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SOME FINITE DIMENSIONAL FILTERS DERIVED FROM THE
STRUCTURE THEOREM FOR FIVE-DIMENSIONAL ESTIMATION
ALGEBRAS*
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Abstract. In this paper we apply the structure theorem for five-dimensional estimation algebras
to construct a new class of five dimensional estimation algebras and hence a new class of finite
dimensional filters.
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1. Introduction. In the late seventies, a basic approach to non-linear filtering
theory was independently proposed by Mitter [Mil]; Brockett [Br] and Brockett and
Clark [Br-Cl]. They suggested that the construction of the filter should be divided
into two parts: (i) a universal filter which is the evolution equation describing the
unnormalized conditional density, the Duncan-Mortensen-Zakai equation and (ii) a
state-output map, which depends on the statistics being computed, where the state
of the filter is the unnormalized conditional density. The reason for focusing on the
Duncan-Mortensen-Zakai equation is that it is a linear equation and is a much sim-
pler object than the other non-linear conditional density equation and can be treated
using geometric ideas. In 1983, Brockett formally proposed the problem of classifying
all finite-dimensional estimation algebras in his lecture at the International Congress
of Mathematicians. Recent works on estimation algebra have given us a deeper un-
derstanding of the Duncan-Mortensen-Zakai equation which was essential for progress
in non-linear filtering as well as in stochastic control. Despite the usefulness of the
Kalman-Bucy filter, however, it is not perfect. One of its weaknesses is that it is
restricted to linear dynamical systems. Another weakness is that it needs a Gaussian
assumption for the initial distribution. The advantage of the Brockett-Mitter ap-
proach of using the estimation algebra method to solve the Duncan-Mortensen-Zakai
equation is the following. As long as the estimation algebra is finite dimensional,
we will get a finite dimensional recursive filter and there is not a need to make any
assumption on the initial distribution. Moreover, the approach applies well to non-
linear dynamical systems. Wong ([Wol], [Wo2]) introduced a fundamental notion of
Wong matrix {2 = (w;;), an n x n skew-symmetric matrix with w;; = g'—mfi - ng;, where
f(x) = (fi(z), -, fn(x)) is the drift term, which plays an important role in the clas-
sification of finite-dimensional estimation algebras, and gave a structure theorem of
estimation algebra in case f(x) is real analytic and its first, second and third deriva-
tives of f(x) are bounded functions. Nevertheless, the structure and classification of
finite-dimensional estimation algebras were studied in detail only in the early 1990s
by Tam et al. [T-W-Y]; Chiou and Yau [Ch-Ya]; Yau [Yal]; Chen and Yau ([Chl-Ya],
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[Ch2-Ya]); Chen et al. ([C-Y-L1], [C-Y-L2]); Wu et al. [W-Y-H], Yau [Ya2] and Yau
and Hu [Ya-Hu2]. In particular, Yau [Ya2], and Yau and Hu [Ya-Hu2] finished the fi-
nal step in classification of finite-dimensional estimation algebras with maximal rank.
One of the consequences of the classification of finite dimensional estimation algebras
with maximal rank is the following. In order for an estimation algebra with maximal
rank to be finite dimensional, the dynamical system has to be quite special, i.e. the
drift term f must be of the form f(z) = (¢1,...,¢,) + V¢ where £y, ..., £, are degree
one polynomials in z1,...,z, and ¢ is a C*° function, or equivalently, Wong matrix
Q = (wy;) is a matrix with all entries being constants.

Although the classification of finite-dimensional estimation algebra of maximal
rank was completed by Yau and his coworkers Chen, Chiou, Hu, Wong and Wu, the
problem of classification of non-maximal rank finite-dimensional estimation algebra is
still wide open except for the case of state space dimension 2. Due to the difficulty of
the problem, Brockett suggested that one should understand the low dimensional esti-
mation algebras first. Rasoulian and Yau [Ra-Ya] gave a general method to construct
finite dimensional estimation algebras without maximal rank. But all their finite di-
mensional estimation algebras can be viewed as estimation algebras with maximal
rank for certain filtering models. Wu and Yau [Wu-Ya] were able to classify all finite
dimensional estimation algebras with state space dimension two. Their results are
much deeper than the corresponding results of Chiou and Yau [Ch-Ya] in the maxi-
mal rank case. In [Ya-Ral], Yau and Rasoulian have classified estimation algebras of
dimension at most four. In [C-C-Y1], Chiou et al. gave a structure theorem for esti-
mation algebras of dimension five and a class of five-dimensional estimation algebras.
Accordingly, in [C-C-Y2], they constructed a new class of finite dimensional nonlinear
filters.

