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ON ASYMPTOTIC PLATEAU’S PROBLEM FOR CMC
HYPERSURFACES ON RANK 1 SYMMETRIC SPACES OF
NONCOMPACT TYPE*

JEAN-BAPTISTE CASTERAS? AND JAIME B. RIPOLL}

Abstract. Let M"™, n > 3, be a Hadamard manifold with strictly negative sectional curvature
Ky < —a, a > 0. Assume that M satisfies the strict convexity condition at infinity according
to [18] (see also the definition below) and, additionally, that M admits a helicoidal one parameter
subgroup {¢:} of isometries (i.e. there exists a geodesic v of M such that ¢y (y(s)) = v(t + s) for
all s,t € R). We then prove that, given a compact topological {¢;} —starshaped hypersurface I" in
the asymptotic boundary 0o M of M (that is, the orbits of the extended action of {p¢} to Joc M
intersect I" at one and only one point), and given H € R, |H| < \/a, there exists a complete properly
embedded constant mean curvature (CMC) H hypersurface S of M such that 0o S =T.

This result extends Theorem 1.8 of B. Guan and J. Spruck [11] to more general ambient spaces,
as rank 1 symmetric spaces of noncompact type, and allows I" to be starshaped with respect to more
general one parameter subgroup of isometries of the ambient space. For example, in H™, I" can be
starshaped with respect to a family of lozodromic curves (that includes, in particular, the radial
one parameter subgroup of conformal diffeormophisms of OooH™ considered in [11]). A fundamental
result used to prove our main theorem, which has interest on its own, is the extension of the interior
gradient estimates for CMC Killing graphs proved in Theorem 1 of [7] to CMC graphs of Killing
submersions.
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1. Introduction. Let M"™ be a Cartan-Hadamard manifold (namely a simply
connected, complete Riemannian manifold with nonpositive sectional curvature) of
dimension n > 3.

The asymptotic boundary 0., M of M is defined as the set of all equivalence
classes of unit speed geodesic rays in M; two such rays 1,72 : [0,00) — M are
equivalent if sup,~qd (71(t),v2(t)) < oo, where d is the Riemannian distance in M.
The so called geometric compactification M of M is then given by M := M U 0. M,
endowed with the cone topology (see [9] or [19], Ch. 2). For any subset S C M, we
define 9508 = O, M N'S.

The asymptotic Plateau problem for k (> 2) dimensional area minimizing sub-
manifolds in M consists in finding, for a given a k— 1 dimensional, closed, topological
submanifold T' of d-c M, a locally area minimizing, complete submanifold S*¥ of M
such that 0,5 =T

By using methods from the Geometric Measure Theory, this problem was first
studied in the hyperbolic space by M.T. Anderson [2] and his results extended to
Gromov hyperbolic manifolds by U. Lang and V. Bangert ([3], [13], [14]).

Within the framework of the classical Plateau problem, the second author of the
present paper with F. Tomi [20] study the asymptotic problem for minimal disk type
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surfaces in a general Hadamard manifold M.

In codimension 1, given H € R, we may consider the asymptotic Plateau’s prob-
lem for the constant mean curvature (CMC) H hypersurface in M, namely, given a
compact topological hypersurface I' C 0., M, find a complete CMC H hypersurface S
of M (H—hypersurface, for short) such that 9,5 = I'. This problem has also attracted
the attention of many mathematicians more recently. The results of M.T. Anderson
[2] have been extended to the CMC case by Y. Tonegawa [21] and H. Alencar and H.
Rosenberg in [1].

Both Geometric Measure theory and Plateau’s technique are methods that lead, in
general, to the existence of hypersurfaces with singularities. Thus, a natural question,
raised by B. Guan and J. Spruck in [11], asks about the existence of a smooth constant
mean curvature hypersurface asymptotic to I' at infinity in H". This problem in fact
had already been studied earlier in the minimal case by F. H. Lin [15].

A way to obtain smooth solutions is by finding a suitable system of coordinates
in order to write the hypersurface as a graph, and then to use standard elliptic PDE
methods. In [15], F.H. Lin represented the hypersurfaces in the half space model of
H" as vertical graphs, that is, in the usual way of R"} when using the cartesian system
of coordinates.

