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1. Introduction. In this note we want to study compact homogeneous spaces
G/T, where G is a connected and simply-connected Lie group and I" a discrete sub-
group in G. It is well known that the existence of such a I' implies the unimodularity
of the Lie group G. Recall that a Lie group G is called unimodular if for all X € g
holds trad X = 0, where g denotes the Lie algebra of G.

If we further demand G/T to be symplectic (when G is even-dimensional), a result
of Chu [11] shows that G has to be solvable.

Therefore, we regard compact quotients of connected and simply-connected solv-
able Lie groups by discrete subgroups, so called solumanifolds

The notion of nilpotent and solvable Lie algebras (and groups) is well known.

1.1. Formality. A differential graded algebra (DGA) is a graded R-algebra A =
@,y A’ together with an R-linear map d: A — A such that d(A*) C At and the
following conditions are satisfied:

(i) The R-algebra structure of A is given by an inclusion R < AY.

(ii) The multiplication is graded commutative, i.e. for a € A* and b € A’ one has

a-b=(=1)"b-a e A,

(iii) The Leibniz rule holds: Ve 4:Vpea d(a-b) = d(a) - b+ (—1)%a - d(b)

(iv) The map d is a differential, i.e. d*> = 0.

Further, we define |a| := i for a € A".

The i-th cohomology of a DGA (A, d) is the algebra

i ker(d: A" — A™T1)
H'(A,d) = im(d: A=t — A?)°

If (B,dp) is another DGA, then a R-linear map f: A — B is called morphism if
f(AY) C B, f is multiplicative, and dg o f = f o da. Obviously, any such f induces
a homomorphism f*: H*(A,ds) — H*(B,dg). A morphism of differential graded
algebras inducing an isomorphism on cohomology is called quasi-isomorphism.

DEFINITION 1.1.1. A DGA (M, d) is said to be minimal if
(i) there is a graded vector space V = (EBieN+ V?) = Span{ay | k € I} with
homogeneous elements aj, which we call the generators,
(i) M=AV,
(ili) the index set I is well ordered, such that k < | = |ag| < |a;| and the
expression for day, contains only generators a; with [ < k.

We shall say that (M,d) is a minimal model for a differential graded algebra
(A,dy) if (M,d) is minimal and there is a quasi-isomorphism of DGAs p: (M,d) —
(A,d4), i.e. it induces an isomorphism p*: H*(M,d) — H*(A,da) on cohomology.
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The importance of minimal models is reflected by the following theorem, which
is taken from Sullivan’s work [53, Section 5.

THEOREM 1.1.2. A differential graded algebra (A,d4) with H°(A,da) = R pos-

sesses a minimal model. It is unique up to isomorphism of differential graded algebras.

We quote the existence-part of Sullivan’s proof, which gives an explicit construc-
tion of the minimal model. Whenever we are going to construct such a model for a
given algebra in this article, we will do it as we do it in this proof.

Proof of the existence. We need the following algebraic operations to “add” resp.
“kill” cohomology.

Let (M, d) be a DGA. We “add” cohomology by choosing a new generator x and
setting

M=Me N\@), dm=d, da)=0,

and “kill” a cohomology class [z] € H*(M, d) by choosing a new generator y of degree
k — 1 and setting

ﬂ:zM@/\(y), dpm=d, dly) =z

Note that z is a polynomial in the generators of M.

Now, let (A,d4) a DGA with H°(A,ds) = R. We set My := R, dy := 0 and
po(z) = .

Suppose now pi: (Mg, dr) = (A,da) has been constructed so that pj induces
isomorphisms on cohomology in degrees < k and a monomorphism in degree (k + 1).

“Add” cohomology in degree (k+1) to get morphism of differential graded algebras
Pk+1),0° (Mig1),0,dk41),0) — (A,da) which induces an isomorphism Plis1),0 O
cohomology in degrees < (k + 1). Now, we want to make the induced map Pli+1),0
injective on cohomology in degree (k + 2) .

We “kill” the kernel on cohomology in degree (k + 2) (by non-closed generators
of degree (k+1)) and define piri1),1: (Mt1),1,dkt1),1) — (A, da) accordingly. If
there are generators of degree one in (M (,41),0, d(k+1),0) it is possible that this killing
process generates new kernel on cohomology in degree (k + 2). Therefore, we may
have to “kill” the kernel in degree (k + 2) repeatedly.

We end up with a morphism pgi1),00: (Mkt1),00, Akt1),00) =+ (A, da) which
induces isomorphisms on cohomology in degrees < (k + 1) and a monomorphism in
degree (k+2). Set pri1 := Prr+1),00 a0d (Mpg1,dir1) := (M(a11),005 (k41),00)-

Inductively we get the minimal model p: (M,d) — (A4,d4). O

A minimal model (Mg, d) of a connected smooth manifold M is a minimal model
for the de Rahm complex (2(M),d) of differential forms on M. The last theorem
implies that every connected smooth manifold possesses a minimal model which is
unique up to isomorphism of differential graded algebras.

Now, we are able to introduce the notion of formality. Endowed with the trivial
differential, the cohomology of a minimal DGA is a DGA itself, and therefore it also
possesses a minimal model. In general, this two minimal models need not to be
isomorphic.

A minimal differential graded algebra (M,d) is called formal if there is a mor-
phism of differential graded algebras

P (M,d) —» (H*(M,d),dyg =0)
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that induces the identity on cohomology.
This means that (M, d) and (H*(M,d),dy = 0) share their minimal model. The
following theorem gives an equivalent characterisation.

THEOREM 1.1.3 ([46, Theorem 1.3.1]). A minimal model (M, d) is formal if and
only if we can write M = \'V and the space V decomposes as a direct sum'V = C®N
with d(C) = 0, d is injective on N, and such that every closed element in the ideal
I(N) generated by N in \'V is exact. O

This allows us to give a weaker version of the notion of formality.

DEFINITION 1.1.4. A minimal model (M, d) is called s-formal, s € N, if we can
write M = AV and for each i < s the space V' generated by generators of degree
i decomposes as a direct sum V¢ = C* @ N with d(C?) = 0, d is injective on N°*
and such that every closed element in the ideal I(€D,., N*) generated by @, N* in

A (Dic, V) is exact in A V.
Obviously, formality implies s-formality for every s.
The following theorem is an immediate consequence of the last definition.

THEOREM 1.1.5. Let (M,d) be a minimal model, where M = A\V,V =C® N
with d(C') = 0 and d is injective on N.
Assume that there exist r,s € Ny, n € N” and x € \ (@igs Vi) such that holds

Veeor (n+c¢)x is closed and not exact.

Then (M, d) is not max{r, s}-formal. O

A connected smooth manifold is called formal (resp. s-formal) if its minimal
model is formal (resp. s-formal).

The next theorem shows the reason for defining s-formality: in certain cases
s-formality is sufficient for a manifold to be formal.

THEOREM 1.1.6 ([20, Theorem 3.1]). Let M be a connected and orientable com-
pact smooth manifold of dimension 2n or (2n —1).
Then M is formal if and only if it is (n — 1)-formal. O

EXAMPLE ([20, Corollary 3.3])

(i) Every connected and simply-connected compact smooth manifold is 2-formal.

(ii) Every connected and simply-connected compact smooth manifold of dimen-
sion seven or eight is formal if and only if it is 3-formal. O

PROPOSITION 1.1.7 ([20, Lemma 2.11]). Let My, My be connected smooth mani-
folds. They are both formal (resp. s-formal) if and only if My x My is formal (resp.
s-formal). O

An important tool for detecting non-formality is the concept of Massey products:
As we shall see below, the triviality of the Massey products is necessary for formality.

Let (A,d) be a differential graded algebra and a; € HP (A), p; > 0, 1 <i <3,
satisfying a; - aj4+1 = 0 for j = 1,2. Take elements a; of A with a; = [o;] and write
a; - ajp1 = dE; j41 for j =1,2. The (triple-)Massey product (a1, as,as) of the classes
a; is defined as

HP1+P2+;D3—1(A)

. —1)prtl .
o+ G253+ (Z1)P T2 - as] € ay - Hp2+pa—1(A) + Hri+p2—1(A) - a5
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REMARK. The definition of the triple-Massey product as an element of a quotient
space is well defined, see e.g. [46, Section 1.6].

The next lemma shows the relation between formality and Massey products.

LEMMA 1.1.8 ([46, Theorem 1.6.5]). For any formal minimal differential graded
algebra all Massey products vanish. O

COROLLARY 1.1.9. If the de Rahm complex (Q(M),d) of a smooth manifold M
possesses a non-vanishing Massey product, then M is not formal. O

Ferndandez and Munoz considered in [21] the geography of non-formal compact
manifolds and obtained the following theorem:

THEOREM 1.1.10. Given m € Ny and b € N, there are compact oriented m-
dimensional smooth manifolds with by = b which are non-formal if and only if one of
the following conditions holds:

(i) m >3 and b > 2,

(i) m>5 and b =1,

(11i1) m > 7 and b=0.0

1.2. Symplectic, Kahler and Lefschetz manifolds. The main examples of
formal spaces are Kéahler manifolds. By definition, a Kahler manifold possesses a
Riemannian, a symplectic and a complex structure that are compatible. The notion
is well known

In [43], Newlander and Nirenberg proved their famous result that an almost com-
plex structure J on a smooth manifold M is integrable if and only if N; = 0, where
the Nijenhuis tensor N is defined as

NJ(X,Y)=[JX,JY] - JJJX,Y] - JX,JY] - [X,Y]

for all vector fields X,Y on M.

The difficulty to prove non-existence of any Kahler structure is obvious. Nowa-
days, two easily verifiable necessary conditions for Kahler manifolds are known. First,
we have the main theorem from the work [13] of Deligne, Griffiths, Morgan and Sul-
livan.

THEOREM 1.2.1 ([13, p. 270]). Compact Kdhler manifolds are formal. O

We say that a symplectic manifold (M?",w) is Lefschetz if the homomorphism

L*: H"™ MR) — H"F(M,R)
[a] — [ A wF]

is surjective for k = n — 1. If L* is surjective for k € {0,...,n — 1}, then (M,w) is
called Hard Lefschetz.
Note that for compact M the surjectivity of L* implies its injectivity.
Obviously, the Lefschetz property depends on the choice of the symplectic form.
But as mentioned above, if there is a symplectic form satisfying the Lefschetz property,
we have the following consequence that is purely topological.

THEOREM 1.2.2. The odd degree Betti numbers of a Hard Lefschetz manifold are
even.
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Proof. Let (M?" w) be a symplectic manifold satisfying the Lefschetz property.
We us the same idea as in [26, p. 123]. For each i € {0,...,n — 1} one has a non-
degenerated skew-symmetric bilinear form

H*+1(M,R) x H¥*1(M,R) — R,
(o], [8) e AB AW

i.e. H**1(M,R) must be even-dimensional. O
Obviously, this also proves the next corollary.
COROLLARY 1.2.3. The first Betti number of a Lefschetz manifold is even. O

Finally, the following shows that the statement of the last theorem holds for
Kahler manifolds:

THEOREM 1.2.4 ([26, p. 122]). Compact Kihler manifolds are Hard Lefschetz. O

2. Nilmanifolds. We give a brief review of known results about a special kind
of solvmanifolds, namely nilmanifolds.

A nilmanifold is a compact homogeneous space G/T", where G is a connected and
simply-connected nilpotent Lie group and I' a lattice in G, i.e. a discrete co-compact
subgroup.

In contrast to arbitrary solvable Lie groups, there is an easy criterion for nilpotent
ones which enables one to decide whether there is a lattice or not.

Recall that the exponential map exp: g — G of a connected and simply-connected
nilpotent Lie group is a diffeomorphism. We denote its inverse by log: G — g.

THEOREM 2.1 ([48, Theorem 2.12]). A simply-connected nilpotent Lie group G
admits a lattice if and only if there exists a basis {X1,...,X,} of the Lie algebra g of
G such that the structure constants Cikj arising in the brackets

[Xi, X;] = Z Czkj Xk
k

are rational numbers.

More precisely we have:

(i) Let g have a basis with respect to which the structure constants are rational.
Let gg be the vector space over Q spanned by this basis.
Then, if L is any lattice of mazimal rank in g contained in gg, the group
generated by exp(L) is a lattice in G.

(i) If T is a lattice in G, then the Z-span of log(T') is a lattice L of mazimal rank
in the vector space g such that the structure constants of g with respect to any
basis contained in L belong to Q. O

For a given lattice I in a connected and simply-connected nilpotent Lie group G,
the subset log(T") need not to be an additive subgroup of the Lie algebra g.

EXAMPLE. Consider the nilpotent Lie group G := { |z,y,z € R}.

OO =
S = 8
[l SR\
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0 = =z
Its Lie algebrais g:={| 0 0 y | |z,y,2 € R}, and the logarithm is given by
0 0 O
0 = =z 1z z2-7%
log(l 0 0 y |)=( 0 1 Y
0 0 O 0 0 1

The set of integer matrices contained in G forms a lattice I" in G and log(T") is not a
subgroup of g.

If T is a lattice such that log(T") is a subgroup of the Lie algebra, we call T a
lattice subgroup.
For later uses, we quote the following two results.

PROPOSITION 2.2 ([12, Lemma 5.1.4 (a)]). Let G be a locally compact group,
H a closed normal subgroup and I' a discrete subgroup of G. Moreover, denote by
m: G — G/H the natural map.

IfT'N H is a lattice in H, and T is a lattice in G, then w(T') is a lattice in G/H
and TH = HT is a closed subgroup of G. O

THEOREM 2.3 ([12, p. 208]). Let G be a connected and simply-connected nilpotent
Lie group with lattice I' and k € N.

Then TN D®G, T NGH) resp. T'N G(k) are lattices in DWG, GH) resp. Gk)-
Note, Gy is the center Z(G) of G. O

Note that we can associate a DGA to each Lie algebra g as follows:

Let {Xy,...,X,} be a basis of g and denote by {z1,...,z,} the dual basis of g*.
The Chevalley-Eilenberg complex of g is the differential graded algebra (A g*, ) with
0 given by

O(xy) = —ZCZ x; N,

i<j
where C’fj are the structure constants of {X1q,..., X, }.

THEOREM 2.4 ([44], [46, Theorem 2.1.3]). Let G/T be a nilmanifold and denote
by Q.; (G) the vector space of left-invariant differential forms on G.

Then the natural inclusion ., (G) — Q(G/T) induces an isomorphism on coho-
mology.

Moreover, the minimal model of G/T" is isomorphic to the Chevalley-Filenberg
complex of the Lie algebra of G. O

COROLLARY 2.5. Any nilmanifold satisfies by > 2.

Proof. Let g be a nilpotent Lie algebra. By [59, Theorem 7.4.1] we have
HY(A\g*,0) = g/lg,9]. By [16] any nilpotent Lie algebra g satisfies the inequality
dimg/[g,g9] > 2 which then implies bi(g) > 2. Hence the claim follows from the
preceding theorem. O

We now quote some results that show that it is easy to decide whether a nilman-
ifold is formal, Kahlerian or Hard Lefschetz.

THEOREM 2.6 ([28, Theorem 1]). A nilmanifold is formal if and only if it is a
torus. O
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THEOREM 2.7 ([46, Theorem 2.2.2]). If a nilmanifold is Kdhlerian, then it is a
torus. O

This theorem follows from Theorem 2.6. Another proof was given by Benson and
Gordon in [4]. In fact they proved the following:

THEOREM 2.8 ([4, pp. 514 et seq.]). A symplectic non-toral nilmanifold is not
Lefschetz. O

COROLLARY 2.9. A symplectic nilmanifold is Hard Lefschetz if and only if it is
a torus, independent of the special choice of the symplectic form. O

3. Solvmanifolds in general. A solvmanifold is a compact homogeneous space
G/I', where G is a connected and simply-connected solvable Lie group and I" a lattice
in G, i.e. a discrete co-compact subgroup.

Every connected and simply connected solvable Lie group is diffeomorphic to
R™ (see e.g. [57]), hence solvmanifolds are aspherical and their fundamental group
is isomorphic to the considered lattice. Since [48, Theorem 3.6] directly imlies the
following Theorem, the fundamental group plays an important role in the study of
solvmanifolds.

THEOREM 3.1. Two solvmanifolds with isomorphic fundamental groups are dif-
feomorphic. O

Unfortunately, there is no simple criterion for the existence of a lattice in a con-
nected and simply-connected solvable Lie group. We shall quote some necessary
criteria.

PROPOSITION 3.2 ([37, Lemma 6.2]). If a connected and simply-connected solv-
able Lie group admits a lattice then it is unimodular. O

THEOREM 3.3 ([39],[46, Theorem 3.1.2]). Let G/T be a solvmanifold that is not
a nilmanifold and denote by N the nilradical of G.

Then I'y :== T' N N s a lattice in N, TN = NT s a closed subgroup in G and
G/(NT) is a torus. Therefore, G/T' can be naturally fibred over a non-trivial torus
with a nilmanifold as fiber:

N/Ty = (NT)/T — G/T — G/(NT) =T*

This bundle will be called the Mostow bundle. 0

REMARK. The structure group action of the Mostow bundle is given by left
translations

NT/Ty x NT/T —s NT/T,

where Ty is the largest normal subgroup of I' which is normal in NT'. (A proof of the
topological version of this fact can be found in [52, Theorem 1.8.15]. The proof for
the smooth category is analogous.)

In view of Theorem 3.3, we are interested in properties of the nilradical of a
solvable Lie group. The following proposition was first proved in [40].

PROPOSITION 3.4. Let G be a solvable Lie group and N its nilradical.
Then dim N > § dim G. 0



206 Ch. BOCK

In some cases, we will be able to apply the next theorem to the situation of
Theorem 3.3. It then gives a sufficient condition for the Mostow bundle to be a
principal bundle.

THEOREM 3.5. Let G be a connected and simply-connected solvable Lie group and
I' a lattice in G. Suppose that {e} # H & G is a closed normal abelian Lie subgroup
of G with H C N(T'), the normalizer of . (For example the latter is satisfied if H is
central.) Assume further that 'y := T N H is a lattice in H.

Then H/Ty = HT/T is a torus and

(1) H/Ty — G/T — G/HT

s a principal torus bundle over a solvmanifold.

Proof. By assumption, H is a closed normal abelian subgroup of G and I'y is a
lattice in H. We have for hy7yi, hoye € HI' with h; € H, ; € I the equivalence

(hiv1) Y (haye) €T & hythy € Ty,

i.e. H/Ty = HT/T. Therefore, Proposition 2.2 implies that (1) is a fibre bundle
whose fibre is clearly a torus and its base a solvmanifold. The structure group action
is given by the left translations

HT/Ty x HT/T —s HTT,

where Ty is the largest normal subgroup of I' which is normal in HT'. (This can be
seen analogous as in the Remark on page 205.) Since H is contained in N(T") = {g €
G |glg~! =T}, we have for each h € H and 7,7 € T’

(h)v0(hy) ™t = hyyoy 'h™t € hTh™ =T,

i.e. ' =T and the theorem follows. O

DEFINITION 3.6. Let G be a Lie group with Lie algebra g.

(i) G and g are called completely solvable if the linear map ad X : g — g has only
real roots® for all X € g.

(ii) If G is simply-connected and exp: g — G is a diffeomorphism, then G is
called exponential.

A nilpotent Lie group or algebra is completely solvable, and it is easy to see that
completely solvable Lie groups or algebras are solvable. Moreover, the two propo-
sitions below show that simply-connected completely solvable Lie groups are expo-
nential, and exponential Lie groups are solvable. Note that the second proposition is
simply a reformulation of results of Saitdé and Dixmier, see [49, Théoremes I1.1 et 1.1]
and [17, Théoreme 3.

PROPOSITION 3.7 ([47, Theorem 2.6.3]). Any exponential Lie group is solvable. O

PROPOSITION 3.8. A connected and simply-connected solvable Lie group G with
Lie algebra g is exponential if and only if the linear map ad X: g — g has no purely
imaginary roots for all X € g. 0

IBy a root of a linear map, we mean a (possibly non-real) root of the characteristic polynomial.
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Let a lattice in a connected and simply-connected solvable Lie group be given.
Then Theorem 3.3 stated that its intersection with the nilradical is a lattice in the
nilradical. In the case of completely solvable Lie groups, we have an analogue for the
commutator.

PRrROPOSITION 3.9 ([25, Proposition 1]). Let G be a connected and simply-
connected completely solvable Lie group and I' a lattice in G.

Then [T, T is a lattice in |G, G]. In particular, T N[G, G| is a lattice in [G,G]. O

We formulate the result that enables us to compute the minimal model of solv-
manifolds which are built by dividing a lattice out of a completely solvable group.
The main part of the next theorem is due to Hattori [32].