The purpose of this paper is to report the recent progress of classification of all
estimation algebras of dimension at most 5. Using this structure theorem in [C-C-Y1],
we have found other classes of finite dimensional estimation algebras. Accordingly,
we construct a new class of finite dimensional nonlinear filters.

2. Basic concepts. The filtering problem considered here is based on the fol-
lowing signal observation model:

(2.1) dz(t) = f(x(t))dt + g(z(t))dv(t), x(0)==zo
: dy(t) = h(x(t))dt + duw(?), y(0) =0

in which x,v,y and w are respectively R™, RP, R™ and R™ valued processes, and
v and w have components that are independent, standard Brownian processes. We
further assume that f, h are C'*° smooth, and that g is an orthogonal matrix.

Let p(t, ) denote the conditional density of the state given the observation {y(s) :

0 < s < t}. Tt is well known that p(t,x) is given by normalizing a function o(t, )
which satisfies the Duncan-Mortensen-Zakai equation:

(2.2) do(t,z) = Loo(t,z)dt + gjl Lio(t,x)dy;(t)

o(0,z) = o¢

where

n

I 9 &, 0 Ofi I

i=1
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and the zero degree differential operator of multiplication by h;, L; is defined by
L;¢ = h;¢, for any function ¢. Here og is the probability density of the initial point
Zo- Let

D= gy awaf? th

i=1

Then Ly can be written as

1 n
=5(Q_Di-n).
i=1

Equation (2.2) is a stochastic partial differential equation. In real application,
we are interested in constructing state estimators from observed sample paths with
some property of robustness. M.H.A. Davis studied this problem and proposed some
robust algorithms. In our case, his basic idea reduces to defining a new unnormalized
density

u(t,x —exp( Zh ) (t,x).

It is easy to show that wu(t,z) satisfies the following time-varying partial differential
equation

ou
5 (h2) = Loutx—kaZ Lo, Li]u(t, z)

%Z_ 005 (1Zo, L), Lt )
(2.3) u(0,2) = oy.

We have used the following notation

DEFINITION 2.1. If X and Y are differential operators, the Lie bracket of Xand
Y, [X,Y] is defined by [X,Y](¢) = X (Y¢) — Y(X¢) for any C*° function ¢.

DEFINITION 2.2. The estimation algebra E of a filtering model (2.1) is defined
to be the Lie algebra generated by Lo, L1,..., Ly, or E = (Lo, L1,...,Lyp)na.. If
x; € E for every 1 < i < n, then F is called an estimation algebra of maximal rank.
If E as a vector space over R is a finite dimensional vector space, then FE is called a
finite dimensional estimation algebra.

Most of the known finite dimensional estimation algebras are of maximal rank.
For example, if h(z) = Cax + D, where C is a m X n matrix with rank n, then the
corresponding estimation algebra is of maximal rank.

In [Yal], the following Proposition 2.1 is proven.

PROPOSITION 2.1. w;; = gf - o
i J

only if (f1,...yfn) = (l1,...,0n) + (86:;11), ...,65%), where £y, ..., 0, are polynomials

of degree one and ¢ is a C'*°-function.

are constant functions for all i and j if and
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The following theorem proved in [Yal] plays a fundamental role in the classifica-
tion of finite-dimensional estimation algebras.

THEOREM 2.1. Let E be a finite-dimensional estimation algebra of (2.1) such
that wi; = % — % are constant functions. If E is of maximal rank, then E is a real
i J

vector space of dimension 2n + 2 with a basis given by 1,x1,...,x,,D1,..., Dy, and
Lg.

Based on Theorem 2.1 and a series of papers by Chiou-Yau[Ch-Ya], Chen-Yau-
Leung [C-Y-L1], Yau-Hu-Chiou[Y-H-C], Yau-Wu-Wong [Y-W-W], Yau-Hu [Ya-Hu2|,
Yau[Ya2] have proven the following theorem.

THEOREM 2.2. If E is the finite dimensional estimation algebra of mazximal rank
associated to the filtering model (2.1), then the drift term f must be a linear vector
field (i.e. each component is a polynomial of degree one) plus a gradient vector field.
Furthermore E must be a real vector space of dimension 2n + 2 with a basis given by
1,21,....,2n,D1,...,D, and Lo. Moreover, n is a polynomial of degree 2.

The following theorem was proved by Yau-Hu [Ya-Hul] which will be used in
section 4.