The results of F.H. Lin [15] were extended to the CMC case by B. Nelli and J.
Spruck in [16] where they proved the existence of a smooth CMC |H| < 1 hypersurface
in the hyperbolic space H"™ with sectional curvature —1 if I' is assumed to be convex
and compact. Later, also using PDE’s techniques, B. Guan and J. Spruck [11] (see
also [8] for a different approach based on a variational method) improved the convexity
condition by requiring a starshaped property of I'.  We refer the reader to the nice
survey of B. Coskunuzer [5], where the references of many other closely related papers
to this subject can be found.

In both papers [16] and [11] the authors used the underlying Euclidean structure
of the half space model for H™ to state the convexity and starshaped properties of T
However, although the convexity is not an intrinsic notion of the hyperbolic geometry,
the starshapness of I' is. It can be formulated in intrinsic terms using the conformal
structure of H" by requiring I' to be “circle shaped”, meaning that there are two
points pi,p2 € S*! = 9, H" such that any arc of circle from p; to ps intersects
I' at one and only one point. A limit starshaped condition, where p; = po, was
also introduced and used by the second author in [17] to ensure the existence of a
smooth CMC hypersurface having I" as asymptotic boundary (see the Introduction
and Theorem 6 of [17] for a detailed description of this case).

In the present paper we extend Theorem 1.8 of [11] in two directions. First, we
allow I" to be “starshaped” with respect to a more general one parameter subgroup
of conformal diffeomorphisms of S"~! = 9,,H". Secondly, we allow the ambient space
to be any rank 1 symmetric space of noncompact type. Both results are consequences
of a more general theorem that holds in a Hadamard manifold endowed with some
special Killing field.

As we shall see in the proof ahead, the Killing field allows to introduce a special
system of coordinates which is quite suitable for using standard elliptic PDE tech-
niques. To write down precise statements we first introduce some general notions and
terminology.

Let v : (—00,00) = M be an arc length geodesic. We say that a one parameter
subgroup of isometries {¢] } of M associated to 7 is helicoidal if ] (v (s)) = v (t + 5))
for all s,t € R. In the sequel, since there is no possibility of confusion, we shall omit
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the dependance of {¢] } with respect to the geodesic .

Let us illustrate the previous definition with a simple case that justifies this
terminology: If M = R3 then any helicoidal one parameter subgroup of isometries,
up to a conjugation, is of the form

cosat  sinat T
i (2,4, 2) = ({ —sinat cosat ] { Yy ] ’Z+t>

for some ¢ € R. When a = 0, {¢:} is a one parameter subgroup of transvections
along the z—axis. More generally, a one parameter subgroup of transvections along a
geodesic in a symmetric space (see [12]) is a particular case of helicoidal one parameter
subgroup of isometries.

Since the equivalence relation between geodesics and convergent sequences are
preserved under isometries, the action of {¢;} on M extends to the compactification
M of M and the extended action is continuous. The orbits of {¢;} are the curves
O(z) := {@i(z) | t € R} where z € M. Observe that {¢;} has two singular orbits in
M, namely, O (v (£00)), where v is the geodesic translated by {¢;} .

Finally, we will also need to use the Strictly Convexity Condition (“SC condition”)
introduced in [20]. We say that M satisfies the SC condition if, given x € Joo M and
a relatively open subset W C 0o M containing x, there exists a C? open set Q C M
such that z € Int(0,) C W and M\ is convex, where Int(0.2) stands for the
interior of 05 in Ose M.

We are now in position to state our main result :

THEOREM 1. Let M be a Hadamard manifold with sectional curvature Ky < —a,
for some « > 0, satisfying the SC condition. Let {p¢} be a helicoidal one parameter
subgroup of isometries of M. Let T' C Oso M be a compact topological embedded hyper-
surface of OsxM and assume that any nonsingular orbit of {pt} in Oso M intersects T
at one and only one point. Then, given H € R, |H| < \/«, there exists a complete,
properly embedded H—hypersurface S of M such that 0~S = I'. Moreover any orbit
of {p+} intersects S at one and only one point.

We point out that the SC condition is satisfied by a large class of manifolds.
For example, if the sectional curvature is bounded from above by a strictly negative
constant and decreases at most exponentially (see Theorem 14 of [18]) then the SC
condition is satisfied. In particular, it is satisfied by any rank 1 symmetric spaces of
noncompact type. Therefore, as an immediate consequence of the previous theorem,
we obtain:

COROLLARY 2. Assume that M is a rank 1 symmetric space of noncompact type
and assume that the sectional curvature of M is bounded by —a, o > 0. Let {¢4}
be a one parameter of transvections of M. Let I' C 0scM be a compact embedded
topological hypersurface of 0o M that intersects any nonsingular orbit of {¢:} at one
and only one point. Then, given H € R, |H| < \/a, there exists a complete, properly
embedded H—hypersurface S of M such that 0,5 = T'. Moreover any orbit of {p:}
intersects S at one and only one point.

