(T ∗, ·) ≡ π

2 . Furthermore we know that the mean
curvature of the level hypersurfaces converges almost everywhere to 0 by Lemma 7.3.

For t ∈ [0, T ∗] we define

φ(t) :=
(V1(Mt))

2

(V0(Mt))
2(n−1

n )
+ (V0(Mt))

2
n . (7.19)

Then φ(t) → (V0(Bπ
2
))

2
n for t → T ∗, since V0(Mt) → V0(MT∗) for t → T ∗ in view

of the C1-convergence and V1(Mt) → 0 for t → T ∗ in view of the convergence of the
mean curvature to zero almost everywhere.

Hence if we can show that φ is monotonically non-increasing, we obtain

(V1(M))2

(V0(M))2(
n−1
n )

+ (V0(M))
2
n = φ(0) ≥ φ(T ∗) = ω

2
n
n . (7.20)

This implies the geometric inequality.
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We have in view of (7.10) and (iii) from Lemma 4.1:

(V0(Mt))
2(n−1

n )+1 dφ

dt

= 2V0(Mt)

∫
Mt

H

n
dμt

∫
Mt

(
2H2

nH
−

1

H

)
dμt

− 2
n− 1

n3

(∫
Mt

Hdμt

)2 ∫
Mt

1 dμt +
2

n
(V0(Mt))

2

∫
Mt

1 dμt

≤
2

n
V0(Mt)

(
(V0(Mt))

2 −

∫
Mt

Hdμt

∫
Mt

1

H
dμt

)
≤ 0.

(7.21)

In the last inequality we have used the Cauchy-Schwarz inequality and hence the in-
equality is strict unless H is constant on Mt. Hence we obtain that φ is monotonically
decreasing unless M is a geodesic sphere.

We can also prove a geometric inequality relating Ṽ2 and Ṽ0.

Theorem 7.5. Let n ≥ 3 and M ⊂ Sn+1 be an embedded, closed, connected and
convex C2-hypersurface. Then we have the inequality

Ṽ2(M) ≥
(
Ṽ0(M)

)n−2

n

− Ṽ0(M), (7.22)

and equality holds if and only if M is a geodesic sphere.

Proof. Again we assume M to be smooth and strictly convex and we use the same
curvature flow as in the proof of Theorem 7.4. For t ∈ [0, T ∗] we define

φ(t) :=
V2(Mt) + V0(Mt)

(V0(Mt))
n−2
n

. (7.23)

Again we have to show that φ is monotonically non-increasing to obtain the geometric
inequality (7.22). We have in view of (7.10):

(V0(Mt))
n−2

n
+1 dφ

dt
= V0(Mt)

∫
Mt

3H3(
n
2

)
H

+ V0(Mt)

∫
Mt

(
1−

(n− 1)(
n
2

)
)
dμt

−
n− 2

n

∫
Mt

1 dμt

(∫
Mt

H̃2dμt + V0(Mt)

)

=
V0(Mt)(

n
2

) ∫
Mt

(
3H3

H
−

n− 2

n
H2

)
dμt ≤ 0,

(7.24)

where the last inequality follows from (iii) from Lemma 4.1. Again, this inequality is
strict unless the hypersurface is totally umbilic, which implies that φ is only stationary
for geodesic spheres.

Theorem 7.6. Let M ⊂ Sn+1 be an embedded, closed, connected and convex
C2-hypersurface. Let k ∈ N+ with 2k + 1 ≤ n and let M̂ be the convex body enclosed
by M . Then we have the inequality

W2k+1(M̂) ≥
ωn

n+ 1

k∑
i=0

(−1)i
n− 2k

n− 2k + 2i

(
k

i

)(
n+ 1

ωn

W1(M̂)

)n−2k+2i
n

(7.25)

and equality holds if and only if M is a geodesic sphere.
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Proof. For the sake of brevity, let us denote the right hand side of the equation
(7.25) by Ak(M̂).

We prove the result by induction on k. For k = 1 the result follows from Theorem
7.5 and Lemma 7.2. Let us assume we have proved the result for k − 1 ∈ N with
2k + 1 ≤ n.

We assume the hypersurface to be smooth and strictly convex and use the same
curvature flow as in the proof of Theorem 7.4. For t ∈ [0, T ∗] we define

φ(t) :=
W2k+1(M̂t)−Ak(M̂t)

W1(M̂t)
n−2k

n

. (7.26)

From now on we will drop the arguments and write simply Wk instead of Wk(M̂). We
will show that φ is monotonically non-increasing. We obtain from (7.11) and Lemma
7.2:

d

dt
φ ≤

(n− 2k)

n(n+ 1)

∫
Mt

H̃2kdμt − (n+ 1)W2k+1

W
n−2k

n

1

−
d

dt

(
Ak

W
n−2k

n

1

)

= −
(n− 2k)2k

n(n+ 2− 2k)

W2k−1

W
n−2k

n

1

−
d

dt

(
Ak

W
n−2k

n

1

)
.

(7.27)

Note that the inequality at time t is an equality if and only Mt is totally umbilic.
Using the induction hypothesis we obtain after a simple calculation

d

dt
φ ≤ 0, (7.28)

again with equality if and only if Mt is totally umbilic. Employing (7.9) and the decay
Lemma, we obtain

W2k+1(M̂t)−Ak(M̂t) →
ωn

n+ 1

(2k)!!(n− 2k)!!

n!!