THEOREM 2.3. The general Kolmogorov equation

(2.4) { ults) — L(z)u(t, =)
u(0,z) = og
where

has a formal asympotic solution on R™
Y A A1 RVET SR T o P
(2.5) u(t,z) = /700 /700 (m)nt exp [ 2t2}(:c1 &)2]b(t, x,€)dEr, - - dén

1=

where b(t,z,£) = > poap(z, . Here ax(z,€) are discribed explicitly as follows.
Let

1 n
(2:6) e, = [ 3= )M+ rlo — €

Then
(2.7) ao(z,€) = ea(,8)

and for k> 1

1
(28)  ax(w,€) = ag(x,€) / ThlemalE @09 gy (¢ 4 (2 — €),€)dr

where g, = L(x)ag—1(x,§). Notice that Ly is a special L(x), where H;(x) = f;(x) and
P(z) = ; &Ly ;hf.
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3. Low dimensional estimation algebras. The initial approach of establish-
ing Theorem 2.2 is to classify finite dimensional estimation algebras according to state
space dimension. In the early nineties, Brockett communicated to the third author
that it would be of interest to classify low dimensional estimation algebras. In this sec-
tion, we list recent results of the classification for estimation algebras with dimension
at most 5. The following Theorem 3.1 was proven in [Ch-Ya] and [T-W-Y]

THEOREM 3.1. Suppose that the state space of the filtering model (2.1) is of
dimension one. If the estimation algebra E is finite dimensional, then either (i) E
s a real vector space of dimension 4 with a basis given by 1,x,D = = — f(x), and
Lo = 5(D*—n), or (i) E is a real vector space of dzmenswn 2 with a ‘basis given by
1, and Lo or (iii) E is a real vector space of dimension 1 with a basis given by L.
Here n = f'(z) + f?(x) + 2% = az? + 2Bz + v, where o, 3,7 are constants, « — 1 >0

2
and Vo —1> %—1—7.
The following Theorem 3.2, Theorem 3.3 were proven in [Ya-Ra).

THEOREM 3.2. For any arbitrary state space dimension, there does not exist
3-dimensional estimation algebra.

THEOREM 3.3. Suppose that the state space of the filtering model (2.1) is of
dimension greater than one. Then the 4-dimensional estimation algebra is isomorphic

to a Lie algebra having the basis given by 1,x1, D1 = 8%1 — fi(z1,...,xy) and Ly =

%(Z D? — 77). Moreover wia = w1z = -+ = w1, = 0, [Lo,x1] = D1, [D1,21] = 1,
i=1

[Lo, D] = %88—" = ax1 + 3, where o, B are constants. Also, n = ax? + 2Bx; +

g(z2,...,2), where g(za,...,xy,) is in C°(R"™1). In particular, f1,..., fn have to

satisfy the equation

(3.1) > gﬁ + > fF=(a— 1)z + 28z + g(x2,...,2n),
i=1 i=1

where a > 1.
ExampLE 3.1. [Ya-Ra] If we take fi = Va—1lz; + ﬁ, a > 1 f2 =

f2(x27'-'u$n)7"' ufn = fn(x%'-wxn)ag(x%'-'axn) = Z gi: + Zfzz + a,1 +
i=2 i=2
Va —1, then wis =wig =+ = w1, = 0 and (3.1) is satisfied.

REMARK. Notice that w;;’s are arbitrary for 4,7 > 2. This estimation algebra is
not of maximal rank and does not belong to the class that is considered in Yau[Ya2].
However, it belongs to the class of nonmaximal rank finite dimensional estimation
algebras constructed in Rasolulian and Yau[Ra-Ya).

The following structure theorem for five-dimensional estimation algebras was
proven in Chiou et al.[C-C-Y1]

THEOREM 3.4. Suppose that the state space of the filtering model (2.1) is of
dimension at least two. Then the five-dimensional estimation algebra is isomorphic
to a Lie algebra generated by Lo and an observation function h = x1 with a basis

given by 1,21, D1 = (5%) = fi(z1, .., 2n), Y1 = [Lo, D] = ZwlzD +3(3L), Lo =



798 W.-L. CHIOU, S. LIN, AND S. S.-T. YAU

(> D? —n). Moreover, the following holds:
i=1
(1) w1; #0 for some i = 2,...,n and each wy; is of the form

(3.2) Wiy = Zeikwk +e,2<i<n,
k=2

(33) €ij = —¢€yi, 2< Zv] <n,

where e;; and e; are constants.
(2) n is of the form

(3.4) n= <Z wfj + Og).f% + B(xay ey xp) 1 + Y(T2, ey ),

Jj=2

where C3 > 1 is a constant and (2, ..., xn) and ¥(T2, ...,xyn) are C™ functions.
(3) There exists a constant Cy such that

- 1 0% ,
(35) ;wljwﬂ 2 8%18 1 Clwli, 2 S (3 S n.