Finally we point out an interesting corollary of Theorem 1 in the case where
M = H", the hyperbolic space of constant sectional curvature —1. Recalling that a
lozodromic curve is a curve in S"~! that intersects with a constant angle # any arc of
circle of S"~1 connecting two fixed points of S*~! (see [22]). These curves are induced
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by one-parameter subgroups of isometries of H” of helidoidal type. For example, in
the half space model z > 0 of H?, up to conjugation, they are of the form

( )= ' cosft sinft T
pr(x,y,z)=¢€ —sinft cos6Ot 2 |7)

COROLLARY 3. Let0 < 0 < 7/2 and p1,pa € S"~1 = O, H" be two distinct points
of S, Let Ly be the family of lozodromic curves that intersects any arc of circle
from p1 to pa with a constant angle . Let T C S"~1 be a compact embedded topological
hypersurface of S*~1 that intersects any curve of Ly at one and only one point. Then,
given H € R, |H| < 1, there exists a complete, properly embedded H—hypersurface S
of H™ such that 0-,S =T.

We notice that, taking § = 0 in the previous corollary, we recover Theorem 1.8
of [11]. Theorem 1.8 also follows from Corollary 2 since radial graphs (considered in
[11]) are transvections along a geodesic of H™.

A fundamental result for proving the above theorems, which has interest on its
own, are the interior gradient estimates of the solutions of the CMC H graph PDE
for Killing submersions (see Theorem 4 below). It extends Theorem 1 of [7].

2. Proofs of the results. In what follows we use most of the nomenclature and
the results proved by M. Dajczer and J. H. de Lira in [6]. However, we introduce the
notion of a Killing graph on a manner slightly different from the one considered in
[6].

For the next result we allow M be any Riemannian manifold and Y a Killing
field in M without singularities. Denote by O (x) the integral curve (which we also
call orbit) of Y through a point € M. By a complete Y — Killing section (we shall
refer only to a Killing section because Y will be fixed throughout the text) we mean
a complete up to the boundary (possibly empty) hypersurface P of M such that any
orbit O (p) of Y through a point p of P intersects P only at p and the intersection is
transversal. We call 2 := P\OP a Killing domain. If P = ) is a hypersurface of class
C?% in M then we say that 2 is a C? Killing domain.

If w is a function defined on a subset 1" of P, the Killing graph of u is given by

Gr(u) ={p(u(p),p) |peT}

where ¢(s,2) = () is the flow of Y. In the sequel, s will stand for the flow param-
eter. We also set

Iy ={p(s,z) | z € T and s € R}.

Next, we denote by II : M — P the projection defined by II(z) = O () N P. In
all the sequel, we endow P with the Riemannian metric ( , )y such that IT becomes a
Riemannian submersion.

Assume that 2 is a 0% Killing domain. Given H € R, it is not difficult to show
that Gr (u) has CMC H with respect to the unit normal vector field 1 to Gr (u) such
that (Y,n) < 0 if and only if u satisfies a certain second order quasi-linear elliptic
PDE Qg [u] = 0 on M in terms of the metric (, )y in P (for details, including an
explicit expression of Qp, see Section 2.1 of [6] or the short revision done below).

We may then refer to the CMC H Dirichlet problem in a Killing domain Q C M
and for a given boundary data ¢ € C° (99Q) as the PDE boundary problem

{ Quul=0inQ uelC>(Q)NC°(Q)
ulon = ¢.

(1)
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We begin by obtaining interior gradient estimates for the solutions of (1). Our
result generalizes Theorem 1 of [7] to the case of CMC H graph PDE of Killing
submersions.

Fix a point o € 2 and let > 0 be such that r < i(0), the injectivity radius of M
at 0. We obtain the following result :

THEOREM 4. Let 2 be a Killing domain in M. Let o €  and r > 0 such that the
open geodesic ball B, (0) is contained in Q. Let u € C3 (B, (0)) be a negative solution
of Qu] =0 in B, (0). Then there is a constant L depending only on u(o), r, |Y| and
H such that [Vu (o) < L.

