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TRANSGRESSION TO LOOP SPACES AND ITS INVERSE, II
GERBES AND FUSION BUNDLES WITH CONNECTION*
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Abstract. We prove that the category of abelian gerbes with connection over a smooth manifold
is equivalent to a certain category of principal bundles over the free loop space. These bundles are
equipped with a connection and with a “fusion” product with respect to triples of paths. The
equivalence is established by explicit functors in both directions: transgression and regression. We
describe applications to geometric lifting problems and loop group extensions.
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Introduction. This series of papers is about a geometric version of transgression
to loop spaces: it relates geometry over a smooth manifold M to geometry over its
free loop space LM. In terms of the underlying topology, transgression covers the
homomorphism

H*(M,7) — H*'(LM,Z)

obtained by pullback along the evaluation map ev : LM x S' —= M followed by
integration over the fibre. Part I [Wall2a] is concerned with the case k = 2: there
we derive bijections between bundles over M and certain “fusion maps” on LM, both
in a setup with and without connections. In the present Part II we look at the case
k = 3 in a setup with connections. It is written in a self-contained way — contents
taken from Part I are either reviewed or explicitly referenced. Part III [Wall2b] treats
the case k = 3 in a setup without connections.

Thus, in this article we want to relate gerbes with connection over M to bundles
with connection over LM. Such a relationship has first been studied by Brylinski
and McLaughlin [Bry93, BM94]|. They define transgression as a functor which takes
a “Dixmier-Douady sheaf of groupoids with connective structure and curving” over
M (one version of a gerbe with connection) to a hermitian line bundle over LM.
Brylinski and McLaughlin observed that the bundles in the image of transgression
come equipped with the following additional structure:

(i) A metric connection.

(ii) A product with respect to loop composition. For two loops 71 and 7o based at
the same point and smoothly composable to a third loop 71 * 72, this product
provides fibre-wise linear maps

A PTl ®P7'2 e P‘rl*rz
that are compatible with the homotopy associativity of loop composition.
(iii) An equivariant structure with respect to the action of orientation-preserving
diffeomorphisms of S! on LM.
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L Apart from the claim that this product exists, I was unable to find its definition in the literature.
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Unfortunately, it remained unclear whether or not this list is complete, i.e. if it
characterizes those line bundles over LM that can be obtained by transgression.
The purpose of this article is to provide a complete solution to this problem. We
give a variation of the above additional structure, which is carefully chosen exactly
such that transgression becomes an equivalence of categories. In other words, we give
a complete loop space formulation of the geometry of gerbes with connection. The
precise formulation of this result is given in Section 1. The following list outlines the
difference between ours and Brylinski’s and McLaughlin’s characterization.

(i) Not every connection is allowed: its holonomy around loops in LM is subject to
extra conditions related to the rank of the associated torus in M.

(ii) The product is defined with respect to paths instead of loops: if (v1,7v2,73) is a
triple of paths in M with a common initial point and a common end point, and
each path is smoothly composable with the inverse of each other, the product
consists of fibre-wise linear maps

At Pyzuyy @ Pyguny — Prguy,

These maps are required to be strictly associative for quadruples of paths.
(iii) The equivariant structure is no additional structure at all. We will show that it
is already determined by the connection (i).
(iv) Additionally, we discover a subtle, new compatibility condition between the
connection (i) and the product (ii) related to loop rotation by an angle of 7.
The main theorem of this article states that the category of abelian gerbes with con-
nection over M is equivalent to the category formed by bundles over LM equipped
with the structures (i) and (ii) subject to the condition (iv). The equivalence is es-
tablished by explicit functors in both directions: transgression and regression. Our
transgression functor is essentially the one of Brylinski and McLaughlin, while our re-
gression functor is a novelty: it performs the construction of a gerbe with connection
over M from a given bundle over LM.

A major role in the derivation of our results is played by generalized manifolds,
more precisely: diffeological spaces. In particular, we will use a reformulation of dif-
ferential forms in terms of smooth maps on certain diffeological spaces as an essential
tool in the definition of regression. This reformulation has been developed in joint
work with Schreiber [SW09, SW11]. Further, it turns out that Mwrray’s bundle ger-
bes [Mur96] are a convenient model for abelian gerbes in the context of this article.
Nonetheless, the choice of bundle gerbes is a purely technical issue. Many other models
of abelian gerbes are equivalent to bundle gerbes, for example the Dixmier-Douady
sheaves of groupoids used by Brylinski and McLaughlin [Bry93], Deligne cocycles,
and BC*-bundles [Gajo6]. Via such equivalences, our results apply to each of these
models.

We describe two applications of our results, corresponding to two natural ex-
amples of bundle gerbes: lifting gerbes [Bry93, Mur96], and gerbes over Lie groups
[GR0O2, Mei02, GRO3]. In the case of lifting gerbes, our results provide a complete
loop space formulation for geometric lifting problems. In particular, it clarifies the
relationship between spin structures on an oriented Riemannian manifold and orien-
tations of its loop space, which appears in classical results of Atiyah and Witten, see
[Ati85]. In the case of gerbes over a Lie group G, our results identify a new and
interesting subclass of central extensions of the loop group LG, namely exactly those
which lie in the image of transgression. These central extensions can hence be studied
with finite-dimensional methods on the group G. One line of future research could



TRANSGRESSION TO LOOP SPACES AND ITS INVERSE, II 61

be to relate the fusion product that we have discovered on these central extensions
to the tensor product of positive energy representations (also called “fusion”). Such
a relationship could lead to a new, finite-dimensional understanding of the Verlinde
algebra. A third application that could be addressed in the future concerns the index
gerbe of Lott [Lot] whose transgression is related to certain determinant bundles over
the loop space [Bun02]. According to the results of the present article, these bundles
carry so far unrecognized additional structure: fusion products and a particular kind
of connections.

Acknowledgements. I gratefully acknowledge a Feodor-Lynen scholarship,
granted by the Alexander von Humboldt Foundation. I thank Martin Olbermann
and Peter Teichner for many exciting discussions.

1. Results of this article.

1.1. Main Theorem. Let M be a connected smooth manifold and let A be an
abelian Lie group, which may be discrete and may be non-compact. We work with
principal A-bundles, which reduce to the hermitian line bundles from the introduction
upon setting A = U(1).

We use the theory of diffeological spaces [KM97, 1Z, BH11]. Principal bundles
and connections over diffeological spaces have been introduced and studied in Part I
[Wall2a]. For the purpose of this section, it will be enough to accept that diffeological
spaces are like smooth manifolds — there are just more of them. Examples are the free
loop space LM := C*°(S*, M) and the path space PM. The diffeology on the loop
space is equivalent to the Fréchet manifold structure [Wall2a, Lemma A.1.7], but more
convenient to use. Concerning path spaces, we demand that all paths have “sitting
instants”, so that paths with a common endpoint are always smoothly composable.
Spaces of paths with sitting instants do not have a “good” Fréchet manifold structure,
but are nice diffeological spaces. Ultimately, we will use diffeological spaces of thin
homotopy classes of paths and loops; such spaces are by no means manifolds.

Let us start by looking at the category of bundles over LM that we want to
consider; a detailed discussion is the content of Section 2. We denote by PM!¥!
the diffeological space of k-tuples of paths in M with a common initial point and a
common endpoint. We introduce a fusion product on a principal A-bundle P over
LM as a smooth bundle isomorphism

A : GTQP ® €§3P —_— €I3P

over PM !, Here, €ij ¢ PMB — LM is the 4j-projection to PM?! followed by the
map [ : PM? —> LM which takes a pair (vy1,72) to the loop 72 % 7. A fusion
product is required to satisfy a strict associativity condition over PM ™. A principal
A-bundle P with a fusion product A will be called fusion bundle (Definition 2.1.3).

Next we add connections. There are two conditions we impose for connections
on a fusion bundle (P,A). The first is the obvious one: we call a connection on P
compatible with X, if \ is a connection-preserving bundle morphism. The second is the
subtle condition mentioned in the introduction under (iv). A complete definition has
to be deferred (Definition 2.1.5). Roughly, we observe that the spaces PM¥] have an
involution which inverts the paths and permutes their order. The map [ exchanges
this involution with the loop rotation by an angle of 7. Regarding these rotations as
paths in LM, the parallel transport of the connection on P lifts them to the total
space P. Now, the connection symmetrizes the fusion product A if switching the
factors in the fusion product commutes with these lifts.
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Finally, we introduce the notion of a superficial connection (Definition 2.2.1),
imposing the conditions mentioned in the introduction under (i). It applies only to
connections on bundles over loop spaces, but in general without respect to a fusion
product. The idea is that the holonomy of a superficial connection around a loop
S1 — LM should have two features of a “surface holonomy”? around the associated
torus ¢ : S' x 81 —= M. The first feature is that the holonomy vanishes whenever
¢ is a rank one map. The second feature is that the holonomy does not depend on
the rank-two homotopy class of ¢. In that sense, superficial connections are a precise
manifestation of what Segal calls a “string connection” [Seg01].

DEFINITION A. A fusion bundle with superficial connection over LM is a prin-
cipal A-bundle over LM with a fusion product and a compatible, symmetrizing, and
superficial connection.

Fusion bundles with superficial connection form a monoidal category that we
denote by FusBun%g/(LM). The morphisms in this category are bundle morphisms
that preserve the connections and the fusion products.

On the side of the geometry over M, we consider a monoidal 2-category
DiffGrba (M) modelling A-banded gerbes over M. Its objects are diffeological A-bundle
gerbes: they are very similar to the C*-bundle gerbes introduced by Murray [Mur96],
but we allow C* to be replaced by A, and we allow them to live internal to diffeologi-
cal spaces instead of smooth manifolds. The latter generalization is purely technical:
the inclusion of smooth A-bundle gerbes into diffeological A-bundle gerbes is an equiv-
alence of 2-categories. The same comments apply to the 2-category DiffGrby (M) of
diffeological A-bundle gerbes with connection. A detailed exposition of diffeological
A-bundle gerbes is given in Section 3.

In order to compare 2-categories of diffeological bundle gerbes over M and 1-
categories of fusion bundles over LM , we downgrade the 2-categories to categories with
morphisms the 2-isomorphism-classes of the former 1-morphisms. This downgrading
is below indicated by the symbol h;. Transgression is then a monoidal functor

. TV
hy DiffGroy (M) —— > FusBun%#f(LM).
Its definition is based on the one given by Brylinski and McLaughlin. In Section 4 we
explain in detail that the resulting principal A-bundles over LM are fusion bundles
with superficial connection in the sense of Definition A.

Opposed to transgression, its inverse functor — which we call regression — is com-
pletely new. The reason is that it is only well-defined on the “correct” category of
bundles over LM, namely the category RsBuan‘f (LM) we introduce in this article.
Regression depends on the choice of a base point € M, and is a monoidal functor

724

hy DiffGrbY (M) 7 FusBunYgf(LM).

For different choices of base points one obtains naturally equivalent regression func-
tors. The idea of the regression functor is very simple. Given a fusion bundle (P, \)
over LM it reconstructs the following diffeological bundle gerbe over M: its subduc-
tion (the diffeological analog of a surjective submersion) is the endpoint evaluation
evy : BLM — M on the space of paths starting at z. Over its two-fold fibre product

2The german word for “superficial” (“oberflichlich”) is — literally — “surface-like”.
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B, M 2! we have the principal A-bundle [*P, and the given fusion product A pulls back
to a bundle gerbe product. More difficult is the promotion of this simple construction
to the setup with connections. It includes the construction of a “curving” 2-form
on B, M, for which we use diffeological techniques developed jointly with Schreiber
[SW09, SW11]. Regression is defined in Section 5.

We also compute expressions for the surface holonomy of the regressed bundle
gerbe Zy (P) in terms of the connection on P. The idea is to decompose a surface
into cylinders, discs, and pairs of pants. We show that the surface holonomy of a
cylinder is simply the parallel transport of the connection on P, while the one of a
disc is related to the fact that a fusion bundle trivializes over the constant loops. The
surface holonomy of a pairs of pants is determined by the fusion product.

Now we are in position to state the main theorem of this article:

THEOREM A. Let M be a connected smooth manifold with base point x € M.
Then, transgression and regression form an equivalence of monoidal categories,

9V
hy DiffGrbY (M) _ FusBunVgf(LM).
'@V
Moreover, this equivalence is natural with respect to base point-preserving smooth
maps.

The proof of Theorem A consists in an explicit construction of the two required
natural equivalences, and is carried out in Section 6. In the following we describe
some immediate implications of Theorem A.

First we look at the bijection that the equivalence of Theorem A induces on the
Hom-sets of the involved categories. If G and H are isomorphic bundle gerbes with
connection, the Hom-set Hom (G, H) in the category hy DiffGrbY(M) is a torsor over
the group hOBunZ‘)(M ) of isomorphism classes of flat principal A-bundles over M
(Lemma 3.1.6). On the other side, if P and @ are isomorphic fusion bundles with
superficial connections, the Hom-set Hom(P, Q) in the category FusBun“g/(LM) is a
torsor over the group Fusi.(LM, A) of locally constant fusion maps (Lemma 2.1.7).
Fusion maps are smooth maps f : LM — A subject to the condition

elof - essf = elsf

over PMBl which can be seen as a “de-categorification” of a fusion product for
bundles. Since the two Hom-sets are in bijection, we get:

COROLLARY A. Transgression and regression induce a bijection

hoBun (M) = Fusio(LM, A).

In other words, locally constant fusion maps constitute a loop space formulation
for the geometry of flat principal A-bundles. Indeed, fusion maps have been introduced
in Part T of this series of papers, where such formulations are studied. The above
corollary reproduces [Wall2a, Corollary A].

Next are two implications that follow from properties of the functors .7V and
ZY . Firstly, as mentioned above, all bundle gerbes in the image of regression have
the same subduction, namely the end-point evaluation evy : B,M —= M on the space
of paths starting at . Thus we get:
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COROLLARY B. FEvery bundle gerbe G with connection over M is isomorphic to a
bundle gerbe with connection and subduction evy : B,M —= M, namely to 2y (T3 ).

Secondly, transgression and regression restrict properly to flat bundle gerbes and
flat fusion bundles (Propositions 4.3.2 and 5.2.4):

COROLLARY C. Transgression and regression form an equivalence between cate-
gories of bundle gerbes with flat connection and fusion bundles with flat superficial
connections.

A similar restriction to trivial gerbes and trivial bundles is more subtle. Let us
for simplicity look at the case A = U(1), and identify its Lie algebra with R. Now,
connections on the trivial bundle gerbe are just 2-forms w € Q2?(M). Superficial
connections on the trivial fusion bundle over LM form a group denoted leus(LM );
these are 1-forms on LM satisfying a list of properties reflecting the three conditions
of Definition A, see Section 2.2. Variants of such forms are sometimes called “local” or
“ultra-local”; see e.g. [CP98]. Transgression restricts properly to trivial gerbes in the
sense that the resulting fusion bundles are canonically trivializable [Walll, Lemma
3.6]. Under these trivializations, transgression is given by the formula

(M) — QY (LM) : w > — eviw. (1)
Sl

On the other hand, the regression of a trivial fusion bundle with connection
n € QL. (LM) is a trivializable gerbe, but no trivialization is given. Thus, the
equivalence of Theorem A only restricts well to a bijection between isomorphism
classes of trivial gerbes with connection and isomorphism classes of trivial fusion
bundles with superficial connections. It is well-known that two connections on the
trivial gerbe are isomorphic if and only if they differ by a closed 2-form with integral
periods; these form the group Q2 ,(M). On the other side, two superficial connections
on the trivial fusion bundle are iéomorphic if and only if they differ by the image of a
fusion map under the logarithmic derivative (Lemma 2.2.6). Summarizing, we obtain
the following statement, which can be understood as a loop space formulation of the
geometry of 2-forms:

COROLLARY D. The transgression map (1) induces a group isomorphism

Q*(M) 0}, (LM)
02, (M) — dlog Fus(LM,U(1))

The last implication of Theorem A that I want to point out concerns again the
case A = U(1). Then, bundle gerbes with connection over M are classified by the
differential cohomology group ﬁ3(M ,Z). Hence, Theorem A provides a loop space
formulation of differential cohomology:

COROLLARY E. The group of isomorphism classes of fusion bundles over LM
with superficial connections is isomorphic to the degree three differential cohomology
of M :

H3(M, Z) = ho FusBunY, {{(LM).
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1.2. Application to lifting problems. A [ifting problem is the problem of
lifting the structure group of a principal G-bundle E over M to a central extension

1 —-A4A—G—G— 1

of GG. Lifting problems can be understood completely by looking at the lifting gerbe
Gg, a certain A-bundle gerbe [Mur96]. Namely, there is an equivalence

G-Lift(E) = Triv(Gr) (2)

between the category of lifts of E/ and the category of trivializations of the gerbe Gg.
An analogous equivalence for geometric lifting problems involving connections exists
but requires a more detailed treatment [Gom03, Walll].

The idea is to transgress the lifting gerbe G to a principal A-bundle over the
loop space. Since transgression is a functor, trivializations become sections of this
bundle. Since it is an equivalence of categories, this provides a complete loop space
formulation of geometric lifting problems. It is worked out in full detail in [Walll].

In the following we continue with the special case of a discrete Lie group A,
in order to avoid the above-mentioned issues with connections. Indeed, for discrete
A, every principal A-bundle and every A-gerbe has a unique connection, and every
morphism between bundles or gerbes is connection-preserving. Thus, the lifting gerbe
G defines a fusion bundle Pg := ﬂgz over LM . We say that a sectiono : LM — P
of a fusion bundle (P, \) over LM is fusion-preserving, if

* * *
Ae120 ® e330) = €30,

i.e. if it corresponds to a fusion-preserving bundle morphism between P and the
trivial fusion bundle.

Ttheorem B. Let M be a connected smooth manifold, G be a Lie group, and E be
a principal G-bundle over M. Let G be a central extension of G by a discrete group.
Then, transgression and regression induce a bijection

ho(G-ci(E) = {

Fusion-preserving
sections of Pg

Proof. We have the following bijections:
ho(G-Lift(E)) = hoTriv(Gg) = hoHom(Gg, T) = Hom(Pg, 1),

where the first Hom-set is the one of the category hy DiffGrb (M), and the second Hom-
set is the one in FusBun“g/(LM). The first bijection is induced from the equivalence
(2), the second is the definition of a trivialization of a gerbe, and the third is induced
by Theorem A. The set on the right is by definition the set of fusion-preserving
sections. O

The main motivation for Theorem B is the case of spin structures on an n-
dimensional oriented Riemannian manifold M. In this case, the relevant central
extension is

1 — Z/2Z — Spin(n) — SO(n) — 1,

and the bundle whose structure group we want to lift is the oriented frame bundle F'M
of M. The transgression of the associated lifting gerbe Gras is a Z/2Z-bundle Ppys
over LM, and it plays the role of the orientation bundle of LM [Ati85, McL92, ST].
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From the theory developed in this article we get the additional information that
the orientation bundle of LM comes with a fusion product. Accordingly, among all
orientations of LM (the sections of Pgys) is a subset of fusion-preserving orientations.
In this context, Theorem B becomes:

Corollary E. Let M be a connected oriented Riemannian manifold. Then, M 1is
spin if and only if there exists a fusion-preserving orientation of LM . In this case,
transgression and regression induce a bijection

Equivalence classes of | ., Fusion-preserving
spin structures on M orientations of LM |~

I learned about this correspondence from an unpublished paper [ST] of Stolz
and Teichner, which gives a proof using Clifford bimodules [ST, Theorem 9]. It also
outlines a proof using lifting gerbes [ST, Remark 11]. It was the main motivation for
the present article to understand this result from a more general point of view.