(4) There exists constants Cy and Cy such that

&ul] Cl (97’]
(3.6) -5 le j Zan = Cow 1+78—+02-

In particular, fi,.., fn have to satisfy the following equation:
8fz 2 ~ 2
(3.7) —I—Zf Zwlj—l—Cg—l ] + B2, oy p) 1 + y(T2, oy ).
i= j=2

Moreover, this five-dimensional estimation algebra has the following multiplica-
tion table:

| E 1] | Do | Yi | Lo |
1 (0] 0O 0 0 0
X1 0 0 -1 0 —Dl
Dy 0] 1 0 Cs -
Yi 0 0 —03 0 —Coi[:l — Clyl — Cg — C3D1
Lo | 0| Dy i Cox1 + C1 Y] + Cy 4+ C3Dq 0

ExamMpPLE 3.2. [C-C-Yl] If we take fl = axl,fg = bxlxg,fg = —b$1$2,fi =

gi(xg,...,2n),4 < i < n,h(zr) = x1, where a,b are nonzero constants Then
w1z = brz,wiz = —bro,waz = —2br1,wi; = 0,4 < ¢ < n, and Zf2 + Z 8f1 =
i=1

(Zw1i+a)x1—|—Zgi($4,.. xn)+a+z 892(1:4,...,1:"). wii, 1 <1 < n, sat-

i=1 i=4
isfy (3.3), (3.4), n is of the form (3.5) Satlsfylng (3.6) and (3.7) with Cp = 2b?%
Cy = Cy = 0. The estimation algebra E is 5-dimensional with a basis {1,z1, D1,Y; =
bIgDQ — bIQDg —|— (a2 —|— 1 —|— b2x§ —|— b2I§)I1, Lo}
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EXAMPLE 3.3. [C-C-Y1] Consider the ﬁlterlng model (2.1), where f1 = aj21 +

lxz + Zam + e, fo = a1 + a1xz2 — Zale + o fi = aim + aigrre +
=1

2\ 2
gi(x3, ... 1),3 < i < nyh(x) = 31,07 # ag,zai > O,(ag—afl) = a? +
i=1

ai + > a2,y a;gi(z3,...,x,) = 0. Then wis = ag — % 75 0, wej = 0,k =
i=3 =3
1,2, 3 < 7 < n and Zfz > on Z 2+ B(w2)rr + (w2, .. T0),

where f[(z2) = 2 L

. are + azc) and y(za,...,x,) =

HM:

) 2(a
[(33) +ai + (i )] [1 }(Zam) +ég?+e2+c2+

2
a gl . . .
2 (—a;e—i—alc) To + 2 (e ) > ax; + 2a1 + E . wi, 1l < i < on, satisfy

(3.3), (34), n is of the form (3 5) satisfying (3 6) and (3.7) for some constants
Cy, C1, Cs, C5. The estimation algebra E is 5-dimensional with a basis {1, x1, D1,Y; =

2 n 3 n
(Z—; - az)Dz + (2:1 a? + 1)3:1 + (Z—; + asa; + Z—; Z af):z:z + (are + agc), Lo}.
iz

=3

4. Finite dimensional filters. In this section we apply the structure theorem
for five-dimensional estimation algebras to construct a new class of five dimensional
estimation algebras and hence a new class of finite dimensional filters by Wei-Norman
technique [We-No].

MAIN THEOREM. Consider the filtering model (2.1) where

fl = axry,

m
fzf E A2;T1 T4,
i=3

k—1
fi = —Zazkxlxz + Z agir1ri, 3 < k<m-—1,
=2 1=k+1

m—1
fm - — § AimT1Tq,
1=2

Ji = 9i(Zmy1, - wn),m+1<0<n,

h::Elu
where m > 4, and a # 0. For m > j > i > 1, let aj; = —ay;. Assume that
for 3 <k < m—1,a; # 0 for some k < i < m, and g; are C> functions in
xm+1,~-~ T, variables, form—l— 1<i1<n. Let D; = i — fi,w1i = g;ll gil,n =