Before proving the above theorem, we review the nomenclature and some facts of
[6].

We fix a local reference frame v1,...,v, on Q and we set oij = (Vi,vj)y- We
will now define a local frame in M. We denote by D1, ..., D, the basic vector fields
II-related to vq,...,v,. The frame Dy,...,D,, we considered on M, is defined by

1
DO = f%asu where f = Wu (65((]) = @*(Sup)as(p))v and DZ(Q) = @*(Sup)Dz(p)u
where ¢ = ¢(s,p), p € P. We point out that the unit normal vector field to Gr(u)
pointing upward is given by

N:%(f%Do—aij), (2)

where @/ = 0" D;(u—s) and W2 = f+a'id; = f + 0;54'0?. We notice that @; and W
are not depending on s and therefore can be seen as function defined on P. Finally,
using the previous notation, the operator @ (defined in (1)) can be written as

1. +W? -
QH ['LL] = W(AZJ'LLJ';Z' — % <H*VD0DO,D'LL>) — TLH,
ik
where @;;; = (Vp,V(u—s),D;), Du=1ILV(u—s) and A% =g’ — 1;[/_112

Proof of Theorem 4. The proof will follow closely the one of Theorem 1 in [7].
Let p € B,(0) be an interior point where h = nW attains its maximum, where 7 is
a smooth function with support in B, (o) which will be determined in the sequel. In
all this section, the computations will be done at the point p. Let vy,...,v, be an
orthonormal tangent frame at p € B,(0). Then we have h; = 0 (where the derivative
is taken with respect to v;). This implies that

niW = —7’]Wi. (3)

Al

We also have, since is definite positive, that

PR B
0> WA Thij = WA T (Wi + 20W5 +nWij).

Using (3), the previous inequality can be rewritten as

A5 + #rzAij(W Wij —2WiW;) < 0. )
From (2), we have
ok
U
N¥=——. 5
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Derivating W, we find

fz ﬁkﬁkl fz k ~
W; : - N i
ow T W Taw
From (5), we get
~ L ok
R Wy W
N;j T W + w2 -
Using the previous inequalities, we have
fi;j sz k ~ kA
Wi;j = ﬁ — 2W2 N u;” N uk;ij
fig Wl @Fa W, fW ko
= —7 2 —_— 2 _— N /L
oW W W2 o072 ki
fi-j '&{Cj'&k;i W W ko~
= 2 2 _—_— N i
oW W W i
fig | AM fifj 1 X
= 2MJ/ s Uk 4WJ3 ~ o2 (Wifj+W;fi) = N
Multiplying by A% the above equation and using (3), we find
B Al i AijAklA . Al i fs 1 . B R
AWy = 21}[’;’] g g ki + 4V£§f] + W—WA”mfj — AYN 5. (6)

In order to get rid of the term involving three derivatives of u in (6), we want to find
a commutation formula for Gy,;;. We recall (see equation (11) of [6]) that

where v = f2 ([Dg, Dy], D). We deduce from the previous equality that

Ukyij = Ukyij — Skij + 5(%‘)]‘ = Uik + Rijits — Skyij + 5(%);‘
. 1 1
= (Ui + 855 — i”m)k + Rjju — Skyij + 5(%‘);‘
. 1 1
= Ujik + Sjiik — 5('in)k + Rfmul — Skyj + i(Vki)j

A . 1
= ik + Ry + Rijist + Sjik — Sksij + o (i) = (i)
= @ik + Ripjitu + Cijis,
1
where Cijr. = Rjjis1+ 8k — Skiij + 5((%1-)- (74i)k) is not depending on u. Using
(1) and the commutation formula, the last term of (6) rewrites as
g g AR agaf gk AliC,.
ks kg, kj L
AY N g5 = AY N i — v[; ST
. y AURL itk gk Aoy,
= N*(AY405,), — N* A, — D 2k

w w
=nNHWH);, + N* ((f;/i‘jﬂ) (IL,V p, Do, Du>)

A”Rl Jyak ik A O,
W W

k

— N* A a0 —
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Straightforward computations using (3) give

w
(VV‘H)}C =Wi,H +WH, = ?(—nkH—l—nHk),

and
2
= i = L+ 20taa) = g+ 27, g
We also have, using (7),
2 2
<(f ;/13/ )’ <H*VD0D°’D“>>k _(fz}rv‘;g )[(% B ’“”WNZ + fl)