An example that illustrates the difference between orientations and fusion-
preserving orientations is a real Enriques surface &. Indeed, & is not spin but its loop
space is orientable (its second Stiefel-Whitney class is non-trivial, but transgresses to
zero). In other words, no orientation of Lé& is fusion-preserving.

1.3. Application to loop group extensions. Let G be a connected Lie group.
We denote by (—, —) the Killing form and by 6, 0 the left and right invariant Maurer-
Cartan forms, respectively. We consider the differential forms

1 _
H := 6 (OA[ONG]) € Q*(G) and  p:= - (prif Apr3f) € Q*(G x G).

N =

They have the property that the tuple (H, p,0,0) is a 4-cocycle in the simplicial de
Rham compler of G, and so represents an element in H*(BG, R).

A multiplicative gerbe with connection over G [Wall0, Definition 1.3] is a pair
(G, M) consisting of a U(1)-bundle gerbe G over G with connection of curvature H
and a connection-preserving 1l-isomorphism

M :priG ®@pr5G — m*'G ®1Z,,

where m : G x G — G denotes the group multiplication, pr;,pry : G x G — G
are the projections, and Z, denotes the trivial gerbe equipped with the connection p.
The 1-isomorphism M has to satisfy an associativity constraint® over G x G x G.
A multiplicative gerbe with connection determines a class in H*(BG,Z) which is a
preimage for the class of (H, p, 0,0) under the homomorphism induced by the inclusion
Z C R [Wall0, Proposition 2.3.1].

Since transgression is functorial, monoidal, and natural, it takes the multiplicative
gerbe (G, M) to a pair (P,u) where P is a principal U(1)-bundle with connection
over LG, and p is a multiplicative structure on P: a connection-preserving bundle
isomorphism

p:priP @prsP — m*PI_p,

3In general, there is an “associator” instead of a constraint. However, in the present setting with
a connected Lie group and gerbes with connections, this associator is unique if it exists, see [WallO,
Example 1.5].
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over LG? which is associative over LG?3. Such bundle morphisms y correspond bijec-
tively to Fréchet Lie group structures on P making it a central extension of LG by
U(1) [Gro72], also see [Wall0, Theorem 3.1.7]. We obtain a category xt" (LG, U(1)),
whose objects are central extensions of LG by U(1) equipped with a connection
such that the multiplication p is connection-preserving, and whose morphisms are
connection-preserving isomorphisms between central extensions. Summarizing, there
is a functor

TV hy MultDiffGroY(G) — ExtY (LG, U(1)).

For example, the universal central extension of a compact, simple, simply-connected
Lie group belongs to the category &xtY (LG, U(1)), namely as the image of the basic
gerbe over G [Wall0, Corollary 3.1.9].

We give a little foretaste how the results of this article can be applied to central
extensions. Theorem A lets us recognize new features of central extensions in the
image of transgression. Firstly, they come equipped with a fusion product, and their
group structure is fusion-preserving (in the sense that the corresponding isomorphism
u is fusion-preserving). Secondly, the connections are superficial and symmetrizing.
We denote the category of these central extensions by Fus&xt“+/(LG, U(1)); this is an
interesting, new subclass of central extensions of loop groups. Theorem A implies:

Theorem C. Let G be a connected Lie group. Then, transgression and regression
induce an equivalence of categories:

hy Mult DiffGro¥ (G) = FusExt ¥ (LG, U(1)).

In other words, the central extensions in Fus€xt“+/(LG, U(1)) can be understood
via a theory of multiplicative gerbes over G, in particular, with finite-dimensional
methods. For example, there exists a complete classification of multiplicative gerbes
(G, M) over all compact, simple Lie groups, in terms of constraints for the level of
the gerbe G, determined in joint work with Gawedzki [GWO09]. Via Theorem C,
this classification transfers to a complete classification of the central extensions in
FusExtV(LG,U(1)).

2. Fusion bundles and superficial connections.

2.1. Fusion bundles. For G a (abelian) Lie group and X a diffeological space,
diffeological principal G-bundles over X form a (monoidal) sheaf of groupoids with
respect to the Grothendieck topology of subductions [Wall2a, Theorems 3.1.5 and
3.1.6]. Subductions are the diffeological analog of maps with smooth local sections.
We also recall that the category of diffeological spaces has all fibre products. If
7 :Y — X is a smooth map between diffeological spaces, we write Y* for the k-
fold fibre product of Y over X, and we write m;, _;, : vl —~ VI for the projection
to the indexed factors.

DEFINITION 2.1.1. Let w: Y — X be a subduction between diffeological spaces.
1. A product on a principal A-bundle P over Y2 is a bundle isomorphism

AP @ mys P —> i3 P
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over YIB! that is associative in the sense that the diagram

s P @i P @l P e ok p g p
Mol @ Moz l” & 3y Mol & oy

T3 A ®id LEPYR

* * *
7T13P ®7T34P 7T14P

.
134

of bundle morphisms over Y4 is commutative.
2. An isomorphism ¢ : P —= P’ of principal A-bundles with products \ and
N, respectively, is called product-preserving, if the diagram

A

* * *
7T12P ® 7T23P 7T13P

T2 @736 Tiap
* / * / * /
o P" @ m3s P — T3P

of bundle morphisms over Y is commutative.

Bundles over Y2 with products, and product-preserving isomorphisms form a

monoidal groupoid in an evident way. A connection on P is called called compatible
with a product A, if A is a connection-preserving bundle morphism. We denote by
A Y — Y2 the diagonal map. Using dual bundles one can show:

LEMMA 2.1.2. If P is a principal A-bundle over Y, a product \ determines a
section of A*P. If P carries a connection compatible with X\, this section is flat.

The loop space LX of X is the diffeological space of smooth maps 7 : S' — X,
and the path space PX is the diffeological space of smooth maps v : [0,1] — X
with “sitting instants”, see [Wall2a, Section 2]. We will frequently need two important
maps related to spaces of paths and loops: the evaluation map

ev: PX — X x X : v+ (7(0),v(1)),
and the map [ which has already appeared in Section 1,
1: PXP > LX : (y1,72) > 72 * 71,

where PX!¥ denotes the k-fold fibre product of PX over X x X. Both maps are
smooth, and ev is a subduction if X is connected, see [Wall2a, Section 2].

DEFINITION 2.1.3. A fusion product on a principal A-bundle P over LX is a
product A on the bundle I* P over PX'? in the sense of Definition 2.1.1. A pair (P, \)
is called fusion bundle. A morphism ¢ : P, —= Py between fusion bundles is called
fusion-preserving, if [*p : [*P; — [* Py is product-preserving.

We denote the monoidal groupoid formed by fusion bundles and fusion-preserving
bundle morphisms by FusBun ,(LX). A connection on a principal A-bundle P over
LX is compatible with a fusion product A, if its pullback to [*P is compatible with
the product \. Let A : PX —= LX be the smooth map that assigns to a path
v € PX the loop I(vy,7) € LX. Lemma 2.1.2 implies:
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LEMMA 2.1.4. For every fusion bundle P over LX with compatible connection,
the fusion product determines a flat section can : PX — A*P.

Notice that one can further pullback this section along X — PX : x = id,, so
that the restriction of any fusion bundle to the constant loops has a flat trivialization.

Next we explain the additional condition for connections on fusion bundles, which
we have mentioned in the introduction as (iv). For an angle ¢ € [0,27], we denote
by r, : LX — LX the loop rotation by ¢. Consider the “rotation homotopy”
hy : [0,1] — LS* defined by hy(t)(s) = se'®?. For any loop 8 € LX, the composite
H,(B) := LB ohy is a path in LX connecting 3 with 7,(3). The parallel transport
of the connection on P along the path H,(3) defines a bundle automorphism R, of
P that covers the rotation rg.

We are particularly interested in the half-rotation, i.e. ¢ = w. Then, the loop
rotation r, lifts along the map [ : PXP —> LX. Namely, we define the smooth
maps

: PxM —~ pxll. Y1y ooy V) > Ty ooy 71)5

and obtain the commutative diagram

pxl2 ' _rx

px LX.

As a consequence, the bundle automorphism R, pulls back to an automorphism of
I* P that covers the map 7; we denote that also by R.

DEFINITION 2.1.5. Let P be a principal A-bundle over LX with fusion product
A. A connection on P symmetrizes A, if

R:(Mq1 ® q2)) = MRr(q2) ® Rr(q1))

for all (v1,72,73) € PXE) and all 91 € Pi(y ) and g2 € Piv2.73)-

REMARK 2.1.6. It is instructive to assume for a moment that the bundle P to-
gether with its connection is pulled back from the thin loop space LX, i.e. the diffeo-
logical space of thin homotopy classes of loops, along the projection pr: LX — LX.
Since the rotation r, projects to the identity on £LX, the automorphisms R, are also
identities. Then, the condition of Definition 2.1.5 is simply

M1 ® q2) = Mgz @ q1),

i.e. the fusion product is commutative.

A connection on a fusion bundle (P, ) is by definition a connection on P which
is compatible with A and symmetrizes A. A morphism between fusion bundles with
connections is a fusion-preserving, connection-preserving bundle morphism. Fusion
bundles with connection form a category that we denote by FusBuny(LX). For the
Hom-sets of this category, we provide the following lemma used in Corollary A.
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LEMMA 2.1.7. Let Py and P> be fusion bundles with connections. Then, the set
of connection-preserving, fusion-preserving bundle morphisms ¢ : P, —= P» is either
empty or a torsor over the group Fusi.(LM, A) of locally constant fusion maps.

Proof. By [Wall2a, Lemma 3.2.4], the set of connection-preserving isomorphisms
between isomorphic diffeological principal bundles is a torsor over the group of locally
constant maps f : LX —= A. Adding the condition that these isomorphisms respect
the fusion product results in the condition that f is a fusion map. O

2.2. Superficial connections. A loop in the loop space, 7 € LLX, is called
thin, if the adjoint map 7V : S* x S — X defined by 7V(s,t) := 7(s)() has rank
one (in smooth manifolds, this means that the rank of its differential is less or equal
than one; in general see [Wall2a, Definition 2.1.1]). Two loops 71,72 € LLX are
called rank-two-homotopic, if there exists a path h € PLLX connecting 7 with 7o,
whose adjoint map kY : [0,1] x S! x S — X has rank two.

DEFINITION 2.2.1. A connection on a principal A-bundle P over LX is called
superficial, if two conditions are satisfied:
(i) Thin loops have vanishing holonomy.
(i1) Rank-two-homotopic loops have the same holonomy.

We remark that condition (ii) is a weakened flatness condition, i.e. a flatness
implies (ii). If A is a discrete group, then the unique connection on P is superficial.

For later use we shall derive two implications for the parallel transport of superfi-
cial connections. Corresponding to the notion of a thin loop is the one of a thin path,
i.e. one whose adjoint map [0,1] x S' —= X has rank one. For v : [0,1] — LX a
path in L X, we denote the parallel transport of a connection on a principal A-bundle
Pover LX by 7, : Pyo)y —= Pyq)-

LEMMA 2.2.2. Let P be a principal A-bundle over LX with superficial connection.
If v1,7v2 € PLX are thin paths with a common initial point By € LX and a common
endpoint 1 € LX, then 7, = 7y,.

Proof. 1(7y1,72) = 72 * 11 is a thin loop in LX), and has vanishing holonomy by
(i). O

Loops connected by a thin path are called thin homotopic, see [Bar91]. The lemma
states that a superficial connection provides identifications between fibres of P over
thin homotopic loops, independent of the choice of a thin path. To prepare the second
implication, we notice that a rank-two-homotopy h between two paths 1,72 € PLX
induces paths hg, h1 € PLX with ho(t) := h(0)(t) and hy(t) := h(1)(t); these connect
the end-loops of the paths 1 and 2 with each other.

LEMMA 2.2.3. Let P be a principal A-bundle over LX with superficial connection.
Let h be a rank-two-homotopy between paths v1 and 2 in LX. Then, the diagram

Py, 0 —— Py,

0 Thy

Proo) =, P

of parallel transport maps is commutative. In particular, if h fizes the end-loops, i.e.
the paths hg and hy are constant, then 7, = T,.
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Proof. We first prove the statement for a homotopy h that fixes the end-loops.
Then we can form, for each t, a loop h/(t) := I(h(t),id,,(t)) € LLX. These loops
form a path ' € PLLX. Tts adjoint map still has rank two, so that condition (ii)
implies that the holonomies of the loops 2'(0) and h'(1) coincide. We calculate

Holp(I(11,72)) = Holp (W' (0)) = Holp(k(1) = Holp(l(r2,72) = L. (3)

The last step uses that the loop I(y2,72) in LX is thin homotopic to a constant loop
(which has vanishing holonomy), and the holonomy of a connection depends only
on the thin homotopy class of the loop (this is well-known for smooth bundles; for
diffeological bundles see [Wall2a, Proposition 3.2.10]. As a consequence of (3), we
obtain 7y, = 7,.

Now we deduce the general statement. On the one hand, we have 7y, = Tidx~, xid»
since these paths are thin homotopic. On the other hand, the paths (id x 1) % id
and (hy * 72) * ho are rank-two-homotopic and have the same end-loops, so that the
commutativity of the diagram follows. O

REMARK 2.2.4. The parallel transport of any connection on a principal bundle
over any diffeological space only depends on the thin homotopy class of the path.
Lemma 2.2.3 shows that for a superficial connection this independence is extended
to larger equivalence classes of paths. Indeed, consider ~v;,72 € PLX. Let
h :[0,1] —= PLX be a thin homotopy. Then, its adjoint hY : [0,1]? x S? — X
has rank two. The converse is in general not true.

An important feature of superficial connections is their relation to equivariant
structures. In the context of transgression, this relation explains the absence of equi-
variant structures in our definition of fusion bundles, see Remark 4.3.7. Let Diff ¥ (S!)
denote the group of orientation-preserving diffeomorphisms of S*.

PROPOSITION 2.2.5. Let P be a principal A-bundle over LX with superficial
connection. Then, parallel transport determines a connection-preserving, Diff *(S1)-
equivariant structure on P.

Proof. For every ¢ € Diff *(S*) and every 3 € LX the loops 3 and 3o ¢ are thin
homotopic. Indeed, since Diff 7(S!) is connected, there exists a path v, € P(LS%)
with 74(0) = idg: and 7v4(1) = ¢. Then, the path LS o4 € PLX connects 8 with
[ o ¢ and is thin.

Lemma 2.2.2 implies that the parallel transport 77,50+, of the superficial connec-
tion on P along the thin path L3 o~, € PLX is independent of the choice of the
path v4. Thus we have a well-defined map

E DLfer(Sl) X P —= P:(¢,z) > Ty Lp(@)ons (x)

where p(z) € LX is the projection of 2 € P to the base. The map F is smooth
because parallel transport depends smoothly on the path [Wall2a, Proposition 3.2.10]
and the paths 74 can be chosen locally in a smooth way. Further, F is an action of
Diff 7 (S') on P: for ¢,¢ € Diff *(S') and paths V4, Yy, Yyop € PLS' we have the
thin paths

LB o~y and (L(Bo¢)oryy) x (LB o,)

both connecting 5 with S o1 op. Thus, the induced parallel transport maps coincide,
and the functorality of parallel transport gives

TLBovpoe — TL(Bog)ovy © TLBoY,:
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This shows E (i, E(p,2)) = E(¢ o p,x). Finally, the action F covers the action of
Diff T (S') on LX. Thus, E is an equivariant structure on P.

The claim that E is connection-preserving means that the bundle automorphism
Eys : P — P is connection-preserving for all ¢ € Diff *(S!). If v € PLX is a path,
we denote by ¢(v) the path ¢(v)(t) := v(t) o ¢. Any choice of a path 4 from idg: to
¢ induces a rank-two-homotopy between v and ¢(v), and Lemma 2.2.3 implies that
the diagram

Pyo) —— Py

Ey Ey

P’Yd)(o) To(v) P’Y¢(1)
is commutative. This shows that F, is connection-preserving. [

Now we have completed the definition of fusion bundles with superficial connection
and have thus explained all details of Definition A. It is interesting to look at superficial
connections on the trivial fusion bundle, i.e. the trivial bundle over LX with the
identity fusion product. Like in the introduction, we shall restrict to A = U(1) with
the Lie algebra identified with R. Superficial connections on the trivial fusion bundle
form a group that we denote by le»us(LX); it consists of 1-forms n € Q'(LX) which
(a) are compatible with the identity fusion product:

* * %
€191 + 93N = €437,

with the maps e;; := lopr;; : PXBl > LX.
(b) symmetrize the identity fusion product:

/ n + / n = / n  mod Z,
Hy(l(v1,72)) Hy(L(v2,73)) Hz(1(v1,73))

for all (y1,72,73) € PXBl where H,(3) € PLX denotes the homotopy that
rotates a loop 8 by an angle of .

(¢c) are superficial:
/nEZ and /77:/77 mod Z
T T1 T2

for all thin loops 7 € LLX and all pairs (71, 72) of rank-two-homotopic loos in
LX.
The formulas in (b) and (¢) come from the fact that the parallel transport in the
trivial bundle is given by multiplication with the exponential of the integral of the
connection 1-form, so that a coincidence of parallel transport maps is equivalent to
the integrality of the difference of the integrals. We close this section with a fact used
in Corollary D:

LEMMA 2.2.6. Formi,ne € Q}MS(LX), there is a bijection
Hom(Ly,, Ly,) = A{f € Fus(LX,U(1)) [ 12 = m + dlog(f)} .

Proof. A morphism between trivial bundles over LX is the same as a smooth
map f : LX — A. It preserves connection 1-forms 7; and 79 if and only if
12 = m + dlog(f). It preserves the trivial fusion products if and only f is a fusion
map. 0
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3. Diffeological bundle gerbes.
3.1. Bundle gerbes. Let X be a diffeological space.

DerFiNITION 3.1.1. A diffeological A-bundle gerbe over X is a subduction
7 : Y — X and a bundle P over Y with a product \ in the sense of Defini-
tion 2.1.1.