Z(f2—|— 8f1)+h2 Y1 = Z w1iD; +281 ,and Lo = %(Z D? —n), then the estimation

algebm E for this ﬁltemng model is five-dimensional wzth a basis {1,21,D1,Y1, Lo},
and this following multiplication table is given here:
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L E[1[a | D | Vi | Lo |
1 0 0 0 0 0
x1 | 0 0 —1 0 —D,
Dy |0 1 0 Cs -
Yl 0 0 —03 0 —Coi[:l — Cng
Lo | 0| Dy Yi Cozx1 + C3Dq 0
where Co =2 Y W,C'g =a? + 1. Moreover, let
ij=24<]
(4'1) u(t, x) — eT(t)e’l"(t)IleS2(t)D1 esl(t)yl etL[)O,O

be the solution of the robust Duncan-Mortensen-Zakai equation (2.3) for all t > 0.
Then r(t), s1(t), s2(t) and T(t) satisfy the following differential equations:

d51
4.2 —(t) = s9o(t
(4.2) o (1) = s2(0),
dSQ
(4.3) E(t) =r(t) + Css1(t) +y(1),
dr
(44) dt( ) CQSl(t)
dr Css3(t) C2s3(t)
=) = 222 t)so(t) — 321
dt() 5 + Cos1(t)s2(t) 5
dsy ds r2(t)
— t t t) —
Cosalt) 20+ (1) 2 1) —
1
Proof. Since m > j > i > 1, a;; = —a;;, we can rewrite fj as
fr = [Zakixi] xy, for2<k<m,
i=2
‘We have
Wlkzzakf*xf:}fk:wlkxh for 2 <k <m,
=2
wi; =0, form+1<j7<n,
wij = —2a;5x1, for2<i<j<m,
wij=wj; =0, for2<i<m, j>m+1,
and

n_zmzaﬂ

n
09
=a xl"’zwlle_'— Z gz Im+la 7xn)+a+ Z aiwz(xm+l,"'7xn)+ax§
1=m-+1 1=m-+1
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m n (9gg
= (Zw%k—i_a?—i_l)x%—i_ Z (9§($m+1,"' 7xn)+8—xl($m+17"' 7xn))+a7

k=2 {=m+1

it is easy to see that wy;, 1 < i < n, satisfy (3.2), and 7 is of the form (3.4)(note:
wij =0, for j > m + 1), where C5 = a® + 1 > 1. Now observe

6;7 " O {Zzakﬂl }xl Oz; Z [gl?(xmﬂ""Jn)*’aiz(xmﬂw”,xn)]

k=2 (=2 Y t=m+1
m m
2{ 200 akwe]aki}xi for2<i<m
— k=2 (=2
- n
9 2 Jdg .
Oz Z [gf(xm+1’”'7xn)+Txi(xm+17"'aIn)]7 fOI"ZZm—I—L
l=m—+1
we have
1 an 1 m m
5 2.9 =5 1 QjsTs) - 2 apexelar;
$3 st = 53 st = 13 a2 313 werd
j=1 j=2 J 2 s=2 k=2 (=2
m
2
=T E AjsQppQljTsTy
7,8,k =2
1 m m m m
2
=y 5[ E E Qs TsTe + E E ajgaksakj$g$5:|
$,0=2 j, k=2 £,5=2 j,k=2
1 m m m m
2
=y 5[ E E Qs TsTe + E E akgajsajkxm]
s,0=2 j, k=2 0,5=2Fk,j=2
1 m
2
=iy E ajsake[ar; + ajx)TsTe (note: aj, = —ag;)
J, 8,k =2
(4.6) =0,
and

for 2 <i <m, - =

19 (o & 19 [~y
=35 12 s (e | = g {320 asronst

k=2 =2 k=2
(4.7) =2 Z[Z QekTelaik1,
k=2 (=2
1 0% 1 0 ,0n
fori>m+1, = -7
orszm+d, 2 0x;0x1 2 0x1 (95[:1)
10 = 9g¢
4.8 =5 a. ? m41," " 5 dn 75— (@m+1, 5 20)| = 0.
(4.8) 007 5y, O 9@ ) )]

Next, observe

NE
E

(
[

akgxg](—2aki$1)), for2<i<m

>
U
N

2
auxg]-():(), for i >m+1,

n m
(4.9) Zwljw‘ji = Zwlkwki =
=1 k=2

NE
NGERS

=
I|
S
~
I|
N
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1

2,

NE

ari(—2agizy), for2<i<m
2

ki(—2ag;)-0=0, fori>m+1.

e o7

Therefore by (4.7), (4.8) and (4.9) it is easy to get

= 1 9% )
Zwljwﬂ 2%70:01(’012, for2<i<n

which proves that (3.6) is satisfied, if we take C; = 0. And by (4.6) and (4.10)