+ (IL.Vp, Do, Du) 175 et 2f;77’“)
and
ij Lovioj o cin 1 Ly Vg
AY = —W(u;ku + 4 u;k) + —4(f;C — 2W Ny )u'

1
— W( NZNlﬁl k) NI + W(a — NNy )N + —kaZNJ
1 . .
= WA”QMNJ Aﬂal RN+ —kaZNJ
Multiplying the previous equality by N kﬁj;i, we find
NkAZ;c Ui = WN it (AT NI + AN 4 _kaZNJNku”

Recalling that

. fi Wn;
NG, =
ki oW + n '
and
Uiy = Ugsi + Vig
we have
i - 1 o fio Wy Lo, fio [ Wn
NkAlJ L= — Nsz _Jr _Azl Jr Nk
1 . ,
+ WAJlNkNl(ai;j + vji) (Tt + Vi)
1 i W 2 fi Wi, i W
- Nsz Jr 2 opil Jb M
L (2W+ )+W (2W+ ; )(2W+ ; )
1ok 3 . fi Wn
+ WAJlNkNWjﬂlk + WAZI(% 4+ 2 Ny
and
o oH Juh

N* friug = N* fi(fieg — i) = + ?fn — YN fi.

ow T f
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Using the previous computations, we deduce that the last term of (6) can be rewritten
as

fi  Wniy, fi +W771

Amw@mzmwgemﬂ+mm—fﬂwﬂv+n)gw 1)
f NkNZ(Q{;/ + @) - iAlekNi'in'Ylk
—%Ail(%—i—wm)]\ﬂwk A”RI,;[J/ulu
- MA# + (I1,V py Do, Du) %(fk + 2%)
n (f2}'v‘;/22) [(25{/ kl+WNkNl> fl}fl WNklek;l‘i‘%flﬁl—”YklNkfl .

Thus, from (6), we obtain

ATW; — 3Aij W W,

AV fit5 + A”A’”m;jﬁk;i gy A i + L i,

4W3 2W
—nNF—=(—nxH +nH NENI (Lo ¢+ 28y 4 — AIINFNy
n n(ﬁk +n k)+ fk (2W+ ; )+W VjiVik
3 f W, Aini--ﬂlﬁk
2 i L iy ark kit
+ W (2W + p YNy + W
ﬂkAijOijk N f77k
e (I1,Vp, Do, Du) — w2 (fx +27)
w?2) 1 w
_ (f+ ) f kl+WNkNl fkfl WNklek;l""iflnl_/yklNkfl
w2 o 2f f n

Multiplying by %, we have

N Aij ij
(A7 m—*AWW)
fk ij
> [—nNka = N*(IL.V p, Do, Du) + 2W2A ' fii
~k At ij Rl 5
il a7k nT? il k u AJCijk A Rk Ul’u,
WQAJ NNy ik + 2W3A JilN" ik + e WJQ
+W?) 1 1
_+wE) 7z )f Kmﬁﬂakl—l-NkNl) —f]}fl — N*Nfrg — W”YMN fl”
[(nH + WN’“ ) — ng <H*vD0DO,Du>> N’
3 . (f+wWH1
Jlatk ij
A N%k+(W2A wE T 9F 2f fi| mi-

Thus it is easy to see that there exists a constant M > 0, not depending on wu, such
that

%(WA”WU — 2ATW,W;) > —Mn — A,
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where A is the coefficient of n;. From (4), we deduce that
A5 — M — A'p; < 0. (8)

We are now ready to choose an explicit 1. We take

d*(x) | u(z)
C(1 — 4 At
0(@) = g(ola)) = C10@) 1 = AT T e
where C' = ————. Straightforward computations give

2u(0)
ni =g/ (=r72(d?); + Clu; — ;) = ¢'(—r2(d*); + Ciy),
and
Nisj = 9' (=17 2(d*)ij + Clig) + ¢ (=r~2(d?)i + Cy) (—r~*(d?); + Ciiy).

We deduce from the two previous lines that

AT (=r72(d?); + Ct) (—r—2(d?); + Ciy) > CW—Q;f (|Du|2 - 53 (D, Vd2>)
and
AT (—r72(d?) 5 + Cligyy) = —r 2 A9 (d?) s
+C (nWH +f ;/.WQ (I1,Vp, Do, Du) + A m,) :
where
A9 (d?);; = A(d?) — W (VpuVd?, Du).