Compared to the classical definition of a bundle gerbe [Mur96], we have made
two independent generalizations. First we have admitted diffeological spaces and
diffeological bundles instead of smooth manifolds and smooth bundles. Secondly, we
have admitted a general abelian Lie group A instead of C* or U(1). Almost all
statements about U(1)-bundle gerbes over smooth manifolds extend without changes
to our generalized version of bundle gerbes, mostly due to the fact that principal A-
bundles over diffeological spaces have all the features of principal U(1)-bundles over
smooth manifolds [Wall2a, Section 3]. A list of such statements that we will use later
is:

LEMMA 3.1.2.

(i) Diffeological A-bundle gerbes over a diffeological space X form a monoidal 2-
groupoid DiffGrba(X). The tensor unit is denoted I: it has the identity subduc-
tion and the trivial bundle with the trivial product.

(i) The assignment X + DiffGrba(X) defines a sheaf of 2-groupoids over the site
of diffeological spaces; in particular, there are coherent pullback 2-functors.

(iii) Let Gi and Go be diffeological bundle gerbes over a diffeological space X. Then,
the Hom-category Hom(G1,Ga) is a torsor category over the monoidal groupoid
DiffBun 4,(X) of diffeological principal A-bundles over X .

() If { : Y1 — Yy is a smooth map between subductions over X, and G is
a diffeological bundle gerbe with subduction o : Yo —= X, one obtains via
pullback of the bundle and its product another diffeological bundle gerbe ress(G)
with subduction m : Y1 —= X, together with an isomorphism resy () =g.

Over smooth manifolds, smooth and diffeological bundle gerbes are the same

THEOREM 3.1.3. Let M be a smooth manifold. Then, the inclusion
Grba(M) — DiffGros (M)

of smooth bundle gerbes into diffeological bundle gerbes is an equivalence of 2-
categories.

Proof. 1t is an equivalence between the Hom-categories because these are torsor
categories over Bun 4(X) and Diff Bun ,(X), respectively, and both categories are iso-
morphic [Wall2a, Theorem 3.1.7]. It remains to prove that it is essentially surjective
on objects. Suppose G is a diffeological bundle gerbe over M. Let M be covered by
open sets U, with smooth sections s, : U, —= Y. For U the disjoint union of the
open sets U, the sections define a smooth map s : U — Y, covering the identity on
M. Then, ress(G) is a smooth bundle gerbe over M, again using [Wall2a, Theorem
3.1.7]. By Lemma 3.1.2 (iv), ress(§G) is isomorphic to G. O

COROLLARY 3.1.4. Isomorphism classes of diffeological A-bundle gerbes over a
smooth manifold M are in bijection to the Cech cohomology group H2(M, A).

Here A denotes the sheaf of smooth A-valued functions on M . We denote the
class that represents a bundle gerbe G in cohomology by ¢(G) € H?(M, A).
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One important difference between U(1)-bundle gerbes and general A-bundle ger-
bes is the following. For U(1)-bundle gerbes over a smooth manifold M one can use
the isomorphism H?(M, U(1)) = H3(M, Z), and regard the image of the class ¢(G) in
H3(M,Z) as a characteristic class. For a general A-bundle gerbes, this is not possible.
In particular, while every U(1)-bundle gerbe over a surface trivializes by dimensional
reasons, there are non-trivial A-bundle gerbes over surfaces.

Our discussion of connections on diffeological bundle gerbes uses the fact that
differential forms on diffeological spaces and connections on diffeological principal
bundles have almost? all features of differential forms and connections over smooth
manifolds [Wall2a, Sections 3.2 and A.3].

DEFINITION 3.1.5. Let G be a diffeological A-bundle gerbe over X, consisting of
a subduction m : Y —= X and A-bundle P with product A\. A connection on G is a
connection on P compatible with \, and a 2-form B € Q%(Y) such that

curv(P) = 75 B — 7] B.

Here we have denoted by QF(X) the vector space of a-valued k-forms on X,
where a is the Lie algebra of A. The 2-form B is called the curving of the connec-
tion. Every diffeological A-bundle gerbe G with connection over X has a curvature
curv(G) € Q3(X), which is defined as the unique 3-form whose pullback along the sub-
duction of G equals dB. If the Lie group A4 is discrete, a connection is no information,
i.e. every A-bundle gerbe has exactly one connection, which is flat.

Many familiar facts generalize from smooth U(1)-bundle gerbes with connection
to diffeological A-bundle gerbes with connection. For example, a connection on the
trivial bundle gerbe Z can be identified with its curving, i.e. with a 2-form p € Q2(X).
We denote this bundle gerbe with connection by Z,. Further, we have:

LEmMMmA 3.1.6.
(i) Diffeological A-bundle gerbes with connection over X form a monoidal 2-
groupoid DiffGrbY (X)), whose tensor unit is Zo.

(ii) The assignment X +—= DiffGrbY(X) defines a sheaf of 2-groupoids over the site
of diffeological spaces; in particular, there are coherent pullback 2-functors.

(iii) Let G1 and Go be diffeological A-bundle gerbes with connection over a diffeological
space X. Then, the Hom-category Hom(G1,Gs2) is a torsor category over the
monoidal groupoid ﬂffBunZ“(X) of flat diffeological principal A-bundles over
X.

A straightforward analog of Theorem 3.1.3 is the following
THEOREM 3.1.7. The inclusion
Groy (M) — DiffGrbY (M)

of smooth bundle gerbes with connection into diffeological bundle gerbes with connec-
tion is an equivalence of 2-categories.

COROLLARY 3.1.8. Isomorphism classes of diffeological A-bundle gerbes with

connection over a smooth manifold M are in bijection with the Deligne cohomology
group H?(M,D4(2)).

40ne difference is that not every principal bundle over every diffeological space admits a connec-
tion. Note that this is already the case over some infinite-dimensional (Fréchet) manifolds.
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Deligne cohomology (with A = C*) is discussed in detail in [Bry93]. In our case,
Da(2) denotes the complex
dlog d

— G —

A

of sheaves over M. Here, Q’; denotes the sheaf of k-forms with values in the Lie
algebra a of A, d denotes the exterior derivative, and dlog(f) denotes the pullback of
the Maurer-Cartan form 0 € QL(A) along a smooth map f : U —= A. There is a
projection

H2(M,DA(2)) — H3(M, A)

that reproduces the characteristic class ¢(G) of the underlying bundle gerbe. We also
recall that there is an exact sequence

0 —— H2(M, A) ———= H?(M, D4 (2)) —= Q3(M) (4)

saying that diffeological A-bundle gerbes with flat connection are parameterized by
the (singular) cohomology group H2(M, A).

If one chooses a Cech resolution involving an open cover % of M, then a co-
cycle ¢ for a gerbe with connection is a tuple ¢ = (B, A4, g), with smooth functions
Gapy : Us N Usg N U, — A and differential forms A,z € QL(U, N Us) and
By € Q2(U,). We refer to [GSW11, Section 3] for a detailed discussion of the relation
between Deligne cohomology and bundle gerbes.

3.2. Trivializations. Trivializations play an important role in this article be-
cause the serve as “boundary conditions” for the surface holonomy that we explain in
Section 3.3.

DEFINITION 3.2.1. A trivialization of a diffeological bundle gerbe G with con-
nection over a diffeological space X is a 2-form p € Q2(X) and a 1-isomorphism
T : G — I, in the 2-category DiffGrby (X) of diffeological bundle gerbes with con-
nection over X.

In more detail, if # : Y — X is the subduction of G, P is its bundle with
product A, and B is its curving, a trivialization T is a pair (T,7) consisting of a
principal A-bundle T with connection over Y of curvature curv(T) = B — 7*p, and of
a connection-preserving isomorphism

T:Peml — mfT
of bundles over Y2
diagram

that is compatible with the product A in the sense that the

* * * id®ﬂ-;37 * *
TP @ m5s P @ m3T ———— 7o, P @ 5T

A®id T

s P @ m3T T

p
of bundle morphisms over Y3 is commutative. A 2-isomorphism ¢ : 73 => T3 be-
tween two trivializations 7; = (T}, 7;) is a connection-preserving bundle isomorphism
¢ : Ty — Ty such that 7fp o7 =70 (id ® 7).
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In Deligne cohomology, a trivialization 7 : G —= Z, of a bundle gerbe G
with connection and with a Deligne cocycle ¢ allows to extract a 1-cochain ¢ such
that ¢ = D(t) + r(p), where D is the differential of the Deligne complex, and
r:Q2(M) — Q2 is the restriction map. A 2-isomorphism ¢ : 7; => T2 defines a
Deligne 0-cochain f such that t; = to + D(f).

The action of the groupoid ﬂffBunZ"(X ) on the Hom-categories of DiffGrbY(X)
from Lemma 3.1.6 (iii) restricts to an action on trivializations with fixed p, which we
denote by 7 ® P for a trivialization 7 and a flat principal A-bundle P over X. For
T =(T,7) wehave T @ P := (T @ n*P,7 ®id). For ¢ : T => T3 a 2-isomorphism,
and 5 : P| — P a connection-preserving isomorphism between principal A-bundles
over X, we have o ® 1= ¢ ® 3.

We shall provide two facts about trivializations.

LEMMA 3.2.2.  Suppose W is a smooth manifold with Hig(W) = 0 and
H2(W, A) = 0, of which the first is de Rham cohomology and the second is singu-
lar cohomology. Then, every diffeological A-bundle gerbe with connection over W
admits a trivialization.

Proof. Consider the curvature H € Q3(W) of the given bundle gerbe G. By
assumption, H = dp for some 2-form p € Q(W). Now, the new bundle gerbe
G ®I_, is flat and has a characteristic class in H*(W, A) = 0. But if G ® Z_, has a
trivialization, then also G has one. O

LEMMA 3.2.3. Suppose G is a diffeological bundle gerbe with connection with
subduction Y —= X, curving B € Q*(Y) and a bundle P with product \. Then,
every smooth section o : M —= Y determines a trivialization T, : G —= T,«p.
Moreover:

(a) If o' is another section, the product A defines a 2-isomorphism

7; ®Ra',cr/ - 777’;

where Ry o0 is the pullback of P along (0,0") : M —= Y12l
(b) If T : G — I, is a trivialization, the isomorphism T of T defines a 2-isomor-
phism

To Q0™T =T,

where T is the principal A-bundle of T .

Proof. Consider the smooth maps
op Y — YRy ) = (1, ey, o(m(1)).

The trivialization 7, has the principal A-bundle 7" := o} P over Y, and the isomor-
phism 7 := o3\ over Y2|. The axioms for 7, := (T,7) follow from the relation
between the curvature of P and the curving B, and from the associativity of A under
pullback along o3. (a) and (b) follow from this construction. O

3.3. Surface holonomy. Holonomy for bundle gerbes with structure groups
different from U(1) requires special attention. It is defined in the following situation.
Let G be a diffeological A-bundle gerbe with connection over a diffeological space X,
let 3 be a closed oriented two-dimensional smooth manifold and let ¢ : ¥ — X be
a smooth map. The holonomy of G around %,

Holg(¢) € A,
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is defined as the pairing between the fundamental class of 3 and the class in H?(3, A)
that corresponds to the flat gerbe ¢*G, see (4). There are two well-known reformula-
tions:

(a) If X is a smooth manifold M, one can use the Alvarez-Gawedzki formula [Alv85,
Gaw88]. Choose an open covering % = {Uqs},c 4 of M over which G allows to
extract a Deligne cocycle ¢ = (B, A, g). Let T be a triangulation of ¥ subordinate
to =1 (%), i.e. there is a map a : T — A that assigns to each simplex ¢ € T
an index a(c) such that ¢(o) C Uy (yy. Then,

Holg(¢) = AG(¢"¢) (5)

with

=[] exp </¢ Ba(f)) exp </¢ Aa(f)a(e)) [T 9-050 ) (8,
ecdf

fer v € de

where €(f,e,v) is +1 if v is the end of the edge e in the orientation induced from
the face f, and —1 else. Employing the cocycle condition for ¢ one can show
explicitly that AG(¢*c) does not depend on the choice of the triangulation, and
not on the choice of the representative c. Further, by going to a triangulation on
whose faces the Poincar?Lemma holds and then using Stokes’ Theorem, one can
transform AG(¢*c) into an expression only involving the product over vertices.
This way one proves the coincidence (5).

(b) Suppose the pullback ¢*G is trivializable (e.g. for A = U(1), where H*(X, U(1)) =
H3(X,Z) = 0). Then one can choose any trivialization S : ¢*G — T, with some

p € Q2(X) and finds
Holg(¢) = exp ( /E p> . (6)

The coincidence between (a) and (b) has been shown explicitly in [CIJMO02].

We will frequently use the following property of the holonomy of bundle gerbes
with connection over smooth manifolds. Though quite fundamental, I was unable to
find this statement in the literature.

PropoOSITION 3.3.1. Let M be a smooth manifold and let G be a diffeological
A-bundle gerbe with connection over M. Suppose that 3 is a closed oriented surface,
and that ¢ : ¥ —= M is a smooth rank one map. Then, the holonomy of G around
3 vanishes.

Proof. By Sard’s Theorem the image ¢(3) of ¢ has Hausdorff dimension
dimpy (¢(X)) < 1. With [HW41, Theorem VII.2], dimy(X) > dim(X) for any topo-
logical space X, where dim(X) denotes its topological dimension. > Now suppose %
is a covering of M by open sets that admits to extract a Deligne cocycle ¢ for G. Since
(%) is compact, it is already covered by finitely many open sets of 2. In this case,
[HW41, Theorem V.1] together with the above bound dim(X) < 1 guarantees the
existence of a refinement 7 which has no non-trivial three-fold intersections. Using
¢~ 1(7) in the Alvarez-Gawedzki formula shows that Holg(¢) = 1. 0

There is also a version of holonomy for surfaces with boundary, and it will play an
important role in this article. Suppose ¥ is a compact oriented surface with boundary

51 thank Martin Olbermann for bringing up this argument.
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components by, ...,b,. Suppose a smooth map ¢ : ¥ — M is given, and for each
boundary component b; a trivialization 7; of the restriction of ¢*G to b;. In this
situation, holonomy is a number

(P, Thsy Tn) € A (7)

defined in the following way, see e.g. [GR02, CIM02, Gaw05]. One chooses an open
cover % of M, a triangulation of ¥ subordinate to ¢~!(%), and a Deligne cocycle
c representing the bundle gerbe G. Then one chooses, for each boundary component
b;, a Deligne 1-cochain t* representing the trivialization 77, i.e. ¢*c|p, = D(¢*). In the
Cech resolution with ¢ = (B, A, g), these cochains are pairs t* = (IT?, x*) consisting of
smooth functions x5 : Us NUs —> A and 1-forms II}, € Q3 (U,). Then,

n

Ag($,Th, - Tn) == AG(¢7c) - [[ BC(t) (8)

=1

where the boundary contributions are

pee) = [Lew ([0 ) I (V@) o)

ecb; v E de

and €(e,v) is +1 when v is the endpoint of e in the induced orientation of 0¥ and
—1 else. Employing the various relations between the Deligne cochains one can prove
that (8) is independent of the choice of the triangulation and of the choices of repre-
sentatives ¢ and t*. It is clear that for a closed surface </ (¢) = Holg (o).

In the situation where a trivialization S : ¢*G — Z, over all of ¥ exists, one
has BC(t") = Holp, (b;), where P; is a (flat) principal A-bundle with connection over
b; such that 7; ® P, = S|p,. The bundle P; exists and is unique up to isomorphism
due to Lemma 3.1.6 (iii). Thus,

Ag(d, Ty ey Tr) = €XP (/2 p) . ﬁHOlpi(bi)il, (10)
i=1

These issues are discussed in detail in the literature [GR02, CIM02, Gaw05]. In
[Bry93] there is also an interpretation of 27 as a section of a certain bundle over the
mapping space C*° (X, M). We will come back to this point of view in Section 4.3.

LEMMA 3.3.2. Holonomy for surfaces with boundary has the following properties:
(a) It only depends on the isomorphism classes of the trivializations T;. Further, if
P is a principal A-bundle over one of the boundary components b;, then

JZ{Q((bvﬂv 77; oy P7 77;7.) = HOlP(b’L‘)il ! "Q{g(gbaﬂa 5721)

(b) It only depends on the thin homotopy class of the map ¢: if h: [0,1]xX — X isa
smooth rank two map that fizes the boundary of ¥ point-wise, and ¢+(s) := h(t, s),
then

'Q{g((bf)a,]—la 77:7,) = %g(¢1,71, 77;1)

(c) It satisfies the following “gluing law”. Suppose B : St —= ¥ is a simple loop, so
that X' := X\im(pB) is again a smooth manifold with two new boundary components
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called b and b. If ¢ : ¥ — X is a smooth map, and T : ¢*G|, — Iy is any
trivialization, then

((b 7-17' 9 n)_%g(¢/u7-17"'77;177-77-)7

where ¢’ is the restriction of ¢ to Y.

(d) It is invariant under orientation-preserving diffeomorphisms: if ¢ : X1 —> 3o
is an orientation-preserving diffeomorphism (also preserving the labelling of the
boundary components), and ¢ : ¥o —= X is a smooth map, then

Dg(op, 0" Ti, s 9*T2) = g (9, Ths s Tn)-

Proof.  (a) is clear since 2-isomorphic trivializations have cohomologous 1-
cochains, and the tensor factor P contributes exactly the holonomy of P to the formula
(8). (b) is a standard argument: the difference of the two holonomies is the integral
of the pullback ¢*H of the curvature H of G over [0, 1] X X; but since ¢ has rank two,
¢*H = 0. To see (c) one uses the same triangulation for ¥ and >’. Then, the two
additional terms in @5 (¢, T1, ..., Tn, T, T) cancel due to the opposite orientations of
b and b as part of the boundary of 9%. (e) is shown by pulling back a triangulation
of 22 to 21. O

In a few parts of this article, we need a yet more advanced version of surface
holonomy, namely for surfaces whose boundaries have corners, like the unit square
Q = [0,1]2. Here we require for each boundary component b a boundary record % =
{T7,¢"}, a structure which has a trivialization 7" : ¢*G|pr —> Zp for each smooth
part b" of the boundary component b, and a 2-isomorphism ¢"* : T"|, => T*|, over
each corner v that separates b” from b®, in the direction of the orientation of b. If
a boundary component has no corners, a boundary record is just a trivializations,
as before. In order to define the holonomy 7, one chooses Deligne 1-cochains t" =
(G",II") for each trivialization T " as before. Then one obtains Deligne 2-cochains f"*
for the 2-isomorphisms ¢"* satisfying ¢"|,, = t*|, + Df"*. One chooses a triangulation
such that the corners are vertices, and replaces the former boundary contribution (9)
of the component b by

BC ({t"}, {f"}) == [] BC(t")- H 128,
b Ch =b"Nbs

Employing all the conditions between the cochains ¢, t” and f"° one can show that
* - @r i,rs1) 1
(6, 81, ., Bn) 1= AG(9"c) - [[BC ({t"7} . {£7°})

is independent of all choices.