1 <~ Ow 1 o
9 Z S w Zwlaa = izza’kl —2ap;iz1) +0
=1 i=2 k=2
Cy 0
_ 2 _ 1 .on
=2( ag;)r1 —009514'78—4-02,

2<i<j<m

which proves that (3.7) is satisfied, if we take Cop = 2 Y7 af; and Co = 0
2<i<j<m

Hence the estimation algebra F for this filtering model is five-dimensional with basis

{1,21,D1,Y1 = Z w1 Dy + % To s Lo}, and we have this following multiplication table:

1=1
[ EJi]lan [ D] Y| Ly |
1 10] 0 0 0 0
T 0 0 -1 0 —Dl
Dy 0] 1 0 Cs -Y)
Y1 0 0 —Cg 0 —Coxl — Cng
LO 0 D1 Y1 Coil?l + Ong 0

Where Cp =2 Cs3 = a? —l—landan(f?_i_afz)_'_hz

zg’
2<i<j<m =

Let u(t, ) = eTMer(zigs2()D1gsi()Yiptlo gy be the solution of (2.3) for all ¢ > 0,
since L is uniformly elliptic, for any ¢t > 0,e'lo0y is C*°, by differentiating u(t,x),
we have

ou

t
Z%( x)
d
(T(0)gr(a1 g2()D1 g1 (DY [ otLog ;1(t)eT“)e’“(t)“e”“)DlYlesl(t)YletL””O
+ %(t)eT(t)er(t)xl Dyes2(MD1 s OYi gtLo g %(t)eT@)xle’““)fle@(twlesl(”“ eoay
+ Ciz_f(t)eT<t>er<t>meS2<t>D1e““)“e”“ffo

s1(t)

=l er(mes2 )y (Lo + s1()[Y1, Lo] + =~ [¥1, Y1, Lo]] + - ')esl(t)yl ooy
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d 3t
+ B 0e 0 (v, 1 s+ 20D, DLy + )
e32()D1 1OV ptlo 5
d
+ ;tz( )el® (D1 +r(t)[z1, D1] + - -)€T(t)mles2(t)D1esl(t)yletLoao
dr dr
+ E(t)xlu(t, x) + %(t)u(t,x)

+ o (t)eT(t) ez (Y1 + Cssa(t))e™ (1) D1 gs1 ()Y etLOO'Q

d82
D
d dT
+ L )zyult, 2) + S (tult, 2)

dt dt
2
:eT(t)eT(t)zl (LO _ Sg(t)yl B 03522(t)

(t)eT(t) (Dl _ ,',,(t))eT(t)LEl eSz(t)Dl 651 (t)Yl etLOO,O

— CQSl (t)!El

C3s3(t
— CQSl(t)SQ(t) — C381(t)D1 + = 821( )>€S2(t)D1€SI(t)Y16tLDO'Q

d
n ;tl( Je T(t) (Yl + Casalt ))er(t)mIGSQ(t)Dlesl(t)YletLOUO
+ %( #)(Dy — T(t))eT(t)er(t)11652(t)Dlesl(t)Y1 etLgo,O

dr dr
+ = o (t)zu(t, z) + %(t)u(t, x)
:eT(t) ’I"(t)zl LO€S2(t)D1 esl(t)yl etL[)O,O
_ 52 (t)eT(t) e’l‘(t):ﬂl YleSQ(t)Dl 651 (t)Yl etLOO,O
_ Cosl(t)eT(t)eT(t)lelesz (t)Dl esl(t)yl etL[)O_O

_ 0351 (t)eT(t)e’l‘(t):El DleSQ(t)Dl esl(t)yl etL()O_O

+ %(t)eT(t)Yler(t)m1652(t)Dlesl(t)yleu:oao
dSQ dr
+ EDlu(t,x) + E(t)xlu(t,x)
dr C3s3(t) C3si(t)
(T 0 = =55 — Com@sa) + =
d51 dSQ
+ Cosa(t) 2 (1) = r(O) T2 (1) )ult, @)

2(t
—T(®) (Lo —(®)Ds + r 2( ))er(t)11652(t)D1651(t)Y1 etLo gy

— 89 (t)eT(t)Yle’r‘(t):EleS2(t)D1 esl(t)yl etL()O,

0
_ C3Sl(t)€T(t) (Dl _ ,r,( ))eT(t)IleSQ(t)Dl esl(t)yl etL()O_O
ds ds
S viult, ) + 20Dl 2)

