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SIMPLICIAL ENERGY AND SIMPLICIAL HARMONIC MAPS*

JOEL HASS'T AND PETER SCOTT*

Abstract. We introduce a combinatorial energy for maps of triangulated surfaces with simplicial
metrics and analyze the existence and uniqueness properties of the corresponding harmonic maps.
We show that some important applications of smooth harmonic maps can be obtained in this setting.
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1. Introduction. The energy of a map from one manifold to another is a mea-
sure of the total stretching of the map. Energy minimizing harmonic maps have found
numerous applications in geometry, analysis, algebra and topology. The two survey
papers of Eells and Lemaire [18, 19] give an introduction to the extensive literature
of this subject.

One of the fundamental existence theorems states that a nontrivial map of a
Riemannian manifold F' to a negatively curved manifold M is homotopic to a unique
harmonic map. When F' is a surface, each conformal class of metrics on F' gives
rise to the same map, and smooth families of domains give rise to smooth families of
harmonic maps [20, 22].

In this paper we introduce a new type of energy that leads to what we call a
simplicial harmonic map. The key idea is to give a new, more combinatorial, definition
of area, and then find a corresponding definition for energy. The payoff is that the
existence and regularity of simplicial harmonic maps are simple to prove, but they
retain enough of the features of smooth harmonic maps to be useful in applications.
In this paper we focus on maps from surfaces into non-positively curved manifolds and
spaces. We briefly discuss extensions to maps between manifolds of any dimension.

One motivation for studying energy from a more combinatorial point of view is to
obtain numerical methods for computing minimal and harmonic surfaces. This was
carried out in the work of Pinkall and Polthier [31]. See [30] for a survey of related
work. The discrete harmonic maps of Pinkall and Polthier are maps of a triangulation
of a domain surface into R™ that are linear on each 2—simplex. Their formula gives the
natural energy for a piecewise-linear approximation of a smooth map, and has found
many uses in computational geometry [15], where harmonic maps give a preferred
choice of surface map for purposes such as texturing and meshing. While the Pinkall-
Polthier harmonic maps retain many of the useful features of smooth harmonic maps,
particularly when the 2-simplices in the domain are acute angled, they do not in
general satisfy the convex hull or mean value properties. (See section 6 for a discussion
of these properties and their consequences.) An example of Polthier and Rossman [33]
shows that a discrete harmonic map may fail to satisfy the convex hull property, with
an interactive demonstration available at [32].
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The simplicial harmonic maps we describe in this paper are defined for very
general target spaces and do satisfy a convex hull property. A consequence is that
if f is a simplicial harmonic immersion of a surface F' into a Riemannian manifold
M, then the induced curvature on F' is more negative than the sectional curvature
of M. When M itself is negatively curved, the Gauss-Bonnet theorem then implies
that the area of f is bounded above by a constant times the Euler characteristic of
F. When mapped into Euclidean space, simplicial harmonic maps also satisfy a mean
value property and the maximum principle.

In this paper, we use the completeness and non-positive curvature of a Riemannian
manifold M to conclude that each homotopy class of arcs in M contains a unique
geodesic representative (rel boundary). There are other conditions that imply this
property, and our construction then immediately applies. For example, Teichmuller
space with either the Teichmuller metric or the Weil-Peterson metric has a unique
geodesic connecting any two points [44], although the Weil-Peterson metric is not
complete. Similarly, any two points in the interior of a hemisphere are connected by a
unique geodesic arc. More generally, our methods work equally well if M is a metrized
graph, a CAT(0) space, or a path metric space with the property that any two points
are joined by a unique geodesic in each homotopy class.

This paper is organized as follows. Initially we consider maps of triangulated
compact surfaces into manifolds. In Section 2 we define the simplicial area of a
map, and in Section 3 we define simplicial energy. In Section 4 we briefly discuss
how to define simplicial area and energy of maps when the source surface is divided
into polygons which need not be triangles. In Section 5 we define simplicial harmonic
maps. In Section 6 we establish the mean value and convex hull properties of simplicial
harmonic maps.

In Section 7 we consider the problem of deforming families of surfaces in 3—
manifolds to surfaces of small area. Given any surface in a 3—manifold, it is possible
to find a homotopy that deforms the surface to a collection of minimal surfaces joined
by thin tubes. In a hyperbolic 3—manifold, there is a universal upper bound for the
area of such a surface in terms of its Euler characteristic x; a surface with y < 0
can be homotoped to have area at most 27 |x|. But there is no canonical homotopy
to such a small area surface. For many applications one would like to start with
a family of surfaces and continuously homotope the entire family of surfaces so that
each surface in the family has small area. Area deformation techniques based on mean
curvature and related flows are not well suited to such a process, due to the formation
of singularities and the non-uniqueness of least area surfaces in a homotopy class.
In [24] it was shown that smooth energy deformation techniques based on analytic
results of Eells and Sampson [20] can be applied successfully in this context. We show
that a simplified theory based on simplicial energy suffices to give a deformation of a
family of surfaces to a family of small area surfaces. Then we extend this discussion
to explain how the smooth energy deformation techniques in [24] can be replaced by
simpler simplicial techniques.

In Section 8 we introduce the idea of the genus of an n—dimensional manifold,
extending the notion of Heegaard genus from dimension three to all dimensions. We
find connections between this n—dimensional genus and the areas of surfaces in a
sweepout of an n—manifold.

The simplicial energy of a map depends on the choice of a simplicial metric on its
domain. In Section 9 we show the existence of maps which are global minimizers of
simplicial energy over the space of all simplicial metrics. In Section 10 we consider
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the problem of finding canonical parametrizations, or canonical triangulations of a
surface. We solve this by showing that if a simplicial harmonic map from a closed
surface of negative Euler characteristic to a non-positively curved Riemannian surface
is homotopic to a homeomorphism, then it is itself a homeomorphism. Then we give
applications of this result to study the space of straight triangulations of a compact
surface ' with a Riemannian metric of non-positive curvature. (A triangulation of F'
is called straight if each edge is a geodesic arc.) We show that the space of straight
triangulations of F' of a fixed combinatorial type is connected. We note that in the
case when F is the disk with a flat metric, Bloch, Connelly and Henderson [6] proved
much more, showing that this space is homeomorphic to some Euclidean space and so
contractible. We thank Igor Rivin for telling us about this work, and for suggesting
that our ideas could be useful for studying the space of straight triangulations of more
general surfaces. Finally, in Section 11 we briefly discuss generalizations to maps of
higher dimensional manifolds.

2. Simplicial area for surfaces. In this section we define the simplicial area
of a compact 2-dimensional surface F. In place of a Riemannian metric on F', we
specify a triangulation 7 and a map [ that assigns to each edge e¢;, 1 < i < r, of 7
a length I; = I(e;) > 0, with the lengths [; satisfying the triangle inequality for each
triangle of 7. We call such an assignment a simplicial metric on F, and denote it by
(F,7,1), or just [ when the context is clear. Note that we allow the possibility that
for some triangles one of the triangle inequalities is an equality. We do not require
the triangulation 7 to be combinatorial. Thus we allow triangulations where two, or
even all three, vertices of a single triangle coincide in F', or where a pair of triangles
intersect in two or three vertices. But we assume that 7 has the structure of a A-
complex [25]. This is not a serious restriction. This means that F is constructed from
a disjoint union of triangles, each of whose vertices is ordered, by identifying faces of
the triangles in an order preserving way. Thus the given orderings can be extended to
an ordering of all the vertices of 7. For simplicity we will always discuss triangles in
A-complexes as if they were embedded in F. If a triangle is not embedded in F', one
needs to consider the source triangle in the initial disjoint union of triangles. Each
simplex in a A—complex has a minimal (in the given order) vertex, which we call its
preferred vertex. When considering limits of simplicial metrics, it is convenient to
also allow edges in the triangulation that are assigned zero length. We call such an
extension a simplicial quasi-metric on F.

We wish to assign a meaning to the area of (F,7,1). A natural choice for the area
of a triangle T" with edge lengths a, b, ¢ is the area of the Euclidean triangle with the
same edge lengths. This is given by the classical Heron’s formula, see [3] for example,

A(T):\/(a+b+c)(a+b—c;éb+c—a)(a+c_b).

We will however use an alternate formula, one that is much simpler, but still useful.
We define the simplicial area Ag of the triangle T" by the formula

Ag(T) = ab+ be + ca.

We note that the Euclidean area A of a triangle is at most zy/2, for any pair z,
y of edge lengths. So A < ab/2, A < bc/2 and A < ca/2. Equality occurs when an
appropriate angle is a right angle. Adding these inequalities yields the inequality

A<As/6.
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One defect of our definition of the simplicial area of a triangle, is that if we sub-
divide a triangle into smaller triangles, the simplicial area is not, in general, additive.
There is however a special case where additivity holds. This is when we add a vertex
at the midpoint of each edge of a Euclidean triangle T, and subdivide T" into four
similar triangles. We call this conformal subdivision.

Another defect of our definition is that the simplicial area of a triangle can only
be zero when ¢ = b = ¢ = 0. For some purposes, this is not a problem. In the
cases where this is a serious problem, we use quadrilaterals rather than triangles. See
section 4.

DEFINITION 2.1. The simplicial area of (F,,1) is
s(Frl) =Y As(T) = lilj + Ll + lil;
TeTr TeT
where l;, 15,11, are the lengths of the edges of the 2—simplex T of T.

Unlike Heron’s formula, this formula makes sense even when the triangle inequal-
ity does not hold. However the triangle inequality will prove useful, so we have built
it into the definition of a simplicial metric. We will see that simplicial area retains
enough similarities to the standard notion of area to be useful in many applications.

We now use this idea to define a simplicial analogue of the area of a map. Let
f+ F — M be a piecewise-smooth map of a metrized triangulated compact surface
(F,7,1) to a Riemannian manifold M and let L; denote the length of f|e;. Of course,
this can only be defined when fle; is rectifiable.

DEFINITION 2.2. The simplicial area of a map f: (F,7,1) = M is
As(f) = LiL; + LjLy, + Ly L;,
Ter
where the sum is taken over all 2—simplices of T.

The simplicial area of f does not depend on the simplicial metric [, but it does
depend on the triangulation of F.

3. Simplicial energy. The energy of a smooth map f : (F,g) — (M,h) of a
Riemannian surface (F,g) to a Riemannian manifold (M, h) is

B =5 [ [ 1957 aa.

In local coordinates the energy can be obtained by integrating the 2—form

Loy, 00 0F°

2 P 0z Dx
If we take eq, es to be an orthonormal frame in a neighborhood on (F g), then this
expression simplifies to

——dx;dx;

S (DI +11fe(e)] P

We now define a corresponding notion of simplicial energy. Suppose that f is a
map from a metrized or quasi-metrized triangulated compact surface F' to a Rieman-
nian manifold M. If an edge e; has I; > 0 then we denote the ratio L;/l; by o;, and
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call it the stretch factor of the edge e; under f. If e; has length [; = 0 then we define
the stretch factor by o; =0 if L; =0, and o; = o0 if L; > 0.

By analogy with the definition of smooth energy, we define the formula for the
simplicial energy of a map on a triangle by multiplying the squares of stretch factors
by the local contribution to the area.

DEFINITION 3.1. The simplicial energy of a piecewise-smooth map f of a metrized
triangulated compact surface (F,T,1) to a Riemannian manifold M s

1
Es(f) = 3 > (07 + 0)lily + (07 + o7l + (of + 07 kls,
TeT

where 1;,1;,1;, are the edge lengths of the 2—simplex T' of T.

In the case where some edge e; has length [; = 0 in a quasi-metric and this edge
is not mapped by f to a point, so that L; # 0 and o; = oo, we define the simplicial
energy of f to be infinite. For all other cases the above formula gives a well defined
finite energy.

REMARK 3.2. The simplicial energy of [ is invariant under scale change of the
domain simplicial metric. If the simplicial metric | is replaced by A, resulting in
multiplying each l; by a constant X\ > 0, then the energy is unchanged.

It is sometimes convenient to rewrite the simplicial energy as a sum over the edges
of 7. For a finite energy map f : (F,7,l) — M, this gives

W Es(f) = 1 5 (lil + 1, +li3+li4) 12

l:
e, ET v

where the sum is over the edges {e;} of 7, and l;,, l;,, l;; and l;, are the lengths
of the four edges of 7 which are adjacent to e; in the two triangles of which e; is a
face. See Figure 1.

Fic. 1. Edge lengths adjacent to e;

The coefficient w; = (I;; + li, + liy +1;,)/2l; of L? is called the weight of e;. Note
that for any simplicial metric on (F, 7), each weight w; is positive. Other approaches
to combinatorial harmonic maps have studied a variety of ways of assigning such
weights [31, 14, 26, 42]. For example the combinatorial energy of Pinkall and Polthier
[31] assigns to the edge e; the weight w; = (cot 01 + cot 2) /4, where 6; and 0 are the
two Euclidean angles opposite the edge e;. See Figure 1. The cotangent formula goes
back at least to Duffin [16]. Note that some of these weights will be negative if any of
the triangles of 7 has an obtuse angle. Our choice of weights was made because of its
simplicity and its close connection to the previously defined simplicial area. For our
purposes, it also turns out to be important that all our weights are positive. In fact,
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many of the results in this paper hold for any energy functional of the form > w;L?, so
long as all the weights are positive, though the connection between simplicial energy
and area does not.

For our next result, it will be convenient to introduce the following notation. Let
F be a surface with triangulation 7, and let [ be a simplicial quasi-metric on (F, 7).
Then we denote by 7y the subcomplex of 7 which consists of all zero length edges.

LEMMA 3.3. Let f : FF — M be a piecewise-smooth map of a connected trian-
gulated compact surface (F,T) to a Riemannian manifold M. Let l be a simplicial
quasi-metric on (F, 7). Then

Es(f) = As(f).

Further equality holds if and only the stretch factors o; are constant on the edges
of each component of T — 1y. In particular, if [ is a simplicial metric, so that no l; is
zero, then equality holds if and only if all stretch factors o; take the same value on all
edges of T.

REMARK 3.4. This result is the combinatorial analogue of the fact that if F' and
M have Riemannian metrics and f : F — M is a smooth map, then the energy of f
1s always at least as large as its area, with equality if and only if f is conformal. The
condition that the stretch factors o; take the same value on all edges of T is a much
weaker condition than conformality, but this may be an advantage for some purposes.

Proof. Suppose that edges e; and e; lie on the boundary of a triangle in 7. If
[; and [; are positive, we apply the inequality a® + b? > 2ab, with equality precisely
when a = b. We obtain

~

1 L; L;
(2) 5(0'22 + sz)lllj > O'Z‘O’jlilj = TTJZZZJ = LiLJ‘,
il
with equality precisely when o; = ;. If some [; is zero, we have two cases. If

l; =0, and L; > 0, then o; is infinite, so that %(U% + af—)lilj > L;L;. If 0; is finite,
l; =0, and L; = 0, then ¢; = 0 and the same inequality holds as both sides are zero.
Thus this inequality holds in all cases. Summing over all triangles of F' shows that
Es(f) > As(f).

If Es(f) = As(f), and 79 is empty, the connectedness of the 1-skeleton of 7
immediately implies that all stretch factors o; take the same value on all edges of 7.
If 79 is non-empty, the connectedness of the 1-skeleton of the dual cellulation of 7
implies that all the stretch factors o; are constant on the edges of each component of
T—19. 0

We now give an example that shows some of the difficulties in achieving useful
simplicial versions of area and energy. The example illustrates that it is not possible
to capture all aspects of how a map stretches a surface using only information about
the stretching of edges in a fixed triangulation.

ExXaMPLE 3.5. Measuring stretching along the boundary of a triangle fails to
capture Dirichlet energy.

Let f : Ty — T5 be a simplicial map from an isosceles triangle with edges of length
1,1,2 — € to an equilateral triangle with edge lengths all equal to 1. The Euclidean
area of T} is close to zero, while that of T, is v/3/4. The affine map f that takes Ty
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to Ty stretches each of these edges by a factor of 1 or less. If we use a combinatorial
definition of area that makes the area of T7 close to zero, and a combinatorial definition
of the energy of f which depends only on how much f stretches the edges of T3, then
the energy of f would also be close to zero. Thus the energy of f would be much
less than its area, which is the area of the image triangle T5, unlike the situation of
Lemma 3.3. The problem is that measuring the stretching of f only on the boundary
of Ty ignores the large stretching by f of segments in T} orthogonal to the long edge.
We conclude that reasonable formulas defining simplicial area and energy cannot
simultaneously satisfy all of the following:
1. Simplicial energy is evaluated using stretching of edges and simplicial area.
2. Simplicial energy is greater or equal to simplicial area.
3. The simplicial area of a triangle contained in a line is zero.
As we pointed out in Section 2 our definition of simplicial area only has the third
property when every edge of a triangle has zero length. In Section 7, we will see how
using quadrilaterals instead of triangles removes some of these difficulties.