All statements of Lemma 3.3.2 stay true for boundaries with corners. We will only
need the following refinement of (a). Let % be a boundary record for some boundary
component b. Suppose for a smooth component b” we have a principal A-bundle P
with connection over b" together with trivializations ¢, 11 : P —= I of P over the
endpoints of b". We denote by PT(P, 1, %1) € A the number defined by

Ty (%0(7(0))) - PT(P, 4o, 91) = 1 ((1)), (11)

where v : [0,1] — b" is some orientation-preserving parameterization of b", and
7, denotes the parallel transport in P along 7. Let 7" be the trivialization over
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b" in the boundary record %, and let S” be some other trivializations. Suppose
¢ T" ®@ P=> 8" is a 2-isomorphism. In this situation, we form a new boundary
record Z’, in which 7" is replaced by S”, the 2-isomorphism "~ is replaced by
po (e " @y t) and ™" is replaced by ("t @ 4h1) 0 ¢! Then, the refined
version of Lemma 3.3.2 (a) is

(o, B,y .oy B, ..., Bp) = PT(P,bo,n) " - g (¢, B, ..., B, .. 5B). (12)

If the boundary component b has no corners, PT(P,1g,v¢1) = Holp(b), and (12)
coincides with Lemma 3.3.2 (a).

4. Transgression. In this section we define the transgression functor
TN DiffGroy (M) — FusBun%(LM).

As long as possible, we will work over a general diffeological space X. In order to define
the functor .7V, we first associate a principal A-bundle LG over LX to a diffeological
A-bundle gerbe G over X with connection. Then, we equip LG successively with a
fusion product and a compatible, symmetrizing and superficial connection. Only for
the connection we have to restrict the construction to smooth manifolds.

4.1. The principal bundle over LX. Our construction is inspired from
Brylinski’s transgression [Bry93], and its adaption to bundle gerbes [Wall0]. Let
G be a diffeological bundle gerbe over X with connection. The diffeological principal
A-bundle LG over LX is defined as follows. Its fibre over a loop 7 € LX is

LgT = ho%m(T*gsz)§

i.e. the set of isomorphism classes of trivializations of the pullback 7*G of G to the
circle. Next we define a diffeology on the disjoint union

LG = || LG,

TeLX

making it into a diffeological space. For this purpose, we have to select a class of
plots: maps ¢ : U — LG, where U C R" is open and n € Ny is arbitrary. We define
amap c: U — LG to be a plot, if the following two conditions are satisfied:
1. Tts projection proc : U — LX is smooth.
2. For all u € U there exists an open neighborhood W C U of u and a triviali-
zation T : ¢y G —> I,, where ¢y is the smooth map

id xc¢ id X pr

S x W —58S'"xLG——=S'"xLX > X,

such that c(w) = ¢ T for all w € W, where the map ¢, : S' — S x W is
defined by t,(2) := (z,w).
We check that this defines a diffeology on LG. Firstly, if ¢ is constant, put W := U
and choose a trivialization S representing c(u) € LG. For pr; : St x W — S!
the projection, 7 := priS is a trivialization of ¢}, G satisfying c(w) = S = o T.
Secondly, if f : V' — U is a smooth map, a trivialization 7 of cj;;G pulls back along
idx f:S'xU — 8! xU, and thus implies that co f is also a plot. Thirdly, there
is a gluing axiom for plots which is satisfied since our definition is manifestly local.
Our next objective is to prove that LG is a diffeological principal A-bundle over
LX. Tt is clear that our diffeology on LG makes the projection pr : LG — LX a
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smooth map. Moreover, it has to be a subduction. Subduction means that every plot
¢ : U — LX of the base lifts locally to a plot of LG. Indeed, for u € U, choose
a contractible open neighborhood W of u and a trivialization 7 of the pullback of G
along

id xe

St x W -8 x LX = X.

Such trivializations exist by Lemma 3.2.2. Then, ¢ : W — LG : wr—= 3T
defines a plot of LG such that pro ¢ = ¢|y. Next is the definition of an action of
A on LG. Principal A-bundles with (flat) connection over S* can be identified up to
isomorphism with their holonomy evaluated around S, i.e. there is a canonical group
isomorphism

hoBunP(S) = A. (13)

We denote by P, a flat principal A-bundle over S' associated to a € A by (13).
The action of A on LG is defined by (7,a) —= T ® P,. Isomorphic choices of P, or
of a representative T give isomorphic trivializations. In order to verify that LG is a
diffeological principal A-bundle over LX, it remains to check that the map

T: LG XA —> LG xx LG : (T,a) — (T,T Q P,)

is a diffeomorphism. This is straightforward and left as an exercise. Summarizing, we
have constructed a principal A-bundle LG over LX from a diffeological bundle gerbe
G with connection.

We also want to transgress morphisms between bundle gerbes. If A : G; — Go
is a l-isomorphism, we define

LA:LG, —> LGy : Tt>ToA L.

This is well-defined, fibre-preserving and A-equivariant. In order to prove that LA
is smooth, one considers a plot ¢ : U — LG, and proves in a straightforward way
that ¢’ := LAocis a plot of LG,. The compatibility with composition, identities and
2-isomorphisms can literally be taken from [Wall0, Proposition 3.1.3].

Summarizing this section, we have constructed a functor

L : DiffGrby(X) — DiffBun 4(LX).

[Wall0, Proposition 3.1.4] shows that L is monoidal. Furthermore, it is natural with
respect to smooth maps, see [Wall0, Eq. 3.1.4].

4.2. The fusion product. In this section we define a fusion product on

LG. Consider a triple (71,72,73) € PXPl and the loops 7i; = I(vi,7;), for
ij € {12,23,13}. Let T : 755G —= I be trivializations over these three loops.
Consider the two maps t1,12 : [0,1] —> S* defined by ¢1(t) := §t and 12(t) := 1 — 3¢

We define a relation ~¢g with
(Ti2, T23) ~g Tis (14)
if and only if there exist 2-isomorphisms

o1 Tie = Tz , ¢2: 5T =>11Taz and ¢z : 15723 = 13Tz (15)
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between trivializations of bundle gerbes over the interval [0, 1] such that

d1lo = P3lo @ p2lo  and  P1]1 = @31 @ P21 (16)

These are equations between restrictions (i.e. pullbacks) of the 2-isomorphisms (15)
to the points 0 and 1 in [0, 1], respectively. The symbol “e” denotes the vertical
composition of 2-isomorphisms in the 2-groupoid DiffGrby (X). Below we prove that
the relation ~g is the graph of a (unique) fusion product Ag on LG, i.e.

A(Thz ® Tas) = Tis if and only if  (Ti2, Ta3) ~g Tis.

Before that we mention that the fusion product Ag extends the transgression
functor L from the previous section to a functor

L : hDiffGrbY (X) — FusBun 4(LX). (17)

Indeed, that a morphism LA : LG; —= LG is fusion-preserving follows by composing
the 2-isomorphisms (15) horizontally from the right with the 2-isomorphisms id 4-1.
Similarly, one checks that the new functor (17) is still monoidal and natural in M.

Now we prove that the relation ~¢g defines a fusion product on LG. We will be
very detailed since this fusion product has — so far as I know — not been described
anywhere else. However, in all calculations that involve A\g we only use the relation
~g; thus it is well possible to skip the following and to continue reading with Section
4.3.

We need the following lemma about 1-isomorphisms and 2-isomorphisms between
gerbes over points and intervals. We denote the trivial principal A-bundle with the
trivial flat connection by Iy, and denote by m, its automorphism that simply multi-
plies with an element a € A.

LEMMA 4.2.1. Let W be a contractible smooth manifold. Let Gi and Gs be
diffeological A-bundle gerbes with connection over W, and let A, B : G —= Gs be
1-isomorphisms.

(a) There exists a 2-isomorphism ¢ : A = B.
(b) If 1 and po are 2-isomorphisms, there is a unique a € A such that @2 = 1 @My,

Proof.  We recall that the category Hom(Gi,G2) of l-isomorphisms and 2-
isomorphisms between G; and Gj is a torsor category over the category BunZO(W) of
flat principal A-bundles over W (see Lemma 3.1.6 (iii)). The claims follow then from
the fact that the functor BA — BunX“(W) that sends the single object of BA to I
and a morphism a € A to my, is an equivalence of categories. O

Now we proceed in four steps.
First step. We show that the relation ~g is the graph of a map

Ag 1 €19LG X €5, LG — e]3LG.

Let trivializations 712 and 723 be given. We have to show that:

1. there exists a trivialization 713 such that (712, T23) ~g T13-

2. two trivializations Ti3 and T{5 with that property are 2-isomorphic.
To see 1., choose some T;3 and any 2-isomorphisms ¢; as in (15). These exist because
of Lemma 4.2.1 (a). The identities (16) may not be satisfied. The error can by Lemma
4.2.1 (b) be expressed by group elements a;, € A, for k = 0,1, say ¢1]|r ® mq, =
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$3|1 ® 2|1 Pick a principal A-bundle P over S* with global holonomy ag 'a;. Then,
we have

(Th2, T23) ~g Tz ® P, (18)

which shows the existence.

In order to see 2., we consider two trivializations 713 and 775 satisfying
(Ti2, T23) ~g Tis and (Ti2,723) ~g Ti5. This means we have triples (¢1, ¢2, ¢3)
and (@}, @b, ¢%) of 2-isomorphisms both satisfying the identity (16). We may assume
¢o = ¢4 after possibly changing the maps ¢;. Let P be a principal A-bundle over
St that represents the difference between 713 and T/5 in terms of a 2-isomorphism
¢+ Ti3 ® P => T/5. We claim that P is isomorphic to the trivial bundle over S*,
so that T13 = T{5. Indeed, for the pullbacks of ¢ along ¢; and it we obtain flat
trivializations ¢, : t; P — Iy by requiring the diagrams

tip L5
UTs @ P ——= 11T}y 13This ® LB P ——= 15Ty
#7 ®id ot and $3*t ®@id Y
L* L*P:>L* L* L*P:>L*
1712 & 1 ot 1712 2753 & 2 d®ts 2753

to commute. Restricting these diagrams in turn to the points £ = 0,1, and using the
identities (16) one obtains commutative diagrams

1k

Ti2lk ® Pl =—= Ti2lk
2|k ®id b2k

Toalk © Pli === T2l
1 2k
for K = 0,1. These show that t1|;, = ta|; for both & = 0,1. This means for the
holonomy of P that Holp(S*) = 1, which implies P =2 I,.
Second step. We show that A\g respects the A-action on LG in the sense that for
T1i2 and Ta3 trivializations, and a1z, as3 € A,

Ag(Tiz - a1z, Tas - a23) = Ag(Ti2, T2s) - a1z - azs. (19)

This implies simultaneously that Ag descends to the tensor product ejs LG ® e55LG,
and that it is there A-equivariant. To prove (19), let P2 and P»3 be principal A-
bundles with connections over S' of holonomy aj» and as3, respectively. Further, we
choose a trivialization Ti3 such that (712, T23) ~g Tis, together with 2-isomorphisms
o1, o2 and ¢3 satisfying (16). It is to show that

(Th2 ® Pi2, Tag @ Pa3) ~g Tiz @ Pia @ Pags. (20)

Indeed, let t : 1] Pos — Iy and s : (5P — I be flat trivializations. Then, the
2-isomorphisms

=g @t =g @5t and  ¢h =gy

satisfy (16) and thus prove (20).



84 K. WALDORF

Third step. We show that A\g is smooth. We start with a plot ¢ : U — ej,LG X
es53 LG, and have to show that A\g oc : U — ej3LG is again a plot. Consider the
projection

l

U—>¢3,LG x e35LG pxBl 22, pxl2 LX, (21)

which is a plot of LX. Since the projection p : LG — LX is a subduction, every
point u € U has an open neighborhood W such that the restriction of (21) to W
lifts to a plot c13 : W —= ej3LG. Consider the plots ci1o : W — e}, LG and
co3 : W —= e53LG obtained from c by the projections to the factors and restriction
to W. The definition of the diffeology on LG allows us to assume (after a possible
refinement of W' to a contractible open neighborhood of ) that the plots c¢;; of ef; LG
are defined by trivializations 7;; of the pullbacks of G to W x S 1 Now we work like
in Step one. By Lemma 4.2.1 there exist 2-isomorphisms

¢1: T = 1Tz, G2 :15Ti2 = 11T23 and @3 : 15723 = 15713

of trivializations over W x [0, 1], for which the identities (16) are satisfied up to an
error captured by elements a, € A. For P a principal A-bundle over S* with holonomy
ag tay, consider the new trivialization T/ := 713 ® prs P, where pr, : W x St —= !
is the projection. We claim that the map i3 : W — ej3LG : w = 1} Ti3 is (a) a
plot of efs LG, and (b) equal to the composition \g o c. Indeed, (a) is clear since this
is exactly the definition of plots of LG, and (b) follows from checking the identities
(16) point-wise using the argument of step one.

Fourth step. We check that \g is associative. We assume in the obvious notation
trivializations Ti2, 723 and T34. We assume further trivializations 7y3, 714 and Ta4
such that (Ti2, T23) ~g Tis, (T13, T34) ~¢g T14 and (Tas, T34) ~g T24. We have to show
that

(Th2, T24) ~g Tha. (22)
Employing the definition of the relation ~g, we have for (ijk) € {(123), (134), (234)}
2-isomorphisms
ijk 0T = 0T éjk 25 Ti; = (1T and gb?k 25Tk = 5T (23)
satisfying (16) for each (ijk). Like in Step one, we may assume that ¢33* = ¢3340¢323.
Then, consider the 2-isomorphisms

124 . 4134 o 4123 124 . 4124 _ ;123 124
1= ey ) 2T =9 ey and  ¢g

They satisfy (16) and hence prove (22).

= o e (0P (21

4.3. The superficial connection. In this section we define a connection on
LG. We restrict ourselves to a smooth manifold M instead of a general diffeological
space. We first give an interpretation of the holonomy o7 for surfaces with boundary
defined in Section 3.3 in terms of the principal A-bundle LG. Then we use <75 to
define a connection on LG. The discussion follows [Bry93, Section 6.2].

Suppose ¥ is a compact oriented surface with boundary divided into components
b1,...,b,, and suppose f; : S' —= ¥ are smooth, orientation-preserving parame-
terizations of b;. We denote by D> (X, M) the diffeological space of smooth maps
¢:YX —= M. Consider the smooth maps

¢ : D®(E,M) —> LM : ¢ > ¢o f;
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and the diffeological space
PE = CTLg XDOO(E,]W) XD“’(E,]\{[) C:LLg

A point in Py is a smooth map ¢ : ¥ — M and for each ¢ = 1, ..., n an isomorphism
class of trivializations 7; : ¢;(¢)*G —= Zy. Applying the holonomy for surfaces with
boundary point-wise, we obtain a map

dg: Py — A

Here we have already used that <75 (¢, T1, ..., Tn) only depends on the isomorphism
classes of the trivializations, see Lemma 3.3.2 (a).

LEMMA 4.3.1. The map /g is smooth.

For A = U(1) and with a Fréchet manifold structure on Py, this is essentially
[Bry93, Theorem 6.2.4]. The adaption to the general group A and the diffeological
setting is straightforward and left out for brevity.

We use the smooth map 7 to equip the principal A-bundle LG over LM with
a connection. Using a general theory developed in [SW09, Wall2a] and summarized
in Appendix A, one can define a connection on LG by specifying a smooth function
F: PLG — A obeying two conditions: the first condition is that F' is an object in a
certain category Fun(LG, A) which is isomorphic to a category of a-valued 1-forms on
LG. The second condition is the usual condition for connection 1-forms. The relation
between a connection defined in this way and the map F' is as follows: if v € PLM
is a path, ¥ € PLG is a lift of v to LG, and ¢ := 7(0), then the parallel transport 7,
of the connection defined by F satisfies

m(q) =7(1) - F (7). (25)

In the following we define such a map F'. Let ¥ € PLG be a path with a projection
v € PLM, and with an adjoint map " : Co1 —= M, where Cy, 4, := [t1,ta] x S*
is the standard cylinder. Cylinders will always be oriented such that the orientation
of the end-loop t = (t2,t) coincides with the induced orientation on the boundary.
We put

F) = #g(7,7(0),7(1)).

In order to prove that F' is an object in the category Fun(LG, A) we have to check
three conditions. First we infer from Lemma 3.3.2 (b) that F(¥) only depends
on the thin homotopy class of the map v : Cp; — M, and thus by Remark
2.2.4 only on the thin homotopy class of v+ € PLM. Secondly, since the map
PLG — Pc,, : 7 — (6(7),7(0),74(1)) is smooth, F is with Lemma 4.3.1 a composi-
tion of smooth maps and thus smooth. The third condition concerns the compatibility
of F with the composition of paths.

Suppose 41 and A are composable paths in LG. Since we have orientation-
preserving diffeomorphisms o1 : Cp 12 —= Co1 and o2 @ Cyj21 —= Co, the
diffeomorphism invariance of 275 (see Lemma 3.3.2 (d)) implies
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Since 41 (1) = 42(0), the gluing property (Lemma 3.3.2 (c)) implies
F(y2 x 1) = F(32) - F()-

All this proves that F' is an object in the groupoid Fun(LG, A), and thus defines a
Lie-algebra valued 1-form wg € QL(LG).

PROPOSITION 4.3.2. The I-form wg € QL(LG) is a connection on LG. Its
holonomy around a loop T € LLM 1is inverse to the surface holonomy of G around
the associated torus 7V : S* x S —= M. Its curvature is given by

curv(wg) = —/ evicurv(G) € Q%(LG).
S1

Proof. In terms of the groupoid Fun(A,G), the condition that the 1-form wg
defined by the object F' is a connection is

9(1) - F(39) = F(7) - 9(0) (26)

for all g € PA and 4 € PLG (see Appendix A). Let Py and P; be principal A-bundles
over S* with holonomies g(0) and g(1), respectively. Then, we compute with Lemma
3.3.2 (a)

F(79) = 2(7,(79)(0), (79)(1)) = #5(v,5(0) @ Po,v(1) @ P1)
= g(7,7(0),~7(1)) - g(1)~" - g(0).

This shows (26). Comparing the parallel transport prescription (25) with the defini-
tion of holonomy in diffeological bundles [Wall2a, Definition 3.2.11], we see that

Holpg(7) = Holg(7¥) ™",
for loops 7 € LLX, as claimed. The formula for the curvature can be deduced from
the fact that the curvature is determined by the holonomy. O
We infer from Propositions 3.3.1, 4.3.2 and Lemma 3.3.2 (b):
COROLLARY 4.3.3. The connection wg on LG is superficial.

In remains to prove that the two conditions relating connections with fusion pro-
ducts are satisfied. The first condition is:

PrOPOSITION 4.3.4. The connection wg on LG is compatible with the fusion
product Ag.

Proof. Tt suffices to prove that the fusion product commutes with parallel trans-
port along paths ' € P(PMB), i.e.