+ (Z( t) — Copsi(t ))xlu(t,x)
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53 2,2
(%(t} - Cst(t) _ Cass)salt) + Cng(t)
+ Casa) GHO =) GE )t

:eT(t) LOeT(t)IleSQ(t)Dl 681 (t)Yl etL()O_O
_ T,(t)eT(t)Dle’l"(t)zlesz(t)Dlesl(t)yl etLoo_O

_ 0351 (t)eT(t)Dle’l‘(t):EleSg(t)Dl 651 (t)Yl etL()o,O

+ (%(f) — () Viu(t.2) + %(t)plu(t, 2)
n (%(f) _ Cosl(t)):vlu(t,x)
(%(t) _ 03575’(’5) — Cos1(B)sa(t) + @
4 0352@)%@) _ r(t)dditz(t) 47 2(t) + Cyr()si (1)Ju(t.2)
=Lou(t, z)

(B — () Vit )

+ (d82 (t) —r(t) — 0381(t))D1u(t7x)

dt

+ (%(t) - Cosl(t)):vlu(t,x)

(L) - B0y psa(y + B0

S S ’I°2

+ CgSg(t)%(t) - r(t)dd—f(t) + 2(” + Car(t)si (1) )ult, @),

On the other hand,

& (u,2) = Lou(t, ) + y(0)[Lo, : u(t, o)
5 OLoy 1) w1 ult, )

= Lou(t,x) + y(t)Dru(t, ) + %yQ(t)u(t, x).

Since u(t, z) is the solution of (2.3), these two equations must be equivalent, thus we
complete the proof. O

REMARK 4.1. The solution (4.1) is well-defined which is explained as follows.

DEFINITION. Suppose X is a diffe_rrential operator, &y is in the domain of X, r is a
continuous function. We denote by efo 7()45X ¢y the solution at time ¢ of the following
equation:

dé(t)

S5 =X, 60 =&

if it is well-defined.
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Now, by theorem 2.3 e*%0¢y is well-defined. Next, the following propositions 4.1,
4.2, and note 4.1 shows that es2(MP1es1(O)Y1etLog is well-defined, and hence
u(t,z) = eTWerMeies2()D1es1 (Y1 gtlo 5 is well-defined.

PROPOSITION 4.1. The solution of the following differential equation

B [ wylo) g + u@)]eta).60.5) = &

(4.11) y

S8

> wij(z) g2 +u(x)
ei=1 !

to(a) = exp ([t + e oo + o),

where w(x) denote the nth-dimensional vector-valued function whose jth component is
Wiyj (:E)
n
Proof. Since wii1(x) = 0 and for each 2 < j < n,wij(z) = >, enx; +ej
k=2k#j
is a function of x indepedent of x;, we have the following identity: For any smooth
function v(x)

(4.12)
W — Zwlj($)(§;j($1 +rwin(x), - x5+ rw(x), -, e + Twin(T))
Next observe that
n " Ou ' ou
;WIj(l')/O a—x]($ + T‘(U(:T))d'f' = o J:lelj(,x)a—xj(x + TCU(,T))dr‘
< [ty )
- [u(x + tw(x)) — u(:v)] ( Let U(r) be an antiderivative of u(z + rw(x)).)

:[%(U(t) —U(0))] - u(x)

(4.13)

_%/0 (@ + rw(@))dr — u(z),

Let &(t,x) = exp (fot u(z 4+ rw(:t))dr) &o(z + tw(x)), then

the R.H.S. of (4.11)

n

“[3 ) ] e [ Cuat o) ) ol + )

j=1

=S @] [ e ([ vte + rstenr)] -ofe + e
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+ exp </Ot u(z + rw(x))dr) . %ﬁo(x + tw(x))} + u(z)é(t, x)
Iiwu {/o 837] x4+ rw(z))d } exp (/Otu(:c + rw(m))dr) ~&o(r + tw(x))

+exp</0 u(x + rw(x > Zwlj o(z + tw(x)) + u(@)§(t, )
{[4 [ ute+rwtonar - u(x)] e / e+ o)) fen(o + (@) (b (13))
+exp </Ot u(z —|—rw(m))dr> - W +u(@)E(t ) (by (4.12) )
9 xp ( / “ua + rw(x))d’r‘)fo(x T tw(@)) — ul@)é(t, @) + u(@)E(L )