THEOREM 3.10. Let G/T be a solvmanifold. Denote by () g*,d) the Chevalley-
Eilenberg complex of G and recall that g* is the set of left-invariant differential 1-forms
on G. Then the following holds:

(i) The natural inclusion (/\ g*,d) — (QUG/T),d) induces an injection on coho-

mology.
(ii) If G is completely solvable, then the inclusion in (i) is a quasi-isomorphism,
i.e. it induces an isomorphism on cohomology. Therefore, the minimal model
Mg r is isomorphic to the minimal model of the Chevalley-Filenberg complex.

(iii) If Ad (T') and Ad(G) have the same Zariski closures®, then the inclusion in
(i) is a quasi-isomorphism. O

Proof. (i) is [46, Theorem 3.2.10] and (iii) is [48, Corollary 7.29].

ad (ii): Denote the mentioned inclusion by i: (A g*,d) — (Q(G/T'),d). By Hat-
tori’s Theorem (see [46, p. 77]), this is a quasi-isomorphism. It remains to show that
the minimal model p: (Mcg,dce) — (Ag*, J) of (Ag*,d) is the minimal model of
(Q(G/T),d). Since the minimal model is unique and the map iop: (M¢cg,dcp) —
(Q(G/T),d) is a quasi-isomorphism, this is obvious. O

We have seen in the last section that the first Betti number of a nilmanifold is
greater than or equal to two. For arbitrary solvmanifolds this is no longer true. Below,
we shall see various examples of solvmanifolds with by = 1. The following corollary
shows that by = 0 cannot arise.

COROLLARY 3.11. Any solvmanifold satisfies by > 1.

Proof. Let g be a solvable Lie algebra. As in the nilpotent case we have
bi1(Ag*,d) = dimg/[g,g], and dimg/[g,g] > 1 by solvability. The claim now fol-
lows from Theorem 3.10 (i). O

To end this section, we shortly discuss the existence problem for Kéhler structures
on solvmanifolds. The only Kéhlerian nilmanifolds are tori, but in the general context
we have the hyperelliptic surfaces, which are non-toral Kéhlerian solvmanifolds, see
Section 6 below. Benson and Gordon [5] conjectured in 1990 that the existence of a
Kaéhler structure on a solvmanifold G/T" with G completely solvable forces G/T" to be
toral and this is true. In fact, Hasegawa proved the following;:

2A basis for the Zariski topology on GL(m, C) is given by the sets
Up := GL(m,C) \ p~ ' ({0}),

where p: GL(m,C) = (C(m2) — C ranges over polynomials.
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THEOREM 3.12 ([31]). A solvmanifold G/T is Kdihlerian if and only if it is a
finite quotient of a complex torus which has a structure of a complex torus bundle
over a complex torus.

If G is completely solvable, then G /T is Kdhlerian if and only if it is a complex
torus. O

4. Semidirect products. In order to define semidirect products, we recall the
construction of the Lie group structure of the group of Lie group automorphisms of a
simply-connected Lie group in the following theorem. It collects results that can be
found in [58, pp. 117 et seq.].

THEOREM 4.1.

(i) Let b = (|p| = R",[...,...]) be an h-dimensional Lie algebra. Then the
set A(h) of Lie algebra isomorphisms of § is a closed Lie subgroup of the
automorphism group Aut(|h|) of the h-dimensional vector space |b|. The Lie
algebra of A(h) is

o(h) = {¢ € End(|h]) | ¢ derivation with respect to |...,...]}.

(i) Let H be a connected and simply-connected Lie group with neutral element e
and Lie algebra ). The Lie group structure of A(H), the group of Lie group
automorphisms of H, is given by the following group isomorphism:

A(H) — A(b) ) f L def
Moreover, if H is exponential, its inverse is the map
A(h) — A(H) , ¢ — exp? opologh .
a

For given (Lie) groups G, H and a (smooth) action u: G x H — H by (Lie) group
automorphisms, one defines the semidirect product of G and H wvia u as the (Lie)
group G x, H with underlying set (manifold) G x H and group structure defined as
follows:

Vg hn) (gaiha)eGx i (91, h1) (g2, h2) = (9192, (g5 ", h1)he).

Note that for (g,h) € G x,, H we have (g,h)™* = (g7 *, u(g, h ™).

If the action p is trivial, i.e. Ygeq, nerm p(g, h) = h, one obtains the ordinary direct
product. In the case of Lie groups G and H, the exponential map exp®*# is known
to be the direct product of exp® and exp’’. If the action is not trivial, the situation
becomes a little more complicated:

THEOREM 4.2. Let G,H be connected Lie groups and pu: G x H — H a
smooth action by Lie group automorphisms. Denote the Lie algebras of G and H
by g and b and let ¢ := (depp1): g — 0(h), where p1: G — A(h) is given by
H1 (g) = dGH:u(g’ .- ) = Ad_?D(MH

(i) The Lie algebra of G %, H is g x4 . This Lie algebra is called semidirect

product of g and b via ¢. Its underlying vector space is g x b and the bracket
for (X1,Y1),(X2,Y2) € g X b is given by

(X1, Y1), (X2, Y2)] = (X1, Xo]g, [¥, Yol + 6(X1)(Ya) = 6(X2)(V1)).
In the sequel we shall identify X = (X,0) and Y = (0,Y).
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(ii) For (X,Y) € g x4 b one has exp®*»H((X,Y)) = (exp?(X),~(1)), where
v: R — H 1is the solution of

() = (deg Royry) (exp™ @ (=t ad(X)[p)(Y)), (0) = exr.
Here R, denotes the right translation by an element a € H.

Proof. The proof of (i) can be found in [57]. We give a proof of (ii). Given a Lie
group homomorphism f between Lie groups, we denote its differential at the neutral
element by fi.

For (907 ho), (gv h) €G KMH we have R(go-,ho)(gv h) = (Rgo (g)v R, (M(961= h))? and
this yields for (X,Y) € gxgh

(R(goho))*((X7 Y)) = ((Rqo)*(X)7 (Rho)*(ﬂl(gal)(y)))

Since (y1(t),72(t)) := exp®*# (¢ (X,Y)) is the integral curve through the identity of
both the right- and left-invariant vector fields associated to (X,Y), the last equation
implies that (v1(t),72(t)) is the solution of the following differential equations:

(2) 7(0) = ea i (t) = (B, 9)«(X),
(3) 12(0) = erY2(t) = (Ryy )« (1 (11 (=1))(Y)).

71 (t) = exp®(t X) is the solution of (2), and this implies

G, H
p(m (=) = AdS " 1y = exp™ ) (=t ad (X)),
i.e. (3) is equivalent to 72(0) = eg, Va(t) = (R« (exp?®(—tad(X)[y)(Y)). So
the theorem is proven. O

A connected and simply-connected solvable Lie group G with nilradical NV is called
almost nilpotent if it can be written as G = R x, N. Moreover, if N is abelian, i.e.
N =R", then G is called almost abelian.

Let G =R x, N be an almost nilpotent Lie group. Since N has codimension one
in G, we can consider p as a one-parameter group R — A(N). By Theorem 4.1, there
exists ¢ € d(n) with

Vier p(t) = exp™ o eXPAUt(‘nD(t‘P) olog" .
Choosing a basis of |n|, we can identify Aut(|n|) with a subset of gl(n,R) and get
Vier de(u(t)) € exp®t ™ (gi(n, R)).

Note, if N is abelian, the exponential map exp™: n — N is the identity. These

considerations make it interesting to examine the image of exp&L("R),

THEOREM 4.3 ([45, Theorem 6]). M is an element of exp®=(™R®) (gl(n,R)) if and
only if the real Jordan form of M contains in the form of pairs the blocks belonging
to real negative eigenvalues X\; , whenever there exist real negative eigenvalues \; of

M. ILe. the block belonging to such a A; is of the following form

N Jn O
(" )

j=1
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with
AT 0
A
Jnij = ) € M(nij,nij;R).
: 1
0 A

O
We are now going to derive some facts that follow from the existence of a lattice
in an almost nilpotent Lie group.

THEOREM 4.4 ([55]). Let G = R x, N be an almost nilpotent and completely
solvable Lie group containing a lattice I'.

Then there is a one-parameter group v: R — A(N) such that v(k) preserves the
lattice 'y == T'NN for allk € Z. T is isomorphic to Zx,I'y and G/ is diffeomorphic
to (Rxy, N)/(Zx,Tn).

Moreover, there are t; € R\ {0} and an inner automorphism I, € A(N) such
that v(1) = p(t1) o Iy, -

Proof. We know that I'y is a lattice in N and im(I" — G/N) = T'/T'y is a lattice
in G/N 2 R. Therefore, I'/T' y & Z is free, and the following exact sequence is split:

{1} =Ty —T —Z — {0},

i.e. there is a group-theoretic section s: Z — T'. [49, Théoreme IL.5] states that a
group homomorphism from a lattice of completely solvable Lie group into another
completely solvable Lie group uniquely extends to a Lie group homomorphism of
the Lie groups. Hence, s extends uniquely to a one-parameter group s: R — G.
Therefore,

v: R— A(N), v(t)(n) =s(t) -n-s(t)!

is a one-parameter group with Viez v(k)(T'y) = Iy, the lattice T' is isomorphic to
Z x, Ty and G/T is diffeomorphic to (R X, N)/(Z X, I‘N).

Let 1 == s(1) € ('\T'n) € R x, N. There are unique t; € R\ {0}, n; € N
with 73 = t; - ny, where we identify t; = (t1,ey) € G and ny = (0,n1) € G. Since
G =Rx, N and G = R x, N with the same normal subgroup N of G, one has for
allne N

v)(n) =y -n-yt=tononeny -t = p(t) (nnoneng ) = p(t) (In, (n)),
from where the theorem follows. O

COROLLARY 4.5. Let G = R x,, N be an almost nilpotent (not necessary com-
pletely solvable) Lie group containing a lattice T'. Again, denote by Ty :=T NN the
induced lattice in the nilradical of G.

Then there exist t1 € R\ {0}, a group homomorphism v: Z — Aut(T'yn), and an
inner automorphism I, of N such thatT 2 Z x, Ty and v(1) = p(t1) o I, .

If G is almost abelian, then a basis transformation yields I' = 172 ., Z".

Proof. We argue as in the last proof. But we do not use [49, Théoreme 5] and
get only a group homomorphism v: Z — Aut(I'y) (defined on Z instead of R). For
general N, the calculation at the end of the proof implies the claim.
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Since an abelian group has only one inner automorphism, in the almost abelian
case this yields v(1) = u(t1)|ry, so v can be extended to v: R — A(R™) via v(t) :=
u(t - t1). Further, by Theorem 3.1, we have I'y = Z". O

Hence we have seen, that the existence of a lattice in an almost nilpotent Lie
group implies that a certain Lie group automorphism must preserve a lattice in the
(nilpotent) nilradical. The next theorem deals with such automorphisms.

THEOREM 4.6. Let N be a connected and simply-connected nilpotent Lie group
with Lie algebra n, f. € A(n), and f = exp of, olog" € A(N), i.e. dof = fu.
Assume that [ preserves a lattice T' in N.

Then there exists a basis X of n such that Mx(f.) € GL(n,Z), where Mx(f.)
denotes the matriz of f. with respect to X.

Moreover, if there are a one-parameter group p: R — A(N) and to # 0 such that

w(to) = f, ice. de(u(to)) = fu, then det (de(u(...))) = 1.
Proof. By Theorem 2.1 (ii),

L= (og"(D)z ={> ki Vi|m e Ny, ki € Z,V; € log" (I')}

=1

is a lattice in n. Therefore, there exists a basis X = {X3,..., X, } of n such that
L= (X)z.

Since f(I') C T', we have f*(logN(I‘)) C log™(T'). This implies f.(£) C £ and
hence, Mx(f.) € GL(n,Z).

Further, if p(to) = f with p, tg # 0 as in the statement of the theorem, then the
map A :=detod.(u(...)): (R,+) — (R\{0},") is a continuous group homomorphism
with A(0) =1 and A(tp) = +1,ie. A=1.0

Obviously, a one-parameter group g in the automorphism group of an abelian
Lie group with pu(to) integer valued for ty # O defines a lattice in R x, R™. It is
easy to compute the first Betti number of the corresponding solvmanifold, as the next
proposition will show. Before stating it, we mention that the situation becomes more
complicated in the case of a non-abelian and nilpotent group N.

Let a one-parameter group pu: R — A(N) be given and ¢y # 0 such that d.(p(to))
is an integer matrix with respect to a basis X of the Lie algebra n of N. In general,
this does not enable us to define a lattice in R x, N. But if 'y := exp™ ((X)z) is a
lattice in IV, i.e. I'y is a lattice group, then this is possible.

PROPOSITION 4.7. Let p: R — SL(n,R) be a one-parameter group such that
u(1) = (mij)i; € SLin, Z).
Then M := (R x, R™)/(Z x, Z™) is a solvmanifold with

m (M) = {eg,e1,...,¢en Wz‘e{l,...,n} eoeieal =e" ..

Mng
n

Vi,je{l,...,n} [eiaej] =1 >

+ €

and by(M) =n+ 1 — rank (u(1) —id).
Proof. The statement about the fundamental group is clear. Therefore, we get

Hy(M,Z) = (eo,e1, .. en [Vicqr,..ny €1 -] e = 1

vi;jE{O,...,n} [ei7€j] =1 >
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and this group is the abelianisation of

Z®{e1,... en |Vie{1,...,n} eyt e;n“*l ceeeptni = 1),
Now, the proof of the theorem about finitely generated abelian groups (see e.g. [7])
shows Hy(M,Z) = Z" "1 @ @le Zg,, where dy, .. .,d, € N1 denote the elementary
divisors of (1) —id. The proposition follows. O

We finally mention a result of Gorbatsevich. In view of Theorem 3.10 (iii), it
enables us to compute the minimal model of a wide class of solvmanifolds which are
discrete quotients of almost abelian Lie groups.

THEOREM 4.8 ([25, Theorem 4]). Let u: R — SL(n,R) be a one-parameter group
such that p(1) = exp LR (1(0)) € SL(n,Z). Denote by A1,..., A, the (possibly not
pairwise different) roots of [1(0). Then T := (Z %, Z") is a lattice in G := (R x, R™).

The Zariski closures of Ad(T') and Ad (G) coincide if and only if the number wi is
not representable as a linear combination of the numbers A\, with rational coefficients. O

5. Three-dimensional solvmanifolds.

ProPOSITION 5.1 ([3]). Ewvery 3-dimensional connected and simply-connected
solvable mon-nilpotent Lie group G that possesses a lattice I' has a 2-dimensional
nilradical. The Lie group can be written as G = Rx ,R? and the lattice as ' = Zx ,Z*.

Proof. This is a direct consequence of Proposition 3.4 and Corollary 4.5. O

THEOREM 5.2. A three-dimensional solvmanifold G /T is non-formal if and only
if b1(G/T) = 2. In this case, G/T is diffeomorphic to a nilmanifold.

Proof. By Theorem 2.6, it suffices to consider the case when G is solvable and
non-nilpotent. The last proposition implies that there is a map v: Z — SL(2,7Z) such
that ' = Z x,, Z*.

If none of the roots of v(1) equals 1, Proposition 4.7 implies by = 1, so G/T" is
formal by Theorem 1.1.10.

Assume that v(1) possesses the double root 1. Then Proposition 4.7 implies by = 3
if v(1) is diagonalisable and b; = 2 if v(1) is not diagonalisable.

Case A: v(1) is diagonalisable
Recall that a solvmanifold is uniquely determined by its fundamental group. There-
fore, we can assume G = R x, R2 and I = Z x u (U1, v2)7 with linearly independent
v1,v2 € R? and p(t) = id. In this case, G/T is a torus which is formal.

Case B: (1) is not diagonalisable
In this case, we can assume G = R x, RZaswellas' = Z X, (v1,v2)z with linearly

independent vy, v2 € R? and
1t
ﬂ(t) - ( 0 1 ) :

The Lie algebra g = (T, X,Y | [T,Y] = X) of G is nilpotent, so G/T" is a nilmanifold
with b; = 2. Therefore, it cannot be a torus and is not formal by Theorem 2.6. O

In [3, Chapter III 7] the three-dimensional solvmanifolds which have no nilmani-
fold structure are examined. This, together with the last theorem, yields a “cohomo-
logical” classification of three-dimensional solvmanifolds.
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TABLE 5.1: 3-dimensional solvmanifolds

| | b:(G/T) | G/T formal | Nilmfd. * | c.s. T |

a) 3 yes Torus yes
b) 2 no yes yes
c) 1 yes no yes
d) 1 yes no no

THEOREM 5.3. Every 3-dimensional solvmanifold G /T is contained in Table 5.1.
In particular, G/T' is non-formal if and only if it is a non-toral nilmanifold. O

THEOREM b5.4. Fvery lattice in the unique 3-dimensional connected and simply-
connected non-abelian nilpotent Lie group

1 =z =z
Us(R) := 01 y | |zyzeR}
0 0 1
1z =z
is isomorphic toT's , :=T3,(Z):={| 0 1 vy | |z,y,2 € Z} withn e Ny.
0 0 1
Therefore, any three-dimensional nilmanifold with by = 2 is of the form

Us(R)/T3,,(Z).
Ts,,(Z) is presented by (e1, ez, e3|[e1,e2] = e and es central ).

Proof. The proof follows from [3, Chapter III §7]. O
Sometimes, we shall write (z,y, z) for the corresponding matrix in Us(R).

PRrOPOSITION 5.5.

(i) [Us(R), Us(R)] = Z(Us(R)) = {(0,0,2) | = € R}, Us(R)/Z(Us(R)) = R?

(i) Ewery Lie group homomorphism f: Us(R) — Us(R) induces natural Lie group
homomorphisms

fz: Z(Us(R)) — Z(Us(R))
and
f: Us(R)/Z(Us(R)) — Us(R)/Z(Us(R)).
[(z,9,0)] = [(z, 9, 2)] = [f((z,9,2))] = [(f(z,9,0), f2(,9,0),0)]
f uniquely determines fz, and f is an automorphism if and only if f is such.
(iii) Let vy = (a1,b1, %), 72 = (az,b2,%2) € I's,. Then there is a unique homo-
morphism g: I's , — I's , such that g((l,0,0)) =y and g((O, 1,0)) = 9.
Moreover, g((O, 0, %)) = (O, 0, %(albg - agbl)).
One has U3 ,,/Z (T3 ,,) 272, and g is an isomorphism if and only if
gl Fg_’n/Z(Fg_’n) — Fg_’n/Z(Fg_’n)

s an isomorphism, i.e. a1bg — asb; = +£1.

3possesses the structure of a solvmanifold as quotient of a nilpotent Lie group
4possesses the structure of a solvmanifold as quotient of a completely solvable Lie group
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Proof. (i) is trivial.
ad (ii): Let f: Us(R) — U3(R) be a Lie group homomorphism. Then

(4) £((0,0,2)) = [£((2,0,0)), £((0,1,0))] € Z(Us(R)),
ie. f(Z(Us(R))) C Z(Us(R)). Moreover, one has for (a,b,c) := f((z,y,0))

(a,b,0)7% - (a,b,¢) = (—a, —b, —ab) - (a,b,c) = (0,0, —2ab+ c) € Z(Us(R)),

and therefore [(a,b,0)] = f([(z,y,0)]). Now, (4) implies that fz is uniquely deter-
mined by f.

Assume, f is an isomorphism. Then (4) also holds for f=! and we get
f(Z(Us(R))) = Z(Us(R)), i.e. fz is an isomorphism of the additive group R. Since
f is continuous, there exists m € R\ {0} such that fz((0,0,2)) = (0,0,mz). Denote
by (fij)1<ij<2 the matrix of f: R* — R? with respect to the basis {< (1) > , ( (1) >}
of the vector space R2. One calculates

(anvdet(fij)) = [(flla f21;0)7 (f127.f2270)] = [f((l,0,0)),f((O, 1a0))]
2 (0,0,m),

—~
g

so f is an automorphism, since m # 0.

Conversely, if f is an automorphism, then the homomorphism fz is given by
fz((0,0,2)) = (0,0,det(f)z) which is even an automorphism. Therefore, the 5-
Lemma implies that f is an automorphism.

ad (iii): Let 71,72 be as in (iii). Then [y1,72] = (0,0, 2 (a1bs — azb1))" and this
implies the existence of the (unique) homomorphism g with the mentioned properties.

If g is an isomorphism, then ¢(Z(I's,)) = Z(I's;n) = {(0,0,2)|z € Z}, and
therefore |aybs — azby| = 1. Since the matrix of § has determinant a by — agby, f is
an isomorphism.

Again, the converse is trivial. O

THEOREM 5.6. As a set, the group of Lie group automorphisms A(Us(R)) equals
GL(2,R) x R?, the group law is given by

(5) (A,a) o (B,b) — (AB,det(B)B™"a + det(A)b)),

and for f = (A= ( ?; g ) , ( Z )) € A(Us(R)) and (z,y,z) € Us(R) we have
f((@,y,2)) =(az + By, vz + dy,

(6) a o)

det(A)z + Byxy + %x2 + 73/2 + uy —vz).