Tyis ()‘g (’T12a 753)) = )‘g (7712 (712% Try2s (753))

where 7;; 1= P(loe;;)(I') € PLM. We recall from the definition of the connection
wg that T} = 7., (7;;) means that

i = o (vij, Tig, Ty) = 1. (27)

We pick trivializations 77, and 7j; satisfying (27), i.e. /o = ahs = 1, and choose
T{5 such that A\g(T{5, T35) = T{5. Then it remains to show that @73 = 1.
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We use the notation C = [0,1] x S* and @ := [0,1] x [0, 1]. Consider the maps
1k Q —= C defined by 1(t,5) := (t,e'™) and 1(t,s) := (t,e”'"*) that reproduce
for fixed ¢ the maps ¢g, ¢1 from Section 4.2. We choose triangulations T35, T3 and T3
of C'in such a way that LTTlg = L1T13, L;T12 = LTTQg and L;ng = L;Tlg and such that
T;; is subordinated to the open cover 'yigl% , for %/ an open cover of M for which we
have a Deligne cocycle ¢ for the bundle gerbe G. Such triangulations can easily be
constructed from three appropriate triangulations of Q). We further choose Deligne
1-cochains t19, t}, and tas, thy and t13, ¢} representing the respective trivializations.
We claim that

o3 = o - Sog, (28)

which in turn proves that 2/j3 = 1. We recall that each 47; consists of three factors,
namely the Alvarez-Gawedzki-Formula AG(v/;c) and the two boundary contributions
BC(ti;) and BC(t;;)~". The multiplicativity (28) holds in fact separately for all three
terms. Indeed AG(7y75¢) = AG(yi5¢) - AG(v35¢) is a simple consequence of our choices
of the triangulations. For the boundary parts, it suffices to prove the identity

BC(t13) = BC(t12) - BC(ta3), (29)

which is true whenever Deligne 1-cochains t12, to3 and ti3 represent trivializations
satisfying (712, Ti3) ~¢ Ti3. Indeed, the 2-isomorphisms ¢1, ¢2 and ¢3 in the latter
relation determine Deligne 2-cochains hi, ho and hs such that

bz =11P12+D(h1) , (1P =13612+D(he) and 13613 = 13823 + D(h3)
and the identities (16) imply that hy(k) = hs(k) - ho(k) for k = 0, 1. Feeding this into
the definition of the boundary terms BC(t;;) shows (29). O
The second condition is:

PROPOSITION 4.3.5. The connection wg on LG symmetrizes the fusion product
Ag.

For the proof we need the following formula for the parallel transport in LG
along a certain class of paths obtained from orientation-preserving diffeomorphisms
@ : 8! —= S Notice that each such diffeomorphism is smoothly homotopic to the
identity on S?.

LEMMA 4.3.6. Let ¢ : S* —= S be an orientation-preserving diffeomorphism,
and let h : [0,1] — LS be a smooth map with h(0) = idg: and h(1) = ¢. Let
B € LM be aloop and let T € LG be a trivialization over 5. Then, Tron(T) = ¢*T.

Proof. The path v := LBoh € PLM lifts to LG by putting 4(¢) := h(t)*T.
Employing (25) and the definition of F', we have to show that
Ag((LBoh)Y, T,o*T) = 1. (30)

Notice that (LB oh)¥Y = 8o hY, so that we have a trivialization S := (hV)*T of G
over the whole surface Cp ;. Moreover, S|jo} xg1 = T and S|f1y xs1 = ¢*T. It follows
that all factors in the holonomy formula (10) vanish. This proves (30). O

Proof of Proposition 4.3.5. With Lemma 4.3.6 applied to ¢ = 7, the rotation by
an angle of 7, the condition of Definition 2.1.5 is

1A (Tia, Ta3) = Ag (15 T3, 7 Thz). (31)
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In order to show that this is true, let us choose Ti3 such that (T2, T23) ~g Tis,
together with 2-isomorphisms ¢1, ¢ and ¢3 satisfying the identities (16). We claim
that (rX 723,75 T12) ~g riTis; this proves (31). We use the commutative diagram

[0,1] —— !

[0,1) —— S,
in which a(t) := 1 —¢. It allows us to define new 2-isomorphisms

B, = atdy i Tos = GriTis L dh = aTéy : i Tes = LT
and  @f := a1 LiriTio => 5rETis.

These satisfy the identities (16), and so prove the claim. O

Summarizing, the fusion bundle (LG, \g) comes with a compatible, symmetrizing
and superficial connection. We leave it as an exercise to check that wg is compat-
ible with the tensor product, that it is natural in M, and that the isomorphisms
LA : LGy — LGy are connection-preserving. This completes the definition of the
transgression functor

TV DiffGroy (M) —= FusBun'g/(LM).

REMARK 4.3.7. Let us recover the equivariant structure on LG of Brylinski and
McLaughlin [Bry93, BM94]. Their observation is the following: for Diff *(S*) the
group of orientation-preserving diffeomorphisms of S*,

E:Difft(S") x LG — LG : (o, T) — ©*T

defines an equivariant structure on LG. By inspection and Lemma 4.3.6 one checks
that the equivariant structure E coincides with the equivariant structure E obtained
from the superficial connection wg via Proposition 2.2.5.

5. Regression. In this section we define the regression functor
RY - FusBun“g/(LX) — DiffGrb}(X)

for a general connected diffeological space X with base point x € X. We first construct
an underlying functor in a setup without connections, and then promote it to the setup
with connection. In Section 5.3 we derive formulas for the surface holonomy of a gerbe
in the image of Z,.

5.1. Reconstruction of bundle gerbes. Suppose 7 : ¥ — X is a subduc-
tion. Let ProdBun 4(Y?!) denote the groupoid of principal A-bundles over Y2 with
products in the sense of Definition 2.1.1. A functor

F : ProdBun 4 (Y'?) — hyiDiffGrba(X)

is defined as follows. To a principal A-bundle P over Y2 with product X it assigns the
obvious diffeological bundle gerbe F(P): its subduction is 7 : ¥ — X, its bundle
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is P and its product is A. To a product-preserving isomorphism ¢ : P, — P» it
assigns a 1-isomorphism

Flp) : F(P) — F(P).

As an isomorphism between bundle gerbes [Wal07, Definition 2], F(¢) consists of a
subduction ¢ : Z — Y2 a principal A-bundle Q over Z, and a bundle isomorphism

a: TP @GQ — Q5P

over Z¥ = Z xx Z, where (; : Z¥ — Z denote the two projections. Moreover,
« is required to be compatible with the products A\; and A2. To define F(p), we put
Z =Y ¢:=id, and Q := P,. The isomorphism « is

* . « *
T ®id Tig4 A2 Tig4As

* *
7TT3P1 ® 7T§4P2 7T13P2 & 7T34P2 7TT4P2

The compatibility condition with A; and A follows from the fact that ¢ is product-
preserving. For two composable, product-preserving isomorphisms ¢ : P, — P
and ¢ : P, — Ps, a “compositor” 2-isomorphism F () o F(¢) => F(¢ o p) can be
constructed from the product of Ps;. This shows that F is a functor.

Now we consider the subduction evy : B, X — X : v = 7(1). The functor

FusBun 4(LX) ——= ProdBun (B, X2)) —L= hy DiffGrba (X) (32)

defines the regression functor %, in a setup without connections.

5.2. Reconstruction of connections. Let P be a fusion bundle with a compat-
ible and superficial connection (it does not have to be symmetrizing for the construc-
tion of the regression functor). Compatibility implies that the diffeological A-bundle
gerbe %, (P) = F(I*P) is already equipped with one part of a connection, namely
with a connection on its bundle [*P. In order to complete it to a gerbe connection,
it remains to construct a curving: a 2-form Bp € Q%(PB.X) such that

pryBp — pri Bp = curv(l*P). (33)

In the following we construct this 2-form using Theorem A.1, which is the 2-
dimensional analog of the method we have used in Section 4.3 to define a connection
1-form on LG. As explained in more detail in Appendix A, a bigon ¥ in a diffeological
space W is a path ¥ : [0,1] — PW in the space of paths (with fixed endpoints) in
W. The space of bigons in W is denoted by BW. In order to use Theorem A.1 we
first construct a smooth map

Gp : B(BX) — A.
From a given a bigon ¥ € B(PB,X) (see Figure 1) and t € [0, 1] we extract three paths:
0t) :=30)(t) , X%(t):=X(1)(t) and X"(t) := Pevy(Bevi(X)) (34)

where evy; : F, X — X and ev; : PX — X are evaluation maps, and Pev; and
Bev; are the maps induced on spaces of paths and spaces of bigons, respectively.
More explicitly, the third path is given by X™(t)(0) = X(o)(t)(1). The endpoints of
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20(t)

2 (1) 4

FIGURE 1. The picture on the left shows a bigon ¥ in B, X: it can be regarded as a bigon in
X, which has for each of its points a chosen path connecting x with that point. The picture on the
right shows the three paths associated to a bigon ¥ and t € [0, 1].

these three paths are:

ev(Z() = (@, SO)(O(D) . ev(E(1) = (& SA)(B)(1))
and  ev(Z™(1)) = (Z(0)(H)(1), S()(B)(L))-

This allows us to define a map
¥ [0,1] — LX :t +— [(Z7(t) » X°(t),id = 3“(¢)),

which is smooth as the composition of smooth maps, and has sitting instants because
the bigon ¥ has (by definition) appropriate sitting instants. Thus, v, € PLX.
For By := X2(0)(0) € BX and 8, := X(1)(1) € B.X, the path vy starts at
7o = I(id * Bo,id x Bp), and ends at 7 := I(id x B1,id * B1). We recall from
Lemma 2.1.4 that over the points 79,7 € LX the bundle P has distinguished points
cang € P, and cany € P;,. Now we define Gp(X) € A by

Tys (cang) = cany - Gp(X),

where 7., denotes the parallel transport in P along the path ~s.

Before we proceed we shall give an alternative formulation of Gp(X). We consider
the map [0,1] — BBM : 0 = %, defined by X,(s) := X(0¢(s)), where ¢ is a
smoothing function assuring that each X, has appropriate sitting instants. We obtain
a smooth map h : [0,1]> — LX defined by h(o,t) := vs, (1)

LEMMA 5.2.1. We have

Gp(X) = exp <— /[0 » h*curv(P)) .

In particular, Gp(X) depends only on the curvature of P.

Proof. The map h is a homotopy with fixed endpoints between the path oy, € PLX
defined by ox(t) := I(id * X°(¢),id = 3°(t)) and ys. Stokes’ Theorem implies

Tow (€ang) = Ty (cang) - exp (/[0 h*curv(P)) .

12

But the path ox factors through PX —> PX[P —~ LX), ie. through the domain
of the flat section can : PX — P. Thus, T,,,(cang) = canyi. This shows the claim. 0

Now we come to the main point of the construction of the map Gp.
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LEMMA 5.2.2. The map Gp : BE,X — A satisfies the conditions of Theo-
rem A.1.

Proof. We check the following four conditions:

1.) Gp : BEB,X — Aissmooth. This is straightforward and left out for brevity.

2.) G p is constant on thin homotopy classes of bigons. Suppose that h € PBE, X
is a thin homotopy between bigons ¥ and ¥’. By definition, this is a path in BB, X
with 2(0) = ¥ and h(1) = ¥, such that the adjoint map h" : [0,1]> — B, X has
rank two and the maps h° k% : [0,1]> — B,X defined by h°(s,t) = hY(s,0,t)
and h'(s,t) := hV(s,1,t) have rank one. Further, it keeps the “endpoints” fixed,
ie. h(t)(0,0) = By and h(t)(1,1) = By for all ¢ € [0,1], in the notation of Section
5.2. Notice that Py(h) € PPLX is a homotopy between the paths vs and s
with fixed “end points” 79 and 7. One checks that its adjoint has rank two; thus,
since our connection is superficial, we have 7., = 7,,, by Lemma 2.2.3 and hence
Gp(X) =Gp(X).

3.) Gp respects the vertical composition of bigons. We consider two vertically
composable bigons X1, %y € BE, X, i.e. X} (t) = X4(t). We define the path

B:[0,1] — PXPl:t — (S7(1) « T(¢),id » T} (1), 55 (1) * T4 (1)),
and find the relations

Pl(Pe12(B)) ~vs, »  Pl(Peas(B)) ~vs, and  Pl(Peiz(B)) ~ 5,055

where “~” indicates a rank-two-homotopy between the adjoint maps [0, 1]xS* — X.
The rank-two homotopies ensure that the superficial connection on P has equal pa-
rallel transport maps along the respective paths. Using that the connection on P is
compatible with the fusion product A\, we obtain a commutative diagram

Pry ® Pr, - Pr,

T’Yzl ®T‘Yz;2 J/ [T’YEQ.EI

P, @P, — =Py,

Since we have A(cany ® cany) = cany for k = 0,1, this implies

cany - Gp(S2 @ X1) = Ty, on, (cang) = 7oy, (cang) ® 7oy, (cano)
= Acany - Gp(X) @ cany - Gp(X')) = cany - Gp(X) - Gp(¥'),
showing that Gp respects the vertical composition.
4.) Gp respects the horizontal composition of bigons. If ¥1,%y € BR,X are

horizontally composable bigons, we have the simple relation vs,.», = 75, * 755,
which immediately implies the required condition: Gp(X2*x¥1) = Gp(X1)-Gp(X2). O

Thus, by Theorem A.1, there exists a unique 2-form Bp € Q2(F.X) such that

GP(Z) = exp (—/ E*BP>
[0,1]?

for all ¥ € BR,X. That this 2-form Bp is a curving for the bundle gerbe F(I*P) is
the content of the next lemma:
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FIGURE 2. On the left is a bigon in B.X[2: it can be seen as a bigon in X which has for each
of its points two paths connecting it with the base point x. On the right it is shown how such pairs
of paths can be combined to a loop.

LEMMA 5.2.3. The 2-form Bp satisfies the identity (33).

Proof. Consider Z :=*P = B, X[ X p P with its two projections p : Z — P, X1
and [ : Z —= P. The identity (33) we have to prove is an equation over P, X2, but
we can equivalently check its pullback along the subduction p, which is

p'prsBp —ppriBp = I*dwp, (35)

where wp is the connection 1-form on P.

Let FF : PP — A be the smooth map corresponding to wp (see Appendix
A). Looking at (76) we see that (35) is true if and only if [*F is a 1-morphism in
2-Fun(Z, A) going from p*prsGp to p*pr*Gp. This means, in turn, that Equation
(75) must be satisfied:

F(Ep(1))-G(31) = G(E2) - F(2p(0)), (36)

where we have written Xp := BI(X) € BP and %; := Bpr;(Bp(X)) € BE,X for
i =1,2. We consider two paths 7%, 7° in LX (see Figure 2). They are given by

70(t) == UBp(X)(0)(¥)) and  T(t) := {(Bp(X)(1)(¢))-

They start both at a common loop kg and end at a common loop k1. Below we prove
(36) by showing in two steps that

F(2p(0)- F(Zp(1) ! =Holp(7¥ x 7°) " = G(X1) - G(Z2) L. (37)

For the equality on the left hand side of (37) we use the following general fact:
if v € LY is a loop in some diffeological space Y, P is a principal A-bundle with
connection over Y, and v lifts to a loop 4 € LP, then Holp(y) = F(5)~!, where
F : PP — A is the smooth map that corresponds to the connection. Here, with
Y = LX, we have

F(Zp(0) - F(Zp(1))™' = F(Xp(1) * £p(0)) = Holp(7% » 7°) 71,

where the first equality is the functorality of F', and the second is the above mentioned
general fact in combination with the definitions of 7°, 7% and X p.

For the equality on the right hand side of (37) we use the reformulation of Gp
in terms of the curvature of P given by Lemma 5.2.1. We consider the smooth map
B:[0,12 — PXM given by

Bls, 1) = (id x Su(s,8) , TP (6) % () , Ty (t) + 23(1) , id * Do (s, 1))
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Here, ¥;, the bigon defined by ¥, ,(s,t) = X;(0é(s),t), where ¢ is a smooth-
ing function. The four components of 3(s,t) are paths starting at « and ending at
Y1 (s,t)(1) = Ba(s,t)(1). Over PXM we infer from the fact that the fusion product
is connection-preserving the formula

elpcurv(P) + esgcurv(P) + e curv(P) = ej,curv(P), (38)

* _ * 2
as well as ej;curv(P) = —ej;curv(P). Now we pull (38) back along 3 to [0, 1]* and

integrate. To abbreviate the notation, we write

Cij = exp / Breicurv(P) | .
[0.1]2

We identify the four terms as follows.
(i) With Lemma 5.2.1, we see that C12 = Gp(31) and C34 = Gp(32) L
(ii) Consider for a general diffeological space Y the map 9 : BY — LY that sends a
bigon ¥ € BY to the loop 0% := 3(0)xX(1), which goes counter-clockwise around
Y [SW11, Section 3.2]. By Stokes’ Theorem, we have C23 = Holp(d(ea3 0 3)),
where Y = LX in this case. Consider the family of bigons h € PBLX defined
by

RY :[0,1]> — LX : (0,s,t) — (27"

l,0s

() x 29(t) » X5y (1) * 253(1)),

2,058

which is a rank two map. Thus, Pd(h) € PLLX is a homotopy between a loop
PO(h)(0) € LLX and J(e23 o 3). Notice that PO(h)(0) is a thin loop. Thus,
since the connection P is superficial,

023 = HOlp(a(€23 [©) B)) = HOIP(Pa(h)(O)) =1.

(iii) Similar to (ii), we apply Stokes’ Theorem and have Cy4 = Holp(d(e14 o B)).
Here, the loop d(e14 o ) is rank-two-homotopic to the loop 70 x 7. Thus,

014 = Holp(a(el4 o ﬁ)) = HOIP(F * Tu). (39)
Identifications (i), (ii) and (iii) together with (38) show that
GP(El) . GP(EQ)_l = HOIP(T_U * TO)_I.

This is the second part of the proof of (37). O

This completes the construction of a connection on F(I*P), and we denote
by ZY (P) the resulting diffeological A-bundle gerbe with connection. Notice that
Lemma 5.2.1 implies one part of Corollary C:

PROPOSITION 5.2.4. If the connection on P is a flat, the bundle gerbe %Y (P) is
flat.

It remains to discuss the functorality of the connection on regressed bundle gerbes.
Suppose ¢ : P —= P, is an isomorphism between fusion bundles with connection.
We have to equip the 1-isomorphism Z,.(¢) = F(I*p) with a connection compatible
with the connections on %y (P1) and %y (Pz). Since the principal A-bundle of the 1-
isomorphism Z,. (¢) is [* P», it has already a connection, and its isomorphism (which is
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a composition of Ay and ¢) is connection-preserving. It remains to check the condition
for the curvings:

pra(Bp,) — pri(Bp,) = curv(i" ). (40)

Indeed, since P; and P, are isomorphic as fusion bundles with connection, they have
the same curvature and thus Bp, = Bp, by Lemma 5.2.1. But then, (40) coincides
with (33) for P, and is hence proved by Lemma 5.2.3. Thus we have defined a 1-
isomorphism %y () in the 2-category DiffGrby (X).