4. Polygonal Decompositions. In this section, we generalise the preceding
two sections to the situation where a compact surface F' is divided into polygons
rather than just triangles. We again use 7 to denote such a division. We again have
a map [ that assigns to each edge e;, 1 < i < 7, of 7 a length I[; = I(e;) > 0. For
each polygon of 7, we require that each edge has length no more than the sum of
all the other edges of that polygon. This suffices to ensure the existence of a convex
embedding of the polygon in the Euclidean plane. If the polygon has more than three
edges, we cannot expect this embedding to be unique, but this is not important. Note
that we allow the possibility that for some polygons one of these inequalities is an
equality. We call such an assignment a simplicial metric on F', and denote it by
(F,7,1), or just [ when the context is clear. As in the previous sections, we do not
require that each polygon of 7 be embedded in F'. We will also extend this to the
case where some edges of 7 are assigned zero length. We call such an extension a
simplicial quasi-metric on F'.

Throughout this section, F' will be a compact surface with a polygonal decompo-
sition 7 and a simplicial metric or quasi-metric [.

Let P be a n—gon, whose edges are ey, es, ..., e, with lengths l1,[s,... [, reading
round P. Thus [; and ;11 are lengths of adjacent edges, where we define [,,41 to equal
l1. We define the simplicial area Ag of this polygon by the formula

As(P) = "lilis1.
1=1

As in the case of triangles, the simplicial area of polygons is not, in general,
additive. However for quadrilaterals there is a natural analogue of the conformal
subdivision of a triangle which we described near the start of Section 2. But note
that it may be that the process we describe does not correspond to subdividing a
quadrilateral embedded in the plane. Given a quadrilateral P, there is a natural way
to divide it into four sub quadrilaterals, by cutting along two lines which join interior
points of opposite edges of P. We now assign lengths to the new edges as shown in
Figure 2.

As for triangles, the area of a polygon can be non-zero even if several edges have
length zero. However the following fact will be very useful. If P is a quadrilateral,
and two opposite edges of P are assigned zero length, then the simplicial area of P is
zero. For the applications in Sections 7 and 8, this is all we will need.
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(a+c)/4

Fia. 2. Conformal subdivision preserves area.

DEFINITION 4.1. The simplicial area of (F,,1) is

Ag(F,m0) =Y As(P).
Per

Let f : FF — M be a piecewise-smooth map to a Riemannian manifold M and
let L; denote the length of fle;. Of course, this can only be defined when fle; is
rectifiable.

DEFINITION 4.2. For a n—gon P of T, the simplicial area of a map f: P — M
is > ry LiLiy1, which we denote by As(f,P).
The simplicial area of a map f : (F,7,1) — M is

As(f) =" As(f, P).

Pet

Next we define the simplicial energy of f. As for triangles, we use the stretch
factor o; = L;/l;, when l; > 0. If [; = 0 we define the stretch factor by o; = 0 if
L; =0, and 0; = o0 if L; > 0.

DEFINITION 4.3. For a n—gon P of T, the simplicial energy of a map f: P — M
is Es(f,P) = Z?Zl(af + O'i2+1)lili+1, where op11 equals oy.
The simplicial energy of a piecewise-smooth map [ of (F,1,l) to a Riemannian

manifold M is

Bs(f) = 3 3 Bs(/,P).

Pet

As for triangles, the above formula gives a well defined finite energy, unless some
0; = 00, when Fg(f) = oo.

REMARK 4.4. The simplicial energy of f is invariant under scale change of the
domain simplicial metric. If the simplicial metric | is replaced by Al, resulting in
multiplying each l; by a constant X > 0, then the energy is unchanged.

It is sometimes convenient to rewrite the simplicial energy as a sum over the edges
of 7. For a finite energy map [ : (F,7,1) — M, this gives
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1 lil + liz + li3 + li4 2
® Ba() = 5 3 (et ) o
e;eET

where the sum is over the edges {e;} of 7, and l;,, l;,, l;, and [;, are the lengths of
the four edges of 7 which are adjacent to e; in the two polygons of which e; is a face.
See Figure 1 for the case when the polygons are triangles.

If [ is a simplicial quasi-metric on (F, 1), then we denote by 79 the subcomplex of
7 which consists of all zero length edges. The following result is the natural generali-
sation of Lemma 3.3, and is proved in the same way.

LEMMA 4.5. Let f: (F,7,1) = M be a piecewise-smooth map of F to a Rieman-
nian manifold M. Then

Es(f) = As(f)-

Further equality holds if and only the stretch factors o; are constant on the edges
of each component of T — 9. In particular, if | is a simplicial metric, so that no l; is
zero, then equality holds if and only if all stretch factors o; take the same value on all
edges of T.

5. Simplicial harmonic maps. We call a map of a surface F' into a manifold
M trivial if the image of 7 (F') is contained in a cyclic subgroup of 71 (M). When M
is non-positively curved, or more generally when mo(M) = 0, this is equivalent to the
map factoring through a map of the circle into M.

In this section we show that any homotopy class of maps from a metrized triangu-
lated closed surface (F,7,1) into a closed non-positively curved Riemannian manifold
M contains a simplicial-energy minimizing map. This map is unique if the map is
nontrivial and the curvature of M is strictly negative. Note that nontrivial maps
never exist if F' is the sphere or projective plane. Further if the metric on M is
strictly negatively curved, then nontrivial maps do not exist if F' is the torus or Klein
bottle.

Since M is geodesically complete, any map fo : F' — M can be homotoped, fixing
the vertices of F', to a new map that sends each edge of 7 to a geodesic arc in M. If
M is non-positively curved, such an arc is unique. After picking an identification of
each edge e; of 7 with the interval [0,l;] of the real line, this yields a canonical map
from the 1-skeleton of 7 to M. The resulting map f; has energy no greater than
the original map fo, and it suffices to consider such maps in searching for an energy
minimizer. The choice of an extension of f; to the 2—simplices of F' does not affect
its energy, so we are free to make this choice in any convenient way. To uniquely
describe an extension, we make some further choices. Since the edge lengths of 7
satisfy the triangle inequality, we can identify each triangle of 7 with the Euclidean
triangle having the same edge lengths. As discussed at the start of Section 2, each
triangle of 7 has a preferred vertex, and we fix the natural cone structure on the
triangle with this vertex as cone point. There is a unique extension of f; to a map of
F that sends each cone line in a triangle to a constant speed geodesic arc in M.

If 7 is a polygonal decomposition of F', we proceed in the same way. The only
difference is that we need to choose a preferred vertex for each polygon, choose a
convex embedding of each polygon in the Euclidean plane, and then use the natural
cone structure on the polygon with this vertex as cone point.



602 J. HASS AND P. SCOTT

We make the following definition.

DEFINITION 5.1. A map [ : (F,7,1) = M from a triangulated surface F with a
simplicial metric | to a Riemannian manifold M is simplicial if each edge of T and
each cone line in each 2—simplex of T is mapped as a geodesic arc.

We can use the same definition and terminology if 7 is a polygonal decomposition
of F.

The preceding discussion shows that if M is non-positively curved, then any map
fo : FF — M can be homotoped, leaving the vertices fixed, to a unique simplicial
map fi1 and that the simplicial energy of f; is no greater than that of f;. Thus
to establish the existence of simplicial-energy minimizing maps into a non-positively
curved manifold, we need only consider simplicial maps. Given a simplicial map f
we define a variation of f to be a 1-parameter family of maps f;, —e <t < € with
fo = f. Note that f; need not be simplicial when ¢ # 0.

DEFINITION 5.2. A map [ : (F,7,1) — M of a closed surface with a simplicial
metric or simplicial quasi-metric to a Riemannian manifold M is simplicial harmonic
if it is simplicial and is a critical point of simplicial energy under all variations f; of
f-

If F is compact with non-empty boundary, then f is simplicial harmonic if it is
simplicial and is a critical point of simplicial energy under all variations f; of f which
leave OF fixed.

The map f is simplicial conformal if the stretch factors o; are constant on the
edges of each component of T—7y, where Tg denotes the subcomplex of T which consists
of all zero length edges.

REMARK 5.3. Lemmas 3.3 and 4.5 tell us that if f is a simplicial map, then
Es(f) = As(f) if and only if f is simplicial conformal.

REMARK 5.4. The above definition of f being simplicial harmonic is equivalent
to the one obtained by restricting attention to variations in which each map f; is
simplicial.

For most of this paper, we will consider only the case when the surface F' is
closed, but in the next section it will be important to consider the case when F' has
non-empty boundary.

PROPOSITION 5.5. Let (F,7,l) be a closed triangulated surface with a simplicial
metric. Let f: (F,7,l) — M be a continuous map of F to a non-positively curved,
closed Riemannian manifold M. Then

1. f is homotopic to a simplicial map fo that minimizes simplicial energy among
all maps homotopic to f, and hence is simplicial harmonic.

2. If f is nontrivial and M is negatively curved, then fo is the unique simplicial
harmonic map in the homotopy class of f.

Furthermore, if | is a simplicial quasi-metric and f is homotopic to a map with
finite energy, then (1) and (2) continue to hold.

Proof. (1) Any homotopy of a map f : F' — M that decreases some image length
L; without increasing any L; reduces the simplicial energy (see Equation 1). It follows
that a map that minimizes simplicial energy sends each edge of 7 to an arc in M that
minimizes length in its relative homotopy class.
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A simplicial map is not determined by the images of the vertices of 7, since distinct
relative homotopy classes of arcs connecting two points will yield distinct geodesic arcs
connecting those points. However a simplicial map f is determined uniquely by the
images of the vertices and the homotopy class (rel boundary) of f on each edge of 7.

We select a vertex v € I’ as a basepoint and also fix a fundamental region W
in the universal cover M of M. Since M is compact, so is W. Let F be the set of
simplicial maps homotopic to f, let £y > 0 be a constant and let F( be the subset of
F consisting of maps with simplicial energy less than or equal to Fy. We will show
that Fy is compact. B

Let f be a map in Fy, let P denote f(v) and let P be a point of W projecting
to P. Let F denote the universal cover of I, equipped with the natural triangulation
lifted from 7, and let v denote a point of F above v. There is a unique map f : F' — M
that covers f and sends ¥ to P. As M is simply connected, the simplicial map f is
determined completely by the images of the vertices of F.

Each edge e; in 7 is part of a simple arc «; contained in the 1-skeleton of 7 and
connecting e; to the base point v. The restriction of f to 7; lifts to a path ~; in M
which starts at P.

Let [,, be the length of the shortest edge in the given simplicial metric on 7, let
Ips be the length of the longest edge and let L; be the length of the restriction of f
to e;. As f lies in Fy, we have

so that

Li < \/2Eo(li/ln) < \/2Eo(las /1)

Let Ly denote the quantity /2Eq(lar/lm), so that L; < Ly, for all 4. Since 7; is
simple it contains at most r edges, where r is the total number of edges in 7. Hence
the restriction of f to 7; has length at most rLj,;. Note that this bound applies for
any element f of Fy. As the point P lies in the compact fundamental domain W,
there is a ball B in M such that each ~; lies in B, for any f € JFy. It follows that the
simplicial map f is completely determined by the finite number of points in B that
are vertices of the 7;’s. The set of all such is compact, therefore a minimum energy
map exists, which establishes part (1).

Note that the above argument does not really use the non-positive curvature
assumption on M. Without that assumption, one can still find an energy minimizing
map homotopic to f, but may not be able to arrange that this map is simplicial as
defined in Definition 5.1.

(2) Now suppose that f is nontrivial, and that fy and f; are simplicial harmonic
maps in the homotopy class F of f. Further suppose that M is negatively curved. As
fo and f; are homotopic, there is a “straight” homotopy f; between them, in which
ft is a simplicial map for each 0 < ¢ < 1 and the images of vertices of 7 move along
geodesic arcs in M at constant speed.

We will make use of the following key fact. Let «(t) and 8(t) denote two geodesic
arcs in the negatively curved manifold M and let v(¢) be the shortest geodesic arc
from «a(t) to B(t). Then the length L(t) of v(¢) is a convex function of ¢t. Further it
is strictly convex except possibly when the arcs «(t), 5(t) and (¢) are all contained
in a single geodesic [41]. Since each L;(t) is convex we see that the simplicial energy

function
= Zw,L,(t)Q, w; > 0,
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given in Equation 1 is also a convex function of ¢.

Now suppose that fo and f; do not coincide. Then there is a vertex v of 7 such
that the homotopy f; from fy to fi moves v along a nontrivial geodesic arc p. We
let A denote the unique complete geodesic of M which contains . As f is nontrivial,
there is an edge e; of 7 whose image under fy or f; is not contained in A\. First we
suppose that v is a vertex of e;. In this case, the function L;(t) is a strictly convex
function of ¢, and it follows immediately that Eg(f:) is also strictly convex, and so
can have only one critical point. Since both fy and f; are critical points, they must
coincide, proving part (2) of the proposition in this case. However it may be the case
that every edge of 7 incident to v has image which remains in A under each map f;.
Here we need a slightly refined version of the above key fact. Let «(t) and 8(t) denote
two geodesic arcs in the negatively curved manifold M which are contained in a single
geodesic A, and suppose, in addition, that o and 8 each has constant speed. Let ~y(t)
be the shortest geodesic arc from «(t) to 8(t). Then the length L(¢) of v(¢) is a linear
function of t. Hence L(t)? is a strictly convex function of ¢, unless L(t) is constant.

Now we return to the situation where v is a vertex of 7 such that the homotopy
ft moves v along a nontrivial geodesic arc contained in A, there is an edge e; of 7
whose image under fy or fi is not contained in A, and v is not a vertex of e;. Choose
a simple path in the 1-skeleton of 7 that connects v to e;, let e; denote the first edge
of this path and let w denote the other vertex of e;. The preceding discussion shows
that L;(t)? is a strictly convex function of ¢ unless f;(w) stays in A for all ¢, and
L;(t) is constant. In the first case, it follows as before that Eg(f;) is a strictly convex
function of ¢. In the second case, it follows that w, like v, is a vertex of 7 such that the
homotopy f; from fy to fi moves w along a geodesic arc contained in A. Further this
geodesic arc is nontrivial because L;(t) is constant. As w is joined to e; by a shorter
edge path than v, a simple inductive argument completes the proof that Fg(f:) is a
strictly convex function of ¢ in all cases. As above this implies that fy and f7 coincide,
which completes the proof of part (2) of the proposition.

Finally, we consider the case when [ is a quasi-metric. It may no longer be true
that a harmonic map homotopic to f exists. For example, [ might assign zero length
to each edge of 7, which would mean that all maps homotopic to f have infinite
energy unless f is homotopic to a point. However if f is homotopic to a map with
finite energy, then we can take [,,, to be the smallest positive length of the edges in
7. All zero length edges must be mapped to a point if the total energy is finite, and
so they make no contribution to the energy. The previous argument then applies and
establishes that parts (1) and (2) of the theorem continue to hold in this case. O

6. Mean value and convex hull properties. In this section, we show that
simplicial harmonic maps share some of the classical properties of smooth harmonic
maps.

Let F be a Riemannian manifold. A map f : F' — R™ has the mean value property
if for any point x € F, and any ball B of radius r centered at z, the value of f at
x is the average of the values of f over dB. If f is harmonic it has the mean value
property. Harmonic maps to R™ also have the following convex hull property: for D
any compact connected submanifold of F', the image f(D) is contained in the convex
hull of f(0D). Note that if F' is closed, then any harmonic map from F to R" must
be constant, so the discussion in this section is only of interest when F' has non-empty
boundary.

Finally a real valued function f on F is said to satisfy the mazimum principle if,
for any compact submanifold D of F', the restriction of f to D attains its upper and
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lower bounds only on 0D. Non-constant harmonic functions also satisfy the maximum
principle.

As mentioned in the introduction, the discrete harmonic maps of Pinkall and
Polthier [31] do not satisfy the convex hull or mean value properties. See [32] for an
interactive demonstration of an example found by Polthier and Rossman [33] which
shows that discrete harmonic maps do not satisfy the convex hull property.

Next we show that simplicial harmonic maps do satisfy the convex hull and mean
value properties. Let v be a vertex of a surface triangulation 7, and let D denote the
closed star of v, so that D is the union of all the simplices of 7 which contain v. We
let vq,...,v; denote the other vertices of D.

LEMMA 6.1. (Euclidean Mean Value and Convex Hull Properties) Let f be a
stmplicial harmonic map of a connected metrized triangulated compact surface (F,1,1)
into R™. Then f(v) lies in the convex hull of f(vi),..., f(vg). Further f(v) is the
centre of mass of a collection of positive weights placed at f(v1),..., f(vg).

Proof. Equation (1) shows that the simplicial energy Eg(f) has the form > w; L;?,
for some positive constants w;. As f is harmonic, it is a critical point of the functional
Es. We will apply this fact to variations of f through simplicial maps which equal
f on all vertices apart from v. For 1 < j < k, let e; denote the edge joining v
to v, and consider the terms Z?Zl ijj(t)2 of Fs(f:). Let (z1,...,2z,) be the
coordinates of f(v), and let (x1j,...,%,;) be the coordinates of f(v;), 1 < j < k.
Thus Z?Zl wiLi(t)? = Zle w; Y (x; — x5)% As fis a critical point of Eg,
we know that, for 1 < ¢ < n, the partial derivative of this summation with respect
to x; must be zero. Hence, for 1 < i < n, we have Z§=1 w;2(z; — x55) = 0, so
that x; Zle w; = Z?Zl w;x;j. As each w; is positive, x; is a linear combination
of the z;;’s with coefficients which lie between 0 and 1. It follows that f(v) lies in
the convex hull of f(v1),..., f(vx), and that f(v) is the centre of mass of weights
wi, ..., w, placed at f(v1),..., f(vg). O

The special case of this result when n = 1 gives the following form of the Maximum
Principle.