Proof. Let f € A(U3(R)) and (x,y, z) € Us(R) be given. We have to show that
there is (< ) < >) € GL(2,R)xRR? such that f((z,y, z)) satisfies (6). Then
a short computatlon yields (5)

Let ( ?; ? ) € GL(2,R) be the matrix of f with respect to the canonical basis
of R%. We showed in the last proof f((0,0,z)) = (0,0det(f)z).
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There exist smooth functions f1, fo: R — R with

f((x,0,0)) = (OZ.T,’}/.T, fl(x))a

We set u := f,(0) and v := —f;(0). The homomorphism property of f implies

_ (@) = £1(0)
h

(Bly+ 0~ oty) = ZOLO g5,

(fi(x +h) = fi(2)) + avz,

> = S =

and this yields

fil@) = —va + a—;$27

B
Faly) =uy + T y*.
Using (z,y,2) = (0,y,0)(z,0,0)(0,0, z), one computes (6). O

COROLLARY 5.7. f = (A,( Z >) € A(Us(R)) with A = ( : g ) lies on a

one-parameter group of A(Us(R)) if and only if A lies one a one-parameter group of
GL(2,R).

Yo O
e R = A(Us(R)) defined by

If v, = ( o fy ) denotes a one-parameter group with v1 = A, then the map

pie((@,y,2)) = (wr + By, mx + iy,
(6 — Beye) 2 + Bivewy + 25 a? + ﬁtTJtQQ + tuy — tox)
R ——

=1
is a one-parameter group with puy = f.

Proof. The only claim that is not obvious is the fact that u; defines a one-
parameter group. Using 144 = 14 o v, this can be seen by a short calculation. O

6. Four-dimensional solvmanifolds.

PROPOSITION 6.1. Every 4-dimensional connected and simply-connected solvable
non-nilpotent Lie group G that possesses a lattice I' has a 3-dimensional nilradical
N which is either R3 or Us(R). Therefore, G/T fibers over S' (this is the Mostow
bundle) and the Lie group can be written as G = R x,, N. If N is abelian, a basis
transformation yields I' = Z x|, Z3. Otherwise, T is isomorphic to Zx, I's ,,, where
v: Z — Aut(T's ) is a group homomorphism with

v()(z,y,2) = (1@ +azy, bz +bay, asbizy+ alh@ + az%@

+%(615E + Yy + (albz — a2b1)z)),
aq a9 . . T~ .
b b > € GL(2,Z) is the matriz of v(1) with respect to
1 b2
the canonical basis of the Z-module 7Z? = T3,,/Z(T3,). Moreover, v(1) lies on a
one-parameter group R — A(Us(R)/Z(Us(R))) = GL(2,R), i.e. 7(1) € SL(2,R).

where c1,ca, € 7, and <



216 Ch. BOCK

Proof. From [46, Theorem 3.1.10] follows dimN = 3 and G = R x, N. If N is
abelian, Corollary 4.5 implies that we can assume I' = Z x pilys VAR

Assume now that N is not abelian, i.e. N = Us(R). I'y = I'N N is a lat-
tice in N and by Theorem 5.4, we have I'y = I's,,. By Corollary 4.5, there is a
homomorphism v: Z — Aut(I's,) with I' = Z x, I's ,. By Proposition 5.5(iii),
(a1,b1, <) == v(1)((1,0,0)) and (a2, b2, 2) := v(1)((0,1,0)) € I's,, determine v/(1).
Since (z,y,Z) = (0,1,0)¥(1,0,0)*(0,0, %)Z, a short computation yields the claimed
formula for v(1)((z,y, 2)).

Further, Corollary 5.7 implies that 7(1) lies on a one-parameter group. O

THEOREM 6.2. Every 4-dimensional solvmanifold G /T is contained in Table 6.1.
In particular, G/T is non-formal if and only if it is a non-toral nilmanifold.

TABLE 6.1: 4-dimensional solvmanifolds

| | b:1(G/T) | G/T formal | symplectic | complex | Kéhler | Nilmfd. ® | c.s. © |

a) 4 yes yes Torus yes Torus yes
b) 3 no yes PKS 7 no yes yes
c) 2 yes yes no no no yes
d) 2 yes yes Hs 8 yes no no
e) 2 no yes no no yes yes
f) 1 yes no no no no yes
g) 1 yes no IsY 9 no no no
h) 1 yes no IS+ 10 no no yes
i) 1 yes no SKS ! no no no

Proof. Apart from the column on formality the theorem follows from works of
Geiges [23] and Hasegawa [29]. (Attention: In [29] a more general notion of solvman-
ifold is used!)

A decomposable four-dimensional connected and simply-connected nilpotent
Lie group is abelian or has a two-dimensional center. The only connected and
simply-connected indecomposable nilpotent Lie group of dimension four has a two-
dimensional commutator. By Propositions 2.3 and 2.2, the corresponding nilmanifolds
have the structure of orientable T%-bundles over T2. (The orientability follows from
the total spaces’ orientability.)

(From a result of Geiges [23, Theorems 1 and 3] follows that they are contained
in Table 6.1. (Recall that a nilmanifold is formal if and only if it is a torus.) In
particular, every four-dimensional nilmanifold is symplectic.

Now, we regard a lattice I' = Z x, I'y, 'y € {Z3 T'3,(Z)}, in a Lie group
G =R x, N as in the last proposition.

We expand Hasegawa’s argumentation in [29] by the aspect of formality and
consider the “roots” of v(1). Recall, Theorem 3.1 implies that a solvmanifold is

5possesses the structure of a solvmanifold as quotient of a nilpotent Lie group
Spossesses the structure of a solvmanifold as quotient of a completely solvable Lie group
"PrimaryKodaira Surface

8Hyperelliptic Surface

9Tnoue Surface of Type S°

10Tnoue Surface of Type St

1 Secondary Kodaira Surface
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determined by its fundamental group. Below, we shall use this fact several times.

Case A.: 'y =73
By Proposition 6.1, v extends to a one-parameter group R — SL(3,R). Denote by
A1, A2, Az € C the roots of v(1) € SL(3,Z), i.e. A1 - Ao - A3 = 1. We get from Theorem
4.3 and Lemma B.4 that the following subcases can occur:
Al) A1, A2, A3 € Ry
Alll) de=X=1
A112) A=At e R\ {1}
Al12)V; N #1
A.1.2.1.) v(1) is diagonalisable
A.1.2.2.) v(1) is not diagonalisable
A2)) M =1, A2 = A3 = —1 and v(1) is diagonalisable
A?)) 31‘0 )‘io eC \ R (W.I.O.g. Ay = )\_3 eC \ R and A\ € R+)
A31) =1
A32) M #£1
One can now check that the cases give the mentioned propertys. O

NN

Below, we give examples for each of the nine types of four-dimensional solv-
manifolds. The Lie algebras of the connected and simply-connected four-dimensional
solvable Lie groups that admit lattices are listed in Table A.1 in Appendix A.

EXAMPLE. The following manifolds belong to the corresponding row in Table 6.1.

a) RY/Z4
1 00
b) (R xpu, R)/(Z oy, %), m(t)=| 0 1 ¢
00 1
¢) (Rx,, R3)/I; with
1 0 Of
184-8vV/5
Fe=7Zx,, < 0 ) 1 ) 7+?2J\/5 >Z’
0 1 3+V5
1 0 0
tr=In(35%) and p(t) = | 0 €™ 0
0 0 et

1 0 0
d) Rx,, R/ (mZx,, 73), pa(t) = ( 0 cos(t) —sin(t)
1
0
0

L
&) (R, R)/(Z 5, ), pelt) = | 01 ° ¢
0 1
0 0 1
f) Consider A:= | 1 0 —11 | €SL(3,Z). A has X® —8X?+ 11X — 1 as
0 1 8

characteristic polynomial which possesses three pairwise different real roots
t1 ~ 6,271, to ~ 1,631 and t3 ~ 0,098. Therefore, A is conjugate to ps(1),
et In(t1) 0 0
where pu /(1) = 0 et Int2) 0 , and this implies the existence
0 0 et In(t3)
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of a lattice I'y in the completely solvable Lie group R x,, R3.

0 0 1
g) Let A:= | 1 0 —8 | € SL(3,Z). The characteristic polynomial of A
0 1 4

is X3 —4X2 4+ 8X — 1 which has three pairwise different roots ¢; ~ 0,134
and to3 = (1//t1) (cos(p) £ isin(p)) ~ 1,933 +1,9354. So A is conjugate
et In(ty) 0 0
to g (1), where pg(t) = 0 et nt2l) cos(t ) —et U2l gin(t ) |,
0 et 2D gin(t ) et 2D cos(t @)
and this implies the existence of a lattice I'y in the Lie group R %, R3.
h) Using Theorem 2.1, one shows that

et ZZ( 717—5151?)7

,2(2+V6) 14+4V6  11+45V5
2= ST 51 vE T1avE
vs == (0,0,v/5)

generate a lattice I' in Us(R) with [y1,72] = 73 and ~3 central.
Define the one-parameter group up: R — A(Us(R)) by

)7

tity

pn(t)((2,y,2)) = (e "a ey, 2),

345

where 1 := In(>"5

). Then pp (1) preserves the lattice T' with

ur(1)(1) =75 v2, (1) (72) = 7172, pn(1)(y3) = 73

and therefore, Z x,, I' is a lattice in R x,, Us(R).

i) Cousider the Lie group G and the one-parameter group i of Case B.2 from
the proof of the last theorem. Setting 71 = (1,0,0), v2 = (0,1,0) as well as
v3 =(0,0,1), n =1 and ¢; = c2 = 0, one explicitly gets an example.

The manifolds of type ¢) show that formal spaces with the same minimal model
as a Kéhler manifold need not be Kéhlerian. This was proved by Ferndndez and Gray.

THEOREM 6.3 ([18]). Let M be one of the symplectic solvmanifolds of type c)
in the last theorem, i.e. M is formal and possesses no complex structure. M has the
same minimal model as the Kihler manifold T? x S2. O

7. Five-dimensional solvmanifolds.

7.1. Nilpotent and decomposable solvable Lie algebras. There are nine
classes of nilpotent Lie algebras in dimension five, see Table A.2. Each of them has a
basis with rational structure constants. By Theorem 2.1, the corresponding connected
and simply-connected Lie groups admit lattices and accordingly to Theorem 2.6, the
associated nilmanifolds are formal if and only if they are tori. For i € {4,5,6} the
connected and simply-connected nilpotent Lie group with Lie algebra gs; possesses
the left-invariant contact form z; (where z; is dual to the basis element X; € g; as
in Table A.2). Therefore, the corresponding nilmanifolds are contact.

The eight classes of decomposable unimodular non-nilpotent solvable Lie algebras
are listed in Table A.3. Except for g4.0 @ g1, the corresponding connected and simply-
connected Lie groups admit lattices since both of their factors admit lattices.
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THEOREM 7.1.1. The connected and simply-connected Lie group G4 X R with
Lie algebra g4.0 & g1 possesses no lattice.

Proof. Write G for G42 x R and
0= (X1,..., X5 |[X1, X4] = —2X, [Xo, Xy] = Xo, [X3, X4] = Xo + X3)

for its Lie algebra which has n = R y, x, x. as nilradical. Therefore, G can be
written as almost abelian Lie group R x, R* with

et 0 0 0

" 0 et —te=t 0

p(t) = exp@L®) (tad(X,)) = 0 60 eft 0
0 0 0 1

By Corollary 4.5, the existence of a lattice in G would imply that there is t; € R\ {0}
such that p(t1) is conjugate to an element of SL(4,Z). Clearly, the characteristic
polynomial of p(t;) is P(X) = (X — 1) P(X), where the polynomial P(X) = X3 —
kX? +1X — 1 € Z|X] has the double root e~"*. Lemma B.4 then implies e~ = 1,
i.e. t1 = 0 which is a contradiction. O

ProrosITION 7.1.2. If T is a lattice in a five-dimensional completely solvable
non-nilpotent connected and simply-connected decomposable Lie group G, then G/T
is formal.

Proof. Let G, ' be as in the proposition. As usual, we denote by g the Lie
algebra of G. We have g = b @ kgy with k € {1,2} and a certain (5 — k)-dimensional
completely solvable non-nilpotent Lie algebra b, see Tables A.3 and A.1. By com-
pletely solvability and Theorem 3.10 (ii), G/T and the Chevalley-Eilenberg com-
plex of h & kg, share their minimal model M. The lower dimensional discussion
above shows that for all h which can arise in the decomposition of g the algebras
MAp=.6,) and M(p kg 5=0) = (/\ kg7, d = 0) are formal. This implies the formality
of M= Mnp-6,) @ M(Akgi.s=0)- I

7.2. Indecomposable non-nilpotent Lie algebras. There are 19 classes of
indecomposable non-nilpotent Lie algebras in dimension five which are unimodular.
These are listed in Tables A.4 — A.7. Instead of the small German letters for the
Lie algebras in the mentioned tables, we use capital Latin letters (with the same
subscripts) for the corresponding connected and simply-connected Lie groups.

Almost abelian algebras. We now consider the almost abelian Lie groups
Gsi = Rx,, RY We write u(t) = pi(t) = exp®L@®) (tad(Xs5)), where X5 € gs;
is as in Table A.4 (X5 depends on 7). We know by Corollary 4.5, Theorem 4.6 and
Proposition 4.7 that there is a lattice ' in G ; if and only if there exists ¢; # 0 such
that w(t1) is conjugate to i(1) € SL(4,Z) and I' = Z x; Z*. This will be used in
the proof of the following propositions. In most cases, we construct the lattice by
giving explicit such an integer matrix p(1). Using Mathematica-software, one can
check that the mentioned matrices are really conjugated. We will not write down the
transformation matrix 7' € GL(4,R) with Tu(1)T—1 = pu(t1).

Methods to obtain integer matrices with given characteristic polynomial and nec-
essary conditions for their existence are given in Appendix B.

ProrosiTION 7.2.1. Let p,q,r € R with —1 < r < q <p <1, pgr # 0 and
p+q+r = —1. If the completely solvable Lie group GE'>" admits a lattice and M
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denotes the corresponding solvmanifold, then M is formal, by(M) =1 and one of the
following conditions holds:
(i) ba(M) =0,
(ii) bo(M) =2, i.e. 7 =—1, p=—q €]0,1] or
(iii) bo(M) =4, i.e.r=qg=-1, p=1.
Moreover, there exist p,q,r as above satisfying (i), (ii) resp. (iii) such that G2'%"
admits a lattice.

Proof. We suppress the sub- and superscripts of G and g.
a) Assume, there is a lattice in G and denote the corresponding solvmanifold by
M. Since g is completely solvable, the inclusion of the Chevallier-Eilenberg complex

( N1, ., 25), 5) into the forms on M induces an isomorphism on cohomology. More-
over, the minimal model of ( N1, .., 25), 5) is isomorphic to the minimal model of
M.

0 is given by
0wy = —x15, 0wa = —pXos, 073 = —q T35, 004 = —7 Tg5, 05 = 0.

(Here we write z;; for x;x;.) This implies by (M) = 1.
One computes the differential of the non-exact generators of degree two in the
Chevalley-Eilenberg complex as

dx12 = (L 4+p)x125, Odx13 =1+ q) 2135, dx14 = (1 4+7) 2145,
dxo3 = (p+ q) w235, x4 = (p+7) @245, T34 = (¢ +7) T345.

—1<r<qg<p<l,pgr#0and p+q+r=—1implies p # —1 and ¢ # —r and a
short computation yields that either (i), (ii) or (iii) holds.

In each case, a determination of the 2-minimal model, i.e. the minimal model up
to generators of degree two, shows that these generators are closed. By Definition
1.1.4, the minimal model then is 2-formal and Theorem 1.1.6 implies the formality of
M.

b) Now, we show that there are examples for each of the three cases. In case (i),
the proof is done in [27].

00 0 -1
. . 1 0 0 10 S .
In case (ii), regard the matrix 01 0 —23 which is conjugate to p(t1) =
0 0 1 10

fort; =2 ln(3+2‘/5) and p = $ since both matrices have

0 0 0 e
the same characteristic polynomial which has four distinct real roots.

30 -1 0
. 3 0 -1 S .
In case (iii), regard the matrix 10 0 0 which is conjugate to p(t1) =
01 0 0
e 0 0 0
—t1
8 c 0 e(t)l 8 fort; = ln(3+2‘/5) since both diagonalisable matrices have
0 0 0 eh

the same minimal polynomial by Proposition B.8 (ii). O
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We have seen that a non-formal solvmanifold is a non-toral nilmanifold in di-
mensions three and four. In higher dimensions this is no longer true as the following
proposition shows:

PROPOSITION 7.2.2. The completely solvable Lie group Ggé admits a lattice.
Moreover, for each lattice I' the corresponding solvmanifold M = Ggé/l“ has
b1 (M) = 2 and is not formal.

Proof. Again, we suppress the sub- and superscripts. G admits a lattice since

1 =t 0 0 00 0 -1
0 1 0 0 1 00 5
_ GL(4,R) _
u(t) = exp (tad(Xs)) 0 0 et 0 and 01 0 —s | &
0 0 0 e 0 01 5

conjugated for ¢; = ln(%).

Now, let I be an arbitrary lattice in G. By completely solvability and Theorem
3.10 (ii), we get the minimal model of M = G/I' as the minimal model M of the
Chevalley-Eilenberg complex (A g*,d). The latter is given by

0z = —x25, 0x2 = 0, 63 = —w35, 074 = X4s5, 0x5 = 0,

which implies by (M) = 2. Further, the minimal model p: (A V,d) — (A g*, ) must
contain two closed generators yi, y2 which map to z2 and 5. Then we have p(y1y2) =

To5 = —Ox1 and the minimal model’s construction in the proof of Theorem 1.1.2
implies that there is another generator u of degree one such that p(u) = —z; and
du = y1y2. Since p(uy) = —x12 and p(uys) = —x15 are closed and non-exact, there

are no further generators of degree one in V. But this implies that (u+ ¢) y; is closed
and non-exact in M for each closed element c of degree one. Using the notation of
Theorem 1.1.5, we have u € N',y; € V! and M is not formal. O

ProproSITION 7.2.3. The completely solvable Lie group Ggngp, p > —1, does
not admit a lattice.

Proof. The first half of the proof is taken from [27]. Assume there is a lattice.

et —te”t 0 0
u(t) = 0 ¢! 0 0 is conjugate t 1 t of SL(4,Z) fi
0 0 o—tp 0 jugate to an element o (4,7) for
0 0 0 etp
t = t; # 0 and has roots e~ 1, e~ e "? and e*'(?tP)| By Proposition B.6, this can
occur if and only if p = —1. Therefore, for the remainder of the proof we assume
p=—1.
e”t 1 0 0
. 0 et 0 0 . -
The Jordan form of p(tq) is 0 0 ¢ o |t the characteristic and
0 0 0 ¢

the minimal polynomial of p(t1) are
P(X)= (X —e")}(X —e)?
=X*—2(e™ FeM)X3 4 (7 £ 4 4) X2 - 2(e 4 )X +1,
m(X) = (X —e )X —e')
= X3 — (27 £ eM)X2 4 (e 4+ 2)X —e 7,

Since p(t1) is conjugate to an integer matrix, we have P(X), m(X) € Z[X] by Theorem
B.3. This is impossible for ¢; # 0. O
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PROPOSITION 7.2.4 ([27]). The completely solvable Lie group Gg3, does not
admit a lattice.

Proof. If the group admits a lattice, there exists t; € R\ {0} such that the

2
et —teTh %eftl 0
—t Gt
characteristic polynomial of pu(t1) = 8 ¢ 0 ' tl_etl ' 8 is a monic
e
0 0 0 e3t

integer polynomial with a three-fold root e =% and a simple root e3t

B.6, this is impossible for ¢; # 0. O

PROPOSITION 7.2.5 ([27]). There are ¢, € R with —1 < ¢ < 0, g # —%,’I“ #0
such that G;}?:Qq’q’r admits a lattice. O

. By Proposition

PROPOSITION 7.2.6. There exists r € R\ {0} such that G5 13" admits a lattice.

3 1 0 0
Proof. Let t; = ln(3+2‘/5), r =7/t and A = _01 8 _01 8 . Then A
0 0 0 -1
0 0 0
el 0 0

0 cos(rt;) sin and this implies the

(
0 sin(rty) cos(rty)

o O O

e
is conjugate to o (t1) =

existence of a lattice. O

PROPOSITION 7.2.7. Gg.14 admits a lattice.

1 —t 0 0
Proof. We have pu(t) = ( 8 (1) cog(t) —siOn(t) . Let t; = %, then pu(ty) is
0 0 sin(t) cos(t)
1 0 0 O
conjugate to (1) 1 (1) _01 , S0 there is a lattice. O
00 1 O

PROPOSITION 7.2.8. If there is a lattice I in the Lie group G := G2 1, such that
b1(G/T) = 2, then G/T is not formal.