Finally, we have to check that the connections on the 1-isomorphisms Zy ()
compose well, i.e. that the “compositor” 2-isomorphism ZY () o ZY (p) => ZY (o
©) associated to isomorphisms ¢ : P; —= P, and ¢ : P, — Ps is connection-
preserving. This condition only concerns the connections on the bundles (not the
2-forms Bp,), and it follows from the condition that ¢ and the fusion product A3 are
connection-preserving isomorphisms. This finishes the construction of the regression
functor ZY . It is straightforward to see that all constructions are natural with respect
to smooth, base point-preserving maps.

5.3. Holonomy of the reconstructed gerbe. It is interesting to express the
surface holonomy of the regressed bundle gerbe %y (P) in terms of the connection
and the fusion product on P. Below we provide formulas for cylinders, discs, and
pairs of pants. Combining these by means of the gluing formula of Lemma 3.3.2 (c)
yields the holonomy of a general surface.

The present section is purely complementary; its results are not used anywhere
else in this paper. We work over a connected smooth manifold M. We use some
results developed for the proof of Theorem A in Section 6.2. There, we construct an
element pr € P in the fibre over a loop 7 from a given trivialization of 7*ZY (P),
see Lemma 6.2.1. The first computation concerns the surface holonomy of ZY (P)
around a cylinder.

PROPOSITION 5.3.1. Let v € PLM be a path and let vV : [0,1] x ST —= M be
its adjoint map, i.e. vV (t,2) = y(t)(2). Let To and Ty be trivializations of Zy (P)
over the loops v(0) and (1), respectively. Then,

(7)) =71 - (v, To. Th),

where o is the surface holonomy of Zy (P), and T is the parallel transport in P.

The proposition is proved by Lemmata 6.2.3 and 6.2.4. Applying Proposition
5.3.1 to a loop in LM, we obtain

COROLLARY 5.3.2. Let 7 € LLM be a loop in LM, and let 7V : S' x S' — M
be its adjoint map, i.e. TV (t,s) = 7(t)(s). Then, Holgy p)(r") = Holp(r)"".

Next we discuss briefly the surface holonomy of a disc D. Since it is of no further
relevance for this article, we shall only present the result. There is a path § € PLD
— unique up to rank-two-homotopy — that starts with the constant loop §(0) := id,
at some boundary point x € 9D, and ends with a loop §(1) which is an orientation-
preserving parameterization of 9D.

PROPOSITION 5.3.3. Let ¢ : D —= M be a smooth map, let 8 := Lo(6(1)) € LM
be the boundary loop in the parameterization given by the path §, and let T be a
trivialization of Zy (P) over (3. Then,

pr - (), T) = Tpre(s) (can(idya))),
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FIGURE 3. A pair of pants with a “string tanga”, on the left in a form that explains the
terminology and on the right in a standard form.

where </ (¢, T) is the surface holonomy of ZY (P), TpL(5) 18 the parallel transport in
P along the path PLp(8) € PLM, and can is the canonical section of P over the
constant loops.

The proof of Proposition 5.3.3 is similar as the one of Proposition 5.3.1, and we
omit it for the sake of brevity. As an application, let us compute the surface holonomy
of a 2-sphere. In order to apply the gluing formula of Lemma 3.3.2 (c), we choose a
simple loop 3 : S — 2 such that ¥\ im(f) is a disjoint union of two discs D° and
D*. We can arrange the labels and orientations such that D¢ has the orientation of
52, and the orientations of both D° and D* induce the one prescribed by 3 on their
boundaries. We can further chose the base points of D" and D¢ so that they coincide
in S2. A given smooth map ¢ : S — M restricts to smooth maps ¢° and ¢%, and
the gluing formula shows that, for any bundle gerbe G,

H019(¢) = %g(¢7 T, T) = ”(Z{g((bovlr) ’ *(Z{g((buv T)_l' (41)

Now consider the two paths §° € PLD® and ¢* € PLD" that combine to a loop
T 1= §u % 6° € LLS?. Proposition 5.3.3 implies:

COROLLARY 5.3.4. Let ¢ : S> — M be a smooth map, and let LLo(7) € LLM
the loop associated by the above construction. Then, Holgy p)(¢) = Holp(1) "

Finally, let us look at a pair of pants. We assume the pair of pants in the standard
form P shown in Figure 3, as a unit disc with two discs removed from its interior.
Let ¢ : P —= M be a smooth map, and let 712,723 and 713 be trivializations
of ¢*%Y (P) over the three boundary components of P. To compute the surface
holonomy & (¢, T2, Tas, Tiz) of ZY (P), we choose a triple (y1,72,73) € PPl of
paths in P that form, in the given terminology, a “string tanga”, see Figure 3. We
cut the pair of pants open along the paths ~;, resulting in three cylinders Cia, Ca3
and (3 carrying the restrictions ¢;; of ¢, which we regard as paths ¢;; € PLM.

ProrositioNn 5.3.5. Let ¢ : P — M be a smooth map, and let paths
¢ij € PLM and trivializations T;; be chosen as described above. Then,

/\(T¢712 (p7—12) & Teoy (pTz'a)) : JZ{((bv’T127’T237’T13> = Té13 (p7—13>’

where X is the fusion product on P, 14, denotes the parallel transport in P, and </
is the surface holonomy of Zy (P).

Proof. In order to apply the gluing formula Lemma 3.3.2 (¢) to &7 (¢, T12, T23, T13),

we have to choose trivializations 7;; over the new boundary components
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I(Pp(vi), Pp(vj)). We may chose them such that A(T5 ® T5%) = T5. We recall
that this relation implies the existence of 2-isomorphisms

* ! * ! * ! * I * I * I
&1 0Ty = 1Ty g2 15Ty = 1Ty and @31 3Th3 = 1573

that satisfy the condition ¢ = ¢3 ® ¢o over the two common end points of the paths
v;. Feeding this information into the gluing formula, we obtain

A (¢, Tiz, Tozs Tis) = o (¢12, Tias Tih) - (P23, Tos, Toh) " - A (13, Tas. Tis)-

Rewriting the holonomies of ¢;; using Proposition 5.3.1 shows the claim. O

6. Proof of Theorem A. We prove that transgression .7V and regression ZV
form an equivalence of categories by constructing natural equivalences

Since the pair (7Y, %ZY) forms an equivalence of categories in which .7V is monoidal,
it follows that also %y is monoidal, and that (7Y, %ZY) is a monoidal equivalence
as claimed in Theorem A.

6.1. Regression after transgression. We have to associate to each diffeologi-
cal bundle gerbe G with connection over M a natural 1-isomorphism

Ag : %y (LG) — ¢

in the 2-groupoid DiffGrbY(M). We proceed in three steps. First we construct the
1-isomorphism Ag in the category DiffGrba(M), i.e. without connections. In the
second step we add the connections. In the third step we prove that Ag is natural in

g.

6.1.1. Construction of the isomorphism Ag. We recall that the bundle
gerbe %, (LG) has the subduction evy : B,M — M and over P.M2 it has the
bundle [* LG equipped with its product Ag. To construct the 1-isomorphism Ag we
have to specify a subduction ( : Z — BM x)p Y. Weput Z := BEM X Y
and ¢ the identity. Next we have to construct a principal A-bundle @ over Z. We
choose a lift yo € Y of the base point « € M, i.e. 7(yo) = . Consider a point
(v,y) € Z, ie. ev(y) = (x,7(y)). The fibre of the bundle @ over the point (v,y)
consists of triples (T ,tg,t) where T : v*G —= Zj is a connection-preserving trivi-
alization. Explicitly, 7 has a principal A-bundle T over Y, := [0,1] 4 X Y and an

isomorphism 7 : P ® m37 — wiT of principal A-bundles over YW[Q]. Further, tg is
an element in T projecting to the point (0,y9) € Y, and ¢ is an element in 7' pro-
jecting to (1,y) € Y,. We identify two triples (7 ,to,¢) and (77, t,t") if there exists
a 2-isomorphism ¢ : T => T’ with p(tg) = ¢ and ¢(t) = t’. The total space @ of
the principal A-bundle we are going to construct is the disjoint union of equivalence
classes of triples over all points of Z. The evident projection is denoted p: QQ — Z.

A diffeology on @ is defined similar to the one on LG performed in Section 4.1.
A map c: U — @ is a plot, if the composite poc: U — Z is smooth, and if every
point v € U has an open neighborhood W C U such that

1. there exists a trivialization 7 : ¢j;G —= Z,, where cw is given by

id X poc pr

0,1] x W 0,1 x Z—"[0,1] x BM — > M.
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2. there exist smooth sections s* : W — a*T and s® : W — e*T, where T'
is the principal A-bundle of T, defined over Yy := ([0,1] x W), XY, and
the smooth maps a,e : W — Yy are defined by

a(w) = (0,w,yg) and e(w) := (1,w, Yy),

where y,, is the Y-component of p(c(w)) € Z.
3. c(w) = (5T, s%w), s¢(w)) for all w € W.

Along the lines of the discussion in Section 4.1 one can check that this defines a
diffeology on @ that makes the projection p : Q —= Z smooth. The action of A on
@ is the action of A on the element ¢ € T in the triples (7, to,t). It is straightforward
to check that these definitions yield a diffeological principal A-bundle @ over Z.

The last ingredient we need in the construction of the 1-isomorphism Ag is an
isomorphism

a: LG GQ —> (GQ®P

between bundles over Z[2 := Zx 3, Z. Here, (1, (o : Z2 — Z are the two projections,
and [*LG and P are pulled back to Z[? along the evident maps. Fibrewise over a

point (y1,72,Y1,¥2), @ is a map
a: LG @Qyyyy —= Qyiyy @ Py oy,

where 7 := [(y1,72). For T : 7*G — I representing an element in LG,, to € Tp,y,
and t; € T%)yl, we define

CY(T & (7—27t07t2)) =q & (7-17t07t1)7

where T, := ({7, the point ¢ € P, 4, is chosen arbitrarily and to € T_1,, is
determined by 7(¢ ® t2) = t;. This is independent of the choice of ¢, smooth and
A-equivariant.

LEMMA 6.1.2. The pair (Q, ) defines a 1-isomorphism Ag : %#(LG) — G.

Proof. We have to show that « is compatible with the fusion products [Wal07,
Definition 2]. This can be checked fibrewise over a point (v1, V2, V3, Y1, Y2,Y3) € Z 31,
We choose trivializations T2, 723 and Ti3 := Ag(T12, T23), as well as elements ¢12, a3
and q13 := A(qi2,¢23). We recall from Section 4.3 that the first relation implies the
existence of 2-isomorphisms

o1 : U Tie = 0Tz . @2 15T = iTas  and @3 5T23 = 15713

between trivializations of bundle gerbes over the interval [0, 1] such that ¢1|x = ¢3|i @
¢2| for k = 0,1. We start with an element in Py, y, ® Py, y, ® Qs y,, namely the
element x := g2 ® q23 ® (¢5723,%0,t1). A computation shows

Gisa((X @id)(2)) = (11Tiz, 61 (3(t0)), 61 ' (T13(13 @ d3(t1)))) @ Ths-
On the other hand, we get
(id ® Ag)(Chra @id)(id © (330) () = (1 Thz, 65 ' (to), Ti2(q13 ® ¢35 ' (t1))) @ Ths.
The coincidence of the two results proves that (@, «) is a 1-isomorphism. O

We remark that different choices of the lift yy of x lead to 2-isomorphic 1-
morphisms. So, as a morphism in h; DiffGrba (M), Ag is independent of that choice.
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6.1.3. Construction of a connection on Ag. We define a connection on @
in the same way as we defined the connection on LG, namely by specifying an object
Fo € Fun(Q, A), see Appendix A. If ¥ € PQ is a path in @, let v € PE,M denote
its projection to B,M, and let vV : [0,1]> —= M be the adjoint map defined by
vV (s,t) = ~v(s)(t). We use the holonomy 7 from Section 3 to associate to 7 a
number. Here we are in the situation that our surface ¥ := [0, 1] has one boundary
component with corners. We thus have to specify a boundary record, i.e. trivializations
over the smooth parts, and 2-isomorphisms over the corners:

1. Over b; := [0,1] x {0}, the map " is constant with value z. It follows that
the pullback (v)*Gls, has the smooth section oy, (s) := (s,y0) € L4v X Y,
which defines by Lemma 3.2.3 a trivialization 7.

2. Over b, := [0,1] x {1} we also have a section of the subduction of ¢(v¥)*Gls,.,
determined by the projection 8 € PY of the given path 4 to Y. This section

is 0,(s) :== ((s,1),8(s)) € ¥ 4v Xz Y. The corresponding trivialization is
denoted 7,.
3. Over the remaining boundary components by := {k x [0,1]} for k& = 0,1

we choose representatives (77,5, t) of the given elements J(k) € Q. In
particular, these contain trivializations 7' and 772.

4. Over the corners (0,0) and (0,1) we choose any 2-isomorphisms
v : T°=T and ¢o, : T°=> 7T, and consider the elements
u = eo(ty) € Tiloy, and up = @or(t?) € Tyl (o). Consider the evi-
dent paths ay(t) := (t,y0) and a,.(t) := (¢, 6(t)) in by v X7 Y and by yv X Y,
respectively. Then, there are unique 2-isomorphisms ¢y; : 7' => 7, and
@1 : T+ => T, over the corners (1,0) and (1, 1), respectively, such that
o1 (ty) = 7o, (w)) and 1, (t') = 74, (u,), see Lemma 4.2.1.

Summarizing,

B = {7;7 7;‘7 7-07 T17 ©ol, 900_7‘17 Sol_lla Sol’r}
is a boundary record for the boundary of ¥, and we define:
Fo(7) = (v, %B) € A. (42)

Next we show in three steps that the resulting map Fg : PQ —> A is an object in
Fun(Q, A).

1. Smoothness follows from Lemma 4.3.1 and the fact that all trivializations we
have used to form the boundary record % depends smoothly on the paths
74:T% and T* in terms of the diffeology on @, and 7; and 7, in terms of the
diffeology on LG.

2. Thin homotopy invariance. A thin homotopy h € PP(Q between paths 7§
and 4/ induce rank two homotopy between 7Y and "Y', a thin homotopy
hy between the paths 8 and 4’, and a thin homotopy hy between evy(7)
and evy(y'). We denote by 7, and 7 the trivializations determined by
and 3, respectively, and by % and £’ the corresponding boundary records.
Consider the trivialization 7y of h{G coming from the section defined by hy-.
It constitutes a boundary record %, for hy, which has by construction the
same trivialization over evy(y) as & and the same trivialization over evq(7)
as #A'. A slight generalization of Lemma 3.3.2 (b) shows then that

Ag(y, B) = Ag((')", RB') - Ag(h1, %)

But /g (h1,%1) = 1 because the trivialization Ty has the vanishing 2-form,
since hy has rank one. This shows that Fi(¥) = Fo(7').
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3. Functorality. For composable paths 41,72 in @) we must have

Fo(he x 1) = Fo(n) - Fo(72)-

This is a simple application of the gluing formula Lemma 3.3.2 (c) for o7,
similar to the discussion in Section 4.3.
We conclude that F is an object in Fun(Q, A) and thus defines a 1-form wg € Q% (Q).

LEMMA 6.1.4. The 1-form wq is a connection on Q).

Proof. Similar to the proof of Proposition 4.3.2 we have to prove

9(1) - Fo(7g) = Fo(7) - 9(0)

for all g € PA and 4 € PQ. But the only difference between Fg(%g) and Fg (%) is
that we have t*.g(k) instead of t* in the representatives (7%, tf,t*). This produces a
difference of g(0) - g(1)~! in the holonomy formula. [0

Next is the check that the connection wg on () makes Ag a 1-isomorphism in the
2-groupoid DiffGrbY (M) of bundle gerbes with connection. The conditions we have to
prove are summarized in the following lemma. There, we denote by Brg € Q2(B.M)
the curving of ZY (LG) and by B € Q2(Y)) the curving of the given bundle gerbe G.

LEMMA 6.1.5.
(i) The isomorphism o is connection-preserving.

(i) curv(Q) = Brg — B.

Proof of Lemma 6.1.5 (i). Let T be a path in (fQ x LG. We denote by ¥ € PLG
its projection to the second factor and by v € PLM its further projection to the base
of LG. Our plan is to compute

F) = 6(v",To, Th), (43)

where 7y and 77 are trivializations representing the given elements 4(0) and (1),
respectively. The first step is to cut the cylinder C = [0,1] x S! on which vV is
defined open along the lines ¢; := [0,1] x {0} and e, := [0,1] x {5}. The two parts
can be identified with squares X" and ¥° using embeddings j° :=id x ¢; : ¥° — C
and 7" :=id x 12 : ¥* — C, of which 5 is orientation-reversing, and j* orientation-
preserving.

We need more notation: by 3° € PQ we denote the projection of T’ to Q, by
B¢ € PZ its projection to the base of @), and by 52 € PY its further projection to
Y. The boundary of 3 consists of four smooth parts denoted ej, e?, b§ and by. The
boundary of X* is labeled similarly (see Figure 4). The trivializations 7o and 7; pull
back to trivializations 75, T¢*, 7;* and T;“ over the boundary parts b;'y. We also have
to equip the new boundary parts e; " with trivializations. Firstly, notice that 7"/, is
constantly equal to x, so that yg defines a (constant) section oy, into the subduction
of (vY)*Gle,- Let T; be the corresponding trivialization. Secondly, the path 52 defines
a section into the subduction of (vV)*G|.,.. We denote the corresponding trivialization
by 7. The trivializations 7; and 7, pull back to trivializations 7;*, T,*, 7,° and T,°.