LEMMA 6.2. (Mazimum Principle) Let [ be a non-constant simplicial harmonic
map of a connected metrized triangulated compact surface (F,T,l) into R. Then for
any subsurface E of F which is also a subcomplex, the restriction of f to E attains
its upper and lower bounds only on OF.

The convex hull of a subset of a general Riemannian manifold M may be rather
complicated. For simplicity we consider only the case of non-positive curvature and
will restrict attention to convex balls in M. In this setting we obtain the following
result.

LEMMA 6.3. Let f be a simplicial harmonic map of a connected metrized tri-
angulated compact surface (F,T,1) into a convex ball B with a non-positively curved
Riemannian metric. Let v be an interior vertex of T and let D denote the closed star
of v. Let vy,...,v denote the other vertices of D. Then f(v) lies in the convex hull

Off(vl)""7f<vk)'

Proof. 1f f(v) lies outside the convex hull of f(v1),..., f(vk), then there is a
shortest geodesic arc « from f(v) to the convex hull. Take the tangent plane P at
f(v) perpendicular to c. The geodesics joining f(v) to f(v;) have tangent vectors at
f(v) that all lie on the same side of P. Moving f(v) away from P towards this side
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will reduce each L; and so reduce the energy of f, contradicting the assumption that
f is simplicial harmonic. O

Lemma 6.3 implies a universal area bound for homotopy classes of maps of a fixed
surface into a negatively curved manifold. We first recall the well-known correspond-
ing bound for smooth maps.

LEMMA 6.4. Let M be a hyperbolic manifold, let F be the closed orientable surface
of genus g > 1, and let f : FF — M be any map. Then f can be homotoped to a map
fo with Area(fo) < 27m(2g — 2).

If M has sectional curvature bounded above by —a < 0 then we have Area(fy) <
27(29 — 2)/a.

Proof. Suppose that M has sectional curvature bounded above by —a < 0. If
f sends a simple loop on F to a trivial loop in M, we compress f. Otherwise f
is homotopic to a least area immersion in its homotopy class, using the existence
theorems for minimal surfaces due to Schoen and Yau [40], and Sacks and Uhlenbeck
[39]. Note that as mo(M) = 0, the least area maps obtained in [40] and [39] must be
homotopic to f.

The normal curvature k,, of a minimal immersion is non-positive. Its sectional
curvature K < —a + k,, < —a. By the Gauss-Bonnet Theorem, with Fy = fo(F),

2m(2 — 2g) = 2wx(Fp) = K dA < / (—a) dA = —aArea(F))
Fo Fo

So Area(Fp) < 2m(29 — 2)/a.
The homotopy class of the original uncompressed surface map can be recovered
by adding tubes of zero area. O

We reprove this result using simplicial harmonic maps. In doing so we no longer
need to use the existence results for minimal surfaces. Since our results apply equally
well to non-orientable surfaces, we use the Euler number rather than the genus of a
surface.

LEMMA 6.5. Let M be a hyperbolic manifold, let F' be a closed surface with Euler
characteristic x <0, and let f : F — M be any map. Then f can be homotoped to a
map fo with Area(fo) < 2w |x|.

If M has sectional curvature bounded above by —a < 0 then we have Area(fy) <
2r x| fa.

Proof. Suppose that M has sectional curvature bounded above by —a < 0. Choose
a triangulation and a simplicial metric on F', and let fy be a simplicial harmonic map
in the homotopy class of f. If f is trivial, then fy has image contained in some
geodesic of M and so has zero Riemannian area. In this case the required inequality
is obvious. Otherwise f is nontrivial, so that fj is unique and at least one 2—simplex
of 7 does not have image contained in a geodesic. The simplicial map fj is a ruled
smooth immersion on each such 2-simplex. Thus the Riemannian metric induced
on F' has curvature < —a on the interior of such 2-simplices, and edges are sent to
geodesics. At the vertices, the convex hull property in Lemma 6.3 shows that the angle
sum around each vertex is greater than 27, and hence that the vertices contribute
negative curvature to the total curvature when using the Gauss-Bonnet formula for
simplicial complexes. The argument now follows as in the smooth case. O
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REMARK 6.6. The preceding lemma can be proved in essentially the same way if
F is divided into polygons. For then each polygon has a cone structure, and so has
a division into subcones which are triangles. Again each triangle either has image
contained in a geodesic, or is mapped by a ruled smooth immersion into M.

7. Families of maps. Given an immersion of a surface into a Riemannian man-
ifold, the mean curvature flow gives an area decreasing flow that pushes the surface
in the direction that decreases its area as rapidly as possible. However singularities
develop as the surface evolves under mean curvature, making it difficult to extend
the flow beyond the time of singularity formation. Additional difficulties arise in
extending mean curvature flow to families of surfaces, and these have proved an ob-
struction to topological applications. Harmonic maps offer an alternative approach
to constructing area decreasing flows, a fact exploited in [24].

In this section we show how to deform a multi-parameter family of simplicial
maps to a family of simplicial harmonic maps. Under this deformation the simplicial
energy of each map in the family decreases monotonically. The simplicial area may
not be monotonically decreasing, but the simplicial area of each surface is at all times
bounded above by its initial value. Although some of the results in this section work
for triangulations, we will use only decompositions into quadrilaterals. This is because
of the applications we have in mind in this and the next section.

For these applications, it is important that the Riemannian area of a simplicial
map is bounded by its simplicial energy. Note that no such bound can exist for general
maps, as the simplicial energy of a map is determined solely by the restriction of that
map to the 1-skeleton of the given triangulation.

LEMMA 7.1. Let F be a compact surface with a decomposition T into quadrilaterals
and a simplicial quasi-metricl. Let f : F — M be a simplicial map to a non-positively
curved Riemannian manifold M. Then the Riemannian area, Area(f), satisfies the
inequality

Area(f) < Es(f)/2.

Proof. Let P be a quadrilateral of 7, with edges eq,...,es4 cyclically ordered.
Recall that there is a preferred vertex v of P, that we use a cone structure on P with
v as cone point, and that a simplicial map from F' to M sends each cone line in this
cone structure to a geodesic in M. The diagonal of P that has one end at v divides
P into two triangles, and the restriction of f to each triangle is a ruled 2-simplex in
M. Suppose that v is the vertex e; MNey, so that one triangle contains e; and es, and
the other triangle contains es and es. As M is non-positively curved, the induced
curvature on each triangle is also non-positive and so the induced Riemannian area
is no greater than the Euclidean area of a triangle with the same edge lengths. The
Euclidean areas of the two triangles are at most LyLs/2 and L3L4/2. We conclude
that the Riemannian area of the restriction of f to P is at most (L1L2 + L3L4)/2,
which is clearly at most one half of the simplicial area of the restriction of f to P.
Now Lemma 4.5 implies that this is at most one half of the simplicial energy of the
restriction of f to P. Summing over all the quadrilaterals of 7 immediately yields the
inequality Area(f) < Es(f)/2, as required. O

Let F be a closed surface with a decomposition 7 into quadrilaterals and a sim-
plicial quasi-metric I. Let f: (F,7,l1) = M be a continuous map of F' to a negatively
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curved, closed Riemannian manifold M. If f is nontrivial, then Proposition 5.5 states
that f is homotopic to a unique simplicial harmonic map fo.

When f itself is a simplicial map, there is a canonical way to deform it to the
simplicial energy minimizing map fy. The simplicial energy function is determined
locally by the images under f of the vertices of 7, and thus is a real valued function
on a finite dimensional manifold. The gradient of this function determines a direction
of deformation for the vertices of f(F'). This gives rise to an energy decreasing flow f;
whose derivative at each ¢ equals the negative of the gradient of the simplicial energy
function. This flow moves the vertex images of f;(F) so as to decrease simplicial
energy as quickly as possible. We define the simplicial energy gradient flow to be this
flow of the map f. Since there is a unique critical point for simplicial energy in any
homotopy class, the gradient flow converges to fj, the minimizing simplicial harmonic
map homotopic to f.

We now show that the map fy obtained by minimizing energy among simplicial
maps homotopic to an initial map f depends continuously on the map f and the sim-
plicial metric . This is a straightforward consequence of the uniqueness of simplicial
harmonic maps within a homotopy class. It was shown in [17] that smooth harmonic
maps depend continuously on the domain metric.

We use the term continuous family of maps fs : F — M of a surface F to a
manifold M parametrized by a space S to refer to a continuous function H : S x F' —
M, with fs(z) = H(s,x), for each s € S and x € F.

PRrROPOSITION 7.2. Let I be a closed surface with a decomposition T into
quadrilaterals, and let M be a negatively curved closed Riemannian manifold. Let
fs: (Fym,ls) = M be a continuous family of nontrivial simplicial maps parametrized
by a subspace S of R™, where ls is a continuous family of simplicial quasi-metrics.
Then the gradient flow applied to each fs yields a continuous family of simplicial maps
fsi: (B, 7, ls) = M parametrized by S x [0,00), such that, for each s, the map fso
equals fs, and the family of maps fs: converges to a simplicial harmonic map fs .
The simplicial harmonic maps fs o depend continuously on the initial map fs and on
the initial simplicial metric 5.

Proof. For fixed [, the simplicial harmonic map homotopic to fs : (F,7,ls) = M
is unique, so doesn’t vary when fs is changed by a homotopy. The path of maps
fst: (F,7,ls) = M defined by the gradient flow, for each fixed s, varies continuously
with the map, since each point is following the trajectory of a solution to a first order
differential equation whose initial conditions vary continuously.

It remains to show that the simplicial harmonic maps f; o depend continuously on
the choice of simplicial metric [5. Let {s,} be a sequence of points in S converging to s
in S, let [,, denote the metric associated to s,, and let [, denote the metric associated
to s. Thus the sequence of simplicial quasi-metrics [,, converges to .. Arguing as in
the proof of the first part of Proposition 5.5 shows that the corresponding simplicial
harmonic maps f, converge to a limiting map f., whose simplicial energy is equal
to the limiting value of the simplicial energies of f,,. With respect to the simplicial
metric /o, the map f. has the same simplicial energy as fs ~, which is the unique
harmonic map in its homotopy class with simplicial metric l,,. Therefore fo, must
be equal to fs .. This establishes that the resulting simplicial harmonic maps vary
continuously with the simplicial metric, as claimed. O

Now we can apply the above result to show that we can homotope a family of
maps from F' to M to arrange that there is a uniform bound on the Riemannian
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area of the maps in the new family, where the bound depends only on the Euler
characteristic of F', and the curvature of M.

THEOREM 7.3. Let F be a closed surface with Fuler characteristic x < 0, and with

a subdivision T into quadrilaterals. Let fs: F — M, s € S, be a continuous family of
simplicial maps of F' to a Riemannian manifold M with sectional curvatures bounded
above by —a < 0, where S is a path connected subset of R™. Further suppose that
some, and hence every, fs is nontrivial. Then, for each s € S, there is a simplicial
quasi-metric 1° on F which varies continuously with s, and a continuous family of
maps gst : (F,7,1%) — M parametrized by S x I, satisfying

1. gs,0 = fs;

2. gs1 15 a simplicial harmonic map,

3. the simplicial energy of gs: is non-increasing with t,

4. Area(gs1) < 27 |x| /a, for every s.

Proof. For each simplicial map f, in the given family, we pick a simplicial quasi-
metric [° on 7 by setting the edge length I5 of e; equal to the length L7 of fs|e;. For
this quasi-metric, all the stretch factors o; are equal to 1 on all edges with [J > 0.
If I7 = 0, then f; must map e; to a point. Thus f; has finite simplicial energy.
Now we apply Proposition 7.2. This yields a continuous family of simplicial maps
fsu: (F,7,1°) — M parametrized by S x [0, 00), such that fs o = fs. Further, for each
s, the function Eg(fs ;) is a non-increasing function of ¢, and the family of maps f;,
converges to a simplicial harmonic map f5 ~. Now we use a homeomorphism between
[0,00) and [0,1) to obtain a new family of simplicial maps g5 : (F,7,1°) — M
parametrized by S x I, such that gs0 = fs,0 = fs, and gs1 = fs,00 is simplicial
harmonic. This family is continuous by Proposition 7.2. In particular, parts 1)-3) of
the theorem hold.

Since g1 is simplicial harmonic, the proof of Lemma 6.5 shows that Area(gs 1) <
27 |x| /a for every s, so that part 4) of the theorem holds. O

The above theorem and its proof are very similar to what occurs in the smooth
setting. The crucial difference is that in the smooth setting, if f : I’ — M is a map to
a Riemannian manifold M, one can only define the Riemannian metric on F' induced
by f when f is an immersion. In particular the energy of f must be non-zero. But
in the above theorem maps with zero energy cause no problems, as we simply induce
a quasi-metric on F'. This greatly simplifies applications, as we will see later in this
section and in the next section.

If we start with a family fs of smooth or piecewise-smooth maps from F' to M,
we need to approximate it by a homotopic family of simplicial maps before we can
apply the above result. This is easy to do by just choosing a subdivision 7 of F' into
quadrilaterals, and then replacing each f; by the unique simplicial map which agrees
with fs on the vertices of 7.

Theorem 7.3 generalizes from 1-parameter to k—parameter families certain results
of Thurston [41], Bonahon [7], Canary [9], Minsky [28] and Wolf [43], that utilized
pleated surfaces and simplicial hyperbolic surfaces to control the area and diameter of
a l-parameter family of surfaces. See also the recent use of bounded area 1-parameter
families of surfaces by Agol [1] and Calegari-Gabai [8] in proving the tameness conjec-
ture for ends of negatively curved 3—manifolds. Area bounds for 2-parameter families
of surfaces obtained using smooth harmonic maps were used to find counterexamples
to the stabilization conjecture for Heegaard splittings in [24]. See the discussion at
the end of this section.
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Pitts and Rubinstein [29] gave a construction of unstable minimal surfaces that
utilizes a minimax argument applied to a family of surfaces called a sweepout. For
later applications we give below a modified definition of a sweepout.

Given a closed orientable surface F', a closed orientable 3-manifold M, and a map
h:(F xI,Fxdl)— M with the property that Area(h(F,0)) = Area(h(F,1)) = 0,
there is a natural homomorphism

én « Hs(F x I, F x 0I) — Hs(M).

We now explain the construction of ¢j,.

Since H3(F x I, F x 9I) is a cyclic group generated by the fundamental class p
of (F x I,F x 0I), it suffices to define the action of ¢}, on pu.

Let « denote a fundamental 3—chain for F' x I, so that da = 81 — [y, where [3;
denotes a fundamental 2-cycle for F' x {i}, ¢ = 0,1. Thus each hyx(3;) is a singular
2—cycle in M with zero volume. A theorem of Federer implies that, for i = 0,1, there
is a singular 3—chain ¢; in M such that dc¢; = hy(f;), and ¢; also has zero volume
[21]. Thus the 3—chain ¢g + hg(a) — ¢1 is a cycle. We want to define the homology
class represented by this cycle to be ¢p,(1). We need to know that this is independent
of the choices of the ¢;’s. Suppose that ¢y and ¢ are zero volume singular 3—chains
in M such that dcog = Oc{, = hy(B;). Then ¢y — ¢ is a zero volume 3-cycle in M,
and a theorem of Federer implies this cycle must be null homologous. It follows that
our definition of ¢y (1) is independent of the choice of 3—chain ¢y. Similarly it is also
independent of the choice of 3—chain ¢;. It follows that ¢, (1) is well defined.

DEFINITION 7.4. Let M be a closed orientable 3—-manifold, and let F be a
closed orientable surface. A sweepout of M by F is a map h : F'x I — M with
Area(h(F,0)) = Area(h(F,1)) =0, and inducing an isomorphism

¢ H3(F x I, F x 9I) — Hs(M).

REMARK 7.5. One can equally well define a sweepout using homology with Zo
coefficients.

There is a natural way to associate a sweepout to a Heegaard splitting of a closed
orientable 3—manifold M. In a handlebody H, we can choose a homotopy which
shrinks the boundary surface F onto a 1-dimensional spine I' of the handlebody,
so that the homotopy is through embeddings except at the end of the homotopy.
Doing this for each of the two handlebodies of the Heegaard splitting of M yields a
sweepout in which the surface F is the Heegaard surface and, as ¢ — 0, the homotopy
crushes F' down to the chosen spine of one handlebody, and, as ¢ — 1, the homotopy
crushes F' down to the chosen spine of the other handlebody. Pitts and Rubinstein
[29] considered a closed 3-manifold with a strongly irreducible Heegaard splitting.
They then constructed a minimal surface that has maximal area in some sweepout
derived from the splitting. In a hyperbolic manifold M, a minimal surface of genus g
has area less than 27 (2g — 2), and this implies the same area bound for each surface
in the sweepout.