Proof. By Theorem 3.10(i), the natural inclusion of the Chevalley-Eilenberg com-
plex (A g*,d) = ((G/T),d) induces an injection on cohomology. (A g*,d) is given
by

0x1 = —T25, 0x2 = 0, 23 = —245, 024 = T35, 615 = 0.
This implies by (A g*,9) = 2, hence H*(G/T,d) = ([x2], [x5]). Therefore
[22] - H'(G/T) + H'(G/T) - [w5] = ([225]) = ([621]) =0,

and in the Massey product ([z2], [z2], [z5]) = [—215] is no indeterminacy. Since x5 is
closed and not exact, G/T" cannot be formal. O

PROPOSITION 7.2.9. The completely solvable Lie group G5_é5 admits a lattice.
For each lattice the corresponding solvmanifold satisfies by = 1 and is non-formal.



ON LOW-DIMENSIONAL SOLVMANIFOLDS 223

Proof. The construction of a lattice is given in [27]. The proof of the other
statements is similar to the proof of Proposition 7.2.2. O

PROPOSITION 7.2.10 ([27]). G5 165 ¢ # 0, does not admit a lattice.

Proof. Tf the group admits a lattice, there exists t; € R\ {0} such that the

el —teh 0 0

. . 0 et 0 0
characteristic polynomial of p(t;) = 0 0 e cos(tg) —et sin(t1q)
0 0 e sin(t1q) e cos(t1q)

is a monic integer polynomial with simple roots e (cos(t1¢) £ isin(t1¢)) and a double
root e~ ', By Proposition B.6, this is impossible for ¢; # 0. O

PROPOSITION 7.2.11 ([27]). There are p,r € R, p # 0, r ¢ {0,£1}, such that

G2 admits a lattice. O

PROPOSITION 7.2.12. There exists p € R\ {0} such that GEP=" admits a
lattice.

0 -1 0 O
o Ly,(30VE — — I -3 00
Proof. Let p := =In(=52), t; := 7 and A := 0 0 0 -1 Then
0 0 1 =3
e P cos(t;) —e "Psin(ty) 0 0
| e "Psin(ty) e *Pcos(ty) 0 0 . .
nlh) = 0 0 elP cos(t) —etPsin(kty) [ O
0 0 e"Psin(+ty)  eP cos(t)

gate to A and this implies the existence of a lattice. O

PROPOSITION 7.2.13. There exists r € R\ {0,41} such that G237 admits a

lattice.

cos(t) sin(t) 0 0
| sin(t) cos(t) 0 0 .
Proof. Let r € {2,3}. Then u(t) = 0 0 cos(tr)  sin(tr) is an
0 0 sin(tr) cos(tr)

integer matrix for ¢ = w. This implies the existence of a lattice. O

PRrRoOPOSITION 7.2.14. Gg ?7i admits a lattice.
cos(t) sin(t) 0 0
| sin(¢) cos(t) 0 0 . . .
Proof. u(t) = 0 0 cos(t)  sin(t) is an integer matrix for
0 0 sin(£t) cos(=£t)
t = w. This implies the existence of a lattice. O

PROPOSITION 7.2.15 ([27]). G2 .4 admits a lattice. O

Algebras with nilradical n := g31 ® g1 = (X3,...,X4| [ X2, X5] = X1). We
now regard the unimodular almost-nilpotent Lie groups Gs; with nilradical N :=
Us(R) x R, i.e. i € {19,20,23,25,26,28}. We can identify N with R* as a manifold
and the group law given by

(a,b,e,r) - (x,y,z,w) =(a+x+bz,b+y,c+ 2z, r+w).
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The Lie algebras of the unimodular Lie groups G's.; = R x,, N with nilradical N
are listed in Table A.5. We have p;(t) = exp®™ oexp?(™(tad(X5)) o log", where X5
depends on 1.

Assume there is a lattice I' in G5;. By Corollary 4.5, there are t; # 0 and an
inner automorphism I,,, of N such that v; := p;(t1) o In,,v; ' € A(N) preserve the
lattice 'y :=T NN in N. For n; = (a,b, ¢, r) one calculates

(7) I, (x,y,z,w) = (x + bz —yc, vy, z, w).

Py =Ty NN = Zis alattice in N’ := [N,N] = {(2,0,0,0)|z € R} 2R by
Theorem 2.3 and since v;(I'y/),v; '(I'y/) C T'ys, we have v|r,, € Aut(Z). This
implies v;|r,, = Fid and hence p;(t1)|n,n) = *id (a cause of (7) and the shape of
[N, N]). Moreover, we have [n,n] = (X;) and since exp® is the identity,

+id = pi(t1) v, = exp?™ (1 ad(Xs)|(x,))l v, N

(Note that exp™([n,n]) = [N, N] by [57, Theorem 3.6.2].) Therefore, t;[X5, X1] has
no component in (X;) and since ¢; # 0, this means that [X;, X5] has no component
in X;-direction. The list of Lie algebras in Table A.5 implies:

PROPOSITION 7.2.16. The only connected and simply-connected solvable Lie
groups with nilradical Us(R) x R that can contain a lattice are Ggéo and ng‘:ﬁl. a

REMARK. In a previous version of this article, the group G5 5, is absent. It was
added, after the author had read [15].

ProOPOSITION 7.2.17. The completely solvable Lie group G;%O admits a lattice.
For each lattice the corresponding solvmanifold admits a contact form, is formal and
has by = 2.

Proof. Using Theorem 2.1, one shows that

20+ 9/5
= 77070707
Y1 (9+4\/5 )
._(181—|—81\/5 18485 2 0)
R Ve T43vh 345
181 4 81v/5
V3 = (77 17 170)7
47 + 215
20 + 9v/5
Y4 = (070707_ i \/_
(9 + 4/5) In(34Y5)

generate a lattice T'y in N with [vy2,v3] =1 and 71,4 central.

A short calculation yields that u(t)((z,y,z,w)) = (z — tw,e 'y, 'z, w) defines
a one-parameter group in A(N). Moreover, for t; = 1n(%) holds p(t1)(71) = 71,
p(t)(72) = v3, p(t1)(33) = 72 193 and pu(t1)(7a) = M-

This implies the existence of a lattice in G := G55, = R x, N.

Let I be an arbitrary lattice in G. By completely solvability and Theorem 3.10
(ii), we get the minimal model of M = G/T as the minimal model M of the Chevalley-
Eilenberg complex (A g*, ). The latter is given by

0T1 = —Xp3 — X45, 0Ty = —T25, 0x3 = X35, 0x4 = 05 = 0,
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which implies by (M) = 2. Moreover, z1 defines a left-invariant contact form on G/T.
The proof of the formality is similar to the proof of Proposition 7.2.2. O

ProrosiTioN 7.2.18. G%G admits a lattice for ¢ = +1. For each lattice the
corresponding solvmanifold is contact and has by > 2.

Proof. One calculates that p: R — A(N) defined by

p(t)((z,y, 2, w))
= (z + h(y, z) — etw, cos(tm) y — sin(tr) z, sin(tw) y + cos(t) z, w),
_1
2
Then we have G := nggﬁ =Rx, N and Z x, {(z,y,z,w) € N|z,y,z,w € Z} is
a lattice in G since u(1)((z,y, z,w)) = (z — ew, —y, —2z,w).
Using d (u(t)) = log™ opu(t) o exp™, we obtain the Lie algebra g of G as

where h(y, z) sin(tm) (cos(tw) (y?—2?%) -2 sin(tw)yz), is a one-parameter group.

(X1, X5 [ [X2, X3] = X, [Xo, X5] = X, [X3, X5] = — X, [Xy, X5] = eXy).

Denote {1, ..., 25} the basis of g* which is dual to {Xy,..., X5}, i.e. the a; are left-
invariant 1-forms on G. One calculates that x; is a left-invariant contact form on G,
so it descends to a contact form on the corresponding solvmanifold.

The statement about the first Betti number follows from Theorem 3.10(i). O

Algebras with nilradical g4 = (X1,..., X4 |[X2, X4] = X1, [ X3, X4] = Xo).
PropPOSITION 7.2.19. No connected and simply-connected solvable Lie group G ;
with nilradical N := G411 admits a lattice.

Proof. There is only one unimodular connected and simply-connected solvable

4
Lie group with nilradical G4.1, namely the completely solvable group G := G 5,. We
show that it admits no lattice.

The group N is R* as a manifold with multiplication given by

1
(a,b,e,r) - (x,y,z,w) = (a+x + wb+ 511)20, b+y+we, c+ 2z, r+w),

and one calculates for nqy = (a,b,¢,r)

I, (z,y,z,w) = (x + wb+ %wzc—ry—rwc—l— %’I‘QZ, y+we—rz, z, w).

Let G = R x,, N, where pu(t) = exp™ oexpA™(tad(Xs)) o log" and assume
there is a lattice I in G. By Corollary 4.5, there are t; # 0 and n; € N such that
v:=p(t1)oI,, € A(N) preserves the lattice 'y :=T'N N in N.

Iy, := N'NTy is a lattice in N’ := [N, N] = {(2,y,0,0) € N |z,y € R} = R?
by Theorem 2.3, and since v(N’) € N’, this lattice is preserved by v|n/. This and
epr2 =id imply

£1 = det(v|n) = det (exp™™ (t1 ad(X5)|an) (v, n) - det(Ln, [n),
N————

=1

_4
i.e. ad(X5)l[,n has trace equal to zero. This contradicts g5 3y, see Table A.6. [0
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Non-almost nilpotent algebras. Now, there remain two unimodular con-
nected and simply-connected solvable Lie groups in dimension five, namely G;éé_l
and G;g'so. In April 2009, Diatta and Foreman [15] proved that G;é;{l possesses
a lattice. Note, Harshavardhan’s argumentation in [27, p. 33] is not sufficient. One

easily proves the following Proposition.

PROPOSITION 7.2.20. Consider an arbitrary lattice in G;é’gfl. Then the corre-
sponding solvmanifold admits a contact form (since G;lé_l possesses the left-invariant
contact form x1 + xo + x3 with x; dual to X; € ggéé_ as in Table A.7, see [14]), is
formal and has by = 2. 0

PROPOSITION 7.2.21. G;ggo contains a lattice. For each lattice the corresponding
solvmanifold is contact and has by > 2.

Proof. A lattice and a contact form were constructed by Geiges in [24]. One has
the left-invariant contact form z; + x2 on the Lie group, where x1, x5 are dual to the
left-invariant vector fields as in Table A.7. Hence the form descends to each compact
quotient by a discrete subgroup.

The statement about the first Betti number follows from Theorem 3.10(i). O

Conclusion. We have seen that each connected and simply-connected b5-
dimensional solvable Lie group admits a lattice if it is nilpotent or decomposable
with the exception of G42 X R. If an indecomposable non-nilpotent group G5 ; gives
rise to a solvmanifold it is contained in Table 7.1. Recall, by Theorem 3.10, we always
have a lower bound for the solvmanifold’s Betti numbers and in some cases the exact
value. These can be read of in the second and the third column. The last column
refers to the examples that we have constructed above. “yes” means that we have
such for certain parameters that satisfy the conditions of the column “Comment”.
Except for i = 33 we have explicit examples for all possible values of i.

Assuming that there is a lattice in one the non-completely solvable Lie groups
Gs.i, 1.e. 1 € {13,14,17,18,26, 35}, such that the inequalities in the above table are
equalities, then one can calculate that such quotients are formal for ¢ € {13,17,26,35}
and not formal for ¢ € {14,18}. The assumptions about the Betti numbers are
needed to ensure that the Lie algebra cohomology is isomorphic to the solvmanifold’s
cohomology.

7.3. Contact structures. Some of the connected and simply-connected five-
dimensional solvable Lie groups G5 ; which admit a lattice I possess a left-invariant
contact form. Obviously, it also defines a contact form on the corresponding solvman-
ifold. By this way, we showed that the manifolds G5 ;/T for i € {4,5,6} and quotients
of almost nilpotent groups with non-abelian nilradical (i.e. ¢ > 19) by lattices are
contact.

But R®, U3(R) x R?, G41 x R and G5; do not have a left-invariant contact form
fori e {1,2,3,7,...,18}, see e.g. [14]. For some of the nilmanifolds, we can provide
a contact structure by another approach.

THEOREM 7.3.1. Let G € {R5, Ug(R) X R2,G4,1 X R, G5,1,G5,3} and I' a lattice
G. Then G/T admits a contact structure.

Proof. For GG chosen as in the theorem, the dimension of the center is greater than
or equal to two. Therefore, we can find a two-dimensional closed normal subgroup
that lies in the center such that its intersection with I' is a lattice in it. By Theorem
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TABLE 7.1: 5-dimensional indecomposable non-nilmanifolds

| | b1 | by | formal | Comment | Example |
Gy7" 1 [ 0| yes |-l<r<p<g<l,] 7210)
pgr # 0,
p+qg+r=-1
GEr’ 2 | yes p=—q€0,1] 7.2.1 (i)
Ggzo ' | 1 | 4| yes 7.2.1 (ifi)
Gsg 2 | 3 10 72.2
Gous P [ >1] >0 7 g€ =L,0\ {1}, 725
r#0
Gy’ [ =1]>2 ? r#0 7.2.6
G, |=2]>3] 7 72.7
Gs1s 1| 2 10 729
GBI >1 >0 2 p#0, r¢{0,£1} | 7.2.11
G PF I >1 | >2| 7 p#£0 7.2.12
Gl | >t1]>2] ? r ¢ {0,+1) 7.2.13
GV > >4 7 7.2.14
G518 >1]>2 ? 7.2.15
G550 2 | 1 [ yes 7217
Gl | 22[>1] 7 7.2.18
G57.:1’>7371 2 1 yes no
Goay | >2]>1] 7 7221

3.5, G/T has the structure of a principal T?-bundle over a three dimensional closed
orientable manifold. Then the following result of Lutz implies the claim. O

THEOREM 7.3.2 ([36]). The total space of a principal T?-bundle over a closed
orientable 3-manifold admits a contact form. O

Unfortunately, we did not find a contact structure on the manifold of Proposition
7.2.9. If such exists, this yields a five-dimensional non-formal contact solvmanifold
with b1 =1.

8. Six-dimensional solvmanifolds. There are 164 types of connected and
simply-connected indecomposable solvable Lie groups in dimension six, most of them
depending on parameters. For classifying six-dimensional solvmanifolds, we restrict
ourselves to the following types:

(1) nilmanifolds

(2) symplectic solvmanifolds that are quotients of indecomposable non-nilpotent

groups

(3) products of lower-dimensional solvmanifolds

Although we have to make some restrictions to get a manageable number of
cases, one certainly has to consider types (1) and (3). The further restriction in (2) is
justified by the large number of indecomposable non-nilpotent solvable Lie algebras in
dimension six: There are 140 types of it. The author has decided to consider the most
interesting among them. Since we are not able to refute a symplectic form’s existence
in the non-completely solvable case, we shall partly make even more restrictions.
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8.1. Nilmanifolds. There are 34 isomorphism classes of nilpotent Lie algebras
in dimension six. Each of them possesses a basis with rational structure constants and
therefore determines a nilmanifold. They are listed on page 228 in Table 8.1 which
is taken from [50]. The corresponding Lie algebras are listed in Appendix A. Among
the 34 classes of nilmanifolds, there are 26 which admit a symplectic form.

TABLE 8.1: 6-dimensional nilmanifolds

| b1(G/T) | b2(G/T) | Comment | g |
| 6 | 15 | Torus, symplectic | 691 |
| 5 | 11 | symplectic | 93.1 @ 3g1 |
| 5 | 9 | not symplectic | 954D g |
| 4 | 9 | symplectic | g5.®D 01 |

4 8 symplectic 2031

4 8 symplectic 96.N4

4 8 symplectic g6.N5

4 7 symplectic 955 D g1

4 7 symplectic g4.1 D 201
| 4 | 6 | not symplectic |  ge.n1z2 |
| 3 | 8 | symplectic | gens |

3 6 symplectic 96.N1

3 6 symplectic g6.N6

3 6 symplectic g6.N7

3 5 symplectic g52 D o

3 5 not symplectic 953D o

3 5 symplectic 5.6 Do

3 5 symplectic 96.N8

3 5 symplectic g6.N9

3 5 symplectic g6.N10

3 5 not symplectic 96.N13

3 5 not symplectic gé. Nid

3 5 not symplectic 96 }v14

3 5 symplectic g6.N15

3 5 symplectic g6.N17
| 3 ! | symplectic | g6.n16

2 4 symplectic g6.N11

2 4 symplectic 96.n18

2 4 symplectic 96 }Vlg

2 3 symplectic 96.N2

2 3 symplectic 96.N19

2 3 symplectic 96.N20

2 2 not symplectic g6.N21

2 2 not symplectic 96.N22

Recall that a nilmanifold is formal or K&hlerian if and only if the corresponding
Lie algebra is abelian.
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8.2. Candidates for the existence of lattices. Among the 61 types of inde-
composable unimodular almost nilpotent Lie algebras in dimension six that are listed
in Tables A.9 — A.16, there are some that cannot be the Lie algebra of a connected
and simply-connected Lie group which admits a lattice.

Instead of the small German letters for the Lie algebras in the mentioned tables,
we use again capital Latin letters with the same subscripts for the corresponding
connected and simply-connected Lie groups. If any, we chose the same designation
for the parameters a, b, c, h, s, e of Gg.; as for their Lie algebras.

PROPOSITION 8.2.1. Leti € {13,...,38}, i.e. Nil(Gs;) = U3(R) x R%. Then it
is mecessary for Gg.; to contain a lattice that one of the following conditions holds:

i =15, i=18ANa=-1, i=21Aa=0, i=23Aa=0,
i=25Ab=0, i=26, i=29Ab=0, i=232Aa=0,
i=33Aa=0, i=34Aa=0, i=35Aa=-b i=236Aa=0,
i=3TAa=0, i=238.

Proof. This can be seen analogous as in the proof of Proposition 7.2.16. Denote
{X1,...,Xg} the basis used for the description of the Lie algebra in Appendix A. Then
the existence of a lattice implies that [Xg, X1] has no component in X;-direction and
this yields the claim. O

PROPOSITION 8.2.2. Leti € {39,...,47}, i.e. the nilradical of Gg.; is G41 X R.
If Gg.; admits a lattice, then holds i = 39 AN h = —3 or i = 40.

Proof. Use the designation X7, ..., Xg as above. Then (X3, X5) is the commuta-
tor of the nilradical of gg ;. Analogous as in the proof of Proposition 7.2.19, one shows
that ad(Xs)|(x, x,) has trace equal to zero. This is only satisfied for i = 39Ah = =3
or i =40.0

ProposiTION 8.2.3.

(i) Letie€ {54,...,70}, i.e. the nilradical of Gg.; is Gs.1. If Gg.; admits a lattice,
then holds i =54 Nl =—1,1=63,1=65A1l=00ri=T70Ap=0.

(i) No connected and simply-connected almost nilpotent Lie group with nilradical
Gs.o or Gs.5 admits a lattice.

Proof. This follows in the same manner as the last proposition. The trace of
ad(Xg) restricted to the commutator of the nilradical must be zero. O

8.3. Symplectic solvmanifolds whose first Betti number equals one. If
we are looking for solvmanifolds with by = 1, it is necessary that the corresponding
Lie algebra is unimodular, almost nilpotent and has b; = 1 itself. Note that the latter
forces the algebra to be indecomposable. In Tables A.20 — ?7 on pages 257 — 77
we have listed all possible values that can arise as b; for the classes of unimodular
non-nilpotent solvable indecomposable Lie algebras in dimension six.

Since we are mainly interested in symplectic 6-manifolds, we now investigate
which Lie algebras contained in Tables 7?7 — A.16 that satisfy b; = 1 are cohomologi-
cally symplectic, i.e. there is a closed element w € /\2 g* such that w? is not exact.

Note, if a unimodular Lie algebra is cohomologically symplectic, then each com-
pact quotient of the corresponding Lie group by a lattice is symplectic. If the Lie
algebra is completely solvable, this is even necessary for the quotient to be symplec-
tic.



230 Ch. BOCK

ProrosiTION 8.3.1. Let gg.; be a unimodular almost-nilpotent Lie algebra with
b1(g6.s) = 1. Then we have:

g6.: 18 cohomologically symplectic if and only if © € {15,38,78}.

Proof. For i € {15,38,78} one computes all symplectic forms up to exact sum-
mands as
i=15: w=(A+p)x1s+ Ax25 — ppa3s, A\ p€R\{0}X# —p,
1=38: w=Ax16+ 4 Toq + %CL'25 — %ZC34+MCC35, AN ER N 0,—%/\3 # 2/\;1,2,
1=T8: w=AT14+ Axo6 + Ax35, A E R\{O}.