It remains to equip the eight points ”?6?1), (Lr) with 2-isomorphisms. We choose

some 2-isomorphisms ¢g, and ¢f,. We also choose representatives BO(O) =
(T, a, b3) and 3°(1) = (7,2, a1, b?), with the trivializations coinciding with the ones
pulled back from 77 and 7. Parallel transport in the bundles of the trivializations
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by

FIGURE 4. A cylinder cut open into two squares.

determine further 2-isomorphisms ¢7; and ¢7 . This determines a boundary record
B° for 2, and we note that o7 (y" 0 j°, B°) = Fg(5°). Further, we may use ¢ := ¢°
over all four points of ¥*, and thus obtain a boundary record B* for ¥*. All together,
(43) becomes

F(3) = Fo(B°)™" - dg(v" o j*, BY). (44)

Now we consider the path a=toT in P x (;Q. We denote its projection to @Q by B“,
its projection to the base by 8" € PZ and its further projection to Y by ¢ € PY.
In order to compute Fg(3"), we choose representatives 5%(0) = (T, ao,by) and
Be(1) = (T*, a1,bY), with the trivializations coinciding with the ones pulled back
from 77 and 73, and the a’s like above. We use the 2-isomorphism ¢p, from above,
but have to choose new 2-isomorphisms v ,. They determine 2-isomorphisms ¢{ ,.
and ¢y, all together making up a boundary record C* for X%, in such a way that '

Fo(B*) = dg(y 0 j*,C"). (45)

Next we compute the difference between the boundary records B* and C*. They differ
only in the trivialization over e and in the two 2-isomorphisms attached to it. Namely,
B" has the trivialization 7, coming from the section 3¢ while C* has a trivialization
T, coming from the section ¥. By Lemma 3.2.3, the bundle R := (82, *)* P comes
with a 2-isomorphism p : 7,* ® R => T,. Consider trivializations ¢ : R|, —= Iy over
the endpoints & = 0, 1, that combine with p to 2-isomorphisms pi : T,"[x => Tr|k-
We might have chosen ¢ ,. = ¢§ .0po. Then, ¥, = as, ¢, @7 .0 p1, where ag, 1, € A
is produced by parallel tfansporf in R in combination with the trivializations ¢y and
t1 at the endpoints. Thus

JZ{Q(F)/v Ojuvcu) = "Q{g(’yv ojuvBu) * Aty - (46)

It remains to identify ay,+,. Let Fp : PP — A be the smooth map corresponding
to the connection on P. We denote by n € PP the projection of the path a=t oI’
to P. Notice that 1 projects to the path (32, 5%) in Y2l We may have chosen the
trivializations to and ¢; such that n(k) =t for k = 1,2, which implies

Fp(n) = azy, . (47)

Summarizing equations (44) to (47) we have

F(3) = Fo(8°)™" - Fo(B") - Fp(n). (48)
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This shows that « preserves the connections. O

Proof of Lemma 6.1.5 (ii). We work on the total space of @, and shall prove
that the object Fp in Fun(Q, A) defines a 1-morphism in 2-Fun(Q, A) between the
pullbacks of Gg and G g to @, where Grg € 2-Fun(B, M, A) is constructed in Section
5.2 and Gp = Pa(B) € 2-Fun(Y, A) is the 2-functor associated to the curving B.
That is, we have to prove condition (75), namely

Fo(Bo) - Grg(Ep) = Gr(Ey) - Fo(Bu) (49)

for all bigons ¥ € BQ, where ev(X) = (BO, Bu), and X p and Yy are the projections to
B, M and Y, respectively. Further, we denote by 7,, 1, the projections of B, and S, to
B, M. Consider the path vy, € PLM used in the definition of G1¢g in Section 5.2, and
let 7o and 7y be the canonical trivializations over vs,(0) and s, (1), respectively.
Then,

Grg(Xp) = w5 (vs,, To, Th), (50)

with 7y}, @ [0,1] x S* —= M the adjoint of vs,. The plan is to cut this surface
holonomy into three pieces; these will provide the other three terms in (49). We
consider three embeddings [0,1] — S! defined by

L(t) =3t @) :=5t+5 and () =1t +3
(

and notice that vy, o (id X t,) = 7, and 7y, o (id X ) = 7, while 7, = 5 o
(id x ¢tr) = Bw(Zy). In particular, n, comes with a lift to YV, namely Xy. As a
consequence, there is a canonical trivialization S : ;G — Z, with p := X5, B. We
shall choose 2-isomorphisms ¢y, : 2T, => S for k = 0,1 defining boundary records
By = {1iTo, 15 T1, S, o, 01} and By, = {570, 05 T1, S, Yo, 1 . Then,

(Vs> To, Th) = g (Mo, Bo) ™"+ g (M, Bu) - g (11, S). (51)

Strictly speaking, there is a fourth factor corresponding to the forth quarter of the
circle. But there, 75}, has rank one so it does not contribute. We have

g (nr,S) = exp </[071] p) = exp (/[0,11 Ei‘/B) =Gp(Zy). (52)

Further, we see that

A (1o, Bo) = Fo(Bo)  and g (nu, Bu) = Fo(Bu) (53)
Formulae (50) — (53) show (49). O

6.1.6. Proof that Ag is natural in G. We show that the 1-isomorphisms Ag
are the components of a natural transformation. Let B : § — H be a connection-
preserving isomorphism. It suffices to find a 2-isomorphism

PV
2V (16) 2P 9 (1)
Ag[ A
g n
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in the 2-category DiffGrbY(M). Clockwise, the 1-isomorphism Ay o Zy (LB) consists
of the principal A-bundle I*LH ® Q# over B,M[P x,; Y3 Counter-clockwise, the
1-isomorphism B o Ag consists of the principal A-bundle Qg ® B over B,M X
Yg X Yo, where B is the principal A-bundle over Yg X Y3 of the isomorphism
B. To construct the 2-isomorphism, we have the freedom to choose a subduction
w: W — BME x,y Yg X Yy, and instead of choosing the identity, we choose
one for which the pullback w*B is trivializable. There is even a canonical choice:
W = B.ME x,y, B, for which we have a canonical trivialization gp : w*B — I,
where n € QL(B) is the connection on B. Now we need an isomorphism

¢: LH®Qu — Qg ®1,

of principal A-bundles over W. Over a point w € W with w(w) = (y1,72,b) and b
projecting to (g, h) € Yg X s Yy, this is the map

d) : LH|l(71,v2) ®QH|(72,}I) - Qg|(’y1,g) : S®(8255075) = (81 OFYTBabO ®505b®8)

where Sj, := ¢S, and by is a fixed choice of an element in B projecting to (go, ho),
where these are the choices of lifts of  to Yg and Y3 we have made to construct Qg
and @, respectively. This is smooth and A-equivariant.

LEMMA 6.1.7. The bundle isomorphism ¢ defines a 2-isomorphism.

Proof. Let us first show that ¢ is compatible with the bundle isomorphisms
involved in Bo Ag and Ay o %Y (LB). This is a condition over W x 5, W; over a point
(w,w’) it is the commutativity of the diagram

id®¢

LGityr.1) ® LHu(yg gy @ Qtlyg iy ———— LGiy1.47) ® Qglyy.gr
'l/JB ®id ag

LHZ(’Yl-,’Yz) ® L%l('m-,'vé) ® QHHQW Qg|’7179 ® Pg|g,g’
id@ay id®pB

LHl(%wz) ®QH|'vz-,h ® Prln,ns QQ|71-,9 ® Pa|n -

¢ ®id
Here, 95 is the bundle isomorphism of the 1-isomorphism ZY (LB), and f is the
pullback of the bundle isomorphism S of B to B. The proof of the commutativity is
a tedious but straightforward calculation which we leave out for the sake of brevity.

Now it remains to check that the isomorphism ¢ preserves the connections. We
consider a path I' = (3,3) € P(LH x Q). Its various projections are: ~ the
projection to PLM, f3 the projection to PZ, (81, 82) the projection to PE,M?2!, b the
projection to PB, b the projection to P(Yg X Y3 ) and by, bg the projections to Yg
and Y3, respectively. We note that 8 = (82, by ). Further, we choose representatives
St of A(t), and (8%, sb, s*) of B(t). Then, we have

B'(t) == (poD)(t) = (St o B, by @ s4,b(t) @ st).

‘We have to show that

F(3) = Fan ()™ - Fao (7') - exp ( / n) | (54)
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First of all, we have F(3) = @%y(v, 8%, S'). To compute Fg,, (3), we have to choose
connection-preserving 2-isomorphisms ¢g; : S = S and g, : S => S,., where S
and S, are the canonical trivializations determined by the sections o;(s) := (s, ho)
and o, (s) := (s,bx(s)). As explained in the definition of the connection on Q4, these
determine further 2-isomorphisms ¢1; and 1, forming a boundary record

B = {83,538, S, po1, Pors P11, P1r } -
Then, Fo,, (8) = “%4(B2, B). For Fo,(8') = og(B1,B’) we have the boundary record

%/:{8?037811OBv%;ﬁvwolaq/}Ovallvwlr}a (55)

where 7; and 7, are the canonical trivializations determined by the sections
71(8) := (s,90) and 7,-(s) := (s,bg(s)). The 2-isomorphisms 1y and g, are chosen
in the following way. First we infer that the data of the 1-isomorphism B determines
connection-preserving 2-isomorphisms g; : S;o B => T/ and 8, : S, o8 = b*B® 7,
over [0, 1]. Then we define 1o, := [y e (pg0id). A computation shows that then ¢y, =
Bre(pioid). Since b: [0,1] —= Yg x s Yy has a lift b : [0,1] — B, the bundle b*B
has a canonical trivialization ¢ : b*B — Iy. We define g, := (t ®id) @ 5, ® (g, 0id).
Another computation shows that then 1, = (t ® id) e 3, e (1, 0id). Our first
manipulation with the boundary record (55) is to replace 7, by b*B ® 7,.. The new
boundary record is

%H = {S? 0878% OB,ﬂ,b*B ®7;7w0l767‘ L4 (9007‘ oid)awllaﬁ’r o (Sol’r Old)}u

and
Ao(Br, B") = Ag(Br, B - exp (/n) | (56)

since the latter factor is precisely the parallel transport in b*B along [0, 1], in the
trivialization given by b. Our second manipulation is to replace 7; and b*B & 7T, by
Sy 0B and S, o B, respectively. The new boundary record is

93”/ = {S? o B;S% o B;Sl o B;S’F o Ba $or © lda Por © idell © lda P1r © ld} )
and g (1, B") = Ag(p1,2""). Now we use that the surface holonomy of the bundle
gerbe G is equal to the one of the bundle gerbe H, in virtue of the 1-isomorphism 5.
That is,
oGP, B") = oty (b1, B"")  where B"" ={S],S1,81, S, o, por, P11, P11} -
Comparing """ with %, the gluing formula for surface holonomy yields
A (7,8°,8Y) = oty (8o, B) " -ty (B, B"").

Together with (56), this shows (54). O

6.2. Transgression after regression. We have to associate to each fusion
bundle P with superficial connection over LM a fusion-preserving isomorphism

op: 7V (RY(P)) — P.
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The construction of ¢p is the content of the following lemmata, and ends below
with Proposition 6.2.5. The lemmata are proven under the following slightly weaker
assumptions (so that we can use them in the forthcoming Part ITT [Wall2b)):

Let (P, \) be a fusion bundle with connection w, i.e. w is compatible

and symmetrizing. Instead of requiring that w is superficial we only

require condition (i) of Definition 2.2.1. Let B € Q?*(B.M) be a
curving on the bundle gerbe %, (P), which is compatible with the (57)
connection [*w on the principal A-bundle I*P of %, (P) in the sense

of Definition 3.1.5. The resulting bundle gerbe with connection is
denoted ZZ(P).

The point is that since w may not be superficial, the canonical curving Bp on the
bundle gerbe %, (P) constructed in Section 5.2 is not available. If w is superficial, we
have Z52F (P) = %Y (P).

The following construction relates points in P with trivializations of ZZ(P). We
decompose a loop 8 € LM into several pieces in the following way. First we divide the
loop B into its two halves v1,v2 € PM satisfying v1(0) = ~2(0) = 5(0) and v1(1) =
Y2(1) = B(%) For this purpose we choose a smoothing function ¢ which adds sitting
instants. Then we choose a path v € B.M with v(1) = $(0) and a thin homotopy
h:l(y1*7,72 %v) — . Consider a trivialization 7 : f*#ZZ(P) —> Zy. This is a
principal A-bundle 7" with connection over the diffeological space Z := St gx oy, B M,
together with a connection-preserving isomorphism

T I'PGT — T

over Zx g1 Z. A point in that space is a triple (¢,71,72), where t € S* and 0y, 172 € B.M
such that 5(t) = n1(1) = n2(1). Over such a point point, 7 is a map

T(t,m1,m2) - Pl(’hﬂ]z) ®Tif-,772 - Ttﬂ?l'

We construct an element p € Py, «y,y,4~) as follows. The smoothing function ¢
defines for ¢ = 1,2 thin paths a; € PZ which go from (0,id * ) to (5,7 * 7). Let
« = a9 * a7, and choose an element g € T(%m*v)' Then, p is defined by requiring

7(p ® 7a(q) = ¢, (58)

where 7, is the parallel transport in the bundle T'. Since 7 and 7, are A-equivariant,
p does not depend on the choice of q. We define

pr = Tn(p) € Ps; (59)

this establishes the relation between trivializations of 22 (P) and points in P we were
aiming at.

LEMMA 6.2.1. Under the assumptions (57), the element py defined in (59) is
independent of the choice of the path vy, the thin homotopy h, and the smoothing
function ¢. Moreover, if T and T’ are 2-isomorphic trivializations, pr = pr.

Proof. The equality pr = py is easy to see (for the same choices of v, h, ¢). The
independence of the smoothing function follows from the fact that two smoothing
functions ¢, ¢’ : [0,1] — [0, 1] are homotopic (because [0,1]? is simply connected).
Moreover, every homotopy H is automatically thin because [0, 1] is one-dimensional.
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It induces accordant thin homotopies between the various paths involved in the con-
struction of the elements p (computed with paths (y1,72, @, h) using ¢) and p’ (com-
puted with paths (7,74, a’, k') using ¢'), in such a way that p and p’ correspond to
each other under the parallel transport

TH * Py xy7007) = Piv) sy +y)

along the evident thin path induced by H, i.e. 7 (p) = p’. Then, Lemma 2.2.2 implies
that 7, (p) = 7/ (p’), i.e. the claimed invariance.

Suppose we have — for a fixed smoothing function — two choices v, 7/, and ac-
cordant choices of thin homotopies i and h’. In the following we denote the two
versions of the element p obtained using v and +/, respectively, by p and p’. Choose
any element ¢ € P(iq«~,idxy/), and let ¢; € PLM be the paths with

€(0) =1(1d x v,id xv") and (1) =1(v * v, 7% *¥);

obtained by scaling ; using the smoothing function. We claim (1) that
Ap ©7¢,(9)) = M7, (@) @ 1), (60)

where 7, is the parallel transport in P. We claim (2) that the diagram

A At
Py sy vz xm) @ Puyasyyaxr)y = Bityi ey, vaxv) = Piyi sy xy) © Pi(ys sy’ ya 547

-1 -1
Th ®T€2 Tey Ty,

Ps @ Pi(id«y,idsr) Pyiasry,idxy) @ Pp

flip
(61)

is commutative. Both claims together prove that 75, (p) = 75/ (p’), which was to show.
In order to prove the first claim, let ¢ and ¢’ be the choices needed to determine

p and p’, respectively. We can arrange these choices such that
TG, (d) =13 (@) (62)
We compute
TP ® 7e,(0) @ T (¢) = T(p @ T(7e, (@) @ 7ay (7,1 (d))) = 7(p ® 7a()) = 4,

where the first step uses the compatibility condition between 7 and the fusion product
A, the second step uses that 7 is a connection-preserving isomorphism and (62), and
the last step is (58). Similarly, we compute

(A7, (@) ®p/) & Tor (q/)) =dq.

This proves the first claim (60).
In order to prove the second claim, we fill diagram (61) by commutative subdia-
grams. Let 61,0, € P(PMP!) be thin paths satisfying:

61(0) = (11 * 7,72 v, 72 %) 61(1) = (2 * m,id, 7' * 7)
62(0) = (mu *x v, * Y vz x ) G2(1) = (v *x 7/, id, 71 * 72)
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These paths can be chosen arbitrarily; but one can construct explicit examples. Now
we consider the following diagram of maps between A-torsors, in which the unla-
belled arrows are parallel transport along obvious reparameterizations the obvious
reparameterizations:

-1
Privy s vivaxm) ®Pl('v2*'v y2 %) %PL(’H*‘Y v2xv') %Pl(ﬂ*w y1*v") ®Pl(71*’v 2 x’)

@ Te13(81) @ Te13(82) @

Te12(51) ®Te23(51)  Prgguny 4/ *’Y)Rﬂ_ l(w*w AT *72) Te12(82) @Tea3(62)

AN A

Th ®Tez @ Pz xn.ia) @ Pia, o) . P77 5a) @ Priidaraae) Te1 BT

N /w@;w
Piia v/ v7) @ Piag s~y ,id)

Piid s y,ids~y’) ® Pp

Pg @ Piid s~ idx~") .
We argue now that all subdiagrams are commutative. Diagrams @ commute since
the connection w is compatible with A\. Diagram commutes since the connection
w symmetrizes A. Diagrams @ and @ commute because the connection w satisfies

condition (i) of Definition 2.2.1. More precisely, diagrams @ commute already as
diagrams of direct products of A-torsors. This proves the second claim. [

We recall that isomorphism classes of trivializations of 22 (P) form the elements
of the transgression 7V (%2 (P)). From that point of view, Lemma 6.2.1 assures that
the assignment 7 > p7 yields a well-defined map

p: IV (#2(P) — P.

LEMMA 6.2.2. ¢p is a smooth, fusion-preserving bundle morphism.

Proof. pp is by definition fibre-preserving, and its smoothness is straightforward
to prove. The A-equivariance can be seen as follows. Let a € A and P, the corre-
sponding principal A-bundle over S! with Holp, (S*) = a. We have to show that

PP, @T = PT - Q. (63)

To compute p7 may have chosen g € T(1 4, +~)- The new bundle is T'® prj P, so here
we may choose ¢ ® f,, for f, € P,|;. Notice that the projection of the path a € PZ
to S! is the path that runs once around S*. Thus, 7,(¢® f.) = (Ta(q) ® fu) -a. Then,

(PP, 0T®4®fa) = Ta((®fa) = (Ta(@)® fa)-a = (T(p7RQ)R fa)-a = T(pT-aRqR fa).