=the L.H.S. of (4.11)
The proof is complete. O
Similarly, we have
PROPOSITION 4.2. The solution of the following differential equation

dé(t, x)
dt

[895 — fi]é(t, ), £(0,2) =&

t
eDlé'O(x) =€exp (/ U(Il + T, T2, 7$n)d7")
0

ol +t, w2, ,xn)

where Dy = 6%1 — fi1.
NOTE 4.1. Since Y1 = > wi (x)a%j + wu(z), where u(z) =
- Z?Zl wij(z) fi(x)+ 3 889?1 by proposition 4.1 e!¥1¢(z) is well-defined and hence can

be expressed in the form [ k(t,z,r)¢(r)dr, for some integrable kernel k. Therefore,
we can extend the definition of e*®Y1¢(x) to e*MY1£(t, x) by defining

OMe(ta) = [ K(s(0) . r)E(0 )

where ¢ is also a function of t. Similarly, we can define the expression e”()P1/(t, x)
for any C'*° smooth function ¢(¢, x).

EXAMPLE 4.1. Consider the filtering model (2.1) where

fl = axy,

fQ = bI1I3 “+ crixy + dI1$5,

fs = —bxixo + ex124 + fr125,
fa = —cx120 — ex123 + gT 125,
f5 = —dwiw2 — fr1203 — gT124,

fi=gi(xe,...,xy), for6<i<n,
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h(z) = x1;

a # 0,c # 0,e # 0,9 # 0, and ¢g; are C*° functions in zg¢,--- ,x, variables, for
6 < i < n. By Main Theorem the estimation algebra E is five-dimensional with a
basis {1,x1, D1,Y1 = (bxs + cxy + das) Do + (—bxa + exy + fws)Ds + (—cxo — exs +
925) D+ (~doz — fag — gua) Ds + (b*(a3 +23) + (a3 + a3) + (2§ + 22) + (a3 +
23) + f2(2% + 22) + g% (22 + 22) + 2(ce + df )xaws + 2(dg — be)wazy — 2(cg + bf) 275 +
2(be + fg)asza + 2(bd + eg)wsws + 2(cd + ef Jwazs + a® + 1)901, Lo},

and there is the following multiplication table:

[ Ef1]a | D | Vi | Lo
1 70] 0 0 0 0
X1 0 0 -1 0 —Dl
Dy o] 1 0 a?+1 -Y;
Yi 0] 0 | —a®—1 0 —Cz1 — (a2 +1)Dy
LO 0 D1 Y1 CIl + (a2 + 1)D1 0

where C' = 2(b? + 2 +d>+e2+ f2+9?). Letu(t,z) = eTWerzies2(D1es1(Y1ptho gy
be the solution of (2.3) for all ¢ > 0, by Main Theorem, r(t), s1(t), s2(t) and T'(¢) satisty
the following differential equations:

dSl

E(t) = SQ(t)v

%(t) =7(t) + (a® + 1)s1(t) + y(t),

%(t) =20 + 2+ d? + e + 2+ gD)su (1),

dT . (a® +1)s3(t)

B (a® +1)%s2(t)
T r) = (e

+2(0% + S+ d? e+ f2 + gP)s1(t)sa(t) — 5
s s 2
—(a® + 1)52(1:)%@) + T(t)dd—f(t) - # = (@® + r(t)si(t) + %yz(t).

REMARK 4.2. The above class of 5-dimensional estimation algebras in Main
theorem includes example 3.2 as a special case. These estimation algebras are not of
maximal rank and do not belong to the class that is considered in Yau [Ya2] and the
class constructed in Rasolulian and Yau[Ra-Ya].

REMARK 4.3. Our filters constructed in Main Theorem are of real applied signif-
icance for the following reasons:

(a) Observe that (4.2), (4.3), (4.4) and (4.5) are independent of the initial distribution
of zg. Therefore one can implement this filter in hardware for real application.
These are the so called universal filters.

(b) It is interesting to observe that the state space dimension of our filters is arbi-
trarily large while the dimension of our filters is only four. The real time
computation of (4.2), (4.3) and (4.4) is a trivial matter because these are
linear equations. Once we find out what r(t), s1(t) and sa(t), we simply put
them in (4.5). We only need to do simple integration to find out 7. Therefore
our filters are of real applied significance.
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(c) Our filters are defined for all time ¢ as one can see directly from (4.2), (4.3), (4.4)
and (4.5).

[Br]

[Br-Cl]

[Chl-Ya]

[Ch2-Ya)|

[C-Y-L1]

[C-Y-L2]

[Ch]

[C-C-Y1]

[C-C-Y?2]

[Ch-Ya]

[Da-Ma]

[We-No]

[Wol]
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