−
ωn

n+ 1

k∑
i=0

(−1)i
n− 2k

n− 2k + 2i

(
k

i

) (7.29)

for t → T ∗. However, the right hand side equals zero, as a proof by induction shows.
Hence we obtain the inequality (7.25) and equality holds if and only if M is a geodesic
sphere.

Acknowledgements. We would like to thank Prof. Oliver Schnürer for an in-
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[5] M. Do Carmo and F. Warner, Rigidity and convexity of hypersurfaces in spheres, J. Differ.

Geom., 4:2 (1970), pp. 133–144.
[6] O. Ferreira, A. Iusem, and S. Nemeth, Projections onto convex sets on the sphere, J. Glob.

Optim., 57:3 (2013), pp. 663–676.
[7] Y. Ge, G. Wang, and J. Wu, Hyperbolic Aleksandrov-Fenchel quermassintegral inequalities

1, unpublished, 03 2013.
[8] , Hyperbolic Aleksandrov-Fenchel quermassintegral inequalities 2, J. Differ. Geom., 98:2

(2014), pp. 237–260.
[9] C. Gerhardt, Flow of nonconvex hypersurfaces into spheres, J. Differ. Geom., 32:1 (1990),

pp. 299–314.
[10] , Curvature problems, Series in Geometry and Topology, vol. 39, International Press of

Boston Inc., 2006.
[11] , Curvature flows in semi-Riemannian manifolds, Geometric flows (Huai-Dong Cao

and Shing-Tung Yau, eds.), Surveys in Differential Geometry, vol. 12, International Press
of Boston Inc., 2007, pp. 113–166.

[12] , Inverse curvature flows in hyperbolic space, J. Differ. Geom., 89:3 (2011), pp. 487–527.
[13] , Non-scale-invariant inverse curvature flows in Euclidean space, Calc. Var. Partial

Differ. Equ., 49:1-2 (2014), pp. 471–489.
[14] , Curvature flows in the sphere, J. Differ. Geom., 100:2 (2015), pp. 301–347.
[15] P. Guan and J. Li, The quermassintegral inequalities for k-convex starshaped domains, Adv.

Math., 221:5 (2009), pp. 1725–1732.
[16] G. Huisken, Flow by mean curvature of convex surfaces into spheres, J. Differ. Geom., 20:1

(1984), pp. 237–266.
[17] G. Huisken and T. Ilmanen, The inverse mean curvature flow and the Riemannian Penrose

inequality, J. Differ. Geom., 59:3 (2001), pp. 353–437.
[18] G. Huisken and C. Sinestrari, Convexity estimates for mean curvature flow and singularities

of mean convex surfaces, Acta Math., 183:1 (1999), pp. 45–70.
[19] N. Krylov, Nonlinear elliptic and parabolic equations of the second order, Mathematics and

its applications, vol. 7, Springer, 1987.
[20] G. Lieberman, Second order parabolic differential equations, World Scientific, 1998.
[21] M. Makowski, Mixed volume preserving curvature flows in hyperbolic space, unpublished, 08

2012.
[22] J. A. McCoy, Mixed volume preserving curvature flows, Calc. Var. Partial Differ. Equ., 24:2

(2005), pp. 131–154.
[23] R. Reilly, Variational properties of functions of the mean curvatures for hypersurfaces in

space forms, J. Differ. Geom., 8:3 (1973), pp. 465–477.
[24] L. Santalo, Convex regions on the n-dimensional spherical surface, Ann. Math., 47:3 (1946),

pp. 448–459.
[25] J. Scheuer, Non-scale-invariant inverse curvature flows in hyperbolic space, Calc. Var. Partial

Differ. Equ., 53:1-2 (2015), pp. 91–123.
[26] G. Solanes, Integral geometry and the Gauss-Bonnet theorem in constant curvature spaces,

Trans. Am. Math. Soc., 358:3 (2006), pp. 1105–1115.
[27] J. Urbas, On the expansion of starshaped hypersurfaces by symmetric functions of their prin-

cipal curvatures, Math. Z., 205:1 (1990), pp. 355–372.
[28] G. Wang and C. Xia, Isoperimetric type problems and Alexandrov-fenchel type inequalities in

the hyperbolic space, Adv. Math., 259 (2014), pp. 532–556.
[29] Y. Wei and C. Xiong, Alexandrov-Fenchel type inequalities for convex hypersurfaces in hy-

perbolic space and in sphere, Pac. J. Math., 277:1 (2015), pp. 219–239.



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.7
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /CMYK
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments true
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<

    /BGR <>
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /CZE <>
    /DAN <>
    /DEU <>
    /ESP <>
    /ETI <>
    /FRA <>
    /GRE <>

    /HRV (Za stvaranje Adobe PDF dokumenata najpogodnijih za visokokvalitetni ispis prije tiskanja koristite ove postavke.  Stvoreni PDF dokumenti mogu se otvoriti Acrobat i Adobe Reader 5.0 i kasnijim verzijama.)
    /HUN <>
    /ITA <>
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /LTH <>
    /LVI <>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /POL <>
    /PTB <>
    /RUM <>
    /RUS <>
    /SKY <>
    /SLV <>
    /SUO <>
    /SVE <>
    /TUR <>
    /UKR <>
    /ENU (Same as "Press Quality" except that Compatibility is set to Acrobat 8.0 \(PDF 1.7\))
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