If i ¢ {15,38,78}, then the conditions on the parameters of gg; to ensure its
unimodularity and b1(ge;) = 1 imply that there are no closed elements of /\2 06
without exact summands which contain one of the elements 16, T2g, T36, T46 OT T56.
Therefore, g¢.; cannot be cohomologically symplectic. O

We now examine the three Lie groups that have cohomologically symplectic Lie
algebras.

The next theorem was announced in [6]. It provides an example of a symplec-
tic non-formal 6-manifold with b; = 1. Since it is a solvmanifold, this manifold is
symplectically aspherical. Hence, we found an example for which Kedra, Rudyak and
Tralle looked in [34, Remark 6.5].

THEOREM 8.3.2.

(i) The completely solvable Lie gmup G(ﬁs contains a lattice.

(i1) If T is any lattice in G := G6 15, then M = G/T' is a symplectic and non-
formal manifold with by(M) =1 and by(M) = 2.

Proof. ad (i): Let N = U3(R) x R? denote the nilradical of G. We can identify
N with R® as a manifold and the multiplication given by

(a”b7c7’r7$).(x7y’z’v7w): (a+I+bz7b+y7c+z”r+v7s+w)7

ie. [N,N]={(2,0,0,0,0)|z € R} 2R and N := N/[N, N] = R*.
By definition of G, we have G = R x, N, where

0 0 0 0 0
0 -1 0 0 0
(8) Vierp(t) = expNoexp ™[ 0 0 1 0 0 |)olog?,
0 -1 0 -1 0
0 0 -1 0 1

and since exp = id, the induced maps 7i(t): N — N are given by

0 0 Y
I _ L(4 ]R) 1 0 z
u(t)((y, 2,0, w)) = exp? O _1 0 ) "
1 w

et 0 0 y

0 e 0 0 P

T —tem 0 et 0 v

0 —tet 0 € w

One calculates that fi: R — A(N) given by

(9) vteRv(m,y,z,v,w)eNﬁ(t) ((:Ev Y, 2,0, w)) = (xv ﬁ(ﬂ ((yv Z,0, ’LU)))
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is a one-parameter group, and since the derivations of (8) and (9) in zero are equal,
we have u = p.

21 00
Let t; = ln(3+2‘/5), then 7i(t;) is conjugate to A := ; 1 (2) (1) The
11 11
transformation matrix 7' € GL(4,R) with TAT ! = f(ty) is
T 2

T — 3+V5 s

00 (gEg) FERRUST

00 () GRS

Denote by {b1,...,bs} the basis of R* for which 7i(t1) is represented by A, i.e. b; is
the i-th column of 7". One calculates

birbaz — biabar = V5,
birbja — bigbj1 =0 for i < j,(i,7) # (1,2).

This implies that we have for 79 := (v/5,0r4), v = (bio,b;) € N with arbitrary
bio €R,i=1,...,4,

(V1 72] =0, [11,73] = [v1,74] = [v2, 78] = [v2,74] = [v3,74] = en-

We can choose the b;p such that the following equations hold:

/,L(tl)(’}/o) o,
pt)(m) = Ho B
(10) u(t) () = TIOY2 V3 V4
pta)(ys) = i
u(tr)(na) = V3 M
2(1++/5)
145
Note that (10) leads to the equation (id — 7A) b20 = 31—\/5 which
30 0
bao 0
: : _ 145 _ 11455 _ _
has the (unique) solution byg = Srve bag = W and bsg = bgo = 0.

We claim that t1Z x,, (exp™ (Spany, log™ ({70, . . . ,74}))) defines a lattice in G:

It suffices to show that (exp™ (Spany, log™ ({70, . . . ,74}))) defines a lattice in NV,
so let us prove this assertion. There exist uniquely Yo, ..., Y; € n with exp™ (V;) = 4
for i € {0,...,4}. If we prove that ) := {Yp,...,Ys} is a basis of n with rational
structure constants, then Theorem 2.1 (i) implies that (exp™ (Span,2))) is a lattice in
N.

We identify n with R and brackets given by the Campbell-Hausdorff formula, see
e.g. [57, Chapter 2.15]. Since n is 2-step nilpotent (and exp” is a diffeomorphism),
the formula yields for all VW e€n

log™ (exp™ (V) exp™(W)) =V + W + %[V, w].
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Since Us(R) can be considered as a group of matrices, one can easily calculate its
exponential map. Then, its knowledge implies that the exponential map resp. the
logarithm of N is given by

1
eXpN ((.I, Y, 2, U, w)) = (.I—'— Eyza Y, z, U, w)a

1
logN ((.’IJ, Y, 2,0, ’LU)) = (LL' - §yzu Y, 2, U, w)u
and we obtain Yy = (v/5,0r4), Y1 = (bio — %,bl), Yo = (boo + %,52),
Y3 = (0,b3), Yy = (0,b4), [Y1,Y2] = Yy. The other brackets vanish.
ad (ii): Let " be an arbitrary lattice in G. By completely solvability and Theorem
3.10 (ii), we get the minimal model of M = G/I' as the minimal model M of the
Chevalley-Eilenberg complex (A g*,d). The latter has the closed generator zg and
the non-closed generators satisfy

0x1 = —@23, 02 = —T26, 03 = T36, 0T4 = —T26 — Tag, 0T5 = —Tse + Ts6,
which implies by (M) = 1.

One computes the differential of the non-exact generators of degree two in the
Chevalley-FEilenberg complex as

0x12 = 126, 0x13 = —%136, O%14 = T126 + T146 — L234,
0T15 = T136 — T156 — 235, OT16 = T236, 024 = 22246,
025 = T236, 0x34 = —T236, Ox35 = —2T356,

045 = Ta56 — T346,

i.e. bg(M) = 2.
The minimal model p: (A V,d) = (/A g*,d) must contain three closed generators
Y, 21, 22 which map to xg, 216 + 225 and x16 — 234. p(y21) = Z256 and p(yz2) = —X346

are closed and not exact. But in the generation of y,z; and 25 is one (and up to a
scalar only one) element that maps onto an exact form, namely p(y(z1 + 22)) = dx4s.
The minimal model’s construction in the proof of Theorem 1.1.2 implies that there is
another generator u of degree two such that p(u) = z45 and du = y(z1 + 22). Since
p(yu) = x456 is closed and non-exact, there are no further generators of degree less
than or equal to two in V. But this implies for each closed element ¢ of degree two
that y (u +¢) is closed and non-exact in M. Using the notation of Theorem 1.1.5, we
have u € N2,y € V! and M is not formal.

Finally, the existence of a symplectic form on G/I" follows from Proposition 8.3.1.0

PROPOSITION 8.3.3.

(i) Each quotient of the Lie group G 55 by a lattice is symplectic. G 55 contains
a lattice T with b1 (G 35/T) = 1.

(ii) If the Lie group G 55 contains a lattice T' such that M := G 55/T satisfies
bi(M) =1 and by(M) = 2, then M is a symplectic and non-formal manifold.

Proof. The proof is similar to that of the last theorem. Therefore, we just give a
sketch of the proof.

ad (i): The existence of a symplectic form on each quotient of G := G{ 55 by a
lattice follows from Proposition 8.3.1.
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The nilradical N of G is the same as in the proof of Theorem 8.3.2, so we have
[N,N]=Rand N = N/[N,N] =R* If i(t): N — N is defined by

0 1 0 O Y
_ e GL@R) [ -1 0 0 0 o
() ((y, 2,0, w)) = exp Tl 0 o0 1 ||
0O -1 -1 0 w

cos(t) sin(t) 0 0

—sin(t)  cos(t) 0 0

[SEESTIRNES

—tcos(t) —tsin(¢) cos(t)  sin(t)
tsin(t) —tcos(t) —sin(t) cos(t)

one calculates that p: R — A(N) given by

. sin(t) cos(t V3
(8 (2,2, 0,)) = (o — sin(0yz + SO (2 oy VB oy
) ((y, 2,0, 0)) )
00 0 0 O
0 -1 0 0 O
is a one-parameter group with d(u(t)) = expA™(#| 0 0 1 0 0 |),ie
0o -1 0 -1 0
0 0 -1 0 1
= ad(XG)

G = N x, R. (Here X; is chosen as in the last line of Table ?? on page ?7.) For
t1 = g we have

3 \/§ 9 9 ™ o
t y Yy~ Uy = - o - < /5 - ) 3 s~y Uy )
p(t) (2,9, 2,0,w)) = (&= qyz+ (2 A A1) ((y. z,0,w)))
and in order to construct a lattice in G, it is enough to construct a lattice in N that
-1 -3 0 0
. _ . . 1 2 0 0
is preserved by p(t1). T(t1) is conjugate to A := 9 _3 _1 _3 and the
1 1 1 2
transformation matrix 7' € GL(4,R) with TAT ! = 7i(t1) is
59 00
3 6
—-= =2 0 0
T= 0 0 —-% V3

0 0 0 1

Denote by {b1,...,bs} the basis of R* for which ji(t1) is represented by A, i.e. b; is
the i-th column of 7". One calculates

—6\/§
bi1be — bi2bo1 = —5—,
bitbjo — biobj1 =0 fori < j,(4,7) # (1,2).

This implies that we have for Yo = (b11b22 — b12b21,0R4), Yi = (bzo,bl) € N with
arbitrary b, € R, i =1,...,4,

(V1 72] =0, [v1,73] = [v1,74] = [v2, 78] = [v2,74] = [13,74] = en-
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If we set byg = 1488\/§+72\/1§2g;219\/§772+4ﬂ'37 bog = 2736\/§+216\/1§27§;225\/§ﬂ'2+127r3 and
b30 = b40 = O, we obtain
p(t) () = o,
plt)(m) = Yo Y T
u(t)(2) = ST R P P
p(t)(ys) = Y3 4
ptr)(ya) = RCRe

Then (exp™ (Spany log™ ({70, . .. ,74}))) is a lattice in N. This can be seen by a
similar computation as in the proof of the last theorem. Finally, one checks that the
abelianisation of this lattice is isomorphic to Z, hence the corresponding solvmanifold
has b, = 1.

ad (ii): Let T be a lattice in G such that b1 (G/T) = 1 and b2(G/T") = 2.

The Chevalley-Eilenberg complex (/\ g*,d) has the closed generator xg and § is
given on the non-closed generators by

011 = —Ta23, 0x2 = T36, 0T3 = —Tag, 0T4 = —T26 + T56, 0T5 = —T36 — T46,

which implies H*(A g%,0) = ([x6]).
One computes the differential of the non-exact generators of degree two in the
Chevalley-Eilenberg complex as

dx12 = —T136, 013 = T126,

0T14 = T126 — T156 — 234, OT15 = T136 + T146 — 235,
0T16 = —T236, 0To4 = —T256 — T346,

0T25 = T236 + Ta46 — T356, 0T34 = —T236 + T246 — T356,
035 = Tas6 + T346, 045 = T256 — 346,

i.e. HQ(/\ g*, 5) = <[{E16 + %I25 — %I34], [$24 + I35]>.

This implies that G/T" and (A g*, ) have the same Betti numbers and therefore,
by Theorem 3.10, they share their minimal model.

Now, the proof of non-formality is similar to the proof in the last theorem. O

THEOREM 8.3.4.
(i) The completely solvable Lie group G := Gg.7s possesses a latlice.
(ii) For each lattice the corresponding quotient is a symplectic and formal mani-
fold with by = by = 1.
Proof. ad (i): By definition, we have G = R x, N with N = G535 and pu(t) =
exp™ o expA™ (tad(Xs)) o log", where {X1,..., X¢} denotes a basis of g as in the

second row of Table A.14. Note that {X7,..., X5} is a basis for the nilradical n. One
computes

et 0 0 0 0
0 1 O 0 0
(11) (t)s = de(pu(t)) = exp™(tad(Xs))=| 0 0 et —te=t 0
0 0 O et 0
0 0 O 0 et

Using n = (X5) Xqa(xs) ((X1) @ (X2, X3, X4 | [X2, X4] = X3)), we can determine
the Lie group N.
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As a smooth manifold N equals R®, and the multiplication is given by

((L,b, c, T?‘S) : (:’E,y,Z,’U,W)
2 2

W 2w
z(a—i—x—i—bw—i—T,b—i—y—i—rw,c—i—z—i—bv—i—T—i—rvw,r—i—v,s—i—w).

Now, Theorem 4.2 enables us to compute the exponential map of N as

expN(:ch +yXo+2Xs+vXy +wX5)

yw VW VW Yyv vTw
:($+_+—7y+772+7+T7U7w)7

and therefore, we also obtain the logarithm of N

logN ((‘Tu Y, Z,’U,'LU))

w ’U’LU2 vw v ’UQU}
= (,T—%-FE)Xl'F(y—7)X2+(Z—%—T)X3+UX4+U1X5.

Finally, a short computation shows that (11) implies

u(t) (2, y,2,v,w)) = (e'w,y,e™"(z — tw), e~ v, e'w).
Let t, := ln(3+2‘/5), by = — 1?\% and consider for ¢t € R the automorphisms

I(t): N — N given by

I(t)((x,y,z,v,w))
= (0,tbo,0,0,0)(z,y, z,v,w)(0, thy, 0,0,0) " = (x + thow, y, z + thov, v, w),

and v(t) := u(t)ol(t): N — N. Itiseasy to see that v: R — A(N) is a one-parameter
group in N.

We shall show that there exists a lattice I'y in N preserved by v(t1), and this
then implies the existence of a lattice in Gg. 7, namely 17 X, I'y.

For the remainder of the proof, we identify n = R® with respect to the basis
{X1,...,X5} of n. Under this identification, consider the basis {Y7,...,Y5} of n, V;
being the i-th column of T' = (T;;) € GL(5,R), where T has the following entries:
_ 10(161+72v5) In(35/8)? Tys = 5(24v/5)(1614721/5) In(345/5)2

1165452175 ) 3 1525+682v/5 ’
T — 328380+1468561/5— (159975+71543+/5) In(25/5)? Ty — T — — (543V/5) In(245)
4= 2029501907625 v S22 7T 438 T 345 ’
Tos — _ (158114965+70711162v/5) In(31Y%) The — 5(3940598+17625851/5) In (345 )
24 = 141422324+63245986+/5 e 17622890+ 788119615 ’
V5
1 345 . _ 597T+267v/5+(3808+1703V/5) In(342)
Ts1 = 3(5+VB)In(3555), Tys =Tyy, Tss = 360416575 )
V5
__2(2+V5) _ 2 _ 23 _ _ _
Tis=—" 5 Ta=W75), Tn=——" 7" Ts=Tu=Tu=1,

Tio =To = To3 = T390 =Ty = Tyg = Tyz = T51 = T50 = T53 = 0.
Let v; := exp™¥(Y;) for i € {1,...5} and
Gy — 92880525355200441537433696024v/5 _ (3591421616495+1606132574069v/5) In( 245 )2

57403321562460+25671545829588/5 57403321562460+25671545829588+/5 ’
g, — (228826127+102334155+/5) In (245 =1 (757189543+338625458+/5) In (21253
2= 141422324+63245986v/5 ’ 3= 848533944-+3794759161/5 ’
S, = 724734510+324111126+/5— (325041375+1453629221/5) In(2£/5)?2

7247345104324111126/5 ’
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S5 = (120789085+54018521+/5) In(245)

74651760-+333852821/5
G — _ 466724522040+208725552012v/5 _  (3393446021605+ 1517595196457 /5) In(34Y3)
T 24(12018817440+5374978561/5) 24(12018817440+5374978561\/5)
One computes 71 = (T11,0,731,0,0), 72 = (0,722,0,0,0), v3 = (T13,0,733,0,0),
Y4 = (S1, 52,53, Tus, Ts4) and 5 = (54755, 567T457T55)
1 o1 & 1
6 6
01 0 0 —%
Moreover, if A denotes the matrix 1 0 2 —% —3 |, we can calculate
00 0 2 1
0 00 1 1
N

ov(ty)yolog™, this yields v(ty) (1) =

TAT ' =v(t1). := de(v(t)). Since l/(tl) = exp
1 (va) = 7175 27375 and v(t1)(ys) =

M3, V(t)(2) = 72, v(t1)(1s) = 93, vt
Rt s

Therefore, we have shown that v(¢1) preserves the subgroup I'y of N which is
generated by v1,...,7s. In order to complete the proof of (i), it suffices to show that
I'y is a lattice in V.

Since n is 3-step nilpotent, the Baker-Campbell-Hausdorff formula (see e.g. [57,
Chapter 2.15]) yields for all VW € n

\_/

tog™ (exp (V) exp™ (W) = Vo W 4 [V, W] + (VW] W] — IV, W], V]).
Therefore, we obtain by a short calculation [Ya,Yy] = Y3, [Y2,Y5] = Y7 and [Yy, V5] =
%Yl + Yo + %Y3, i.e. the basis {Y7,..., Y5} has rational structure constants. Theorem
2.1 then implies that I'y is a lattice in N.

ad (ii): Let I" be a lattice in G := Gg.7s. By completely solvability and Theorem
3.10 (ii), the minimal model of M = G/T" is the same as the minimal model M of the
Chevalley-Eilenberg complex (A g*,d). In view of Theorem 1.1.6, it suffices to prove
that the latter is 2-formal. On the non-closed generators of (A g*,d) the differential
is given by

55171 = T16 — 225, 5$2 = —T45, 55173 = —x24 — X36 — T46; 5$4 = —T46, 5$5 = T56,

ie. H'(\g*,0) = {[z]). Further, one calculates H*(/\ g*,6) = (r14 + 726 + Z35)-

The minimal model p: (A V,d) — (A g*,d) then must contain two closed generators

y,z which map to xg and 214 + 226 + 35. Since p(yz) = 146 + 356 is closed and

non-exact, there are no other generators of degree two in (A V,d), hence up to degree

two, all generators are closed. This implies the minimal model’s 2-formality.
Moreover, 14 + T26 + x35 defines a symplectic form. O

8.4. Symplectic solvmanifolds whose first Betti number is greater than
one. In this section, we examine which Lie groups G can give rise to a six-dimensional
solvmanifold G/T" with b1(G/T') > 1. Again, we just consider indecomposable con-
nected and simply-connected solvable Lie groups. The nilradical of such a group has
not dimension equal to three, see e.g. [42]. Proposition 3.4 then tells us that in-
decomposable solvable Lie groups have nilradicals of dimension greater than three.
Moreover, the nilpotent ones were considered in Section 8.1, hence we can assume
that G is non-nilpotent, i.e. dimNil(G) € {4,5}. The corresponding Lie algebras are
listed in Tables A.9 — A.19.

In Section 8.2, we have excluded some groups G since they cannot admit lattices.
Clearly, we omit them in the considerations below.



ON LOW-DIMENSIONAL SOLVMANIFOLDS 237

By Theorem 3.10(ii), we have in the completely solvable case an isomorphism from
Lie algebra cohomology to the solvmanifold’s cohomology, i.e. the Lie algebra g must
satisfy b1(g) > 1, too. In the last section, we saw that g3 55 is the only non-completely
solvable but cohomologically symplectic Lie algebra with b1(g) = 1. Therefore, for
each lattice I in GY 45 with b1 (GY 35/T") > 1, the quotient is symplectic. We now turn
to Lie algebras with b;(g) > 1. The possible values of b; can be read of in Tables A.20

-7

The remaining algebras to examine are gg; as in (12), see below.

As above, we just consider such Lie algebras that are cohomologically symplec-
tic, although this condition is only in the completely solvable case necessary for the
existence of a symplectic form on G/T.

i=2 a=0 i=3,d=-1; i=6,a=—%, b=0;
1=9, b=0; 1 =10, a =0; 1=21, a=0;
1=23,a=0; =25 b=0; 1 = 26;

1=29, b=0; =33, a=0; 1 =234, a=0;
1=36,a=0; i=54,1=-1; 1= 063;

(12) 1=65,1=0;, i=70, p=0; 1=283, 1 =0;
i = 84; 1 =88, up =19p=0; =289, s =0;
1=90, 19 =0; =92, yyuo = 0; 1 =93, vy =0;
1= 102; i = 105; 1 = 10T;
1= 113; i =114; 1= 115;
1= 116; 1 =118; 1= 120;
1= 125; 1= 129; 1 =135.

PROPOSITION 8.4.1. Let gg; be one of the Lie algebras listed in (12).
Then gg.; is cohomologically symplectic if and only if it is contained in the follow-

i=21 A a=0,

ing list:
bi=2: i=3 AN d= -1, i=10 A a=0,
1=36 A a=0, 1=54 N [=-1,
i=70 A p=0, 1=118 A b= =£1.
bp=3: i=23 ANa=0Ae#0, i=29 A b=0.