This proves (63). It remains to show that ¢p is fusion-preserving. Assume we have a
triple (v1,72,73) € PMBl and trivializations Tio, T3 and T3 such that (Tia, T23) ~
Ti3, in virtue of 2-isomorphisms

$1 3T = T, ¢2 i 15Tia = 1iTes  and ¢ 15Tes => 15T13 (64)
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A A A
1 1 1
. ¢
3 > b 0 €0 €1
(o
0 > 0 >
0 t 1 € 1—¢ € 1—¢

(a) (b) (c)

FIGURE 5. (a) shows a lift of a point in the square to a path in the square. (b) shows a smoothing
function which is a diffeomorphism away from its sitting instants. (c) shows two functions that are
useful for drawing a bigon into a square.

between trivializations of bundle gerbes over the interval [0, 1] such that

d1lo = P3lo @ p2lo  and  P1]1 = 3|1 @ Pa1. (65)

In order to determine the elements pr;; we may choose the same path ~ for all of
them. We further choose ¢12 € Tl?l(%m*'y)v then we put
@13 = 1(q12) € T13|(1 4,4q)  aDd Q23 1= $2(Tayo(012)) € Ta3l(1 1y ury)-

A computation shows

T13(A(P12 ® P23) @ Tayy (13)) = @13, (66)

Equation (66) implies
A(p12 @ p23) = p13. (67)

Finally, we may choose a path H € P(PMl) with H(0) = (71 %7, 72 * 7,73 %) and
H(1) = (71,72,73), such that h;; := e;;(H) are thin homotopies. Since the connection
w is compatible with A, equation (67) implies A(p7y, ® pras) = PTis- O

Next we explore in which sense the bundle isomorphism ¢p preserves the con-
nections. Let v € PLM be a path and let vV : C —= M be its adjoint map, i.e.
C = [0,1] x S! is the standard cylinder and 7Y (¢,2) = ~(t)(z). Let 7o and Ty
be trivializations of ZZ(P) over the loops 7(0) and ~(1), respectively. The following
technical lemma computes the surface holonomy “zs p) (v, 70, T1)-

We consider the embedding ¢ : @ —= C defined by u(t,s) := (t,s — 1), and
write @ := vV o.: Q —= M. With respect to the standard orientations (the counter-
clockwise one on @ and the one on C that induces the counter-clockwise one the the
boundary loop {1} x S'), the embedding ¢ is orientation-reversing. We define a lift
P : Q@ — B,M of ® along the end-point evaluation evy : E,M — M. Let v, and
&.,s be paths in Q defined by ¢ (7) = (t7,1) and & (1) == (t,(s — 3)7 + ), with
sitting instants produced with some smoothing function, see Figure 5 (a). Further,
let 8 be a path connecting the base point x € M with (0, %) Then, we put

B(t,s) = PO(&.o % 1by) * b.
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Let 0, € PLM be defined by o,(t) = I(®(t,0),®(t,1)). Notice that o, (t) is thin
homotopic to y(t) for every t € [0, 1].

LEMMA 6.2.3. Let the structure (57) be given. Suppose further a path v € PLM
and trivializations To, T1 of ZB(P) over the end-loops of 7. Let d:Q — BM be
the lift constructed above, and let ho,ha € PLM be thin paths from hy(0) = (k) to
hi(1) = oy (k). Then, we have

D)7 T T = exp ( / é*B) BT P 7 (075)s s (7)),
Q

where Ty, denotes the parallel transport in P along hy, and PT is defined in (11).

Proof. Tn the proof we write G := %2 (P) in order to simplify the notation. We are
in the situation of the gluing formula of Lemma 3.3.2 (c), and choose a trivialization
T of G over [0,1] x {1} C C, together with 2-isomorphisms ¢y : Toly = Tlo,1 and
¢k + Tily => Ty 3. Then, the collection

B = {L*%v L*ﬂa L*Tv L*Tv $05 L0 L1, <P1}
is a boundary record for @, and
do(v" To, Th) = (@, B) ™, (68)

where the sign accounts for the change of the orientation.

Note that @ is a section into the subduction of ®*G. Let S : *G — I, be the
trivialization defined by this section according to Lemma 3.2.3, with p = ®*B. The
trivialization 7 used above can be taken such that t*T1jo 1)x{1} = Slj0,1]x{1}- The
holonomy o7 (®, ) we want to compute has the usual two terms (10): the integral

I(®) := exp(/, 0 ®*B), and a term containing the boundary contributions.

In order to treat the boundary term, we first we gather some information about
the trivializations over the boundary components of ). For k = 0, 1, we consider the
boundary components by, := {(k, s) | s € [0,1]} and the trivializations :* T of ®*G|, .

They consist of principal A-bundles T}, with connection over Zj := [0,1] Xy B M,
and isomorphisms 7 over Z,[f]. We have the sections o : by — Zj defined
by or(s) = (s,®(k,s)). According to Lemma 3.2.3 (b), the isomorphisms 7y

induce 2-isomorphisms 7, : S ® o0fT) => t*T;. Over the boundary component
by := {(t,0) | t € [0,1]} we have the section oy, and the corresponding 2-isomorphism
A:S®0:P — T. Over the remaining boundary component b, := {(¢t,1) | ¢ € [0,1]}
we have S|, = T, by assumption.

Now we substitute the trivialization S for each of the trivializations in % using the
formula (12), producing a new boundary record %’. Thus, we have to choose trivial-
izations of the “difference bundles” o7}, and o}, P over the endpoints of their base in-
tervals. Such trivializations are given by selecting points in the fibres: ¢ € T}, |0,<i>(k,0)7
qx € Tk|1)&)(,€71) and p € P|<i>(k,0),<i>(k,1)' Using the paths o € PZ; from the def-
initions of p7, (see (58)) we can choose ¢ = T,x(qr). According to (12), the new
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boundary record %’ has over the four corners of ) the 2-isomorphisms

—1 7_71 ~
S = Ty == S ®@ a3y .S over (0,1) (69)
Ss=".s ® oI —= '} === 8 over (1,1) (70)

T0 At

Uy == 8

S=—L=S ol S@orp =28 over (0,0)  (71)

—1

S S@oiP =25 S =2 T == S @ oty =2 s over (1,0)  (72)

Obviously, it is possible to make the choices ¢g, 1, po, p1 in such a way such that all
four 2-isomorphisms are identities. Accordingly, all boundary contributions vanish,
and o7;(®,%’) = 1(®). However, by going from % to %’ we must compensate the
changes according to (12) by the following three terms: PT (0} Tk, gx, Gx) for k = 0,1,
and PT (o P, po,p1). The first vanishes for £k = 0,1 due to the definition of g;. Thus,

,Q{g(‘b,%) = MQ(Q,%’) ' PT(U»?;Pvaapl) = I((I)) ! PT(U'?;Pvl)Ovpl)' (73)

We look at equations (69) to (72). Combining all relations we have collected, (69)
and (71) imply 70(po ® do) = qo, and (70) and (72) imply 71 (p1 ® ¢1) = ¢1. Thus, the
elements py and p; are exactly those used in the definition of the elements p, and
p7;- Due to the independence proved in Lemma 6.2.1, we may choose the thin paths
ho and hy, so that pr, = T5=(po) and p7; = 75-(p1). Together with (68) and (73), this
shows the claimed formula. O

In the following we specialize the discussion to the case that the connection w
on P is superficial, and that the curving B on %, (P) is the canonical curving Bp of
Section 5.2. We compute the two terms in the formula of Lemma 6.2.3:

LEMMA 6.2.4. In the situation of Lemma 6.2.3, assume that w is superficial and
that B = Bp. Then, we have:

(i) exp (/Q <i>*B> =1.

(i) m(p75) - PT(05 P, Tho (P75)> Thy (PT)) = P75 -

Proof. (i) We recall that the 2-form Bp has been defined as corresponding to a
smooth map Gp : BB,M — A under the relation Gp(X) = I(X) for any bigon
¥ € BE,M, where I(X) := exp fQ(E*B). Unfortunately, the map ® : Q — B,M is
not directly a bigon. To remedy this problem we define a bigon ¥g € B(@ such that
Y := B®(Xqg) € BE,M satisfies I[(X) = I(®)~!. Then we prove that Gp(¥) = 1,
which implies (i).

We give an explicit definition of ¥g. We use the choice of a particular smoothing
function ¢ : [0,1] —= [0, 1]: we require a sitting instant 0 < € < 1 such that ¢(t) =0
for all ¢ < e and ¢(t) = 1 for all t > 1 — ¢, and we require that ¢ restricted to (e, 1 —¢)
is a diffeomorphism onto (0, 1), see Figure 5 (b). Let €, €1 : [0,1] — [0, 1] be smooth
maps with sitting instants such that €p(0) = 1 and €p(t) = 0 for all ¢t > ¢, and similar
€1(t) =1fort <1—eand e (1) =0, see Figure 5 (c¢). Then, we define

S 0,17 — Q: (t,s) = (p(t),e1(t) — @(s)(er(t) — eo(t))).

Consider the small square Q' := (e,1 — €)?. The restriction of ¥g to Q' is an
orientation-reversing diffeomorphism to (0,1)%. The restriction of ¥¢g to @ \ Q' has
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rank one, in particular, the pullback of any 2-form vanishes in that region. Thus, we
have

I(®) = exp </,:Q<Q/> &)*Bp> = exp (/ —zgé*Bp) = I[(B®(2g)) t=1(%)" "

Next we prove that Gp(X) = 1. We recall that Gp(X) was defined in Section 5.2
via parallel transport along a path s in LM. In the notation used there, we find:

Y(t) = PO(Epty,ent) * Vo) * B 5 E"(t)(s) = ©(Eq(t, s))
and Eu(t) = Pq)(&p(t)yéo(t) * "/’«p(t)) * 3.

We observe that the loop s (t) is thin homotopy equivalent to the loop I(f5y, 5;) with
By = P@(w@(t)) * (3. Moreover, these thin homotopies can be chosen smoothly
depending on ¢, and are identities for ¢ = 0, 1. This shows that the path ~y is rank-
two-homotopic to the path ¢t —= (5, ;) that factors through the support of the flat
section can. Together with Lemma 2.2.3, this shows that Gp(X) = 1.

(ii) We choose a rank-two-homotopy h between the original path v € PLM and
the path o, € PLM, which can be obtain by reparameterizations and by retracting
the path . Let hy be the restrictions of h to the end-loops. Since w is superficial,
Lemma 2.2.3 implies that the diagram

Pyoy ———= Py

Th() Thl

Pg0,0),80,1) 7 Pa(1,0),81,1)

u

is commutative. The commutativity implies

T (75 (P75)) - PT (00 P, Tho (P76 )5 Tha (PT3))
= To, (Tho (P70)) - PT(00. P, Tho (P70), T (P72)) = s (P7),
where the last equality is the definition of PT. This shows (ii). O

The following proposition summarizes the results of all lemmata above in the case
of a superficial connection.

PROPOSITION 6.2.5. Suppose (P, \) is a fusion bundle with superficial connection.
Then, the assignment T = pr defines a fusion-preserving, connection-preserving
bundle isomorphism

pp: TV (% (P)) — P.
Proof. First we note that the assumptions (57) are satisfied, so that ¢p is a well-

defined, smooth, fusion-preserving bundle isomorphism according to Lemmata 6.2.1
and 6.2.2. By definition of the connection on .7V (%Y (P)),

77(76) = 71 . M(Vva%;,]dl)v
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where <7 (vV, To, T1) denotes the surface holonomy of 2y (P), v € PLM is a path
and 7V is its adjoint map. According to Lemmata 6.2.3 and 6.2.4 we have

™ (pp(T0)) = 7/(p75) - PT (0% P, Tho (075), Thy (073)) - & (7Y, To, Th)
- <PP(71) : JZ{(")/V,’]B,']E) = @P(T’Y(%))

This shows that pp exchanges the parallel transport of the connections w and wg. O

Finally, we prove that the isomorphism ¢p is natural in P. Let ¥ : P, — P;
be an isomorphism in FusBunYg/(LM). We write G; and Ga for the regressed bundle
gerbes over M, and Ay : G — G for the regressed isomorphism, i.e.

L.Aw LGy — LGy : T +— TO.AJI.

Let us first compute the trivialization 7’ := T o A;l of Gy over a loop 8 € LM.
Recall that 7 consists of a principal A-bundle T" over Z, and of an isomorphism 7 over
Z x gt Z. From the rules of inverting and composing 1-isomorphisms between bundle
gerbes [Wal07] and the definition of regression we see that 7’ has the subduction
7' := S' g Xey, B.MP with the projection ¢ : Z' —= Z : (t,m1,m2) —= (t,m1) to the
subduction of Go. Over Z’, it has the principal A-bundle

T' = priys* Py @ pri;T,

where s : B,M? —= B, Ml flips the two factors, and Py’ is the dual bundle (it has
the same total space but with A acting through inverses). Further, the trivialization
T’ has an isomorphism

T PeGT — (T

over Z' x g1 Z', which is a combination of Ay and ).

We claim that 77 is 2-isomorphic to the trivialization S consisting of the principal
A-bundle S := T over Z and the 2-isomorphism o : P» ® (3T — (T, which is
defined over a point (¢,7,7) € Z xg1 Z by

¥ @id ,
Poln7 @ Tyg —— Pilng @ Ty ——Ti .

Indeed, a 2-isomorphism ¢ : 7/ => S is given by

to ®id ¥ ®id -
\
P2 |7727771 ® Ttﬂ?z P2|771-,772 ® Tt-,772 ’ P1|7717772 ® Ttﬂ?z Tt-ﬂh'

It is straightforward to show that it satisfies the necessary condition (f¢po 7' = oo
(id ® (¥ ¢), using that ¢ is fusion-preserving.

The result of the above computation is that LA (7) = S. Now suppose we have
determined ¢p, (7)) from the equation 7(p7 ® 7o(¢)) = ¢. Then, the calculation

o pr) @ 7alq)) = T(pT @ Talq)) = 4
shows that ps = ¢~ 1(p7). All together, we obtain a commutative diagram

LG ——— LG,

PPy PPy

Py

Py
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showing that the isomorphisms ¢p are the components of a natural equivalence.

Appendix A. Smooth 2-Functors and 2-Forms. Bigons in a smooth ma-
nifold are discussed in detail in [SW11]. Here we recall some aspects. A bigon in a
diffeological space X is a path ¥ € PPX with Pevy(X) = id, and Pevi(X) = id,,
for some x,y € X. The diffeological space of bigons in X is denoted by BX. It
is functorial: for f : X — Y a smooth map, there is an induced smooth map
Bf : BX —= BY with Bid = idgx and B(g o f) = Bgo Bf. Bigons can be
composed in two ways. Vertical composition is simply the composition of paths in
PX, namely ¥’ x X, defined whenever X(1) = X/(0). Horizontal composition is
defined whenever Pevy(X) = Pevo(Y'), namely by ¥’ ® ¥ = (P*)(X,X), where
Px : P(PX xx PX) — PPX is induced from path composition, applied to the
path (¥',%) in PX xx PX.

Two bigons ¥ and ¥/ are called thin homotopy equivalent, if there exists a path
h € PBX in the space of bigons with ev(h) = (¥,%’), such that Pevo(h) € PPX
and Pevy(h) € PPX are thin homotopies between X(0) and ¥'(0), and (1) and
¥'(1), respectively, and such that the adjoint map A : [0,1]> — X has rank two.
The diffeological space of thin homotopy classes of bigons in X is denoted BX, and
we have a smooth projection pr : BX — BX.

On a smooth manifold M there is a relation between differential forms QF (M)
with values in the Lie algebra a of an abelian Lie group A, and certain smooth and
functorial maps F' : P*M — A, where P* is an iterated path space. Heuristically,
the relation is the one between connections on higher, trivial principal bundles and
their higher parallel transport maps.

For k = 1 a precise formulation is developed in [SWO09] (including the case of a
non-abelian Lie group). Let Fun(M, A) be the groupoid whose objects are smooth
maps F' : PM — A which are constant on thin homotopy classes of paths and
satisfy

F(Wz * Y1) = F(Vz) -F(n),

and whose morphisms from Fj to F5 are smooth maps g : M — A satisfying

9(v(1)) - Fi(y) = Fa(y) - 9(7(0)) (74)

for all v € PM. Composition is multiplication. On the other side, consider the
groupoid Z1,(A) whose objects are 1-forms w € Q! (M) and whose morphisms between
wy and we are smooth maps g : M — A such that wo = wy — g*é, where 6 is the
right-invariant Maurer-Cartan form on A. We have shown [SW09, Proposition 4.7
that the functor

P : Z3(A) — Fun(M, A)

that sends a 1-form w € QL (M) to the map
F,: PM — A:vyr—> exp(—/w),
gl

and that is the identity on morphisms, is an isomorphism between categories. [Wall2a,
Theorem B.2] assures that this results remains true upon replacing the smooth ma-
nifold M by a general diffeological space X. We have used this theorem in our
construction of the connection on the bundle LG in Section 4.3.
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In Section 5.2 we also need the version for £k = 2. For smooth manifolds and
a (possibly non-abelian) Lie 2-group it has been formulated and proved in [SW11].
Here we restrict ourselves to an abelian Lie group A (making it much simpler) and
generalize this version to diffeological spaces.

We consider the 2-groupoid 2-Fun(M, A) [SW11, Section 2.1] whose objects are
smooth maps G : BM — A that exchange both the vertical and horizontal compo-
sition of bigons with the multiplication in A. The 1-morphisms between such maps
G1 and Go are objects F' : PM —= A in Fun(M, A) satisfying

F(%) -G2(X) = GI(E) : F('Yl) (75)

for all bigons ¥ € BX with ev(X) =: (y1,72) € PMP. Equation (75) can be seen as
the analog of (74). The 2-morphisms between F} and F are simply the morphisms in
Fun(M, A). On the other hand, we consider a 2-groupoid Z%,(A) [SW11, Definition
2.12] whose objects are 2-forms ¢ € Q2(M). A 1-morphism from 7 to 15 is a 1-form
w € QL(M) such that

Y2 =1 — dw, (76)

and a 2-morphism between w; and wy is simply a morphism in Z1,(A). By [SW11,
Theorem 2.21] and [SW13, Lemma 4.1.2], the 2-functor

P : 22, (A) — 2-Fun(M, A)

that sends 2-form ¢ € Q2(M) to the map

Gw:BM—>A:EI—>exp(—/Ez/J>, (77)

and that is on 1-morphisms and 2-morphisms given by the functor B¢, is an isomor-
phism between 2-groupoids.

All this is functorial in the manifold M: for a smooth map f: M —= N one has
on one side the obvious pullback 2-functor f* : Z%,(A) — Z3,(A), and on the other
side the 2-functor f* : 2-Fun(N, A) — 2-Fun(M, A) defined as the pre-composition
with the induced map Bf : BM — BN. The isomorphism PB5° exchanges these two
2-functors with each other; in other words, 35° is an isomorphism between presheaves
of 2-groupoids over the category of smooth manifolds.

The generalized version we need in Section 5.2 is the following. All definitions
are literally valid for an arbitrary diffeological space X: the 2-groupoids Z%(A4) and
2-Fun(X, A), of the pullback 2-functors induced by smooth maps f : X — Y, and
the 2-functor P3° (we denote the generalized version by ). Namely, on objects o
is defined by an integral of the ordinary 2-form Y* over [0, 1]2, while on 1-morphisms
and 2-morphisms, the functor P7° has already been generalized to a functor B; in
the diffeological setup [Wall2a, Theorem B.2]. We claim:

THEOREM A.1l. For any diffeological space X, the 2-functor
Po : 23 (A) — 2-Fun(X, A)

is an isomorphism of 2-groupoids.

Proof. On 1-morphisms and 2-morphisms, it is an isomorphism because the func-
tor 3 is an isomorphism between groupoids [Wall2a, Theorem B.2]. On objects, an
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inverse is easy to define. If an object G in 2-Fun(X, A) is given, one has for each plot
c:U — X a2-form 9. € Q2(U), obtained by applying the inverse of P5° to c*G.
These 2-forms define an object 1 = {¢).} in Z%(A). It is straightforward to check

that Gy = G. O
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