The existence of a sweepout by bounded area surfaces has implications for the
geometry of M. It gives upper bounds on the injectivity radius, as noted in Rubinstein
[35] and in Bachman-Cooper-White [4].

We will show that one can use harmonic maps to obtain the same area bound
given by Pitts and Rubinstein, but without proving the existence of an unstable
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minimal surface and without needing to assume that the Heegaard splitting is strongly
irreducible. The minimal surface obtained by Pitts and Rubinstein is embedded,
whereas harmonic maps need not yield embedded surfaces, but embeddedness is not
needed to establish results such as a bound on injectivity radius.

The natural way to apply the theory of harmonic maps to a sweepout h : F'x [ —
M is to apply Theorem 7.3 or its smooth analogue in order to obtain a sweepout by
bounded area surfaces. In the smooth case the difficulty is that at the ends of the
sweepout, i.e. at t =0 and t = 1, the maps from F' to M have 1-dimensional image
and so there is no way to define the induced Riemannian metric on F' and one cannot
directly use the gradient flow. In [24], the authors showed how to work round this
difficulty. In the simplicial setting, this is not a problem, but a new difficulty arises.
It is not automatic that the maps from F' to M at the ends of the sweepout have zero
energy. If they do not, then the gradient flow applied to such maps may yield maps
of non-zero Riemannian area, so that we no longer have a sweepout. We resolve this
difficulty in the following way.

First we consider maps from surfaces to graphs in general. Let ¢ : S x I — I
denote projection onto the second factor. Let F' be a closed surface, and let I" be a
graph.

DEFINITION 7.6. A map f : F — I is of standard type if there is a compact
subsurface N of F, such that the following conditions hold:
1. Each component of N is an annulus.
2. Each component of the closure of M — N 1is sent by f to a vertex of I.
3. Each component annulus A of N is sent by f to an edge of T', and f | A =
St x I is the composite of ¢ with the attaching map of the edge.

Any map from F' to a graph I' is homotopic to a map of standard type. For future
reference, we set out this result and its proof.

LEMMA 7.7. Let F be a closed surface, and let T be a graph. Then any map from
F toT' is homotopic to a map of standard type.

Proof. We denote the edges of I" by ex, A € A. The first step is to choose a point
x) in the interior of each edge ey of I', and to homotope the map f : FF — T to be
transverse to each xy. Let Cy denote f~!(xy), so that Cy is a finite collection of
disjoint simple closed curves in F'. Further there is a closed interval E in the interior
of ey, and a homeomorphism of f~!(E)) with Cy x I, such that the restriction of f
to each S x I component of f~1(E)) is the composite of g, projection of S* x I onto
the second factor, with a homeomorphism onto Ey. Now consider a map ¢ : I' — T’
which, for each edge ey of I', maps E) to e) by a homeomorphism on their interiors
and maps each component of I' — UE) to the vertex of I' in that component. The
composite ¢o f : F — T is of standard type. As ¢ is clearly homotopic to the identity,
it follows that there is a homotopy of f to a map of standard type, as required. O

Next we consider constructing subdivisions into quadrilaterals. Pick a subdivision
of the circle S' into intervals. Taking the product with I yields a subdivision of the
annulus S' x I into quadrilaterals, which we call a standard subdivision.

Now given a map f : F — I of standard type, we choose a subdivision 7 of F'
into quadrilaterals by starting with a standard subdivision of each component of N,
and then extending in any way to the rest of F'. We will say that such a subdivision
is compatible with f.

Next let I be the simplicial quasi-metric on (F,7) induced by f, and suppose
that T' has a path metric. Thus we can consider the simplicial energy Eg(f) of
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f: (F,7,l) = T. Let P be a quadrilateral of 7. If P is not contained in N, it is
mapped by f to a point and so contributes zero to Eg(f). If P is contained in N,
two of its edges are mapped to vertices of I' and the other two edges are mapped
onto edges of I'. Further the two edges mapped to vertices are non-adjacent edges of
P. Tt follows that in this case also P contributes zero to Eg(f). We conclude that

Es(f) =0.
Before returning to our discussion of sweepouts, we need one further refinement
of Lemma 7.7. We consider a closed surface F', a finite collection of graphs I'y, ..., Ty,

and maps f; : F — I';. Lemma 7.7 tells us that, for each i, we can homotope f; to be of
standard type and can then find a compatible subdivision 7; of F' into quadrilaterals.
The following lemma shows how to find a single subdivision of F' into quadrilaterals
which is compatible with each f;.

LEMMA 7.8. Let F be a closed surface, and, for 1 <1i <mn, let I'; be a graph, and
let f; + F — T'; be a continuous map. Then there is g; homotopic to f;, and a single
subdivision of F' into quadrilaterals which is compatible with each g;.

Proof. By applying Lemma 7.7, we can assume that each f; is of standard type.
Choose one point in the interior of each edge of I';, and let X; denote the union of
all these points. Thus fi_l(X,;) is a finite collection of disjoint simple closed curves
on F'. We can slightly homotope each f; to a new map g;, also of standard type,
to arrange that the g, 1(Xi)’s intersect each other transversely and that there are no
triple points. We let C; = g;l(Xi). For each i, we choose a regular neighborhood N;
of C; so that the following conditions hold:

1. The intersection of three distinct N;’s is empty.

2. For distinct ¢ and j, the boundaries of N; and N; meet transversely.

3. For distinct ¢ and j, each component of N;NNj is a disc which contains exactly
one point of C; NC}, exactly one sub-arc of C; and exactly one sub-arc of Cj.
The picture must be as shown in Figure 3.

G

!

N;

Ci

N
FiG. 3. Intersection of N; and N;

Now we can construct a single subdivision 7 of F' into quadrilaterals which is
simultaneously compatible with each f;. For distinct ¢ and j, consider a component
of N; N N;. As in Figure 3, there is a natural way to regard this as a quadrilateral,
with two edges in ON; and two in N;. We start by choosing all these quadrilaterals.
Next we consider a component of N;. This is an annulus, and some pieces of this
annulus have already been declared to be quadrilaterals. It is now trivial to subdivide
the rest so as to obtain a standard subdivision of the annulus. Having made these
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choices for each i, we will have a decomposition of the union of all the NV;’s. We now
complete this to a subdivision of F' in any way. It is easy to see that, after a further
homotopy, 7 is compatible with each g;, as required. O

Next we apply Theorem 7.3 to sweepouts.

LEMMA 7.9. If M is a closed orientable hyperbolic 3—manifold with a genus g
Heegaard splitting, then M has a sweepoutl by genus g surfaces with Riemannian area
bounded above by 27(2g — 2).

Proof. Let F' denote the Heegaard surface of M, and let Hy and H; denote the
two handlebodies into which F' cuts M. For ¢+ = 0,1, pick a 1-dimensional spine I';
for H;. By subdividing the edges of these graphs, we can arrange that each edge is a
geodesic segment in M. Then there is a sweepout g : F'x I — M of M by F such that
go collapses F' to I'g, and ¢y collapses F' to I'y. For each ¢« = 0 or 1, there is a map
fi + ' — T';, which is of standard type, and is homotopic to g;. We homotope the given
sweepout ¢ so that go = fo and g; = fi. The above discussion yields a subdivision
7 of F into quadrilaterals which is compatible with both gy and g1, perhaps after
further small homotopies of gy and g1. As gp and g; are now of standard type, and
the edges of Iy and I'; are geodesic, it follows that gy and g; are simplicial. Now we
simultaneously homotope each g; to the simplicial map which agrees with g, on the
vertices. This will not alter go and g1, so these maps still have zero simplicial energy
with respect to the induced simplicial quasi-metric. Finally we can apply the proof
of Theorem 7.3 to this sweepout by simplicial maps to obtain a l-parameter family
of simplicial harmonic maps. The crucial fact is that as the energies of gy and g; are
each zero, the gradient flow leaves them unchanged. Thus we have homotoped the
original sweepout, through sweepouts, to a sweepout by simplicial harmonic maps,
each of which has Riemannian area less than 27(2¢g — 2), by Lemma 7.1. O

The Scharlemann-Thompson genus of M can be used in place of the Heegaard
genus g in Corollary 7.9, and may be smaller [38].

We end this section by discussing how to replace the use of smooth harmonic
maps by simplicial harmonic maps in the work of Hass, Thompson and Thurston [24].
In that paper, the authors considered a particular closed hyperbolic 3—manifold M
with a Heegaard splitting M = Hy U H; and Heegaard surface F. They showed that
there could not be an ambient isotopy of M which interchanged Hy and H;, and a
key role in their argument was played by applying the gradient flow to a 2—parameter
family of smooth maps from F' to M. We will describe how to replace this part of
their argument by the work in this paper.

As in the proof of Lemma 7.9, for ¢ = 0,1, we pick a 1-dimensional spine I'; for
H;, so that each edge of I'; is a geodesic segment in M. As in that lemma, we can
find a sweepout h : F' x I — M by simplicial harmonic maps such that, for : = 0,1,
the map h; sends F' to I'; and is of standard type. In particular hy and h; each has
zero simplicial energy.

Next suppose that ® : M x I — M x I is an ambient isotopy of M which
interchanges Hy and Hi. Thus ® is a homeomorphism, ®q is the identity map of M,

and ®1(Hy) = Hy and ®(Hy) = Hy. Let p: M x I — M denote projection. Then

the composite map F' x I x [ PIMXxTEMxT B Misa 2—parameter family of

maps hs from F' to M, with hso = hs, for all s. As hg collapses F' to the spine I'y
of Hy, the map hg, collapses F to the graph ®,(I'g) embedded in M. Further each
map hg, is of standard type. Similarly each map hq , collapses F' to the graph ®,(I'1)
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embedded in M, and is of standard type. Note that as ®; interchanges Hy and Hq,
we have ®1(T) is a spine of H; and ®1(T';) is a spine of Hy.

The next step is to replace each map h,; by the unique simplicial map which
agrees with hg; on the vertices of 7. As each h is already simplicial, the maps
hso = hs do not change. The maps hg and hy; may change, but they will continue
to have zero simplicial energy. This is because any edge of 7 which was mapped to a
point before the change will continue to be mapped to a point after the change. Thus
the gradient flow will leave all the maps hg: and h;; unchanged. Hence when we
apply Theorem 7.3 to this 2-parameter family of maps, we will obtain a family f ¢
of harmonic maps, each with Riemannian area less than 27 |x(F')|, such that all the
maps fo: and fi; have zero simplicial energy and hence zero Riemannian area.

In [24], the authors considered hyperbolic 3-manifolds of fixed Heegaard genus
which have arbitrarily high volume. This implies that a sweepout h : F' x I — M
of M by F in which each surface has Riemannian area less than 27 |x(F')|, must be
“long” in a certain sense. They show that this implies that in any 2-parameter family
that flips the orientation of the Heegaard splitting, there must be a surface of large
area. This in turn was used to show that it is not possible to connect such a Heegaard
sweepout to the same sweepout with opposite orientation without stabilizing until the
genus is doubled.

8. Sweepouts in higher dimensions. In this section we define the genus of an
n—dimensional closed orientable manifold, extending the idea of the Heegaard genus
of a 3—manifold to closed manifolds of arbitrary dimension. To do so we extend the
definition of a sweepout of a 3—manifold by a 1-parameter family of surfaces to a
sweepout of a closed n—dimensional manifold M by an (n — 2)—parameter family of
surfaces. We replace the unit interval I in a Heegaard sweepout with an arbitrary
compact (n — 2)-dimensional manifold which parametrizes the surface maps.

For this construction we let X be the orientable total space of a bundle over a
compact (n — 2)-manifold B with fiber a closed orientable surface F', with projection
map 7 : X — B, and with 0B possibly empty. We will consider an appropriately
defined degree one map h : X — M such that, for all b € 9B,

Area(h(r~1(b))) = 0.
As before, we need to define a homomorphism

to make sense of the notion of degree for such maps. Again note that we could also
use homology with Zs coefficients.

Since H,,(X,0X) is a cyclic group generated by the relative fundamental class p,
a homomorphism ¢, to H, (M) is determined by the action of ¢, on u. So long as h
satisfies some mild smoothness condition, the (n—1)-volume of h(9X) will equal zero
because Area(h(w~1(b))) = 0 for b € B. So h(0X) gives a zero volume (n — 1)—chain
in M which in turn is the boundary of a zero volume n—chain ¢ in M. Thus hy(u) +c
is a n—cycle in M whose homology class « € H, (M) is independent of the choice of
c. We set ¢, (1) = . This leads to the following definition.

DEFINITION 8.1. A sweepout of a closed orientable n—manifold M by a closed
orientable surface F is a map h : X — M from a bundle X with orientable total
space, fiber F, and base space a compact (n — 2)-manifold B, whose boundary may be
empty, such that
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1. Area(h(m=1(b))) = 0, for all b € OB, and the (n — 1)—volume of h(0X) also
equals zero, and
2. h induces an isomorphism

¢n Hy(X,0X) — Hy,(M).

DEFINITION 8.2. If M is a closed orientable n—-manifold which admits a sweepout
by genus g surfaces, for some g, then the genus of M is the smallest such number g.

For 3—manifolds this number is clearly less than or equal to the Heegaard genus,
since the above definition allows non-embedded and non-disjoint surfaces to sweep
over the 3—manifold. In addition, it allows the consideration of sweepouts by bundles
over a circle, as well as over an interval. We do not know whether or not equality
always holds for a given B.

Here are some examples of n—manifolds which admit a sweepout by surfaces. Our
first examples are simply the product of a 3—manifold with another manifold. Let
Y be a closed (n — 3)-dimensional manifold, let Z be a closed 3-manifold, and let
M =Y xZ. Choose asweepout h : IXF — Z of Z by a closed surface F',let B =Y xI,

andlet X = Bx F. Thenthemap X =Bx F=Y x (IxF) " v xz=Misa
sweepout of M by F.

Our next examples will play an important role in our discussion below. Let B
be a compact (n — 2)—dimensional manifold, and let F' be a closed orientable surface
of genus g. Let X be a bundle over B with fiber F whose restriction to 9B is
trivial. Choose a homeomorphism f from F' to the boundary of a handlebody H,
and let g denote the homeomorphism f x 1 : ' x 9B — 0H x 0B. We form a
closed n—manifold M by attaching X to H x 0B using the homeomorphism of their
boundaries X = F x 9B % 0H x OB = d(H x dB). As in the previous section,
there is a homotopy which shrinks the boundary surface F' of the handlebody H
onto a 1-dimensional spine I' of H, such that the homotopy is through embeddings
except at the end of the homotopy. Taking the product of this homotopy with the
identity map of B yields a map (I x 9B) x F' — 0B x H which, for each b in 0B,
shrinks {b} x F onto {b} x I'. Together with the identity map of X, this yields a
map from X U ((I x 9B) x F') to M which is clearly a sweepout of M by F. Of
course X U ((I x 9B) x F) is homeomorphic to X, so we can and will regard this
sweepout as a map from X to M. This sweepout has the special property that for all
interior points of B, the associated map from F to M is an embedding, and that for
all boundary points of B, the associated map from F' to M has image a copy of the
graph I'. If OB is not connected, one can make this construction slightly more general
by separately choosing a homeomorphism from F to the boundary of the handlebody
H for each component of 9B.

When B is the (n — 2)-ball, the bundle must be trivial over 9B. These n-
dimensional Heegaard splittings therefore fall into this class of examples.

Now suppose that we have a sweepout h : X — M of a closed orientable n—
manifold M by a closed orientable surface F. In addition suppose that M has a
metric of negative curvature. We would like to apply the ideas of the previous section
to show that M admits a sweepout by small area maps from F to M. As in that
section, the key to doing this is being able to find a sweepout such that, for each b in
0B, the associated map from F' to M has zero energy. The result we obtain is the
following.
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THEOREM 8.3. Let M be a closed Riemannian n—manifold with sectional curva-
tures bounded above by —a < 0, let F' be a closed orientable surface of genus g > 2,
and let T be a subdivision of F into quadrilaterals. Suppose that h : X — M 1is a
sweepout of M by F such that, for each b in OB, the associated map F — M 1is
simplicial and has zero simplicial energy with respect to the induced quasi-metric on
(F, 7). Then h can be homotoped, fixzing 0X, to a new sweepout so that, for each b in
B, the associated map from F to M has Riemannian area at most 27(2g — 2)/a.

Proof. We will use the same ideas as in the proof of Lemma 7.9 in the case of
dimension 3.

If X is a trivial bundle over B, we can simply apply Theorem 7.3 to homotope
the sweepout to a family of simplicial harmonic maps from F' to M. This homotopy
will be fixed for fibers over B, so still gives a degree one map from X to M, and is
therefore still a sweepout. Theorem 7.3 also tells us that in this new sweepout the
area of each surface is less than 27(2g — 2)/a, as required.