Proof. This is done by a case by case analysis as described in the proof of Propo-
sition 8.3.1. We list the symplectic forms for the Lie algebras that are cohomologically
symplectic. In the cases with b; = 2, the symplectic forms are given by

i=3,d=-1 W= ATi6 + [t T23 + V Ty5, Apv # 0,
1=10, a=0 W= AT16 + T2z + V Ty5, Auv # 0,
1=21,a=0 W= AT12 + pux36 + V Ty5, Auv #£ 0,
1=36,a=0 : w=Ax12+ pux3s+ V5, Auv # 0,
i=54, l=—-1": w=A(r12+ x23) + px3s + v xs6, v # 0,
i=70,p=0 : w=A(r13+ T24) + px3s + Vx50, Av # 0,
i =118, b=%1: w=\(z13 % 224) + pt(T14 — T23) + v Ts6, (A? + p?)v #0.

In the cases with b1 = 3, we have the symplectic forms

w=A(z12 +exss) + (16 + T2a) + v (w23 — € T56) + pTas + 0 Tag
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with \uv # 0 for i =23, a =0, € # 0,
w= (13 +ex45) + p (T16 + T24) + v (T23 — € 56) + p 26 + 0 T34
with A # 0,p # QEWY for j =29 b =0, & # 0 and
W= Aw12 + pw13 + v (T16 + T24) + p226 + 0 T34 + T T6

with v(vo 4+ pur) #0fori =29, b=0, e £0. O

Provided there is a lattice in one of the ten Lie groups Gg.; in the last propo-
sition whose Lie algebras are cohomologically symplectic, we can ensure that the
corresponding solvmanifold is symplectic. In the completely solvable case, i.e.
i € {3,21,23,29,54}, we can determine cohomological properties of the potential
solvmanifolds.

PROPOSITION 8.4.2.

(i) There is a lattice in the completely solvable Lie group nggl.

(i1) For each lattice the corresponding solvmanifold is symplectic, not formal and
satisfies by = 2 as well as by = 3.

Proof. ad (i) : We have G := Gg'3 " = R x,, R* with u(t) = exp@ 4R (tad(Xe)),
where X € g5 ' is chosen as in Table ?7?, i.e.

1 —t 2 0 0
01 -t 0 O
py=1 0 0o 1 0 o0
0 0 0 e' 0
0 0 0 0 €
110 0 O
01 1 0 O
Set t1 := ln(3+2‘/5). Then pu(ty) is conjugateto | 0 0 1 0 0 |. (This can be
00 0 0 -1
00 01 3

seen by the use of Mathematica-software.) Hence G admits a lattice.

ad (ii): By completely solvability and Theorem 3.10 (ii), the solvmanifold’s min-
imal model is the same as the minimal model of the Chevalley-Eilenberg complex. In
view of Theorem 1.1.6, it suffices to prove that the latter is not 2-formal.

Using the knowledge of the Chevalley-Eilenberg complex, one can compute the
minimal model up to generators of degree two. This implies the statement about the
Betti numbers. Moreover, it is easy to see that the minimal model is not 1-formal. O

PROPOSITION 8.4.3.

(i) There is a lattice in the completely solvable Lie group GQ o .

(ii) For each lattice the corresponding solvmanifold is symplectic, not formal and
satisfies by = 2 as well as by = 3.

Proof. The proof of (ii) is analogous to that of (ii) in the last proposition.
ad (i): In order to prove the existence of a lattice, we use the same argumentation
as in the proof of Theorem 8.3.2 (i). (Note that G 15 and G := GY,, share their
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nilradical N.) But of course, we now have a different initial data: G = R x, N with

0 0 0 0 O
0 0 0 0 O
p(t) =expNoexp™(@| 0 =1 0 0 0 [)olog" and
0 0 0 -1 0
0 0 0 0 1
0 0 O Y
_ o GL(4]R 0 0 0 z
M(t)((yuzuvuw)) - O —t O ) v
0 0 ¢ w
1 0 0 0O Y
_ -t 1 O 0 z
o 0 0 0 v
0 0 O et w
Arguing analogous as in (9), one obtains
t o
,u(t)((x,y,z,v,w)) = (17 - in,,u(t)((x,y,z,v,w))).
110 0 0 -7 0 0
— (35 (0 100 — Lo 0 0
Let tl = hl( 3 ), A = 00 0 —1 and T = 0 1’78I38\/¢55 1
0 01 3 0 ﬁ 1

Then we have TAT™! = J7i(t;). Denote the i-th column of T by b;. Analogous
calculations as in loc. cit. imply the existence of a lattice generated by o := (%, Og1)
and 7; 1= (bio, b;), i € {1,...,4}, where bog € R arbitrary and byg = —i as well as
b3o = by = 0. 0O

PROPOSITION 8.4.4.

(i) Let e = £1. There is a lattice in the completely solvable Lie group G6 95 -

(i) If there is a lattice in G6 835, e # 0, then the corresponding solvmanifold is
symplectic, non-formal and satisfies by = 3 as well as bs = 5.

Proof. ad (i): G55 has the same nilradical N as G 15 and the latter is described
at the beginning of the proof of Theorem 8.3.2.
By definition, Gg's = R x,, N with

0 0 0 0 —e
0 0 0 0 O
u(t) =expNoexp™@(@E| 0 =1 0 0 0 |)ologV
0o 0 -1 0 O
0 0 0 0 O

The functions exp?,log" also can be found in the proof of Theorem 8.3.2. Using
their knowledge, we calculate
2

u(t)((z,y, z,0,0)) = (z - %?f—tf, y,z—ty, =

2y—tz+v,w).

If e = £1, then the map u(2) preserves the lattice
{(z,y,2,0,w) € N|2,y,z,0,w € Z} CN.
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Therefore, G295 admits a lattice.

ad (ii): By completely solvability, the Betti numbers of the Chevalley-Eilenberg
complex coincide with the solvmanifold’s Betti numbers. A short calculation yields
the first Betti numbers of the former as by = 3 and by = 5.

As above, the knowledge of the Chevalley-Eilenberg complex enables us to com-
pute the first stage of the minimal model. It is easy to see that it is not 1-formal. O

PROPOSITION 8.4.5.

(i) Lete € {0,+1}. There is a lattice in the completely solvable Lie group Gy .
(ii) If there is a lattice in Ggfg;, e € R, then the corresponding solvmanifold is
5, ife £ 0 }

symplectic, non-formal and has by = 3 as well as by = { 6, ife =0

Proof. The argumentation is analogous to the last proof, but this time we have

1
t)((z,y,z,v,w)) = x—ftgz—l—itzv—atw, ,z,—tz—|—v,ft2z—tv—|—w.
H Y 6 9 ) 9

For ¢ € {0,£1}, u(6) preserves the integer lattice mentioned in the last proof.
This implies (i).

In order to prove (ii), we consider the minimal model up to generators of degree
one and can deduce the non-formality. O

The following result is due to Ferndandez, de Léon and Saralegui. Its proof can be
found in [19, Section 3]. Note that the cohomological results are independent of the
choice of the lattice, since the Lie group in the proposition is completely solvable.

PROPOSITION 8.4.6. The completely solvable Lie group ng5_41 admits a lattice.
For each such, the corresponding solvmanifold is symplectic, non-formal and satisfies
by =2 as well as by = 5. 01

Summing up the results concerning completely solvable Lie groups that admit
symplectic quotients, we obtain:

THEOREM 8.4.7. All siz-dimensional symplectic solvmanifolds that can be writ-
ten as quotient of a mon-nilpotent completely solvable indecomposable Lie group are
contained in one of the last five propositions, Theorem 8.3.2 or Theorem 8.3.4. O

To end this section, we consider the four cohomologically symplectic Lie algebras
g6.; of Proposition 8.4.1 that are not completely solvable, this means ¢ = 10 A a = 0,
1=36ANa=0,i=T0Ap=0o0ri=118 Ab= £1. C Clearly, the existence of a lattice
implies that the corresponding solvmanifold is symplectic. But in order to make a
statement about cohomological properties, one needs an assumption about the first
two Betti numbers to ensure the knowledge of the cohomology algebra.

PROPOSITION 8.4.8.

(i) Fach quotient of the Lie group G := ng(fo by a lattice is symplectic and G
admits a lattice T with by (G/T") = 2.

(ii) If there is a lattice in G such that the corresponding solvmanifold satisfies
b1 =2 and by = 3, then it is symplectic and not formal.

Proof. We have G = R x,, R* with u(t) = exp® R (tad(Xs)) and X € go'ly
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chosen as in Table 77, i.e.

1 —t £ 0 0
0o 1 =t 0 0
p®)=10 0o 1 0 0
0 0 0 -cos(t) —sin(t)
0 0 0 sin(t) cos(t)
1 1.0 0 O
01 1 O 0
wu(m) is conjugate to 001 0 O (This can be seen by the use of
000 -1 0
000 0 -1

Mathematica-software.) Hence G admits a lattice T.

A short calculation yields that the abelianisation of this lattice is isomorphic to
ZQ D ZQQ, i.e. bl(G/F) = 2.

Using the assumptions of (ii), one calculates the minimal model up to generators
of degree one and proves the non-formality. O

PROPOSITION 8.4.9.

(i) Each quotient of the Lie group G := nggﬁ by a lattice is symplectic and G
admits a lattice T with b1(G/T) = 2.

(ii) If there is a lattice in the Lie group G such that the corresponding solvmanifold
satisfies by = 2 and bs = 3, then it is symplectic and not formal.

Proof. The proof of (ii) is analogous to the last one.
ad (i): Using another initial data, we can argue as in the proof of Proposition
8.4.3.0
0

(i) Each quotient of the Lie group G := GngO by a lattice is symplectic and G
admits a lattice I" with b;(G/T") = 2.

(ii) If there is a lattice I' in G such that by (G/T') = 2 and by(G/T) = 3, then G/T

is formal.

Proof. ad (i): By definition, we have G = R x, N with N = G5 and u(t) =
exp™ o expA™ (tad(Xs)) o log”, where {X1,..., Xs} denotes a basis of g as in the
second row of Table ??. Note that {X1,..., X5} is a basis of the nilradical n. One
computes

p(t)s = de (u(t)) = exp™™ (tad(Xe))

cos(t)  sin(t) 0 0 0
—sin(t) cos(t) 0 0 0

= 0 0 cos(t) sin(t) O
0 0 —sin(t) cos(t) 0

0 0 0 0 1

Using n = (X5) Xaq (X1,...,X4]), ad(X5)(X3) = — X1, we can determine the
Lie group .

As a smooth manifold N equals R®, and the multiplication is given by

(a,b,c,r,s) - (z,y,z,v,w) = (a—i—:v—i—cw, b+y+rw,c+z,r+uv, s—l—w).

By Theorem 4.2, we can obtain the exponential map of N as

Zw YW
expN(xXl+yX2+zX3+UX4+wX5)=(:E—|——,y—i——,z,v,w),

2 2
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and obviously, this implies
logN ((Ia Y, Z,’U,’LU)) = (.I - %)Xl =+ (y - %)XQ + ZXS + UX4 + ’LUX5-

;From pu(t) = exp™ op(t), olog" we get

u(t) ((:1:, Y, 2,0, w)) = (cos(t) x +sin(t) y, —sin(t) x + cos(t) y,
cos(t) z + sin(t) v, —sin(t) z + cos(t) v, w),

and p(m) preserves the lattice {(z,y, z,v,w) € N|x,y, z,v,w € Z}.

The corresponding solvmanifold has b; = 2 since the abelianisation of this lattice
is isomorphic to Z? @ Zo*.

ad (ii): A calculation of the minimal model up to generators of degree two shows
that the minimal model is 2-formal. By Theorem 1.1.6, the solvmanifold is formal. O

PRrROPOSITION 8.4.10.

(i) G := ngi':llg’fl admits a lattice such that the first Betti number of the corre-
sponding solvmanifold equals two and the second Betti number equals five.

(i) If there is a lattice T' in G such that by (G/T') = 2 and bo(G/T) = 3, then G/T
1s symplectic and formal.

Proof. The construction of the 1att1ces mentloned in (i) can be found in [60]. I
loc. cit. Gg'lyg" is denoted by G3 and Go'y " by Gy, respectively. The Bettl numbers
of the quotient of G753~ " are determined explicitly. In the case of GV ™", one can
make an analogous computation.

Assume there is a lattice that satisfies the condition of (ii). A calculation of the
solvmanifolds’s minimal model up to generators of degree two shows its 2-formality.
Theorem 1.1.6 then implies formality. O

9. Relations with the Lefschetz property. We have seen in Section 1.2 that
a compact Kéhler manifold is formal, Hard Lefschetz and its odd-degree Betti numbers
are even. Even if a manifold has a complex structure, these conditions are not sufficient
as the following theorem which is mentioned in [30] shows. Recall, we have seen above
1,-1,—1 . .
that G5, admits a lattice.

THEOREM 9.1. Let I' be an arbitrary lattice in G5 7 L1 Then the solvmani-

fold M = Gé ;1 71/F x 81 is formal, Hard Lefschetz and has even odd-degree Betti
numbers. Moreover, M possesses a complex structure but it cannot be Kdahlerian.

Proof. From Proposition 7.2.1 follows that the Lie group G := Géf;l’_l x R
possesses a lattice I'. The Chevalley-Eilenberg complex of its Lie algebra

<X17 . 'aXG | [X17X5] - Xla [X25X5] = XQ) [X35X5] = _X3a [X47X5] - _X4>
is given by
0x1 = —x15, 0Ty = —X25, 023 = X35, 04 = T45, 0T5 = dxg = 0,

where {1, ..., z¢} is a basis of the left-invariant one-forms on G. Since G is completely
solvable, Theorem 3.10 (ii) enables us to compute the cohomology of M as

([25]; [x6]),

R) = ([
( ,R) ([z13]; [w14], [w25], [m24], [256])
(13) H?*(M,R) = ([z135], [z136], [z145), [2146), [T235), [2236], [2245], [2246]),
H*(M,R) = ([z1234], [1356), [T1456), [22356], [£2456])
HS(M,R) <[I12345] [$12346]>-
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Let [w] € H?*(M,R) represent a symplectic form on M. A short calculation shows
that there are a,b,¢,d, e € R with e(bc — ad) # 0 and

[w] = a[:v13] + b[$14] + C[.’L‘gg] + d[.%‘24] + €[I56].

Since [r5] U [w]? = 2(bc — de)[x12345] # 0 and [x6] U [w]? = 2(bc — de)[z12346) # 0, the
homomorphism L?: H'(M,R) — H°(M,R) is an isomorphism.
In the basis (13), the homomorphism L': H?(M,R) — H*(M,R) is represented
—-d ¢ =b —a 0

e 0 0 0 a

by the matrix 0 e 0 0 b | which has 2e?(ad —bc) # 0 as determinant,
0 0 e 0 ¢
0 0 0 e d

hence M is Hard Lefschetz.
We define an almost complex structure J on G by

JX1=Xo, JXo =Xy, JX3=Xy, JXy=—-X3, JX5 = X, JXg = —X5,

which induces an almost complex structure on M. It is easy to see that the Nijenhuis
tensor vanishes, hence M is a complex manifold.

M is a non-toral solvmanifold which is a quotient of a completely solvable Lie
group. Therefore, M cannot be Kéhlerian by Theorem 3.12. O

The authors of [33] considered the relations between the above three properties
for closed symplectic manifolds. We want to try to complete [33, Theorem 3.1 Table
1] in the case of symplectic solvmanifolds. Actually, the mentioned table deals with
symplectically aspherical closed manifolds, but note that symplectic solvmanifolds are
symplectically aspherical.

We start our investigations by the examination of the Lefschetz property in di-
mension four.

THEOREM 9.2. A four-dimensional symplectic solvmanifold is not (Hard) Lef-
schetz if and only if it is a non-toral nilmanifold. Especially, the (Hard) Lefschetz
property is independent of the choice of the symplectic form.

Proof. By Theorem 6.2, there are five classes of four-dimensional symplectic
solvmanifolds. Three of them are nilmanifolds and satisfy the claim by Corollary 2.9.

There remain two non-nilmanifolds to consider. We start with a quotient of the
Lie group which has g5 } @ g1 as Lie algebra, see Table A.1. The Lie group is com-
pletely solvable, hence the Lie algebra cohomology is isomorphic to the solvmanifold’s
cohomology. If x1,...,24 denote the left-invariant one-forms which are dual to the
basis given in Table A.1, one computes

(14) H' = ([a3], [va]),H? = ([212], [234]), H® = ([212], [2124])

The class representing a symplectic form must be of the form [ax12 + basy] with
a,b # 0 and obviously, the Lefschetz map with respect to this class is an isomorphism.

Now, consider a solvmanifold G/T" such that the Lie algebra of G is g3 5 & g1
and b1 (G/T) = 2. A short computation yields that the Lie algebra cohomology of
g3.5 @ g1 is the same as in (14). Since G/T is compact and parallelisable, we see
further b;(G/T") = 2 for i € {1, 2,3}, and Theorem 3.10 (i) implies that (14) also gives
the cohomology of G//T". We have yet seen that a symplectic four-manifold with this
cohomology is Hard Lefschetz. O
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Denote KT “the” four-dimensional symplectic nilmanifold with b, (KT) = 3. We
have seen that KT is not formal and not Lefschetz. Its square has the following
properties:

THEOREM 9.3 ([33]). KT x KT is not formal, not Lefschetz and has even odd-
degree Betti numbers. O

Next, we are looking for an example of a formal manifold that is not Lefschetz
and has even odd degree Betti numbers resp. an odd odd degree Betti number.

THEOREM 9.4. The Lie group Gg.7s admits a lattice T, see above. M := Gg.78/T
is a formal solvmanifold with by(M) = 1 that admits a symplectic form w such that
(M,w) is not Hard Lefschetz. Moreover, (M x M,w X w) is a formal symplectic
manifold with even odd degree Betti numbers that is not Hard Lefschetz.

Proof. By Theorem 8.3.4, M is a formal symplectic manifold with Betti numbers
b1 (M) = ba(M) = 1. Note that this implies that M x M is symplectic and formal
(the latter property by Proposition 1.1.7).

Corollary 1.2.3 forces M to be not Lefschetz and since [20, Proposition 4.2] says
that a product is Lefschetz if and only if both factors are Lefschetz, M x M is not
Lefschetz.

M is a six-dimensional solvmanifold and so it is parallelisable. Hence the fact
bo(M) = b1(M) = ba(M) = 1 implies b3(M) = 2. This and Poincaré Duality imply
by (M x M) =b11(M x M) =2, b3(M x M) =by(M x M) =6 and bs(M x M) =
br(M x M)=4.10

In 1990, Benson and Gordon [4, Example 3] constructed an eight-dimensional
non-exact symplectic and completely solvable Lie algebra that does not satisfy the
Hard Lefschetz property, but they did not know whether the corresponding connected
and simply-connected Lie group GBS admits a lattice.

Ferndndez, de Le6n and Saralegui computed in [19, Proposition 3.2] the minimal
model of the complex of the left-invariant differential forms on GBS, It is formal
and its cohomology of odd degree is even-dimensional. If GBS admits a lattice, by
completely solvability, the corresponding solvmanifold would be a symplectic and
formal manifold with even odd degree Betti numbers that violates the Hard Lefschetz
property.

In 2000, Tralle [55] claimed that a lattice does not exist but Sawai and Yamada
noted 2005 Tralle’s proof would contain calculatory errors and constructed a lattice
[51, Theorem 1]. This proves the next theorem.

THEOREM 9.5. There exists an eight-dimensional symplectic and formal solv-
manifold MPBE with even odd degree Betti numbers that is not Hard Lefschetz. O

We sum up the above results in Table 9.1 on page 245. It is an enlargement of
[33, Theorem 3.1 Table 1].

Unfortunately, the missing example does not arise among the six-dimensional
solvmanifolds that possess the same cohomology as the corresponding Lie algebra.
We omit the discussion here.
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TABLE 9.1: Relations of the Kdhler properties

| Formality | Hard Lefschetz | bait1 = 0(2) | Example |
yes yes yes Kahler
yes yes no impossible
yes no yes ]\4BG7 G6.78/F X G6_78/F
yes no no Ge.78/T
no yes yes ?
no yes no impossible
no no yes KT x KT
no no no KT

Appendix A. Lists of Lie Algebras.

In Table A.1, we give the isomorphism classes of Lie algebras of the simply-
connected solvable Lie groups up to dimension four that possesses lattices. The des-
ignation g; ; means the j-th indecomposable solvable Lie algebra of dimension i. The
choice of the integer j bases on the notation of [40]. The superscripts, if any, give the
values of the continuous parameters on which the algebra depends.