Inserting the previous expressions into (8), we have

C2f 2
- <|Du|2 e (Du, Vd2>) q"

W2
f+w
w2

+ [C (nWH+ <H Vb, Do, Du)) + Aij%’i)
_ 1
— 72 <A(d2) - 573 <vDuw2,Du>ﬂ q
< Mg+ A'(=r*(d?); + Cui)g'

Using the explicit expression of A’, it is easy to see that C' A, contains bounded
terms and the term

2
c <nWH AW .95, D, Du>) |

Therefore, we conclude that

02
(ID > - <Du Vd*))g" + Pg — Mg <0,
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where P and M do not depend on w. Finally, it is easy to check that the coefficient

16w
of g is strictly positive if we assume that |Du| > —% Tt implies that
r

Since p is the maximum point of h, this implies that
C
(e — 1)W(0) < Caer.
d
For the proof of Theorem 1 we make use of the following lemma, which shows
that the SC condition implies an explicit mean convexity condition. Precisely:

LEMMA 5. Assume M is a Hadamard manifold satisfying the strict convexity
condition and such that Ky < —a, for some constant o > 0. Then M satisfies the
h-mean convexity condition, for h < v/, that is, given x € JsxM, a relatively open
subset W C 0o M containing x and h < \/a, there exists a C2 open set A C M such
that x € Int(0soA) C W and the mean curvature of M\A with respect to the normal
vector pointing to M\A is bigger than or equal to h.

Proof. Given x € 0-xM and a relatively open subset W C 0. M containing x,
let Q be a convex unbounded domain in M, given by the SC condition such that
z € Int(0-c€2) € W. Denote by d : Q2 — R the distance function to 9Q. Then the
hessian comparison theorem (see [4]) yields

Ad > (n — 1)y/atanh(y/ad),

i.e.  the equidistant hypersurface Q4 of Q is /atanh(y/ad)-convex.  Since
tanh(y/ad) P 1, we deduce that M also satisfies the h-mean convexity condition
— o0

for h < /a. 0O

Proof of Theorem 1. Let v : (—o00,00) — M be the geodesic translated by Y. Set
P = exp, {Y(0)}" where 0 = v(0). Let p € P and t € R be given. We may write
P = exp, (s u for some s € R and u € ' ()" . Since 5(r) = exp, (s (ru), 7 € [0, 1], is
a geodesic and ¢; an isometry, 5(r) := ¢ (3(r)) is also a geodesic which, moreover,
satisfies the initial conditions

=

—
o

=
Il

2i(7(0)) = @ir(v(s)) =7 (s + 1)
B1(0) = d(pr). (5 u=:v,
we have 3(r) = exp,(s44)(rv) by uniqueness. It follows that
@t (p) = B(1) = exp,(sy¢) V-
Moreover, since
0= (u,7/()) = (A1), 0y 1 A £1), ) 7' (5) ) = (0,7 (5 + 1))
we havev € v/ (s + t)J‘ and, as the normal exponential map of a geodesic in Hadamard

manifold is a diffeomorphism from the normal bundle of the geodesic onto M, we have
¢t (p) N P # @ if and only if ¢ = 0.
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We now observe that Y is everywhere transversal to P. Indeed, assume by con-
tradiction that Y is not transversal to P at some point p € P. Let d : N — R be the
distance function to P. We set f(t) = d (¢ (t,p)) and observe that f(0) = 0. Moreover,
since p(t,-) is an isometry of N, we have, for any fixed ¢,

gradd (¢ (t,p)) = de (t,p), (gradd (p)) -

Therefore, we obtain

70 = (o, 2250 ) grada o .0). Y o (1)

— {dp (t.p), (radd () . di (1), (¥ ()
= (gradd (p),Y (p)) = 0.

This implies that f = 0 and, in return, that ¢ (t,p) € P for all ¢, which yields to a
contradiction. This proves that P is a Killing section.

Since any orbit of ¢ at 0.V intersects I' at one and exactly one point, I' is the
Killing graph of a function ¢ € C° (0 P) . Let F € C%*(P)NC°(P) (P = PUOP)
be such that Flg_p = ¢.