If X is a nontrivial bundle over B, it is still locally trivial, and that suffices to
apply Theorem 7.3. O

Given a sweepout, it is not obvious that one can find a subdivision into quadri-
laterals that satisfies the hypotheses of the above theorem. But it is easy to do this in
the cases discussed just before the theorem. As in the second set of examples, we let
B be a compact (n — 2)—dimensional manifold, let F' be a closed orientable surface of
genus g, and let X be a bundle over B with fiber F' whose restriction to 0B is trivial.
Finally let M be a closed n—manifold formed by attaching X to H x 9B using a prod-
uct homeomorphism of their boundaries. Then there is a sweepout h : X — M such
that, for all interior points of B, the associated map from F to M is an embedding,
and, for all boundary points of B, the associated map from F' to M has image a graph
which depends only on the component of dB. Further, for a component C of 9B, the
maps from F' to the graph I' associated to the points of C' are all equal. As OB has
only finitely many components, Lemma 7.8 tells us that after a suitable homotopy of
h, there is a single subdivision 7 of F' into quadrilaterals which is compatible with all
of these maps. Now it is immediate that, for each b in 0B, the associated map from
F to M has zero simplicial energy with respect to the induced quasi-metric on (F, 7).
If we assume that M has negative curvature, then we can homotope this sweepout
to the sweepout by simplicial maps which agrees with the original sweepout on the
vertices of 7. Thus, for each b in 0B, the associated simplicial map from F to M has
zero simplicial energy with respect to the induced quasi-metric on (F, 1), verifying all
the hypotheses of the above theorem.

We can generalize the previous discussion as follows. Let M be as in the previous
paragraph, but do not assume that M has negative curvature. Suppose that there
a map k of degree 1 from M to some negatively curved n—manifold M’. Then the
composite map koh : X — M’ is a sweepout such that, for each b in 0B, the associated
map from (F,7,l) to M’ has zero simplicial energy. Further, we can homotope this
sweepout to the sweepout by simplicial maps which agrees with the original sweepout
on the vertices of 7, again verifying all the hypotheses of the above theorem.

9. Varying the simplicial metric. In this section we examine global minimiz-
ers of simplicial energy over the space of all simplicial metrics for a fixed triangulation.
It was known to Courant and Rado that one way to find a least area map in a homo-
topy class is to find a map that minimizes energy not just for a given metric on the
domain but among all possible metrics [12, 34]. We now present this argument in the
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simplicial setting, where it becomes considerably easier.

LeMMA 9.1. Let f : F — M be a map of a triangulated closed surface F to
a closed manifold M with a Riemannian metric. Let Es(f,l) denote the simplicial
energy of f with respect to a simplicial quasi-metric | on F.

1. If As(f) has least possible value among all maps homotopic to f, then there
is a simplicial quasi-metric I on F such that Es(f,1) has the least possible
value among all maps homotopic to f and over all simplicial quasi-metrics
on F. Further Es(f,1) = As(f).

2. If 1 is a simplicial quasi-metric on F, and f is a map such that Es(f,1)
has least possible value among all maps homotopic to f and over all simpli-
cial quasi-metrics on F, then Ag(f) also has the least possible value, and

Es(f.1) = As(f).

Proof. (1) Let I denote the simplicial quasi-metric on (F, 7) induced by f, i.e. for
each edge e; of 7, we set [; = L;. For this quasi-metric, all the stretch factors o;
are equal to 1 on all edges with I; > 0 and therefore Es(f,l) = Ag(f), by Lemma
3.3. The hypothesis that Ag(f) has least possible value implies that, for any map f’
homotopic to f, we have Ag(f’) > Ag(f). Thus for any simplicial quasi-metric k on
F', we have the inequalities

Es(f',k) > As(f') = As(f) = Es(f,1).

It follows that Eg(f,l) has the least possible value over all maps homotopic to f and
over all simplicial quasi-metrics on F', and that Eg(f,l) = Ag(f), as claimed.

(2) Suppose that Ag(f) does not have the least possible value. Thus there is a
map f' homotopic to f with Ag(f’) < Ag(f). We define a simplicial quasi-metric
k on F by setting k; equal to L;. For this quasi-metric and the map f’, the stretch
factors o; are equal to 1 on all edges with [; > 0. Thus, by Lemma 3.3, we have

Es(f',k) = As(f') < As(f) < Es(f,1)

which contradicts the hypothesis that Eg(f,1) has least possible value.

We conclude that Ag(f) must have the least possible value. Now part (1) implies
that there is a simplicial quasi-metric k on F' such that Eg(f, k) has the least possible
value among all maps homotopic to f and over all simplicial quasi-metrics on F'.
Further Es(f, k) = As(f). As Eg(f,1) also has least possible value, it follows that
Es(f,1) must equal Es(f, k), so that Eg(f,1) = As(f), as required. O

The proof of the above lemma is much simpler than in the smooth setting. This
is because any map of F' into M for which one can measure the lengths of the edges
of 7 induces a simplicial quasi-metric on F', whereas in the smooth setting, one needs
f to be an immersion in order to induce a Riemannian metric on F.

In Section 5 we saw that a finite energy map from a surface with a fixed simplicial
metric or quasi-metric to a manifold of non-positive curvature can be homotoped to
a simplicial harmonic map that minimizes simplicial energy. We now examine what
happens when the simplicial metric on the domain surface is allowed to change. We
will show that the class of maps homotopic to a given map f : F' — M contains a
map with minimal simplicial energy among all maps homotopic to f and all possible
simplicial quasi-metrics (F, 7,1). In the smooth setting this gives a least area map in
the homotopy class of f. The existence of a least area map in that setting was shown
by Sacks and Uhlenbeck [39] and by Schoen and Yau [40], with the hypotheses that
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the surface is orientable with genus at least 1, and its fundamental group injects into
the fundamental group of M.

It would seem more natural to consider only simplicial metrics rather than allow
quasi-metrics, but the following discussion explains why this is unreasonable. In fact
this is why we introduced the idea of a simplicial quasi-metric. Consider a map
fi: F — M from a triangulated surface (F,7) to a Riemannian manifold and let

T = inf{Es(/))

where the infimum is taken over all maps f homotopic to f; and over all simplicial
metrics on 7. We would like to establish the existence of a simplicial harmonic map
homotopic to f1 with simplicial energy equal to Z. There is a sequence [ of simplicial
metrics on F', and of homotopic simplicial maps f,, : F — M such that Es(f,) — Z,
as n — oo. We call such a sequence a simplicial-energy minimizing sequence. The
main difficulty we face is that even if the sequence [ converges to a function [° on the
edges of 7, it may be that [°(e;) = 0, for some edge e; of 7. It is clear that (°(e;) > 0,
for all 4, and that {° satisfies the triangle inequality for each triangle of 7. Thus {° is
a simplicial quasi-metric on F. There is a further difficulty with this approach which
is that it is possible that [°(e;) = 0, for every edge e; of 7. For example, suppose
that [ is a simplicial metric on F, and f : F — M is a simplicial map such that
Eg(f) — Z. For each n > 1, we define the simplicial metric ("™ by {"(e;) = I(e;)/n,
for each edge e; of 7, and the simplicial map f, to equal f. The scale invariance
of simplicial energy implies that Eg(f,) = Z, for each n > 1, but the sequence "
converges to the simplicial quasi-metric [ such that [°(e;) = 0, for every edge e; of 7.
The analogous phenomenon occurs in the smooth setting, and as in that setting we
avoid this problem by changing our initial choice of minimizing sequence.

The following lemma shows that allowing quasi-metrics does not change the min-
imal energy for a homotopy class.

LEMMA 9.2. Let f1 : F — M be a map of a triangulated closed surface (F,T)
to a closed Riemannian manifold M. Let T denote the infimum of simplicial energies
over the family F of all maps f homotopic to fi and over all simplicial metrics on T,
and let Iy denote the infimum of simplicial energies over the family Fo of all finite
energy maps f homotopic to fi and over all simplicial quasi-metrics on T.

Then T = 1.

Proof. As F C Fy, it is immediate that Z > Z;.

Now let [ be a simplicial quasi-metric on F', and let f : (F,7,1%) — M be a finite
energy map homotopic to fi. Consider the family of edge length functions I, defined
for t > 0 by I*(e;) = 1°(e;) +t. As ' is positive and satisfies all triangle inequalities
in 7, it follows that (! is a simplicial metric for each ¢ > 0.

Let Es(f,1*) denote the energy of the map f : F' — M computed using the
simplicial quasi-metric {* on 7. For ¢t > 0 we have

¢ 1 L7 L? ¢ ¢
Bolf =52 ((Mem? * w(ej))?) Helrte).

If either of [%(e;) or (°(e;) is zero then so is L; or L;, so that

}%ES(f7 lt) = ES(f7 ZO)

It follows immediately that Z < Zy, so that Z = Z; as required. O
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Next we show the existence of a simplicial quasi-metric and a map which mini-
mizes energy in a homotopy class. Note that, unlike the smooth case, this theorem
places no requirements on the given map f; or on its homotopy class. In the smooth
case, an incompressibility condition is required.

THEOREM 9.3. Let f1 : F — M be a map of a triangulated closed surface (F,T)
to a closed non-positively curved manifold M. Then there is a simplicial quasi-metric
19 on F, and a simplicial map fo homotopic to fi, such that fo minimizes simplicial
energy among all maps homotopic to fi1 and all choices of simplicial quasi-metric on
(F, 7). Further fo minimizes simplicial area among all maps homotopic to f.

Proof. Let Z denote the infimum of simplicial energies over the family of all finite
energy maps f homotopic to f; and over all simplicial quasi-metrics on 7.

Consider a sequence [™ of simplicial quasi-metrics on (F,7) and finite-energy
simplicial maps f, : F — M, each homotopic to f, such that lim,, ., Fs(f,) = Z.
For each n, let L} denote the length of f,|e; and define a new simplicial quasi-metric
k™ on (F,7) by k™(e;) = L. For this quasi-metric, the map f,, is a simplicial isometry,
with I = L? and Eg(fn, k") = As(fn). Now Ag(f,) is independent of the simplicial
quasi-metric on F and Ag(f,) < Es(fn,!") by Lemma 3.3. Hence Eg(fn, k™) <
Es(fn,I™), and replacing each simplicial quasi-metric I™ by k™ retains the property
that lim,, . Es(fn) = Z, so that f, is still an energy minimizing sequence. In
particular, the sequences Fgs(f,) and Ag(f,) are bounded.

We now claim that, after passing to a subsequence, the sequence L} is bounded for
each i. First note that by passing to a subsequence we can arrange that each sequence
L7 is either convergent or unbounded. Now consider an edge ey and suppose that
{Ly} is unbounded. By passing to a further subsequence we can assume that {L{}
is increasing and unbounded. As ey meets one triangle of 7 on each of its two sides,
there are four additional edges of 7 which belong to a triangle containing ey. We
denote these edges by e, e, €3, e4 (they may not all be distinct in F). The terms in
As(fn) which involve L{j are Z?:l LyLr =Ly 2?21 L7, and this sequence of sums is
bounded, as we noted above. As Lg is increasing and unbounded, the sum Z?zl L}
must approach 0 as n — oo. Since each L} > 0, we deduce that L — 0 as n — oo,
for i = 1,2,3,4. Now the triangle inequality implies that L{ must also converge to
0 as n — oo, a contradiction. This establishes that L} is bounded for each 4, as
claimed. It follows that there is a subsequence of f, for which each sequence L} is
convergent. As M is compact, we can find a further subsequence such that for each
vertex v of 7, the sequence {f,(v)} converges. As k™(e;) = L, the sequence {k"}
also converges and the limit is a simplicial quasi-metric k% on F. So the sequence of
finite-energy simplicial maps f, converges to a finite-energy simplicial map fy with
E(fo) =Z. This completes the proof of the theorem. O

We say that a map of a surface into M is simply essential if it sends nontrivial
simple loops on the surface to nontrivial elements of 71 (M). For two-sided embedded
surfaces in a 3—manifold this is equivalent to being m—-injective, but for singular
surfaces in a 3—manifold this equivalence is unknown, and is called the simple loop
conjecture. The result below shows that if we assume that the map f; : I — M in
Theorem 9.3 is simply essential, then we can refine the result to assert the existence
of a simplicial metric (not just quasi-metric) on F and an energy minimizing map.

COROLLARY 9.4. Let fo : F — M be a simply essential simplicial map from a
triangulated closed surface (F,T) to a closed non-positively curved manifold M, and
suppose that | is a simplicial quasi-metric on (F,T) such that E(fo) =Z. Then there
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1s a new triangulation 7" of F, obtained by collapsing edges and triangles of T, a new
simplicial map f homotopic to fo, and a simplicial metric on 7" for which E(f}) =T.

Proof. As fy is simplicial, it maps any edge of 7 to a point or to a geodesic arc,
and it maps any triangle of 7 to a point or to a geodesic arc or to a triangle. If an
edge e of 7 is zero length, i.e. I(e) = 0, the fact that fp has finite energy implies
that it must map e to a point. If a triangle o of 7 has do consisting entirely of zero
length edges, the fact that f; is simplicial implies that it must map o to a point. If
Jo has two zero length edges, the fact that [ satisfies the triangle inequality implies
that all three edges of do are zero length. Finally if o has one zero length edge, the
fact that [ satisfies the triangle inequality implies that the other two edges of do have
the same [-length, and the fact that fy is simplicial implies that these edges have the
same image under f.

Now we let A denote the subcomplex of 7 consisting of all zero length edges of 7
together with all triangles of 7 whose boundary consists of zero length edges. Thus
fo maps each component of A to a point. As fy is simply essential, if N denotes a
regular neighborhood of a component of A, all except one of the components of the
closure of F'— N must be a disc, and the union of NV with these discs must itself be a
disc. Suppose there is a disc component B of the closure of F' — N, and let R denote
the component of F'— A which contains B. Then R is contained in A, so is mapped
to a point by fo. The facts that fo maps OR to a point, is simplicial, and has least
energy implies that it must map all of R to a point. Thus R is contained in A, which
is a contradiction. This shows that no component of the closure of F' — N can be a
disc, so that NV itself must be a disc.

We form the quotient F” of F' by collapsing every simplex of A to a point. Note
that fo must factor through a map f/ : F” — M. The preceding discussion implies
that F”' is homeomorphic to F. The image of 7 in F” need not be a triangulation.
For if ¢ is a triangle of 7 such that do has one zero length edge, then the image of
o in F” is a 2-gon. But the image of o in M is a geodesic arc, and so we can take
a further quotient F’ of F”, by collapsing each such 2-gon to an arc, and f; must
factor through a map f): F/ — M. Again F’ must be homeomorphic to F', and now
the image of 7 in F’ is naturally a triangulation 7’ of F’. (Note that even if 7 is a
simplicial triangulation of F, the triangulation 7/ of F’ may not be simplicial.)

Distinct edges of 7 cannot map to the same edge in F”/. Thus if distinct edges e
and e of T map to the same edge in F’, it must be because certain 2-gons in F”' were
collapsed, so that I(e;) = l(e2). It follows that there is a well defined function I’ on
the edges of 7/, given by I'(¢/) = l(e), where €’ is any edge of 7/ and e is any edge of T
which maps to e’. Clearly I’ is never zero and so is a simplicial metric on 7/. Further,
as fo factors through the simplicial map f§ : F' — M, it follows that E(f}) = Z.
Finally, as F” is obtained from F by collapsing disjoint contractible subsets, f must
be homotopic to fy. O

A consequence of Corollary 9.4 is that any potential counterexample for the sim-
ple loop conjecture in a hyperbolic 3—manifold can be chosen to be geometrically
controlled; it can be homotoped to be simplicial with area less than 27 |x|. Since the
simple loop conjecture has been proven for Seifert fiber spaces [23] and for graph man-
ifolds [36], the hyperbolic case is central to this problem. Note that in [10], Cooper
and Manning gave an example of a representation of a surface group into PSLy(C)
which has nontrivial kernel, but no element of the kernel is represented by an essen-
tial simple closed curve. However this is not a counterexample to the simple loop
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conjecture as their representation is not known to be discrete, nor to have image in
the fundamental group of a hyperbolic 3-manifold.

10. Maps between surfaces and canonical triangulations. In this section
we consider a metrized triangulated closed surface (Fy,7,[), and a closed surface F
with Euler characteristic y < 0, and with a Riemannian metric of non-positive cur-
vature. We will consider maps from Fj to F» which are homotopic to a given home-
omorphism. We show that in the homotopy class of such a map there is a simplicial
harmonic map which is a homeomorphism. If F5 is negatively curved, this simplicial
harmonic map is then unique in its homotopy class. Thus the simplicial harmonic
map never contains unnecessary singularities or folds. Hence if 7 is a fixed triangu-
lation of FY, this map gives a canonical triangulation of F5 that varies continuously
as we vary the metric h. Note that if F} and F, were orientable, with F} of genus 3,
and F5 of genus 2, and if f was a map of degree 1 from Fj to F5, then f would be
homotopic to a simplicial harmonic map g, by Proposition 5.5, but g could not be a
homeomorphism nor could it be a covering map. Thus in general simplicial harmonic
maps between surfaces must have some type of singularity. See Sampson [37] for an
analysis of the possible singularities in the smooth case.

In order to prove the results in this section, we need to slightly restrict the type
of triangulations we allow.