TABLE A.1: Solvmanifolds up to dimension four

| | (X5, X;] | cpl. solv. |
| g1 | | abelian |
L 20 | | abelian |
301 abelian
93.1 (X0, X3] = X4 nilpotent
954 (X1, X5] = X3, [Xo, X5] = —Xo yes
3.5 (X1, Xs] = —Xo, [X0, X3 =X, no
41 abelian
g3.1 @ g1 (X2, X3] = X1 nilpotent
951D 01 (X1, X3] = X3, [Xo, X3] = —Xo yes
935 O 01 (X1, X5] = —Xo, [Xo, X3] =X, no
94.1 [Xo, Xu] = Xo, [X3, X4 =X nilpotent
ahst (X1, Xu] = Xu, [Xo, X4] = pXo, yes
(X3, Xy =(—p—1)X3, —2<p<0
0" (X1, Xu] = =2pXa, [Xo, Xu] = pXo — X, no
(X3, X4] = Xo +pX3, p>0
9is [(Xo, X3] = Xy, [Xo, Xu] = Xo, [X3,X4| = X3 yes
9% [Xo, X3] = X1, [Xo, Xy] = — X5, [X3,X4] = X 1o

We do not claim that the corresponding Lie groups admit a lattice for all param-
eters. We just know that there exist such for certain parameters!

The set of non-isomorphic five dimensional nilpotent Lie algebras is exhausted by
three types of decomposable algebras and six indecomposables which are listed in the
next table. The designation is taken from [41].



246 Ch. BOCK

TABLE A.2: 5-dimensional nilpotent algebras

| | [Xi, X;]

501 abelian

93.1 D 201 (X2, X3] = X

g4.1 D g1 (X2, Xy] = X1, [X5,X4] = X5
g5.1 (X3, X5] = X1, [X4, X5] = X5
g5.2 (X2, X5] = X1, [X3,X5] = Xo, [X4, X5] = X3
g5.3 [Xo, Xu] = X3, [Xo, X5] = X1, [Xy, X5] = X5
g5.4 (X2, Xy] = X1, [X5,X5] =X,
g5.5 (X3, Xu] = X1, [Xo, X5] = X1, [X3,X5]= X5
05.6 (X3, Xu] = Xu, [Xo, X5] = Xy, [X5, X5] = Xo, [Xy, X5] = X5

There are 24 classes of solvable and non-nilpotent decomposable Lie algebras in
dimension five. The unimodular among them are the ones in Table A.3.

TABLE A.3: 5-dimensional decomposable unimodular non-nilpotent algebras

(X, Xj] | cpl. solv. |
951 D 201 (X1, X3] = Xy, [Xo, X3] = -Xo yes
935 D 201 (X1, X3l = —Xo, [Xo, X5 =X, no
915@ 01 (X1, Xa] = —2X, [Xo, X4] = Xo, yes
(X3, X4] = Xo + X3
gt em (X1, X4] = X1, [Xo, X4] = pXo, yes
(X3, X4 =(—p—1)X3, —3<p<0
gt ©Om (X1, X4] = =2pX1, [Xo, Xu] = pXo — X3, no
(X3, X4] = Xo+pX3, p>0
0.8 ©0 | [Xo, Xs] = X3, [Xo, Xu] = Xo, [X5,Xu] = —X5 yes
glo@o | [Xo, X3] = X1, [Xo, Xu] = — X3, [X3, Xu] = X5 no

Except for g2 @ g1, to each class of algebras there is a connected and simply-
connected solvable Lie group admitting a lattice and has a Lie algebra belonging to
the class.

Mubarakzjanov’s list in [41] contains 33 classes of five-dimensional indecompos-
able non-nilpotent solvable Lie algebras, namely g5 7,...,g5.39. We list the unimod-
ular among them in Tables A.4 to A.7.

Note that there is a minor misprint in [41] which has been corrected in the list
below.

TABLE A.4: 5-dimensional indecomposable unimodular almost abelian algebras

(X, X] cpl. solv.

" (X1, X5] = X1, [Xo, X5] = pXo, yes
(X3, X5] = ¢ X3, (X4, X5] =rXy,

—1<r<qg<p<l1, pgr#0, p+q+r=—1

(C’ontmued on next page)
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TABLE A.4: 5-dimensional indecomposable unimodular almost abelian algebras

[Xi, X;] cpl. solv.
958 (X2, X5] = Xi, [X35, X5] = X5, [X4, X5] = =Xy, yes
a2e 2P | [X1, Xs] = X1, [Xo, X5] = X1 + Xo, [X3, X5] = pX, yes
(X, X5] = (=2-p) Xy, p> -1
gg?l [X17X5] =X1, [X27X5] =X1+X2, yes
(X3, X5] = Xo 4+ X3, [X4, X5] = —3X4,
0513 00" (X1, X5] = X1, [Xo, X5] = (=1 — 2¢)Xo, 1o

(X3, X5] = ¢ X3 —rXy4, [Xy4, X5] =7rX3+¢Xy,
—1<¢<0,q#—3, 1#0

gg.14 [X27X5] = Xl, [Xg,X5] = —X4, [X4,X5] = X3 no
9515 (X1, X5] = X1, [X2, X5] = X1 + Xo, yes
[X3, X5] = — X3, [Xy, X5] = X3 — Xy
9516 (X1, X5] = X1, [X2, X5] = X1 + Xo, no
(X3, X5] = —X3 — ¢Xy, [X4, X5] = qX3 — Xy
q#0
9517 [X1, X5] = pX1 — Xo, [Xo, X5] = X1 +pXo, no
[X37X5] = —pX3 — ’I’AXY47 [X4,X5] = ’I’Xg —pX4
r#0
g%ls [Xl,X5] = —Xg, [X27X5] = Xl, no

(X3, X5] = X1 — Xy, [Xy, X5] = Xo + X3

TABLE A.5: 5-dimensional indecomposable unimodular algebras with nilradical g3.1 @ g1

| (X, X;] | cpl. solv. |

0?7 [Xo Xs] = Xy, (X1, X5] = (L+p) Xy, [X2,X5] = Xo, yes
(X3, X5] = pX3, [Xu, X5] = (2p—2)Xy, p# —1

9520 (X2, X3] = Xy, [X2, X5] = Xo, [X5,X5] = X5, yes

(X4, X5] = X4
05 23 (X2, X3] = X1, [X1, X5] = 2X, [Xo, X5] = X2 + X3, yes
[X3, X5] = X3, [Xy, X5] = —4Xy

obok | [X2, Xs] = X1, [X1, X5] = 2pX1, [X2, X5] = pXo + X3, no
[X3, X5] = —Xo +pX3, [Xy, X5] = —4pXy, p#0

95’56 [Xo, X3] = X1, [Xa, X5] = X3, [X3,X5] = —Xo, no

[X4,X5] = EXl, e =41
9;2%8 (X, X3] = X1, [X1, X5] = =3 X1, [Xo, X5] = =5 Xo, yes
[X3, X5] = X3+ Xy, [X4, X5] =Xy

There are ten classes of decomposable nilpotent Lie algebras in dimension six:
691, g3.1 D 391, 293_1, g4.1 D 291 and g5.5 D g1 for i € {1, .. 6}

Table A.8 contains the six-dimensional indecomposable nilpotent real Lie alge-
bras. They base on Morozov’s classification in [38], where nilpotent algebras over a
field of characteristic zero are determined. Note that over R, there is only one iso-
morphism class of Morozov’s indecomposable type 5 resp. type 10 and type 14 resp.
18 splits into two non-isomorphic ones.
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TABLE A.6: 5-dimensional indecomposable unimodular algebras with nilradical g4.1

| | [Xi, Xj] | cpl. solv. |

_4
95.30 (X2, Xy] = X1, [X3,Xy] = Xo, [X1, X5] = 5X1, yes
(X2, X5] = —2Xo, [X3, X5] = —3 X5, [X4, X5] = Xy,

TABLE A.7: 5-dimensional indecomposable unimodular algebras with nilradical 3g1

| | [Xi, Xj] | cpl. solv. |
gg.zl’,é_l (X1, X4) = X1, [X3, Xy] = — X3, yes
[X25X5] — X27 [X37X5] = _X3
0sar | X0, Xa] = —2X1, [Xo, Xu] = Xo, [X3,Xa] = X3 | mo
[Xo, X5] = — X3, [X3,X5] = X»

TABLE A.8: 6-dimensional indecomposable nilpotent algebras

[XivXj]

96.N1 (X1, Xo] = X3, [ X1, X3] = Xy, [X1,X5]= X6

96.N2 (X1, Xo] = X3, [ X1, X3] = Xy, [ X1, Xy] = X5, [ X1, X5] = X6
96.N3 (X1, Xo] = X6, [X1,X3] =Xy, [Xo, X3] = X5

96.N4 (X1, Xo] = X5, [ X1, X3] = X6, [Xo, X4] = Xs

96.N5 (X1, X3] = X5, [X1, Xy] = X, [Xo, X3] = — X6, [Xo, Xy] = X5
96.N6 (X1, Xo] = X6, [X1,X3] =Xy, [X1,X4] = X5, [Xo, X3] = X5
96.N7 (X1, X3] = Xy, [X1, Xu| = X5, [Xo, X3] = X

96.N8 (X1, Xo] = X3+ X5, [ X1, X3] = X4, [Xo, X5] = X
96.N9 (X1, Xo] = X3, [ X1, X3] = Xy, [ X1, X5] = X6, [Xo, X3] = X5
96.N10 (X1, Xo] = X3, [X1,X3] = X5, [X1, X4] = X6,

[Xo, X3] = — X6, [Xo, Xu] = X5

96.N11 (X1, Xo] = X3, [ X1, X3] = Xy, [ X1, Xy] = X5, [Xo, X3] = X6

96.N12 (X1, X3] = Xy, [X1, Xu| = X6, [Xo, X5] = X

96.N13 (X1, Xo] = X5, [ X1, X3] = Xy, [ X1, Xy] = X, [Xo, X5] = X6

G (X1, X3] = Xy, [X1,Xy] = X6, [Xo, X3] = X5, [Xo, X5] = X6

go.N15 | [ X1, Xo] = X3+ X5, [X1, X3] = Xy, [X1, Xu] = X6, [Xo, X5] = Xg

96.N16 [X1, X3] = Xy, [X1, X4] = X5, [X1, X5] = X,
[Xo, X3] = X5, [Xo, Xu| = Xg

96.N17 (X1, Xo] = X3, [ X1, X3] = Xy, [ X1, Xy] = X6, [Xo, X5] = X6

96 N1s (X1, Xo] = X3, [X1, Xs] = Xy, [X1, X4] = X,
[Xo, X3] = X5, [Xo, X5] = £X6

96.N19 (X1, Xo] = X3, [ X1, X3] = Xy, [X1,X4] = X5,
(X1, X5] = X6, [Xo, X3] = X5

96.N20 (X1, Xo] = X3, [X1, X3] = Xy, [X1, Xy] = X5,

(X1, X5] = X, [Xo, X3] = X5, [Xo, X4] = X5

96.N21 (X1, Xo] = X3, [X1,X5] = X6, [X2, X3] = X4,

(X2, Xy] = X5, [X3,X4] = X6

(C’ontmued on next page)
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TABLE A.8: 6-dimensional indecomposable nilpotent algebras

[XivXj]
J6.N22 (X1, Xo] = X3, [X1,X3] = X5, [X1, X5] = X,
[Xo, X3] = X4, [Xo, Xu| = X5, [X3, Xu] = X6

Mubarakzjanov’s list in [42] contains 99 classes of six-dimensional indecomposable
almost nilpotent Lie algebras, namely gg.1, - - -, 86.99-

As first remarked by Turkowski, there is one algebra missing. The complete (and
partly corrected) list can be found in the article [10] of Campoamor-Stursberg!?,
where the missing algebra is denoted by g§ o,-

We list the unimodular among this 100 algebras in Tables A.9 to A.16 (where
some minor misprints have been corrected). Note that there is no table with Lie
algebras with nilradical gs.¢ since the only such algebra is not unimodular.

TABLE A.9: 6-dimensional indecomposable unimodular almost abelian algebras

(X, X] cpl. solv.

ge (X1, Xo] = X1, [Xo, Xg] = aXo, [X3, X¢] = bX, yes
(X4, Xo] = X4, [X5,X6] =dX5
0<|d <|c|]<|b]<|a] <1, a+bt+c+d=—1

ges” (X1, X6] = aXy, [Xo, Xe| = X1 +aXs, (X3, X6] = X3, yes
[X4, X6] = X4, [X5, X6| = dX5
0<|d <|e|<1, 2a+c+d=-1

g;?%.,d (X1, Xe] = —42 X1, [Xo, Xg] = Xq — HHL X, yes
[X3, Xo] = Xo — T51 X5, [Xy, Xe] = Xy, [X5, Xe] = dX5
0<|d <1,
9;% (X1, X6] = —3 X1, [X2,Xe] = X1 — 1 Xo, yes
(X5, Xe] = Xo — 1 X3, [Xu, Xe] = X5 — 1 X4, [X5,Xe] = X5
9o (X1, Xe6] = X1, [Xo, X¢] = aXa, [X3,X6] = Xa + aX3, yes
[X4,X6] = bXy, [X5,X6] =X44+0X5, a<b, a+b= —%
z
gg.,;ga [Xl,Xg] :aXl, [XQ,Xﬁ] :X1+aX2, [Xg,Xg] :X2+CLX3, yes
[X4,X6] = —%CLX4, [X5,X6] = X4 — %CLX5, a 7§ O
gg.,g,c,p [Xl,Xg] = CLXl, [XQ,Xﬁ] = bXQ, [Xg,Xg] = C)(g7 no

(X4, Xo] = pXy — X5, [X5, Xe] = X4 +pX5
0<le|<|b|<lal, a+b+c+2p=0

ggy”? (X1, Xg] = aXy, [X2, Xg] = bXo, (X3, X6) = Xa + bXs, 10
(X4, Xo] = pX4 — X5, [ X5, X6] = Xu + pXs,
a#0, a+2b+2p=0

a 730.

96.10° (X1, X6] = aX1, [Xo, X6| = X1 +aXo, [X3,X6] = X2 +aX3, no
[X47X6] = —%GX4 — X5, [X57X6] = X4 — %GX{,
9511 | [X1, Xe] = aXi, [Xo, Xo| = pXo — X3, [X3, Xe| = Xo + pXs, no

(X4, X6] = q Xy — sX5, [Xs5, Xg| = sXa+ ¢X5,

(C’ontinued on next page)

13The author wishes to express his gratitude to R. Campoamor-Stursberg for providing him with
copies of [10] and [42].
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TABLE A.9: 6-dimensional indecomposable unimodular almost abelian algebras

[Xi, Xj] cpl. solv.
as #0,a+2p+2¢=0
515" (X1, Xo] = —4pX1, [X2, Xe| =pX2 — X5, no

(X3, X6] = Xo 4+ pX3, [X4, X¢] = Xo +pXy — X5,
(X5, X6] = X3+ X4+ pX5, p#0

TABLE A.10: 6-dimensional indecomposable unimodular algebras with nilradical g3.1 6 2g1

[Xi, Xj] cpl. solv.
gg’ll)éh [XQ,Xg] = Xl, [X17X6] = (CL+ b)Xl, [XQ,XG] = CLXQ, yes
(X3, Xo] = bX3, [X4, Xo] = Xa, [Xs5, Xo] = hXs,
a0, 2a+2b+h=—1
9614 [Xo, X5] = X1, [X1, X¢] = (a+b) X1, [Xa, Xe] = aXs, yes
[Xg,XG] = ng, [X4,X6] = X4, [X5,X6] = X1 + (a + b)X5,
a#0, a+b= —%
9615 (X2, X3] = X1, [Xo, X6] = Xo + Xy, yes
) (X3, X6) = — X3+ X5, [Xy, Xg] = Xy, [X5,X6] = — X5,
gg 2" (X2, X3] = X1, [X1, X¢) = —1X1, [Xo, X¢] = —1X5, ves
(X3, Xo] = Xy, [X5, Xe] = X,
gg_’lgfa_d [Xg,Xg] = X1, [Xl,Xﬁ] = (1 + G)Xl, [XQ,XG] =aXo, yes
[X3,X6] = X3+ Xy, [X4,X6] = Xy,
[X5,X6] = —(2a—|— 3)X5, a # —%
ES
96_159 [XQ,Xg] = Xl, [Xl,Xg] = —%Xl, [XQ,Xﬁ] = —%XQ, yes
(X3, Xe) = X3 + Xy, [Xy, Xo] = Xy, [X5,Xe] =X1 — £ X5
96.20 (X2, X3] = X1, [X1,Xe] = X1, [X35, Xo] = X5+ Xu, yes
[X4,X6] = X1 + Xy, [X5,X6] = —-3X5
9%.21 [XQ,Xg] = Xl, [X17X6] = 2CLX1, [XQ,XG] = CLXQ =+ Xg, yes
[Xg,Xg] = an, [X4,X6] = X4, [X5,X6] = —(4CL+ 1)X5
a # —i
6.5 (X2, X3] = X1, [Xy, Xe] = —3X1, [X2, X¢] = —5 X2 + X3, yes
(X5, Xe] = —£ X3, [X4, Xe] = X4, [X5,X6]=X1—1X5
000n ° [Xo, X3] = X1, [X1, X6] = 2aX1, [Xo, Xe] = aXs + X3, yes
[X3,X6] =aX3+ Xy, [X4,X6] = aXy,
[X5,X6] = EXl — 5CLX5, ca=20
92155175 [XQ,Xg] = Xl, [Xl,Xg] = —le, yes
[Xo, X6] = Xo, [X3,X6] = —(1+b)Xs,
(X4, Xg] =bX4 + X5, [X5, X6 =0X5
9696 [X2, X3] = X1, [X2, Xe| = X2, [X35, Xo] = — X5 yes
(X4, Xe]) = X5, [X5,X6] = X3
962" (X2, X3] = X1, [X1, Xe] = —bX1, [Xo, Xg] = —20X, yes
[X3, X6] = bX3 + X4, [X4, Xg] = 0X4 + X5,
(X5, X6] = bX5, b#0

(Continued on next page)
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TABLE A.10: 6-dimensional indecomposable unimodular algebras with nilradical g3.1 @ 2g1

(X5, X;] cpl. solv.
96 58 (X2, X3] = X1, [Xi, Xe] = 2X1, [Xo, X6] = Xo + X, yes
(X3, X6] = X3, [X4, Xe] = —2X4 + X5, [X5,X6] = —2X5
650" (X2, X3] = X1, [X1,Xg] = —bX1, [X2, Xo] = —2bX, yes
(X3, Xg] = X3 + Xy, [X4, X¢] = bXy + X5,
[X5, Xg] = €X1 =+ bX5, eb=0 (7)
Gs M [Xa, Xs] = X1, [X1, Xg] = 2aX1, [Xa, Xg] = aXs + X, no
(X5, Xo] = —Xo + aXs, [Xa, X =eX1 + (2a + h) Xy,
(X5, X6] = —(6a+ h)X5, a>—1h, ch=0
9633 " (X2, X3 = X1, [X1, Xo] = 20X, [X2, Xo| = aXs + X3, 1o
(X3, X6] = —Xo + aX3, [X4, X¢] = —6aXy,
(X5, X6] = X1+ 2aX5, a>0
a1 (X2, X3 = X1, [X1, Xo] = 20X, [X2, Xo| = aXs + X3, 1o
(X3, X6] = —Xo +aX3, [X4, Xe] = —2aXy,
[X5,X6] = EXl — 2CLX5, ca=0
855y [Xa, X3] = X1, [X1,X6] = (a+ )Xy, [Xo, Xg] = aXa, no
(X3, X¢]) = bX3, [X4, Xe] = X4+ X5,
[X5,X6] = —)(4—’-6)(57 a—i—b—i—c:O, a2+b2 #O
966 [X2, X3] = X1, [X1,Xe| = 20X, [X2, X6| = aXa + X5, no
(X3, Xo] = aX3, [X4, X6] = —2aX4 + X5,
[X5, Xo] = —X4 — 2aX5
gogy 0 (X2, X3] = X1, [X1, X6] = 2aX1, [X2, X¢] = aXy + X3, no
(X3, Xo] = —Xo +aX3, [X4, X¢] = —2a Xy + 5X5,
[X5, Xﬁ] = —SX4 — 2@X5, S 75 0
6.8 [X2, X3] = X1, [Xo, X¢] = X3 + Xy, no
(X3, X6] = —Xo 4+ X5, [Xy, X] = X5, [X5,Xe] = —Xy
TABLE A.11: 6-dimensional indecomposable unimodular algebras with nilradical g4.1 € g1
(X, X c. s.
om0 T | (X1, Xs] = Xo, [Xu, Xs] = X1, [X1, Xe] = (L +h)Xy, | yes
(X2, Xo] = (24 h) X2, [X3,X¢] = —(4+3h)X3,
(X4, X6] = hX4, [X5,Xe] = X5, h # —3
.40 (X1, X5] = Xo, [X4, X5] = X, yes
(X1, X¢] = —3 X1, [Xo, Xo] = $Xo,
(X3, Xo] = Xo + 3 X5, [Xu, Xe] = 53Xy, [X5,Xe] = X5
9641 (X1, Xs5] = Xa, [Xa, Xs] = X3 yes
(X2, X¢] = Xo, [X3,X6] = —X3,
(X4, X] = X3 — Xy, [X5,X6] = X5
6.2 (X1, X5] = Xo, [X4, X5] = X, yes
(X1, Xe] = —3 X1, [X2, Xo] = 5 X2, [X3, Xe] = X3
(X4, Xo] = —2X4, [X5,X6] = X3+ X5
9614 (X1, X5] = Xp, [Xu4, X5] = X3, yes