Let p be the geodesic distance in P to a fixed point o € P. We denote by By, for
k=2,3,..., the geodesic ball in P centered in o and of radius k. We first show that,
for any k = 2,3,..., there is a solution uy € C%*(By,) of

{ QH[uk] = O, on Bk (9)

uklop, = Fi = FloB,-

s=t

In order to prove the existence of the uy’s, we will need some a priori height estimate.
More precisely, we claim that given some k > 2, there is a constant C; depending
only on j such that if ux is a solution of (9) and j < k then supp, |ux| < C; . Let
us prove the claim. We choose two open subsets Uy of v (+£00) in doc M. Using the
SC condition, we obtain the existence of two C? convex subsets W4 of M such that
O0soWi C Uk, . Denote by Ky the hypersurfaces K1 = OW.. As observed in Lemma
5 and since |H| < \/a, we may assume that Ky are Hy mean convex with Hy > H.
We then choose C; such that the orbit of {¢;} through a point of B; intersects Wi
for some ¢t > C;. It is clear that we may assume that the Killing graph of F' does not
intersect K. The claim then follows from the tangency principle.

We have two important consequences of the previous height estimate. The first
one is that problem (9) is solvable for any k > 2. In fact, the only missing hypothesis
to apply Theorem 1 of [6] to guarantee the solvability of (9) are on the Ricci curvature
of M and on the mean curvature of the Killing cylinder over the boundary of By, (see
[6], Theorem 1). Concerning the hypothesis on the mean curvature of the Killing
cylinder over the boundary of By, we claim that it holds true in our setting. Indeed,
since the orbits of ¢, are equidistant curves of ~, it follows that the Killing cylinder
K}, over 0By, is an equidistant hypersurface of . Therefore the mean curvature Hp,
of K} with respect to the inner normal vector field of K}, coincides with the Laplacian
of the distance to . One may then apply the hessian comparison theorem to obtain

Hg, > v/atanh (kv/a) > H

if k& is large enough. Moreover, a direct inspection on the proof of Theorem 1 of [6]
shows that the hypothesis on the Ricci curvature is only used to obtain a priori height
estimates, which we just obtained above.
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Secondly, the a priori height estimates we obtained above, Theorem 4 and classical
Schauder estimate for linear elliptic PDE (see [10]) guarantee the compactness of the
sequence of solutions {ux} on compact subsets of M. Then, by the diagonal method,
the sequence {uy} contains a subsequence converging uniformally in C? norm on
compact subsets of M to a global solution u € C*° (P) of Qg[u] = 0, where |H| < /a.
It remains to show that u extends continuously to d, P and that ulg_p = ¢.

Let (z3)r be a sequence of points of P converging to z € JsP. Since P is
compact, there exists a subsequence p(u(xy, ), zx,) of ¢(u(xy), xx) which converges to
z € P. Since zy, diverges and ¢(u(wy,), zx,) € Gr(u), we have that 2z € 9o Gr(u). We
claim that z € Gr(¢). To prove the claim, we will show that if z € 0,c M \Gr(¢) then
2 ¢ 0scGr(u). Let z € 0o M\Gr(¢). Since Gr(¢) is compact and z ¢ Gr(¢), using
the SC condition, we can find an hypersurface £ C M such that 0., FE separates z and
Gr(¢). Moreover, using Lemma 5, the mean curvature of E with respect to the unit
normal vector field pointing to the connected component U of M\ E whose asymptotic
boundary contains Gr(¢), is larger or equal to h for h < /a. Since ug|op, e o,

there exists ko such that, for all & > ko, 0Gr(uy) C U and 0Gr(ui) N E = &. By
the tangency principle and using that |H| < \/a, we deduce that, for all k& > ko,
Gr(ug) C U. It follows that z ¢ 0-Gr(u). This proves the claim i.e. z € Gr(¢). In
particular, it follows that u is bounded.

Now, since 0o Gr(u) C Gr(¢), there exists xg € 0o P such that z = p(u(zg), zo).
Using that u is bounded, we deduce there exists a subsequence {u(zy; )} which con-

verges to some tp € R. It follows from the fact that the extension of ¢y, to P is
continuous that

= hm Qo(u(xk;ji),!fkji) = SO(tO,fE)

i—00

Since ¢ : R X 0xx P — OooM is injective, we deduce that tg = ¢(xp) and z¢ = z.
Since this last fact holds true for every converging subsequences, we have proved that
u(zy) " ¢(z). This concludes the proof of Theorem 1. O

— 00
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