DEFINITION 10.1. A triangulation T of a compact surface F' is good if no edge of
T forms a null homotopic loop, and no union of two edges of T forms a null homotopic
loop.

Clearly if a triangulation of F' is not good and F' has a metric of non-positive
curvature, it is impossible to have a homeomorphism of F' which sends every edge to
a geodesic.

For the rest of this section, we fix a metrized triangulated surface (Fy,7,l), a
closed surface (Fy,h) with Euler characteristic x < 0, and with a non-positively
curved Riemannian metric h, and a homeomorphism f : F} — Fs. Let I(f) denote
the infimum of the simplicial energies of all homeomorphisms isotopic to f, and let 7t
denote the 1-skeleton of 7. Note that we can isotope f to be piecewise geodesic on
71, so that the simplicial energy is now defined. In particular, the isotopy class of f
always contains homeomorphisms whose simplicial energy is defined. We will consider
an energy minimizing sequence of homeomorphisms { f,,} from F; to F» each of which
is isotopic to f, and will show that there is a subsequence which yields a simplicial
homeomorphism (Fy,7,l) — (Fs, h) whose energy equals I(f). The special case where
T is a 1-vertex triangulation and h is negatively curved turns out to be much simpler
and will be treated separately after the following lemma. Note that this first lemma
does not require that 7 be good, nor that the metric on F, be non-positively curved.

LEMMA 10.2. Suppose that Fy and Fs are closed surfaces with negative Euler
number. Let f : (Fy,7,1) = (Fa,h) be a homeomorphism from Fy, with simplicial
metric l, to Fy with Riemannian metric h. Let {f,} be a sequence of homeomorphisms
from Fy to Fy, each of which is isotopic to f and whose simplicial energies approach
I(f). Then there is a subsequence of the f,’s whose restrictions to 7' converges to a
map fo: 7" — Fy. Further any map fo obtained in this way maps each edge of T to
a point or to a geodesic arc.

Proof. As f,, has finite simplicial energy, it must map each edge of 7 to a rectifiable
arc. As the sequence of simplicial energies of the f,,’s is convergent, it is bounded. As
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F5 is compact, Ascoli’s Theorem shows that the sequence of f,,’s has a subsequence
whose restriction to 7! converges to a continuous function fy. If e is an edge of 7,
then the sequence of lengths of the arcs f, | e is also bounded, so that fy | e must
have finite length. Thus fy maps each edge of 7 to a rectifiable arc. Further for any
extension of fy to all of Fy, we have Eg(fo) = I(f).

We claim that if z is any point of fo(7!) which is not the image of a vertex of 7,
then there must be a disc D centered on z such that fo(71) meets D in geodesic arcs.
Assuming this claim, the fact that there can be only finitely many images of vertices
of 7 immediately implies that f; must map each edge of 7 to a point or to a geodesic
arc, as required.

To prove our claim, suppose that z is a point of fo(7!) which is not the image of
a vertex of 7. Then suitably small neighborhoods of z will also not contain the image
of a vertex of 7. As fy maps each edge of 7 to a rectifiable arc, it follows that there is
a small convex disc D centered on z such that f; 1(dD) consists of a finite number of
points wy, ..., wg. As D does not contain the image of a vertex, the intersection of the
image of fo(7!) with D consists of isolated points in 9D together with arcs joining the
images of the remaining w;’s in pairs. We replace these arcs by geodesic arcs joining
the images of the w;’s in pairs in the same way, to obtain a new map f} of 7! into
Fs. As fy is the limit of the homeomorphisms {f,}, we could make the analogous
changes to f,, for all large enough values of n. The geodesic arcs obtained when we
do this for f,, will all be disjoint. We conclude that there is a new sequence f/ of
homeomorphisms such that the limit of f, | 71 is f;. As no edge of 7 is lengthened
by this construction, we have Eg(f/,) < Es(f,), for each n. If there is any edge of
7 whose image under f; meets D in a non-geodesic arc, our construction of f{j will
strictly shorten the image of this edge, so that the limit of the sequence {Eg(f])} is
strictly less than I(f), which is a contradiction. We deduce that fo(7') must meet D
in geodesic arcs, which completes the proof of the claim. O

Before proceeding further, we consider the special case when 7 is a l-vertex
triangulation of Fi, and F5 has a Riemannian metric of negative curvature.

THEOREM 10.3. Let Iy and Fy be closed surfaces with negative Euler number.
Let 7 be a good 1-vertex triangulation of Fy, let h be a negatively curved Riemannian
metric on Fy, and let f : (Fy,7,1) = (F2, h) be a homeomorphism. Then the following
hold:

1. f is isotopic to a simplicial homeomorphism.

2. The unique least energy simplicial map homotopic to f is a simplicial home-
omorphism and is isotopic to f.

3. Any homeomorphism from Fy to Fy which is homotopic to f must be isotopic

to f.

REMARK 10.4. By taking Fy equal to Fy in part 3), we see that we have a new
proof of the classical fact that homotopic homeomorphisms of F' are isotopic, so long
as F' has negative Euler number.

Proof. 1) Lemma 10.2 tells us that there is a sequence {f,} of homeomorphisms
from F) to Fy each of which is isotopic to f, and whose simplicial energies approach
I(f), such that the restrictions of the f,’s to 7! converge to a map f, which sends
each edge of 7 to a point or to a geodesic arc. Let v denote the vertex of 7. As 7 is
a good l-vertex triangulation, fy cannot send an edge of 7 to a point, and it must
send distinct edges of 7 to distinct geodesics in Fy. In particular, the restriction of
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fo to each edge of 7 is an immersion. If fy fails to embed 7! in F», there must be an
edge e of 7 with an interior point w such that fo(w) equals fo(v). See Figure 4. If U
is a suitably small neighborhood of fo(v) in F», the image of 7 in U consists of the
image of a neighborhood W of w in e, together with the image of a neighborhood V'
of vin 7!. As the f,’s are all homeomorphisms, fo(V) lies on one side of fo(W), as
shown in Figure 4.

Fia. 4. A vertex limiting to meet the interior of an edge.

Note that it is possible that some edges of fo(V) embed in fo(WW). In all cases,
we will obtain a contradiction, implying that f, must embed 7! in F». Assuming this,
as the f,,’s are all homeomorphisms, and fj is the limit of the sequence f,, | 71, there
is a unique extension of fy to a simplicial homeomorphism g from (Fy, 7,1) to (Fa, h).
The Alexander Trick applied to each triangle then implies that f is isotopic to this
simplicial homeomorphism, as required.

To obtain a contradiction, we first consider the case where each edge of fy(V)
meets fo(W) only in fo(v). Now consider a homotopy of fy which moves fy(v) a small
distance orthogonally to fo(W) towards this side of fo(WW). Let f} denote the map
so obtained. We further choose f to be equal to fy outside V, and so that fj(V)
consists of a union of geodesic arcs joining f}(v) to fo(V) N OU. This homotopy will
shorten the image of every edge of 7, so that f{j has strictly less simplicial energy than
fo- As f) embeds 7! in Fy, it can be extended to a homeomorphism which is isotopic
to f. As the energy of f{ is less than I(f), this is the required contradiction.

Now suppose that some edges of fo(V) embed in fo(WW). This implies that a
triangle of which e is an edge must be collapsed onto fy(e). No other triangles can
collapse onto fy(e), as fo sends distinct edges of 7 to distinct geodesics in Fy. Now
we apply the preceding construction to obtain a map f} with strictly less simplicial
energy than fo. Of course f{ does not embed 7! in Fy, but by homotoping very
slightly the edges collapsed onto fo(e), we can obtain an embedding f§ of 7! in Fj
with strictly less simplicial energy than fy. Note that if ¢’ is a geodesic segment in F,
and we move one end P of ¢ along a geodesic orthogonal to €', then the derivative of
the length of e’ with respect to the distance moved by P is zero. This is why f{/ has
strictly less simplicial energy than fy, if we move fy(v) a suitably small distance. As
above this yields the required contradiction.

2) By construction, g is a homeomorphism which is isotopic to f, and g minimizes
Es among all homeomorphisms isotopic to f. In particular, g is a critical point for
Es under all variations through homeomorphisms. As any small deformation of ¢
must still be a homeomorphism, this implies that ¢ is a critical point for Es under
all variations. As h is negatively curved, it follows that g is the unique least energy
simplicial map homotopic to f, as required.
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3) Let f1 denote a homeomorphism from Fj to F» which is homotopic to f. By
parts 1) and 2), fi is isotopic to an energy minimizing simplicial homeomorphism
which must be g. In particular f; must be isotopic to f, as required. O

Now we return to the case of a general triangulation. The result we obtain is
similar to previous results obtained in the smooth and orientable setting. Sampson [37]
and Schoen and Yau [40] showed that there is a least energy harmonic diffeomorphism
in each homotopy class of diffeomorphisms from a Riemannian surface to a surface
of non-positive curvature. Later it was shown by Jost and Schoen [27] that there is
a least energy harmonic diffeomorphism in each homotopy class of diffeomorphisms
between two Riemannian surfaces of genus at least 2, even if the target surface has
some positive curvature. In [11], Coron and Helein showed that, in all cases, any
harmonic diffeomorphism between two Riemannian surfaces of genus at least 2, must
be energy minimizing in its homotopy class, and is the unique energy minimizing map
in that homotopy class.

THEOREM 10.5. Suppose that Fy and Fy are closed surfaces with negative Euler
number. Let f : (F1,7,l) — (Fa,h) be a homeomorphism from Fy, with simplicial
metric [, to Fy with a Riemannian metric of non-positive curvature. Further assume
that T is a good triangulation. Then f is isotopic to a simplicial harmonic homeomor-
phism g : (Fy,7,1) = (Fy, h) that minimizes Es among all homeomorphisms isotopic
to f. Further, if (Fy, h) is negatively curved, then g is the unique simplicial harmonic
map in the homotopy class of f, and so minimizes energy in this homotopy class.

Proof. Recall that I(f) denotes the infimum of the simplicial energies of all
homeomorphisms isotopic to f, and that 7! denotes the 1-skeleton of 7.

Lemma 10.2 tells us that there is a sequence {f,} of homeomorphisms from Fj
to Fy each of which is isotopic to f, and whose simplicial energies approach I(f),
such that the restrictions of the f,’s to 7! converge to a map f; which sends each
edge of T to a point or to a geodesic arc. In Lemma 10.12 we will show that fy must
be an embedding. As the f,’s are all homeomorphisms, and fy is the limit of the
sequence f, | 71, there is an extension of fy to a simplicial homeomorphism g from
(Fy,7,1) to (Fa,h). By construction, g is a homeomorphism which is isotopic to f,
and g minimizes Fg among all homeomorphisms isotopic to f. In particular, g is
a critical point for Eg under all variations through homeomorphisms. As any small
deformation of g must still be a homeomorphism, this implies that g is a critical point
for Eg under all variations. Thus g is simplicial harmonic. This completes the proof
of the first part of the theorem.

If (F5, h) has negative curvature, Proposition 5.5 tells us that the homotopy class
of f contains only one simplicial harmonic map, and that this map minimizes Eg in
the homotopy class. It follows that ¢ is this map, which completes the proof of the
theorem subject to giving the proof of Lemma 10.12. O

In order to show that fy must be an embedding, we need to analyze how this
might fail. First we consider what happens if an edge of 7 is collapsed to a point by
fo. Note that, as 7 is good, this cannot happen for an edge which is a loop. Before
dealing with the general case, we consider the following special case.

LEMMA 10.6. Suppose that Fy and Fy are closed surfaces with negative Fuler
number. Let f : (F1,7,1) — (Fy,h) be a homeomorphism from Fy, with simplicial
metric |, to Fy with Riemannian metric h, of non-positive curvature. Let fo: 7' — Fy
be a map which is the limit of the restriction to % of a sequence of homeomorphisms
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from Fy to Fs, each of which is isotopic to f, and whose simplicial energies approach
I(f).

Suppose that there is an edge e of T which is mapped to a point by fo, such that
none of the edges incident to e is mapped to a point. Then there is a geodesic \
through fo(e) such that every edge of T incident to e has image contained in A. Hence
fo maps every edge in the star of e into \.

Proof. Let v and w denote the vertices of e. Let C' denote the unit circle in the
tangent space to F» at fo(e). Each edge ¢’ of 7 which is incident to e determines a
point of C' which corresponds to the tangent vector to the image of e/. As fy is a
limit of homeomorphisms, we can cut C' at two points into two closed intervals A and
B such that one contains the points determined by edges of 7 incident to v, and the
other contains the points determined by edges of 7 incident to w.

Suppose that these endpoints of A and B are not diametrically opposite points
of C. Then we can cut C at a pair of diametrically opposite points into two closed
intervals L and R one of which contains one of A or B in its interior. Without loss of
generality, we can suppose that L contains A in its interior.

Now consider a homotopy of fy which moves fy(v) a small distance towards the
midpoint of L, and does not move any other vertices of 7, and let f} denote the map
so obtained. If ¢’ is a geodesic segment in F, and we move one end P of ¢’ along a
geodesic making an angle 6 with ¢/, then the derivative of the length of e’ with respect
to the distance moved by P is cosf. In particular, if ¢’ is an edge of 7 other than e,
which is incident to v, it must be shortened by such a homotopy, as € is not equal to
/2. The homotopy does increase the length of e, but the contribution of the length
of e to the energy of f} remains zero to first order. It follows that f} has strictly less
simplicial energy than fy, if we move fy(v) a suitably small distance. Further f{ is a
limit of homeomorphisms f},. But this contradicts the energy minimizing property of
fo- Hence the endpoints of A and B must be diametrically opposite in C.

If the interior of A or the interior of B contains any points corresponding to edges
incident to e, we can again obtain a contradiction by essentially the same argument.
Note that, as we move the vertex v, any edge ¢’ of T incident to v whose tangent vector
is an endpoint of A will not change in length to first order, as the angle € is equal to
/2 for such ¢’. We conclude that there are only two tangent vectors determined by
edges of 7 incident to e and that these two points of C' are diametrically opposite. If
A denotes the geodesic through fo(e) with these tangent vectors, then it follows that
every edge incident to e has image contained in \. If ¢’ is an edge in the star of e
which is not incident to e, then there are two edges of the star of e which are incident
to e, and which together with ¢ bound a triangle of 7. Hence each vertex of €’ is
mapped into A by fo, and fo(e’) is homotopic into A fixing the vertices of ¢’. Now the
non-positive curvature of Fy implies that fo must map e’ into A, which completes the
proof of Lemma 10.6. O

In the above result, the boundary do of any triangle ¢ in the star of e is mapped
by fo into the geodesic A\, and do is not mapped to a point. Intuitively, the picture is
that as n — oo, the sequence f,, is collapsing the entire triangle ¢ into the geodesic
A. Unfortunately, by itself the condition that fy maps the boundary of ¢ into A is not
enough to ensure that there is an extension of fy to a map of ¢ into A. For example if
A were a simple closed curve, fy could send do to an essential loop in A, and if \ were
singular, fo need not even send do to a loop in A. In order to clarify the situation,
we use the fact that if A is a geodesic in the universal cover of F, which lies above
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A, then A is an embedded line. This is because of the non-positive curvature of F.
This leads us to the following definition.

DEFINITION 10.7. Let A be a geodesic in Fy. Then a triangle o in 7 is A—
degenerate under fy if
1. fo maps Oo into A, and
2. the restriction of fo to 0o lifts to a map of 0o into A.

Note that if o is A-degenerate under fy, then fj | 9o extends to a map of o into
A. The proof of the preceding lemma shows that if o is a triangle in the star of e,
then o is A-degenerate under fy, but do is not mapped to a point by fy.

Next we consider the general case when edges adjacent to e may also be collapsed
to the point fo(e). We consider the subcomplex of 7 consisting of all edges which are
mapped to this point by fo together with each 2—simplex o such that fo(do) = fo(e).
As the image of fy cannot be a point, this subcomplex is not equal to 7. Let K
denote the component of this subcomplex which contains e. Thus K is not a single
point. Lemma 10.6 is a special case of the following result, and much of the proof is
similar. We proved Lemma 10.6 separately to clarify the argument. Note that fj is
only defined on the 1-skeleton of K, but in this setting we will abuse notation and

denote fy(e) by fo(K).

LEMMA 10.8. Using the above notation, there is a geodesic A through fo(K) such
that every triangle in the star of K is A\—degenerate under fy.

Proof. As fy is homotopic to the restriction of a homeomorphism, the inclusion
map of K into F; must induce the trivial map of fundamental groups. Thus if N
denotes a regular neighborhood of K, all except one of the components of the closure
of Fi — N must be a disc, and the union of N with these discs must itself be a disc.
Suppose there is a disc component B of the closure of F} — N, and let R denote
the component of F; — K which contains B. Then OR is contained in 7! N K, so is
mapped to fo(K) by fo. Hence for n large, OR is mapped arbitrarily close to fo(K)
by f,. As B is a disc and f,, is a homeomorphism, it follows that the same holds for
any edge of 71 which is contained in R, so fo must map each such edge to fo(K). It
follows that R itself must be contained in K, which is a contradiction. We conclude
that no component of the closure of F}; — N can be a disc, so that N itself is a disc.
In particular, K must be simply connected. Now let 0K denote the subcomplex in
which K intersects the closure of F; — K. As K is simply connected, a vertex of
K separates K if and only if it locally separates K. As K is finite, there must be
at least two vertices of 0K which are "extreme” and so do not separate K. As any
such vertex does not locally separate K, it must have connected link in K. Let v and
w denote two such vertices of K. Now we will argue very much as in the proof of
Lemma 10.6. See Figure 5.