(C(mtinued on next page)
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TABLE A.11: 6-dimensional indecomposable unimodular algebras with nilradical ga.1 @ g1
[Xi,Xj] C. S
(X1, X6] = 2X1, [Xo, Xg] =3Xs, [X3,X6] =—-7X3
[X4, Xo] = X4, [X5,X6] = Xa+ X5
o7 (X1, X5] = Xo, [X4, X5] = X1, yes

(X1, Xe] = X1, [Xo, X¢] = X, [X3,Xe] = —3X3
(X4, Xo] = eXo + X4, € € {0,£1}

TABLE A.12: 6-dimensional indecomposable unimodular algebras with nilradical gs.1

| | [Xi,Xj] | C. S. |
gg5s [X5, X5] = X1, [X4, X5] = Xo, yes
(X1, Xe] = X1, [Xa, Xe] = [Xo, [X3, Xg] = (—1 — 20) X5
X4, Xo] = (=2 — ) X4, [X5, Xo] = 2(1 + )X
96.55 (X3, X5] = X1, [X4, X5] = Xo, yes
(X1, Xg] = X1, [X2, Xo] = —3Xs, [X35,X6] =4X5
. [X4,X6] = X1 + X4, [X5,X6] = -3X;5
98.56 (X5, X5] = X1, [X4, X5] = Xo, yes
(X1, X6] = X1, [X2, Xe] = -1 X5, [X3,Xe] = Xo — 1 X3
. (X4, Xo] = —3X4, [X5,X6] = 3 X5
06.57 (X3, X5] = X1, [X4, X5] = Xo, yes
(X1, X6] = X1, [X2, Xg] = —3X2, [X3,X¢] = 2 X3
; (X4, Xo] = =3 X4, [X5, X = X4 — 3X;5
96.61 (X3, X5] = X1, [X4, X5] = Xo, yes
X1, Xo] = 2X1, [Xa, Xg] = — 32X, [X5, Xg] = X5
(X4, Xo] = =2 X4, [X5,Xe] = X3+ X5
95,63 (X3, X5] = X1, [X4, X5] = Xo, yes
(X1, X6] = X1, [X2, X6| = —Xo, [X3,X6] = X3
(X4, Xe] = Xo — Xy
86,65 [X5, X5] = X1, [X4, X5] = Xo, yes
[X1, X6] = 1X1 + Xo, [Xo, Xg] = 1Xo, [X3,X6] = —31X3+ X4
(X4, Xo] = 31Xy, [X5, Xg] = 41X5
9670 [Xs, X5] = X1, [X4, X5] = Xo, no
[Xl,XG] = pX1 + XQ, [XQ,XG] = —X1 +pX2,
(X3, Xg] = —3pX3 + X4, [X4, X6] = —X3 — 3pXy,
(X5, X] = 4pX5

TABLE A.13: 6-dimensional indecomposable unimodular algebras with nilradical gs.2

(X, X] | cpl. solv. |

(X2, X5] = X1, [X3,X5] = Xo, [X4, X5] = X3, yes
(X1, Xe] = 2X1, [X2, X¢] = 1 Xo, [X3,Xe] = -3 X3

(X4, Xo] = —1X4, [X5, Xe] = X5
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TABLE A.14: 6-dimensional indecomposable unimodular algebras with nilradical gs.3

| | (X5, X;] | cpl. solv. |
G516 | [ X2, X4a] = X3, [Xo, X5] = X1, [X4, X5] = X yes
(X1, X6] = — X1, [X3,X6] = X3,
(X4, X6] = X4, [X5, X6 = —X5
go.7s | [X2, Xu] = X3, [Xo, X5] = X1, [X4, X5] =X yes
(X1, X6] = — X1, [X3,X6] = X3,
(X4, Xo] = X3+ Xy, [X5,X6] = —X5

TABLE A.15:

6-dimensional indecomposable unimodular algebras with nilradical gs.4

| (X5, X;] | cpl. solv. |
9653 (X2, Xy] = X1, [X3,X5] = X, yes
[Xa, Xo] = [ X, [X3, Xe] = X,
[X4, X6] = —1X4, [X5,X6] = —X4—1X5
96.84 [Xo, Xu] = X1, [X3,X5] = Xq, yes
[Xo, X6] = Xo, [X4, Xg] = — X4, [X5,X6] =X
hie:o (X2, X4] = X1, [X3, X5] = X1, cpl. solv.
(X2, Xo] = poXa +v0X3, [X3, Xe] = —10X2 + poXs, I
[X4, Xg] = —/LQX4 + I/())(57 [X5, Xg] = —VOX4 — ‘LLOX5 vy = O
aghy® (X2, X4] = X1, [X3, X5] = X1, cpl. solv.
[XQ,Xﬁ] = SXQ, [Xg,XG] = VOX5, 1}
[X4,X6] = —SX4, [X5,X6] = —I/oX3 vy = 0
weo (X2, Xu] = X1, [X3,X5] = X1, cpl. solv.
(X2, X6] = X4, [X3,X¢] =10X5, Ky
[X4,X6] = Xg, [X5,X6] = —V()Xg, o 75 1 Vg = 0
g6.01 (X2, X4] = X1, [X3,X5] = Xy, no
[X2, Xo] = X4, [X3, X6] = X5,
(X4, X6] = Xo, [X5,X6] = —X3
aohs” (X2, X4] = X1, [X3, X5 = X1, 1o
[X2, X¢] = 10 X3, [X3, X6] = —poXa,
[X4, Xo] = poXs, [Xs5, Xe] = —10Xy4
98.92* [XQ,X4] = Xl, [X37X5] = Xl, no
[X2, Xo] = X4, [X3, X¢] = X5,
(X4, Xg) = —Xo, [X5, X6] = — X3
woe (X2, Xu] = X1, [X3,X5] = X1, cpl. solv.
(X2, X6] = X4+ 10X5, [X3, X6] = 10Xy,
(X4, Xe] = Xo — 10 X3, [X5, Xg] = —10Xo lvo| < 2

TABLE A.16: 6-dimensional indecomposable unimodular algebras with nilradical gs.5

| | [Xi, Xj] | cpl. solv. |
‘ Ooas | [X3, Xu] = X1, [X2, X5] = X1, [X3, X5) = Xz yes
[X2, Xo] = —Xo, [X3, X¢] = —2XG,

[X4, Xo] = 2X4, [X5,X6] = X5 |

253
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The six-dimensional solvable Lie algebras with four-dimensional nilradical were
classified by Turkowski in [56]. We list the unimodular among them in Tables A.17 —
A.19. Note that there is no table with Lie algebras with nilradical g4, since the only
such algebra is not unimodular.

The equations for the twenty-fifth algebra in Turkowoski’s list contain a minor
misprint that we have corrected here.

TABLE A.17: 6-dimensional indecomposable unimodular algebras with nilradical 4g1

| [X“Xj] | C. S. |
ggl{bcid [X5,X1] = aXl, [X5,X2] = CXQ, [X5,X4] = X4, yes
(X6, X1] = bX1, [X¢, Xo] = dXo, [X6, X3] = X5,
at+c=-1,b+d=—-1,ab#0, 24+d*>#0
Gors " (X5, X1] = = X1, [X5, Xo] = Xo, [X5, X3] = Xy, yes
[X6, X1] = bX1, [X6, X2] = (-2 —b) X2,
(X6, X3] = X3, [X6, X4] = Xy
ggfbgl [X5,X1] = —2X4, [X5,X3] = X3+ X4, yes
(X5, Xu] = Xy, [X6, X1] = - X1, [X6, Xo] = Xo
Goivr. | [Xs. Xa] = —Xi, [X5,Xo] = —Xo, [X5,X5] = X5+ X4, | no
(X5, X4] = Xy, [X6, X1] = Xo, [Xg, Xo] = —X
g6 715" (X5, X1] = aXy, [X5,Xo] = —aXo, [X5, X3] = Xy, no
[X6, X1] = bX1, [X6, Xo] = dXa, [X6, X3] = X3
(X6, X4] = X4, a2 +02#0, a®> +d*> #0, b+d=—2
[X5,X1] = aXl, [X5,X3] = —%Xg + X4, no
(X5, Xa] = — X3+ X4, [Xe, X1] = — X1,
[XG,XQ] = XQ, a 7§ O
go1is" ¢ (X5, X1] = X1, [X5, Xo] = Xo, no
[X5, X3] = — X3+ bXy, [X5,X4] = —bX5 — Xy,
[X67X1] = CX1 +X2, [XG,XQ] = —X1 +CX2
[Xg,Xg] = —C)(g7 [XG,X4] = —CX4, b }é O
99 (X5, X1] = Xo, [X5, Xs] = X4, [X5, Xy = —X5 1o
(X6, X1] = X1, [X6, Xo] = Xo,
[X6, X3] = —X3, [X6, X4 = —X4
96 1is (X5, X1] = Xa, [X5, Xo] = =X, [X5, X3] = bXy, no
(X5, X4] = —bX3, [X6, X1] = X1, [Xe, Xo] = Xo
(X6, X3] = — X3, [X6, Xu]=—Xy4, b#£0

a,—1,—3
96.114

96150 (X5, Xo] = —Xo, [X5, X4] = Xy, [ X5, Xe] = X1, yes
(X6, Xo] = — X1, [X¢, X3] = X3
96125 (X5, Xa] = X4, [X5, Xu] = X3, [X5, Xe] = X, no

(X6, Xo] = —2X, [X¢, X3] = X3, [X6, X4] = Xy

In the introduction of [42], Mubarakzjanov quotes his own result that a six-
dimensional solvable Lie algebra with three-dimensional nilradical is decomposable.
Therefore, by Proposition 3.4, we have listed all unimodular indecomposable solvable
Lie algebras of dimension six.

The first Betti numbers of the six-dimensional unimodular indecomposable Lie
algebras are listed in Table A.20. The word “always” means that the certain value
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TABLE A.18: 6-dimensional indecomposable unimodular algebras with nilradical g3.1 @ g1

[Xi, X;]

| c.s. |

—2,-2
96.129

[Xo, X3] = X1, [X5, X1] = X1, [X5, Xo] = Xo,
(X5, X4] = —2X4, [Xg, X1] = X1,
(X6, X3] = X3, [X6, Xy] = —2X4

yes

TABLE A.19: 6-dimensional indecomposable unimodular algebras with nilradical g3.1 @ g1

(continued)
| | [Xl,XJ] | C. S. |
9(6),1_345 [X27X3] - Xla [X5a XQ] = X33 [X5a X3] = _le no

(X6, X1] = 2X1, [X¢, Xo] = Xo,
(X6, X3] = X5, [Xe, Xa] = —4Xy

arises independent of the parameters on which the Lie algebra depends, but we sup-
pose that the parameters are chosen such that Lie algebra is unimodular. The word
“otherwise” in the tables means that this value arises for all parameters such that the
Lie algebra is unimodular and the parameters are not mentioned in another column

of the Lie algebra’s row.

TABLE A.20: b1(ge.s) for g6.i unimodular

i by =1 by =2 b1 =3 by =4 b1 =5
1 always - - - -
2 a#0 a=20 - - -
3 d+# -1 d=-1 - - -
4 always - - - -
6 a,b#0 a:—%/\bzo - - -
7 always - - - -
8 always - - -
9 b#0 b=20 - - -
10 a#0 0 - - -
11 always - - -
12 always - - - -
13 b#AO0ANKh#0 otherwise ;2/\2 - -
14 otherwise a= —% Ab=20 - - -
15 always - - - -
17 - always - - -
18 a#0 a=0 - - -
19 always - - - -
20 - always - - -
21 a#0 a=0 - - -
22 always - - - -

(Continued on next page)
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! by =1 by =2 b,=3 |bi=4] 0bi=5
23 a#0 _ ~0 -

25 b¢{-1,0} be{-1,0} - _
26 - always - N N
27 always B - - -
28 always B - - -
29 b#0 - b=0 - -
32 h ¢ {—2a,—6a} otherwise - N N
33 a#0 - a=0 - N
34 a#0 - a=0 - N
35 a,b#0 otherwise - _ _
36 a0 a=0 - - -
37 always - _ . .
38 always B _ : -
39 h#0 h=0 - - -
40 always - N N -
41 always B - - -
42 always - N - -
44 always B - - -
47 - always - - N
ST {211 [Te{2-L-J| - _ :
55 always B _ : -
56 always - _ . .
o7 always B - - -
61 always - - - N
63 - always - N N
65 [#0 - =0 - -
70 p#0 p=0 _ -
71 always - - - N
76 always - - - N
78 always - - - N
83 [#0 - - =0 _
84 - always - - -
S8 | o 20V 10 £0 : : S "
89 vw#0As#0 - otherwise - Vo—=5=0
90 Yo # 0 - vy = 0 - -
91 always B _ : -
92 | po#O0A1p #0 - otherwise - o = 1o =0
92* always - - - N
93 140 75 0 - 1o =0 - -
94 always - - - -
101 - always - N N
102 - always - - N
105 - always - N N

(Contmued on next page)
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TABLE A.20: b1(ge.s) for g6.: unimodular

i by =1 by =2 b1 =3 by =4 bi =5
107 - always - - -
113 - always - - -
114 - always - - -
115 - always - - -
116 - always - - -
118 - always - - -
120 - always - - -
125 - always - - -
129 - always - - -
135 - always - - -

Appendix B. Integer Polynomials. In this article, we often try to use neces-
sary conditions for a matrix to be conjugated to an integer matrix. We state briefly
the used results. Vice versa, we sometimes want to find integer matrices with given
minimal polynomial. We also present a few constructions.

Let be n € N, K a field and A € M(n,n;K). The characteristic polynomial of
A is the monic polynomial

Pa(X) := det(X id — A) € K[X],

and the minimal polynomial m4(X) is the unique monic divisor of lowest degree of
P4(X) in K[X] such that ma(A4) = 0. (Note, by the theorem of Cayley-Hamilton,
one has P4(A) =0.)

If two matrices are conjugated, then they have the same characteristic resp. min-
imal polynomials.

X € K is called root of A if X is a root of the characteristic polynomial, considered
as polynomial in K[X], where K denotes the algebraic closure of K.

The next proposition follows directly from [35, Corollaries XIV.2.2, XIV.2.3].

ProposITION B.1. Let n € Ny. If A € M(n,n;C) and B € M(n,n; Q)
are conjugated via an element of GL(n,C), then holds Pa(X) = Pp(X) € Q[X],
ma(X)=mp(X) € Q[X] and ma(X) divides P4(X) in Q[X]. O

ProposITION B.2. If P(X) € Z[X], m(X) € Q[X] are monic polynomials and
m(X) divides P(X) in Q[X], then holds m(X) € Z[X].

Proof. Let P(X),m(X) be as in the proposition and f(X) € Q[X] non-constant
with P(X) = f(X)m(X). There exist k,l € Z \ {0} such that

Zale Im(X Zb X7 e Z[X

are primitive. (An integer polynomial is called primitive if its coefficients are relatively
prime.) We have

kl P(X Zal (Z b; X7)
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and claim kl = +1.

Otherwise, there is a prime p € N that divides kl. Since the coefficients of k f(X)
resp. I'm(X) are relatively prime, there are minimal ig, jo € N such that p does not
divide a;, resp. bj,.

The coefficient of X070 of kI f(X)m(X) is

aiobjo + aioflbjoJrl + aioJrlbjo*l +..
and p divides each summand except the first. But since p|kl, p divides the whole
sum. This is a contradiction. O

THEOREM B.3. Let n € Ny and A € M(n,n;C) be conjugated to an integer
matriz. Then holds Pa(X),ma(X) € Z[X].

Proof. This follows from the preceding two propositions. O

LEMMA B.4 ([29, Lemma 2.2]). Let P(X)= X —kX?+1X —1 € Z[X].
Then P has a double root Xy € R if and only if Xo =1 or Xog = —1 for which
P(X)=X3-3X24+3X -1 or P(X)= X3+ X? - X — 1 respectively. O

PROPOSITION B.5 ([27, Proposition 5]). Let \; € Ry with \; + + = m; € Ny
and m; > 2 for i€ {1,2}.
Then there exists no element in SL(3,Z) with roots A1, Az, rl)Q O

PROPOSITION B.6. Let P(X) = X* —mX?3 +pX? —nX +1¢€ Z[X].
Then P has a root with multiplicity > 1 if and only if the zero set of P equals
{1,1,a,a7 1}, {-1,-1,a,a7 '}, {a,a" Y a,a} or {a,—a"t,a,—a"'} for fized a € C.

Proof. The most part of the proof was done by Harshavardhan in the proof of
[27, Propositon 2].
We set S :=m? +n? and T := mn and get the discriminant D of P(X) as

(15) D = 16p* — 4Sp® + (T% — 80T — 128)p* 4 18S(T + 8)p
+256 — 1927 + 48T% — 4T3 — 2752

Note that P(X) has a root of multiplicity > 1 if and only if D = 0. Solving D =0
for S, we see

2
S=—-— T + — — 3T+ 12)3
T 3p N p g7 V(=37
and since S and T are integers, there is ¢ € Z with
p? — 3T 412 = ¢°,

which implies

1
(16) S =4p+ 27(

1

p® — 3pg® £ 2¢°)

We first consider the plus sign in equation (16). Then one has

1
(m+n)?=8+2T = 7(p+2q+6)(p q+6)%

1
(m—n)2:S’—2T—2

7(p+2q 6)(p—q—6)°,
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and this implies the existence of k;,[; € N, i = 1,2, such that

3k? = (p+ 2q + 6)k2,
312 = (p+2q — 6)I3.

We shall show: |m| = |n]

[If I3 = 0, the claim is proved. Therefore, we can assume Iy # 0.

Case 1: ko =0

Then holds k; = 0 and this means S + 2T = 0, i.e. (m + n)? = 0, so we have
m= —n.

Case 2: ko #£0

We write k := Z—; and [ := f—; Then holds

3k =p+2¢+6¢€7,
3 =p+2¢—6€Z,

and 3(k% — I?) = 12. Therefore, we have k? — 2 = 4, s0 k? = 4, 1> = 0, i.e. [} = 0,
S—2T=0and m=mn.]
Now, consider the minus sign in equation (16). Then one has

1
(m+n)2=5+2T=E(p—2q+6)(p+q+6)2,

1
(m—n)2=5—2T=E(p—2q—6)(p+q—6)2,

and shows analogously as above |m| = |n/.

We have shown: If P(X) has a multiple root, then holds m = +n.

If m = n, then one calculates the solutions of D = 0 in (15) as the following

(i) p=—-2+2m,

(ii) p = —2—2m,

(iii) p=2+ 2,
and if m = —n, then the real solution of D =0 in (15) is

(iv) p=—-2+ mTz.

Moreover, a short computation yields the zero set of P(X) in the cases (i) — (iv)
as {1,1,a,a7 1}, {~1,~1,a,a7 '}, {a,a"t,a,a"'},{a, —a~ 1, a,—a~ '}, respectively. O

PROPOSITION B.7 ([1, Proposition 4.4.14]). Let K be a field and

m(X)=X"4+a, 1 X" ' ... +a X +ap € K[X]

00 ... 00 —ap
10 ... 00 —a
01 ... 00 —ae
a monic polynomaial. Then L L. . has minimal polynomial
0 0 1 0 —ap—o
0 0 0 1 —ap_

m(X). 0

If one is willing to construct an integer matrix with given characteristic and
minimal polynomial, one always can chose any matrix M which has the desired poly-
nomials and try to find an invertible matrix 7" such that T-'MT has integer entries.
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Of course, this can be difficult. In the case of 4 x 4 - matrices we have the following
easy construction.

PROPOSITION B.8 ([27, Section 2.3.1]).
(i) Let integers m,n,p € Z be given.
Choose my,...,mq € Z such that Z?:l m; =m and set

2
a:=—mip+mimy + mims + mimg +min — 1,
2 2 2
b= (—mz — m1)p + mims + mimamsg + mimamy + mzms + mamy
2 2 2
+mims +mims + mimg +n,
C:=mimso + mims + mimg + moms + MaMmy + M3Mmy — Pp.
mi 0 0 a
mo 0
0 1 ms

0 0 1 my
as characteristic polynomial.

Then the matriz has X* —mX3 +pX?2 —nX +1

m o9 -1 0
o Zz 0 -1
(11) Let m € 2Z be an even integer. Then the matriz 1 (2) 0 0 has
0 1 0 0
the characteristic polynomial (X*—"7X+1)?, and (X?—" X +1) as minimal

polynomial. O
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