Let C denote the unit circle in the tangent space to F» at fo(K). Note that each
edge of 7 — K which is incident to K cannot be mapped to a point by fy. Thus
each such edge e determines a point of C' which corresponds to the tangent vector to
the image of e. As fy is a limit of homeomorphisms, and v and w have connected
link in K, we can cut C' at two points into two closed intervals A and B such that
one contains the points determined by edges of 7 — K incident to v, and the other
contains the points determined by edges of 7 — K incident to w. Suppose that these
endpoints of A and B are not diametrically opposite points of C. Then we can cut
C at a pair of diametrically opposite points into two intervals L and R one of which
contains one of A or B in its interior. Without loss of generality, we can suppose that
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F1a. 5. A subcomplex collapses to a point.

L contains A in its interior. Now a homotopy of f; which moves fo(v) a suitably small
distance towards the midpoint of L, and does not move any other vertices of 7, will
yield a map f{ with strictly less simplicial energy than fy. For each edge of 7 — K
which is incident to v is shortened, and although edges of K which are incident to v
increase in length, the contribution of the length of each such edge to the energy of f
remains zero to first order. Also all other edges are unchanged. Further f{ is a limit
of homeomorphisms f;,. As before, this contradicts the energy minimizing property
of foy, so that the endpoints of A and B must be diametrically opposite in C. But if
the interior of A or the interior of B contains any points corresponding to edges of
7 — K incident to v or w respectively, we can obtain a contradiction by essentially the
same argument. Note that any edge of 7 — K incident to v whose tangent vector is
an endpoint of A will not change in length to first order. We conclude that there are
only two tangent vectors determined by edges of 7 — K incident to v or w and that
these two points of C' are diametrically opposite. If A denotes the geodesic through
fo(K) with these tangent vectors, then it follows that every edge of 7 — K incident
to v or to w has image contained in A. As fj is a limit of homeomorphisms, it follows
that every edge of 7 — K incident to K has image contained in A. As in the proof of
Lemma 10.6, it follows that f, maps every edge in the star of K into \. It also follows
that every triangle in the star of K is A-degenerate under fy, which completes the
proof of Lemma 10.8. O

Note that, in the above result, if ¢ is a triangle in the star of K which does not
lie in K, then o is A-degenerate under fj, but do is not mapped to a point by fy.

Now we simply suppose that we have a geodesic A\ in F5 and a triangle ¢ of 7
such that o is A-degenerate under fy, but do is not mapped to a point by fy. We
consider the subcomplex of 7 which consists of the union of all triangles which are
A—degenerate under fj, and let L be the component of this subcomplex which contains
o. Let 0L denote the intersection of L with the closure of Fy — L.

LEMMA 10.9. Using the above notation, if v is a point of OL, and e is an edge
of T which is incident to v, then fo does not collapse e to a point.

Proof. If fy collapses e to a point, we consider the subcomplex of 7 consisting
of all edges mapped to this point together with all 2—simplices whose boundary is
mapped to this point, and let K denote the component of this subcomplex which
contains e. Lemma 10.8 tells us that fy maps every edge in the star of K into some
geodesic p. As do is not collapsed to a point, it follows that K does not contain some
edge E of do. Pick a path in L which joins K to E. Some edge E’ of this path must
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lie in the star of K but not in K. This edge E’ is not collapsed to a point by fo. As
E’ lies in L and in the star of K, the image under fy of E/ must lie in A and in p. It
follows that A = . As the star of e is contained in the star of K, it follows that every
triangle of the star of e is A-degenerate under fy, which contradicts the fact that v
lies in L. This contradiction completes the proof of the lemma. O

Of course L itself need not be a surface, but it will fail to be a surface precisely at
those vertices whose link is not connected. We temporarily remove all such vertices
and let Ly denote the closure of the component of the resulting object which contains
o. Thus Ly also need not be a surface but is obtained from a connected surface U
by (possibly) identifying certain vertices in its boundary. Now we pick a boundary
component C' of U. Note that any edge of C' also lies in dL, and so is not collapsed
to a point by fy. In what follows we will assume that C' embeds in Fj. If this is not
the case, we can push C' slightly into the interior of U to obtain an embedded circle
C" in Fi, and then apply the following arguments using C’ in place of C'.

Let I} and F2 denote the universal covers of Iy and F; respectively, where 2 1 has
the triangulation 7 induced from 7 and FQ hab the Riemannian metric induced from
h. Let 7! denote the 1-skeleton of 7, let fo 71— F2 be a map which covers fy, and
let A be a geodesic in F2 above . Recall that, as F3 is non-positively curved, A is an
embedded line. Let C’ denote a component of the pre-image in [} of C, chosen so that
fo( ) C A, and let U denote the component of the pre-image in F; of U which has C
as a_boundary component. Note that Cisa simple closed curve or a line embedded
in Fy. As each triangle in L is A-degenerate under fy, it follows that the restriction
of fo to C' maps C into A.

LEMMA 10.10. Using the above notation, one of the following holds:
1. The map fo: C'— A is a homeomorphism, or
2. Cisa circle, and the map fo: C — A has precisely two critical points.

Proof. To prove this, choose a homeomorphism f,, for large n, lift to the universal
cover and consider the induced map from C' to F. This map embeds C very close
to A, and edges of C' are almost geodesic. At each vertex v of C, either C is almost
straight, or it turns through an angle of approximately 7. The vertices of C where
the turn_angle is approximately m correspond to the critical points of fo. At such a
vertex, U must lie on the side of C' where the internal angle is almost zero. For any
triangle of 7 which is incident to v and on that side of C' must be mapped to A by fy
and hence must lie in U.

If C is a simple closed curve, we know it must have total curvature close to 0 or
to £27. Now each sharp bend contributes essentially +m, and every other vertex and
every edge contributes essentially zero. Further the contributions of the sharp bends
all have the same sign, as the side of C where the internal angle is almost zero always
lies in U. It follows immediately that fo has exactly zero or two critical points. In
the first case, fo would map C to A by an immersion which is impossible. Thus part
2) of the lemma must hold.

IfCisa line, it must be properly embedded, so for any subinterval I of A, there is
a subinterval J of C' which “starts at one end of I and ends at the other”. For such an
interval J, the total curvature must be close to zero. Again the contributions of the
sharp bends all have the same sign, so it follows immediately that .J has no critical
points. Hence fp has no critical points, so that fo maps C' to A by a homeomorphism,
showing that part 1) of the lemma holds. This completes the proof of the lemma. O

We can now describe U and Lg as follows. See Figure 6.
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LEMMA 10.11. Using the above notation, one of the following holds:

1. Lg is an annulus, X\ is a simple closed curve, and fy maps each component of
OLgy to A by a homeomorphism.

2. Lg is a Moebius band, X is a simple closed curve, and fo maps OLg to A by a
double covering.

3. U is a disc, and fo maps OU = C to A with exactly two critical points.
Further, either Lg is equal to U, or Ly is obtained from U by identifying the
two critical points of C. In the case when Lg is not equal to U, the geodesic \
must be either a simple closed curve or cross itself at the image of the critical
points.

> ~
N

Fic. 6. Two cases in which Lo collapses to a geodesic

Proof. We apply Lemma 10.10 to each boundary component of U.

Suppose that some boundary component C' of U is such that the map fy: C — A
is a homeomorphism. As C' is a simple closed curve, it follows that A is a simple
closed curve in Fy, and that fo | C': C' — X is a covering map. As C' is embedded in
F, it follows that fo | C': C — X must be a homeomorphism or a double covering.
Further in the double covering case, C' must bound a Moebius band in F;. It follows
that the inclusion of U into Fy maps 71(U) to an infinite cyclic subgroup of 71 (),
and hence that U must be homeomorphic to an annulus with some discs removed,
or to a Moebius band with some discs removed. As in the proof of Lemma 10.8, it
follows that no discs are removed so that U is an annulus or Moebius band. Now it
follows that Ly must equal U as it is not possible to have any points of OU identified
in F;. Thus we have cases 1) or 2) of the lemma.

Now suppose that every boundary component of U maps to A with exactly two
critical points. We will show that we have case 3). Each boundary component of U is
mapped to a null homotopic loop in F5, and so must be null homotopic in F;. Hence
each boundary component of U bounds a disc in F;. As in the proof of Lemma 10.8,
it follows that U is a disc. Further, it follows that Lg is equal to U, or Lg is obtained
from U by identifying the two critical points of C, as required. When L is not equal
to U, the image of Ly in A is a simple closed curve, so that either A is a simple closed
curve or A\ crosses itself at the image of the critical points. This completes the proof
that we have case 2). O

Now we are ready to prove that fy must be an embedding.

LEMMA 10.12. Suppose that Fy and Fy are closed surfaces with negative Euler
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number. Let f : (Fy,7,1) = (Fy,h) be a homeomorphism from Fy, with simplicial
metric [, to Fs with a Riemannian metric of non-positive curvature. Further assume
that T is a good triangulation. Let fo : 7' — Fy be a map which is the limit of the
restriction to ' of a sequence of homeomorphisms from Fy to Fs each of which is

isotopic to f, and whose simplicial energies approach I(f). Then fq is an embedding.

Proof. Recall from Lemma 10.2 that f; maps each edge of 7 to a point or to a
geodesic arc. Suppose that fy is not an embedding. As fy is a limit of homeomor-
phisms, it must fail to embed the boundary of some triangle of 7. Thus one of the
following cases occurs.

1. Some vertex is mapped to the image of the interior of an immersed edge of T,
2. some edge of T is collapsed to a point by fj, or
3. some triangle of 7 is mapped to a geodesic segment, not a point.

In case 1), there is a vertex v and an immersed edge e of 7 with an interior point
w such that fo(w) equals fo(v). The proof of part 1) of Theorem 10.3 provides a
contradiction if no edge of 7 incident to v is mapped into fo(e) or to a point. See
Figure 4. Tt follows that if case 1) occurs, we must also be in case 2) or case 3).

In case 2), if an edge e of 7 is collapsed to a point by fo, we define the subcomplex
K as we did just before Lemma 10.8. That lemma implies that there is a geodesic
A such that if o is a triangle in the star of K which does not lie in K, then o is
A—degenerate under fy, but do is not mapped to a point by fy. Thus in all cases,
there is a geodesic A in F, and a triangle ¢ of 7 such that do is not collapsed to a
point by fy, and ¢ is A-degenerate under f.

As in the preceding three lemmas, we define the subcomplexes L and Lg of F,
and the surface U. Lemma 10.11 tells us that U is an annulus, Moebius band or disc.
In each case, we claim there is at least one vertex v of QU which is not a critical point
of the map fo | OU : OU — A. This claim is trivial in the first two cases. In the
third case when U is a disc, our hypothesis that 7 is a good triangulation implies that
OU must contain at least three vertices, so that at least one of these vertices is not a
critical point, as claimed.

Let v be any vertex of a component C' of QU which is not a critical point, and let
star(v) denote the star of v in Fy. As C is a boundary component of U, the two edges
of C incident to v together divide star(v) into two discs, one of which is contained
in U, and hence is contained in Lg. We denote this disc by D, and let D’ denote
the other disc. Thus star(v) equals DU D’, and D N D’ equals two edges of C. We
claim that no edge of 7 — D which is incident to v can lie in L. Let e be an edge of
7 — D which is incident to v. Thus e splits D’ into two subdiscs D; and D,. Now
suppose that e lies in L, so that fy(e) C A. Recall from Lemma 10.9, that fo does not
collapse e to a point. As fy is a limit of homeomorphisms, it follows that fy maps all
the edges in one of Dy or Dy into A. If fo(D;) C A, then D; must be contained in L.
Hence DU D; is contained in L. But this implies that the interior of an edge of C' lies
in the interior of L which contradicts the definition of C. It follows that no edge of
7 — D which is incident to v can lie in L, as claimed. Recall again that Lemma 10.9
shows that every edge incident to v is not mapped to a point by fy. As fp is a limit
of homeomorphisms, all the edges of 7 — D which are incident to v must be mapped
by fo to the same side of A. Note that this statement makes crucial use of the fact
that v is not a critical point of the map from OU to A.

Now consider the sequence of homeomorphisms f,, whose restriction to 7' con-
verges to fo. As m — oo, Ly collapses down to the geodesic A. Thus every edge of
Ly either collapses to a point or to a geodesic segment along A. Consider a small
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homotopy of fp that only moves vertices of Ly, moves these vertices in a direction
orthogonal to A\, and does not move the critical points of OU, if any. The contribution
to the energy from the edges of Ly is constant to first order for sufficiently small
such deformations. If such a deformation moves points of 0Ly away from Lg, then
it strictly shortens each edge of 7 that does not lie in Ly and is incident to Ly at a
noncritical point of 0Lg. The deformation will therefore shorten these edges at a rate
bounded below by a linear function of the distance moved. If QU has no critical points,
we conclude that for large enough values of n, isotoping f,, by moving a component
of 0Ly away from L yields a homeomorphism f; whose simplicial energy is strictly
smaller than that of fy. This contradicts the energy minimizing property of fo. In
the remaining cases when U is a disk and QU has two critical points, they divide OU
into two intervals, and we apply the same argument to an isotopy of f,, which moves
one of these intervals while fixing the endpoints. This contradiction completes the
proof of Lemma 10.12. O

We will end this section by discussing an application of the preceding arguments.
But first we note that the arguments of this section work perfectly well if F} and F»
have non-empty boundary, and in this case, one need not insist that the metrics be
strictly negatively curved to obtain uniqueness. The result we obtain is the following.

THEOREM 10.13. Suppose that Fy and Fy are compact surfaces with non-empty
boundary. Let f : (F1,7,1) = (Fa,h) be a homeomorphism from Fy, with simplicial
metric [, to Fy with a non-positively curved Riemannian metric h such that OFy is
locally convex. Further assume that T is a good triangulation. Then f is isotopic rel
OF; to a simplicial harmonic homeomorphism g : (Fy,1,1) — (Fy, h) that minimizes
Eg among all homeomorphisms isotopic to f rel OFy. Further, g is the unique sim-
plicial harmonic map in the homotopy class of f, and so minimizes energy in this
homotopy class.

Now let F' be a compact surface with a Riemannian metric h, and let 7 denote
a good triangulation of F'. We will say that a triangulation of F' is straight if each
edge is a geodesic arc. We will be interested in the number and homotopy type of
the components of the space of straight triangulations of F' of a fixed combinatorial
type. Note that Theorems 10.5 and 10.13 tell us that for any good triangulation 7
of I, the space of straight triangulations of F' modelled on 7 is non-empty. We will
show that, with certain curvature restrictions, there is a natural bijection between
the components of this space and the group of isotopy classes of homeomorphisms
of . When F is the 2-disk with a flat metric, Bloch, Connelly and Henderson
[6] proved this, and they proved, in addition, that the components of this space are
homeomorphic to some Euclidean space. In related work, Awartani and Henderson [2]
considered the problem of showing that when F is the 2-sphere, the analogous space
has the homotopy type of O(3). And Bloch [5] showed that the space of embeddings
with geodesic edges and convex image of a triangulated 2—disk into the plane has the
homotopy type of O(2).

If we have a simplicial metric [ on 7, and if ¢ is any simplicial homeomorphism from
(F,7,1) to (F,h), then g(7) is a straight triangulation of F.. Conversely a straight tri-
angulation of (F, h) by 7 determines a unique simplicial homeomorphism from (F,7,1)
to (F,h). Thus, after fixing 7 and its simplicial metric, we can identify the space of
straight triangulations of F' by 7 with the space of simplicial homeomorphisms of F'.
Note that any triangulation 7 of F' admits a simplicial metric [ by specifying that [
takes the value 1 on every edge of 7.
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Having fixed a good triangulation 7 of F' and its simplicial metric [, let H(7)
denote the space of simplicial homeomorphisms from (F,7,1) to (F,h). This is a
subset of the space Homeo(F') of all homeomorphisms from F' to F. The components
of Homeo(F') naturally correspond to the isotopy classes of homeomorphisms of F'.

THEOREM 10.14. Let F be a compact surface with a Riemannian metric h of
non-positive curvature such that OF is locally convex. If I is closed we suppose that
h has negative curvature. Let T denote a good triangulation of F, with simplicial
metric I. Using the above notation, each component of Homeo(F') contains exactly
one component of H(T).

Proof. Theorems 10.5 and 10.13 imply that any homeomorphism f : (F,7,l) —
(F, h) is isotopic rel OF to a unique simplicial harmonic homeomorphism g : (F, 7,1) —
(F, h) that minimizes Fs among all homeomorphisms isotopic to f. In particular, each
component of Homeo(F) contains a point of H(7). Note that the fact that H(7) is
non-empty is already nontrivial to prove.

Next we concentrate on homeomorphisms isotopic to f. Let H denote a com-
ponent of the space of simplicial homeomorphisms from (F,7,1) to (F,h) which are
isotopic to f. We will show that H contains the energy minimizing simplicial har-
monic homeomorphism g. As this holds for all such components, it will follow that
the space of simplicial homeomorphisms from (F,7,1) to (F, h) which are isotopic to
f must be connected, which will prove the first part of the theorem.

Now H is contained in the space, Map(f), of all simplicial maps from (F,,1)
to (F,h) which are homotopic to f. The gradient flow of the energy functional on
Map(f) yields a deformation retraction of Map(f) to the unique energy minimizer g,
which we know to be a homeomorphism. It would be extremely convenient if this flow
induced a deformation retraction of H to this same energy minimizer. One would need
to show that if one starts with a simplicial homeomorphism from (F,7,1) to (F,h),
then the result of following the gradient flow remains a homeomorphism for all time.
Unfortunately this is not the case. See the end of this section for a discussion and
example. This means that we are unable to show that the components of H(7) are
contractible, although we believe this to be the case. Instead we consider the closure
H of H in Map(f). As H is open in Map(f), it follows that H — H is closed in
Map(f). This implies that the restriction of the energy functional to H — H attains a
minimum. To see this, recall that the proof of Proposition 5.5 showed that given any
constant K, the subspace of Map(f) consisting of maps with energy < K is compact.
Thus the same holds for the intersection of this subspace with H — H. Now let go be
a point of H — H of least energy. Thus gg is not a homeomorphism, and is a limit of
simplicial homeomorphisms f, in H. We make the following claim.

CramM 10.15. There is n such that we can isotope fy to a simplicial homeomor-
phism f], whose energy is strictly less than that of go.

Of course, such f/ also lies in H. Assuming this claim, consider the gradient flow
starting at f/. Any map in this flow has energy less than that of f/, and so less than
that of ggp. Hence no map in this flow can lie in H — H. Hence the flow stays in H
and so determines an isotopy of f/ to the unique energy minimizer g. In particular it
follows that H contains g, which completes the proof of the theorem.

It remains to prove the above claim. We would like to prove this in much the
same way as we proved Lemma 10.12. Specifically we want to use Lemmas 10.8, 10.9,
10.10, 10.11 and 10.12. As stated, these lemmas do not apply to our situation, as gg
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is not an energy minimizer for all homeomorphisms. But we can apply the arguments
in these lemmas as we now describe.

Recall that all these lemmas consider a map fo : 71 — F, which is the limit of
the restriction to 7! of a sequence of homeomorphisms from F; to I, each of which
is isotopic to f, and whose simplicial energies approach I(f). Lemma 10.2 shows that
any such map sends each edge of 7 to a point or a geodesic segment. In the present
situation, gq is a limit of simplicial homeomorphisms, so it is immediate that it sends
each edge of 7 to a point or a geodesic segment, but it need not have the minimal
energy I(f).

Lemma 10.8 used the least energy assumption on fy to show that if f collapsed
some edge e to a point, then it must map the star of some complex K which contains
e into some geodesic A\. Now suppose that gg collapses some edge e to a point. The
arguments in the proof of Lemma 10.8 show that either we get the same conclusion
for go, or we can isotope some f, to a simplicial homeomorphism f; whose energy is
strictly less than that of go. An alternative way of putting this is to say that either
the claim holds or the result of Lemma 10.8 holds for go.

Lemmas 10.9, 10.10 and 10.11 depend on Lemma 10.8 but do not otherwise use
the energy minimizing assumption on fy. Thus again we have that either the claim
holds or their results also hold for gg.

Finally the arguments in the proof of Lemma 10.12 use the conclusions of Lemmas
10.9, 10.10 and 10.11 to show that if fj is not a homeomorphism we can isotope f, to
a simplicial homeomorphism f/ whose energy is strictly less than that of fy. As gg is
not a homeomorphism, when we apply these arguments to g, it follows that the claim
must hold. This completes the proof of the claim, and hence of Theorem 10.14. O

We end this section by discussing the fact that the gradient flow need not preserve
the property of being a homeomorphism. Recall from section 3 the formula for the
simplicial energy of a map. If we consider varying a single vertex P, only those
edges incident to P can contribute to any change in the energy. To each such edge
e we associate a vector v, in the tangent space at P so that v, is tangent to e, has
magnitude equal to the length of e, and points away from P. Suppose that every edge
of 7 has length 1 in our simplicial metric. Then a simple calculation shows that under
the gradient flow, the flow vector of P is simply the sum of the vectors v.. Thus P is
“pulled” much more by long edges than by short ones. If a configuration like the one
in Figure 7 is part of a triangulation of a surface, it will quickly cease to be embedded
under the gradient flow.

11. Higher dimensions. In the previous sections we considered maps of a tri-
angulated closed surface F' into a non-positively curved closed manifold M whose di-
mension was unrestricted. In this section we observe that all the preceding work can
be generalized to maps of a triangulated closed k-manifold F' into a non-positively
curved manifold M, for any k > 2. We do this by restricting attention to the 2—
skeleton 7(?) of the triangulation 7 of F. This seems reasonable as the homotopy
class of a map of F into M is determined by its restriction to 7(?), as M is aspherical.
In the smooth setting, much work has been done in this setting. See [18][19].

For simplicity we discuss only the case when & = 3. As in the 2-dimensional case,
we specify a triangulation 7 of the closed 3—manifold F', and a map [ that assigns to
each edge e;, 1 < i < r, of 7 alength I; = l(e;) > 0, with the lengths I; realizable
by a Euclidean tetrahedron for each tetrahedron of 7. We call such an assignment
a simplicial metric on F, and denote it by (F,7,l), or just [ when the context is
clear. Note that we allow the possibility that for some triangles one of the triangle
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Fic. 7. A configuration which ceases to be embedded under the gradient flow. The verter a
moves rightward faster than vertex b.

inequalities is an equality. As before we order the vertices of 7 using a A-complex
structure.

Define the simplicial 2-volume of (F,T) to be the sum V, = X[;l;, where the sum
is taken over all corners of all the 2—simplices of 7.

Given a map f : FF — M, let L; denote the length of the restriction of f to the
edge ¢;, and as before define the i—th stretch factor to be o; = L;/l;. The simplicial
2-volume of f is defined to be Va(f) = XL;L;, and the simplicial 2-energy of the map
f to be Ex(f) = $5(c? + sz)lilj, where the sum is taken over all corners of all the
2-simplices of 7.

Next we need to define when a map from F' to M is simplicial. As before we insist
that each edge of the triangulation 7 is mapped to M as a geodesic arc. In order to
determine f canonically on the remainder of F', we use the ordering of the vertices
of 7. For each triangle of 7 this determines a cone structure, with cone point the
minimal vertex of the triangle, and as before this determines a canonical extension of
f to the 2—skeleton of F. We give each tetrahedron T of 7 the cone structure from its
minimal vertex v. Note that all the faces of T" which meet v also have cone structure
with v as the cone point. Thus the canonical extension of f to the tetrahedra of 7
yields a well defined simplicial map to M.

As in Lemma 3.3, for any simplicial metric on F, we have the inequality Ea(f) >
Va(f) with equality if and only if all the stretch factors are equal. We say that f
is 2-simplicial harmonic if it is a critical point of the 2-energy functional. As in
Proposition 5.5, if M is closed, the energy functional has a minimum among all maps
homotopic to f, and we can choose any minimizing map to be simplicial. Further if
M is negatively curved and f is nontrivial, i.e. f cannot be homotoped to have image
contained in a closed geodesic, then this minimum energy simplicial map ¢ is unique.

As in Section 7, the fact that any map f : I — M can be homotoped to a
unique simplicial map without moving the vertices allows one to construct families of
harmonic maps with uniform area bounds.

In the preceding paragraphs, we prefixed 2 to our definitions, because there seem
to be some natural alternative definitions. For example, we could define the simplicial
3-volume of (F, T) to be the sum Vs = Xl;l;1, where the sum is taken over all corners
of all the 3—simplices of 7. Then we would define the simplicial 3-volume of f to be
Vs(f) = XL;L;Ly, and the simplicial 3-energy of f to be E3(f) = %E(af + 0']2- +
02)l;l;l;. In general, if the dimension of F equals d, then one could similarly define
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the simplicial k—volume of F', and the simplicial k—energy of f, for any k£ such that
2 < k < d. However one cannot expect there to be any connection between simplicial
k—volume and simplicial k—energy, except when k = 2.

REFERENCES

[1] 1. Acor, Tameness of hyperbolic 3-manifolds, preprint, arxiv.org/abs/math/0405568.

27]

(28]

] M.

R.
D.

o Q 2 ® =« 9 = U

—

A.
] H.

J.

Y.

AWARTANI AND D. W. HENDERSON, Spaces of geodesic triangulations of the sphere, Trans.
Amer. Math. Soc., 304:2 (1987), pp. 721-732.

C. ALPERIN, Heron’s Area Formula, The College Mathematics Journal, 1987.

BacHMAN, D. COOPER, AND M. WHITE, Large embedded balls and Heegaard genus in neg-
ative curvature, Algebr. Geom. Topol., 4 (2004), pp. 31-47 (electronic).

. D. Brocs, Strictly convex simplezwise linear embeddings of a 2-disk, Trans. Amer. Math.

Soc., 288:2 (1985), pp. 723-737.

. D. BrocH, R. CONNELLY, AND D. W. HENDERSON, The space of simplexwise linear homeo-

morphisms of a convex 2-disk, Topology, 23:2 (1984), pp. 161-175.

. BONAHON, Bouts des variétés hyperboliques de dimension 3, Annals of Math., 124 (1986),

pp. 71-158.

. CALEGARI AND D. GABAI, Shrinkwrapping and the taming of hyperbolic 3-manifolds, J.

Amer. Math. Soc., 19:2 (2006), pp. 385-446.

. CANARY, A covering theorem for hyperbolic 3-manifolds and its applications, Topology, 35

(1996), pp. 751-778.

. COoOPER AND J. F. MANNING, Non-faithful representations of surface groups into SL(2,C)

which kill no simple closed curve, preprint, arxiv.org/abs/1104.4492.

. M. CoroN AND F. HELEIN, Harmonic diffeomorphisms, minimizing harmonic maps and

rotational symmetry, Compositio Math., 69:2 (1989), pp. 175-228.

. COURANT, Dirichlet’s Principle, Conformal Mapping, and Minimal Surfaces. Appendix by

M. Schiffer. Interscience Publishers, Inc., New York, N.Y., 1950.

. CULLER AND K. VOGTMANN, Moduli of graphs and automorphisms of free groups, Invent.

Math., 84:1 (1986), pp. 91-119.

. DASKALOPOULOS AND C. MESE, Harmonic maps from a simplicial complex and geometric

rigidity, J. Differential Geom., 78 (2008), pp. 269-293.

. DESBRUN, M. MEYER, P. SCHRODER, AND A. BARR, Implicit fairing of irreqular meshes

using diffusion and curvature flow, Proceedings of the 26th annual conference on Computer
graphics and interactive techniques, (1999), pp. 317-324.

J. DUFFIN, Distributed and lumped networks, J. Math. Mech., 8 (1959), pp. 793-826.

EELLS AND L. LEMAIRE, Deformations of metrics and associated harmonic maps, Proc.
Indian Acad. Sci., 90 (1) (1981), pp. 33-45.

EELLs, JR. AND L. LEMAIRE, A report on harmonic maps, Bull. London Math. Soc., 10
(1978), pp. 1-68. Two reports on harmonic maps, pp. 1-68, World Sci. Publ., River Edge,
NJ, 1995.

. EELLS, JR. AND L. LEMAIRE, Another report on harmonic maps, Bull. London Math. Soc.,

20 (1988), pp. 385-524. Two reports on harmonic maps, pp. 69-208, World Sci. Publ.,
River Edge, NJ, 1995.

. EELLs, JR. AND J. H. SAMPSON, Harmonic mappings of Riemannian manifolds, Amer. J.

Math., 86 (1964), pp. 109-160.
FEDERER, Geometric measure theory, Springer-Verlag, Berlin, Heidelberg, New York, 1969.

. HARTMAN, On homotopic harmonic maps, Canad. J. Math., 19 (1967), pp. 673-687.

HAsS, Minimal Surfaces in Manifolds with S' Actions and the Simple Loop Conjecture for
Seifert Fibered Spaces, Proc. A.M.S., 99 (1987), pp. 383-388.

HaAss, A. THOMPSON, AND W. P. THURSTON, Stabilization of Heegaard splittings, Geometry
& Topology, 13 (2009), pp. 2029-2050.

HATCHER, Algebraic Topology, Cambridge University Press, Cambridge, 2002.

IzEKI AND S. NAYATANI, Combinatorial Harmonic Maps and Discrete-group Actions on
Hadamard Spaces, Geometriae Dedicata, 114 (2005), pp. 147-188.

JosT AND R. SCHOEN, On the existence of harmonic diffeomorphisms between surfaces,
Inventiones Mathematicae, 66 (1982), pp. 353-359.

MINSKY, Harmonic Maps into Hyperbolic 3-Manifolds, Transactions of the American Math-
ematical Society, 332 (1992), pp. 607-632.

[29] J. PrrTs AND J. H. RUBINSTEIN, Applications of minimaz to minimal surfaces and the topology

of 8-manifolds, Proc. Centre Math. Applic., Australian National University, 12 (1987),



636

(30]
(31]

(32]

(33]

[34]
(35]

(36]
(37]
(38]
(39]

[40]

[41]
[42]
(43]

[44]

J. HASS AND P. SCOTT

pp. 137-170.

K. PoLTHIER, Computational Aspects of Discrete Minimal Surfaces, Proceedings of the Clay
Summer School on Global Theory of Minimal Surfaces (D. Hoffman, Ed.) (2002).

U. PINKALL AND K. POLTHIER, Computing Discrete Minimal Surfaces and Their Conjugates,
Experimental Mathematics, 2 (1993), pp. 15-36.

K. PoLTHIER AND W. ROSSMAN, Counterexample to the Mazximum Principle of Discrete
Minimal Surfaces, http://www.eg-models.de/models/Surfaces/MinimalSurfaces/2000.
11.040/PaMaxPrinciple.html.

K. PoLTHIER AND W. ROSSMAN, Discrete constant mean curvature surfaces and their index, J.
Reine Angew. Math., 549 (2002), pp. 47-77.

T. RADO, On the problem of Plateau, Bull. Amer. Math. Soc., 40 (1934), pp. 194-196.

J. H. RUBINSTEIN, Minimal surfaces in geometric 3-manifolds, Global theory of minimal sur-
faces, pp. 725-746, Clay Math. Proc., 2, Amer. Math. Soc., Providence, RI, 2005.

J. H. RUBINSTEIN AND S. WANG, 71 —injective surfaces in graph manifolds, Comment. Math.
Helv., 73:4 (1998), pp. 499-515.

J. H. SAMPSON, Some properties and applications of harmonic mappings, Annales scientifiques
de I’école Normale Supérieure Sec 4, 11:2 (1978), pp. 211-228.

M. SCHARLEMANN AND A. THOMPSON, Thin position for 3-manifolds, Geometric topology
(Haifa, 1992), Contemp. Math. 164, Amer. Math. Soc., Providence, RI (1994).

J. SAcks AND K. UHLENBECK, Minimal Immersions of Closed Riemann Surfaces, Transactions
of the American Mathematical Society, 271:2 (1982), pp. 639-652.

R. SCHOEN AND S.-T. YAU, Ezistence of incompressible minimal surfaces and the topology of
three-dimensional manifolds with nonnegative scalar curvature, Ann. of Math. (2), 110
(1979), pp. 127-142.

W. P. THURSTON, The geometry and topology of 3-manifolds, Princeton University Notes,
available from Math. Sci. Res. Inst., Berkeley, library.msri.org/books/gt3m/.

M. T. WANG, A fized point theorem for discrete group actions on Riemannian manifolds, J.
Diff. Geom, 50 (1998), pp. 249-267.

M. WoLFr, Measured Foliations and Harmonic Maps of Surfaces, J. Differential Geom., 49
(1998), pp. 437-467.

S. A. WOLPERT, Geodesic Length Functions and the Nielsen Problem, J. Differential Geometry,
25 (1987), pp. 275-296.




<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /CMYK
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments true
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<

    /BGR <>
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /CZE <>
    /DAN <>
    /DEU <>
    /ESP <>
    /ETI <>
    /FRA <>
    /GRE <>

    /HRV (Za stvaranje Adobe PDF dokumenata najpogodnijih za visokokvalitetni ispis prije tiskanja koristite ove postavke.  Stvoreni PDF dokumenti mogu se otvoriti Acrobat i Adobe Reader 5.0 i kasnijim verzijama.)
    /HUN <>
    /ITA <>
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /LTH <>
    /LVI <>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /POL <>
    /PTB <>
    /RUM <>
    /RUS <>
    /SKY <>
    /SLV <>
    /SUO <>
    /SVE <>
    /TUR <>
    /UKR <>
    /ENU (Use these settings to create Adobe PDF documents best suited for high-quality prepress printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


